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Abstract

The main topic of this dissertation is dynamic evaluation of algebraic functions such
as matrix determinant, matrix adjoint, matrix inverse, and solving linear system of
equations. We show that in dynamic setup the above problems can be solved faster
than evaluating everything from scratch. In case when rows and columns of the matrix
can change, we show an algorithm that needs O(n?) arithmetic operations per update
and O(1) arithmetic operations per query. In case when we allow only to change single
entries of the matrix, we show two tradeoff algorithms. The fastest update for the
first tradeoff costs O(n!*™) arithmetic operations per update and O(n%57) arithmetic
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operations per query. The second tradeoff gives O(n arithmetic operations per

update and O(n'4%) arithmetic operations per query.

We use dynamic determinant computations to solve the following problems in
dynamic setup: computing the number of spanning trees of a graph and testing if a
general graph has a perfect matching. These are the first dynamic algorithms for these
problems. Next, with the use of the dynamic matrix inverse, we solve fully dynamic
transitive closure in general directed graphs. We obtain for the first time an algorithm
with O(n?) update time (worst-case) and constant query time and two algorithms for
transitive closure in general digraphs with sub-quadratic update and query times.
Our algorithms for transitive closure are randomized with one-sided error.

Next, we introduce dynamic algorithms for computing matrix determinant
and matrix adjoint over general and Euclidean rings. These algorithms are used to
construct an algorithm for dynamic shortest distances in unweighted graphs. Our
algorithm supports updates in O(n'%?) time and queries in O(n'2%%)
bound improve over previous results and solve a long-standing open problem if sub-
quadratic dynamic algorithms for computing all pair shortest distances and single

time. These

source shortest distances exist.

We also show that the dynamic matrix algorithms can be used to obtain effi-
cient static algorithms for the perfect matching problem. Using the O(n?) algorithms
for the dynamic matrix inverse, we obtain a very simple randomized algorithm for
computing perfect matchings in O(n?) time. When the fast matrix multiplication is
used, the complexity of this algorithm can be improved to O(n*) time, where w is
the exponent of the best known matrix multiplication algorithm. Since w < 2.38, this
algorithm breaks through the O(n?®) barrier for the matching problem.

Keywords: dynamic algorithms, determinant, matrix inverse, adjoint, transitive clo-
sure, shortest paths, perfect matchings, spanning trees.

ACM Classification: F.2.2, G.2.2.






Streszczenie

Gloéwnym tematem rozprawy jest dynamiczne obliczanie funkcji algebraicznych takich
jak wyznacznik, macierz minorow, macierz odwrotna, oraz rozwigzania uktadu réwnan
liniowych. Pokazujemy tutaj, ze w przypadku dynamicznym wszystkie te problemy
moga by¢ rozwiazane szybciej niz obliczenie wszystkiego od nowa. Dla zmian kolumn
i wierszy macierzy konstruujemy algorytmy wyliczajace nowe wartosci tych funkcji
przy uzyciu O(n?) operacji arytmetycznych. W przypadku zmian pojedynczych ele-
mentéw macierzy, podajemy algorytm realizujacy zmiany macierzy w O(n'5™) oper-
acjach arytmetycznych i odpowiadajacy na zapytania w O(n%57) operacjach. Prezen-
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tujemy takZe algorytm realizujacy zmiany szybciej, w O(n operacjach, kosztem

drozszych zapytain — O(n'4%) operacji.

Przy uzyciu algorytmoéow dla dynamicznego wyznacznika, rozwiazujemy po raz
pierwszy nastepujace dwa problemy dynamiczne: zliczanie drzew rozpinajacych w
grafach, oraz testowanie, czy graf ma doskonate skojarzenie. Nastepnie, wykorzys-
tujac dynamiczne algorytmy obliczajace macierz odwrotnosci, rozwigzujemy prob-
lem dynamicznego domknigcia przechodniego. Otrzymujemy pierwszy znany algorytm
wykonujacy modyfikacje grafu w pesymistycznym czasie O(n?), oraz odpowiadajacy
na zapytania w czasie stalym. Otrzymujemy réwniez pierwsze algorytmy dla tego
problemu o podkwadratowym koszcie. Nasze algorytmy dla domkniecia przechod-
niego sg randomizowane z jednostronnym bledem.

Nastepnie podajemy algorytmy obliczania wyznacznika oraz macierzy minorow
dla macierzy okre$lonych nad pierscieniem przemiennym lub Euklidesowym. Algo-
rytmy te znajduja zastosowanie w konstrukeji dynamicznego algorytmu obliczajacego
dtugosci $ciezek w grafie. Nasz algorytm modyfikuje graf w czasie O(n'9?), i odpowiada
na zapytania w czasie O(n*?%). Wynik ten jest rozwiazaniem otwartego dotychczas
problemu istnia podkwadratowych dynamicznych algorytmow dla obliczania dtugosci
najkrotszych Sciezek w grafie, oraz odlegtosci od jednego wybranego wierzchotka.

Pokazujemy takze, ze dynamiczne algorytmy macierzowe moga zostaé¢ uzyte
do konstrukcji wydajnych statycznych algorytmoéow dla problemu doskonatych sko-
jarzen. Uzywajac tych algorytméw otrzymujemy bardzo prosty randomizowany algo-
rytm na znajdowanie doskonatych skojarzen w czasie O(n?). Stosujac szybkie mnoze-
nie macierzy ztozono$¢ tego algorytmu mozemy poprawi¢ do O(n*), gdzie w jest
wyktadnikiem najszybszego znanego algorytmu mnozenia macierzy.

Keywords: dynamiczne algorytmy, wyznacznik, odwrotnos¢, macierz minoréow, dom-
kniecie przechodnie, najkrotsze Scierzki, doskonate skojarzenia, drzewa rozpinajace.

Klasyfikacja tematyczna ACM: F.2.2, G.2.2.
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Chapter 1

Introduction

In this thesis we describe how algebraic methods can be used to construct efficient
graph algorithms. The algebraic methods turned out to be very useful in many graph
applications, starting from transitive closure computations and ending on counting
perfect matchings. The constructed algorithms use matrix operations, such as mul-
tiplication or computing determinant, as a basic building block. Thanks to this the
algorithms usually gain on clearness. Also in many cases the algebraic approach yields
the asymptotically fastest solutions. The basic example is the transitive closure prob-
lem. One of the classical results states that the problem is equivalent to boolean
matrix multiplication.

The main topic of this thesis are dynamic graph algorithms. We show that
also in dynamic computations the algebraic approach is very useful and can be used
to obtain asymptotically fastest algorithms. The presented algorithms are also rel-
atively simpler in comparison to the earlier solutions to these problems, because of
the modular composition. They are based on a new building block, namely data
structures supporting dynamic matrix operations such as matrix inverse and matrix
determinant. Using this building block we are able to show the asymptotically fastest
algorithms for dynamic transitive closure. We also state a more general result and
show that the dynamic transitive closure problem is not harder than the dynamic
matrix inverse problem, i.e., when we know how to solve the second one with given
dynamic complexities, the first one can also be solved with the same complexities.
These results use a simple, yet astonishing observation that the inverse matrix encodes
the transitive closure.

Moreover, we obtain the first dynamic algorithms for the problem of counting
spanning trees in a graph and testing if a general graph has a perfect matching.
These results are direct implications of our dynamic matrix algorithms, because the
problems can be solved by computing the determinant of the appropriately defined
adjacency matrix of the graph. Next, we extend our algorithms to matrices over
commutative rings. This result implies the asymptotically fastest algorithm for the
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dynamic shortest paths problem in the case of unweighted graphs.

The problem of testing, wether a dynamic graph has a perfect matching, can
be used for development of very efficient algorithms for finding perfect matchings in
a graph. By extending these ideas we can show that the perfect matching problem is
not harder than the matrix multiplication. This reduction gives the asymptotically
fastest algorithms for the perfect matching problem. It is one of the first results that
shows that an efficient solution to a static problem can be obtained with the use of
dynamic algorithms.

Organization of this work

We start by giving the definitions and the historical background of the problems
studied in this work - Chapter 2. In Chapter 3 we recall some basic definitions and
concepts which will be used in the next chapters. In Chapter 4 we present our algo-
rithms for the dynamic matrix problems. Next in Chapter 5, we extend the algorithms
to the case of matrices over commutative rings. In Chapters 6, 7 and 8 we show how
the problems of dynamic computing spanning tress, transitive closure, and distances
in graphs can be solved with the use of our algorithms. The application of the dy-
namic matrix algorithms to computing perfect matchings in graphs is presented in
Chapter 9.



Chapter 2

Thesis Overview

2.1 Dynamic Algebraic Algorithms

Let R = (S,+,-,0,1) be a ring with elements from set S and appropriately defined
addition 4+ and multiplication -. Let f : S™ — S™ be an algebraic function over this
ring. A dynamic algebraic algorithm must handle the following types of requests:

e initialize(xy, zo, ..., x,): initialization with an input vector (z1, s, ..., 2,);
e update(k, x}): change input k to a new value z};

e query(k): return the value of output k.

Our goal is to construct algorithms that support updates and queries as fast as pos-
sible. In particular, the updates must be faster than recomputing everything from
scratch. The initialization time is generally not very important. However, we also try
to make the initialization step as fast as possible.

An extensive study of dynamic algebraic problems was started by Reif and
Tate [40]. They presented an ©(n) lower bound for some simple dynamic algebraic
problems such as multipoint polynomial evaluation, polynomial reciprocal, and ex-
tended polynomial GCD. They proved two time-space trade-off theorems applicable
to dynamic algorithms for many algebraic functions. Moreover, they provided some
general-purpose design techniques of dynamic algebraic algorithms. With the use of
these techniques, they showed an O(y/n) time per request algorithm for dynamic DFT
and an O(y/nlogn) time per request algorithm for polynomial multiplication. They
also provided a technique for constructing parallel algorithms with optimal work.

Other lower bounds for dynamic algebraic problems were shown by Frandsen,
Hansen and Miltersen [16]. They proved an almost tight Q(y/n) lower bound for dy-
namic polynomial multiplication. They were also able to prove an Q(n) lower bounds
for the problems of computing determinant, adjoint, inverse, and solving linear system
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Problem

Lower Bound

Upper Bound

matrix-vector multiplication
matrix multiplication

(n) [16]

O(n) [simple
multiplication)]

polynomial multiplication

(/) [16]

O(v/nlogn) [40]

polynomial evaluation Q(n) [40, 16] O(n) [Horner’s
algorithm]|

matrix adjoint

matrix inverse 1.495 .

determinant (n) [40, 16 O(n' ) lthis

. : thesis]

linear system of equations

DFT Q(lggglogn) [16] | O(v/n) [40]

two dimensional DFT Q5 égglogn) [16] | O(y/nlogn) [40]

polynomial reciprocal Q(n) [40] O(nlogn) [40]

extended polynomial GCD Q(n) [40] O(nlog”n) [40]

prefix sum O(logn) [17]

Figure 2.1: Upper and lower bounds for some dynamic algebraic problems. The bounds
are with respect to both update and query operations.

of equations. However, till now the best solution to these matrix problems required
reevaluating everything from scratch. This gives only an O(n*) upper bound, where w
is the exponent in the best known matrix multiplication algorithm (see Section 3.4).
The table in Figure 2.1 summarizes some of the known results.

2.1.1 Dynamic Matrix Algorithms
We consider the following types of dynamic matrix problems:

e determinant R" — R: The input is interpreted as an n x n matrix. The
output is its determinant.

e adjoint R™ — R": The input is interpreted as an n x n matrix A. The output
is interpreted as n x n adjoint adj(A) of the input matrix.

. 2 2 . . . . .
e inverse R — R™, where R is a field: This is a function from non-singular
n X n matrices that maps matrix A into the corresponding inverse matrix A~!.

e linear system of equations Rn R™, where R is a field: This is a function
from non-singular n X n matrices and n dimensional vectors that maps matrix
A and vector b into the solution x to the matrix equation Ax = b.

We consider three types of dynamic matrix operations.

e Column operations:
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column-update(i, v;): change (A)" — the i-th column of A to v;;
column-update-linear-system(i, v;): change (A)" to v;
vector-update-linear-system(v): change b to v;
query-inverse(i): return (A™1);;

query-adjoint(i): return (adj(A));;

query-linear-system: return A~'b.
Row operations are defined in a similar way.
e Simple operations:

update(i, j, z): change A, ; to z;
matrix-update-linear-system(i, j, z): change A; ; to z;
vector-update-linear-system(i, z): change b; to x;
query-inverse(i, j): return (A™'),;;
query-determinant: return det(A);
query-adjoint(i, j): return (adj(A));;;

query-linear-system(i): return (A~'0),.
e Thick operations:

update((iy,v1),. .., (i, vx)): change columns 4, to vectors v, forall 1 < p < k;
<k

query-inverse(iy, ..., ixJ1, - - -, k)¢ return (A7) forall 1 < p,q ;

ip,Jq?

query-adjoint(iy,. .., i1, -, k)¢ return (adj(A));, j,, forall 1 <p,q < k.

The problem of solving dynamic linear systems of equations was not considered
in [16]. However, it is easy to establish an (n) lower bound for the problem in
the RAM model. The computation of matrix inverse can be reduced to solving a
linear system of equations. Suppose we want to dynamically compute the inverse of
a matrix A. In the linear system of equations problem we maintain the matrix A as
the coefficient matrix. When we want to query the (7, ) entry of the inverse we do
the following:

e set the j-th entry of the vector b to 1 and the other elements to zero,

e query the i-th entry of the solution vector.

We have:
zi=el Alb=e] Ale; = Al-_jl.

Thus, the element of the inverse can be computed by querying the solution x.
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The lower bounds in [16] apply only to simple operations. Using the following
result of Savage [47] we can prove a lower bound in the case of column operations, in
the model of stright line programs.

Lemma 2.1.1 (Savage '74). There exist n X n matrices A over a field F' such that

TL2 .
operations.
log| 7| n> P

computing x — Ax with straight line program requires Q(

This bound can be used to prove the following.

Lemma 2.1.2. A dynamic straight line program for matriz inverse requires in the
worst case 2(n?) arithmetic operations to support column operations.

Proof. Let A be a matrix satisfying Lemma 2.1.1 and x be an n dimensional vector.
Consider a 3n x 3n matrix X defined as follows

I A 0
X=10 I zef
0 0 I
The inverse of X is equal to
I —A Azxel
X1t=|0 I —uxel
0 0 1

Notice that we can read out the vector Az from the last column of the inverse with col-
umn query and in order to change x we need column update of X. Thus Lemma 2.1.1
implies that we need (n?) arithmetic operations either for the update or for the
query. ]

For the definition of dynamic straight line programs see [16]. All of our al-
gorithms fall in this class. In the case of column operation, the algorithms from
Section 4.1 are optimal because they support column updates in O(n?) operations.
Note that this corollary does not rule out the possibility of devising asymptotically
faster amortized algorithms and also the possibility of devising faster algorithms in
the RAM model.

Our Results

The first problem to be solved in designing dynamic algorithms for algebraic functions
is a choice of information which should be maintained during the updates. On the one
hand, this information should be large enough to allow answering queries fast, but
on the other hand it should not be too large if we want to update it fast. It appears
that the right choice is to construct a data structure for maintaining the inverse of
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the matrix. We show that with the use of this data structure the updates and the
queries can be computed efficiently.

We assume that the matrix remains non-singular throughout the updates.
The algorithms can be modified to the case when the matrix can become singular
but the complexity of our algorithms is then much worse. The problem of handling
singular matrices without increasing the operation costs remains open. However, for
our applications the algorithms supporting only non-singular updates are sufficient.

For row and column updates we devise an algorithm supporting updates in
worst-case O(n?) arithmetic operations. The algorithm maintains the inverse of the
matrix explicitly and thus answers queries in O(1) operations. Since an update can
change as many as (n?) entries of the the matrix, this algorithm seems to be the
fastest possible assuming answering queries in constant number of operations. Al-
though we consider here a more general standard RAM model, our algorithm is a
straight line program and it performs as fast as Lemma 2.1.2 allows. Next we ex-
tend the algorithm to support so called thick updates, i.e. updates that are allowed to
change n¢ rows or columns of the matrix, for arbitrary e € [0, 1]. This new algorithm
requires O(n®1<V) arithmetic operations per update.

In order to break through the O(n?) barrier, we restrict ourself only to simple
operations. We show two trade-off algorithms for this problem. Both algorithms main-
tain the inverse in a lazy form, what allows to perform updates faster but increases the
query time. The first algorithm uses O(n*(:¢Y=¢ 4 nl+¢) operations (worst-case) for
updates, O(1) operations to query the determinant and the solution of linear system
of equations, and O(n) operations to query the adjoint matrix and the inverse. The
second algorithm uses O(n*(¢V=¢ 4+ n2) operations (worst-case) for updates, O(1)
operations to query the determinant and the solution of linear system of equations,
and O(n*) operations to query the adjoint matrix and the inverse. Using the best
known bounds on w(1,¢,1) and minimizing the update cost, we get algorithms sup-
porting updates in O(n'*7)/O(n'*?) operations and queries in O(n°?*")/O(n'*%)
operations.

Next, we consider the case of dynamic computing the matrix inverse over rings.

“*1) time algorithm for computing matrix determinant

Strassen [51] gave an O(n
without divisions. We show here that his technique can also be used in the case of
dynamic computations. Moreover, we also show special algorithms for the case when
some notion of divisibility can be used. We devise faster algorithms for Euclidean

rings, which include polynomials and integers.
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2.2 Dynamic Graph Algorithms

A dynamic graph algorithm maintains actual information on a given property P
of a graph subject to dynamic change of the graph. Possible changes include edge
insertion, edge deletion or edge weight update. Any dynamic graph algorithm for
property P should process updates and after each update, it should be able to answer
queries on P. In case of dynamic graph algorithms, we say that an algorithm is
incremental if it supports insertions only, and decremental if it supports deletions
only. We maintain a graph G = (V, E') under intermixed sequence of insert(e) and
delete(e) operations. Updates of this type are called edge updates throughout the
thesis. We also consider dynamic algorithms for generalized updates called v-centered
updates. Let E, denote an arbitrary set of edges incident with a common vertex v.
The operation v-insert(E,) inserts F, into the edge set E and v-delete(FE,) deletes
E, from the edge set E.

In the case of undirected graphs, we show algorithms supporting the following
types of queries:
e test-matching(e): test if an edge e is contained in any perfect matching, i.e.,
test if e it is allowed, assuming that a graph has a perfect matching;

e spanning-trees: compute the number of spanning trees.

To the best of my knowledge, no dynamic solutions to the above problems
have been known until now.

In the case of directed graphs, we consider the following problems:
e paths-DAG (v,w): return the number of distinct paths from v to w, assuming
that the graph is acyclic;
e reachability(v,w): test whether there is a path from v to w;

e distance(v,w): return the distance between v and w.

Any algorithm for dynamic counting the number of paths in DAG has worst-
case complexity (n) per operation. It follows from the fact that counting paths in
DAGs can be used to multiply matrices (for details see [1]). This is a strong evidence
that the lower bound of Q(n) for the dynamic transitive problem can also hold.

Savege [47] in his result about hard matrices assumed only that addition is
associative. Thus, his result can be also used to obtain a lower bounds for boolean
matrix-vector multiplication. This implies the following observation.

Corollary 2.2.1. A dynamic straight line program for transitive closure, requires in

the worst case Q(%) arithmetic operations to support column operations.

Similarly to Lemma 2.1.2, this does not rule out the possibility of devising
asymptotically faster amortized algorithms.
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2.2.1 Dynamic Transitive Closure

The problem of dynamic transitive closure has been studied by many researchers. The
first papers on this subject described only incremental and decremental algorithms
25, 26, 30, 54, 22|. In the case of incremental updates, the fastest algorithms were
presented by Italiano [26], La Poutré and van Leeuwen [30]. Their algorithms need
O(n) amortized time per insertion and O(1) time per query. The case of decremen-
tal algorithms seems to be inherently harder. An O(n) amortized time algorithm is
known only in the case of acyclic graphs. In the case of general graphs only an O(n?)
time algorithm [25] was known till the paper of Henzinger and King who presented
the randomized algorithm with query time O(n/logn) and amortized update time

O(nlog®n).

The first fully dynamic transitive closure algorithm was given by Henzinger
and King [22]. They devised a Monte Carlo algorithm with one-sided error, O(nm?)
amortized time per update, and ©(n/logn) time per query. Khanna, Motwani and
Wilson [27] showed that when a lookahead of ©(n%!®) updates is permitted, there
exists a deterministic algorithm with update time ©(n*!#). Next, King and Sagert
[29] devised an algorithm for general directed graphs supporting queries in O(1) time

2:26) time. They also showed an algorithm for acyclic graphs with

and updates in O(n
O(n?) update time. These bounds were improved by King [28], who presented a de-
terministic algorithm with O(n?logn) amortized update time and O(1) query time.
In [9], Demetrescu and Italiano improved these bounds further by presenting an algo-
rithm with O(n?) amortized update time and O(1) query time for general digraphs.
Similar result was later presented in [42]. In [9], the authors also gave the first al-
gorithm with subquadratic update time for directed acyclic graphs. This algorithm
can answer queries in O(n¢) time and perform updates in O(n“(:¢D=¢ 4 pl+€) time,
for any € € [0,1], where w(1,¢,1) is the exponent of the matrix multiplication of an
n X n° matrix by an n° X n matrix. The current best bounds on w(1,¢,1) [24] imply
an O(n%5™) query time and O(n'5™) update time. This subquadratic algorithm is
randomized with one-sided error. More recently, Roditty and Zwick [43] presented an
algorithm with O(m+/n) update time and O(y/n) query time, and another [44] with
O(m + nlogn) update time and O(n) query time.

Notice that an update may change 2(n?) entries of the transitive closure ma-
trix, and assuming that queries are answered in O(1) time, the bound of O(n?) worst-
case time seems to be the best we can hope for. Also, the Corollary 2.2.1 gives the
evidence that this bound might hold. However, no such algorithm has been presented
so far, in particular the algorithms in [9, 42] have only amortized time bounds. In
dynamic setup, we are often interested in answering each query in a small worst-case
time, therefore devising such algorithms might be very useful.
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Our Results

Most of the algorithms mentioned above contain (except [28, 43, 44]) a fast ma-
trix multiplication as a subroutine. However, only the algorithm of Demetrescu and
Italiano [9] explores the equivalence between matrix multiplication and transitive clo-
sure. The algorithm uses explicitly the formula for transitive closure (for definition
see Section 3.3)

S
i=0

Using algorithms for dynamic evaluation of polynomials over matrices for this formula,
the authors obtained dynamic algorithms for transitive closure. In the paper [46] we
present a novel technique. We show that the transitive closure can be computed by
inverting an appropriately defined adjacency matrix of the graph. Thus, algorithms for
dynamic matrix inverse can be directly applied to the problem of dynamic transitive
closure. Edge updates of the graph are translated into simple updates of the matrix
and v-centered updates into row and column updates. Using the thick updates we can
also show how to deal faster with the case when updates can change edges incident
to a subset of vertices. Our reduction is randomized with one-sided bounded error.
The size of the arithmetic is O(logn) and hence the bounds on arithmetic operations
for dynamic matrix inverse are translated into time bounds for dynamic transitive
closure. This gives the first algorithm with O(n?) worst-case update time and O(1)
query time. We also show two algorithms breaking the O(n?) barrier for general
directed graphs. The first one achieves O(n'%) update time and O(n®"™) query
time, and generalizes the result from [9] for DAGs. The second one has even faster
O(n19) update time at the cost of much higher O(n'%) query time.

2.2.2 Dynamic Shortest Paths

The study of algorithms for dynamic maintenance of shortest paths was started more
than 35 year ago [31, 36, 41]. Since then many algorithms with times comparable to
evaluating everything from scratch have been proposed [14, 18, 19, 38, 39, 45].

The first decrease-only algorithm was proposed by Ausiello et al. [2]. The
algorithm worked for graphs with integer weights less than some integer C' and needed
O(Cnlogn) amortized time per edge insertion.

Next, two dynamic algorithms for planar graphs have been developed. Henziger
et al. [23] developed an O(n3 log(nC)) time algorithm in the case of integer weights.
The second algorithm was proposed by Fakcharoemphol and Rao in [15] who showed
how to support queries and updates in O(n% log% n) amortized time.

The first fully dynamic algorithm for general graphs in the case of integer
weights was given by King [28]. The running time of the algorithm is O(n%*5\/Clogn)
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per update. In the case of real edge weights similar results was obtained by Demetrescu
and Italiano in [10, 11]. They assumed that there are at most S different real edge

weights and obtained an algorithm supporting updates in O(n??y/Slog®n) time and
queries in constant time. They also presented two families of trade-off algorithms
that have smaller update time but at the cost of bigger query time. In the case of
unweighted graphs, Baswana, Hariharan and Sen [3] developed simpler deletion only
algorithms. The final step in obtaining @(nz) update time was made by Demetrescu
and Italiano in [12].

The shortest paths problem is harder than the transitive closure problem.
Similarly to the transitive closure problem, assuming O(1) queries, the bound of
O(n?) on the worst-case time for updates seems to be the best we can hope for. Thus,
it is interesting to know if allowing greater query time one can reduce the update
time below O(n?). Until now, no such algorithm has been known.

Our Results

Using an algorithm for dynamic matrix inverse over rings we have developed an
algorithm for computing lengths of the shortest paths with at most k edges. This
algorithm, combined with the standard technique of path decomposition, gives an
1932) time and queries in O(n'?®®) time. This
result resolves the open question (see e.g. [10, 11, 12]) if there exist algorithms with
sub-quadratic update and query times. The problem of dynamic single source shortest
distances seems inherently simpler than dynamic all pair shortest distances, but till
now the best solution for this problem was evaluating everything again from the
scratch, and this takes O(n?) time. We have also resolved the question whether more
efficient algorithms for this problem exist. However, our result is only of theoretical
importance, the O(n?) algorithm from [12] is surely practically more efficient.

algorithm supporting updates in O(n

2.3 Perfect Matchings and Spanning Trees

To the best of my knowledge, no dynamic algorithms for testing whether a graph has
a perfect matching and counting spanning trees in graph have been known until now.
In this thesis we present the first dynamic algorithms for both problems.

The algorithms for maintaining matrix inverse dynamically can be directly
applied to the problems of counting spanning trees and testing if an edge is allowed
in a graph having a perfect matching. In the case of counting spanning trees, we use
the Kirchoff theorem, and in the case of the matching problem, we use the result of
Rabin and Vazirani [37]. They showed that the inverse matrix of the adjacency matrix
encodes allowed edges in the graph. The inverse can be computed with O(logn) bit
arithmetic, what allows us to construct two algorithms:
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e the first one supporting queries in O(n?) time and updates in O(1) time,

1.575)

e the second one supporting queries in O(n 0-575)

time and updates in O(n
time.

The first algorithm can be used to construct a very simple algorithm for com-
puting perfect matchings in graphs in O(n?) time, whereas the second allows to find
perfect matchings in O(n*57) time. This approach has been explored more deeply
by the author in the papers with Marcin Mucha [35, 34|, where two algorithms were
shown: an O(n*) time algorithm for finding maximum matchings in general graphs
and an O(n?) time algorithm for finding maximum matchings in planar graphs.
These results improve over the fastest previously known algorithms of Micali and
Vazirani [33], Blum [4], and Gabow and Tarjan [20], that worked in O(n?%) time.



Chapter 3

Definitions and Preliminaries

In this chapter we introduce some basic definitions and facts from algebra (Sec-
tion 3.1), linear algebra (Section 3.2), and from graph theory (Section 3.3). The con-
tents of these sections are meant only for reference and for this reason we give them
in the form of compact lists. The next section contains the basic facts on matrix algo-
rithms (Section 3.4). In the last section of this chapter we describe a randomization
method used in all our algorithms (Section 3.5).

3.1 Algebra

div — the integer division, a div b = [§].
I',, — the set of n element permutations.

sgn(p) — the sign of the permutation p,

- 1, if pis even,
sen(p) _{ ~1, if p is odd.

Z, — a finite field modulo prime number p.

R|[u]] — the ring of the formal power series over a ring R. The elements of R[[u]] are
of the form ag + a1u + agu® + ... + a;u’ + ..., where ag, ar, as, ..., a;, ... € R.

R"[[u]] - the ring of the formal power series modulo u" .

uR — the set {ux : x € R}, where R is a ring R.

3.2 Linear Algebra

R™™ — the set of n X m matrices with entries from R. For a matrix A € R"*"™, the
row index set is {1,...,n} and the column index set is {1,...,m}.

19
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a;; — the element in the i-th row and in the j-th column of matrix A.

(+)i; — the element in the i-th row and in the j-th column of the matrix resulting
from an expression (-).

det(A) — the determinant of the matrix A,

det(A) = ) sgn(p) ﬁ s,y -
k=1

p€Eln

A%~ the (n — 1) x (n — 1) matrix resulting from the deletion of the j-th row and
the ¢-th column of the n x n matrix A.

adj(A) — the adjoint matrix, or shortly adjoint, of the matrix A. Adjoint is the n x n
matrix, where adj(A); ; = (—1)"* det(A7").

AT — the transpose matrix of A4, i.e. (AT);; = a;,;.

I, — the n x n identity matrix from R™*". If there is no danger of confusion, we will
write I instead of I,,.

A~1 — the inverse matrix of the matrix A, i.e. the matrix such that A=A = I and
AA-L =1,

(A)" — the i-th column of A.

A; — the i-th row of A.

e; — n dimensional zero vector except 1 on the i-th place.
z; — the i-th element of the vector z.

Apc — the submatrix of A corresponding to rows from the set R and columns from
the set C'.

linear system of equations — given by a matrix A and a coefficient vector b. The
solution to the system is a vector x, satisfying Az = b.

3.3 Graphs

graph — Graph G is a pair (V| E), where V is a finite set of vertices, and E is a set of
edges between the vertices — F = {(u, v)|u,v € V'}. If the graph is undirected,
the adjacency relation defined by the edges is symmetric, or E = {{u,v}|u,v €
V'} (set of pairs of vertices rather than ordered pairs).
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bipartite graph — A bipartite graph G is defined as a triple (V, W, E), where V' and
W are disjoint sets of vertices, and FE is a set of edges between vertices from
these two sets — E = {(v,w)|v € V,w € W}. If the graph is undirected, the
adjacency relation defined by the edges is symmetric or E = {{u,v}|u,v € V}.

adjacency matrix — Let G = (V,E) be a graph, where V' = {vy,...,v,}. The
adjacency matrix of G is the n x n matrix A = A(G) such that,

= 1, if (UZ','U]') € E,
“ ] 0, otherwise.

A(G) — Let G = (V,E) be a graph and V' = {v1,...,v.}. A symbolic adjacency
matriz of G is the n x n matrix A(G) such that
Ti g if (UZ','U]') € Fandi < j,
A(G)i,j = —Zij if (UZ',U]‘> € Fand 7 > j,

0 otherwise,

where z; ; are unique variables corresponding to the edges of G.

B(G) — Let G = (V,W,E) be a bipartite graph, V = {vy,...,v,}, and W =
{wy,...,w,}. A bipartite symbolic adjacency matriz of G is the n X n matrix

B(G) such that
~ o X 5 if ('Ui,'LUj) € E,
B(G)ij = { 0 otherwise.

where z; ; are unique variables corresponding to the edges of G.

G(A) — Let A be an n x n matrix. By G(A) we denote the n-vertex graph (V, E') such
that V = {v1,...,v,} and (v;,v;) € E if and only if A;; # 0.

A°, transitive closure — Let G = (V,E) be a directed graph, such that V =
{v1,...,v,}. The transitive closure A° of G is the n x n matrix A such that
A; ; # 0 iff there is a path from v; to v; in G.

A?, distance matrix — Let G = (V, E) be a directed graph and V = {v;,...,v,}.
The distance matriz A for G is the n x n matrix A such that A; ; is the distance
from v; to v; in G, i.e., the length of the shortest path from v; to v; in G.

O — so called Soft-O. We write f(n) = O(g(n)) if f(n) = O(g(n)logk g(n)), for some
constant k. Essentially, it is Big-O, ignoring logarithmic factors.

3.4 Matrix Multiplications

Designing our algorithms we use the fast rectangular matrix multiplication. Let
w(a, b, c) denote the exponent of the multiplication of an n® x n® matrix by an n® x n¢
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matrix. For a = b = ¢ = 1 we get the exponent of the square matrix multiplication
w=w(l1,1).

In his seminal paper Strassen [50] showed that square matrices can be multi-
plied in o(n?) time. His bound has been improved many times since then. The best
current bound is due to Coppersmith and Winograd [8], w < 2.376. Their ideas were
latter extended by Coppersmith [7], who showed that it is possible to multiply an
0-294 0291 5 1 matrix with O(n?) arithmetic operations.

nxn matrix by an n

Let a = sup{a : w(1l,a,1) =2+ o0(1)}. The value of « is not larger then 0.294.
By combining bounds on «a and w, Huang and Pan [24] showed the following bound
on w(a,b,c).

Lemma 3.4.1 (Huang and Pan [24]). Let 1 > a > b. Then

1+a if 0<b<aa,

w(l,a,b)<w(1uavb):{ 1+7a+5b if aa<b<1>

where v = 2= < (0.844 and § = “=2 < 0.533.

-« 1-a
Notice that v+ = w — 1, and so.

Corollary 3.4.2. For any 0 < a < 1,

w(l,a,a) <alw—1)+1.

This bound can also be proved by partitioning the n x n® matrix into n® x n®
matrices and using Coppersmith and Winograd algorithm to multiply them.

We also use the following lemma due to Bunch and Hopcroft [5].

Lemma 3.4.3 (Bunch and Hopcroft [5]). The matriz inverse complexity is the same
as the square matriz multiplication complexity — O(n*) arithmetic operations are
sufficient to compute the matriz inverse.

3.5 Testing Polynomials

Almost always when we apply algebraic methods to construct graph algorithms, the
problem is reduced to testing if some polynomial is non-zero. For example, if we want
to check if a graph has a perfect matching, then we check if appropriately defined
adjacency matrix is non-singular. In order to verify that the matrix is non-singular, we
compute its determinant, which is a polynomial. In this case we cannot use symbolic
computation because the polynomial may have exponentially many terms and it would
give an exponential time algorithm. The following lemma due to Zippel [55] and
Schwartz [49] can be used to overcome this obstacle.
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Lemma 3.5.1. If p(x1,...,2,) is a non-zero polynomial of degree d with coefficients
i a field and S is a subset of the field, then the probability that p evaluates to 0 on a
random element (S1, Sa, ..., Sm) € S™ is at most d/|S|. We call such event false zero.

Corollary 3.5.2. If a polynomial of degree n is evaluated on random values modulo
prime number p of length (14 c)logn, then the probability of false zero is at most #,
for any ¢ > 0.

Note that in the standard computation model with word size O(logn), the
finite field arithmetic modulo p can be realized in constant time. We will use this
fact to establish the time bounds for our algorithms for test-matching problem and
reachability problem. You should also notice that our algorithms will be randomized
with one-sided error.



Chapter 4

Dynamic Determinant

4.1 Dynamic Matrix Algorithms: Row and Col-
umn Updates

4.1.1 Dynamic Matrix Inverse

In this section we present an algorithm for dynamic matrix inverse problem supporting
row and columns updates in O(n?) algebraic operations. The algorithm maintains the
inverse matrix explicitly and is able to answer simple queries in constant time.

The matrix A after the update of column 7 to a vector v is given by A" =
A+ (v—(A))el, where e; is the i-th versor. We assume that the matrix remains non-
singular during updates, then we can use Procedure 1 or Procedure 2 for updating
the inverse and Procedure 3 for querying the inverse.

Procedure 1 recomputes the inverse of A after a column update.
COLUMN-UPDATE-INVERSE(u, i);
{maintained data: A, A=' }

e compute b = A~ (v — (A)?),

e compute B! = (I + bel)71,

e update A= := B7tA°Y

e update A:= A+ (v— (A)")e].

)

Let us verify that the procedure COLUMN-UPDATE-INVERSE works cor-
rectly. Similarly we can show correctnes of the ROW-UPDATE-INVERSE procedure.

We have:
B 'A7! = (I+ beiT)_lA_1 =

= (AL 4+ bel))™ = (A+ Abel )™ =

24
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Procedure 2 recomputes the inverse of A after a row update.
ROW-UPDATE-INVERSE(v, i):
{maintained data: A, A~' }

e compute b7 = (vT — (A);)A7L,

e compute B~! = (I +bTel)~1

e update A~!:= A"1B7!

e update A := A+ ¢;(vT — (A),;).

Procedure 3 returns the element of the inverse of A
QUERY-INVERSE(3, j):
{maintained data: A, A7' }

e return AZ-_, jl.

= (A+ A4 (0 = (A))el) ! =

(3

= (A+ (v — (A))el)™ = A1,

7
Indeed, after the update, the inverse is computed correctly.

The computation of the vector b in the first step of the procedure takes O(n?)
arithmetic operations. In the second step we compute the inverse of matrix B, which

is given by:
Bl =T +bel)' = (4.1)
(1 ... 0 =% 0 ... 0]
0 ... 1 -2 0.0
=10 ... 0 (14+b) 0 ... 0
0 ... 0 - 1.0
[0 ... 00— 0 .1

Notice that this computation requires O(n) arithmetic operations. Next, we have to
perform multiplication A’~' = B~'A~1. Because matrix B~! has only O(n) non-zero
entries, this multiplication can be done with O(n?) arithmetic operations.

4.1.2 Dynamic Matrix Determinant

The dynamic matrix inverse algorithm can be extended for computing the determi-
nant. We only have to update the value of the determinant after each update (see
Procedure 4 and Procedure 5).
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Procedure 4 recomputes the determinant of A after column updates.
COLUMN-UPDATE-DETERMINANT (v, 7)
{maintained data: A, A™1, det(A) }

e call COLUMN-UPDATE-INVERSE(v,i),

e update det(A) := det(A)(1 + b;).

Procedure 5 returns the determinant of A.
QUERY-DETERMINANT():

{maintained data: A, A™1, det(A) }
e return det(A).

We have A’ = A - B and so det(A’) = det(A)det(B). Since B = I + be!,
det(B) = 1 + b;. Thus, the determinant is recomputed correctly.

4.1.3 Dynamic Matrix Adjoint

When the matrix is non-singular, the adjoint can be easily computed with the use of
the Cramer’s rules adj(A);; = det(A)(A™1); ;. Thus, the procedures for maintaining
the matrix inverse can be used to maintain the adjoint. We have only to change the
query procedure in the following way (see Procedure 6).

Procedure 6 returns the element of the adjoint of A.
QUERY-ADJOINT(i, 7):
{maintained data: A, A™1, det(A) }

e return det(A)A; .

4.1.4 Dynamic Linear System of Equations
In the case of linear system of equations, we use:
e Procedure 7 for updating the matrix,

e Procedure 8 for updating the coefficient vector,

e Procedure 9 for querying the solution vector.

Notice that the multiplication A~'b can be realized in O(n?) arithmetic oper-
ations and the whole update cost remains quadratic.
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Procedure 7 recomputes the solution of the linear system of equations after a column
in A was changed.
COLUMN-UPDATE-LINEAR-SYSTEM(v, 7)
{maintained data: A, A=1, b, x}
e call COLUMN-UPDATE-INVERSE(v,i),
e update z := A~1b.

Procedure 8 recomputes the solution of the linear system of equations after the
coefficient vector b was changed.

VECTOR-UPDATE-LINEAR-SYSTEM()
{maintained data: A, A=1, b, x}

e set b=V,

e update z := A~1b.

4.1.5 Summary

The complexities of the above algorithms are summarized in the following theorem.

Theorem 4.1.1. The problems of dynamic determinant, matriz inverse, matrix ad-
joint and solving linear system of equations, with non-singular row and column up-
dates, can be solved with the following costs:

e initialization O(n*) arithmetic operations,
e update O(n?) arithmetic operations (worst-case),

e query O(1) arithmetic operations (worst-case).

4.2 Dynamic Matrix Inverse: Thick Updates

In this section we generalize the algorithms from the previous section to allow updates
changing a set of columns of the matrix. Without loss of generality we can assume
that we update a block of the first n° columns, because otherwise we can reorder the
columns of A and rows of A~! appropriately. Then, after the update, we can restore
the previous order. This reordering costs at most O(n?) operations and will not be
the dominating cost. In the case of thick update we have only to change Procedure 1
for updating the matrix inverse. The other procedures remain without changes. The
new algorithm for handling updates is presented as Procedure 10. It changes the first
k = O(n®) columns to vectors vy, ..., V.

Let us check if the updated matrix A’ is computed correctly. We have:
B—lA—l —
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Procedure 9 returns the solution to the linear system of equations.

QUERY-LINEAR-SYSTEM(i):
{maintained data: A, A=1, b, x }

e return x;.

Procedure 10 recomputes the inverse of A after a thick update.
THICK-UPDATE-INVERSE(vy, ..., vg):
{maintained data: A, A™1 }

e compute B =1+ A_l(vl — (A oy — (A)?]. ..

e compute B!,
e update A~! := B71A~Y

. updateA::A+(m—(A)lyz—(A)? o = (A 0"0)

= (r+ a7t (- v2—<A)2]... vp — (A 0‘_,_’0))‘114_1:
n—k times

— <A<I+A—1(v1—(,4)l vy — (A2 ox — (A)] 0], ’0 )))—1:

n—k times
= <A+(U1—(A)1U2—(A)2 o oe = (A)F] 0 ---‘O))_lz
n—Fk times
— A

We will now look in more detail at the complexity of this procedure. We have
to compute two matrix products and one matrix inverse. The multiplication

o),
——

n—k times

A (vl _(A)! v — (A

Vg — (A)2’

requires n¥(1&1 arithmetic operations. In order to see how fast the inverse B~! can
be computed, we notice that B is a block matrix of the form:

| B |0
o [0 e

where By is an n° x n° matrix and By; is an (n — nf) X n°® matrix. The matrix B~*

By |0
-1 _ 11
B _[_32131_11“]. (4.3)

is given by:
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Thus, the inverse B~ can be computed in O(n*:*%)) arithmetic operations. The cost
is dominated by the multiplication By By

The final multiplication A’~' = B~tA~! can be written as follows:

By |0 By'—1]0
A/—l — B_lA_l — 11 _ A—l — 11 = A_l 4 A_l.
_B2lBlll ‘ I _B2lBlll ‘ 0

Only the first n® columns play role in the multiplication, so the multiplication can be
realized in O(n*(:=1) arithmetic operations.

4.2.1 Summary

In order to solve the ,thick” matrix problems, we can apply the same methods as in
the previous section and get the following theorem.

Theorem 4.2.1. The problems of dynamic determinant, matriz inverse, matrix ad-
joint and solving linear system of equations, with non-singular thick updates, i.e.,
updates of n° rows or columns, can be solved with the following costs:

e initialization O(n*) arithmetic operations,
e update O(n“%Y) arithmetic operations (worst-case),

e query O(1) arithmetic operations (worst-case).

4.3 Dynamic Matrix Inverse: Simple Updates

In this section we present how to speed up the dynamic matrix algorithm by keeping
the inverse in a lazy form. However, in order to support updates faster, we have to
restrict ourselves only to simple operations. The lazy form of the matrix is maintained
with Procedure 11.

The inverse matrix in the algorithm is kept in the following form:
A= (N+1)M.
We first show that the update (*) maintains this lazy form. Let us define:
N =B ' N+1)-1.
It is easy to check that
(N'+I)M = (B'(N+I)—IT+1)M =
=B ' (N+I)M=B"'A"'=A""
because A’ = AB.

Before analyzing the cost of the above procedure we need the following obser-
vation (Lemma 4.3.1).
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Procedure 11 recomutes the lazy form of the inverse matrix after a simple update.
UPDATE-LAZY-INVERSE(i, j, z):
{maintained data: M, N, A, k }
e compute b = (N + I)M(x — (A);;)e,
e compute B! = (I 4 bel )™,
update N := B™'(N +1) — I (x),
update A := A+ (z — (A)i;)ee]
update k:=k + 1,
e if £k =n° then
— recompute M with the last k& updates using THICK-UPDATE-INVERSE
procedure (kx),
— set N :=0,
— set k:=0.

Lemma 4.3.1. The matrix N has no more than k non-zero columns.

Proof. We have
N =B YN+I)-I=B'N+B"'—-1.

The matrix B~!N has the same non-zero columns as N, whereas B! — I has only
one non-zero column. Thus, the sum may have only one non-zero column more. [J

Let us now calculate the cost of n® updates. In order to process these updates,
we have to:

e recompute the lazy form with the THICK-UPDATE-INVERSE procedure —
O(n“(H=Y) arithmetic operations,

e compute the vector b and recompute the matrix N — this can be done in
O(n'*¢) arithmetic operations with use of the form of N from Lemma 4.3.1

Therfore, the amortized cost of one update is O(n“(:$1)=¢ 4 n!*¢) arithmetic
operations.

The query for the matrix inverse can be realized with Procedure 12.

Procedure 12 returns the element of the inverse matrix.
QUERY-LAZY-INVERSE(%, 7):
{maintained data: M, N, A, k }

e return e/ (N + I)Me;.

We need only O(nf) arithmetic operations for the query in the worst case.
The procedures for querying adjoint and determinant are similar to ones presented in
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Section 4.1. However, the procedures for dynamic linear system of equations have to
be modified — see Procedure 13, Procedure 14, and Procedure 15.

4.3.1 Dynamic Linear System of Equations

Procedure 13 recomputes the solution of the linear system of equations after the
matrix A was changed.
MATRIX-UPDATE-LAZY-LINEAR-SYSTEM(4, j, a)
{maintained data: M, N, A~', b, z}
e call UPDATE-LAZY-INVERSE(4,j,a),
e update z := B~ !x.

Procedure 14 recomputes the solution of the linear system of equations after the
coefficient vector b was changed.
VECTOR-UPDATE-LAZY-LINEAR-SYSTEM(i,a)
{maintained data: M, N, A~' b, z}

o set b:=0b+ (a—b)e;,

e update z :=z + (N + I)M(a — b;)e;.

Procedure 15 returns the i-th element of the solution vector.
QUERY-LAZY-LINEAR-SYSTEM(:):

{maintained data: M, N, A7, b, = }

e return x;.

4.3.2 Summary

We summarize the above results in the following theorem.

Theorem 4.3.2. The problems of dynamic determinant, matriz inverse, matrix ad-
joint and solving linear system of equations, with non-singular simple updates, can be
solved with the following costs:

e initialization O(n“) arithmetic operations,
e update O(n“%5Y=¢ 4 n1*2) arithmetic operations (worst-case),
e query for inverse and adjoint O(n®) arithmetic operations (worst-case),

e query for determinant and linear system of equations O(1) arithmetic
operations (worst-case).
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b) | 1 | | |

Figure 4.1: Structures a) and b) are used interchangeably. Structure a) is used to
answer queries in the block 1 of operations, and structure b) answers the querries in
block 2. When structure a) answers queries, structure b) is updated with the updates
from the block 1, and then with the updates from block 2.

Proof. The amortized bound on update can be made worst-case by the standard
technique. We keep two copies of the data structures: one is used for queries and the
other is updated in the background. The updating scheme is presented in Figure 4.1.

O

The costs of the particular operations mentioned in the above theorem are
illustrated in Figure 4.2.

In order to get the fastest possible update complexity, we balance the two
terms in the bound and get w(1,e,1) = 1 + 2¢. Applying Lemma 3.4.1 we obtain
e < 0.575. Thus, the update can be realized in O(n'5) arithmetic operations and
query in O(n%57) arithmetic operations.

4.3.3 Maintaining a Part of the Inverse

The lazy matrix form has an interesting property which will be used in Chapter 8
in the construction of dynamic algorithms for the distance problem. It is possible to
maintain in subquadratic time a part of the inverse matrix given by a subset X of
the rows and a subset Y of the columns, i.e., when we are only allowed to query the
matrix (A7 xy. If | X| = O(n®) and |Y| = O(n”), such a dynamic matrix problem
is called «, B-restricted.

Theorem 4.3.3. The «, B-restricted problems of dynamic matrix inverse and matrix
adjoint, with non-singular simple updates, can be solved with the following costs:

e initialization O(n“) arithmetic operations,
e update O(n“51)=¢ 4 plte 4 natBy grithmetic operations (worst-case),

e query for inverse and adjoint O(1) arithmetic operations (worst-case).
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Figure 4.2: The update and query complexities prooved in Theorem 4.3.2.

Proof. Tt is sufficient to show how to recompute (A™')xy after each update. The
matrix A’~! is given by

AT =BT AT =(I+ B DA = AT (BT - AT

Notice that due to a special form of B~! (see (4.1)) only the i-th row of A~! is used
in this multiplication. In other words, we have

A7 = AT 4 (B = 1A

This allows to recompute only a part of A=! in the way given in Procedure 16.

Procedure 16 Recomputes the part of the inverse matrix after a simple update.
UPDATE-INVERSE-PART (v, 4):
{maintained data: A, A~' }

e call UPDATE-LAZY-INVERSE(3, j, z),

e query out the i-th row of A7,

e update (A_l)x,y = (A_l)X,Y + ((B_l - ])>X,{i} A{_ii,y'

Querying out (A™1)" takes O(n'™¢) arithmetic operations and does not increase
update cost as compared to UPDATE-LAZY-INVERSE procedure. The recomputa-
tion of the part of the inverse requires only a vector-vector multiplication what costs
O(|X]|Y]) = O(n**P) arithmetic operations. O



34 CHAPTER 4. DYNAMIC DETERMINANT

4.4 Dynamic Matrix Inverse: Simple Updates 11

In this section we present a different update-query time trade-off. It allows us to

show algorithms with faster update time — O(n!1%)

O(n1'495).

Let A® denote the matrix after k updates. We keep matrices N, B® and
vectors b, for all [ < k, and a matrix M such that:

, but much higher query time —

(A1 = (I+NYM,

N(l—l—l) — (B(l+1))—1(N(l) + [) _ [’ (44>
In the updates and queries we compute only a part of the entries of N B®

and b®), for | < k. The other entries are computed only when they are needed.

Consider a sequence of k updates that have modified columns j!,...,j* of A. The

elements in rows j',..., 7% in NO B® and b® will be computed explicitly for all

I < k. We use Procedure 17 to recompute the matrices after each update.

Let us first check if the information we maintain is sufficient to recompute
the matrix. The procedure UPDATE-LAZY-ROW-II(j,[) computes the j-th rows of
NED (B =L and 5+ | and needs the following prerequisites:

multiplication (1): the j-th row of N,
inversion (2): the j-th and j¢*+Y-th rows of b+ (see the form (4.1) of B),

multiplication (3): the j-th row of (B!+Y)~! there are only two non-zero elements
in j-th row of (BU*1Y)~! so we need only the j-th and j(*Y-th rows of N¥
(again see the form (4.1) of B),

Notice that in the UPDATE-LAZY-INVERSE-II procedure, the calls are organized
in such a way that the prerequisites are satisfied.

The UPDATE-LAZY-INVERSE-II procedure calls O(k) times the procedure
UPDATE-LAZY-ROW-II. Each call needs O(k) arithmetic operations. The total cost
of updates is O(k?*) = O(n*). The same cost has the procedure QUERY-LAZY-
INVERSE-IT (Procedure 18) used to query the inverse matrix.

The amortized cost of one update is O(n“1:=1)=¢ 4+ n%) arithmetic operations
and the cost of query is O(n*).

Theorem 4.4.1. The problems of dynamic determinant, matriz inverse, matriz ad-
joint and solving linear system of equations, with non-singular simple updates, can be
solved with the following costs:

e initialization O(n“) arithmetic operations,
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Procedure 17 recomputes the lazy form of the inverse matrix after a simple update.
UPDATE-LAZY-INVERSE-II(i, j, z):
{maintained data: M, N, A, k }

o ;(F+1) — i,
o j0H =,
o (kD) — z,

for [ :=1to k do
— call UPDATE—LAZY—ROW—II(j(k), l),

for [ :=1to k do
— call UPDATE-LAZY-ROW-II(5®, k),

update k:=k + 1,

e if £ =nf then
— recompute M with the last k£ updates using THICK-UPDATE-INVERSE
procedure,
— clear NO, BO for 1 <1<k,
— set k:=0.

e update A§k+1) = Agk) + (x — (AF); j)es,
UPDATE-LAZY-ROW-II(7,1):
(1) compute bg-H—l) = 6?([ + N(l))M((A(l+l))j(l+1) — (A(l))j(l+1))€i(l+1),

(2) update (B(l“))j_1 = e?([ + b(l+1)e§.r(l+1))_1,
(3) update NV = T (BHD)"Y(NO 4 1) — 1.

e update O(n*%5Y=¢ 4 n%) arithmetic operations (worst-case),

e query for inverse, adjoint and linear system of equations O(n*) arith-
metic operations (worst-case),

e query for determinant O(1) arithmetic operations (worst-case).

The complexities of all operations from Theorem 4.4.1 are illustrated in Fig-
ure 4.3.

Balancing both terms in the update time we get the fastest updates for ¢ <

0.7471. This gives updates and queries in O(n'4%) arithmetic operations.
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Procedure 18 computes the element of the inverse using the lazy form of the matrix.

QUERY-LAZY-INVERSE-I1(7, j):

e for/:=1to k do

— call UPDATE-LAZY-ROW-I1(j, 1),

e return e/ (I + N¥1)Me;.

Compexity exponent
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Figure 4.3: The update and query complexity in Theorem 4.4.1.



Chapter 5

Dynamic Determinants Over Rings

In this chapter we discuss the problem of computing matrix determinant and matrix
adjoint for matrices over commutative rings. We show that the classic Strassen [51]
technique can be extended also to the dynamic case. Strassen has shown how to
compute the determinant without divisions in O(n““) ring operations. This gives
an O(n) slowdown in comparison to the fast Gaussian elimination [5], that works in
O(n¥) field operations. In the dynamic case this approach has the same impact on
the complexity — 1 is added to the exponent.

5.1 Matrix Problems: Division-Free Algorithms

The Strassen’s idea is to work in R[[u]] — the ring of the formal power series over a
commutative ring R. We will use the fact that in the ring of the formal power series
there are some invertible elements, despite the fact that R doesn’t have to contain
any invertible elements.

Lemma 5.1.1. The elements of the form 1 — z, where z € uR[[u]], are invertible.

Proof. The inverse of 1 — z is given by

- =14+z+224+...=Q+2) 1+ 1 +2Y. ...
—Z

Notice that computing the first n terms of the inversion requires only O(logn) mul-
tiplications in R[[u]]. O

Let A be a matrix over a ring R. Define A(u) = I + u(A — I). Then

A(u)|u=1,
det(A ) det( () |, (5.1)

adj(A4) = adj(A(u))|u=1-

37
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Figure 5.1: During the Gaussian elimination of A(u) only invertible elements appear
on the diagonal.

The determinant of the matrix A(u) can be computed using the standard
Gaussian elimination because the elements on the diagonal are always invertible. The
elimination process is schematically presented in Figure 5.1. At the very beginning,
the diagonal elements are of the form 1 — z. They can change during the elimination,
but only z-part can be modified.

Matrix A(u) can be used to compute the determinant of A, but the algorithm
we get is completely unpractical. The operations in R[[u]] cannot be carried out
efficiently. However, all the computations can be carried in R"[[u]], i.e., in the ring of
reminders modulo u"™!. The determinant det(A(u)) is a polynomial of degree n in u,
so it will be computed correctly modulo ™. Assuming that the elements of R"[[u]]
can be multiplied with O(nlog(n)log(log(n))) operations in R [48], we obtain that
computing the determinant without divisions can be done in O(n“*!) operations.

Lemma 5.1.2. For every nxn matriz A, the matriz A(u) = [+u(A—1) is invertible.
The determinant det(A(u)), the inverse A(u)™' and the adjoint adj(A(u)) can be
computed in the ring R"[[u]] in O(n**') operations in R.

Proof. The determinant can be computed by the Gaussian elimination as argued
above. We could also use it to compute the inverse, but there is an easier way given
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by the following equation,
AW = s = Y (A - D = Y AT (52)

n
i=0 =0

To verify it multiply both sides by A(u). This gives also an O(n®*!) algorithm for
computing the inverse in R"[[u]]. The adjoint can be computed by taking adj(A(u)) =
det(A(u))A(u)~t. O

Lemma 5.1.2 and the equalities (5.1) imply the following theorem.

Theorem 5.1.3 (Strassen '71). The determinant and the adjoint of a generic n x n
matriz A over a commutative ring R can be computed in O(n“*1) ring operations.

5.2 Dynamic Matrix Problems: Division-Free Al-
gorithms

5.2.1 Dynamic Determinant: Row and Column Updates

In this section we show how the Strasssen technique can be used in the dynamic
case. The construction of the matrix A(u) allowed us to use the standard Gaussian
elimination for computing matrix determinants over the rings. We have only to prove
that whenever the inverse is needed, it exists. We apply here the same approach. We
show that all the algorithms from Chapter 4 can be used to maintain dynamically
the inverse of A(u). Recall that these procedures only need the inverse of the matrix
B.

Lemma 5.2.1. The matrices B from Procedure 1 and Procedure 2 are invertible,
when they are used to maintain the matriz A(u) = I +u(A—1).

Proof. Let us consider the change of the matrix A(u) after a column update of A.
The matrix A(u) is changed in the following way

Aw) =T +u(A+ (v—(A)Yel —1) = Au) + (uv — u(A)"))el.
Now B is given by
B=1+be] =1+ A(u) " (uv —u(A)") =T +ud(u) (v — (A)).
The inverse B! can be computed in the same way as in (5.2).
1 > koS , k
-1 - T . —1 APV A
=TT - l;) (~bel)" = ; (—uA(w)™ (v = (A))el )" (5.3)

Note that this inverse can be computed in O(n?) operations in R™[[u]]. O
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In order to get efficient algorithms, we do all the computations in R"[[u]]. Each
operation in R"[[u]] require O(n) operations in R, so we get the following theorem.

Theorem 5.2.2. The problems of dynamic determinant and matriz adjoint over com-
mutative ring R, with row and column updates, can be solved with the following costs:

e initialization O(n“*') ring operations,
e update O(n?) ring operations operations (worst-case),
e query O(1) ring operations (worst-case).

5.2.2 Dynamic Determinant: Simple Updates

The trade-off algorithms supporting simple updates presented in Section 4.3 and
Section 4.4 perform the same operations as algorithms for row and column updates.
The only difference is that the computations are carried out in a lazy manner. We
can use them to maintain matrices over a ring in the same way as in the previous
section. Hence we get the following two theorems.

Theorem 5.2.3. The problems of dynamic determinant and matriz adjoint, over a
commutative ring R, with simple updates, can be solved with the following costs:

e initialization O(n“*') ring operations,
e update O(n'**heN=¢ 4 n2+) ring operations (worst-case),
e query for the adjoint é(nHE) ring operations (worst-case),

e query for determinant O(1) ring operations (worst-case).

Theorem 5.2.4. The problems of dynamic determinant and matriz adjoint, over a
commutative ring R, with simple updates, can be solved with the following costs:

“+1) arithmetic operations,

e initialization O(n
e update O(n' Lo =¢ 4 nl+2) ring operations (worst-case),

1+2E)

e query for adjoint O(n ring operations (worst-case),

e query for determinant O(1) ring operations (worst-case).

5.3 Dynamic Matrix Problems: Euclidean rings

In the previous section we assumed that no inversions are possible, but in some cases,
e.g., in the case of the ring of polynomials, there is some notion of divisibility, but in
general elements might not be invertible. Such rings are called Euclidean rings. The
name comes from the fact that the extended Euclidean algorithm can be carried out
in any Euclidean ring.

Let us recall some basic definitions.
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Definition 5.3.1. Integral domain is a ring that is commutative under multipli-
cation, has an identity element (0 # 1), and has no divisors of 0.

Definition 5.3.2. Fuclidean ring is an integral domain € for which a function v
can be defined, mapping non-zero elements of E to non-negative integers such that

e for all nonzero a,b € &, v(ab) > v(a),

e ifa,b € & and b # 0, then there exist q,r € € such that a = bqg + r and either
r=0 orv(r) <v(b) (qis a quotient and r is a remainder from division).

Examples of Euclidean rings include:

e Z. the ring of integers. We define v(n) = |n|, the absolute value of n.

e F[x], the ring of polynomials over a field F. For each nonzero polynomial p we
define v(p) to be the degree of p.

e F[[z]], the ring of the formal power series over a field F. For each nonzero power
series f we define v(f) as the degree of the smallest power of z occurring in f.

e Every field. Define v(z) = 1 for all nonzero x.

In the following sections we assume that in Euclidean rings the procedure that
finds quotient and remainder, i.e, division procedure, can be carried out in the same
time as multiplication.

5.3.1 Dynamic Determinant: Row and Column Updates

In this section we present an algorithm supporting column updates in O(n?) ring
operations and queries in O(1) ring operations. In the algorithm we maintain the
matrix X which is equal to the adjoint of the matrix A multiplied by a scalar value
x — X = adj(A)xz. The value of x is also recomputed in each update. For all these
recomputations we also need the value of the determinant (see Procedure 19).

Let us consider an update of the i’th column of A to the vector v. Let X’ be
the matrix X after the update and let 2’ be the new value of . We have

X' = X adj(det(A)] + adj(A)(v — (A))el) = (5.4)

(2

= zadj(A) adj(det(A)] + adj(A)(v — (A);)el) =

(2

— zadj(Adet(A) + Aadj(A)(v — (A))el) =

7

= radj(det(A)A + det(A) (v — (A))el ) =

7

= zdet(A) adj(A + (v — (A);)e] ) = zdet(A) adj(4") =
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Procedure 19 recomputes the inverse of the matrix A over an Euclidean Ring after
a column update.
COLUMN-UPDATE-ADJOINT-EUCLIDEAN-RING(v, 7):
{maintained data: A, X, z }
e compute b = adj(A)(v — (A);),
e update X := X adj(det(A)I + bel),
e update z := x det(A),
e compute y = det(A) det(det(A)I + bel),
e update det(A) :=y div det(A).

=X’
by the equality Aadj(A) = det(A)I. In the recomputation of X we use the value of
det(A), which is also recomputed. Let us verify if the new value is correct. We have

y = det(A) det(det(A)I + adj(A)(v — (A);)e]) =
= det(Adet(A) + det(A)(v — (A))el) =
= det(A) det(A’).

We see that det(A’) is the quotient from division of y by det(A). The elements of
adj(A) can be determined from the equation X;; = x adj(A);; in the same way.

To answer the query we divide the element in X by z (see Procedure 20).

Procedure 20 returns element of the adjoint of A, where A is defined over an
Euclidean ring.

QUERY-ADJOINT-EUCLIDEAN-RING(%, j):

{maintained data: A, X, z }

e return X;; div z.

The calculations in (5.4) take O(n?) ring operations. We need O(n?) operation
to calculate the vector b = adj(A)(v—(A);). The matrix B = adj(det(A)l+adj(A)(v—
(A))el) can be calculated in the same cost because

B = adj(det(A)I + bel) =

Cdet(A) +b; ... 0 b 0 0

0 det(A)+b, _bi—l 0 0

= 0 0 1 0 0
L 0 0 —by, 0 ... det(A) +b; |
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The final multiplication takes also O(n?) ring operations because B has only O(n)
non-zero entries.

Theorem 5.3.3. The problems of dynamic determinant and matrix adjoint over
FEuclidean ring, with non-singular row and column updates, can be solved with the
following costs:

e initialization O(n“) ring operations,
e update O(n?) ring operations operations (worst-case),
e query O(1) ring operations (worst-case).

Proof. The theorem follows directly from the discussion above. O

Remark 1. Notice that over the Euclidean rings it is possible to use the standard
Gaussian elimination algorithm, and thus the determinant and the matrix inverse
can be computed in O(n?) ring operations. The idea is to multiply when we have to
divide and to divide the result at the end when we have the certainty that the reminder
is zero. The Bunch-Hopcroft algorithm (see Lemma 3.4.3) can also be implemented
in the same manner.

5.3.2 Dynamic Determinant: Simple Updates

One might wonder why in the previous subsection we have not computed the whole
matrix adj(A) after the update but have kept it as the matrix X = zadj(A). This is
needed to keep exactly the same computation scheme as in algorithms working over
fields. This allows us to use the lazy computation schemes from Chapter 4 with the
algorithm from Theorem 5.3.3. As a consequence, we get the following.

Theorem 5.3.4. The problems of dynamic determinant and matrix adjoint, over an
Euclidean ring &£, with non-singular simple updates, can be solved with the following
CoSts:

e initialization O(n“) ring operations,

e update O(n“5N=¢ 4 n!*) ring operations (worst-case),

e query for the adjoint O(n®) ring operations (worst-case),
e query for determinant O(1) ring operations (worst-case).

Theorem 5.3.5. The problems of dynamic determinant and matrix adjoint, over an
FEuclidean ring £, with non-singular simple updates, can be solved with the following
Costs:

e initialization O(n“) arithmetic operations,

e update O(n“%“V=¢ 4 n29) ring operations (worst-case),

e query for adjoint O(n?*) ring operations (worst-case),

e query for determinant O(1) ring operations (worst-case).



Chapter 6

Dynamic Counting Spanning Trees

6.1 Spanning Trees

One of possible applications of the algorithms for dynamic determinant is the problem
of dynamic computing the number of spanning trees in a graph. This problem can
be solved directly by the Kirchoft’s matrix-tree theorem (see ,e.g., [13]). For a given
a graph G let D(G) denote a diagonal matrix, where the i-th diagonal entry is the
degree of v;. The combinatorial Laplacian of G is defined as

Theorem 6.1.1 (Matrix-tree theorem). If L(G) is the combinatorial Laplacian of a
graph G then the number of spanning trees in G is equal to det(L(G)M1).

For a dynamic graph G we can dynamically maintain the determinant of the
matrix L(G)M'. Using the algorithm with the fastest update time we obtain the
following result.

Corollary 6.1.2. There exists an algorithm for the problem of dynamic counting
spanning-trees in a graph with the update costs

o O(n*19) arithmetic operations (worst-case) for v-centered updates,

e O(n?) arithmetic operations (worst-case) for edge updates.

Counting the number of spanning trees is a way of testing the reliability of a
network, see [6]. Thus, our algorithms can be used for testing faster the reliability of
dynamically changing networks.
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Chapter 7

Dynamic Transitive Closure

7.1 Counting Paths in DAGs

Consider a directed acyclic graph with n vertices, given by the n x n adjacency matrix
A. The following lemma shows how to compute the transitive closure of the directed
acyclic graph (DAG) by using the matrix inverse.

Lemma 7.1.1. If there exists k such that A =0 then

k-1
I-A)~"=> A (7.1)

i=0
Proof. Tt is sufficient to multiply both sides of the equation by (I — A). O

The element k;; of the matrix K = Y%7} A’ gives the number of paths from
vertex ¢ to vertex j of lengths less than k. In n-vertex DAG there are no paths of
lengths greater than n — 1, so A™ = 0. In order to compute the number of paths in
a dynamic DAG G with the adjacency matrix A, we have only to keep the inverse of
the matrix I — A dynamically.

Theorem 7.1.2. If there exists an algorithm for the dynamic matrix inverse in non-
singular case, with the update cost of O(n®) arithmetic operations, and the query cost
of O(nP) arithmetic operations, then there exist an algorithm for dynamic computing
the number of paths in n-vertex DAGs with the same update and query costs.

Using the above theorem, combined with Theorem 4.1.1 and Theorem 4.3.2,
we get similar algorithms for reachability in DAGs to those in the papers [29, 9],
i.e., we obtain algorithms supporting queries in O(n?) or O(n'*™) time. However,
our approach is different — we use the dynamic matrix inverse. Moreover, the use of
the dynamic matrix inverse allows to see how to move further and construct similar
algorithms for general digraphs easier.

45
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7.2 'Transitive Closure of General Digraphs

In the case of general digraphs, we of course cannot use Lemma 7.1.1, but surprisingly
also in this case we can use matrix the I — A.

Theorem 7.2.1. Let A be the symbolic adjacency matriz of a digraph G. There ezists
a path in G from i to j iff adj(I — A);; is not equal to zero. Moreover, adj(I — A); ;
is non-zero over a finite field Z,.

Proof. We have adj(I — A);; = (—1)"7 det((I — A)’%). Equivalently, if we take Z to
be the matrix obtained from I — A by zeroing entries of the j'th row and the 7'th
column and setting the entry (7,4) to one, then adj(/ — A) = det(Z). Then

adi(T = Ay = Y sen(p) [ 2t (7.2
k=1

pely

The sum is a non-zero polynomial if there exists a permutation p such that

H 2k, pr # 0.
k=1

The permutation can be viewed as a set of cycles. Notice that the product is non-zero
if p; = 4, so in p there exists a cycle containing (j,7). The rest of the cycle forms a
path from 7 to j.

On the other hand, if we have a path from ¢ to j in G, we can add edge (7,1)
to form a cycle of p. For vertices v not belonging to the path we take p, = v. This
permutation gives non-zero contribution to the determinant.

Notice that each monomial in (7.2) has coefficient £1, so adj({ — A);; is non-
ZEero over Z,. O

Ezxample 1. Let us consider a graph presented in Figure 7.1.

\ I—A=
@ i 1 —x12 0 0 0 07
) 0 1 —T23 —X24 0 0
é\ 0 0 0 1 0 —Z3,5 0
—T4,1 0 —T4,3 1 0 0
\ @ 0 0 0 0 1 —Z5,6
*@\ L —Te6,1 0 0 0 —T6,5 1 |

Figure 7.1: An example graph and the corresponding matrix I — A.
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Let us use this theorem to check whether vs is reachable from v;. The matrix
Z has form

0 —T1,2 0 0 0 0
0 1 —X23 —X24 0 0
5 1 0 0 0 0 0
0 0 —T4.3 1 0 0
0 0 0 0 1 —a5
L0 0 0 0 —xgs 1

The determinant of this matrix is equal to

det(Z) = T12T23 — T1,2T24%43 — L12T23L56T65 + T1,2024%43%56%6,5-

The first two elements of this expression correspond to the simple paths p = v; —
vy — v3 and ¢ = vy — v9 — v4 — v3. The last two correspond to p and ¢ plus a cycle
Vs — Vg — Us.

Theorem 7.2.2. If there exists an algorithm for the dynamic matriz inverse. in the
non-singular case, with the update cost of O(n®) arithmetic operations, and the query
cost of O(n®) arithmetic operations, then there exists an algorithm for dynamic tran-
sitive closure with updates in O(n®) time and queries in O(n”) time. The algorithm
1s randomized with one-sided error.

Proof. The algorithm works as follows. We take a prime number p of length ©(logn).
We substitute the non-zero entries in A for random numbers in range 1,...,p — 1.
Let us denote the resulting matrix B. In the algorithm we keep the inverse of the
matrix (I — B). We answer queries by computing adj(I — B) as stated in Theorem
7.2.1. Lemma 3.5.1 guarantees that the answers are correct with high probability.

In order to be able to use algorithms supporting only non-singular updates, we
show that independently of the updates of A, the updates of B are non-singular with
high probability. Consider the polynomial given by det(I — A) with variables being
the entries of A. This polynomial is symbolically non-zero over Z,, due to I term.
With the use of Lemma 3.5.1 we can show that during the updates the determinant
det(I — B) is non-zero and matrix (I — B) is invertible with high probability. If
it becomes singular during updates, the algorithm can answer anything to queries.
In such case, all answers may be wrong, but this happens with a small probability.
In order to guarantee that each query is correctly answered, we have to refresh the
random choices from time to time. The algorithm for the new choices can be initialized
in parts during the updates. It follows that the algorithms for the dynamic matrix
adjoint in the non-singular case can be used. O

Combining the above theorem with any of the theorems form Chapter 4, we
improve the known results for dynamic transitive closure in the following ways:
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Theorem 4.1.1 - gives the first algorithm that needs only O(n?) time per update in
the worst-case.

Theorem 4.2.1 - gives the first algorithm supporting thick updates, i.e. we can
support updates changing n® columns in O(n?) time.

Theorem 4.3.2 and Theorem 4.4.1 - gives the first two algorithms supporting
both updates and queries in o(n?) time.

Any improvement to dynamic matrix algorithms will directly give faster algorithms
for the dynamic transitive closure.



Chapter 8

Dynamic Shortest Paths

8.1 Dynamic Shortest Paths

We are now ready to introduce an algorithm for dynamic computing the shortest path
lengths in unweighted graphs.

Theorem 8.1.1. Let A be the symbolic adjacency matriz of a graph G. Consider
adj(I — flu)w as the polynomial of u. The length of the shortest path in G from i to
J is equal to the degree of the smallest degree term in adj(I — flu)” Moreover, all
non-zero terms in adj(I + flu)ij are also non-zero over a finite field Z,.

Proof. We have adj(I — uA);; = (—1)™ det((I — uA)?). Equivalently, if we take Z
to be the matrix obtained from I —uA by zeroing entries of the j'th row and the 7’th
column and setting the entry (j,7) to one, then adj(/ — uA); ; = det(Z), and

adj(I — ufl)” = Z sgn(p) f[ 2k - (8.1)

pels

Take a permutation p such that [I}_; 2k, # 0. The permutation p can be
viewed as a set of cycles. Notice that the above product is non-zero if p; = 4 for some
J, so there exists a cycle ¢ containing (j,7) in p. The rest of ¢ forms a path from i to
J. There may exist many permutations containing ¢ that give a non-zero contribution
to the sum. However, the smallest degree term is introduced by the permutation that
is identity on vertices v not belonging to ¢, i.e., p, = v. The degree of this term is
the length of the path from ¢ to j in c¢. Because we sum over all permutations, the
smallest degree term in the sum corresponds to the shortest path.

Notice that each monomial in (8.1) has coefficient 1, so each non-zero term in
adj(I — uA);; is also non-zero over Z,. O

Ezxample 2. Consider a graph presented in Figure 8.1.

49
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I —uA=
1 —Ury12 0 0 0 0
0 1 —uza3 —uxo 4 0 0
0 0 1 0 R 0
—UX4,1 0 —UX4,3 1 0 0
0 0 0 0 1 —Uxs5.6
—UTe6,1 0 0 0 —UT6,5 1

Figure 8.1: An example graph and the corresponding matrix I — uA.

We use Theorem 8.1.1 to compute the distance from v; to vs. The matrix Z is
of the form

0 —Ux12 0 —UX1 .4 0 0
0 1 —UT23 —UT24 0 0
7 1 0 0 0 0 0
0 0 —UT4,3 1 0 0
0 0 0 0 1 —UTs56
1 0 0 0 0 —uwes 1]

The determinant of this matrix is
5 2 3 2
det(Z) = uwy 2%a 3 — U T1 2T 4T 3 + U T 4%s 3+

4 5 4
FU X1,2T93T56%65 — U T1,2T24T43%56T6,5 T U L1424 3T56T6,5-

Two smallest degree terms u2x1,217273 and u2l’174l’473 correspond to two shortest paths
from vy to w3, the first one goes through vertex v, and the second one through vertex
V4.

The above theorem gives a connection between the matrix adjoint and the
distances in the graph. In order to construct efficient algorithms, we again use the
Zippel-Schwartz lemma (Lemma 3.5.1).

In order to compute distances in G dynamically, we can proceed as follows. We
generate a random adjacency matrix A from the symbolic adjacency matrix A of G by
substituting each nonzero entry in A with a random number in the range 1,...,p—1.
Then we can maintain dynamically the adjoint of the matrix I —uA over polynomials
of degree n, and answer queries by finding the smallest degree term in adj(/ —uA); ;.
Using Theorem 5.3.4 we get an algorithm that supports updates in O(n?57) time
and queries in O(n®®™) time. In order to break the O(n?)-barrier, we will use the
construction presented by Demetrescu and Italiano [11] but with a better black box.
The black box we need is a dynamic algorithm for computing shortest paths of length
< k, for a given k. The above result shows that we are on the right track but we
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cannot use polynomials of degree k, because the intermediate results are of higher
degrees. The solution would be to use the ring of the formal power series modulo a
polynomial of degree k£ + 1. Unfortunately, this ring is not Euclidean — it has divisors
of zero, and hence we cannot use the algorithm from Theorem 5.3.4. However, we can
apply the algorithms developed in Section 5.2 to maintain the inverse of the matrix
I — uA over the formal power series. One can show (as in (5.2)) that this matrix is
invertible. This gives the following theorem.

Theorem 8.1.2. There exists an algorithm for maintaining dynamic shortest dis-
tances < k in unweighted graphs with updates in O(k(n“MD=¢ 4 n1*€)) time and
queries in O(kn®) time. The algorithm is randomized and with small probability may
return wrong, larger distances.

Proof. To obtain the above bound we use the lazy computation schemes from Theo-
rem 5.2.3. The update time and query time follow from the fact that the arithmetic

k+1

operations over the formal power series modulo u**! can be carried out in time O(k).

In the queries we have to compute the degree of the smallest degree term in
an element from RF[[u]] and this takes O(k) time. O

Remark 2. Theorem 8.1.2 can be also used to maintain the part of the distance matrix,
similarly as it was stated in Theorem 4.3.3. The update cost for a, f-restricted version
of this problem is O(k(n(tet)=¢ 4 plte 4 path)),

8.2 Path Decomposition Technique

The algorithms of Demetrescu and Italiano [11] for the dynamic distance problem
are based on the path decomposition technique introduced in [21], and latter used
in [10, 11, 22, 28, 53, 56]. Consider two vertices u and v and any path p between
them. In order to compute the length of this path, we can perform searches from
some selected nodes until the searches link up. That is, we explore the graph from
each of the selected nodes at least as far as the next selected node is reached, see
Fig. 8.2. Then we can sum up distances between the selected vertices. However, we
do not know the path in advance but we can choose vertices for short searches in such
a way that many long paths will go through them.

The way of choosing the nodes for the short searches is given by the following
theorem.

Theorem 8.2.1 (Greene and Knuth '82). If we choose a set H nodes at random from
n-node graph, then the probability that a simple given path has a sequence of more
than (cnlogn)/|H| nodes, none of which are from H, is bounded above by 2= for
some positive o and sufficiently large n.
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Figure 8.2: Path decomposition technique — we find a path by performing short
searches.

This idea was used by Ullman and Yannakakis to develop a parallel algorithm
for the shortest distance problem. The framework they developed needs three steps.

1. Select a set of vertices H uniformly at random.

2. Compute the distances < k = (cnlogn)/|H| in G. Let D be the corresponding
distance matrix.

3. Set B := Dy y and compute Be.

4. The distances in G are with high probability given by
A, = min {Dm—, min{D;, + B;, + quj}} . (8.2)

Equation 8.2 follows from Theorem 8.2.1. Consider the shortest path p from
to j. It is obviously a simple path and the theorem can be applied. We obtain that
there is at least one vertex from H in sequence of k vertices in p with high probability.
The path can be decomposed into shorter paths of lengths at most k starting and
ending in H. The lengths of these subpaths are computed in Step 2. In Step 3 we
stitch the subpaths together. The vertices ¢ and j might not belong to H, so we need
to add in (8.2) the distances from ¢ to H and from H to j.

8.3 Sub-quadratic Dynamic Distances

We are now ready to prove the main theorem of this section.
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Theorem 8.3.1. There exists a randomized algorithm for the dynamic shortest dis-
tance problem in unweighted n-vertexr graphs, supporting edge updates in O(n'93?)
time and queries in O(n'?%) time.

Proof. Let G be a graph under considerations. The algorithm is based on the idea
presented in the previous section. In the algorithm we maintain:

e A set H C V of vertices chosen uniformly at random, and such that |H| =
% logn = O(n'~*), for any constant ¢ > 0, where clogn < n# < n.

e An n x n matrix D such that D;; is the length of the shortest path from i to j
in GG, that uses at most n* edges.

e An |H| x |H| matrix B obtained from D by choosing only columns and rows
corresponding to H.

e The distance matrix B? of G(B) ,i.e., the distance matrix obtained from B.
In each update:

e We update the matrix D using the algorithm from Theorem 8.1.2. This takes
O(n*(n'*e + n1el)=¢)) time.

2—2p)

e The cost of maintaining the matrix B is O(n*n as stated in Remark 2.

e We recompute the matrix B* from scratch in O(n373#) time.

The query on the distance from ¢ to j can be answered by computing
min {Dij,p{zlé% {Dip + By, + qu}} ,

where we have to query out a row and a column from D, and then compute the
minimum over p, ¢, what takes O(n'=#T¢ 4+ n?=2#) operations.

We get the following bound on time for the edge update:
O(n”(n1+E + nw(l’f’l)_g) + n* 2t £ O(n® ),
In order to get the fastest update time, we take ¢ = 0.575. This balances the first two
terms. By balancing the first and the last term we get
1+e+p=3-3pu,
dp =2 — e,
= 0.357.

The first term is now equal to O(n'%?), the third term is smaller and equal to

O(n!%) whereas the query time is O(n'-2%%). O
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This result resolves the open question (see e.g. [10, 11, 12]) if there exist al-
gorithms with sub-quadratic update and query times. The update cost of the above
algorithm can be a little bit improved by applying the algorithms from [56]. However,
we do not consider here these modification, because our result is only of a theoretical
importance. The O(n?) algorithm from [12] is surely more efficient in practice.



Chapter 9

Perfect Matchings

9.1 Algebraic Matching Algorithms

Let G = (V, E) be an undirected graph and V = {vq,...,v,}. A skew symmetric
adjacency matriz of G is an n X n matrix A(G) such that

z;; if{v,v;} € Bandi<j
A(G)ij =9 —wiy if{v,v;} € Fandi>j |

0 otherwise

where z; ; are unique variables corresponding to the edges of G.

Tutte [52] observed the following

Theorem 9.1.1. The symbolic determinant det fl(G) s non-zero iff G has a perfect
matching.

This theorem gives an algorithm for testing if a graph has a perfect matching
— we have only to test whether det A(G) is non-zero. Computing the determinant
symbolically gives a deterministic but exponential time algorithm. In order to get a
more efficient algorithm, we can apply the Zippel-Schwarz lemma (see Section 3.5).
Determinant det A is a polynomial of degree n and if we compute it over Z, for
p = O(n?), we get the correct result with high probability.

Lovasz showed that this method can be used to compute the size of a maximum
matching.

Theorem 9.1.2. The rank of A(G) is equal to twice the mazimum matching size.

These matching algorithms can be implemented to run in time O(n“) using
the fast matrix multiplication.

Let G be a graph and let A = A(G) be its symbolic adjacency matrix. Rabin
and Vazirani [37] showed that

55
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Theorem 9.1.3. With high probability, adj(A);; # 0 iff the graph G — {v;,v;} has a
perfect matching.

Let us denote by A(G) the matrix obtained from A(G) by substituting variables

for random elements in Z,,. In particular adj(A);; is a polynomial of degree n—1, and

hence, if {v;,v;} is an edge in G, then with high probability adj(A,;) # 0 iff {v;, v,}
is allowed, i.e. it is contained in some perfect matching.

Using Theorem 9.1.3 perfect matchings can be found in a straightforward man-
ner: generate a random adjacency matrix A(G), compute A7'(G), find an allowed
edge, remove this edge together with its endpoints from G, generate A for the new
graph, etc. (see Algorithm 1).

Algorithm 1 computes perfect matchings in general graphs in O(n“*!) time.
FIND-PERFECT-MATCHING:

o M := 1),
e while G is non-empty do
— compute A7HG),
— find an allowed edge e € F,

— remove e and its endpoints from G,
— add e to M,

e return M.

The algorithm finds in each iteration one edge that belongs to the perfect
matching. In each iteration we have to compute the inverse A~! after some changes
of A. This takes O(n®) time. Thus, the whole algorithms runs in O(n“*!) time. In
the next section we show how the algorithms for the dynamic matrix inverse can be
used to improve the running time of this method. The following theorem of Rabin
and Vazirani shows that randomization is needed only in the first iteration. This is
not vital for our algorithm but simplifies our analysis.

Theorem 9.1.4. If A = A(G) is non-singular, then for every vertex v; there exists
a vertex v; such that A;; # 0 and (A7');; # 0, i.e., (v;,v;) is an allowed edge.
Moreover, the matriz A with rows i, j and columns i, j removed is also non-singular.

The above theorem states that the same substitution can be used for finding
a whole perfect matching.

All of the above results apply also to bipartite adjacency matrices. Let G =
(U,V,E) be a bipartite graph, where |U| = |V| = n, U = {uy,...,u,}, V =
{v1,...,u}. Let B(G)ij = x; if (u;,v;) € E, otherwise let B(G);; = 0. Any re-
sult for bipartite adjacency matrix can be derived from the general case using the
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following two equalities.

_[ o B@
A(G)_[—B(G) 0

Hence the symbolic determinant of B(G) is non-zero iff the graph has a perfect
matching and the rank of the matrix is equal to the maximum matching size.

9.2 Perfect Matching via Dynamic Matrix Inverse

The algorithm from Theorem 4.1.1 can be directly applied to obtain a very simple
O(n?) algorithm for the perfect matching problem (see Algorithm 2). This algorithm
is a straightforward implementation of Algorithm 1 with only one difference. In Al-
gorithm 1, when we choose an edge {u,v} to the matching, the vertices u and v are
removed from the graph. Now we do not remove these vertices, instead we remove all
the other edges adjacent to u and v.

Algorithm 2 An O(n?) time algorithm for finding perfect matchings.
FIND-PERFECT-MATCHING-2:

e initialize the algorithm for dynamic inverse with the matrix A(G),
o M =0,
e for ;1 =1to 5 do

— let 2 be an unmatched vertex,
— for j:=1tondo

* x; := query(i,j),
— let j be a non-zero element in =,
— add (4,j) to M,
— update-column(i, e;),
— update-row (7, ¢;),
— update-column(j, ¢;),
— update-row(s, ¢;),

e return M.

This algorithms is an improvement over the results of Rabin and Vazirani.
The question arises whether we can construct in this way an o(n?) time algorithm. In
Algorithm 2 we have to modify whole rows and columns, so at the first sight there is no
way of obtaining faster algorithms with the use of the algorithm from Theorem 4.3.2.
This algorithm is fast enough but it supports only simple updates. However, there is
a solution. We add a new operation clear(j,i,x). This operations clears all elements
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in the i-th column and then sets A;; to x. It modifies the whole column, but it can
be realized in the same time as simple updates.

Theorem 9.2.1. The algorithm in Theorem 4.3.2 can be extended to support the
clear operation in O(n*15V=¢ 4 nl+€) arithmetic operations (worst-case).

Proof. The clear operation can be translated to the update of the i-th column to e;.
The only problem is to compute the vector b for this update. The rest of this update
can be done as in the UPDATE-LAZY-INVERSE procedure. We have

b= (N+1)M(e; — (A):),
but (N +I)M = A™', and
b= A7(e, — (A)) = A~ — A7 (A); =
=Altej—e;=(N+1)Mej —e;.
The last formula allows to compute b in O(n'*¢) arithmetic operations. O

Using the clear operation we can obtain an O(n?°™) time algorithm for finding
perfect matchings — Algorithm 3.

Algorithm 3 An O(n?®™) time algorithm for finding perfect matchings.
FIND-PERFECT-MATCHING-3:

e initialize the algorithm for dynamic inverse with the matrix A(G),
o M =10,
e fori=1to 3 do
— let 7 be any unmatched vertex,
— for j:=1tondo
x x; = query(i,j),
let 5 be a non-zero element in x,
add (i,7) to M,
— clear(i, j, 1),
clear(yj,i,1),

e return M.

The important difference between this algorithm and Algorithm 2 is that we
clear elements only in columns of the matrix. There is no need to clear rows, since

MWZZm@ﬁ%W (9.1

pel’
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we have
ay1 ce ay ;-1 0 Qa1,i4+1 Ce a1.n
aj_11 - @11 0 aj_1ip1 oo Qjoig
A= ajq c. Aji—1 1 Aji+1 NN Ajn
Gjy11 - Gigri-1 0 Gjpiip1r oo Qpin
L Q1n ce Api—1 0 Ap 41 c pn |

Notice that for each permutation p in (9.1) that gives a non-zero contribution, the
element p;; must be present. Thus, the other elements in the j-th row of A are not
important. Hence we have the following theorem.

Theorem 9.2.2. If there exists an algorithm for the dynamic matrix inverse in the
non-singular case with clear cost of O(n®) arithmetic operations and query cost of
O(n?) arithmetic operations, then there exists an algorithm for computing perfect
matching in O(n - n® 4+ n? - nP) time. The algorithm is randomized with one-sided
error.

2.575)

Combining this theorem with Theorem 4.3.2 we obtain an O(n time al-

gorithm for the perfect matching problem.

9.3 Perfect Matching via Gaussian Elimination

In the previous section we showed the algorithm for the perfect matching problem
working in O(n%*5) time. In this section we show an algorithm for finding perfect
matchings in bipartite graphs in O(n*) time. The algorithms was developed together
with Marcin Mucha [35]. In order to obtain an O(n“) time algorithm for general
graphs, one have to use some structural properties described in [32]. For details see
[35]. The approach presented in this section can be also used to find perfect matchings
in planar graphs in O(n?) time [34].

The basic idea is to implement the operation clear as shown in the following
theorem.

Theorem 9.3.1 (Elimination Theorem). Let

T ~ AT
_ ayi; U -1 _ 1,1 UA o aii 0
=) =) (W 5)

where a1 # 0. Then
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Proof. Since AA™! = I, we have

a171d1,1 + UTﬁ al,lﬁT + UTB . [1 0
uay 1+ Ba  ud’ + BB N0 Ly )

Using these equalities we get

B(B — 'lAMA)T/&Ll) =11 — U@T - B'&@T/dl,l =

~T A AT A ~T ~T
In—l —uv + ua11v /CLl’l = In—l —uv +uv = In—l-

And further

_ (e 0 ar1 0 _
“\ 0 B—adT/ay, 0 B—ad"/ar, |

. alel_& O . 1 0 .
- 0 BB-wT/a,) ) \0 L, )™

O

The modification of B described in this theorem is in fact a single step of
the well known Gaussian elimination procedure. In this case we eliminate the first
variable (column) using the first equation (row). Similarly, we can eliminate from A~*
any other variable (column) j using any equation (row) ¢ such that A; jl # 0.

As an immediate consequence of Theorem 9.3.1 we get simple O(n?) algorithms
for finding perfect matchings in bipartite (Algorithm 4) and general (Algorithm 5)
graphs.

Algorithm 4 Simple algorithm for perfect matchings in bipartite graphs.

SIMPLE-BIPARTITE-MATCHING(G):
X = B_l(G)v
M=0,
forc=1ton do
1. find arow r, not yet eliminated, and such that X, . # 0 and B(G)., # 0 ((uc, v,)
is an allowed edge in G — V(M)),

2. eliminate the r-th row and the c-th column of B,
3. add (ue,v,.) to M.
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Algorithm 5 Simple algorithm for perfect matchings in general graphs.

SIMPLE-GENERAL-MATCHING(G):
X = A_I(G)a
M =10,
for c=1tondo
if column c is not yet eliminated then
1. find a row 7, not yet eliminated, and such that X, . # 0 and A(G)., # 0 ((ve, vy)
is an allowed edge in G — V(M)),

2. eliminate the r-th row and the c-th column of B,

3. eliminate the c-th row and the r-th column of B,
4. add (v, v,) to M.

Let G = (U,V, E) be a bipartite graph having a perfect matching, and let
B = B(G) be its bipartite adjacency matrix. Assume that the column order is fixed
and the columns are eliminated from the left to the right. To eliminate the i-th column
we have to find a row j, not already eliminated, such that (u;, v;) € E and the updated
value of A7%(j,4) is non-zero. Then we eliminate the i-th row and the j-th column.
However, there is an algorithm that does exactly what we need — the classical LU
factorization algorithm of Hopcroft and Bunch (see [5] and [1]). This algorithm looks
for a non-zero element in the currently eliminated column. It is possible to modify
it in such a way that it only chooses elements corresponding to edges of G. Due to
Theorem 9.1.4, we know that such an element exists in each column. The algorithm
of Hopcroft and Bunch works in O(n) time, and thus it is possible to find perfect
matchings in bipartite graphs also in O(n“) time. To obtain an O(n*) time algorithm
for general graphs we need some additional consideration. For details see [35].
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