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On Some Aisgipnment Problems*

Abstract
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The perqonnnl assigmaent problem, 2 particularly simple exampls of an
extremization problem involwing permutations, is as follows: Given n perscna
and n jobs, and a set of n? socores measuring the value of such person in sech
Jobs to find the assigmment of persons to jobs, thet will meximize the sum of
the scores. Methods of solution for this problem arc kmown and consiast in
the reduction either to & linear propremmiag problem (Votaw and Orden) or to
& two-person zero=sum g {von Neumann), The prasent paper sndeavors to
bring out the price or velue imputations implicit in these solutions, to for-
milate & similer linear aseignment problem in the esonomio theory of loeation,
and to propose & generalization of the latter to a quadratic problem which,
although seemingly simple, offers mathematlcel difficulties that have so far
not been overcome.

The looational version of the linear assipnment problen is as follows:
Given are a number of plants snd & greater or equal number of looations, amd
ths possible profit from production by emoh plant at sach locationo This profit
is & "gross" profit, before rents on the location or plant. It is further
assumed that the profit of & given plant-location combinetion is independent
of the loocations of all other plants, What is the assipgnment of plants to
leoations which maximizes total profits?

The value imputetions we are interssted in turn up under the gulse of the
probabilities that define the strategy for one of the player: in the game

solution, and as the variebls of the dual problem in the linear programming
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sclution; they cen also be visualized es rents on the use of loscations and
plants. The following relations among thess "efficiency” remts are rami-
niscent of a competitive market equilibwium, but in feet meraly express
conditions for allocative efficiency. The efficiency rents themaﬁlves are
then looked upon as parameters used in characterizing an optimal asaipnmemt:
That plant 1is placed at & given looation for which the excess of profit (at
that location) over rent on plant is maximel, this excess then being squal
to the rent on the losation in question. Conversely, that location is assigned
to a given plant for which the exoess of profit (of thet plant) over rent
on the losation is maximel, and this excess equals the rent on thet plant,

Any imputation of rents to plmts and locations for which one of these
two sets of oonditions is satisfied (the other set then follows automatically)
produces m optimal assigmment. Conversely with each optimel assignment is
essociated at least one get of efficiency rents, Unlike many other linear
programuing problems, the ef{iciency prices associated with an optimal assigne
ment are not unique, Thia is attributeble to the presence of indivisible
resources in the assignment problem,

The non~triviel nature of these efficiency price conditions 1s best
seen when oontrasted with the prioeing situation in the generalized (quadratie)
looational assigrument problem. Again let there be glven a number of plaﬁts
end a greater or equal numb:r of locations, and the profit °k1 that the keth
plant would_makn at the i=th location, PFurthermore let the amount ahm of
commodities (in weight units) that needs to be transported from the kwth
plant to the meth plant be given, and let the coat of trensportation (per
weipght unit) from the i-th to the j=th losations be bijo Yhat is the assign=

ment of plants to locetions that meximires total profit after costs of trans-

portotion smong plants are met?¥
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If we inolude emong the plents & mumber of inagtive dummy plante
sufficient to metch the number of looatioms, an assignment cen be charaoter-
ized by a permutation matrix P = (pry), leee & matrix such that Py =0
axcept that for each given k there exists exactly one i with Py =1 and
that for sach i there exists exsotly one k with Py * l. We thus obtain
the following problem farmalation: +to meximize trace (C'P « A'PBPY) with
respect to P over the set of permutation matrices. The original, linear,
aasignment problem is obtained by suppressing the seoond, quadratios, terms

The devioce that leads to solution of the linear acssignment problem is
to regard the permutation matrices es the vertices of & polyhedron mdo- up
by the so~called doubly=stoshastic matrices (all elements non-negative, and
all solumm= and row-sums = 1), The diffioulty in using the same oontinui-
zation with a quadratioc maximend is thot, dopending on the convexity or
coneavity properties possessed by or given to the maximand, one ocen have the
property that each mexizum is & vertex (as desired), or that esoh looal
meximum i8 an ebsolute maximum, but not both of these properties (whioch
together lad to solution of the linear cese). Llikewlse, we have not
succeeded in finding a value imputation for plants and locations, sssociated
with an optimal assigumnt in the quadratic case, which cen bs used to de-
oantrelize looatlional cheiees.

The difficult pature of the quedratio assizmment problem is further
illustrated by the feot that the as yet unsolved travelling salesmen problem
represents & special case of it; namely the case in which A also is a {given)
permtation matrizx, The travelling salesman problem is as follows: Suppose
that etch of a given set of points must be visited exaoctly onse in a round
trip involving return to the point of deperture, and that the costs of trans-
pertation are known between each pair of points, what is the least=cost route

of travel?l
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Tt should be added that in all the assigment problems discuased, thers
is, of oourse, the obvious brute force method of enumerating all agsignments,
evaluating the maximand at each of these, end selecting the assignment giving
the highest value, This is too costly in most ocasos of practiesl importance,
and by a method of solution we have megnt a procedure that reduces the coms

putational work to mensgesable proportions in & wider cless of craes.
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