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Abstract—In this paper we presenta hierarchical lossnetwork model
for estimating the end-to-endblocking probabilities for large networks.
As networks grow in size,nodestend to form clustersgeographicallyand
hierarchical routing schemesaremorecommonlyused.Lossnetwork and
reducedload modelsare often usedto approximateend-to-endcall block-
ing probabilities and hencethroughput. However so far all work being
donein this areais for flat networks with flat routing schemes.We aim at
developinga more efficient approximation methodfor networks that have
a natural hierarchy and/or whensomeform of hierarchical routing policy
is used. We presenttwo hierarchical modelsin detail for fixed hierarchi-
cal routing and dynamic hierarchical routing policies,respectively, via the
notion of network abstraction, routesegmentation,traffic segregationand
aggregation. Computation is done separatelywithin eachcluster (local)
and among clusters (global), and the fixed point is obtained by iteration
betweenlocal and global computations.Wealsopresentnumerical results
for the first case.

I . INTRODUCTION

Modernnetworksaregettinglargerandlarger, andit is thus
necessaryfor network modelingandengineeringtoolsto have
scale-upcapabilities.With theincreasein size,anetwork tends
to haveclustersof nodesgeographically, andhierarchicalrout-
ing schemesaremorecommonlyusedin order to copewith
large network size,e.g.,ATM PNNI, IP basedrouting OSPF
andhierarchicalvariationsof OSPF. This hasprovide uswith
strongmotivationsaswell asapplicabilityto developa hierar-
chicalmodelto estimateend-to-endnetwork performances.

In this paperwe considera classof loss network models
[1], which is oftenusedto estimatecall blockingprobabilities,
an importantperformancemetric in telephonenetworks. Var-
ious analyticalapproachesand approximationschemeshave
beensuggestedto establishand solve a loss network model,
andamongthem,extensiveresearchhasbeendonein develop-
ing andusingreducedload/fixedpoint approximations.With
thedevelopmentof QoSroutingandATM networks,thesame
technologyof reducedloadapproximationhasbeenappliedto
packet switchednetworks for connectionlevel study via the
conceptof effectivebandwidth[2].

While researchresults are abundant for fully connected,
symmetricnetworks with fixed,sequentialor state-dependent
routing[1], especiallyfor networkswith nomorethantwo hops
ontheir routes[3], or whennetwork traffic is of singlerate[4],
therehasbeenfar lessattentionto largerandomnetworkswith
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bothmultiple traffic ratesandstate-dependentrouting[1], [5],
[6], [7]. Furthermore,all of suchmethodsarefor flat networks
andflat routingschemes.

Motivatedby the above, we developa hierarchicalversion
of the reducedloadmodel. Theobjective is not to artificially
introducehierarchyinto anetwork model,but ratherto develop
a moreefficient andscalableway of performanceanalysisfor
networksthathave a naturalhierarchyand/orwhensometype
of hierarchicalrouting is used. We examinetwo typesof hi-
erarchicalrouting schemesandthe correspondingend-to-end
connectionlevel models. One is fixed or nearfixed routing
with thetypicalexamplebeingOSPF, whichis widely usedfor
Internet,IP basedrouting. Underthis routing scheme,routes
areestablishedbasedon the shortestdistanceprinciple, with
tiesbrokenaccordingto lowerIP address.Consideringthefact
that links normally fail on a muchlarger time scalecompared
to connectiondurations,this is a fixedroutingscheme.

The other type is dynamic/statedependent/adaptive hierar-
chical routing with the typical examplebeingPNNI. Various
proposalsfor QoSrouting in the Internetalso fall underthis
category [8], [9]. In thiscase,thecenteringpoint is “partial in-
formation”. Networksaredividedinto clustersor peergroups.
Eachnon-bordernodesis only awareof its own peergroup.
Routesareestablishedon different layersbasedon complete
information within a peergroup and aggregatedinformation
betweenpeergroups.Theadvantageof having a hierarchical
end-to-endmodelis thatit closelycorrespondsto thehierarchi-
cal natureof routingandusesonly partial informationon dif-
ferentlayers. By segregatingnetwork into layerswe canalso
developmodelsfor situationswheredifferentroutingschemes
areusedwithin agroupandbetweengroups.

Substantialnumericalexperimentsare in progress. In the
next sectionwe describenetwork abstractionandaggregation.
Hierarchicalmodelsfor fixedhierarchicalroutinganddynamic
hierarchicalrouting arepresentedin Section3 and4, respec-
tively. In Section5 we presentpreliminarynumericalresults
for the fixed hierarchicalrouting case,which gainedapproxi-
mately4-fold improvementin computationalcost. Section5
concludesthepaper.

I I . NETWORK ABSTRACTION

We only considerlarge networks that have eitherphysical
hierarchiesor routinghierarchiesvs. a completemeshsincea
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Fig. 1. Network with threepeergroups– LayerOne
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Fig. 2. Network with threepeergroups– LayerTwo

hierarchicalmodelpromisesclearincentivesonly for the for-
mer even if it is at all possiblefor the latter. Throughoutthe
paperwewill beusinga two-layerexampleshown in Figure1.

Therearethreepeergroupsin this example,with thedash-
circlessurroundingeachone.Eachgroup/nodehasanaddress.
All bordernodesareshown in black. A non-bordernodedoes
not necessarilyhave a direct link connectedto bordernodes,
althoughthis is oftentruewith IP networks.Notethatall links
on this layerareactual,physicallinks.

All bordernodesarekept in the higherlayer – in this case
Layer2 andbordernodesbelongingto thesamepeergroupare
fully connectedvia “logical links”, illustratedin dashedlinesif
they donotcorrespondto aphysicallink asshown in Figure2.

As pointedout in [10], creatinga logical link betweeneach
pair of bordernodesis the full-mesh approach,while collaps-
ing theentirepeergroupinto a singlepoint is the symmetric-
point approach.Our aggregationapproachis a full-meshone.
While it may not be the mosteconomicway of aggregation,
this modelclearly reflectsbestthe underlyingnetwork physi-
cal structureandroutingscheme.It’sworthpointingout thata
bandwidthparameteris usuallyassignedto a logical link, e.g.,
representingthemaximum/averageavailablebandwidthon the
pathsbetweentwo bordernodes,andthis maycauseproblems
when different pathsoverlap [9]. However, as we will see,
bandwidthis not necessarilythe parameterin our model for
calculationon the higher layer, thus avoiding the aforemen-
tionedproblem.As describedin detail in latersections,in the
fixed routing case,this parameteris the blocking probability

which resultedfrom previousiterationswithin thepeergroup,
andin thedynamicroutingcase,thisparametercanbeimplied
costs,hopnumberor othercriteriabasedon thedynamic/QoS
routingpoliciesbeingused.

I I I . HIERARCHICAL MODEL FOR FIXED ROUTING
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writtenas
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is theroutesetfor the 2 

� nodepair.

B. Route and Route Segments

For our modelingpurposes,eachrouteis brokendown into
routesegmentswheneveraroutegoesacrosstheborder. There-
fore,atypicalroute
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ther

�7��� � � � � � �
nor

����� � ) � � ) �
is a bordernode:

3 � ����� �4��� �#�?$#&:��� �4��� "@�7)�� 3 ) �7��� �4��� "@��)A$#&:��� �6B�� "�BC�D�
3=E ����� �6B7� "�BC�9$'&F��� �6B�� "�B�)8�G����� 3IH ����� �6)�� "�)G�?$'&:��� �6)�� �')8�

wherethesubscriptin
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indicatesthis is a bordernodefrom
which traffic comesinto peergroup K , and

" J )
indicatesthis

is a bordernodefrom which traffic leavespeergroup K . We
denotethesetof routesegmentsfor the 2 

� source-destination
nodeby

3L0
.

C. Initial Offered Load and Local Relaxation

The offered load of class-, traffic of the 2 

� node pair�7��� � � � � � ����� � ) � � ) �
is
*NM+ ����� � � � � � $'&O��� � ) � � ) �

. We substitute
this with a combinationof the following, in a similar way as
routesegmentation:

*PM0 + ����� � � � � � $#&:��� � � � " �7) �
src.peergrp.*NM0 + ����� �4�5� "@�7)A$'&:��� �6B7� "�BQ���
inter-peergrp.*NM0 + ����� � B � " BC� $'&:��� � B � " B�) �
intermediatepeergrp. R�����

*PM0 + ����� �6)5� "�)G�9$!&:��� �6)S� �!)��
des.peergrp.

Theseterms all take on the value of the real offered load*NM+ �7��� � � � � � $#&T��� � ) � � ) �
. Thuswe have completeinput in-

formation(togetherwith routesegments)for eachpeergroup.



For theU R 

� peergroup,offeredloadsindexedwith samenode
pairsareaddedup to representtheaggregatedtraffic. Herewe
assumethatat leastoneof thenodesis a bordernodesinceno
suchadditionalprocessis necessarywith thecasewhereboth
nodesarenon-bordernodeswithin the samegroup. Without
lossof generality, assumethat thedestinationnodeis a border
node.
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The fixed point methodis then appliedto every peergroup
separatelyusing theseoffered loadsto calculategroup-wide
end-to-endblockingprobabilities: k + �7��� � � � � � $'&O��� � � � " �7) �
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. By do-
ing so,the initial conditionof thealgorithmis chosento beof
zerointer-groupblocking.

D. Reduced Load and Higher Layer Relaxation

Onthehigherlayer(secondlayerin ourexample),only bor-
dernodesexist. Weconstructanew networkwith bordernodes,
inter-grouplinksandlogical linksasillustratedin Figure2. For
this logicalnetwork wehavethefollowing offeredload:
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This is the initial offeredloadthinnedby blocking in both the
sourceanddestinationpeergroups. For simplicity purposes,
weuse
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for eitherasinglerouteseg-

mentor combinationof multiple routesegmentsbelongingto
thesameroute.

We againapply the fixed point approximationto this layer
andcalculatesecond-layerend-to-endblocking probabilities.
Theresultof thisstepis thegroup-to-groupblockingprobabil-
ity: k +5����� �4�5� "r��)A$!&s��� �6)5� "�)l���

.

E. Iteration

Using the resultsfrom the inter-group approximation,re-
placetheofferedloadwith:
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sentiallytheoriginalofferedloadthinnedby blockingoninter-
grouplinks andtheremotepeergroup.This becomesthenew
input for local relaxation. Local andhigher layer relaxations
arethenrepeatedtill thedifferencebetweenresultsfrom suc-
cessive iterationsarewithin certaincriteria.

IV. HIERARCHICAL MODEL FOR DYNAMIC ROUTING

Therearenumerousexistingandproposeddynamic/QoShi-
erarchicalrouting schemes,eachof which resultsin different
end-to-endperformancesdeterminedby the scopeanddesign
trade-off of the routingscheme.Our primarygoalhereis not
to designanend-to-endmodelfor eachandeveryoneof these
schemes.Rather, we attemptto presentanend-to-endperfor-
mancemodelingframework thatconsidersa “generic” typeof
dynamichierarchicalrouting,whichcapturessomeof themost
basicpropertiesof a majority of suchrouting schemes.We
makeassumptionsfor simplicity purposes,but ourwork shows
how anend-to-endperformancemodelcanbecloselycoupled
with routing policies to provide an efficient way of analysis.
Furthermore,ourmodelenablesusto analyzesituationswhere
differentroutingschemesareusedondifferencelevelsof anet-
works.

A. Dynamic Hierarchical Routing

One key property of any dynamic hierarchicalrouting is
inaccurate/incomplete information. A nodehasonly aggre-
gatedinformationonotherpeergroupsadvertisedby theborder
nodes.Thisaggregatedinformationcanbeoneor moreof var-
ious metricsspecifiedby the routing algorithm: implied cost
of a peergroupmaximumavailablebandwidthbetweenbor-
dernodepairs,end-to-endblockingor delayincurredby going
throughapeergroup,etc..

In sourcerouting, a path is selectedwith detailedhop-by-
hop informationin theoriginatingpeergroupbut only group-
to-groupinformationbeyondtheoriginatinggroup.Thechoice
of routeswithin a groupcanbedeterminedusingshortestpath
routing, leastloaded/statedependentrouting andso on. The
routesbetweengroupsareprimarily determinedby theform of
aggregationadvertisedby bordernodes.A call is blockedif the
routeselectedaccordingto thedynamicroutingpolicy doesnot
have therequiredbandwidth.

B. Probabilistic Offered Load Distribution and Higher Layer
Relaxation

Oneof themainadvantagesof dynamicroutingis “load av-
eraging”,i.e.,dynamicallydistributetraffic flow ontodifferent
pathsof the network to achieve greaterutilization of network
resources.We arguethat understeadystate,a particulartraf-
fic flow (definedby class,source-destinationnodepair) is dis-
tributedamongall feasibleroutes,andamongmultiple border
nodesthat connectto otherpeergroups. (This problemdoes
not exist whenthereis only onebordernode. Routesarestill
dynamicallychosen,but all routesultimately go throughthat
single bordernode.) The fraction of a traffic flow that goes
througha certainbordernodeis directly relatedto the aggre-
gatedinformation/metricsfor thegroup-to-grouproutethebor-
dernodesees.

Basedonthis,for apairof nodesbelongingto differentclus-
ters,thefeasibleroutesetaredividedinto threesubsets:routes



within{ thesourcepeergroup,routesbetweengroupsandroutes
within thedestinationpeergroup.

The offered load for the class-, traffic for node pair����� �4�5� ����& ��� �6)S� �!)8�
is
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, and each
routebetweenpeergroups(second-layerroute)getsaportion:
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We thushave all theinput traffic loadfor thesecondlayerand
the fixed point methodfor a flat network with dynamic/state
dependentroutingcanbeapplied[7]. This resultsin theend-
to-endblockingprobability k +����1� "�B�$!&��1� " J �

.

As discussedearlier, differentcriteria(delay, blockingprob-
ability, implied cost,availablebandwidth)associatedwith the
secondsegmentsof thesameoriginal traffic flow shouldmatch
thedistributionof traffic flow ontothesesegments.Ultimately
oneof thegoalsfor any dynamicroutingschemeis to balance
traffic load on differentalternative routes,and the endresult
is that thesealternative routeswill have equivalentQoSunder
steadystate.For example,we canuseblockingprobabilityas
a criteria to adjustthe traffic distribution

} B � R �����/�P���������7� 0
.

Segmentswith a blockingprobabilityhigherthanmediangets
a decreasedportion,andsegmentswith a blockingprobability
lower thanmediangetsanincreasedportion:
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where
�

is a small incrementalvalueand k � is the median
blocking probability amongall routes. Othermeansof relat-
ing traffic distribution to routeQoScanalsobespecified.An-
otherroundof iterationis thenstartedusingthesenew distribu-
tion values.Thisprocesscontinuesuntil all routeshavesimilar
blockingprobabilities.

C. Lower Layer Relaxation

Fromtheofferedloaddistributioncalculatedfrom thehigher
layer relaxation,we now have completetraffic information
for eachpeergroup, including the traffic when the group is
a sourcegroup,a destinationgroupor an intermediategroup.

The reducedload,which is the above thinnedby blockingon
thesecondlayerandtheremotepeergroup,becomestheinput
offeredload for calculationson this layer in the sameway to
thatin thefixedroutingmodel.

Iterationis donein a similar way to that with higherlayer.
This will result in a new set of valuesof traffic distribution,
which is thenusedby thenext iterationon thesecondlayer.

V. NUMERICAL AND SIMULATION RESULTS

In this sectionwe presentnumericalexperimentresultsfor
the network exampleshown in Fig 1 using fixed hierarchi-
cal routingscheme,anddynamichierarchicalroutingscheme.
This is a 21-node,30-link, 3-clusters,2-layernetwork model.
We usesingleclassof traffic requiringunit bandwidth. Link
capacitiesvariesfrom 80 to 160. We usethe offered traffic
loadbetweennodepairsat a “nominal” level. Theintensityof
this traffic loadis shown in TableI, in which load is definedas
theratio betweenthetotal rateof traffic comingout of a node
andthetotalout-goinglink bandwidthconnectingto thisnode.
At the nominal level, the valueof this ratio for eachnodeis
around� � ��� . In additionto thisofferedtraffic loadwealsode-
finea“weight” in ourexperimentasamultiplier to thenominal
traffic, sothatwe get twice, threetimesof thenominaltraffic,
etc.. Thecompletedataon link capacitiesandtraffic ratescan
befoundin [11].

A. Fixed Hierarchical Routing

Sincewhenusingfixed hierarchicalrouting a network can
alwaysbe treatedasflat, we comparethe performanceof flat
fixed-point approximation(FPA) and the hierarchicalfixed-
point approximation. It can be shown [1] that undercertain
limiting regimefor fixedroutingthefixedpointapproximation
is asymptoticallycorrect.

TableII is acomparisonbetweenflat fixed-pointapproxima-
tion andhierarchicalfixed-pointapproximationon individual
link blocking probabilities(end-to-endblocking probabilities

TABLE I

NOMINAL OFFERED TRAFFIC LOAD

Node Rate Cap. load

1.1.1 11.15 270 0.041296
1.1.2 7.20 160 0.045000
1.1.3 10.60 180 0.058889
1.1.4 7.90 150 0.052667
1.1.5 8.60 210 0.040952
1.1.6 8.95 220 0.040682
1.1.7 10.45 180 0.058056
1.2.1 8.95 210 0.042619
1.2.2 8.80 220 0.040000
1.2.3 6.65 130 0.051154
1.2.4 9.15 180 0.050833
1.2.5 9.70 180 0.053889
1.2.6 7.95 140 0.056786
1.3.1 9.55 230 0.041522
1.3.2 12.0 290 0.041379
1.3.3 3.70 80 0.046250
1.3.4 7.90 140 0.056429
1.3.5 8.25 160 0.051562
1.3.6 9.00 180 0.050000
1.3.7 8.00 130 0.061538
1.3.8 5.75 100 0.057500



arecomputed� directly from thesefor fixed routing). We used
seventimesnominaltraffic (weight= 7).

TABLE II

COMPARISON OF RESULTS, WEIGHT = 7.
link Hier. FPA Flat FPA

(1.1.1-1.1.5) 0.235701 0.235704
(1.1.1-1.2.1) 0.409961 0.409955
(1.1.2-1.2.6) 0.526158 0.526159
(1.1.4-1.1.6) 0.148341 0.148333
(1.1.5-1.1.6) 0.006189 0.006190
(1.1.2-1.1.7) 0.000000 0.000000
(1.1.5-1.3.1) 0.004523 0.004523
(1.1.6-1.3.2) 0.054767 0.054766
(1.2.2-1.3.1) 0.122970 0.122967
(1.2.2-1.2.4) 0.000007 0.000007
(1.3.3-1.3.5) 0.000000 0.000000
time (sec) 13.90 42.76

We seethat the hierarchicalschemegives very close re-
sultscomparedto that of the flat approximationscheme,but
achieved �=�~� -fold improvementin computation.

B. Dynamic Hierarchical Routing

We usethesamenetwork example,with shortestpathrout-
ing within eachcluster, but useleast-loadedrouting between
clusters.Least-loadedrouting (LLR) is a form of bandwidth-
optimizationQoSrouting[12]. A sourcenodechoosesaborder
nodebasedontheadvertisedaverageblockingbetweenthebor-
dernodeandthedestinationcluster, andabordernodechooses
theroutethathasthemostfreecapacityamongall routefrom
itself to thedestinationcluster. Weusedthereducedloadmodel
for least-loadedroutingwe developedin [7]. Thedistribution
of traffic amongbordernodesis inverselyproportionalto the
advertisedblockingprobability.

The following tablesshow the comparisonbetweenthe re-
sultsof thehierarchicalmodelandthediscreteeventsimulation
(DES),with weightbeing5, 10,15and20,respectively.

We seeas the traffic increases,the modelgeneratesbetter
approximations.Overall theapproximationis satisfactory. The
run time for theapproximationis around11-15secondswhile
the simulation typically takes 5-20 minutesto converge de-
pendingon thetraffic load.

TABLE III

COMPARISON OF RESULTS, WEIGHT = 5.
Node Pair Hier. FPA DES

(1.1.3-1.3.3) 0.00077 0.00000
(1.1.2-1.2.4) 0.00000 0.00000
(1.1.6-1.3.7) 0.00000 0.00000
(1.1.1-1.2.3) 0.00000 0.00000
(1.2.1-1.2.6) 0.00191 0.00453
(1.3.1-1.3.8) 0.00000 0.00000
(1.3.5-1.3.6) 0.00000 0.00000

TABLE IV

COMPARISON OF RESULTS, WEIGHT = 10.
Node Pair Hier. FPA DES

(1.1.3-1.3.3) 0.28784 0.25235
(1.1.2-1.2.4) 0.00470 0.00166
(1.1.6-1.3.7) 0.09745 0.09995
(1.1.1-1.2.3) 0.10185 0.11089
(1.2.1-1.2.6) 0.35567 0.36216
(1.3.1-1.3.8) 0.06322 0.05275
(1.3.5-1.3.6) 0.00000 0.000000

TABLE V

COMPARISON OF RESULTS, WEIGHT = 15.
Node Pair Hier. FPA DES

(1.1.3-1.3.3) 0.54327 0.52136
(1.1.2-1.2.4) 0.05856 0.04963
(1.1.6-1.3.7) 0.29617 0.30721
(1.1.1-1.2.3) 0.23567 0.24354
(1.2.1-1.2.6) 0.53049 0.54061
(1.3.1-1.3.8) 0.26342 0.25285
(1.3.5-1.3.6) 0.00000 0.00000

TABLE VI

COMPARISON OF RESULTS, WEIGHT = 20.
Node Pair Hier. FPA DES

(1.1.3-1.3.3) 0.66527 0.66421
(1.1.2-1.2.4) 0.16374 0.16717
(1.1.6-1.3.7) 0.42122 0.43112
(1.1.1-1.2.3) 0.33676 0.34187
(1.2.1-1.2.6) 0.62975 0.62494
(1.3.1-1.3.8) 0.39753 0.39476
(1.3.5-1.3.6) 0.00000 0.00000

VI. CONCLUSION

In this paperwe presenteda hierarchicalreducedload ap-
proximationschemefor networks with eitherfixed hierarchi-
cal routing or dynamichierarchicalrouting policies. This is
a novel approximationmethodfor efficient andscalableper-
formanceanalysis. It canalsobe usedin caseswherediffer-
entroutingschemesareusedin differentregionsof a network.
Our preliminarynumericalexperimentresultsshowed signif-
icant improvementin computationalcost. Furthersimulation
andstudyin algorithmconvergenceandasymptoticcorrectness
is needed.
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