In Computing Science and Statistics 28 (1996)

Sequential Allocation With Minimal Switching

Janis P. Hardwick^1 Quentin F. Stout^1 Statistics Department EECS Department University of Michigan, Ann Arbor, MI 48109

Abstract

This paper describes algorithms for the design of sequential experiments where extensive switching is undesirable. Given an objective function to minimize by sampling between Bernoulli populations, two different models are considered. The constraint model optimizes the tradeoff of the maximum number of switches vs. the objective function, while the cost model optimizes the tradeoff for the expected number of switches. For each model, an algorithm is developed which produces the optimal sequential experiment.

The algorithms are quite general, and give users flexibility in incorporating practical considerations in the design of experiments. To show the usability of these algorithms, they are applied to a bandit problem and an estimation problem. It is observed that the expected number of switches grows approximately as the square root of the sample size, for sample sizes up to a few hundred. It is also observed that one can dramatically reduce the number of switches without substantially affecting the expected value of the objective function. Thus one need sacrifice only a small amount of statistical objective in order to achieve significant gains in practicality.

Keywords: adaptive sampling, switching costs, constraints, bandit, estimation, dynamic programming, optimal tradeoffs

1 Introduction

In situations where data is collected over time, adaptive sampling or allocation, in which decisions are made based on accruing data, is more efficient than fixed sampling, where all decisions are made in advance. Adaptive allocations can reduce costs or time, or improve the results for a given sample size. However, fully adaptive designs are rarely used, due to various concerns over their design, analysis, and implementation.

In some settings, one concern is that sequential designs switch repeatedly between the alternatives, a design attribute that may be costly or impossible [6]. For exam-

1Research supported in part by National Science Foundation

under grants DMS-9157715 and DMS-9504980.

ple, in an industrial setting, one may need to reconfigure fixtures each time a switch occurs. In a clinical setting, similar setup or training costs may be required to switch between treatment alternatives. Important alternatives for modeling the ill effects of switching include:

1. You have setup cost α_i to change to population i, and incur incremental cost β_i for each observation as long as you stay on that population, where α_i ≫ β_i.

2. You have to make up a treatment in batches, or need to set up fixtures to conduct several identical tests at the same time, so when you decide that the next m observations are on population i you incur a cost α_i + β_im. Here you must specify m in advance.

3. You can switch at most S times. For example, you may need to use a special apparatus to which you have only S accesses.

Such cost structures are quite important, although rarely directly incorporated in designs. One exception is in control theory, where the cost structure is as in 1 (see [1] and the references therein). Unfortunately, their results apply only when a geometric discount structure is used with an infinite horizon and no terminal objective. Another analysis of switching costs appears in [2], where the setting is quite specialized with one arm having a known probability of success and the objective is to minimize the expected number of failures. None of this prior work applies to the fairly general sequential problems we have in mind, which allows for an arbitrary objective function, finite horizon, and flexible methods for incorporating switching considerations.

In Section 2, basic definitions are given. In Section 3 a constraint model is defined, corresponding to alternative 3 above, and an algorithm is given that determines the optimal sequential design for this model. In Section 4 a cost model is defined, generalizing alternative 1. There it is shown that this model determines the optimal tradeoff of expected switches vs. objective, and an algorithm that determines the optimal sequential design is given. The algorithms in Sections 3 and 4 are based on dynamic programming, and the crux of the computational problem is to determine a minimal state space and manner of evaluation for these models that makes the computations feasible. In Section 5 the algorithms are applied to a bandit problem and an estimation problem, and the switching behavior of the optimal allocation procedures is determined computationally. Section 6 concludes with remarks concerning generalizations and observations concerning the results. While no work will be done here on cost alternative 2, note that it can be viewed as a staged-allocation problem, and can be optimized by the techniques developed in [4].

2 Definitions

Throughout, we assume that the sample size N is fixed. This assumption merely simplifies our analyses and examples, and the algorithms can easily be adapted to include stopping rules. If optional stopping is desired (and it is quite natural to incorporate stopping rules in cost models), then N should be interpreted as the maximum possible sample size. Often knowledge of the stopping rules can be used to significantly reduce the state space, but since this is quite application-dependent we will omit such improvements here and analyze only the worst case in which no stopping occurs.

There are P Bernoulli populations, and at any point the only decision required is to choose which of these to observe. We use a Bayesian approach, where the success parameters of the populations have independent prior distributions. Suppose that at some point we have observed s_i successes and f_i failures on Population i. Then the vector (s_1, f_1, . . ., s_P , f_P ) is a sufficient statistic, and forms a natural index for the state space describing the experiment. States, denoted as v, will be treated as vectors so that one can add observations in a natural manner. We use p_i(v) to denote the probability of success if the next observation is from population i, given that the experiment is at state v.

There is an objective function R^∗(v) which is the value of each final state v (i.e., states for which |v| = N ), and the goal is to minimize the expected value of R^∗. The expected value of allocation A, denoted R_A, is the sum, over all final states v, of R^∗(v) times the probability that A reaches v. For an arbitrary state v, let R(v) denote the expected value of R^∗ when starting at v and proceeding optimally to the end. Then R(0) is the expected value of the optimal sequential experiment, i.e., is Ropt. The efficiency of allocation procedure A is Ropt/R_A.

By using standard dynamic programming, Ropt can be determined in Θ(P N^{2P} /(2P )!) time since there are Θ(N^{2P} /(2P )!) states, each requiring the evaluation of P alternatives. Here, as in all of our timing analyses, we assume that R^∗ can be computed for all terminal states in time proportional to the number of terminal states,

N : sample size

P : number of populations

S: maximum number of switches possible (constraint model)

R^∗: terminal objective function

R_A: expected value of R for allocation A

R(v): expected value of R^∗, starting at state v and proceeding optimally (no cost considerations)

Ropt: expected value of R for optimal sequential allocation (i.e., R(0))

R_i(v): expected value of objective + switching costs obtained by starting at state v, sampling from population i, and proceeding optimally (cost model)

R^σ_i (v): expected objective obtained by starting at state v, sampling from pop. i, and proceeding optimally using no more than σ switches (constraint model)

c(i, j): the cost of switching from pop. i to pop. j

C_i(v): expected value of total switching costs obtained by starting at state v, sampling from population i, and proceeding optimally (cost model)

v: a state, that is, a vector denoting number of successes and failures observed on each population

|v| : the total number of observations at state v

s_i, f_i: vectors denoting 1 success or failure on pop. i

p_i(v): probability of success on next observation of population i, when experiment is in state v

Figure 1: Notation

and that for each population i, p_i can be determined for all states in time proportional to the number of states. Even when R^∗ or p_i are complicated to compute for a single state, our assumption typically holds because one can reuse parts of the calculations for one state to assist those for other states.

3 Constraint Model

In the constraint model, there is an upper bound S on the number of times that the populations to be sampled can be switched (the initial sampling is not counted as a switch.) The goal is to minimize the expected value of the objective function, subject to this constraint. When S ≥ N − 1, the problem is equivalent to the standard optimization problem without switching considerations.

Results for k-stage allocation immediately give a lower bound on the efficiency obtainable for S = (P − 1)k, since a k-stage allocation can be scheduled by allocating all stage 1 observations on populations 1 through P , then all stage 2 observations on populations P through 1, etc. In particular, work in [4] shows that for P = 2, values of S as small as 3 will give very high efficiency on some problems, and this is observed in Section 5. The observed performance with an average of k switches is significantly better than that of the k-stage rules, due to the increased adaptiveness of cost model 1 over model 2.

To determine the optimal allocation algorithm under the constraint model, there is a difficulty in that the natural state space does not uniquely determine the number of switches that occured in reaching that state (except in trivial cases), nor can one determine if a switch occurs when going from one given state to its successor (again, except in trivial cases). To determine these, one apparently needs to add information specifying the number of switches and the most recent population sampled. There are several ways this can be done. Here, the values R^σ_i (v) are computed at each state, where R^σ_i (v) is the expected value of the objective function if one is at state v, observes population i, and proceeds optimally under the constraint that at most σ more switches occur. This is equivalent to extending the state v to a collection of states (v, i, σ), with the above interpretations for i and σ, and then determining the value of the optimal continuation at each state.

The optimal expected value of a sequential allocation procedure satisfying the switching constraint is the minimum, over all populations i, of R^S_i (0). The critical dynamic programming equations determining the values of R^σ_i (v) are based on noting that the successor states can only be v + s_i and v + f_i, depending on whether a success or failure, respectively, occurs. Upon reaching a successor state, either population i is sampled again, in which case the number of future switches possible does not change, or else a new population is sampled and the maximum number of switches remaining decreases by one. The detailed equations appear in Figure 2. Note that if σ = 0, then no further switches are possible.

Analyzing the time and space of the algorithm in Figure 2, one arrives at the results in Theorem 3.1. The space analysis assumes that space is reused for each new value of m. However, this requires that one be careful with the ordering in which one goes through the states with |v| = m to make sure that values are not overwritten before all of their uses have occurred. The for all terminal states v (i.e., states where |v| = N ) for all populations i ∈ {1, . . ., P } for all switches σ ∈ {0, . . ., S}

initialize R^σ_i (v) = R^∗(v) for m = n − 1 downto 0

for all states v with |v| = m for all switches σ ∈ {0, . . ., S} for all populations i ∈ {1, . . ., P }

rsuc = R^σ_i (v + s_i) rfail = R^σ_i (v + f_i) if σ > 0 then

rsuc = min{rsuc, min{R^{σ−1}_j (v + s_i) : j ≠ i}} rfail = min{rfail, min{R^{σ−1}_j (v + f_i) : j ≠ i}} R^σ_i (v) = p_i(v) · rsuc + (1 − p_i(v)) · rfail Expected value = min{R^S_i (0) : i ∈ {1, . . ., P }}

Figure 2: Optimal Experiment for Constraint Model

wavefront dependencies can be satisfied by proceeding through each component of v in increasing fashion, and proceeding through the number of switches in decreasing order. The ordering of the populations is irrelevant.

Theorem 3.1 The value of the optimal experiment of N observations with P Bernoulli populations, with an objective function and a constraint of at most S switches, can be determined in Θ(SP^2N^{2P} /(2P )!) time and Θ(SP N^{2P −1}/(2P − 1)!) space by the algorithm in Figure 2. 2

In practice one would usually store the R^σ_i (v) values in a single array. In Fortran, it is best to do this as the array R(i, σ, v), since there are multiple innermost loops (the minimum operations) that run through the populations for fixed values of σ and v.

Figure 2 shows only how to compute the values of R^S_i (0), not what the allocation algorithm is that achieves these values. To determine the algorithm, one needs to record the value of j that achieves the minimum in each place where a minimum operation is performed. Then one can follow the standard procedure of reconstructing the optimal solution from the beginning of the experiment towards the end by following these pointers.

Note that the algorithm actually finds the value of the optimal experiments corresponding to all constraints less than or equal to S, not just the optimal experiment for S. This is quite useful, since it allows one to examine the range of tradeoffs between maximum switches vs. expected objective function all from a single run.

In general the most interesting cases are those in which S is quite small, and hence reductions in the effective value of S have a large percentage change in the runtime or space required. For example, R^0_i (v) can often be determined algebraically, and thus it need not be stored. For σ = S, there have only been observations on a single population, and hence most states cannot occur. There are only approximately P N^2/2 states that can occur, as opposed to the approximately P N^{2P} /(2P )! total states, so the time and space requirements for determining R^S_i can be significantly reduced.

4 Cost Model

In the cost model, if the last population sampled was i, and we now sample j, then we pay a cost c(i, j) (if the first observation is on i, then we pay c(i, i)). The goal is to minimize the expected value of the terminal objective plus costs. This is a flexible model that includes cost alternative 1 of Section 1 as a special case.

A particularly important special case occurs when c(i, i) = 0 and c(i, j) = α, i ≠ j, for then the cost component is proportional to the number of switches. Let R_α denote the optimal value obtained using this cost function (where value is now terminal objective plus cost), and let C_α denote the expected cost of the allocation procedure achieving R_α. Then R_α − C_α is the optimal expected value of the objective function, under the constraint that the expected cost is no more than C_α, i.e., under the constraint that the average number of switches is no more than C_α/α. Thus the cost model achieves optimal objective function vs. expected number of switches tradeoffs, but does so through an indirect control parameter (α). To investigate a specific expected number of switches, one must search through α, though one can exploit the fact that C_α/α is monotone decreasing in α.

One could determine the optimal sequential allocation procedure under the cost model by using the same approach as for the constraint model, with only minor changes to add the switching costs. However, this would be impractical, because one would need to set S = N −1 to insure that all possibilities are analyzed, which would greatly reduce the size of experiment that could be analyzed. Instead, at each state v, we determine only P quantities. Let R_i(v) denote the expected value of the objective function plus all costs from v to the end of the experiment, given that the next observation is on population i and that one then proceeds optimally to minimize this quantity. Note that R_i(v) does not include any costs incurred in reaching v, merely those in proceeding onward from v. It is straightforward to see that min{R_i(0) : i ∈ {1, . . . , P }} is the value of the optimal sequential allocation procedure satisfying the cost model, and that R_i(v) is correctly determined by the recursive equations in Figure 3.

for all terminal states v (i.e., states where |v| = N ) for all populations i ∈ {1, . . ., P }

initialize R_i(v) = R^∗(v) initialize C_i(v) = 0 for all m = n − 1 downto 0

for all states v with |v| = m for all populations i ∈ {1, . . ., P } js = argmin{c(i, j) + R_j(v + s_i) : j ∈ {1, . . ., P }} jf = argmin{c(i, j) + R_j(v + f_i) : j ∈ {1, . . ., P }} R_i(v) = p_i(v) · [c(i, js) + R_{js}(v + s_i)] +

(1 − p_i(v)) · [c(i, jf) + R_{jf} (v + f_i)] C_i(v) = p_i(v) · [c(i, js) + C_{js}(v + s_i)] +

(1 − p_i(v)) · [c(i, jf) + C_{jf} (v + f_i)] Expected value = min{R_i(0) − C_i(0) : i ∈ {1, . . ., P }}

Figure 3: Optimal Experiment for Cost Model

Theorem 4.1 The value of the optimal experiment of N observations with P Bernoulli populations, minimizing the objective function plus costs, can be determined in Θ(P^2N^{2P} /(2P )!) time and Θ(P N^{2P −1}/(2P − 1)!) space by the algorithm in Figure 3. 2

5 Examples

To show that the algorithms of the previous sections are practical, they are applied to two illustrative problems. For both of these, P = 2 and beta distributions are used as the priors on both populations. Our primary example is the 2-armed bandit problem with finite horizon, no discounting, and uniform weights. We choose this example because it is well-known and has been widely studied, although we could find no work on the expected number of switches. Our goal is to show that the general algorithms can be applied to problems of interesting sizes. (We have solved problems as large as N = 600 using standard workstations.) No special properties of the bandit problem were exploited to reduce the runtime or space required. To emphasize this, we applied the same programs to our second example. By changing only the objective function, we addressed the problem of minimizing the mean squared error of the estimate of the product P_1 ·P_2, where P_i is the success probability of population i. Note that for the bandit problem the goal is to stay on the better population, while for the estimation problem one should have extensive observations from both populations.

Population priors: + Be(1,9), Be(1,9)

4 Be(1,1), Be(1,1) � Be(1,1), Be(2,2)

Figure 4: 2-Armed Bandit, No Switching Considerations

5.1 2-Armed Bandit

For the 2-armed bandit with binary response, horizon N , and no discounting, the objective is to minimize the total number of failures. In Figure 4, the expected number of switches when using the optimal sequential solution, with no switching considerations, is plotted as a function of the sample size N . Note that the number of switches grows roughly as the square root of N , for the range of N and values of the priors considered, but that the growth rate seems to be slowing. The maximum number of switches is nearly N in all cases, and is not shown.

In Figure 5 a), the optimal tradeoffs between the expected value of the objective function and the expected number of switches are plotted. In Figure 5 b) the optimal tradeoffs involve the maximum number of switches. These tradeoffs are expressed in terms of the efficiency of the objective function. For a), the tradeoffs are obtained using the algorithm in Figure 3 with cost structures of the form c(i, i) = 0 and c(i, j) = α, i ≠ j, while for b) the tradeoffs are obtained using the algorithm in Figure 2. Note that, in both cases, one obtains very high efficiency with relatively few switches.

5.2 Product Estimation

The problem of estimating the product of two success probabilities arises in reliability settings, and has been studied several times (see [3, 5] and the references a) Expected Number of Switches

b) Maximum Number of Switches

Figure 5: N = 200, Uniform priors on both populations

therein). The objective function is the mean squared error of the terminal estimate of P_1 · P_2, where P_i is the success probability of population i. In Figure 6 the optimal tradeoffs of objective function vs. expected number of switches are shown.

Due to space constraints, other behaviors of this estimation problem cannot be shown here, but the basic properties observed for the bandit problem have also been seen to occur for this problem. In particular, sequential allocation procedures which do not incorporate switching considerations exhibit high numbers of switches, and the switches are dramatically reduced,

N = 200, Both populations have prior Be(9,1)

Figure 6: Optimal Tradeoffs, Estimating P_1 · P_2

with only miniscule loss of efficiency, by the optimal procedures that do incorporate switching considerations.

6 Final Remarks

Practical considerations are important in the conduct of experiments, so it is useful to give investigators ways to directly address such considerations in the design of their experiments. One such consideration is the extensive switching that commonly occurs with sequential designs. This paper has addressed this concern by giving algorithms that optimize objective function vs. switching consideration tradeoffs. Given an arbitrary objective function, and given either switching costs or switching constraints, the algorithms herein determine the optimal sequential experiment for the resulting model. In some cases an investigator may not utilize the sequential allocation procedure that optimizes a tradeoff, but may want to use it as a benchmark against which suboptimal designs are evaluated.

The cost model can easily be extended to depend on the number of observations so far, and on the outcome of the observation. This would allow one to optimize interesting cases such as bandit problems with non-uniform weights. For such bandits the objective function cannot be evaluated with just a knowledge of the standard state space, but can be evaluated by the path-based approach used to evaluate switching costs. For arbitrary objective functions, with trivial changes either algorithm could be adapted to optimize the worst-case values of the objective function, rather than the expected case. One can also merge the two algorithms to optimize the expected objective function plus switching costs, under a constraint on the maximal number of switches allowed.

The algorithms were applied to two examples to show their utility, and to show some of the behavior that occurs. It was observed that sequential designs optimized without regard for switching considerations tend to have extensive switches, but that the number of switches can be dramatically reduced with only minor loss of efficiency in the objective function. It was also observed that, for the problems considered, the expected number of switches for standard optimal sequential designs grows fairly rapidly, roughly on the order of the square root of the sample size, for sample sizes of a few hundred. This growth seems to slow down as the sample size increases, however, and this leads us to believe that the asymptotic rate is far slower. Thus it is expected that purely asymptotic results would poorly predict the observed behavior.

Because asymptotics often give weak guidance for the design of specific experiments, we believe that computational insight and optimization fills an important role. However, to better fill that role, it helps to have computational approaches that model all of the factors that are relevant to the experimenter. This work is just a small piece in a larger project to develop such models and programs.

References

[1] Assawa, M. and Teneketzis, D. (1996), “Multi-armed bandits with switching penalties”, IEEE Trans. Auto. Control 41: 328–348.

[2] Benzing, H., Kalin, D., Theodorescu, R. (1987), “Optimal policies for sequential Bernoulli experiments with switching costs”, J. Inform. Process. Cybernet. 23: 599–607.

[3] Hardwick, J. and Stout, Q.F. (1993), “Optimal allocation for estimating the product of two means”, Computing Science and Stat. 24: 592–596.

[4] Hardwick, J. and Stout, Q.F. (1995), “Determining optimal few-stage allocation procedures”, Computing Science and Stat. 27.

[5] Page, C. (1987), “Sequential designs for estimating products of parameters”, Seq. Anal. 6: 351–371.

[6] Schmitz, N. (1993), Optimal Sequentially Planned Decision Procedures, Springer-Verlag Lecture Notes.