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ABSTRACT

Multiple Antennas in Wireless Communications: Array Signal Processing and Channel Capacity

by
Mahesh Godavarti

Chair: Alfred O. Hero, II1

We investigate two aspects of multiple-antenna wireless communication systems
in this thesis: 1) deployment of an adaptive beamformer array at the receiver; and
2) space-time coding for arrays at the transmitter and the receiver. In the first
part of the thesis, we establish sufficient conditions for the convergence of a popular
least mean squares (LMS) algorithm known as the sequential Partial Update LMS
Algorithm for adaptive beamforming. Partial update LMS (PU-LMS) algorithms
are reduced complexity versions of the full update LMS that update a subset of
filter coeflicients at each iteration. We introduce a new improved algorithm, called
Stochastic PU-LMS, which selects the subsets at random at each iteration. We
show that the new algorithm converges for a wider class of signals than the existing
PU-LMS algorithms.

The second part of this thesis deals with the multiple-input multiple-output
(MIMO) Shannon capacity of multiple antenna wireless communication systems un-
der the average energy constraint on the input signal. Previous work on this problem

has concentrated on capacity for Rayleigh fading channels. We investigate the more



general case of Rician fading. We derive capacity expressions, optimum transmit sig-
nals as well as upper and lower bounds on capacity for three Rician fading models. In
the first model the specular component is a dynamic isotropically distributed random
process. In this case, the optimum transmit signal structure is the same as that for
Rayleigh fading. In the second model the specular component is a static isotropically
distributed random process unknown to the transmitter, but known to the receiver.
In this case the transmitter has to design the transmit signal to guarantee a cer-
tain rate independent of the specular component. Here also, the optimum transmit
signal structure, under the constant magnitude constraint, is the same as that for
Rayleigh fading. In the third model the specular component is deterministic and
known to both the transmitter and the receiver. In this case the optimum transmit
signal and capacity both depend on the specular component. We show that for low
signal to noise ratio (SNR) the specular component completely determines the the
signal structure whereas for high SNR the specular component has no effect. We also
show that training is not effective at low SNR and give expressions for rate-optimal

allocation of training versus communication.
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CHAPTER 1

Introduction

This thesis deals with theory underlying the deployment of multiple antennas, i.e.
antenna arrays, at transmitter and receiver for the purpose of improved communi-
cation, reliability and performance. The thesis can be divided into two main parts.
The first part deals with conditions for convergence of adaptive receiver arrays and a
new reduced complexity beamformer algorithm. The second part deals with channel
capacity for a Rician fading multiple-input multiple-output (MIMO) channel. More
details are given in the rest of this chapter.

Wireless communications have been gaining popularity because of better antenna
technologies, lower costs, easier deployment of wireless systems, greater flexibility,
better reliability and the need for mobile communication. In some cases, like in very
remote areas, wireless connections may be the only option.

Even though the popularity of mobile wireless telephony and paging is a recent
phenomenon, fixed-wireless systems have a long history. Point-to-point microwave
connections have long been used for voice and data communications, generally in
backhaul networks operated by phone companies, cable TV companies, utilities,
railways, paging companies and government agencies, and will continue to be an

important part of the communications infrastructure. Improvements in technology



have allowed higher frequencies and thus smaller antennas to be used resulting in
lower costs and easier-to-deploy systems.

Another reason for the popularity of wireless systems is that consumers demand
for data rates has been insatiable. Wireline models have topped off at a rate of
56Kbps and end-users have been looking for integrated digital subscriber network
(ISDN) and digital subscriber line (DSL) connections. Companies with T1 connec-
tions of 1.54Mbps have found the connections inadequate and are turning to T3
optical fiber connections. The very expensive deployment of fiber connections, how-
ever, has caused companies to turn to fixed wireless links.

This has resulted in the application of wireless communications to a host of ap-
plications ranging from: fixed microwave links; wireless local area networks (LANSs);
data over cellular networks; wireless wide area networks (WANS); satellite links;
digital dispatch networks; one-way and two-way paging networks; diffuse infrared;
laser-based communications; keyless car entry; the Global Positioning System (GPS);
mobile cellular communications; and indoor-radio.

One challenge in wireless systems not present in wireline systems is the issue of
fading. Fading arises due to the possible existence of multiple paths from the trans-
mitter to the receiver with destructive combination at the receiver output. There are
many models describing fading in wireless channels [20]. The classic models being
Rayleigh and Rician flat fading models. Rayleigh and Rician models are typically
applied to narrowband signals and do not include the doppler shift induced by the
motion of the transmitter or the receiver.

In wireless systems, there are three different ways to combat fading: 1) frequency
diversity; 2) time diversity; and 3) spatial diversity. Frequency diversity makes use of

the fact that multipath structure in different frequency bands is different. This fact



can be exploited to mitigate the effect of fading. But, the positive effects of frequency
diversity are limited due to bandwidth limitations. Wireless communication uses
radio spectrum, a finite resource. This limits the number of wireless users and the
amount of spectrum available to any user at any moment in time. Time diversity
makes use of the fact that fading over different time intervals is different. By using
channel coding the effect of bad fading intervals can be mitigated by good fading
intervals. However, due to delay constraints time diversity is difficult to exploit.

Spatial diversity exploits multiple antennas either separated in space or differently
polarized [7, 23, 24]. Different antennas see different multipath characteristics or
different fading characteristics and this can be used to generate a stronger signal.
Spatial diversity techniques do not have the drawbacks associated with time diversity
and frequency diversity techniques. The one drawback of spatial diversity is that it
involves deployment of multiple antennas at the transmitter and the receiver which
is not always feasible.

In this thesis, we will concentrate on spatial diversity resulting from deployment
of multiple antennas. Spatial diversity, at the receiver (multiple antennas at the
receiver) or at the transmitter (multiple antennas at the transmitter), can improve

link performance in the following ways [31]

1. Improvements in spectrum efficiency: Multiple antennas can be used to accom-

modate more than one user in a given spectral bandwidth.

2. Extension of range coverage: Multiple antennas can be used to direct the energy

of a signal in a given direction and hence minimize leakage of signal energy.

3. Tracking of multiple mobiles: The outputs of antennas can be combined in

different ways to isolate signals from each and every mobile.



4. Increases in channel reuse: Improving spectral efficiency can allow more than

one user to operate in a cell.

5. Reductions in power usage: By directing the energy in a certain direction and
increasing range coverage lesser energy can be used to reach a user at a given

distance.

6. Generation of multiple access: Appropriately combining the outputs of the an-

tennas can selectively provide access to users.
7. Reduction of co-channel interference
8. Combating of fading

9. Increase in information channel capacity: Multiple antennas have been used to

increase the maximum achievable data rates.

Traditionally, all the gains listed above have been realized by explicitly directing
the receive or transmit antenna array to point in specific directions. This process is
called beamforming. For receive antennas, beamforming can be achieved electroni-
cally by appropriately weighting the antenna outputs and combining them to make
the antenna response to energy emanating from certain directions more sensitive than
others. Until recently most of the research on antenna arrays for beamforming has
dealt with beamformers at the receiver. Transmit beamformers behave differently
and require different algorithms and hardware [32].

Methods of beamforming at the receive antenna array currently in use are based
on array processing algorithms for signal copy, direction finding and signal separation
[32]. These include Applebaum/Frost beamforming, null steering beamforming, opti-

mal beamforming, beam-space Processing, blind beamforming, optimum combining



and maximal ratio combining [15, 32, 64, 68, 69, 74, 80]. Many of these beamform-
ers require a reference signal and use adaptive algorithms to optimize beamformer
weights with respect to some beamforming performance criterion [32, 78, 79, 81].

Adaptive algorithms can also be used without training for tracking a time varying
mobile user, tracking multiple users, or tracking time varying channels. Popular
examples [32] are the Least Mean Squares Algorithm (LMS), Constant Modulus
Algorithm (CMA) and the Recursive Least Squares (RLS) algorithm. The algorithm
of interest in this work is the LMS Algorithm because of its ease of implementation
and low complexity.

Another research topic in the field of beamforming that has generated much in-
terest is the effect of calibration errors in direction finding and signal copy problems
(25, 49, 65, 66, 67, 83, 84]. An array with Gaussian calibration errors operating in
a non-fading environment has the same model as a Rician fading channel. Thus
the work done in this thesis can be easily translated to the case of array calibration
errors.

Beamforming at the receiver is one way of exploiting receive diversity. Most pre-
vious work (1995 and earlier) in the literature concentrates on this kind of diversity.
Another way to exploit diversity is to perform beamforming at the transmitter, i.e.
transmit diversity. Beamforming at the transmitter increases the signal to noise ratio
(SNR) at the receiver by focusing the transmit energy in the directions that ensures
the strongest reception at the receiver. Exploitation of transmit diversity can in-
volve [71] using the channel state information obtained via feedback for reassigning
energy at different antennas via waterpouring, linear processing of signals to spread
the information across transmit antennas and using channel codes and transmitting

the codes using different antennas in an orthogonal manner.



An early use of the multiple transmit antennas was to obtain diversity gains by
sending multiple copies of a signal over orthogonal time or frequency slices (rep-
etition code). This of course, incurs a bandwidth expansion factor equal to the
number of antennas. A transmit diversity technique without bandwidth expansion
was first suggested by Wittenben [82]. Wittenben’s diversity technique of sending
time-delayed copies of a common input signal over transmit multiple antennas was
also independently discovered by Seshadri and Winters [58] and by Weerackody [77].
An information theoretic approach to designing transmit diversity schemes was un-
dertaken by Narula [53, 54]. The authors design schemes that maximize the mutual
information between the transmitter and the receiver.

These methods correspond to beamforming where knowledge of the channel is
available at the transmitter and receiver, for example by training and feedback. In
such a case the strategy is to mitigate the effect of multipath by spatial diversity and
focusing the channel to a single equivalent direct path channel by beamforming.

Recently, researchers have realized that beamforming may not be the optimal
way to increase data rates. The BLAST project showed that multipaths are not as
harmful as previously thought and that the multiple diversity can be exploited to
increase capacity even when the channel is unknown [23, 50]. This has given rise to
research on space-time codes [8, 42, 43, 47, 48, 52, 70, 71]. Space-time coding is a
coding technique that is designed for use with multiple transmit antennas. One of
the first papers in this area is by Alamouti [5] who designed a simple scheme for a
two-antenna transmit system. The codes are designed to induce spatial and temporal
correlations into signals that are robust to unknown channel variations and can be
exploited at the receiver. Space-time codes are simply a systematic way to perform

beneficial space-time processing of signals before transmission [52].



Design of space-time codes has taken many forms. Tarokh et. al. [70, 71] have
taken an approach to designing space-time codes for both Rayleigh and Rician fading
channels with complete channel state information at the receiver that maximizes a
pairwise codeword distance criterion. The pairwise distance criterion was derived
from an upper bound on probability of decoding error. There have also been code
designs where the receiver has no knowledge about the MIMO channel. Hero and
Marzetta [42] design space-time codes with a design criterion of maximizing the cut-
off rate for the MIMO Rayleigh fading channel. Hochwald et. al [43, 44] propose a
design based on signal structures that asymptotically achieve capacity in the non-
coherent case for MIMO Rayleigh fading channels. Hughes [47, 48] considered the
design of space-time based on the concept of Group codes. The codes can be viewed
as an extended version of phase shift keying for the case of multiple antenna com-
munications. In [47] the author independently proposed a scheme similar to that
proposed by Hochwald and Marzetta in [43]. More recent work in this area has
been by Hassibi on linear dispersion codes [38] and fixed-point free codes [40] and by
Shokrollahi on double diagonal space-time codes [61] and unitary space-time codes
[62].

The research reported in this dissertation concentrates on adaptive beamforming
receivers for fixed deterministic channels and channel capacity of multiple antennas
in the presence of Rician fading. We will elaborate more on the research contributions

in the following sections.

1.1 Partial Update LMS Algorithms

The LMS algorithm is a popular algorithm for adaptation of weights in adap-

tive beamformers using antenna arrays and for channel equalization to combat in-



tersymbol interference. Many others application areas of LMS include interference
cancellation, echo cancellation, space time modulation and coding and signal copy
in surveillance. Although there exist algorithms with faster convergence rates like
RLS, LMS is very popular because of ease of implementation and low computational
costs.

One of the variants of LMS is the Partial Update LMS (PU-LMS) Algorithm.
Some of the applications in wireless communications like channel equalization and
echo cancellation require the adaptive filter to have a very large number of coeffi-
cients. Updating of the entire coefficient set might be beyond the ability of the mobile
units. Therefore, partial updating of the LMS adaptive filter has been proposed to
further reduce computational costs [30, 33, 51]. In this era of mobile computing
and communications, such implementations are also attractive for reducing power
consumption. However, theoretical performance predictions on convergence rate and
steady state tracking error are more difficult to derive than for standard full update
LMS. Accurate theoretical predictions are important as it has been observed that
the standard LMS conditions on the step size parameter fail to ensure convergence
of the partial update algorithm.

Two of the partial update algorithms prevalent in the literature have been de-
scribed in [18]. They are referred to as the “Periodic LMS algorithm” and the
“Sequential LMS algorithm”. To reduce computation by a factor of P, the Periodic
LMS algorithm (P-LMS) updates all the filter coefficients every P™ iteration instead
of every iteration. The Sequential LMS (S-LMS) algorithm updates only a fraction
of coefficients every iteration.

Another variant referred to as “Max Partial Update LMS algorithm” (Max PU-

LMS) has been proposed in [16, 17] and [3]. In this algorithm, the subset of coeffi-



cients to be updated is dependent on the input signal. The subset is chosen so as to
minimize the increase in the mean squared error due to partial as opposed to full up-
dating. The input signals multiplying each coefficient are ordered according to their
magnitude and the coefficients corresponding to the largest % of input signals are
chosen for update in an iteration. Some analysis of this algorithm has been done in
[17] for the special case of one coefficient per iteration but, analysis for more general
cases still needs to be completed. The results on stochastic updating in Chapter 3

provide a small step in this direction.

1.2 Multiple-Antenna Capacity

Shannon in his famous paper [59] showed that it is possible to communicate over
a noisy channel with arbitrary reliability provided that the amount of information
communicated (bits/channel use) is less than a constant. This constant is known as
the channel capacity. Shannon showed that the channel capacity can be computed
by maximizing the mutual information between the input and the output over all
possible input distributions. The channel capacity for a range of channels like the
binary symmetric channel, the additive white Gaussian noise (AWGN) channel have
already been computed in the literature [13, 26]. Computing the capacity for more
complicated channels like Rayleigh fading and Rician fading channels is in general a
difficult problem.

The seminal paper by Foschini et. al. [23, 24] showed that a significant gain
in capacity can be achieved by using multiple antennas in the presence of Rayleigh
fading. Let M be the number of antennas at the transmitter and N be the number of
antennas at the receiver. Foschini and Telatar showed [73] that with perfect channel

knowledge at the receiver, for high SNR a capacity gain of min(M, N) bits/second /Hz
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can be achieved with every 3 dB increase in SNR. Channel knowledge at the receiver
however requires that the time between different fades be sufficiently large to enable
the receiver to learn the channel via training. This might not be true in the case of
fast mobile receivers and large numbers of transmit antennas. Furthermore, the use
of training is an overhead which reduces the attainable capacity.

Following Foschini [23], there have been many papers written on the subject of
calculating capacity for a MIMO channel [7, 10, 12, 28, 29, 34, 35, 50, 60, 72, 76].
Others have studied the achievable rate regions for the MIMO channel in terms of
cut-off rate [42] and error exponents [1].

Marzetta and Hochwald [50] considered a Rayleigh fading MIMO channel when
neither the receiver nor the transmitter has any knowledge of the fading coefficients.
In their model the fading coefficients remain constant for 7" symbol periods and
instantaneously change to new independent complex Gaussian realizations every T
symbol periods. They established that to achieve capacity it is sufficient to use
M = T antennas at the transmitter and that the capacity achieving signal matrix
consists of a product of two independent matrices, a T x T isotropically random
unitary matrix and a 7" x M real nonnegative diagonal matrix. Hence, it is sufficient
to optimize over the density of a smaller parameter set of size min{ M, T'} instead of
the original parameter set of size T - M.

Zheng and Tse [85] derived explicit capacity results for the case of high SNR in
the case of no channel knowledge at the transmitter or receiver. They showed that
the number of degrees of freedom for non-coherent communication is M*(1 — M*/T)
where M* = min{M, N,T/2} as opposed to min{M, N} in the case of coherent
communications.

The literature cited above has limited its attention to Rayleigh fading channel
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models for computing capacity of multiple-antenna wireless links. However, Rayleigh
fading models are inadequate in describing the many fading channels encountered
in practice. Another popular model used in the literature to fill this gap is the
Rician fading channel. Rician fading is a more accurate model when there are some
direct paths present between the transmitter and the receiver along with the diffuse

multipath (Figure 1.1). Rician fading components traditionally have been modeled
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Figure 1.1: Diagram of a multiple antenna communication system

as independent Gaussian components with a deterministic non-zero mean [9, 19,
21, 56, 57, 71]. Farrokhi et. al. [21] used this model to analyze the capacity of
a MIMO channel with a single specular component. In their paper they assumed
that the specular component is static and unknown to the transmitter but known
to the receiver. They also assumed that the receiver has complete knowledge about
the fading coefficients (i.e. the Rayleigh and specular components are completely
known). They work with the premise that since the transmitter has no knowledge
about the specular component the signaling scheme has to be designed to guarantee

a given rate irrespective of the value of the specular component. They conclude
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that the signal matrix has to be composed of independent circular Gaussian random
variables of mean 0 and equal variance in order to maximize the rate and achieve

capacity.

1.3 Organization of the Dissertation and Significant Contributions

In this work, we have made the following contributions. These contributions
are divided into two fields: 1) LMS algorithm convergence for adaptive arrays at
the receiver; and 2) evaluation of Shannon capacity for multiple antennas at the

transmitter and the receiver in the presence of Rician fading.

1. In Chapter 2 we analyze the Sequential PU-LMS for stability and come up
with more stringent conditions on stability than were previously known. We

illustrate our findings via simulations.

e Contributions: Derived conditions ensuring the stability of the Sequential
PU-LMS algorithm for stationary signals without the restrictive assump-
tions of [18]. The analysis of the algorithm for cyclo-stationary signals
establishes that the deterministic sequences of updates is the reason be-
hind the algorithm’s poor convergence. This motivates a new Stochastic

PU-LMS, a more stable algorithm.

2. Chapter 3 analyzes the Stochastic Partial Update LMS algorithm where the
coefficients to be updated in an iteration are chosen at random. This generalizes
the previous PU-LMS methods. We derive conditions for stability and also
analyze the algorithm for performance. We demonstrate the effectiveness of our

analysis via simulations.

e Contributions: Proposed a new Partial Update algorithm with better con-
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vergence properties than those of existing Partial Update LMS algorithms.
The convergence of Stochastic PU-LMS is better than the existing PU-LMS
algorithms for the case of non-stationary signals and similar to the exist-
ing algorithms for the case of stationary signals. The analysis elucidates
the role of parameters which determine the convergence or divergence of

PU-LMS algorithms.

Contributions reported in the subsequent chapters have been in the area of
computing capacity for a more general fading model than the Rayleigh model.
This we consider is the first significant step towards computing capacities for

more realistic models for MIMO systems.

3. In Chapter 4, we introduce a MIMO Rician fading where the specular component
is also modeled as dynamic and random but, with an isotropically uniform
density [50]. With this model the channel capacity can be easily characterized.
We also derive a lower bound to capacity which is useful to establish achievable
rate regions as the calculation of the exact capacity is difficult even for this

model.

e Contributions: Proposed a new tractable model for analysis enabling
characterization of MIMO capacity achieving signals and also derived a
useful lower bound on channel capacity for Rician fdaing. This bound is also
applicable to the case of Rayleigh fading. Showed that the optimum signal
structure for Rician fading is the same as that of Rayleigh fading channel.
Therefore the space-time codes developed so far can be used directly for the

model described above.

4. In Chapter 5, we study MIMO capacity for the case of static and constant
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(persistent) specular component. In this case the channel is non-ergodic and
the channel capacity is not defined. We therefore maximize the worst possible
rate available for communication over the ensemble of values of the specular
component under a constant specular norm constraint. This rate is the min-

capacity.

e Contributions: Proposed a tractable formulation of the problem and de-
rived capacity expressions, lower bound on capacity and characterized the
properties of capacity achieving signals. The results show that a large class
of space-time codes developed so far for MIMO Rayleigh fading channel
can be directly applied to Rician fading with a persistent isotropic specular

component.

5. In Chapter 6, we evaluate MIMO capacity for the same Rician model as in
Chapter 5 but we assume that both the transmitter and the receiver have com-
plete knowledge concerning the specular component. In this case, the channel

is ergodic and the channel capacity in terms of Shannon theory is well defined.

e Contributions: Derived coherent and non-coherent capacity expressions
in the low and high SNR regimes for the standard Rician fading model.
The analysis shows that for low SNR the optimal signaling is beamforming
whereas for high SNR it is diversity signaling. For low SNR we demon-
strated that the Rician channel provides as much capacity as an AWGN
channel. Also, characterized the optimum training signal, training dura-
tion and power allocation for training in the case of the standard Rician

fading model. Established that for low SNR, training is not required.

6. In Chapter 7, we introduce rigorous definitions for two quantities of interest,
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diversity and degrees of freedom, that are used to quantify the advantages of a
multiple antenna MIMO system when compared to a single input single output
(SISO) system. We verify the effectiveness of the definitions by computing the

quantities of interest for various existing examples.

e Contributions: Gave an intuitive interpretation for diversity and degrees
of freedom which helps in qualifying the advantages of a MIMO system.
Provided rigorous definitions for the quantities of interest in a more general
setting which will allow computation of these quantities for systems other

than multiple antenna MIMO systems.



CHAPTER 2

Sequential Partial Update LMS Algorithm

2.1 Introduction

The least mean-squares (LMS) algorithm is an approximation of the steepest de-
scent algorithm used to arrive at the Weiner-Hopf solution for computing the weights
(filter coefficients) of a finite impulse response (FIR) filter. The filter coefficients are
computed so as to produce the closest approximation in terms of mean squared error
to a desired output, which is stochastic in nature from the input to the filter, which
is also stochastic in nature. The Weiner-Hopf solution involves an inversion of the
input signal correlation matrix. The steepest descent algorithm avoids this inversion
by recursively computing the filter coefficients using the gradient computed using
the input signal correlation matrix. The LMS algorithm differs from the steepest
algorithm in that it uses a “stochastic gradient” as opposed to the exact gradient.
Knowledge of the exact input signal correlation matrix is not required for the algo-
rithm to function. The reduction in complexity of the algorithm comes at an expense
of greater instability and degraded performance in terms of final mean squared error.
Therefore, the issues with the LMS algorithm are “filter stability”, “final misadjust-
ment” and “convergence rate” [41, 46, 63].

Partial update LMS algorithms are reduced complexity versions of LMS as de-

16
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scribed in section 1.1. The gains in complexity reduction arising from updates of
only a subset of coefficients at an iteration are significant when there are a large
number of weights in the filter. For example, in channel equalization and in fixed
“repeater” links with large baseline and large number of array elements.

In [18], a condition for convergence in mean for the Sequential Partial Update LMS
(S-LMS) algorithm was derived under the assumption of small step-size parameter
(). This condition turned out to be the same as that for the standard LMS algorithm
for wide sense stationary (W.S.S.) signals. In this chapter, we prove a stronger result:
for arbitrary p > 0, and for W.S.S. signals, convergence in mean of the regular LMS
algorithm guarantees convergence in mean of S-LMS.

We also derive bounds on the step-size parameter p for S-LMS Algorithm which
ensures convergence in mean for the special case involving alternate even and odd
coefficient updates. The bounds are based on extremal properties of the matrix 2-
norm. We derive bounds for the case of stationary and cyclo-stationary signals. For
simplicity we make the standard independence assumptions used in the analysis of
LMS [6].

The organization of the chapter is as follows. First in section 2.2, a brief descrip-
tion of the sequential partial update algorithm is given. The algorithm with arbitrary
sequence of updates is analyzed for the case of stationary signals in section 2.3. This
is followed by the analysis of the even-odd update algorithm for cyclo-stationary sig-
nals in section 2.4. In section 2.5 an example is given to illustrate the usefulness of
the bounds on step-size p derived in section 2.4. Finally, conclusions and directions

for future work are indicated in section 2.6.
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2.2 Algorithm Description

The block diagram of S-LMS for a N-tap LMS filter with alternating even and
odd coefficient updates is shown in Figure 2.1. We refer to this algorithm as even-odd
S-LMS.

It is assumed that the LMS filter is a standard FIR filter of even length, N. For
convenience, we start with some definitions. Let {z;;} be the input sequence and

let {w; } denote the coefficients of the adaptive filter. Define

Wk = [ka Wok - -- wNjk]T

Xy = [T1g ok Tag .- TNg)

where the terms defined above are for the instant & and 7 denotes the transpose
operator. In addition, Let d; denote the desired response. In typical applications dj
is a known training signal which is transmitted over a noisy channel with unknown
FIR transfer function.

In this paper we assume that dj, itself obeys an FIR model given by d; = W;rth k+
ny, where W, are the coefficients of an FIR model given by W, = [w1 opt - .. Wi opt)”
and T denotes the hermitian operator. Here {n} is assumed to be a zero mean i.i.d
sequence that is independent of the input sequence Xj.

For description purposes we will assume that the filter coefficients can be divided
into P mutually exclusive subsets of equal size, i.e. the filter length N is a multiple
of P. For convenience, define the index set S = {1,2,..., N}. Partition S into P
mutually exclusive subsets of equal size, Sy, Ss,...,Sp. Define I; by zeroing out
the j* row of the identity matrix I if j ¢ S;. In that case, I; X} will have precisely
N

5 non-zero entries. Let the sentence “choosing S; at iteration £” stand to mean

“choosing the weights with their indices in \S; for update at iteration £”.
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The S-LMS algorithm is described as follows. At a given iteration, k, one of
the sets S;, i = 1,..., P, is chosen in a pre-determined fashion and the update is

performed.

wi; + pegr,; if 7 €S5;
Wk+1,5 =
W, j otherwise

where e, = dj, —W,I X}. The above update equation can be written in a more compact

form in the following manner

In the special case of even and odd updates, P = 2 and S consists of all even
indices and Sy of all odd indices as shown in Figure 2.1.

We also define the coefficient error vector as
Vi = Wi —Wop
which leads to the following coefficient error vector update for S-LMS when £ is odd
Viee = (I — phXpn X} )1 — pli X X))Vi +
(I — pLo Xy X {4 el X, + e 1o X,
and the following when k is even
Vige = (I — /UleHXIZH)(I - MI2XI~:X1DVI~: +
u(l — ph X X3 el X, + g i X
2.3 Analysis: Stationary Signals
Assuming that dp and Xj are jointly WSS random sequences, we analyze the

convergence of the mean coefficient error vector E [Vi]. We make the standard as-

sumptions that V; and X are mutually uncorrelated and that X is independent
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of Xj_1 [6] which is not an unreasonable assumption for the case of antenna arrays.

For regular full update LMS algorithm the recursion for E [V}] is given by
E Vil = (I — pR)E Vi 22)

where [ is the N-dimensional identity matrix and R = E [XkX ,ﬂ is the input sig-
nal correlation matrix. The necessary and sufficient condition for stability of the

recursion is given by
0< <2/ Apaz(R) (2.3)

where \,q.(R) is the maximum eigen-value of the input signal correlation matrix R.
Taking expectations under the same assumptions as above, using the independence
assumption on the sequences Xy, ng, the mutual independence assumption on X and

Vi, and simplifying we obtain for even-odd S-LMS when £ is odd

E Vit = (I — plbR)(I — pliR)E[V}] (2.4)
and when £ is even

E [Viso] = (I = phhR)(I — pLR)E[Vy]. (2.5)

It can be shown that under the above assumptions on Xy, V}. and dj, the convergence
conditions for even and odd update equations are identical. We therefore focus on
(2.4). Now to ensure stability of (2.4), the eigenvalues of (I —ulyR)(I — ply R) should
lie inside the unit circle. We will show that if the eigenvalues of I — R lie inside the
unit circle then so do the eigenvalues of (I — ulyR)(I — pli R).

Now, if instead of just two partitions of even and odd coefficients (P = 2) we
have any number of arbitrary partitions (P > 2) then the update equations can be

similarly written as above with P > 2. Namely,
P

E[Viip] = | [ = ulinynp R)EVi]

i=1
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where (i + k)% P stands for (i + k) modulo P. I;, ¢ = 1,..., P is obtained from I,
the identity matrix of dimension N x N, by zeroing out some rows in I such that
S°F | I is positive definite,

We will show that for any arbitrary partition of any size (P > 2); S-LMS converges
in the mean if LMS converges in the mean(Theorem 2.2). The case P = 2 follows as
a special case. The intuitive reason behind this fact is that both the algorithms try to
minimize the mean squared error V,J RVj.. This error term is a quadratic bowl in the
Vi co-ordinate system. Note that LMS moves in the direction of the negative gradient
— RV}, by retaining all the components of this gradient in the V) co-ordinate system
whereas S-LMS discards some of the components at every iteration. The resulting
gradient vector (the direction in which S-LMS updates its weights) obtained from
the remaining components still points towards the bottom of the quadratic bowl and
hence if LMS reduces the mean squared error then so does S-LMS.

We will show that if R is a positive definite matrix of dimension N x N with
cigenvalues lying in the open interval (0,2) then [[_, (I — I;R) has eigenvalues inside
the unit circle.

The following theorem is used in proving the main result in Theorem 2.2.

Theorem 2.1. [45, Prob. 16, page 410] Let B be an arbitrary N x N matriz.
Then p(B) < 1 if and only if there exists some positive definite N x N matriz

A such that A — BTAB is positive definite. p(B) denotes the spectral radius of B
(p(B) = maxy,_. n |Ai(B)]).

Theorem 2.2. Let R be a positive definite matriz of dimension N x N with p(R) =
Amaz(R) < 2 then p([T_,(I—LR)) < 1 where I;, i = 1,..., P are obtained by zeroing
out some rows in the identity matriz I such that Zil I; is positive definite. Thus if

Xy and dy are jointly W.S.S. then S-LMS converges in the mean if LMS converges
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in the mean.

Proof: Let xg € @'Y be an arbitrary non-zero vector of length N. Let x; =
(I — I;R)x;_,. Also, let P =T[_,(I — L,R).
First we will show that XIRXZ- < X;[lei,l — axLlRIini,l, where o = %(2 —

Amaz(R)) > 0.

x!Rx; = x|_,(I - RL)R(I — LR)x;_,
= X;[_IRXI',1 — OZXI_IRIiRXl;l -

fx!_RI,Rx;_\ +x|_RI;RI;Rx;_,

where § = 2 — «. If we can show SRI; R — RI; RI; R is positive semi-definite then we

are done. Now
1
BRI;R — RI;RI;R = GRI;(I — BR)IZ-R.

Since § = (14 Apaz(R)/2) > Apmaz(R) it is easy to see that [ — %R is positive definite.

Therefore, BRI R — RI RI1 R is positive semi-definite and
X;[RXZ' S X;r_l RXi_l - OéXl-L_l RI@RXi_l .

Combining the above inequality for ¢ = 1,..., P, we note that XLRXP < X(T)RXO
if xLlRIini_l > 0 for at least one 7, i = 1,..., P. We will show by contradiction
that is indeed the case.

Suppose not, then xj-_lR]ini_l =0foralle,i=1,...,P. Since, XBRIlRXO =0
this implies I; Rxg = 0. Therefore, x; = (I — [ R)xq = x¢. Similarly, x; = x¢ for
all 2, s = 1,..., P. This in turn implies that XI)RL-RXO =0foralls, s =1,...,P
which is a contradiction since R(Zf;l I;)R is a positive-definite matrix and 0 =

S xJRIRx = x)R(31, 1) Rxo # 0.
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Finally, we conclude that
xP1RPx, = x! Rxp
0 0 P

< er] RXO .

Since xq is arbitrary we have R — PTRP to be positive definite so that applying
Theorem 2.1 we conclude that p(P) < 1.

Finally, if LMS converges in the mean we have p(I — pR) < 1 or Apa(R) < 2.
Which from the above proof is sufficient for concluding that p([]L_,(I — ul;R)) < 1.

Therefore, S-LMS also converges in the mean. (]

2.4 Analysis: Cyclo-stationary Signals

Next, we consider the case when X, and d, are jointly cyclo-stationary with
covariance matrix R;. We limit our attention to even-odd S-LMS as shown in Figure
2.1. Let X} be a cyclo-stationary signal with period L. i.e, R;;; = R;. For simplicity,
we will assume L is even. For the regular LMS algorithm we have the following L

update equations

L—1
EWVisr) = [ [ = nRica) E [Vi]
i=0
ford=1, 2, ..., L, in which case we would obtain the following sufficient condition

for convergence
0< n < mln{z/)\max(Rl)}

where .. (R;) is the largest eigenvalue of the matrix R;.
Define Ay = (I — puliRy) and By, = (I — plyRy) then for the partial update

algorithm the 2L valid update equations are
L-1

E Vier] = | [ [ Bosis14a42iiva | EVA] (2.6)

=0
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ford=1, 2,...,L and odd k and
L—-1

=t
EViiL] = H Assiv1+aBosiva | E[Vi] (2.7)

=0
ford=1, 2,...,L and even k.
Let ||A| denote the spectral norm Aq.(AA)Y2 of the matrix A. Since p(A4) <
| Al and || [T Ail] < ]| A:ill, for ensuring the convergence of the iteration (2.6) and

(2.7) a sufficient condition is
|Bir14;i]] <1 and ||A;1Bil] <1 fori=1, 2, ..., L.

Since we can write B; 1 A; as

B Ay = (I — pRy) + pla(R; — Riyh) + o LRin L R
and A;.1B; as

Ai1Bi = (I — puR;) + pli(R; — Riy1) + LR LR,
we have the the following expression which upper bounds both || B; 11 4;|| and || A; 11 Bi|

11 = pRill + pl| Rivi — Rill + gl Ricea|[[| Bs -

This tells us that the sufficient condition to ensure convergence of both (2.6) and

(2.7) is
11 = pRill + pl| Rigs — Rill + 1 Risa [ Rill < 1 (2.8)

fori =1, ..., L.

If we make the assumption that

2
)\maa: (Rz) + )\min (Rz)

} (2.9)

pt < min{
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and
0; = || Riv1 — Ril| < max{Apin(R:), Amin(Riv1)} = n; (2.10)
fori = 1, 2, ..., L then (2.8) translates to
1 — i 4 p6; + 12 Amaz (Ri) Amaa (Ris1) < 1

which gives

ni — 0
}

L
0 < p < min :
po= {)\max(Ri))\maz(RiJrl)

(2.11)

Equation (2.11) is the sufficient condition for convergence of even-odd S-LMS with
cyclostationary signals.

Therefore, we have the following theorem.

Theorem 2.3. Let Xy and dj, be jointly cyclostationary. Let R;, 1 =1,..., L denote
the L covariance matrices corresponding to the period L of cyclo-stationarity. If we
assume Xy, is slowly varying in the sense given by (2.10) and i is small enough given
by (2.9) then the sufficient condition on p for the convergence of iterations (2.6) and

(2.7) is given by (2.11)
2.5 Example
The usefulness of the bound on step-size for the cyclo-stationary case can be

gauged from the following example. Consider a 2-tap filter and a cyclo-stationary

{x;x = Tx_iy1} with period 2 having the following auto-correlation matrices

5.1354 —0.5733 — 0.6381:
R, =
—0.5733 + 0.63811¢ 3.8022
3.8022 1.3533 + 0.3280:
R2 -
1.3533 — 0.3280: 5.1354
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For this choice of Ry and Rs, 71 and 79 turn out to be 3.38 and we have ||R; — Ry|| =
2.5343 < 3.38. Therefore, R; and Ry satisfy the assumption made for analysis. Now,
1 = 0.33 satisfies the condition for the regular LMS algorithm but, the eigenvalues
of ByA; for this value of p have magnitudes 1.0481 and 0.4605. Since one of the
eigenvalues lies outside the unit circle the recursion (2.6) is unstable for this choice
of . Where as the bound (2.11) gives u = 0.0254. For this choice of i the eigenvalues
of By Ay turn out to have magnitudes 0.8620 and 0.8773. Hence (2.6) is stable.

We have plotted the evolution trajectory of the 2-tap filter with input signal
satisfying the above properties. We chose W, = [0.4 0.5] in Figures 2.2 and 2.3.
For Figure 2.2 ;1 was chosen according to be 0.33 and for Figure 2.3 u was chosen to

be 0.0254. For simulation purposes we set d = wi Sk+ny where Sy = sy, sx_1]7 is a

opt
vector composed of the cyclo-stationary process {s;} with correlation matrices given
as above, and {n;} is a white sequence, with variance equal to 0.01, independent of

{sk}. Weset {xr} = {sk}+{vr} where {v,} is a white sequence, with variance equal

to 0.01, independent of {s;}.

2.6 Conclusion

We have analyzed the alternating odd/even partial update LMS algorithm and we
have derived stability bounds on step-size parameter p for wide sense stationary and
cyclo-stationary signals based on extremal properties of the matrix 2-norm. For the
case of wide sense stationary signals we have shown that if the regular LMS algorithm
converges in mean then so does the sequential LMS algorithm for the general case
of arbitrary but fixed ordering of the sequence of partial coefficient updates. For
cyclo-stationary signals the bounds derived may not be the weakest possible bounds

but they do provide the user with a useful sufficient condition on p which ensures
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convergence in the mean. We believe the analysis undertaken in this thesis is the
first step towards deriving concrete bounds on step-size without making small p
assumptions. The analysis also leads directly to an estimate of mean convergence
rate.

In the future, it would be useful to analyze the partial update algorithm, with-
out the assumption of independent snapshots and also, if possible, perform a second
order analysis (mean square convergence). Furthermore, as S-LMS exhibits poor
convergence in non-stationary signal scenarios (illustrative example given in the fol-
lowing chapter) it is of interest to develop new partial update algorithms with better
convergence properties. One such algorithm based on randomized partial updating

of filter coefficients is described in the following chapter (chapter 3).
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Sequential Partial Update LMS Algorithm :
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Figure 2.1: Block diagram of S-LMS for the special case of alternating even/odd coefficient update
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CHAPTER 3

Stochastic Partial Update LMS Algorithm

3.1 Introduction

An important characteristic of the partial update algorithms described in section
1.1 is that the coefficients to be updated at an iteration are pre-determined. It is this
characteristic which renders P-LMS (see 1.1) and S-LMS unstable for certain signals
and which makes random coefficient updating attractive. The algorithm proposed
in this chapter is similar to S-LMS except that the subset of the filter coefficients
that are updated each iteration is selected at random. The algorithm, referred to
as Stochastic Partial Update LMS algorithm (SPU-LMS), involves selection of a
subset of size % coefficients out of P possible subsets from a fixed partition of the N
coefficients in the weight vector. For example, filter coefficients can be partitioned
into even and odd subsets and either even or odd coefficients are randomly selected
to be updated in each iteration. In this chapter we derive conditions on the step-size
parameter which ensures convergence in the mean and in mean square for stationary
signals, generic signals and deterministic signals.

The organization of the chapter is as follows. First, a brief description of the

algorithm is given in section 3.2 followed by analysis of the stochastic partial update

algorithm for the stationary stochastic signals in section 3.3, deterministic signals in

30
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section 3.4 and for generic signals in 3.5. Section 3.6 gives a description of of the
existing Partial Update LMS algorithms. This is followed by section 3.8 consisting
of examples. In section 3.3 verification of theoretical analysis of the new algorithm
is carried out via simulations and examples are given to illustrate the advantages of
SPU-LMS. In sections 3.8.1 and 3.8.2 techniques developed in section 3.5 are used to
show that the performance of SPU-LMS is very close to that of LMS in terms of final
misconvergence. Finally conclusions and directions for future work are indicated in

section 3.9.

3.2 Algorithm Description

Unlike in the standard LMS algorithm where all the filter taps are updated every
iteration the algorithm proposed in this chapter updates only a subset of coefficients
at each iteration. Furthermore, unlike other partial update LMS algorithms the
subset to be updated is chosen in a random manner so that eventually every weight
is updated.

The description of SPU-LMS is similar to that of S-LMS (section 2.2). The only
difference is as as follows. At a given iteration, k, for S-LMS one of the sets .5;,
1 = 1,..., P is chosen in a pre-determined fashion whereas for SPU-LMS, one of
the sets S; are sampled at random from {S;, So,..., Sp} with probability % and

subsequently the update is performed. i.e.

wyj + perry,; if j€S;
Wr+1,5 = (31>
Wk, j otherwise

where e, = di— W,Z X. The above update equation can be written in a more compact

form
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where [; now is a randomly chosen matrix.

3.3 Analysis of SPU-LMS: Stationary Stochastic Signals

In the stationary signal setting the offline problem is to choose an optimal W such

that

¢ = E((dy — yr)(di — yr)"]

= E[(de — WXp)(dy, — WTX,)"]

is minimized, where a* denotes the complex conjugate of a. The solution to this

problem is given by
Wopt —= R_IT (33)

where R = E[X;X]] and r = E[d} X,]. The minimum attainable mean square error

W) is given by
Emin = Eldydy] — rTR™'r.

For the following analysis, we assume that the desired signal, d;, satisfies the following

relation ![18]
dy, = ijth + N (34)

where X}, is a zero mean complex circular Gaussian? random vector and ny, is a zero
mean circular complex Gaussian (not necessarily white) noise, with variance &,

uncorrelated with Xj.

INote: the model assumed for dj, is same as assuming dj and X, are jointly Gaussian sequences. Under this

assumption di can be written as d = W;rthk + my,, where Wopy is as in (3.3) and my = dj, — ijth‘ Since

E[miXy] = E[Xkdi] — E[XkX,i]Wopt = 0 and my and X} are jointly Gaussian we conclude that mj and Xj are
independent of each other which is same as model (3.4).

2A complex circular Gaussian random vector consists of Gaussian random variables whose marginal densities
depend only on their magnitudes. For more information see [55, p. 198] or [50, 73]
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We also make the independence assumption used in the analysis of standard LMS
[6] which is reasonable for the present application of adaptive beamforming. We
assume that X, is a Gaussian random vector and that X}, is independent of X; for
7 < k. We also assume that I; and X} are mutually independent.

For convergence-in-mean analysis we obtain the following update equation condi-

tioned on a choice of S;.
EVi|Si] = (I — pl;R)E[Vk|Si]
which after averaging over all choices of S; gives

E[Vin] = (I - SREVA) (3.5)

To obtain the above equation we have made use of the fact that the choice of S; is
independent of V;, and Xj. Therefore, p has to satisfy 0 < p < % to guarantee
convergence in mean.

For convergence-in-mean square analysis we are interested in the convergence of
Elere;]. Under the assumptions we obtain Elegef] = Emin + tr{ RE[ViVi]]} where
Emin 18 as defined earlier.

We have followed the procedure of [46] for our mean-square analysis. First, condi-
tioned on a choice of S;, the evolution equation of interest for tr{ RE[V,V,]]} is given

by

RE[Vi Vi, |S)] = RE[ViV{|S] — 2uRLRE[V,V,|S)] +

P LRLE[X XA X XS] + 12Emin RI R

where A, = F [VkaT]. For simplicity, consider the case of block diagonal R satisfying

Z; I;RI; = R. Then, we obtain the final equation of interest for convergence-in-
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mean square to be

2, 1o P 1 )
= (I—-——A+—=A —A“117 —&ninA1 .

where Gy, is a vector of diagonal elements of AE[U,U, ,I] where U, = QV}, with () such
that QRQT = A. It is easy to obtain the following necessary and sufficient conditions

(see Appendix A.1) for convergence of the SPU-LMS algorithm

0<p< 2 (3.7)

Amam
def ZN phi
o =1 2—ph

n()

which is independent of P and identical to that of LMS.
We use the integrated MSE difference J = 377 [§x — o] introduced in [22] as a

measure of the convergence rate and M (u) = &‘{M as a measure of misadjustment.

mi

The misadjustment factor is simply (see Appendix A.3)

M(p) = % (3.8)

which is the same as that of the standard LMS. Thus, we conclude that random
update of subsets has no effect on the final excess mean-squared error.
Finally, it is straightforward to show (see Appendix A.2) the integrated MSE

difference is
J =P tr{2u\ — p*A* — 2A*117] 71 (G — Goo)} (3.9)

which is P times the quantity obtained for standard LMS algorithm. Therefore, we
conclude that for block diagonal R, random updating slows down convergence by

a factor of P without affecting the misadjustment. Furthermore, it can be easily

1
tr{R}

verified that 0 < p < is a sufficient region for convergence of SPU-LMS and

the standard LMS algorithm.
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The Max PU-LMS described in Section 1.1 is similar SPU-LMS in the sense that
the coefficient subset chosen to be updated at an iteration are also random. However,
update equations (3.5) and (3.6) are not valid for Max PU-LMS as we can no longer
assume that X and I; are independent since the coefficients to be updated in an

iteration explicitly depend on Xj.

3.4 Analysis SPU-LMS: Deterministic Signals

Here we followed the analysis given in [63, pp. 140-143] which can be extended
to SPU-LMS with complex signals in a straightforward manner. We assume that
the input signal X, is bounded, that is sup, (X} X;) < B < oo and that the desired

signal dj, follows the model

dy, =W

opt

Xk

which is different from (3.4) in that we assume that there is no noise present at the
output.

Define Vi, = Wy, — W,y and ej, = dj, — W, X;.

Lemma 3.1. If u < 2/B then % — 0 as k — oo. Here, {-} indicates statistical

expectation over all possible choices of S;, where each S; is chosen uniformly from
{S1,...,Sp}.

Proof: See Appendix A.4

Theorem 3.1. If u < 2/B and the signal satisfies the following persistence of exci-
tation condition:

For all k, there exist K < 0o, ay > 0 and as > 0 such that

k+K
al <) XX < asl (3.10)

i=k

then VkTVk — 0 and V,ij — 0 exponentially fast.
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Proof: See Appendix A.4
Condition (3.10) is identical to the persistence of excitation condition for standard
LMS. Therefore, the sufficient condition for exponential stability of LMS is enough

to guarantee exponential stability of SPU-LMS.

3.5 General Analysis of SPU-LMS

In this section, we analytically compare the performance of LMS and SPU-LMS in
terms of stability and misconvergence when the independent snapshots assumption
is invalid. For this we employ the theory developed in [37] and [4]. Even though the
theory developed is for the case of real random variables it can easily be adapted to
the case of complex circular random variables.

In this section, results for stability and performance for the case of SPU-LMS
are developed for describing the performance hit taken when going from LMS to
SPU-LMS. One of the important results obtained is that for stability LMS and SPU-
LMS have the same necessary and sufficient conditions. The theory used for stability

analysis and performance analysis follows along [37] and [4], respectively.

3.5.1 Stability Analysis

Notations are the same as those used in [37]. || A]|, is used to denote the L,-norm of

arandom matrix A given as || A||, d:ef {EHAHle/p for p > 1 where || A|| d:ef {E” \a]%}lﬂ

j
is the Euclidean norm of the matrix A. Note that in [37], || Al dlef {maz(AAT) /2,
Since the two norms are related by a constant the results in [37] could as well have
been stated with the definition used here. Our definition is identical to the norm

defined in [4].

A process X, is said to be ¢-mixing if there is a function ¢(m) such that ¢(m) — 0
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as m — oo and

sup |P(B|A) — P(B)| < ¢(m),Ym >0,k € (—00,00)

AeMF (X),BEMSS (X)

where M?(X), —o0 < i < j < 00 is the o-algebra generated by {Xj}, i < k < j
For any random matrix sequence F' = {F.}, define Sy(c, u*) for pux > 0 and

0<a<l1/u* by

k

I 7= nry)

j=it+1

Spla,p*) = (F: < Koy (F)(1 = pa)k

p

Ve (0,u*], vk > i > 0}

Sp(a, p*) is the family of L,-stable random matrices.
Similarly, the averaged exponentially stable family is defined as S(«, p*) for px > 0

and 0 < o < 1/p* by

k

I[ - rE[F)

j=it+1

S(a,p*) = {F: < Ko (E[F))(1 = pa)*"  (3.11)

p

Ve (0,u*], vk > i > 0}.

We also define §, and S as S, d:ef Upre(0,1) Yae(0,1/4+)Sp(er, 1*) and S d:ef Uure(0,1)
UaE(O,l/u*)S(a’ M*)
Let X} be the input signal vector generated from the following process

Xp= Y Ak, j)ex—; + v (3.12)

j=—o0

with 3777 supy [|A(k, j)|| < oo. {¢x} is a d-dimensional deterministic process,
and {e;} is a general m-dimensional ¢-mixing sequence. The weighting matrices
A(k,j) € R™*™ are assumed to be deterministic.

Define the index set S = {1,2,..., N}. Partition S into P mutually exclusive

subsets of equal size, Si, Ss,...,Sp. Define Z; by zeroing out the j** row of the
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identity matrix [ if j ¢ S;. Let I; be a sequence of i.i.d d x d masking matrices
chosen with equal probability from Z;, i =1,..., P.

Then, we have the following theorem which is similar to Theorem 2 in [37].

Theorem 3.2. Let Xy be as defined above with {€x} a ¢p-mixing sequence such that

it satisfies for any n > 1 and any increasing integer sequence j1 < jo < ... < jn

n
o (az nejiw)
=1

where o, M, and K are positive constants. Then for any p > 1, there exist constants

E < M exp(Kn) (3.13)

px >0, M >0, and a € (0,1) such that for all p € (0, ux| and for allt >k >0

t

IT (7 —nx;x))

j=k+1

py1/p
E ] < M(1— pa)=*

if and only if there exists an integer h > 0 and a constant 6 > 0 such that for all

E>0
k+h
> EX X[ >0l (3.14)
i=k+1
Proof: For proof see Appendix A.5. =

Note that the LMS algorithm has the same necessary and sufficient condition for
convergence (Theorem 2 in [37]). Therefore, SPU-LMS behaves exactly like LMS in
this respect.

Finally, Theorem 2 in [37] follows from 3.2 by setting I; = I for all j.

3.5.2 Analysis of SPU-LMS for Random Mixing Signals
For performance analysis, we assume that
d, = X]IWopt,k + ng

Wopt i, varies as follows Wyt py1 — Wopt e = Wgy1, Wwhere wyq is the lag noise. Then

for LMS we can write the evolution equation for the tracking error V; d:ef Wi —Wopt i
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as
Vi = (I — pXe XDV + 1 Xpnp, — i1
and for SPU-LMS the corresponding equation can be written as
Vier = (I = pulu X5 X1)Vio + e Xmp — it
Now, Vi1 can be decomposed [4] as Vi1 = “Vi + "V + “Vj, where

Wirr = (I — pPuXp X)) Vi, Vo= Vo = —Wopo
Wit = ([ = pPXpX])"Vi + P Xpng, "Vo =0

Vi1 = (I — pPXeX))" Vi — w1, "Vo =0

where P, = [ for LMS and P, = [}, for SPU-LMS. {“V}} denotes the unforced term,
reflecting the way the successive estimates of the filter coefficients forget the initial
conditions. {"Vj} accounts for the errors introduced by the measurement noise, ny
and {"V}} accounts for the errors associated with the lag-noise {wy}.

In general "V}, and 'V}, obey the following inhomogeneous equation
Okr1 = (L — pFy)ok + &, 00 =0
0 can be represent by a set of recursive equations as follows
Sp=J"+ 0+ g+ HYY
where the processes J,ET), 0<r<nand H ,i") are described by

JIEO+)1 = (I- ,qu)J,io) + & Jéo) =0
T = (= pF) I+ pze a0 =0,0<k<r

HY = (I—pF)H" +pZp Y, HY =0,0<k<n
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where Z, = F,, — F, and F}, is an appropriate deterministic process, usually chosen
as Fj, = E[F;]. In [4] under appropriate conditions it was shown that there exists

some constant C' < oo and g > 0 such that for all 0 < p < pg, we have
sup | ", < O
k>0

Now, we modify the definition of weak dependence as given in [4] for circular
complex random variables. The theory developed in [4] can be easily adapted for
circular random variables using this definition. Let ¢ > 1 and X = {X, },>0 be a
(I x 1) matrix valued process. Let 3 = (5(r))ren be a sequence of positive numbers
decreasing to zero at infinity. The complex process X = {X,, },>¢ is said to be (4, q)-
weak dependent if there exist finite constants C' = {C4,...,C,}, such that for any
1 <m < s < q and m-tuple ky,...,k, and any (s — m)-tuple k,,11,...,ks, with

by < ... <kpn<kn+r<knp <...<k, it holds that

sup
1Si1"">i8§l7fkl,i1 7fk:2,i2 fk:m,zm

cov <f/€1,i1 (thil) et fkm,im(kaJm)?

fkm+l7im+1 (ka+1yim+l) B fk57i5 (Xk’s/ls)> ‘ S Osﬁ(r)

where Xm- denotes the i-th component of X,, — F(X,,) and the set of functions f,,;()
that the sup is being taken over are given by fm(f(m) = Xm' and fm(f(m) = X;‘”

Define N (p) from [4] as follows

N(p) = {6 : HZZ:S Dkek”p < pp(€) (ZZ:S ’Dk‘2)1/2 Vo< s<t

and VD = { Dy }ren(q X 1) deterministic matrices }

where p,(€) is a constant depending only on the process € and the number p.
F}. can be written as Fj, = PkaX,i where P, = I for LMS and P, = I, for SPU-
LMS. It is assumed that the following hold true for Fjy. For some r,q € N, pg > 0

and 0 < o < 1/pg
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o F1(r,a, po): {Frtiso is in S(r, «, po) that is {Fi} is L,-exponentially stable.

o F2(a, po): {E[Fi}r>o0 is in S(a, po), that is {E[F|}k>o is averaged exponen-

tially stable.

Conditions F3 and F4 stated below are trivially satisfied for P, = I and P, = Ij.

® F3(q, 110): SUDgen SUDe (0,0 1Pk llg < 00 and supyen SUP e i) 1B 1Pk]| < 00
o F4(q, p10): supyen SUD e (0,0 lfl/QHPk — B[Py < 00

The excitation sequence & = {&x||x>0 [4] is assumed to be decomposed as &, = Myex
where the processes M = { M} }r>o is a d x [ matrix valued process and € = {¢x }x>0

is a (I x 1) vector-valued process that verifies the following assumptions
e EXC1: {Mj}rez is ME(X)-adapted® and M5(e) and ME(X) are independent.
o EXC2(r, p10): 8D (0 0] SWPkz0 | Mkl < 00, (r >0, 10 > 0)
e EXC3(p, 1o): € = {ex tren belongs to N(p), (p > 0, o > 0)
The following theorems from [4] are relevant.

Theorem 3.3 (Theorem 1 in [4]). Letn € N and let ¢ > p > 2. Assume EXC1,
EXC2(pq/(q — p), o) and EXC3(p, jig). For a,b,a > 0, a™' + b~ = 1, and some

to > 0, assume in addition F2(«, po), F4(agn, o) and
o {G1.lis0 is (B, (q +2)n) weakly dependent and > (r + 1) a+2n/2=13(r) < oo
® SUP;>q [|Gillogn < 00

Then, there exists a constant K < oo (depending on ((k), k > 0 and on the

numerical constants p,q,n,q,b, jo, o but not otherwise on { X}, {ex} or on p), such

3A sequence of random variables, X; is called adapted with respect to a sequence of o-fields F; if X; is F;
measurable [11].
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that for all 0 < p < pg, for all0 <r <n

Sup HJS(T) lp < Kpp(e) sup HMkaq/(q—p)N(T_l)ﬂ-
s>1 k>0

Theorem 3.4 (Theorem 2 in [4]). Let p > 2 and let a,b,c > 0 such that 1/a +

1/b+1/c=1/p. Let n € N. Assume F1(a,a, po) and

® Sup,g || Zslly < 00

n+1

o sup,q [V < 00

Then there exists a constant K' < oo (depending on the numerical constants a,b, c,
a, o, n but not on the process {€x} or on the stepsize parameter ), such that for all

0 <:#/§;M07
sup [ H{"||, < K'sup || 7.
s>0 s>0

We next show that if LMS satisfies the assumptions above (assumptions in sec-
tion 3.2 in [4]) then so does SPU-LMS. Conditions F1 and F2 follow directly from

Theorem 3.2. It is easy to see that F3 and F4 hold easily for LMS and SPU-LMS.

Lemma 3.2. The constant K in Theorem 3.3 calculated for LMS can also be used

for SPU-LMS.

Proof: Here all that is needed to be shown is that if LMS satisfies the condi-
tions (EXC1), (EXC2) and (EXC3) then so does SPU-LMS. Moreover, the upper
bounds on the norms for LMS are also upper bounds for SPU-LMS. That easily fol-

AlSPU—LALS__
L =

lows because MM = X, whereas I Xy and ||I|| < 1 for any norm

Lemma 3.3. The constant K' in Theorem 3.4 calculated for LMS can also be used

for SPU-LMS.
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Proof: First we show that if for LMS sup,- || Zs||y < oo then so it is for SPU-
LMS. First, note that for LMS we can write Z!M9 = X XT — F[X,X]] whereas for

SPU-LMS

1
ZSPU—LMS ISXSXJ—FE[XSXST]

1
= [ X X! - LEX, X!+ (I, — FJ)E[XSXST]
That means || Z7PV=EMS||, < || L[| ZEM5)y + || I, — 1|l E[X X ][l5. Therefore,

since sup,sq [b B[ X X[l < 0o and sup,-, || 259, < oo we have
sup || Z5FPU-IMS||) < 0.
S

Since all conditions for Theorem 2 have been satisfied by SPU-LMS in a similar
manner the constant obtained is also the same. (]

The two lemmas states that the error terms are bounded above by same constants.

3.6 Periodic and Sequential LMS Algorithms

For P-LMS, the update equation can be written as follows
Wigsp = Wi + pep Xy,

For the Sequential LMS algorithm the update equation is same as (3.2) except that
the choice of I; is no longer random. The sequence of I; as k progresses is pre-
determined and fixed.

For the P-LMS algorithm, using the method of analysis described in [46] we
conclude that the conditions for convergence are identical to standard LMS. That is
(3.7) holds also for P-LMS. Also, the misadjustment factor remains the same. The
only difference between LMS and P-LMS is that the measure J for P-LMS is P
times that of LMS. Therefore, we see that the behavior of SPU-LMS and P-LMS

algorithms is very similar for stationary signals.
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The difference between P-LMS and SPU-LMS becomes evident for deterministic
signals. From [18] we conclude that the persistence of excitation condition for P-LMS
is stricter than that for SPU-LMS. In fact, in the next section we construct signals
for which P-LMS is guaranteed not to converge whereas SPU-LMS will converge.

The convergence of Sequential LMS algorithm has been analyzed using the small
w assumption in [18]. Theoretical results for this algorithm are not presented here.
However, we show through simulation examples that this algorithm diverges for

certain signals and therefore should be employed with caution.

3.7 Simulation of an Array Examples to Illustrate the advantage of SPU-
LMS

We simulated an m-element uniform linear antenna array operating in a multiple
signal environment. Let A; denote the response of the array to the i plane wave
signal: A; = [e 35 —Mwi il —lmmws (G —lmmwn Qi3 =M™ where m = (m +
1)/2 and w; = %Sinei, i =1,...,M. 6; is the broadside angle of the i*" signal,
D is the inter-element spacing between the antenna elements and A is the common
wavelength of the narrowband signals in the same units as D and @ = 2. The
array output at the k' snapshot is given by X, = Zf\il A;sk,i +ny where M denotes
the number of signals, the sequence {s;;} the amplitude of the i*" signal and n; the
noise present at the array output at the " snapshot. The objective, in both the
examples, is to maximize the SNR at the output of the beamformer. Since the signal
amplitudes are random the objective translates to obtaining the best estimate of
sk.1, the amplitude of the desired signal, in the MMSE sense. Therefore, the desired
signal is chosen as dj, = sy, 1.

In the first example (Figure 3.1), the array has 4 elements and a single planar

waveform with amplitude, s, ; propagates across the array from direction angle,
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01 = 5. The amplitude sequence {s; 1} is a binary phase shifty keying (BPSK) signal
with period four taking values on {—1, 1} with equal probability. The additive noise

ny, is circular Gaussian with variance 0.25 and mean 0. In all the simulations for SPU-

BPSK Signal, $1
Broadside angle=0

sz A Sk+ nk

l<D=Nm>|

X1k X2k

» i

| d=sg

|

\( 4-element Uniform Array
Mo Mk

Figure 3.1: Signal Scenario for Example 1

LMS, P-LMS, and S-LMS the number of subsets for partial updating, P was chosen
to be 4. It can be easily determined from (3.7) that for Gaussian and independent
signals the necessary and sufficient condition for convergence of LMS and SPU-LMS
is u < 0.67. Figure 3.2 shows representative trajectories of the empirical mean-
squared error for LMS, SPU-LMS, P-LMS and S-LMS algorithms averaged over 100
trials for g = 0.6 and p = 1.0. All algorithms were found to be stable for the BPSK
signals even for p values greater than 0.67. It was only as p approached 1 that
divergent behavior was observed. As expected, LMS and SPU-LMS were observed
to have similar p regions of convergence. It is also clear from Figure 3.2, that as,
expected SPU-LMS, P-LMS, and S-LMS take roughly 4 times longer to converge
than LMS.

In the second example, we consider an 8-element uniform linear antenna array
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Figure 3.2: Trajectories of MSE for Example 1

with one signal of interest propagating at angle 6; and 3 interferers propagating at
angles 6;, i = 2,3,4. The array noise n; is again mean 0 circular Gaussian but
with variance 0.001. We generated signals, such that sj; is stationary and s,
1 =2, 3,4 are cyclostationary with period four, which make both S-LMS and P-LMS
non-convergent. All the signals were chosen to be independent from time instant to
time instant. First, we found signals for which S-LMS doesn’t converge by the fol-

lowing procedure. Make the small p approximation I — p Zf;l LE[ X X f

pyi) to the

transition matrix Hf:l(l— pl; E[ X+ Xk4i)) and generate sequences s, @ = 1,2,3,4
such that 327 LE[X) . X] ;) has roots in the negative left half plane. This ensures
that I —p Zil IiE[XkHX;H] has roots outside the unit circle. The sequences found
in this manner were then verified to cause the roots to lie outside the unit circle for
all 1. One such set of signals found was: s is equal to a BPSK signal with period
one taking values in {—1,1} with equal probability. The interferers, si;, i = 2,3,4

are cyclostationary BPSK type signals taking values in {—1, 1} with the restriction
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Cyclostationary BPSK type Interferer, S
Broadside angle = /6

Cyclostationary BPSK type Interferer, S "

Broadside angle =—n/4
. BPSK Signal,§ |

Broadside angle=n/4

Xi= At Ay syt A syt i

fffffffffff | Y YM”H

l<D=Nn>i

4-element Uniform Linear Array

Figure 3.3: Signal Scenario for Example 2

that spo =01k %4 #1, 5,3 =0if k% 4#2and s,4 =0if k% 4 #3. Herea % b
stands for a modulo b. 6;, 1 = 1,2, 3,4 are chosen such that #; = 1.0388, 6, = 0.0737,
03 = 1.0750 and 64 = 1.1410. These signals render the S-LMS algorithm unstable
for all p.

The P-LMS algorithm also fails to converge for the signal set described above
irrespective of p and the choice of 6, 65, 65, and 6. Since P-LMS updates the
coefficients every 4 iteration it sees at most one of the three interfering signals
throughout all its updates and hence can place a null at atmost one signal incidence
angle 6;. Figure 3.4 shows the envelopes of the e? trajectories of S-LMS and P-LMS
for the signals given above with the representative value yp = 0.03. As can be seen
P-LMS fails to converge whereas S-LMS shows divergent behavior. SPU-LMS and

LMS were observed to converge for the signal set described above when g = 0.03.
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Figure 3.4: Trajectories of MSE for Example 2

3.8 Examples

3.8.1 I.i.d Gaussian Input Sequence

In this section, we assume that X = [z 51 ... Tx_n+1]” where N is the length
of the vector Xj;. {x} is a sequence of zero mean i.i.d Gaussian random variables.

We assume that wy = 0 for all £ > 0. In that case
Vipr = (] - lquXlei)Vk + Xpnp Vo = _WOpt,O = W0pt

where for LMS we have P, = I and P, = I, in case of SPU-LMS. We assume ny, is a
white i.i.d. Gaussian noise with variance o2. We see that since the conditions (3.13)
and (3.14) are satisfied for theorem 3.2 both LMS and SPU-LMS are exponentially
stable. In fact both have the same « exponent of decay. Therefore, conditions F1
and F2 are satisfied.

We rewrite Vj, = J,io) + J,il) + J,f?) + H,EQ). Choosing F, = E[F}] we have
B[P X}, X]] = 0] in the case of LMS and 02T in the case of SPU-LMS. By Theo-

rems 3.3 and 3.4 and Lemmas 3.2 and 3.3 we can upperbound both |J,£2)\ and ]H,gz)|
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by exactly the same constants for LMS and SPU-LMS. In particular, there exists

some constant C' < oo such that for all u € (0, po|, we have

sup
>0

BULD P+ BPY]| < ClXolbrayspt (@)

sup | E[J," H,”)

t>0

< Cpr(0) | Xollrirra)51 .

Next, for LMS we concentrate on

J,E(J)r)l = (1- MUZ)Jlgo) + Xing

T = (= po®) Y + (0?1 = XX )
and for SPU-LMS we concentrate on

J]E(-)‘r)l = (1 2)Jk + [ Xgng

14
P
O'
Jh = (1—%02)J(1)+ 1 - nx.xH)I.

5

Solving (see Appendix A.6), we obtain for LMS

2

lim B0 O] = —2 1
Pl i (J )" w(2 — po?)
(OF (0NN S
khm ElJ7(J,7)] = 0
khm E[JOUE = o
2 2
W0y = Noo,
No?o?

= 1 I+ 0(u)l
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which yields limy_. E[ViV}] = %I+ NUT%"Q’Ith(,ulﬂ)] and for SPU-LMS we obtain

: 0 70N _ Ty
lim B[70 ()] = 0
lim B[O ()] = 0
(N+1)P-1 2 2
. M 7 P9 %
IJEEOE[JIC (L)' = ml
(N+1)P-1 2 2

(N+1)P—1 o

which yields limy_o E[ViVi]] = %[ - Pfaag’f + O(p'/?)I. Therefore, we see

that SPU-LMS is marginally worse than LMS in terms of misadjustment.

3.8.2 Temporally Correlated Spatially Uncorrelated Array Output

In this section we consider X given by
Xk = IiXk_l +v1-— I€2Uk

where U}, is a vector of circular Gaussian random variables with unit variance. Similar
to section 3.8.1, we rewrite Vj, = J,EO) + J,El) + J,Ez) + H,?). Since, we have chosen
F, = E[F] we have E[P.X;X]] = I in the case of LMS and +1 in the case of
SPU-LMS. Again, conditions F1 and F2 are satisfied because of Theorem 3.2. By
[4] and Lemmas 1 and 2 we can upperbound both J,£2) and H 132) by exactly the same
constants for LMS and SPU-LMS. By Theorems 3.3 and 3.4 and Lemmas 3.2 and
3.3 we have that there exists some constant C' < oo such that for all p € (0, uol, we

have

sup |ELY (I + BT < CllXolrayspt ()2

t>0

sup E[Jt(O)Ht(Z)] 2,

t>0

< Cpr(V)| Xollrrss) 518"
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Next, for LMS we concentrate on
I = (1= + Xy
T = (= + pd = X x )Y
and for SPU-LMS we concentrate on
7O = (- %)J,ﬁm + L Xy,
I = =0 T - ra XY,

Solving (see Appendix A.7), we obtain for LMS

2

lim EJOO)] = — T
00 [k(k)] lu(2_lu)
2 .2
- O Oy KON
2 .2
~ O o KON
Jim E[77(L7)' = 4(1_H2>1+0(u)1
- Moy (LER)oN
which leads to limy_., E[V4V,] = gu Now [+ O(u/2)1 and for SPU-LMS we obtain
2
lim EJOJO)] = — 2 T
. k*0ZN
]}LI&E[JJEO)(J;EI))T] = —mIJrO(M)[
2 .2
- O 7o _ Ko
Jim BLL7(L7)T = 4(1_H2>P1+0(u)1
2 2
. 1), 7\ &El—i-li P—-1
Jim B[] = Flpy—a t N+ 1) =751+ 0wl

which leads to limy_.., E[ViV}]] = %I—l— %Q[N—i— 1— LI+ 0(p!/?)1. Again, SPU-LMS

is marginally worse than LMS in terms of misadjustment.

3.9 Conclusion and Future Work

We have proposed a new algorithm based on randomization of filter coefficient

subsets for partial updating of filter coefficients. The conditions on step-size for
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convergence-in-mean and mean-square were shown to be equivalent to those of stan-
dard LMS. It was verified by theory and by simulation that LMS and SPU-LMS
have similar regions of convergence. We also have shown that the Stochastic Partial
Update LMS algorithm has the same performance as the Periodic LMS algorithm
for stationary signals but, can have superior performance for some cyclo-stationary
and deterministic signals.

The idea of random choice of subsets proposed in the chapter can be extended to

N

5 and not just subsets from a particular partition.

include arbitrary subsets of size

No special advantage is immediately evident from this extension though.



CHAPTER 4

Capacity: Isotropically Random Rician Fading

4.1 Introduction

In this chapter, we analyze MIMO channel capacity under a Rayleigh/Rician fad-
ing model with average energy constraint on the input. The model consists of a line
of sight component (specular component) and a diffuse component (Rayleigh com-
ponent) both changing over time. We model the specular component as isotropically
random statistically independent of the Rayleigh component. This model could ap-
ply to the situation where we have either the transmitter or the receiver in motion
resulting in variable diffuse and specular components.

Traditionally, in a Rician model the fading coefficients are modeled as Gaussian
with non-zero mean. We depart from the traditional model in the sense that we
model the mean (specular component) as time-varying and stochastic. The specular
component is modeled as an isotropic rank one matrix with the specular component
staying constant for 7' symbol durations and taking independent values every T*"
instant. We establish similar properties for this Rician model as those shown by
Marzetta and Hochwald [50] for the Rayleigh fading model. In particular, it is
sufficient to optimize over a smaller parameter set of size min{7", M} of real valued

magnitudes of the transmitted signals instead of T - M complex valued symbols.

53
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Furthermore, the capacity achieving signal matrix is shown to be the product of two
independent matrices, a T' x T isotropically random unitary matrix and a 7" x M
real nonnegative matrix.

The isotropically random Rician fading model is described in detail in section 4.2.
In section 4.4, we derive a new lower bound on capacity. The lower bound also holds
for the case of a purely Rayleigh fading channel. In section 4.5 we show the utility
of this bound by computing capacity regions for both Rayleigh and Rician fading

channels.

4.2 Signal Model

The fading channel is assumed to stay constant for 7' channel uses and then take
on a completely independent realization for the next T' channel uses. Let there be
M transmit antennas and N receive antennas. We transmit a 7' x M signal matrix

S and receive a T' x N signal matrix X which are related as follows

_ |
X = | LsH+W (4.1)

where the elements, wy, of W are independent circularly symmetric complex Gaus-
sian random variables with mean 0 and variance 1 (CN(0,1)) and p is the average
signal to noise ratio present at each of the receive antennas.

The only difference between the Rayleigh model and the Rician model considered
here involves the statistics of the fading matrix H. In the case of the Rayleigh model
the elements h,,, of H are modeled as independent CN (0, 1) random variables. For

the isotropically random Rician fading model, the matrix H is modeled as
H=+1—rG+ VrNMvafs'

where G consists of independent CA(0,1) random variables, v is a real random

variable such that F[v?] = 1 and « and 3 are independent isotropically random unit



95

magnitude vectors of length M and N, respectively. G, o and (3 take on independent
values every T*" symbol period and remain unchanging in between. The parameter
r ranges between zero and one, with the limits corresponding respectively to purely
Rayleigh or purely specular propagation. Irrespective of the value of r, the average
variance of the components of H is equal to one, E[tr{HH'}] = M - N.

An M-dimensional unit vector « is isotropically random if its probability density

is invariant to pre-multiplication by an M x M deterministic unitary matrix, that is

p(Va) = p(a), VU : UTW = [, [50]. The isotropic density is p(a) = i%)d(oﬂa - 1)
where I'(M) = (M — 1)\

The choice of the density p(v) of v is not clear. One choice is for p(v) to maximize
the entropy of R = wvaf! corresponding to the worst case scenario (capacity =
minimum) for the channel capacity. One might expect that R corresponding to
maximum entropy would be Gaussian distributed. However, that this is not the case

follows from the proposition below.

Proposition 4.1. There is no distribution p(v) such that the elements of R = va3
have a joint Gaussian distribution, where o and (3 are isotropically random unitary

vectors, and v, «, and 3 are mutually independent.

Proof. Proof is by contradiction. Consider the covariance of the elements, R,,, of

R.

E[lean* ] - E[U2]E[Oém1 O‘:ng]E[ﬁm 5:;2]

momng
1

= kK [UQ] Méml mg 5“1 ng:

If elements of R were jointly Gaussian then they must be independent of each other
which contradicts the assumption that R is of rank one. (]

From now on we will assume that v is identically equal to 1. In that case, the
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conditional probability density function of the measurements at the receiver is given
by
e~ tr{lIr+(1-r) £ 881X —/prNSap") (X —/prNSapt)t}

7N det™ I + (1 — r) £ SS7]

p(X|5) = EaEjp

where F, denotes the expectation over the density of «.

Irrespective of whether the fading is Rayleigh or Rician, we have p(VTH) = p(H)
for any M x M unitary matrix W. In the rest of the section we will deal with H
satisfying this property and refer to Rayleigh and Rician fading as special cases of
this channel. In that case, the condition probability density of the received signals

has the following properties

1. For any T x T" unitary matrix ®
p(®X|®S5) = p(X|S)
2. For any M x M unitary matrix ¥

p(X[SV) = p(X]S)

Lemma 4.1. If p(X|S) satisfies property 2 defined above then the transmitted signal
can be written as ®V where ® is a T X T unitary matriz and V is a T X M real

nonnegative diagonal matriz.

Proof: Let the input signal matrix S have the SVD ®V ¥ then the channel can

P i
X =,/ —0VUH+W
i +

Now, consider a new signal S; formed by multiplying ® and V' and let X; be the

be written as

corresponding received signal. Then

X, = ,/%@VH+W.
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Note that X; and X have exactly the same statistics since p(UTH) = p(H). There-

fore, one might as well send ®V instead of ®V W', (]

Corollary 4.1. If M > T then power should be transmitted only through T of the

antennas.

Proof: Note that the V' in the signal transmitted, ®V is T' x M. It means that

V = [Vr|0] where Vp is T'x T and 0 is T' x (T'— M). That means

[ p
X =,4/—®VH w
7 VorHp +

where Hr is the matrix of first 7" rows in H. That means power is transmitted via
only through T transmit antennas instead of through all M. (]

Even though the power is transmitted only through the first 7" transmit antennas
when M > T the capacity corresponding to this case is not the same as the case
when we have M = T antennas. This is one drawback of the model. The model
obtained by starting with 7" antennas in the first place is not consistent with the
model as starting with M > T antennas and then discarding M — T of them. To
avoid this inconsistency we will assume M < T from now on.

In the case of Rayleigh Fading however there is no such inconsistency and Lemma

4.1 gives rise to a stronger result [50]

Theorem 4.1. For any coherence interval T and any number of receiver antennas,
the capacity obtained with M > T transmitter antennas is the same as the capacity

obtained with M =T antennas.

4.3 Properties of Capacity Achieving Signals

Marzetta and Hochwald [50] have established several results for the case of a

purely Rayleigh fading channel whose proofs were based only on the fact that the
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conditional probability density satisfies Properties 1 and 2 as stated in section 5.2.
Therefore, the results of [50] are also applicable to the case of the isotropically random
Rician fading channel discussed in this chapter.

Assume the power constraint E[tr{SST}] < TM.

Lemma 4.2. : Suppose that S has a probability density po(S) that generates some
mutual information Iy. Then, for any M x M unitary matriz V and for any T x T
unitary matriz ®, the “rotated” probability density, p1(S) = po(®TSV), also generates

.

Proof: (For more details refer to the proof for Lemma 1 in [50].) The proof
hinges on the fact that Jacobian determinant of any unitary transformation is one,
p(PX|DS) = p(X|9), p(X|S¥T) = p(X|S) and E[tr{SST}] is invariant to pre- and

post-multiplication of S by unitary matrices. (]

Lemma 4.3. : For any transmitted signal probability density po(S), there is a prob-
ability density p1(S) that generates at least as much mutual information and is un-

changed by rearrangements of the rows and columns of S.

Proof: (For more details refer to the proof for Lemma 2 in [50].) From Lemma 4.2
it is evident any density obtained from the original density on S, po(.S) by pre- and
post-multiplying S by any arbitrary permutation matrices Prg, k = 1,...,T! (there
are T'! permutations of the rows) and Py, [ = 1,..., M! (there are M! permutations
of the columns), generates the same mutual information. Since mutual information
is a concave functional of the input signal density a mixture input density, p;(S5)
formed by taking the average over all densities obtained by permuting S generates
a mutual information at least as large as that of the original density. Note that the

new mixture density satisfies the same power constraint as the original density since



99

E[tr{SS"}] is invariant to permutations of S. L]

Corollary 4.2. : The following power constraints all yield the same capacity of the

1sotropically random Rician fading channel.
o Elsin|>?=1, m=1,.... M, t=1,...,T
o LM EBlsm|?=1, t=1,...,T
° %Zf:1E|stm|2 =1, m=1,....M
¢ ﬁ Zthl Zi\n/lzl Elsym|* =1

Basically, the corollary tells us that many different types of power constraints

result in the same channel capacity.

Theorem 4.2. The signal matriz that achieves capacity can be written as S = ®V,
where ® is a T X T isotropically distributed unitary matrix, and V is an indepen-
dent T x M real, nonnegative, diagonal matriz. Furthermore, we can choose the
joint density of the diagonal elements of V' to be unchanged by rearrangements of its

arguments.

Proof: Proof is similar to the proof for Theorem 2 in [50]. (]
4.4 Capacity Upper and Lower Bounds

First we will state the following result which has already been established in [50],
and follows in a straightforward manner from [73].

Theorem 4.3. The expression for capacity of the isotropically random Rician fading
channel when only the receiver has complete knowledge about the channel (informed

recetver uninformed transmitter) is

Cy =T - Elog det [[N n ﬁHTH] .



60

The following general upper bound on capacity is quite intuitive [10, 50].

Proposition 4.2. An upper bound on capacity of the isotropically random Rician
fading channel when neither the transmitter nor the receiver has any knowledge about

the channel (uninformed receiver uninformed transmitter) is given by

O < Cy =T Elogdet [IN + ﬁHTH] . (4.2)

What is lacking is a tractable lower bound on capacity of the isotropically random
Rician fading channel. In this work we establish such a lower bound when no channel

information is present at either the transmitter or the receiver.

Theorem 4.4. A lower bound on capacity of the isotropically random Rician fading
channel when neither the transmitter nor the receiver has any knowledge about the

channel is given by

C > TE [logQ det (IN + %HTH)] ~NE [logQ det (IT + %SSTH (4.3)

> TE [mg2 det <IN + %HTHH ~ NMlog,(1 + ﬁT). (4.4)

Proof: First note that the capacity C' is given by

€ = max[1(X; 5) = H(X) = H(X|5)

by choosing a specific distribution on S, in this case CA(0, 1), we get a lower bound

to C. Note that H(X|H) < H(X) so that we obtain
C > H(X|H) - H(X]S). (4.5)

Since p(S) = —pr exp (—tr{SST}) (the elements of S are CA/(0,1) random vari-

ables)

H(X|H) = TE [logz ((we)N det <1N n ﬁHTHm .
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Now we turn to evaluating H(X|S). Note that since p(UVTH) = p(H) for all unitary
matrices W, Bl n Pn,] = OmimoOning Therefore given S, X has covariance given

by

E[xt1n1x:2n2|s} = Onyny *

M
p x
5t1t2 + M Zl Stlmstzm] .

Since ‘H(X|S) is bounded above by the entropy Hg(X|S) of a Gaussian with the

same mean and covariance as X given S we have
He(X|S) < NE [logQ ((we)T det (JT + %SsTm

where the expectation is over the distribution of S which gives us (4.3).
Next we simplify the expression above further to obtain a looser lower bound. We
use the property that for any T'x M matrix S, det(I7+SST) = det(Ip;+ STS). This,

along with the fact that log, det(K) is convex cap and Jensen’s inequality, gives

NE [1og2 det (IT + %SSTH < Nlog,det <[M v %E[STSD (4.6)

P
= NMI1 1+ =1T). 4.
og,(1+L.7) (47)

Therefore, we obtain (4.4). L]

Note that the expression on the right hand side in (4.5) can be rewritten as
I(X;S|H) — I(X; H|S). I(X; S|H) is the mutual information when H is known to
the receiver and I(X; H|S) is the information contained in X about H when S is
known at the receiver and therefore, I(X; H|S) can be viewed as the penalty for
learning H in the course of decoding S from the reception of X.

A simple improved lower bound in either (4.3) or (4.4) can be obtained by opti-
mizing over the number of transmit and receive antennas used. Note that both the
expressions in the right hand side of (4.3) can be easily evaluated using Monte Carlo

simulations.
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From the lower bound (4.4) it can be easily seen that as 7' — oo the normalized

capacity, C,, = C'/T in bits per channel use is given by that of the informed receiver
C, = Elogdet | I + %HTI—[ .

This was conjectured for the Rayleigh fading channel by Marzetta and Hochwald in

[50] and discussed in [10, p. 2632].

4.5 Numerical Results

First we show the utility of the lower bound by comparing it with the actual
capacity curve calculated in [50] for the case of a single transmit and receive antennas
in a purely Rayleigh fading environment for increasing 7. We plot the upper bound
(4.2), the lower bound derived (4.3) and the actual capacity obtained in [50] from
numerical integration in Figure 4.1. The utility of this bound is clearly evident from

how well the lower bound follows the actual capacity.

09 Capacity UpperBound 1 35k Capacity Upper Bound

Actual Capacity

Actual Capacity |
4 Capacity Lower Bound

0.2+ Capacity Lower Bound
0.1 0.5
0 5 10 15 20 25 30 35 40 0 ‘ ‘ ‘ ‘ ‘ ‘ ‘
5 10 15 20 25 30 35
T (Coherence Interval) T (Coherence Interval)
(a) p=0dB (b) p=12dB

Capacity (bits/T)
o
o
Capacity (bits/T)
o "

«

Figure 4.1: Capacity and Capacity lower bound for M = N =1as T — oo

In different simulations, using the upper and lower bounds, we found that the

capacity variation as a function of r, i.e. as the channel moves from a purely Rayleigh
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(r = 0) to a purely specular channel (r = 1)become more pronounced as we move to
higher SNR regimes and larger number of transmit and receive antennas, M and N
respectively. Examples of this behavior are shown in Figures 4.2 and 4.3. Note that
for the special case of M = N = 1 the capacity curves have an upward trend as r
varies from 0 to 1. For all other cases the capacity curves have a downward trend,

where the reduction in capacity becomes significant only for r > 1/2.
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(a) p=0dB (b) p=15dB

Figure 4.2: Capacity upper and lower bounds as the channel moves from purely Rayleigh to purely
Rician fading

4.6 Analysis for High SNR

The techniques developed in [85] can be easily applied to the model in this section
to conclude that the number of degrees of freedom is given by M*(T — M*) where
M* = min{M, N,T/2}. All the Theorems developed in [85] can be easily translated
to the case of isotropically random Rician fading.

We will now investigate whether the lower bound derived in this chapter attains
the required number of degrees of freedom. We will compare this lower bound with

the capacity expression derived in [85] for high SNR. Figure 4.4 shows the actual
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Figure 4.3: Capacity upper and lower bounds as the channel moves from purely Rayleigh to purely
Rician fading

capacity and the lower bound as a function of increasing SNR for a purely Rayleigh
fading channel. In both cases 7' > M* 4+ N where M* = min{M, N,T/2} as the
actual capacity expression is not known for 7 < M* + N [85]. As can be seen this

lower bound attains the required number of degrees of freedom.
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Figure 4.4: Capacity and capacity lower bound as a function of SNR for a purely Rayleigh fading
channel
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4.7 Conclusions

We have analyzed the case of isotropically random Rician fading channel. We
have proposed a tractable model for Rician fading with a stochastic isotropic specular
component of rank one. Using this model we were able to establish most of the results
previously obtained in the case of Rayleigh fading. We were also able to derive a
lower bound on capacity for any number of transmit and receive antennas. This
lower bound is also applicable to the case of Rayleigh fading. For single transmit
and receive antennas, the Rician channel gives superior performance with respect
to the Rayleigh channel. For multiple antenna channels, Rician fading tends to
degrade the performance. Our numerical results indicate that the Rayleigh model is
surprisingly robust: under our Rician model, up to half of the received energy can
arrive via the specular component without significant reduction in capacity compared
with the purely Rayleigh case. Finally, the model considered in this chapter has a
drawback as explained after Lemma 4.1. Inspite of the drawback the model is helpful

in understanding the Rician channel.



CHAPTER 5

Min-Capacity: Rician Fading, Unknown Static Specular
Component

5.1 Introduction

In the previous chapter we considered an isotropic model for the case of Rician
fading where the fading channel consists of a Rayleigh component, modeled as in
[50] and an independent rank-one isotropically distributed specular component. The
fading channel was assumed to remain constant over a block of T consecutive symbol
periods but take a completely independent realization over each block. We derived
similar results on optimal capacity achieving signal structures as in [50]. We also
established a lower bound to capacity that can be easily extended to the model
considered in this chapter. The model described in the previous chapter is applicable
to a mobile-wireless link where both the direct line of sight component (specular
component) and the diffuse component (Rayleigh component) change with time.

In this chapter, we consider MIMO channel capacity, under the average energy
constraint on the input signal, of a quasi-static Rician model where the specular
component is non-changing while the Rayleigh component is varying over time. This
model is similar to the traditional model where the specular component is determinis-
tic and persists over time. The model is applicable to the case where the transmitter

and receiver are fixed in space, are in motion, or the propagation medium is changing

66
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where the transmitter and the receiver are sufficiently far apart so that the specular
component is practically constant while the diffuse multipath component changes
rapidly. If the specular component were known to both the transmitter and the re-
ceiver then the signaling scheme as well as the capacity would depend on the specific
realization of the specular component. We however deal with the case when the
transmitter has no knowledge about the specular component. In this scenario the
transmitter has to treat the specular component as a random variable with a prior
distribution. There are two approaches the transmitter can take. It can either ignore
the distribution, treat the channel as an arbitrarily varying channel and maximize
the worst case rate over the ensemble of values that the specular component can take
on or take into account the prior distribution of the specular component and then
maximize the average rate. We address both approaches in this chapter.

Similarly to [21] the specular component is an outer product of two vectors of
unit magnitude that are non-changing and unknown to the transmitter but known
to the receiver. The difference between our approach and that of [21] is that in
[21] the authors consider the channel to be known completely to the receiver. We
assume that the receiver’s extent of knowledge about the channel is limited to the
specular component. That is, the receiver has no knowledge about the Rayleigh
component of the model. Considering the absence of knowledge at the transmitter
it is important to design a signal scheme that guarantees the largest overall rate
for communication irrespective of the value of the specular component. This is
formulated as the problem of determining the worst case capacity called min-capacity,
in section 5.2. In section 5.5 we consider the average capacity instead of worst case
capacity and show that both formulations imply the same optimal signal structure

and the same maximum possible rate. Throughout this chapter we assume that the
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transmitter has no knowledge about the channel though it has knowledge of the
statistics of the Rayleigh component of the channel. Only in 5.5 do we assume that

the channel has knowledge of the statistics of the specular component as well.

5.2 Signal Model and Min-Capacity Criterion

Let there be M transmit antennas and N receive antennas. We assume that the
fading coeflicients remain constant over a block of T' consecutive symbol periods but
are independent from block to block. Keeping that in mind, we model the channel
as carrying a T' x M signal matrix S over a M x N MIMO channel H, producing X

at the receiver according to the model:

_ /L
X = | LsH+W (5.1)

where the elements, wy, of W are independent circular complex Gaussian random

variables with mean 0 and variance 1 (CN(0,1)).

The MIMO Rician model for the matrix H is H = /1 — rG + vVrNMafg! where
G consists of independent CA(0, 1) random variables and « and /3 are deterministic
vectors of length M and N, respectively, such that afa = 1 and 513 = 1. We assume
a and 3 are known to the receiver. Since the receiver is free to apply a co-ordinate
transformation by post multiplying X by a unitary matrix, without loss of generality
we can take ( to be identically equal to [1 0 ... 0]". We will sometimes write H as
H,, to highlight the dependence of H on a. GG remains constant for 7" symbol periods
and takes on a completely independent realization every T symbol period.

The problem we are investigating is to find the distribution p™(S) that attains the

maximum in the following maximization defining the worst case channel capacity

C™ =max I"(X;S) = max inf [*(X;95)
p(S) p(S) acA
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and also to find the maximum value, C".

p(X]S, af3)
(S)p(X]S, )

is the mutual information between X and S when the specular component is given

I°(X;9) :/p(S)p(X|S,a6T)logfp IS dSdX

by af" and A dlef {a:a € @™ and a'a = 1}. Note that since 5 =[10 ... 0]
without any loss of generality we can write p(X|]S, af") as simply p(X|S, a) and is
given by

o tr{lIr+(1-1) £ ST~ (X —/prNSat) (X —VorNSash) T}

7N detN Iy + (1 — r) £ 8ST]

p(X|S, Oé) =

Since A is compact the “inf” in the problem can be replaced by “min”. For con-
venience we will refer to I"™(X; S) as the min-mutual information and C™ as min-
capacity.

The min-capacity defined above is just the capacity of a compound channel. For
more information on the concept of compound channels, worst case capacities and the
corresponding coding theorems refer to [14, chapter 5, pp. 172-178]. It is shown that
(14, Prob. 13, p. 183] min-capacity doesn’t depend on the receiver’s knowledge of
the channel. Hence, it is not necessary for us to assume that the specular component
is known to the receiver. However, we do so because it facilitates computation of

avg-capacity in terms of the conditional probability distribution p(X|S).

5.3 Capacity Upper and Lower Bounds

Theorem 5.1. Min-capacity, C}} of the quasi-static Rician fading model when the

channel matriz H is known to the receiver is given by

O™ = TE log det [IN + %Hjl Hel] (5.2)
where ey = [1 0 ... 0|7 is a unit vector in @™ . Note that e, in (5.2) can be replaced

by any o € A without changing the answer.
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Proof: First we note that for 7" > 1, given H the channel is memoryless and
hence the columns of the input signal matrix S are independent of each other. That
means the mutual information 1%(X;S) = .1, I*(X;; S;) where X; and S; denote
the i row of X and S, respectively. The maximization over each term can be done
separately and it is easily seen that each term will be maximized individually for
the same density on S;. That is p(S;) = p(S;) for i # j and max,s) [*(X;S) =
T max,s,) I*(X1;51). Therefore, WLOG we assume 7" = 1.

Given H the channel is an AWGN channel therefore, capacity is attained by
Gaussian signal vectors. Let Ag be the input signal covariance. Since the transmitter

doesn’t know «, Ag can not depend on « and the min-capacity is given by

- i L HIASH,|
Assti?/?g%gM F(As) As:tg{lﬁs}igM IanElEElog det [IN + MHaASHa (5.3)

where F(Ag) is implicitly defined in an obvious manner. First note that F(Ag) in
(5.3) is a concave function of Ag (This follows from the fact that log det K is a concave
function of K). Also, F(¥TAs¥) = F(Ag) for any M x M ¥ : UTW = [, since
Ul € A for any o € A and G has i.i.d. zero mean complex Gaussian entries. Let
Q'DQ be the SVD of Ag then we have F(D) = F(QTDQ) = F(As). Therefore, we
can choose Ag to be diagonal. Moreover, F(PiAsP,) = F(Ag) for any permutation
matrix P, k = 1,..., M. Therefore, if we choose A’y = ﬁ 24:!1 PIIAst then by

concavity and Jensen’s inequality we have

F(Ng) > S F(PIAsP) = F(As).

k=1

Therefore, we conclude that the maximizing input signal covariance Ag is a multiple
of the identity matrix. To maximize the expression in (5.3) we need to choose
tr{As} = M or Ag = Iy and since Elogdet[ly + & H} H,,] = Elogdet[Iy +

L H H,,| for any a;,as € A, (5.2) easily follows. =



71

By the data processing theorem additional information at the receiver doesn’t

decrease capacity. Therefore:

Proposition 5.1. An upper bound on the channel min-capacity of the quasi-static

Rician fading channel when the recewver has no knowledge of G is given by

C™ < T- Elogdet Iy + ﬁH;leel . (5.4)

Now, we establish a lower bound.

Proposition 5.2. A lower bound on min-capacity of the quasi-static Rician fading

channel when the the receiver has no knowledge about G is given by

cm > " - NE [1og2 det (IT +(1- r)ﬁSSTﬂ (5.5)
> O™ — NMlogy(1 + (1 — r)%T). (5.6)
Proof: Proof is similar to that of Theorem 4.4 and won’t be repeated here. (]

Notice that the second term in right hand side of the lower bound is
NE [log2 det (IT + (1 - 7")%550]

instead of NE [log2 det (]T + ﬁSST)} which occurs in the lower bound derived for
the model in the previous chapter. Recall that we have seen how the second term
can be viewed as a penalty term for using part of the available rate for training in
order to learn the channel. When r = 1 or when the channel is purely specular we
see that the penalty term for training goes to zero. This makes perfect sense because
the specular component is known to the receiver and the penalty for learning the
specular component is zero in the current model as contrasted to the model in the
previous chapter.

Combining (5.4) and (4.4) gives us the following
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Corollary 5.1. The normalized min-capacity, C)" = C™ /T in bits per channel use as
T — oo of the quasi-static Rician fading channel when the receiver has no knowledge

of G is given by

C™ = Elogdet | Iy + %H;Hel

Note that this is same as the capacity when the receiver knows H, so that as

T — oo perfect channel estimation can be performed.

5.4 Properties of Capacity Achieving Signals

In this section, we derive the optimum signal structure for achieving min-capacity.

The optimization is done under the average power constraint E[tr{SST}] < T M.

Lemma 5.1. I"(X;Y5), for the quasi-static Rician fading channel when the receiver

has no knowledge of G, as a functional of p(S) is concave in p(S).

Proof: First we note that I*(X;5) is a concave functional of p(S) for every o € A.

Let I™(X; 5)p(s) denote I™(X;.S) evaluated using p(S) as the signal density. Then,

I"™ (X5 S)spi(5)+(1-0)pa() = ML (X 5)5p1 (5)+01-8)pa(5)
> min[61*(X;5),,(s) + (1= 6)I%(X;.9) )]

a€A

Vv

dmin I*(X;.5),, sy + (1 — &) min I*(X;.5)p,(s)

acA acA

= 01" (X;9)p(s) + (1= 0)I™(X5.5)py5)-

Lemma 5.2. For any T x T unitary matriz ® and any M x M unitary matriz ¥, if
p(S) generates I™(X; S) then so does p(®SWT) when the fading is quasi-static Rician

fading and the receiver has no knowledge of the Rayleigh component.
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Proof: 1) Note that p(®X|PS) = p(X|9), therefore I*(X; PS) = I*(X;5) for
any T x T" unitary matrix ® and all a € A.

2) We have, Wa € A for any a € A and any M x M unitary matrix W. Therefore,
if I™(X;S) achieves its minimum value at ag € A then I™(X;SUT) achieves its
minimum value at Wag because I%(X; S) = IY*(X; SUT) for« € Aand ¥ an M x M
unitary matrix.

Combining 1) and 2) we get the lemma. ]

Lemma 5.3. The min-capacity achieving signal distribution, p(S) when G is not
known at the recewver for the quasi-static Rician fading channel is unchanged by any

pre- and post- multiplication of S by unitary matrices of appropriate dimensions.

Proof: We will show that for any signal density po(S) generating min-mutual
information IJ" there exists a density pi(S) generating I7* > IJ* such that p,(S) is
invariant to pre- and post- multiplication of S by unitary matrices of appropriate
dimensions. By Lemma 5.2, for any pair of permutation matrices, ® (7" x T) and
U (M x M) po(®STT) generates the same min-mutual information as p(S). Define
up(P) to be the isotropically random unitary density function of a 7" x T unitary

matrix ®. Similarly define uy (¥). Let p1(S) be a mixture density given as follows

pi(S) = / / po(PSTUN)u(P)u(T) dPdT.

It is easy to see that p;(S) is invariant to any pre- and post- multiplication of S by
unitary matrices and if I7" is the min-mutual information generated by p;(S) then

from Jensen’s inequality and concavity of I™(X;.S) we have I7* > I} ]

Corollary 5.2. p™(S), the optimal min-capacity achieving signal density, for the

quasi-static Rician fading channel when the receiver has no knowledge of G, lies in
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P = UrsoPr where
Pr=A{p(S): I*(X;S) =1 Va € A}. (5.7)

Proof: Follows immediately from Lemma 5.3 because any signal density that is
invariant to pre- and post- multiplication of S by unitary matrices generates the

same mutual information /*(X;S) irrespective of the value of a. ]

Corollary 5.3. The min-capacity achieving signal distribution p(S) for the quasi
static Rician fading channel when the recewer does not know G is unchanged by

rearrangements of elements in S.

Corollary 5.4. : The following power constraints all yield the same channel min-

capacity of the quasi-static Rician fading channel when the receiver does not know

G.
o Elsin|>?=1, m=1,....,M, t=1,...,T
o LM Blswm|?=1, t=1,...,T
o%th:lE|stm|2:1, m=1,...,M
¢ ﬁ Zthl 27]\7/1[:1 E|31tm|2 =1

Theorem 5.2. The signal matriz that achieves min-capacity, for the quasi-static
Rician fading channel when the Rayleigh component is not known at the receiver,
can be written as S = ®VUT, where ® and ¥ are T x T and M x M isotropically
distributed matrices independent of each other, and V' is a T x M real, nonnegative,

diagonal matriz, independent of both ® and V.

Proof: From the singular value decomposition (SVD) we can write S = &V T

where @ is a 7' x T" unitary matrix, V' is a 7' x M nonnegative real diagonal matrix,
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and ¥ is an M x M unitary matrix. In general, &, V and ¥ are jointly distributed.
Suppose S has probability density po(S) that generates min-mutual information Ij".
Let ©; and O, be isotropically distributed unitary matrices of size T'x T and M x M
independent of S and of each other. Define a new signal 51 = 015 @;, generating min-
mutual information I7". Now conditioned on ©; and O,, the min-mutual information
generated by S; equals /. From the concavity of the min-mutual information as a
functional of p(.S), and Jensen’s inequality we conclude that I7* > I}

Since ©, and O, are isotropically distributed ©;® and O,V are also isotropically
distributed when conditioned on ® and V¥ respectively. This means that both ©,®
and ©,W¥ are isotropically distributed making them independent of &, V and W.
Therefore, Sy is equal to the product of three independent matrices, a T' x T unitary
matrix ®, a 7" x M real nonnegative matrix V' and an M x M unitary matrix V.

Now, we will show that the density p(V') on V is unchanged by rearrangements of
diagonal entries of V. There are min{ M!, T} ways of arranging the diagonal entries
of V. This can be accomplished by pre- and post-multiplying V' by appropriate
permutation matrices, Pry and Py, k= 1,..., min{M!, T'}. The permutation does
not change the min-mutual information because ®Pr, and WPy, have the same
density functions as & and ¥. By choosing an equally weighted mixture density
for V, involving all min{M!, T} arrangements we obtain a higher value of min-
mutual information because of concavity and Jensen’s inequality. This new density

is invariant to the rearrangements of the diagonal elements of V. (]

5.5 Average Capacity Criterion

In this case we maximize [g(X;9S) = E,[I*(X;S)], where I* is as defined earlier

and F, denotes expectation over o € A under the assumption that all « are equally
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likely. That is, under the assumption that « is unchanging over time, isotropically
random and known to the receiver. Please note that this differs from the model
considered in Chapter 4 where we consider the case of a piecewise constant, time
varying, i.i.d. specular component.

Therefore, the problem can be stated as finding pg(S) the probability density

function on the input signal S that achieves the following maximization

Cg = max E,[[%(X; 9)] (5.8)

p(S)
and also to find the value Cg. We will refer to Ig(X;S) as avg-mutual information
and Cg as avg-capacity.
We will show that the signal density p™(S) that attains C™ also attains Cg. For

this we need to establish the following Lemmas.

Lemma 5.4. [g(X;S) for the quasi-static Rician fading channel is a concave func-
tion of the signal density p(S) when the receiver does not know G and the transmitter

takes into account the statistics of the specular component.

Proof: First we note that I*(X;.S) is a concave functional of p(S) for every a € A.

Then,

Tp(X59)spi(5)+(1=8)pa(s) = EalI(X5.9)6p,(8)+1-5)pa(9))
> Eo[01%(X59)py(s) + (1 = ) I(X;.5)py(s)]
= OB [I(X;9)p 5] + (1 = 0) Ea[I%(X5.9) pacs)]

= 0p(X;9)p5) + (1 =) Ie(X;S)ps)-

Lemma 5.5. For any T x T unitary matric ® and any M x M unitary matriz ¥,

if p(S) generates Ip(X;S) then so does p(®SYT) when the fading is quasi-static, the
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receiver does not know G and the transmitter takes into account the statistics of the

specular component.

Proof: We want to show if p(S) generates Ig(X;S) then so does p(®S¥T). Now

since the density function of «, p(a) = Fﬁ%)é (afa — 1) we have

7TM

i) /I"(X; S) da.

Note that I*(X;®S) = I*(X;S) and IV*(X;SU") = I*(X;S) = IV'*(X;S) =

Ig(X;9) =

I%(X; SUT). Therefore,

I5(X;8) =

where the last two equalities follow from the transformation w = ¥fa and the fact

the Jacobian of the transformation is equal to 1. (]

Lemma 5.6. The avg-capacity achieving signal distribution, p(S) is unchanged by
any pre- and post- multiplication of S by unitary matrices of appropriate dimensions
when the fading is quasi-static, the receiver does not know G and the transmitter

takes into account the statistics of the specular component.

Corollary 5.5. pg(S), the optimal avg-capacity achieving signal density lies in
P = UrsoP; where Py is as defined in (5.7) when the fading is quasi-static Rician
fading, the receiver has no knowledge of G- and the transmitter takes into account the

statistics of the specular component.



78

Based on the last corollary we conclude that for a given p(S) in P we have
I'™(X;S) = mingea I*(X; ) = E[I*(X;S)] = Ig(X;S). Therefore, the maximiz-
ing densities for C'r and C™ are the same and also Cr = C™. Therefore, designing
the signal constellation with the objective of maximizing the worst case performance

is not more pessimistic than maximizing the average performance.

5.6 Coding Theorem for Min-capacity

In this section, we will prove the following theorem.

Theorem 5.3. For the quasi-static Rician fading model, for every R < C™ there
exists a sequence of (2"%,n) codes with codewords, m?, i = 1,...,2"%  satisfying the

power constraint such that

where P, , = max?gf P.(ml', ) and P.(m;) is the probability of incorrectly decoding

the messages m; when the channel is given by H,.

Proof: Proof follows if we can show that F.,, is bounded above by the same
Gallager error exponent [26, 27] irrespective of the value of . That follows from the
following lemma (Lemma 5.7). =

The intuition behind the existence of a coding theorem is that the min-capacity
C™, is the mutual information between the output and the input for some particular
channel H, (Since A = {a : a € @™ and a'a = 1} is compact). Therefore, any
codes generated from the random coding argument designed to achieve rates up to
C™ for that particular H, achieve rates up to C™ for all H,,.

For Lemma 5.7, we first need to briefly describe the Gallager error exponents

26, 27] for the quasi-static Rician fading channel. For a system communicating at a
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rate R the upper bound on the maximum probability of error is given as follows

Pean < E S),a) —yRlog?2
, eXP( nmax max [Eo(y,p(S), @) = yRlog ])

where n is the length of the codewords in the codebook used and Ey(7v, p(S), «) is as

follows
) v
Boly.(8).e) = ~tog [ | [ sswlx[s. ayriias| ax
where S is the input to the channel and X is the observed output and

—tr{[IT—l—(l r) £ SSHH X —vprNSapt)(X—v/prNSaph)t}

X|S, a
P(X15, ) = 7N det™ I + (1 — r) £ S ST]
where (3 is simply [1 0 ... 0]”. Maximization over 7 in the error exponent yields a
value of 7 such that % R. Note that for v = 0, %’;ﬁ) = 1*(X;9)

26, 27] where the mutual information has been evaluated when the input is p(S). If

p(S) is the min-capacity achieving density, p™(S) then W C™. For more

information refer to [26, 27].

Lemma 5.7. The Ey(vy,p™(S), ) for the quasi-static Rician fading model is inde-

pendent of a.

Proof: First, note that

p™(S) = p™(SU)
for any M x M unitary matrix ¥. Second,
r 1 v
Eo(v,p"(S), @) = —log/ /pm(S)p(X\S, &)mds] dx
= —log/ _/pm(s\w)p(X|S\1ﬂ,a)ﬁdsrdx

- R
= —log / / pm(S)p(X|S,\I/Toz)1+vdS] dX

= Ey(7,p™(5), Vi)
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where the second equation follows from the fact that U is a unitary matrix and its Ja-
cobian is equal to 1 and the third equation follows from the fact that p(X|SUT, «) T =
p(X]S, \Iﬁa)ﬁ. Since VU is arbitrary we obtain that Ey(~,p™(S), «) is independent

of a.

5.7 Numerical Results

Plotting the capacity upper and lower bounds leads to similar conclusions as in
the previous chapter except for the fact when r = 1 the upper and lower bounds on
capacity coincide.

In Figure 5.1 we plot the capacity and upper lower bounds as a function of the
Rician parameter ». We see that the change in capacity is not drastic for low SNR as
compared to larger SNR values. Also, from Figure 5.2 we conclude that this change in
capacity is more prominent for larger number of antennas. We also conclude that for
a purely specular channel increasing the number of transmit antennas has no effect
on the capacity. This is due to the fact that with a rank-one specular component,

only beamforming SNR gains can be exploited, no diversity gains are possible.

5.8 Conclusions

We have proposed another tractable model for Rician fading channel different
from the one in Chapter 4 but, along the lines of [21]. We were able to analyze this
channel and derive some interesting results on optimal signal structure. We were also
able to show that the optimization effort is over a much smaller set of parameters
than the set originally started with. We were also able to derive a lower bound that
is useful since the capacity is not in closed form.

Finally, we were able to show that the approach of maximizing the worst case

scenario is not overly pessimistic in the sense that the signal density maximizing the
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worst case performance also maximizes the average performance and the capacity
value in both formulations turns out to be the same. The average capacity being
equal to the worst case capacity can also be interpreted in a different manner: we
have shown that the average capacity criterion is a quality of service guaranteeing

capacity.



CHAPTER 6

Capacity: Rician Fading, Known Static Specular Component

6.1 Introduction

In Chapter 4, we considered a model where the specular component is rank-one
and has an isotropic distribution. In Chapter 5, we considered a model where the
specular component is deterministic and static but unknown to the transmitter. Both
these models led to a tractable analysis of the capacity or min-capacity of the Rician
fading model. Also, the specular component considered in both the chapters was
of rank one. Here we consider the Rician fading model with a fixed deterministic
specular fading component.

In this chapter, we analyze the standard Rician fading model for capacity un-
der the average energy constraint on the input signal. Throughout the chapter, we
assume that the specular component is deterministic and is known to both the trans-
mitter and the receiver. The specular component in this chapter is of general rank
except in section 6.2 where it is restricted to be of rank one. Throughout this chapter
the Rayleigh component is never known to the transmitter. There are some cases we
consider where the receiver has complete knowledge of the channel. In such cases,
the receiver has knowledge about the Rayleigh as well as the specular component

whereas the transmitter has knowledge only about the specular component. The ca-

83
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pacity when the receiver has complete knowledge about the channel will be referred
to as coherent capacity and the capacity when the receiver has no knowledge about
the Rayleigh component will be referred to as non-coherent capacity. This chapter
is organized as follows. In section 6.2 we deal with the special case of a rank-one
specular component with the characterization of coherent capacity in section 6.2.1.
The case of rank greater than one is dealt with in section 6.3. The coherent capacity
for this case is considered in section 6.3.1, the non-coherent capacity for low SNR in
section 6.3.3 and the non-coherent capacity for high SNR in section 6.3.4. Finally,
in section 6.4 we consider the performance of a Rician channel in terms of capacity

when pilot symbol based training is used in the communication system.

6.2 Rank-one Specular Component

We adopt the following model for the Rician fading channel

_ /L
X = | LsH+W (6.1)

where X is the T'x N matrix of received signals, H is the M x N matrix of propagation
coefficients, S is the T x M matrix of transmitted signals, W is the T' x N matrix of
additive noise components and p is the expected signal to noise ratio at the receivers.

For a deterministic rank one Rician channel H is defined as
H=+vV1-rG+VrNMH,, (6.2)

where G is a matrix of independent CA(0,1) random variables, H,, is an M x N
deterministic matrix of rank one such that tr{H/ H,,} = 1 and r is a non-random

constant lying between 0 and 1. Without loss of generality we can assume that
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H,, = aft where « is a length M vector and 3 is a length N vector such that

1

0

0

where the column and row vectors are of appropriate lengths.

In this case, the conditional probability density function of X given S is given by,
e tr{llr+(1=r)(p/M)SST)™H(X —V/rNMSHpm ) (X —V/rNMSHm)'}

7N det™ [Ip + (1 — 7)(p/M)SST]

p(X|S) =
The conditional probability density enjoys the following properties

1. For any T x T" unitary matrix ¢
p(9X|9S) = p(X]9)
2. For any (M — 1) x (M — 1) unitary matrix 1
p(X[SV) = p(X]S)

where

6.2.1 Coherent Capacity

The mutual information (MI) expression for the case where H is known by the
receiver has already been derived in [23]. The informed receiver capacity achieving
signal S is zero mean Gaussian independent from time instant to time instant. For

such a signal the MI is

[(X;S|H) =T Elogdet [JN + %HTAH]
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where A = E[STS;] for t = 1,...,T, S; is the t' row of the T' x M matrix S. ST

denotes the transpose of S; and S} def (ST

Theorem 6.1. Let the channel H be Rician (6.2) and be known to the receiver.

Then the capacity is
Pt A
Cy = H}%XTElog det[Iy + —H'A“Y H] (6.5)

where the signal covariance matriz AY? is of the form

AGD _ M—-—(M-1)d 11,
13, dln -1
where d is a positive real number such that 0 < d < M /(M — 1) and [ is such that
| < /(54 — d)d. Ip— is the identity matriz of dimension M —1 and 1,,_, is the
all ones column vector of length M — 1.
Proof: This proof is a modification of the proof in [73]. Using the property that

UTH has the same distribution as H where W is of the form given in (6.4) we conclude

that
T Elogdet [In + %HTAH — T Elog det [IN + %HT\IJA\I/TH .

If A is written as

C

A
At B
> ATB7TA (

where ¢ is a positive number such that ¢

A=

to ensure positive semi-
definiteness of the covariance matrix A), A is a row vector of length M — 1 and

B is a positive definite matrix of size (M — 1) x (M — 1). Then
Ayt

YA By

VAU =
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Since B = UDU' where D is a diagonal matrix and U is a unitary matrix of size
(M —1) x (M —1), choosing ¢ = IIU where IT is a (M — 1) x (M — 1) permutation

matrix, we obtain that
P gt _ P optAn
T - Elogdet ]N—I—MHAH =T - FElogdet IN+MHA H

where

c AU
Al =

IHHUAT IIDII

Since log det is a concave (convex cap) function we have

- 1 p i
T.El dt[[ —HTAHH] > T7.——  _N"pl dt[[ L gtATH
ogde N+M 2 (M—l)!XH: og de N+M

= I(X;9)

where ATl = ﬁ S A™ and the summation is over all (M — 1)! possible permu-
tation matrices II. Therefore, the capacity achieving A is given by ATl and is of the

form

A c bly—y

b1y, dly—
where d = tr{B}/(M — 1). Now, the capacity achieving signal matrix has to satisfy
tr{A} = M since MI is monotonically increasing in tr{A}. Therefore, c = M — (M —
1)d. And since ¢ > LTD7L this implies M — (M — 1)d > % and we obtain
the desired signal covariance structure. (]
The problem remains to find the [ and d that achieve the maximum in (6.5).
This problem has an analytical solution for the special cases of: 1) r = 0 for which
d =1and [ = 0 (rank M signal S); and 2) r = 1 for which d = [ = 0 (rank 1

signal S). In general, the optimization problem (6.5) can be solved by using the

method of steepest descent over the space of parameters that satisfy the average
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power constraint (See Appendix B.1). Results for p = 100,10,1,0.1 are shown in
Figure 6.1. The optimum values of [ for different values of p turned out to be zero,
i.e. the signal energy transmitted is uncorrelated over different antenna elements
and over time. As can be seen from the plot the optimum value of d stays close to 1
for high SNR and close to 0 for low SNR. That is, the optimum covariance matrix is
close to an identity matrix for high SNR. For low SNR, all the energy is concentrated
in the direction of the specular component or in other words the optimal signaling

strategy is beamforming. These observations are proven in section 6.3.1.
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r (fraction of energy in the specular component)

Figure 6.1: Optimum value of d as a function of r for different values of p

6.3 General Rank Specular Component

In this case the channel matrix can be written as

H=vV1—7rG+rHp, (6.6)

where GG is the Rayleigh Fading component and H,, is a deterministic matrix such
that tr{H,,H } = M N with no restriction on its rank. Without loss of generality,

we can assume H,, to be an M x N diagonal matrix with positive real entries.
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6.3.1 Coherent Capacity

For high SNR, we show that the capacity achieving signal structure basically ig-
nores the specular component. There is no preference given to the channel directions

in the specular component.

Proposition 6.1. Let H be Rician (6.6). Let Cy be the capacity for H known at
the receiver. For high SNR p, Cy is attained by an identity signal covariance matrix

when M < N and

log(y/p)
\/,5

C’H:T'Elogdet[%HHT]—kO( ).

Proof. The expression for capacity, C'y is
Cp =T Elogdet|Iy + %HTAH].
Let H have SVD H = ®XUT then
log det[Iy + 2 HIAH] = log det[Iy + 25 dTADY).
M M
Let ®'A® = D. Then
log det[Iy + %ETDZ}] — log det[I + %Dzzw.

The right hand side expression is maximized by choosing A such that D is diagonal
[13, page 255] (We will show finally that the optimum D does not depend on the
specific realization of H). Let D = diag{d;, da, ...,dy} and o; be the eigenvalues

of ¥XF and

d:ef

Ealf(2)] = E[f(x)xa(z)] (6.7)
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where y4(z) is the characteristic function for the set A so that xa(z) =0ifz ¢ A

and y4(z) = 1 otherwise, then for large p

M
P P
Elog det[I; + MDZZW = Y E,yyplogll+ Mdiai] +

i=1
M
Z EU.>1/\/* 10g[1 + ﬁd,O'Z]
— (= P M
Let K denote the first term in the right hand side of the expression above and L
denote the second term. We can show that

M M
P no_ P
Elogdet[Iy + MDZE ] = log v Zl log(d;) + Z Eq51) spllog(oq)] +

= =1

O(log(v/p)/v/p)

since
M

K <logll + v 3 Plo: < 1/y/p) = Ollog(\/5)/ /)

=1

and
M

L =log 7+ log(d) + Y Erryllog(on)] + 01/ V7).

=1

On account of log being a convex cap function the first term in the expression on
the last line above is maximized by choosing d; = d for ¢ = 1,..., M such that
M-d= M. (]

For M > N, optimization using the steepest descent algorithm similar to the one
described in Appendix B.1 shows that for high SNR the capacity achieving signal

matrix is an identity matrix as well and the capacity is given by
Cy~ T Elogdet[Iy + %HTH].

For low SNR, we next show that the Rician fading channel essentially behaves like
an AWGN channel in the sense that the Rayleigh fading component has no effect on

the structure of the optimum covariance structure.
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Proposition 6.2. Let H be Rician (6.6) and let the receiver have complete knowledge
of the Rayleigh component GG. For low SNR, Cyg is attained by the same signal

covariance matriz that attains capacity when r = 1, irrespective of the value of M
and N, and

Cr = Tp[rAmae(Hn HY) 4 (1 — r)N] 4 O(p?).

Proof: Let |H|| denote the matrix 2-norm of H, v be a positive number such that

v € (0,1) then

Cy = T-Elogdet[Iy + %HTAH]
= T Bz log detlly + +-H'AH] + 1/ log det[Iy + 4 H'AH]

- TEtr{ﬁHTAH} +O(p*Y)

where Ejjg>1/,7[-] is as defined in (6.7). This follows from the fact that P(||H| >
1/p") < O(e” ™) and for ||H|| < 1/p" logdet[Iy + LH'AH] = tr[£H'AH] +

O(p*~?7). Since 7 is arbitrary
P rrt _ P rrt 2
FElogdet[Iy + —H'AH] = Etr[-——H'AH] + O(p*).
M M
Now

Etw[HIAH] = te{(1 —r)E[GIAG] + rH! AH,,]}

= tr{(1 —r)AE[GGT] + rAH,, H} }.

Therefore, we have to choose A to maximize tr{(1 — r)NA + rAH,, H} }. Since H,,
is diagonal the trace depends only on the diagonal elements of A. Therefore, A
can be chosen to be diagonal. Also, because of the power constraint, tr{A} < M, to
maximize the expression we choose tr{A} = M. The maximizing A has as many non-

zero elements as the multiplicity of the maximum eigenvalue of (1—7)N Iy +7H,, H] .
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The non-zero elements of A multiply the maximum eigenvalues of (1 — )Ny +
rH,, Hl and can be chosen to be of equal magnitude summing up to M. This is
the same A maximizing the capacity for additive white Gaussian noise channel with
channel H,,. [

Note that if we choose A = I,; then varying r has no effect on the value of the
capacity. This explains the trend seen in Figures 4.2 and 4.3 in Chapter 4 and Figures

5.1 and 5.2 in Chapter 5.

6.3.2 Non-Coherent Capacity Upper and Lower Bounds

It follows from the data processing theorem that the non-coherent capacity, C' can
never be greater than the coherent capacity Cy, that is, the uninformed capacity is

never decreased when the channel is known to the receiver.

Proposition 6.3. Let H be Rician (6.6) and the receiver have no knowledge of the

Rayleigh component then

C <Oy

Now, we establish a lower bound which is similar in flavor to those derived in

chapters 4 and 5.

Proposition 6.4. Let H be Rician (6.6). A lower bound on capacity when the

receiver has no knowledge of G is

_ L ggt
C > Cy—NE [mg2 det <1T +(1-r)£ss )} (6.8)
> Cy— NMlog,(1+ (1 - r)ﬁT). (6.9)

Proof: Proof is similar to that of Proposition 5.2 in Chapter 5 and won’t be

repeated here. [
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We notice that the second term in the lower bound goes to zero when r = 1:
as the channel becomes purely Gaussian the capacity of the channel is completely

determined.

6.3.3 Non-Coherent Capacity: Expressions for Low SNR

In this section, we introduce some new notation for ease of description. if X is a
T x N matrix then let X denote the “unwrapped” NT x 1 vector formed by placing
the transposed rows of X in a single column in an increasing manner. That is, if X ;
denotes the element of X in the 3" row and j* column then X, = X(i/Nji%n- The
channel model X = \/%SH + W can now be written as X = \/%ﬁg +W. His
given by H = I @ H™ where H™ denotes the transpose of H. The notation A ® B
denotes the Kronecker product of the matrices A and B and is defined as follows. If

Aisal x J matrix and B a K X L matrix then A ® B is a IK x JL matrix

| (A)nB (A)p2B ... (A)1yB |
Ao B — (A)g1B (A)eeB ... (A)2yB
i (A)HB (A)]QB . (A)[JB i

This way, we can describe the conditional probability density function p(X|S) as

follows
1 —( X—
TN | AX\S |

HTVL

X|S 1/7‘MHmS)

i

p(X[S) =

where |A g5 = det(Irn + (1 — 7)SST @ Iy).
For low SNR, it will be shown that the channel behaves as an AWGN channel.
Calculation of capacity for the special case of peak power constraint has been shown

in Appendix B.2.

Theorem 6.2. Let the channel H be Rician (6.6) and the receiver have no knowledge
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of G. For fired M, N and T if S is a Gaussian distributed source then as p — 0
1(X;56) = rTpAmae(Hin H)) + O(p?)

where 1(X;Sqg) is the mutual information between the output and the Gaussian

source.

Proof: First, I(X;S) = H(X) — H(X]S). Since S is Gaussian distributed,
Ellogdet(Iy + ﬁf]ASJ:ﬁ)] < H(X) < logdet(Iy + #Ag) where the expectation
is taken over the distribution of H and H Aglf[ T = Ay is the covariance of X
for a particular H. Next, we show that H(X) = Ztr{Az} + O(p?). First, the
upper bound to H(X) can be written as Ztr{Ag} + O(p*) because H is Gaus-
sian distributed and the probability that |[H| > R is of the order e~ . Second,
Ellog det(Iry + ﬁf[/\gﬁ*)] = EHH||<(%)’YH + E||H||z(%)w[‘] where «y is a number such
that 2 —~v > 1or v < 1. Then

E[logdet(ITNjL%If[AgﬁT)] - ﬁEHH‘K(%)W[tr{ﬁAgFIT}]Jr

M
OWﬂwmm%w¥meWW

%E[tr{ﬁAﬁﬂ}] +O(p*).

Since v is arbitrary, we have H(X) = ﬁE[tr{fIASI:[T}] + O(p?). Note that Ay =
E[A g 5] and since H(X) is sandwiched between two expressions of the form £tr{A g }+
O(p?) the assertion follows.

Calculate H(X|S) = Eflogdet(Iry + (1 — r)&SST ® Iy)]. We have S to be
Gaussian distributed therefore in a similar manner it can be shown that H(X|S) =
(1= )4 E[SS! @ ]} + O(s2).

H = \/THp++/1 =G therefore, Ay = E[HAH) = rH, AgH! +(1—r)E[SST]®

In. Therefore, we have for a Gaussian distributed input 1(X; S¢) = rﬁtr{ﬁ[ml\glﬁl}—i—
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O(p?). Since H,, is a diagonal matrix only the diagonal elements of Az matter.
Therefore, we can choose the signals to be independent from time instant to time
instant. Also, to maximize tr{ H,,AgH} } under the condition tr{A} < T'M it is best
to concentrate all the available energy on the largest eigenvalues of H,,. Therefore,
we obtain

1(X;S¢) = rﬁTM)\mm(HmHL) +0(p?).

Corollary 6.1. For purely Rayleigh fading channels when the receiver has no knowl-

edge of G a Gaussian transmitted signal satisfies lim, o I(X;Sq)/p = 0.

The peak constraint results in Appendix B.2 and the Gaussian input results imply
that for low SNR Rayleigh fading channels are at a disadvantage compared to Rician
fading channels. But, it has been shown in [2, 75] for single antenna transmit and
receive channel Rayleigh fading provides as much capacity as a Gaussian channel
with the same energy for low SNR. We will extend that result to multiple transmit
and receive antenna channel for the general case of Rician fading. The result for

Rayleigh fading will follow as a special case.

Theorem 6.3. Let H be Rician (6.6) and the receiver have no knowledge of G. For

fired M, N and T
. C ;
hr% — =T [rApa(HnHY) + N(1—7)] .
p—0 p
Proof. First, absorb /47 into S and rewrite the channel as
X=HS+W

with the average power constraint on the signal S E[tr{SS5}] < ZTM = pT.
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It has been shown [75] that if the input alphabet includes the value “0” (symbol
with 0 power) for a channel with output X, and condition probability given by

p(X15), then

D( p(X|S = XIS =
lim — — sup (p(X]S=3s) [ p(X]S=0))
Pc—0 ¢ €S PS

where S is the set of values that the input can take, Pg is the average power constraint
on the input (in our case, E[tr{SST}] < Po = pT) and P, = tr{ss'} is the energy
in the specific realization of the input S = s and D(p4||lpg) is the Kullback-Leibler

distance for continuous density functions with argument x defined as

Dipalls) = [ pate)tog A0

Applying the above result to the case of Rician fading channels, we obtain

D( p(X]5) || p(X]0) )

lim — =su =~
p—0 pT Svp tI’{SST}
First, we have
. 1 ~(X—VTHm ST AL, (X~ /7HS)
P(XIS) = —mr—e s
TV |A %]
and
X]0) = —k_e XX
p(X|0) = —zxe
Therefore,
DOEIS) 19(K10)) = [ p(E19) flog o + X1X -
XI5

1 AN a A
= log—— + tr{THmSSTH;-l-AXlg — TN
Azl
| 1
(0]
& det(Iry + (1 —1)SST® Iy)

tr {rﬁmggTﬁ; +(1-r)SST® IN} :

+



97

This gives,
D(P(RI3) [ p(X10) Sl lor(1+ A(SST) | tr{rF,85TAY)
tr{551} i Xi(SS1) i tr{SisT)

N(1—r)

where we have used the facts that det(Iry+(1—7)SST®Iy) = det(Ip+(1—r)SSTHV,

tr{SS5T} = tr{95T} = ZiT:1 tr{S7S;} where S; is the i*" row in the matrix S.

Since,
HMSTSTH: HISTS;H: ... HTSTSyH
N e HTSISTH; HIS3S;H: ... HTS;STH
7,85 i = 2°1 292 29T
HTSTSTHY HISTSyHY ... HTSTLSTH

we have tr{H,,SSTH}} = ST tr{H} ST S:H:} = to{H: HT, S S7S:}. There-

fore,
D(p(XI9) I p(X[0)) _ 3o log(1 + Ai(519)) UL HL YL 8T8
tr{ S5t} S A(STS) S tr{S7SE}
N1 —r).

Note that since H,, is a diagonal matrix only the diagonal elements of SZ-SZ affect the
second term. Therefore, for a given ZiT:1 STS? the second term in right hand side of
the expression above can be maximized by choosing S; such that S7S is diagonal. In
addition the non-zero values of SiSJ should be located at the same diagonal positions

as the maximum entries of A} H’ . In such a case the expression above evaluates to

D(p(X|9) || p(X[0)) _  \log(1 +tr{S'S})
tr{SSt} tr{S1S}

P Amae(HEHL) + N(1— 7).

The first term can be made arbitrarily small by letting tr{STS} — oo. Therefore,

we have lim, o <% = 7 Amae (Hm H,) + N(1 = 7). =
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Theorem 6.3 suggests that at low SNR all the energy has to be concentrated in the
strongest directions of the specular component. In [2] it is shown that the optimum
signaling scheme for Rayleigh fading channels is an “on-oftf” signaling scheme. We
conjecture that the capacity achieving signaling scheme for low SNR in the case of

the Rician fading is also a similar “on-oftf” signaling scheme.

6.3.4 Non-Coherent Capacity: Expressions for High SNR

In this section we apply the method developed in [85] for the analysis of Rayleigh
fading channels. The only difference in the models considered in [85] and here is that
we assume H has a deterministic non-zero mean. For convenience, we use a different

notation for the channel model. We rewrite the channel model as
X=SH+W

with H = /rH,, + /1 —rG where H,, is the specular component of H and G
denotes the Rayleigh component. G and W consist of Gaussian circular independent
random variables and the covariance matrices of G and W are given by (1 — r)Iyn
and 027y, respectively. H,, is deterministic such that E[tr{HH'}] = M N and r is

a number between 0 and 1.

Lemma 6.1. Let the channel be Rician (6.6) and the receiver have no knowledge of
G. Then the capacity achieving signal, S can be written as S = ®V YT where ® is a

T x M unitary matriz independent of V- and V. V and ¥ are M x M.

Proof: Follows from the fact that p(®X|PS) = p(X|9). ]
In [85] the requirement for X = SH + W was that X had to satisfy the property
that in the singular value decomposition of X, X = ®VUT & be independent of V/
and W. This property holds for the case of Rician fading too because the density

functions of X, SH and S are invariant to pre-multiplication by a unitary matrix.
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Therefore, the leading unitary matrix in the SVD decomposition of any of X, SH
and S is independent of the other two components in the SVD and isotropically
distributed.

Therefore, Lemma 6 in [85] holds

Lemma 6.2. Let R = @RER\IITR be such that ® g is independent of ¥ g and Vg. Then
H(R) = H(QZrYE) 4 1og |G(T, M)| + (T — M) E[log det 2]

where Q is an M x M unitary matriz independent of V and ¥ and |G(T, M)| is the

volume of the Grassmann Manifold and is equal to

HT 27"
i=T—M+1 (i—1)!
HM 2t ’
i=1 (i—1)!

The Grassmann Manifold G(T', M) [85] is the set of equivalence classes of all T'x M

unitary matrices such that if P, () belong to an equivalence class then P = QU for

some M x M unitary matrix U.

M=N,T>2M

To calculate I(X; S) we need to compute H(X) and H(X|S). To compute H(X|S)
we note that given S, X is a Gaussian random vector with columns of X independent
of each other. Each row has the common covariance matrix given by (1 — r)SST +

0%l = ®V2®T + o2, Therefore

H(X|S) = ME[Z log(me((1 = 7)||s:]]* + )] + M(T — M) log(mec?).

i=1
To compute H(X), we write the SVD: X = & xXx Ul . Note that @ is isotropi-

cally distributed and independent of ¥ X‘I!}, therefore from Lemma 6.2 we have
H(X) = H(QEx UL +1og |G(T, M)| + (T — M)E[log det $2].

We first characterize the optimal input distribution in the following lemma.
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Lemma 6.3. Let H be Rician (6.6) and the receiver have no knowledge of G. Let
(s7,1 = 1,..., M) be the optimal input signal of each antenna at when the noise

power at the receive antennas is given by o*. If T > 2M,

g

Is7 1

L0, fori=1,...,.M (6.10)

where - denotes convergence in probability.
Proof: See Appendix B.3. =

Lemma 6.4. Let H be Rician (6.6) and the receiver have no knowledge of G.
The mazimal rate of increase of capacity, max,sy.geissty<rm 1(X;S) with SNR
is M(T — M)log p and the constant norm source ||s;||> =T fori=1,..., M attains

this rate.
Proof: See Appendix B.3. =

Lemma 6.5. Let H be Rician (6.6) and the receiver have no knowledge of G. As

T — oo the optimal source in Lemma 6.4 is the constant norm input

Proof: See Appendix B.3. =
From now on, we assume that the optimal input signal is the constant norm input.

For the constant norm input ®V U = ®V since ® is isotropically distributed.

Theorem 6.4. Let the channel be Rician (6.6) and the receiver have no knowledge

of G. For the constant norm input, as 0> — 0 the capacity is given by

C = log|G(T,M)| + (T — M)E[logdet H'H] — M(T — M) log mec?* —

M?*logme + H(QVH) + (T — 2M)M log T — M?log(1 — )

where Q, V and |G(T, M)| are as defined in Lemma 6.2.
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Proof: Since ||s?|| > o? foralli =1,..., M

H(X|S) = ME[Z log we((1 — 7)||s]|> + 02)] + M(T — M)log(rea?)
ME[Z log re(1 —7)||s4]|°] + M(T — M) log weo?

= ME[logdet(1 —r)V?| + M?logme + M(T — M)log weo?

Q

and from Appendix B.5

H(X)

Q

H(SH)
= H(QVH)+log|G(T, M)| + (T — M)E[log det(H"V*H)]
= H(QVH)+log|G(T, M)| 4+ (T — M)E[log det V?] +

(T — M)E[logdet HHT].
Combining the two equations

I1(X;8) =~ log|G(T,M)|+ (T — M)E[logdet H'H] — M(T — M) log mec?* +

H(QVH) — M*logme + (T — 2M)E[log det V] — M?log(1 — 7).
Now, since the optimal input signal is ||s;||* = T for i = 1,..., M, we have

C = I(X;9)
~ log|G(T, M)| + (T — M)E[logdet H'H] — M(T — M)log mec? —

M?logme + H(QVH) + (T —2M)M log T — M?*log(1 — 7).

Theorem 6.5. Let H be Rician (6.6) and the receiver have no knowledge of G. As

T — oo the normalized capacity C/T — Ellogdet £ H'H] where p = M/o>.
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Proof: First, a lower bound to capacity as o? — 0 is given by

T
C > log|G(T, M)| + (T — M)E[logdet H'H] + M(T — M)log Mp -
e

M?1log T — M?log(1 — 1) — M?log e.

In [85] it’s already been shown that limy_,. (7 log |G (T, M)|+ M (1—2)log L) =

0. Therefore we have as T' — oo
C/T > ME[log det %HTH].
Second, since H(QV H) < M?log(neT) an asymptotic upper bound on capacity

is given by

Tp

e

C < log|G(T, M)| + (T — M)E[logdet H'H] + M(T — M) log

M?log(1 —7).
Therefore, we have as T — o0

C/T < Ellog det %HTH].

M<NT>M+N

In this case we show that the optimal rate of increase is given by M (T — M) log p.
The higher number of receive antennas can provide only a finite increase in capacity

for all SNRs.

Theorem 6.6. Let the channel be Rician (6.6) and the receiver have no knowledge

of G. Then the maximum rate of increase of capacity with respect to log p is given

by M(T — M).

Proof: See Appendix B.3. [
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6.4 Training in Non-Coherent Communications

It is important to know whether training based signal schemes are practical and if
they are how much time can be spent in learning the channel and what the optimal
training signal is like. Hassibi and Hochwald [39] have addressed these issues for the
case of Rayleigh fading channels. They showed that 1) pilot symbol training based
communication schemes are highly suboptimal for low SNR and 2) when practical the
optimal amount of time devoted to training is equal to the number of transmitters,
M when the fraction of power devoted to training is allowed to vary and 3) the
orthonormal signal is the optimal signal for training.

In [85] the authors demonstrate a very simple training method that achieves the
optimal rate of increase with SNR. The same training method can also be easily
applied to the Rician fading model with deterministic specular component. The
training signal is the M x M diagonal matrix dl,;. d is chosen such that the same
power is used in the training and the communication phase. Therefore, d = v/M.

Using S = dI,;, the output of the MIMO channel in the training phase is given by
X =VvVMyrH, + VM1 —-rG+W

The Rayleigh channel coefficients G can be estimated independently using scalar
minimum mean squared error (MMSE) estimates since the elements of W and G are
i.i.d. Gaussian random variables

\/l—T\/M [X—\/M\/;Hm]

¢= (1—=r)M + o2

where recall that o2 is the variance of the components of W. The elements of the

(1—r)M

(==t Similarly, the estimation

estimate G are 1.i.d. Gaussian with variance

error matrix G — G has i.i.d Gaussian distributed elements with zero mean and

2

: ag
variance G5,z
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The output of the channel in the communication phase is given by

X = SH+W

= VrSHy,4+V1—1SG+V1I—rS(G-G)+W

where S consists of zero mean i.i.d circular Gaussian random variables with zero
mean and unit variance. This choice of S is sub-optimal as this might not be the
capacity achieving signal, but this choice gives us a lower bound on capacity. Let
W = 1—7rS(G— @)+ W. For the choice of S given above the entries of W are
uncorrelated with each other and also with S(y/rH,, + /1 — rG). The variance of
each of the entries of T is given by o2 + (1-— T)MM% If W is replaced with
a white Gaussian noise with the same covariance matrix then the resulting mutual
information is a lower bound on the actual mutual information [13, p. 263]. This
result is formally stated in Proposition 6.5. In this section we deal with normalized

capacity C'/T instead of capacity C'. The lower bound on the normalized capacity is

given by

T-T, .
C/T = ——Elog det (IM + %HJ{I)

where p.ss in the expression above is the effective SNR at the output (explained at

the end of this paragraph), and H; is a Rician channel with a new Rician parameter

T

Trnew WNETe Tpew = o=y Lhis lower bound can be easily calculated because

{ C rurny v

the lower bound is essentially the coherent capacity with H replaced by /TnewHm +
VI = rpew(. The signal covariance structure was chosen to be an identity matrix
as this is the optimum covariance matrix for high SNR. The effective SNR is now
given by the ratio of the energy of the elements of S(\/rH,, + \/ﬁé) to the
energy of the elements of W. The energy in the elements of S(v/7H,, + VI —rG)

is given by M (r+ (1 — T)2M+Jm2) and the energy in the elements of W are given
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by o2 + % Therefore, the effective SNR, p.ss is given by plrtr(=r)pt(1-r)%p]

(1+2(1=7)p]

where p = U—]VQ[

is the actual SNR. Note, for » = 1 no training is required since the
channel is completely known.

This simple scheme achieves the optimum increase of capacity with SNR and uses
only M of the T" symbols for training.

We will compare the LMS algorithm for estimation of the channel coefficients to
this simple scheme. LMS is obviously at a disadvantage because when o2 = 0 the
simple scheme outlined above generates a perfect channel estimate after M training
symbols whereas the LMS algorithm requires much more than M training symbols
to obtain an accurate estimate. The performance of the simple training scheme is
plotted with respect to different SNR values for comparison with the asymptotic
upper bound to capacity in the proof of Theorem 6.5. The plot also verifies the

result of Theorem 6.5. The plots are for M = N =5, r = 0.9 and T' = 50 in Figure

6.2 the specular component is a rank-one specular component given by (6.3).

350

Coherent Capacity

250 Capacity _ -

Capacity (bits/T)

_50 L L L L L L L
0 50 100 150 200 250 300 350 400
SNR (dB)

Figure 6.2: Asymptotic capacity upper bound, Capacity Upper and Lower bounds for different
values of SNR,
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We can quantify the amount of training required using the techniques in [39]. In
[39], the authors use the optimization of the lower bound on capacity to find the
optimal allocation of training as compared to communication. Let T} denote the
amount of time devoted to training and T, the amount of time devoted to actual
communication. Let S; be the T, x M signal used for training and S, the T, x M
signal used for communication.

Let k denote the fraction of the energy used for communication. Then T = T, 4T,

and tr{S,S]} = (1 — x)TM and tr{S.SI} = KT M.

Xt - St(\/;Hm + mG) + Wt

X. = S(VrH, +V1—rG)+W.

where X; is T} x N and X, is T, X N. G is estimated from the training phase. For
that we need T; > M. Since G and W; are Gaussian the MMSE estimate of G is

also the linear MMSE estimate conditioned on S. The optimal estimate is given by
G=vV1—r(c Iy +(1—7r)S{S) 'Sl (X, — VrS:H,,).
Let G = G — G then
X.=S.(VrHpm+V1—1G)+V1—7rS.G+W,.

Let Wc = /1—7rS,G + W. Note that elements of Wc are uncorrelated with each
other and have the same marginal densities when the elements of S, are chosen to be
i.i.d Gaussian. If we replace W, with Gaussian noise that is zero-mean and spatially
and temporally independent the elements of which have the same variance as the
clements of T, then the resulting mutual information is a lower bound to the actual
mutual information in the above channel. This is stated formally in the following

proposition.
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Proposition 6.5 (Theorem 1 in [39]). Let
X=SH+W

be a Rician fading channel with H known to the receiver. Let S and W satisfy
L E[SST) =1 and EWWT] = o? and be uncorrelated with each other. Then the
worst case noise has i.i.d. zero mean Gaussian distribution, i.e. W ~ CN(0,1y).

Moreover, this distribution has the following minimaz property

Ty eon(0,021x),8(X3S) < Twen(0,021n),5~cN(0,100) (X3 S) < Twseeno,1,0) (X5 5)

where Iy cn(0,021y),5 (X3 S) denotes the mutual information between X and S when
W has a zero mean complex circular Gaussian distribution and S has any arbitrary

distribution.

The variance of the elements of W, is given by

r _
ol = 0+ NT. tr{ E[GGkT I}
s (1—r)kTM 1 ~ At
= tr{ F|GG
R bl
(1 —r)skTM
= O'2 + TU%
and the lower bound is
T-1T, Pe
Ci/T = ——"Blog det (IM + ﬁHlAHD (6.11)

where p.s is the ratio of the energies in the elements of S,H and energies in the

elements of W, and Hy, = \/TrewHm + /T — TG Where 7w = +T)02 A is the
G

r+(1
optimum signal correlation matrix the form of which depends on the distribution of

H; according to Proposition 6.2 for low SNR and Proposition 6.1 for high SNR and

M < N as given in section 6.3.1.



108

To calculate pcss, the energy in the elements of S H is given by

1 .
0% = o Pt Hn BT} + (1= 1)e{GG T Ly )]
T™ 1 -
= "””Tc PN M + (1= ) GG
KT M 5

= 7 [r+ (1 —7r)og]

C
which gives us

KTplr 4 (1 —1)o2)
T.+ (1 =r)xTpof

Peff =
6.4.1 Optimization of S;, x and T}

We will optimize S, k and T} to maximize the lower bound (6.11). In this section
we merely state the main results and their interpretations. Derivations and details
are given in the Appendices.

Optimization of the lower bound over S; is difficult as S; effects the distribution
of H , the form of A as well as p.fs. To make the problem simpler we will just find

the value of S; that maximizes p.yy.

Theorem 6.7. The signal S; that mazimizes p.sy satisfies the following condition
SIS, = (1 — K)TIy

and the corresponding pesy is

. KT p[Mr + p(1 — k)T
Pess = T(M+p(1 —=r)T)+ (1 —r)kTpM"

Proof: See Appendix B.6. =
The optimum signal derived above is the same as the optimum signal derived in

[39).
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The corresponding capacity lower bound using the S; obtained above is

T_
Cy/T >

T e
' B log det (1M n %HIAHD

where perr is as given above and Hy = \/ThewHy + /1 — 7Tpey G Where 7,6, =

1+(1—r)(1-k) T

————U_ and as before GG is a matrix consisting of i.i.d. Gaussian circular
7"+(1—7’)(1—K])MT

random variables with mean zero and unit variance. Now, A is the covariance ma-
trix of the source S. when the channel is Rician and known to the receiver. The form
of A was derived for p.sy — 0 and p.rs — oo in section 6.3.1.

Optimization of (6.11) over & is straightforward as x affects the lower bound only

through p.s¢ and can be stated in the following proposition.

Theorem 6.8. For fixed T; and T, the optimal power allocation k in a training based

scheme is given by

(

min{y — /y(y—=1—-n),1} forT.> (1 —-r)M

K= min{% + % 2Tp’ 1} for T.=(1—r)M
min{y + /v(y—1—-n),1} forT.<(1—r)M

where v = % and n = %. The corresponding lower bound is given by

T —

1 e
O )T > L log det (IM + p—j\nglAHlT)
where for T, > (1 —r)M

1r)M(\/_ 7—1—77)2 when/@:fy_ 7(7_1_77)

peff -
1+(1pfr)p when kK = 1
fOT’ Tc = (1 - T)M
T2 2 "M B .,
m(l‘i‘ﬁy when Kk = —+m

Peff = -
m when k=1
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and for T, < (1 —r)M

o (VT =V R TR0 when k= +/v(y =1 —)

Peff =

1+(gp,r)p when k =1

and Tpew 1S given by substituting the appropriate value of k in the expression

I+ (1 =71 —-r)HT
rn (1=r)(1-r)ET

Proof: See Appendix B.7. =

For optimization over T; we draw somewhat similar conclusions as in [39]. In [39]
the optimal setting for T; was shown to be T; = M for all values of SNR. We however
show that for small SNR the optimal setting is 7; = 0 or that no training is required.
When training is required, the intuition is that increasing 7; linearly decreases the
capacity through the term (7'—1T;)/T', but only logarithmically increases the capacity
through the higher effective SNR p.¢ [39]. Therefore, it makes sense to make 7} as
small as possible. For small SNR we show that x = 1. It is clear that optimization of
T; makes sense only when « is strictly less than 1. When x = 1 no power is devoted
to training and 7} can be made as small as possible which is zero. When x < 1 the
smallest value T} can be is M since it takes atleast that many intervals to completely

determine the unknowns.

Theorem 6.9. The optimal length of the training interval is Ty = M whenever k < 1

for all values of p and T > M, and the capacity lower bound is

C)T > Elog det <[M + %HlAHD (6.12)

where

oW~V —1=n)?  forT > (2—7)M
o 2 2 r

Pefs = Ty (L + ) forT=2—r)M

\ T?(2T4fr)M(\/—7—\/—7+1+T])2 forT' < (2—r)M
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The optimal power allocations are easily obtained from Theorem 6.8 by simply setting

T.=T—-M.

Proof: See Appendix B.8 =

6.4.2 Equal training and data power

As stated in [39], sometimes it is difficult for the transmitter to assign different
powers for training and communication phases. In this section, we will concentrate on
setting the training and communication powers equal to each other in the following

sense

(1—-r)T kT KT 1

T, . T-T,
this means k = 1 — T;/T and that the power transmitted in T, and T, are equal.

In this case,
plr + p3il
L+ p[ + (1 —7)]

Peff =

and the capacity lower bound is

T -1,
CyJT > T tElogdet(IMvL%HlAHlT)

where perr is as given above and Hy = \/ThewHy + /1 — Tpey G Where 7,6, =

l+(177‘) -]‘\0/—1Tt
7"+(1_7’)ﬁTt :

6.4.3 Numerical Comparisons

Throughout the section we have chosen the number of transmit antennas M, and
receive antennas N, to be equal and H,, = I,.

The Figures 6.3 and 6.4 show 7, and k respectively as a function of r for different
values of SNR. The plots have been calculated for a block length given by 7" = 40 and
the number of transmit and receive antennas given by M = N = 5. Figure 6.3 shows

that for low SNR values the channel behaves like a purely AWGN channel given by
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\/rH,, and for high SNR values the channel behaves exactly like the original Rician
fading channel. Figure 6.4 shows that as the SNR goes to zero less and less power is

allocated for training. This agrees with the plot in Figure 6.3.

1k
dB =-20
08f ,
06f dB=0 ,
r
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r

Figure 6.3: Plot of 7, as a function of Rician parameter r
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Figure 6.4: Plot of optimal energy allocation x as a function of Rician parameter r

In Figure 6.5 we plot the training and communication powers for M = N = 10

and dB = 18 for different values of r. We see that as r goes to 1 less and less



113

24

22

_ Communication

14 L L L L L L L L L
0 20 40 60 80 100 120 140 160 180 200

Block length T

Figure 6.5: Plot of optimal power allocation as a function of T’

power is allocated to the training phase. This makes sense as the proportion of the
energy through the specular component increases there is less need for the system to

estimate the unknown Rayleigh component.
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Figure 6.6: Plot of capacity as a function of number of transmit antennas for a fixed T’

Figure 6.6 shows capacity as a function of the number of transmit antennas for a

fixed block length T = 40 when dB = 0 and N = 40. We can easily see calculate the
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optimum number of transmit antennas from the figure. In this case, we see that for
a fixed T' the optimum number of transmit antennas increases as as r increases. This
shows that as r goes to 1 there is a lesser need to estimate the unknown Rayleigh
part of the channel and this agrees very well with Figure 6.5 and Figure 6.7 as well
which shows that the optimal amount of training decreases as r increases. Figure
6.7 shows the optimal training period as a function of the block length for the case

of equal transmit and training powers.
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Figure 6.7: Optimal T; as a function of T" for equal transmit and training powers

6.4.4 Effect of Low SNR on Capacity Lower Bound

Let’s consider the effect of low SNR on the optimization of x when r # 0. For
T.> (1 —r)M, as p — 0 it is easy to see that v — /(7 — 1 — 1) — oco. Therefore,
we conclude that for small p we have k = 1. Similarly, for 7, = (1 — )M and
T. < (1 —r)M. Therefore, the lower bound tells us that no energy need be spent on
training for small p. Also, the form of A is known from section 6.3.1.

Evaluating the case where the training and transmission powers are equal we come

to a similar conclusion. For small p, p.fs ~ rp which is independent of T;. Therefore,
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the best value of T} is T; = 0. Which also means that we spend absolutely no time
on training. This is in stark contrast to the case when » = 0. In this case, for low
SNR T} = T'/2 [39] and p.s; behaves as O(p?).

Note that in both cases of equal and unequal power distribution between training
and communication phases the signal distribution during data transmission phase is
Gaussian. Therefore, the lower bound behaves as 7pApee{ HpmH} }. AlSO, Tpew = 1
for small p showing that the channel behaves as a purely Gaussian channel.

All the conclusions above mimic those of the capacity results with Gaussian input
in section 6.3.3. The low SNR non-coherent capacity results for the case of a Gaussian
input tell us that the capacity behaves as rp\,,.. with Gaussian input. Moreover,
the results in [39] also agree with the results derived in section 6.3.3. We showed that
for purely Rayleigh fading channels with Gaussian input the capacity behaves as p?
which is what the lower bound results in [39] also show. This makes sense because
the capacity lower bound assumes that the signaling input during communication
period is Gaussian. This shows that the lower bound derived in [39] and extended

here is quite tight for low SNR values.

6.4.5 Effect of High SNR on Capacity Lower Bound

For high SNR, ~ becomes Tc_épi_r)M and the optimal power allocation x becomes

L VT,
VT4 —r)M

and

T
T T o=

In the case of equal training and transmit powers, we have for high p

T,
T,+M(1—r)

Peff =P
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For high SNR, the channel behaves as if it is completely known to the receiver.
Note that in this case r,., = r and A is an identity matrix for the case M < N.

From the expressions for p.;s given above we conclude that unlike the case of low
SNR the value of r affects the amount of time and power devoted for training.

Let’s look at the capacity lower bound for high SNR. The optimizing A in this
regime is an identity matrix. We know that at high SNR the optimal training period

is M. Therefore, the resulting lower bound is given by

HHT

p
(Vi)

Note that the lower bound has H figuring in it instead of H;. That is so because for

Cy)T > FElogdet | Iy +

high SNR, 7, = r. This lower bound can be optimized over the number of transmit

antennas used in which case the lower bound can be rewritten as

T—M H A"
C,/T > max  max Elogdet | Iy + & .
M'<M T IYE (1—r) M’ M’

n<

M/
where now H" is the n'® matrix out of a possible M choose M’ (the number of

ways to choose M’ transmit elements out of a maximum M elements) matrices of

size M' x N. Let @ = min{M’, N} and A\!" be an arbitrary nonzero eigenvalue of

1 Hrgt

(=)

then we have

Q

/

> - — ).

Cy)T > fax  max (1 7 ) Zl Elog(1+ pA})
M =

n<

M/
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At high SNR, the leading term involving p in ZzQ:1 Elog(1+ pX\;) is Qlog p which is

independent of n. Therefore,

>

T
(1-2)Nlogp if M > N.

The expression (1— %)M’, is maximized by choosing M’ = T'/2 when min{M, N} >
T/2 and by choosing M’ = min{M, N} when min{M, N} < T/2. This means that
the expression is maximized when M’ = min{M, N, T'/2}. This is a similar conclusion
drawn in [39] and [85]. Also, the leading term in p for high SNR in the lower bound
is given by

K
Cy/T > (1— ?)Klogp

where K' = min{M, N,T/2}. This result suggests that the number of degrees of
freedom available for communication is limited by the minimum of the number of
transmit antennas, receive antennas and half the length of the coherence interval.
Moreover, from the results in section 6.3.4 we see that the lower bound is tight for
the case when M < N and large T in the sense that the leading term involving p in

the lower bound is the same as the one in the expression for capacity.

6.4.6 Comparison of the training based lower bound (6.12) with the lower bound
derived in section 6.3.2

It is quite natural to use the lower bound to investigate training based techniques
as the lower bound to the overall capacity of the system. Actually, using this “train-
ing” based lower bound it can be shown that the capacity as T" — oo converges to
the capacity as if the receiver knows the channel. We will see how the new lower
bound (6.8) derived in this work compares with this training based lower bound.

The three Figures below show that the new lower bound is indeed useful as it does
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better than the training based lower bound for » = 0. The plots are for M = N =1
for different values of SNR.

However, we note that for » = 1 the training based lower bound and the lower
bound derived in section 6.3.2 agree perfectly with each other and are equal to the

upper bound.
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Figure 6.8: Comparison of the two lower bounds for dB = —20
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Figure 6.9: Comparison of the two lower bounds for dB =0
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Figure 6.10: Comparison of the two lower bounds for dB = 20

6.5 Conclusions and Future Work

In this chapter, we have analyzed the standard Rician fading channel for capacity.
Most of the analysis was for a general specular component but, for the special case
of a rank-one specular component we were able to show more structure on the signal
input. For the case of general specular component, we were able to derive asymptotic
closed form expressions for capacity for low and high SNR scenarios.

A big part of the analysis e.g. the non-coherent capacity expression and training
based lower bounds can be very easily extended to the non-standard Rician models
considered in the previous two chapters.

One important result of the analysis is that for low SNRs beamforming is very
desirable whereas for high SNR scenarios it is not. This result is very useful in de-
signing space-time codes. For high SNR scenarios, one could wager that the standard
codes designed for Rayleigh fading can work for the case of Rician fading as well.

A lot more work needs to be done such as for the case of M > N. We believe that
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more work along the lines of [85] is possible for the case of Rician fading. We conclude
as in [85] that at least for the case M = N the number of degrees of freedom is given
by M % The training based lower bound gives an indication that the number
of degrees of freedom of a Rician channel is the same as that of a Rayleigh fading

channel min{M, N,T/2} (derived in [85] and [39]). It also seems reasonable that the

work in [1] can be extended to the case of Rician fading.



CHAPTER 7

Diversity versus Degrees of Freedom

7.1 Introduction

Two measures of performance gains obtained from using multiple antennas at the
transmitter and the receiver in the field of space-time coding are Diversity [71] and
Degrees of Freedom [85]. In [71] Diversity (DIV) has been defined as the negative
exponent of the signal to noise ratio (SNR) in the probability of error expression for
high SNR and in [85] Degrees of Freedom (DOF) has been defined as the co-efficient
of log p occuring in the expression for capacity, again for high SNR.

Traditionally, DIV has been thought of as the number of independent channels
available for communication [23]. However, Zheng and Tse [85] have shown that
DOF is the true indicator of the number of independent channels available in a
system. This has given rise to considerable confusion as DIV and DOF for a MIMO
system operating in a Rayleigh/Rician fading environment don’t necessarily agree
with each other. Even though [71] refers to DIV as redundancy in the system it
doesn’t clarify the difference between the two measures. In this chapter, we attempt
to shed some light on this confusing situation. We adopt a more general setting than
just a MIMO system operating in a fading environment. We propose that DIV should

properly be considered as the redundancy in a particular communication system

121
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whereas DOF should be considered as the number of independent channels available
for communication again in a particular communication system. A communication
system comprises of the channel, the input signaling scheme, coding, decoding etc.

First, we define the following terms. Let H be the channel and S be the input to
the channel. Let X be the observed output, i.e. received measurement, which is a
corrupted version of the signal component of the received measurement X, Y which
is completely determined by S and H. For example, the M-transmit, N-receive
antenna MIMO system considered in this thesis can be written as Y = \/%S H and
X =Y+ W where S is aT x M matrix, H is an M x N matrix and X, Y and W are
T x N matrices. W is the “corruption” in the system or the noise in the observation.
p is the average signal to noise ratio present at each of the receive antennas. Note
that we have deviated slightly from the previous chapters in regards to the usage of
the word “output”. In the previous chapters we have referred to X as the output of
the channel. In this chapter Y is the signal dependent output of the channel whereas
X is the observed output.

So far in the literature the definitions of DIV and DOF have been fairly ad hoc in
the sense that the definitions are particular to the case of MIMO systems operating
in Rayleigh/Rician fading environments. We attempt to remedy this by propos-
ing two rigorous definitions of DIV and DOF. For this we require some additional
terminology. Let P = {P;, P,,..., P,} be the set of all link parameters in the com-
munication system. For example, P, could be M, the number of transmit antennas;
P could be N, the number of receive antennas; and Pz could be ¢, the number of
channel uses. The channel specified by P in general could be stochastic, for example,
H in the Rayleigh fading model. Let P.y(p, P, P, ..., P,) denote the least (best)

possible probability of error when the parameters of interest are (P, Ps, ..., P,) and
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the channel H specified by P is known to the receiver. For example, the M x N
channel matrix H formed by M transmit antennas and N receive antennas is known
to the receiver in the case of coherent communications. p is the measure of reliability
in the channel with the channel becoming more reliable as p — co. For example, in
the MIMO system the reliability measure p is the signal to noise ratio. In the binary
symmetric channel with crossover probability p, p — 0 is equivalent to p — oco. Let
P.(p, Py, Py, ..., P,,C) denote the probability of error in a particular communication
system C. C is specified by the input probability distribution p(S), the decoding
structure/strategy (coherent vs non-coherent/hard vs soft decoding etc.) and the
transmitter structure (coding etc.). Similarly, let Cy(p, P, Ps, ..., P,) denote the
maximum (best) rate of communication when the channel is known to the receiver
and R(p, Py, Ps, ..., P,,C) denote the rate of communication in the particular system
C. Then, we have the following definitions

log P.(p, P, Py, ..., P,,C)

DI _ 1
Vp, p,..p,(C) e log Pop(p,1,1,...,1) =
and
R(p, Py, Py,...,P,,C
DOFp, p,...p,(C) = lim 0P By ) (7.2)

p=os Cr(p,1,1,...,1)
where P.y(p,1,1,...,1) and Cy(p,1,1,...,1) denote the optimum probability of
error and optimum rate evaluated at P, = P, = ... = P, = 1. We will assume that
the above limits exist whenever required. DIV and DOF for the channel are defined

as
DIVP17P27~-~7P71, = sup DIVPLPQ,,..ypn(C) (73)
C
and

DOFPl,Pg,.A.,Pn = Slép DOFPl,PQ,...,Pn (C) (74)
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Note the following

. . R(p,PI,P%---)Pn,C)
Py = S W G T )

R(p, P, Ps,...,P,,C)
Cu(p,1,1,...,1)
Cl(p, P, Py,....P,)
Cu(p,1,1,...,1) °

< lim inf, . sup
c

= lim inf, .

C(“L"”“"If)”) by definition. Therefore,

But, DOFp, p, Cr(py o,

P, Z hmp—>oo

,,,,,

Clp, P, P,...,P,
Pn:hm (p7 1,142, 9 )

. 7.5
e p—oo Cy(p,1,1,...,1) (7.5)

From now on, we will use (7.5) as the definition for DOF of a channel as contrasted

with (7.4).

7.2 Examples

We will apply the above definitions to various examples. For some of the ex-
amples, we need a little bit of detail on Gallager’s error exponents [26, 27]. This
introduction was given in Section 5.6 but is reproduced here for convenience. For a
system communicating at a rate R the upper bound on probability of error is given

as follows

p(S) 0<~y<1

P. <exp <—n max max [Ey(v,p(S)) — 7R}> (7.6)

where n is the length of codebook used and Ey(7, p(S)) is as follows

Batrop()) = —1og [ | [ sspptxis)as| ax

where S is the input to the channel and X is the observed output. Maximization over
v yields a value of v such that %ﬁs» = R. If R is chosen equal to I(X;.S) (the
mutual information between the output and the input when the input probability

distribution is p(.S)) then the value of 7 such that %f(s)) = R is zero. In other



125

words %’MS)) =I1(X;5)at y=0. If R > I(X;S) then there is no value of  that
Y

OEo(v,p(S)

satisfies the relation 7 LRIt p(S) is chosen to be the capacity achieving

signal density then %j’(s)) = C at 7 = 0. It has been shown that 78150(;5’ ) g

a decreasing function of v [27]. Therefore, if R is small enough then the value of ~

that maximizes Ey(,p(S)) — yR is simply 1 and the error bound is given by

P < exp (-nmaxlEa(1,(5) - 7).

For more information refer to [27].

Example 1: Consider a single-input single-output discrete-time AWGN channel
r = \/phs; +w;, I = 1,...,t. his a deterministic complex number and w; is a
complex circular Gaussian random variable with mean zero and variance 1. We will
calculate DIV and DOF for t-uses of the channel under the average energy constraint
Z§:1 Elsisi] < t.

First, consider C; consisting of a binary input taking values over {—1,1} with
equal probability. The code used is a repetition code. That is either s, = —1 for
l=1,....,tors;=1forl =1,...,t. The decoding at the receiver is Maximum A
Posteriori (MAP) decoding. Since the probability of error when using the repetition

code of length t is given by Q(tp) where

Qr) = 2 / vy

T o
as opposed to Q(p) when t = 1, we obtain DIV,(C;) = ¢ Since R(p,t,C;) = 1/t
irrespective of the value of p, DOF,(C;) = 0.
Next, consider Cy where s; is an i.i.d. complex circular Gaussian random variable
with mean zero and unit variance for [ = 1,...,¢t. Thisis the capacity achieving signal
density. The decoding at the output is MAP decoding. In this case, DOF,(Cy) = ¢

since R(p,t,Cy) = tlog(1l + p). For this value of R (R = C, the capacity) the value
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of v that maximizes Gallager’s error exponent is zero and at v = 0, Ey(y,p(5)) = 1.
Therefore, DIV,(Cs) = 0.
Therefore, DIV, > t and DOF, = t. It can be obviously seen that DIV, < ¢.
Therefore, DIV, = t. [
We believe that DIV, being equal to DOF, in this example can cause confusion
between DIV and DOF.

Example 2: Consider a MIMO AWGN channel with M inputs and N outputs

Xlz,/%HSlJrWl

for il =1,...,t. X; and W, are length N column vectors with the elements of W,
i.i.d. complex circular Gaussian random variables with mean zero and variance 1
and S; is an M-element column vector. Assume that H is a N x M matrix which
has the full rank of min(M, N) and that tr{ HH'} = M N. We propose to calculate
DIV and DOF for this system for ¢ channel uses under the average energy constraint
on the input Si_, tr{E[S;S]]} < tM. Consider three communication systems, Cy,
Cy and Cs.

In Cy, the rate R is fixed for all p. In such a case the upper bound on the

probability of error can be written as follows

P < oxp (-~ malEo(L.(9)) - ).

If we fix p(S) to be the capacity achieving signal density pg(S), then
1p -
Since Ey(1,pg(S)) for high SNR tends to ¢ min(M, N)log p, we conclude that

DIVM7N7,5(C1) = tmln(M, N)
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In Cy, the input is binary {1,—1}, and the decoding at the output is MAP de-
coding. The code is such that when the symbol 1 is chosen the signal transmitted
is S = a;, | = 1,...,t where aq; is an M-element column vector to be specified
later. When the symbol —1 is chosen the signal transmitted is simply S; = —ay,
I=1,...,t. Let A=lay ay ... ay) be the M x t matrices obtained by stacking the
t column vectors next to each other. Choose a;, [ = 1,...,¢ such that AAT = tI,,.
In this case, the probability of 1 being decoded to —1 for high SNR is given by
Q(/?(1,—1);) with d*(1,—-1) = 4tr{HAATH'}. Since d*(1,—1) = 4MNt, the
probability of decoding error for high SNR can be upper bounded by exp(—ptN).
Therefore, DIV, v+ (C2) = Nt. Since the rate of communication is 1 bit per ¢ channel
uses irrespective of p, DOF ;v +(C2) = 0.

In C3, the probability distribution function of S; is chosen to achieve capac-
ity and the decoding is chosen to be MAP decoding. Then R(p, M,N,t,C3) =
C(p, M, N,t) = tlogdet(Iy + £ HAp H') where Ay is the capacity achieving covari-
ance matrix. R(p, M, N,t,C3) for high SNR tends to t min(M, N)log p. Therefore,
DOF v +(C3) = DOF py n¢ = t min(M, N). m

In Example 2 we see that DIV is greater than or equal to DOF.

Example 3: Now, let’s consider a MIMO system with M-transmit and N-receive

antennas operating in a Rayleigh fading environment:

_ |
X = MSH+W

X isaT x N matrix, S is a T x M matrix and W is a T' x N matrix. Note that
now H is a M x N matrix. The elements of H and W are i.i.d complex circular
Gaussian random variables with mean zero and variance one. Let the block length
of independent fades be T'. We will investigate DIV and DOF for t = T" channel uses

under the average energy constraint tr{ E[SST]} < tM. We assume that H is known
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to the receiver. Let’s again consider two systems C; and C,.

In Cy, we use the signaling scheme developed by Tarokh et. al. [71, pp. 747-749].
The decoding at the output is chosen to be MAP decoding. Using our definition
for DIV and Tarokh’s development for probability of error [71, (10), p. 749] we
conclude that DIV, v (C;) = N min(M,t) which agrees with Tarokh’s conclusion
about diversity. However, from [71, (18), p. 755] we see that the rate R is bounded
above by a constant independent of p. Therefore, DOF s n+(C1) = 0.

In Cy, we choose the elements of the matrix S to be i.i.d. complex circular Gaussian
random variables with mean zero and variance one. This is the capacity achieving

signal. We choosing the decoding strategy to be MAP. Therefore [50],
R(p, M, N,t,Cs) = C(p, M, N,t) = tElog det(Ir + ﬁHHT).

This shows that DOFy n(Co) = DOFy yy = t min(M, N). =

In Examples 2 and 3, we see that DIV of a MIMO system is linear in the number
of receive antennas. This makes sense intuitively because receive antennas provide
natural redundancy in the system. By increasing the number of receive antennas we
get many replicas of the transmitted signal and hence greater error protection.

It is quite intuitive to expect that DIV and DOF depend on each other. From the
definitions, it is obvious that they are related to each other parametrically through
C. Indeed, in the three examples given above we see that when a communica-
tion system is operating at maximum diversity (sup, DIV(C)), the corresponding
DOF is zero whereas when the system is operating at maximum degrees of freedom
(sup, DOF(C)), the corresponding DIV is zero. The following example illustrates
this point further.

Example 4: Consider the same system as in Example 3. A lower bound on the

error exponent for this system can be calculated as in [73]. By choosing the input
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distribution p(S), to be i.i.d. complex circular Gaussian pg(S) (capacity achieving

distribution), the error exponent is:

E = —logE
0(7:pa(S), p) = —log [

1 -
det (IM + —ﬁHHT> ]

where we have chosen to make the dependence of Ey(-) on p explicit. Given a rate

R, the upper bound on the probability of error is given by

P, < exp <_ {Eo(%PG(S),P) Rty p)D

oy

w. As p — 00, a fixed value of R, for all p,
™

where 7 is chosen so that R =
corresponds to different values of ~.

Now, instead of fixing R we fix 7. Then we see that as p — oo

OEo (v, pc(S), p)
oy

R(p, M,N,t,~) =

gives a fixed DOF and varying ~ varies DOF. Similarly, as p — oo

Pe(p, M, N,t,7) < exp (— [Eo(%pc(s),p) - ’yaEO(%pG(S)’p)D :

oy

gives a fixed DIV and varying v varies DIV. This implies that each value of v corre-

sponds to a different communication system C,. That is

i aEO(’V:pG(S% p) )

R(p,M,N,t,C,) =
(p, M,N,t,C,) 5
and
OFy (7. pe(S).
Pe(p, M, N, 1,Cy) = exp (— [Eo(%PG(S),p) _ 250 gj( ) p)D .
We can plot
9Eo (v, (5).p)
DOF v (Cy) = lim Oy

p—00 CH(pv 1a 17 17C’Y)
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versus
o EO(77pG(S), p) — f)/M

. 87
DIV Cy) =1
v (Cr) pl_{go log Perr(p,1,1,1,C)

parameterized by . One such plot fort =T =5, N =1 and M = 3 is shown in

Figure 7.1.

Figure 7.1: DOF as a function of DIV

Example 5: Consider the system in Example 4. By evaluating BEQLV(“’) at v =0 we
obtain R(p, M, N,t,0) = tlogdet(Iy + ﬁHHT) = C(p, M, N,t). Therefore, v =0
corresponds to a system operating at DOF /v ;.

If we fix R for all p (DOF = 0) then as p — oo the upper bound on probability

of error is simply

P, < exp(—Eo(1,pa(S)) — R)

where we have chosen the input distribution to be the capacity achieving one. From
73],

—1
Eo(1) = —log E {det (IM + ﬁHHg } .
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Therefore, we obtain for p — oo
DIV nt(Cr) = min (min(M, N)t, min(M, t)N).

From Figure 7.1 we can indeed see that for v = 0, DOF y; y+(C,) = t min(M, N)
and DIV, n+(C,) = 0 whereas for v = 1, DOFy n(C,) = 0 and DIV n:(C,) =
min (min(M, N)t, min(M,T)N).

DIV in the communication system corresponding to v = 1 is lower than or equal to
DIV in the communication system in Example 3 even though DOF in both systems is
zero. That is so because the maximization over p(S) in the error exponent (7.6) was
performed in Example 3 unlike in the current example where we fixed p(S) = pa(.S9).

Example 6 [Rapidly fading channel, [71]]: Now, let’s reconsider the MIMO
system in Example 3 with the additional constraint that 7" = 1. We will investigate
DIV and DOF for ¢ > 1 channel uses. Let’s again consider the two systems C; and
Co.

In Cy, we use the signaling scheme developed by Tarokh et. al [71, pp. 750
751]. Using our definition for DIV and Tarokh’s development for probability of error
[71, (17), p. 751] we conclude that DIV, n:(Ci) = Nt which agrees with Tarokh’s
conclusion about diversity. And similar to Example 3, DOF y; n+(C;) = 0.

In Cy, we choose the elements of the matrix S to be i.i.d. complex circular Gaussian
random variables with mean zero and variance one. This is the capacity achieving

signal. Therefore [50],
R(p, M, N,t,C) = C(p, M, N,t) = tElog det(Ir + %HHT).

This shows that DOF(M, N,t)(C2) = DOFy oy = tmin(M, N).

In this example, we see that DIV > DOF. m
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Example 7: Let’s reconsider the case of AWGN channel in Example 1 operating
at an optimal rate in a communication system with a binary input ({—1,1}) and hard
decision decoding at the receiver (Cy). In this case, the channel effectively behaves like
a binary symmetric channel with a crossover probability p = Q(/p) & £ exp(—p/2)
where ¢ is some constant. We will calculate DOF for ¢ channel uses for C;. We note
that as p — 0o, p — 0 and the maximum achievable rate for this system is 1 bit per
channel use. That is, lim, .. R(p,t,C1) = t. Therefore, DOF,(C;) is zero.

Now consider Cy which is similar to C; except that the channel is no longer op-
erating at the optimal rate and the communication system has repetition coding at
the transmitter. We will calculate DIV for Cs; corresponding to t, t odd, channel
uses. Note that the channel is effectively a binary symmetric channel with crossover
probability p ~ %exp(— p/2). The probability of error when using a repetition code

of length ¢, t odd, is

m 41 -1
P.(t,p) = 1 p2(1—p)>

t+1

2

t+1
2

Therefore, as p — 0 P.(t,p) = ¢p2 where ¢ is some other constant. Therefore,

t+1
DIVy(C2) = ——

We see that hard decision decoding at the output reduces DIV to (t+1)/2 as opposed
to DIV of ¢ in Example 1 that has soft decision decoding at the output. (]

Intuitively, we would expect the DIV > DOF for a channel as DOF in a channel
can be used to transmit redundant information (repetition coding) thus adding to
“natural” redundancy (multiple receive antennas) in the channel. This intuition
however, breaks down with the case of multiple antenna channels operating in a
coherent Rayleigh fading environment where we have seen the diversity is min(M, ¢) N

[71] whereas the degrees of freedom is min(M, N)t [50, 85].
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7.3 Conclusions

We have introduced a rigorous definition for diversity and degrees of freedom in
a more general setting than MIMO communication system operating in a fading
environment that we hope will dispel some of the confusion surrounding these two
quantities. We have shown how these definitions agree with the current literature
through various examples. We have also given an intuitive definition of these quan-
tities where diversity should be regarded as the maximum amount of redundancy in
the channel and degrees of freedom should be regarded as the number of independent

channels available for communication.
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APPENDIX A

Appendices for Chapter 3

A.1 Derivation of Stability Condition (3.7)

We will follow the Z-transform method of [46]. Let £(z) donate the Z-transform
of & and éz(z) donate the Z-transform of the i** component of Gj. Then we have

the following

"1
=1
. 2 ) . 2 -
Gi(z) = (1= Fh+ TENGi(e) + 5N=16) +
G;(0)
which leads to
' 1 N Gi(0)
- &m"l—z*1 + Zi:l 1—z*1(1—%‘xi+¥xf)
(=) = — (A1)
1—- Z'—l = 2i 2u2
= 1_271(1_%>\i+%)\?)
and
~ 1 2£X2N(2) + G,;(0)D
- 2NN (2) + Gi(0)D(2) o)

7«( ) = 2 22
D(2) 1 — 271(1 — 2\, + 22 )2)
where N(z) and D(z) denote the numerator and the denominator in (A.1). Therefore,

the condition for stability is that the roots of

2 242
z—(1—F“Ai+%A§)=0
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fori=1,...,N and

[T5, [= = (1= %0+ 200)| -

2
S X s |2 — (1= 2+ ZE00)| =0
should lie within the unit circle.

The reader should note that (A.2) should be used to determine the stability of

Gi(z) and not

%)‘122_1 gmznl_—iﬂ + Zk;ﬁi ék(’z) + Gl(o)

éi Z) = 2
) 1—z71(1 — 2N, + 22)02)

that was used in [46].
Following the rest of the procedure as outlined in [46] exactly, we obtain the

conditions for stability to be (3.7).

A.2 Derivation of expression (3.9)

Here we follow the procedure in [22]. Assuming G converges we have the expres-

sion for G to be

12

Goo = P [2uN — 21\ — M2A2117}‘IFA21§WH.
Then we have
Gri1 — Goo = F(Gr — Go)

where F' =1 — 2\ + %A + “;A2117. Since &, = tr{G}} we have
D (=) = D (G — Guo)}
k= k=0

0

- tr{i F¥(Go — Goo)}
k=0

= t{(/ = F)"(Go — Gwo)}

from which (3.9) follows.
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A.3 Derivation of the misadjustment factor (3.8)

Here we follow the approach of [46]. The misadjustment numerator and denomi-

nator is defined as M(u) = &‘{M Since £o = lim,_;(1 — 271)&(2) and the limits

main

of (1 —2z71)&(2) are finite, we have

lim, [fmm +(1-2 )2l ey ]

i—=1 _ 2 2u2
B Tl (1N SN2
500 - ‘| )

2
. N BEN2-1
lim, [1 -> L

= 2
=l am1(1- 2+ 22 02)

that is
gmin
goo = 1 N s
L= 2 Zi:l 1%1/\1-
gmin
1—mn(p)’

from which (3.8) follows.

A.4 Proofs of Lemma 3.1 and Theorem 3.1

Proof of Lemma 3.1: First note that e, = —VkTXk. Next, consider the Lyapunov
function Ly = VkTHVkH where ﬁ is as defined in Lemma 3.1. Averaging the

following update equation for V,J 1 Vet
Vil Vi = ViV —ute (VI X XT3 — e (Vi VI L X XD+ 2 { VeV X X T X0, X
over all possible choices of S;, 7 =1,..., P we obtain

Liir = Ly — %tr{mxk(z — puXaXHXT1.

Since sup, (X X;) < B < oo the matrix (21 — uXX]) — (21 — uBI) is positive

definite. Therefore,

Lo < Lo — %(2 — uB) e {ViVi X, X}
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Since u < 2/B

£k+1 S Ek — tr{VkaTXkX,i}

Noting that €2 = tr{V;V XX} we obtain

k
L1+ Z er < Ly
1=0

since Lo < oo we have €2 = O(1/k) and limy_,o €2 = 0 =

Before proving Theorem 3.1 we need Lemmas A.1 and A.2. We reproduce the
proof of Lemma A.1 from [63] using our notation because this enables to understand

the proof of Lemma A.2 better.

Lemma A.1. [63, Lemma 6.1 p. 143-1/4] Let X}, satisfy the persistence of excitation

condition in Theorem 3.1. let

SR - XX ifD>0
Uy kD =
1 if D <0

and
K

Gk = Z HL,kJrllek-i-leiHHk,k—&-l—l
=0

where K is as defined in Theorem 3.1 then Gy — nl is a positive definite matriz for

some n > 0 and Vk.

Proof: Proof is by contradiction. Suppose not then for some vector w such that

wiw =1 we have wiGrw < ¢® where ¢ is any arbitrary positive number.

Then

K

Z WTHZ,Ml—lXkHXIiJrlHk,kH—lw <
1=0

= W, X X Megiiw < @ for 0< 1< K,

Choosing [ = 0 we obtain wf X X{w < ¢ or [|wl X,|| < c.
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Choosing [ = 1 we obtain ||w'(I — %XkX,I)XkHH < ¢. Therefore,

1 1
Wl X || <t = ﬁXkXDXkH” + ﬁHWTXkHHX}iXkHH

< ¢+ %Bc =c(1+2/P).

Choosing | = 2 we obtain ||w(I— %XkX,i)(I— %Xk+1X£+1)X]§+2|| < c¢. Therefore,

f 1t 1t
i Xall < (T = BN = B Xira X )Xol + Sl Xe X[ Xisal

2
1 1
+F||wTXk+1X,I+1X,€+2|| + ﬁ|leXkX;1Xk+1le+1Xk+z||

< O(e).

Proceeding along similar lines we obtain ||w!Xy|| < Lefor I =0,..., K where L

is some constant. This implies w' ijkK XleTw < (K +1)L3¢*. Since c is arbitrary

we obtain that w' Zf:kK X, X ZT w < o1 which is a contradiction. =

Lemma A.2. Let X} satisfy the persistence of excitation condition in Theorem 3.1.

let

S = pliXoX)) if D >0
Plc,chrD =
1 if D <0

where I; 1s the randomly chosen masking matriz and let

K
Q= T} Xkt X e
=0

where K is as defined in Theorem 3.1 and ﬁ 15 the average over randomly chosen

I; then Q. — vI s a positive definite matriz for some v > 0 and Vk.

Proof: Proof is by contradiction. Suppose not then for some vector w such that
wiw =1 we have wiQuw < ¢ where c is any arbitrary positive number.

Then

K

2
ZWT Pli,k—&-l—leJrlX]];_,_lPk,kal w<c
1=0

= of Pli,k-i-l—leHXli-s-lPk,kH*l w<c? for0<I<K.




140

Choosing [ = 0 we obtain wTXkX,Zw < or WX <e

Choosing | = 1 we obtain w (I — uX X 1) X1 XJ, (T — pli X0 X)) w < 2

Therefore,
W X1 X, w0 — %WTXkX;XHlX;Hw - %WTXk+1X;+1XkX;w+

2 P
7
FWTXkX,Z [ZIz-XkHX,ZH]Z»] XiXlw < &

i=0
Now
o X X X1 Xl < ot Xl (| Xy X [
< CB3/2
and

P
wf X5 X [Z I,-XMX;H[,-] Xp X w|| < *PB2.

i=0
Therefore, wf X, 11X}, ,w = O(c) which implies [|wfXyi1| = O(c/?). Proceeding
along the same lines we obtain ||w!Xy, || = O(cYF) for | = 0,...,K for some
constant L. This implies w! S-55 X, Xw = O(¢*/%). Since ¢ is arbitrary we obtain
that w' Zf;“kK XleTw < o1 which is a contradiction. =

Now, we are ready to Prove Theorem 3.1.

Proof of Theorem 3.1: First, we will prove the convergence of VLVk. We have
Vi1 = (I — %XkX,I)Vk. Proceeding as before, we obtain the following update

equation for VkVL

V! 7 valhva [+ —
ViikiVisk+r = ViegVirr — QEVkJrKXkJFKXILrKVkJrK
,U2 il T t —
+ﬁvk+KXk+KXk+KXk+KXk+KVk+K
< ViV Lt Xk XV
= VKV kK T BV kKR Ay iV kK
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The last step follows from the fact that u < 2/B. Using the update equation for Vj,

repeatedly, we obtain
VhenV < Viv.- LVigv
kK1Y E+K+1 > A F kgk k-
From Lemma A.1 we have,
R v B
Vk+K+1vk+K+1 < (1 - ﬁTI)vkvk

which ensures exponential convergence of tr{VkVJ,L}.

Next, we prove the convergence of V,j Vi. First, we have the following update

equation for tr{V;V;'}

— S
tr{‘/’C+K+1VkT+K+1} S tr{‘/k-‘rKVkTJrK} - ﬁtr{Xk+KXii+KVk+KVkT+K}- (A.3)

Using (A.3) and also

VirVi = (I — plh X XDV — pXe X[ 1)

repeatedly, we obtain the following update equation

Vs 1 Vi e} < tr{VaVl ) — {0 iV}

From Lemma A.2 we have

tr{VI€+K+1VkT+K+1} <(- u’y)tr{VkaT}

which ensures the exponential convergence of tr{VkV,j}. =

A.5 Proof of Theorem 3.2 in Section 3.5.1

For the proof, we need some definitions first. We define for p > 1 the set M,, of

F ={F;} as

M, = {F ssup S, = o(T), as T — oo} (A.4)
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where S = ST (F; - B[F).

The proof is just a slightly modified version of the proof of Theorem 2 derived
in Section IV of [37, pp. 766-769]. The modification takes into account that in the
present context Fj is no longer Fj = XkX,i but, F = ]kaXZ. Theorem 3.2 is

proved in a step by step manner using different lemmas. First, we rewrite

Xy = Z aje(k, j) + &, Z a; < 0o
Pa— j=—o0
where by definition
def . . 1 .
aj = Sup AR, I, ek, j) = a; Ak, j)ex—;. (A.5)

The new process has some simple properties as listed in [37].
Lemma A.3. if {G}} is a g-mixing d X d-dimensional matriz then so is { Fj, = IyG}.}.

Lemma A.4. Let {F}.} be a ¢-mizing d X d-dimensional matriz process with mixing

rate {¢(m). Then

T-1
m

sup ||z < 2cd {TZ

=0

1/2
\/gb(m)} , VI >1

where Si(T) is as defined earlier and c is defined by c dlef sup, ||[F; — EF|2.
Proof: Proof is the same as the proof of Lemma 1 in [37]. =

Lemma A.5. Let Fy = [, X, X[, where { X} is defined by (3.12) with supy, ||ex|s <

o0o. Then {F}.} € My, where My is defined by (A.4).

Proof: Proof is practically the same as the proof for Lemma 2 in [37]. All we need

to add is that if {Gy} is ¢-mixing then so is {[,Gy}. =

Lemma A.6. Let sup,, E||X,|ls < co. Then {I,X,X]} € S if and only if (3.14)

holds, where S is defined by (3.11).
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Proof: Let us first assume that (3.14) is true. Take p* = (1 + sup, E|| Xi|*)~".
Then applying Theorem 2.1 in [36] to the deterministic sequence Ay = pE[[, X X]]
for any p € (0, %], it is easy to see that {[, X, X} € S(u*).

Conversely, if {X; X[} € S, then there exists pu* € (0, (1 4 sup, B[ Xz[?)"] such
that {X, X/} € S(u*). Now, applying Theorem 2.2 in [36] to the deterministic
sequence Ay = p* E[I, X}, X]], it is easy to see that (3.14) holds. This completes the

proof. (]

Lemma A.7. Let Fj, = [, X, X[, where {X}} is defined by (3.12) with (3.13) satis-

fied. Then {F.} satisfies condition 1) of Theorem 1.

Proof: From Lemma 4 in [37] we know that G; = X; X, satisfies condition 1) of
Theorem 1. Since || Fy|| < |G| it follows that { F}} satisfies condition 1) of Theorem

1. ]

Lemma A.8 (Lemma 5 in [37]). Let {z} be a nonnegative random sequence such
that for some a > 0,b > 0 and for all i1 <19 < ... <1y, Vn >1
Eexp {Z sz} < exp{an + b}. (A.6)
k=1

Then for any L >0 and anyn >1i >0

1 n

Eexp{ = Z 2 1(z; > L) p < exp{e® ?(n — i) + b}
2,55

where I(+) is the indicator function.
Proof: This lemma has been proved in [37]. (]

Lemma A.9. Let Fy, = L, X X] where { X} is defined by (3.12) with (3.13) satisfied.

Then {Fy} satisfies condition 2) of Theorem 1.
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Proof: Set for any fixed k and [

i+1)T—1
def (3+1)

2 = zi(k,1) = Z [Le(t, k)e(t, 1) — ELe(t, k)e(t, D)1,

t=4T
where €(k, () is as defined in (A.5). Then, we have

n (J+1)T-1

zn: ||S](T)|| S i ara i Zj+2 i Qg Z Z ItE(t, k?)&:r . (A7)

j=i+1 kl=—00 j=i+1 k=—oco  j=i+l|| t=jT
We first consider the second to the last term in the previous equation. By the

Holder inequality

Ak

Eexp {u i axay i zj} < ﬁ {Eexp{uA2 i zj}} e

k,l=—o00 Jj=i+1 k,l=—o00 Jj=i+1

where A = def D e oo e

Now, let ¢ = Y, Fllex||?, and note that
||]t€(t’ k)dt’ Z)TH < ||€(t7 k>€(t’ Z)TH
1
Sl R+ ez, DI

1
5 Ulekll” + lleeal®)

IN

IN

and we have

T
1 c
5 _E |€t—k||2 + lle—dll?) + ET‘

By this and (3.13) it is easy to prove that the sequence {az;} satisfies (A.6) with
a= (K +¢/m)T and b = log M, where « is defined as in (3.13). Consequently, by
Lemma 5 in [37] we have for any L > 0

Eexp {% Z zil(z; > LT)} < M exp {e(K+c—%)T(n _ @)}

j=i+1
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Now, in view of the above, taking u < ‘”{2 and L > 2a7 (K + ¢), and again

applying the Holder inequality, we have

n

FEexp {2uA2 Z 2l (2 > LT)} < Mexp{ud(T)(n —1)}

j=i+1

where 0(T) — 0 as T' — oo, where

L
§(T) = 4a A exp {(K +c— %)T} :
. def
Next, we consider the term z; = z;1(z; < LT).
By the inequality e* < 14 2z, 0 < z < log2, we have for small > 0

exp{Q,uA2 Z xj} < H (1 + 4pA%z;)

j=i+1 j=i+1

p < min(log 2/2A%z;), x; > 0.

As noted before, for any fixed k and I, the process {e(t, k)e(t,1)T} is ¢-mixing with
mixing rate ¢(m — |k — [|). Consequently, for any fixed k and [, both {z;} and {z;}
are also ¢-mixing with mixing rate ¢((m — 1)T'+ 1 — |k — {]). Note also that by
Lemma 1 in [37]

Er; < B2 < ||zl < fu(T) where fu(T) = 2ed {T Y02 v/alm — k= D)}

Therefore, applying Lemma 6.2 in [37], we have

n

E ] 0 +4pA’z;) < 201+ 8uA?[fu(T) + 2LTH(T + 1 — |k — 1))}
j=i+1

< 2exp{8uA[fi(T) + 2LTH(T + 1 — [k — 1]))(n — )}.

Finally, using the Schwartz inequality we get

" " 1/2
Eexp {/Ml2 Z zj} < {Eexp{Q,uA2 Z zil(z; > LT)}} X

j=i+1 j=i+1

" 1/2
{Eexp {2MA2 Z :L’j}}
j=i+1

< \/mexp{,u[é(T) +8A* fu(T) +

16LTA2$(T + 1 — |k — I)](n — 1)}
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Therefore, it is not difficult to see that there exists a function ¢g(7') = o(T') such

that for all small p > 0

FE exp {u Z ara Z Zj} < V2M exp{ug(T)(n —i)}.

k,l=—o0 j=i+1
We can similarly bound the second term in (A.7) and we are done. L
Now we will highlight some of the remarks and corollaries to Theorem 2 in [37].

The remarks and corollaries are pertinent to this Theorem too.

Remark A.1. By taking A(k,0) = I, A(k,j) = 0, Vk,Vj # 0, and & = 0, Vk
in (3.12), we see that {Xy} is the same as €, which means that Theorem 3.2 is

applicable to any ¢-mixing sequences.

Corollary A.1. Let the signal process be generated by (3.12), where {&x} is a bounded

deterministic sequence, and {ey} is an independent sequence satisfying
2
sup Elexp(al|ex||?)] < oo, for some o > 0.
k

Then {XkX,i} € S, for some p > 1 if and only if there exists an integer h > 0 and

a constant 0 > 0 such that (3.14) holds.

Proof: Similar to the proof of Corollary 1 in [37]. =

A.6 Derivation of Expressions in Section 3.8.1

In this section, we will need the following identity
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First, we have the following expressions for LMS

k
Joo = Z(l—uﬁ)k’s)(sns
s=0
k
Jha = pY (1= puo®)" 7 Di(k,s + 1) Xon,
s=0
k
Ji = 1) (1= uo®) "2 Dy(k, s + 1) Xon,
s=0
where
k
Di(k,s) = ZZ“ k>s Dy(k,s)=0 s>k

k
Do(k,s) = Y Di(k,u+1)Z

and Z, = E[X,X]] — X, X].

This leads to
k
lim B4 (J2,1)1] = i 0% (1~ o)) BX X
s=0

and we finally obtain

0.2

lim E[J7(J© T
hoo [ f )] = w(2 — po?)

Similarly,

k
tim BT (T )T = pod Y (1= po®)* 1 E[Di (s, 1) Xo X).

s=0
Now, E[Z,XoX]] = E[X,X!|E[X,X] — E[X,X] X, X]] = 0 which gives

E[Dy(s,1) X, X} = 0.

Thus, limy_. E[J” (JM)1] = 0.

Next,

Jim E[Jk+1(Jk+1 ;fz — o) 2E[Dy (u, 1) X X Dy (u, 1)1]
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E[Z,XoX1Zl] = 6T — c*B[X, X! X X]] — :?E[Xo X} X, X]] +
E[X, X[ Xo X)X, X]]
= 0 ifv#u

= No&°T ifv=nu.

Therefore, E[D;(u, 1) XX D1 (u,1)T] = uNo®T and we obtain

N 2 2
lim B[ ()] = ﬁ]

Next, we have limy,_.o E[J).(JE1)T] = p?02 > o E[Da(s, 1)XoX{]. Now,
E[Z,Z,XoX]] = 0T — c?B[X,X]XX]] — F?E[X, X X X]] +
E[X, XX, X]XoX{]
= 0 if v #u.

Therefore, E[Ds(s,1)XX]] = 0 and consequently lim;_o B (JE )T =0.

Second, we have the following expressions for SPULMS
: 1

Jo, = 52(1 - 50 oD I X n,
- I

o1 = o®)" 7 Dy (k, s 4+ 1) [, X,

k+1 N; P (k,s+1) n

k

Ry = 1) ( 1——0 K2 Dy (ks 4 1)1, X o0,
s=0

where
k

Dy(k,s) = ZZ“ k>s Di(k,s)=0 s>k

U=s

Dy(k,s) = > Di(ku+1)Z

and Z, = I, X, X| — LE[X,X]],
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This leads to

k
Tim BLI, (8,01 = Jim 0237 (1— po?) 5 B[, X, X))
s=0

and
lim E[J”(JO) = %
k—o0 ,LL(2 — %0'2)
Similarly,
k
Tim BLIY, (7)1 = 502 31— po® P B[D (s, DI X0 X o)
s=0

Now, E[Z,JoXoX}1o] = E[[.X X}|E[IyXo X} Io] — E[I,X,X[I,Xo X} I)] = 0 which
gives

E[Di(s,1)Xo X =0

so that limy_. E[JY,(JE )] = 0.

lim B[ (i) MQZ — o) 2E[Dy (u, 1) Iy X0 X{ Iy Dy (u, 1)1].
Furthermore
E[Z,1oXoXo [, Zl] = o°I — B[, X, X[, X, X} I)) — 0?E[IyXo X I, X,X]1,]

+E[I,X, X [, X0 X 10X, X! ]

= 0 ifv#u
= —(N +113)3P — 106[ it v =u.
Therefore, E[D; (u, 1) Xo X} D1 (u, 1)1] = w661 and we obtain
lim E[JV(J) = %I.

s 2 - Eg?)2
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Finally, we consider limy_. E[J, 1 (J21)T] = p?02> 0, E[Daf(s, 1)XoX{]. Now

E|Z,Z,XoXl] = o°T —?E[I,X, X 10X, X} I,] — 0?E[[, X, X1 10X, X I]
+E[I,X, X1, X, X! I, X0 X1 1]

= 0 ifv#u

Therefore, E[Dy(s,1)XX]] = 0 and consequently limy, .., E[J?, ,(JZ, ;)T = 0.

A.7 Derivation of Expressions in Section 3.3

In this section, we will need the following identities

i 2|v—w| S(l - CL4) —2a” + 202011
a =
v,w=1 <1 o a2)2

s 2
Z alvvlgrte = a—[l +a® — (25 + 1)a* + (25 — 1)a*™?
v,w=1 (1 - a2)2

- (1—ap)®

s(1—ap)* = :

First, we have the following expressions for LMS

k
‘]l(c)—f—l = Z(l_ﬂ)k_sXsns

k
Joer = Y (L=p)* " Dy(k, s +1)X,n,

=0
k
Ry = 1) (1= ) Dy(k, s + 1) X,n,

s=0
where
k
Di(k,s) = ZZ“ k>s Dy(k,s)=0 s>k
K
Dy(k,s) = Y Di(k,u+1)Z,

and Z, = E[X,X]] — X, X].
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This leads to
lim B[] LT = = lim o} Z )29 B[ X X ]

and as a result

im Oyont) = "o
Jim B[, (T u(2—ﬂ)]

Next,
lim BLY, (T 1)1] = po? 3 (01— ) LDy (s, 1) X0

Now, E[Z,XoX{] = E[X.X!|E[XoX]] — B[X.X]XoX{] = —25x? which gives

N ,1— g%
Ptz

E[Dy(s,1)XoX]] = —

Therefore, limy_o, E[J " (J)1] = "E oy 71+ O(p)1. Next we consider,

Tim ELJE ()] = 0262 S0 (1= ) 2E[Dy (0, 1) Xo X0 Dy (1, 1)]].
u=0

Note that,
E(Z,XoX}Z]] = I- E[X,X]XoX]] - E[XoX{ X, X{] + E[X, X! X, X{ X, X]]
— [(N? 4 Drvregl—el 1 g2l
Therefore,
E[D:(u, 1)XOX Dy(u,1) 1 - Zu:,iv ul eru_i_NZZﬁQh) ul
s=1 t=1 s=1 t=1

and consequently

1 Ho?lN
lim O () = LEA%N

Finally, we have limy_.oc E[J,(J2, 1)1 = p?02 > o0 E[Dafs, 1)XoX{]]. Now

E[ZyZ, X X{] I — E[X, X! XoX]] - E[X. X! X, X{] + E[X,X] X, X! X0 X]]

— [<N2+1)/€v+u/€|v7u| +Nﬁ2|v7u|.
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Therefore,
E[Dy(s,1) XX = (N? +1) Z Z ko=l ”+“+NZ Z g2l
s=1 t=s+1 s=1 t=s+1
and
lim B[ ()] = o Lo
e TG ) S

Second, we have the following expressions for SPULMS

k
H\k—s
JlS—&-l = Z(l_ﬁ)k IsXsns

s=0

k
N
Jh = MZOQ — E)’f 'Dy(k,s + 1)1, X n,
k
Ty o= @Y (1= 2D,k s + 1) X n,
where

k
Di(k,s) = ZZ“ k>s Dy(k,s)=0 s>k

uU=s

Dy(k,s) = Y Di(ku+1)Z

and Z, = I,X,X| — LE[X,X]].
This leads to
lim E[JY ()] = lim o} Z VE[I, XX 1]
o s=0

and therefore,

Next,
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Furthermore, E[Z,IiXoX}Io] = E[I, X, X]|E[IyXo X! I,) — E[I.X., X} I, Xo X1, =

— 5% which gives
N ,1—k?
f1 2
E[Dl(s, ].)X()XO] = —ﬁl{ 1_ 2
and as a result
2 2
N
lim E[J (M = =214 O(u
Next, consider
Lim E[JkH(JkH = a%fz ()22 E[Dy (u, 1) Iy Xo X Iy Dy (u, 1)1].
Since,
E|Z, 0, XoXo1,Zl] = I— E[I,X,X!1,X,Xl1)] — E[I,X, X I,X, X1,

+E[I,X, X [, X X} 1, X, X 1,]

= — (= 4 Vsl N i £

1 N?
_ ﬁ[(? + 1)I€v+uﬁ\v—u\ +N:‘i2‘v_u‘]l
P-1 N?2+2N+1 ,,

+ 2 [(N+1)+ 2 kU ifv=u

we have limy, o E[J{V (S = 2N L (N 4+ 1) BT+ O(u)1.

Finally, we have limy_. E[J0,;(JZ 1)1 = p?02 Y 22, E[Ds(s, 1)XoX]]. Further-

more,

E|Z,Z,X,X]] = o°T — *E[I,X, X1, X X} 1] — 0* B[, X X} I, X0 X I]

+E[I,X, X1, X, X1 I, X0 X1 1]

1 N? vtu . |v—ul 2|lv—ul| :
= ﬁ[(F—i—l)K K + Nk I ifv#u

which leads to limy_oo E[J\”(JP)1] = 752501 + O(p)1.
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APPENDIX B

Appendices for Chapter 6

B.1 Capacity Optimization in Section 6.2.1
We have the following expression for the capacity
czm%amm+ﬁHMm

where A is of the form

‘L M—(M-1)d 17,

My dlya

Let [” denote the real part of [ and I’ the imaginary part. We can find the optimal

value of d and [ iteratively by using the method of steepest descent as follows

oC

dpr = di+ ’ué)—dk
. ac
1 = b+ ”a_z;;
i i oC
k1 = T “a—z;;

where dy, I} and [}, are the values of d, [" and [’ respectively at the k' iteration. We

use the following identity (Jacobi’s formula) to calculate the partial derivatives.

A
= tr{ A1 =21,
A5

Ologdet A
od
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Therefore, we obtain

oc
od

_ Pttt
Bur{[Iy + 7 HAH) ™ o H =2 H)

and similarly for " and [* where

8_A B —(M—1) 03,
od

I Opr_q Inr—q
OA B 0 1y
or

_lM_1 Orr—1
% B 0 Ly
o

_lel OM—l

The derivative can be evaluated using monte carlo simulation.

B.2 Non-coherent Capacity for low SNR values under Peak Power Con-
straint
In this section, we will use the notation introduced in Section 6.3.3. Here we

concentrate on calculating the capacity under the constraint tr{SST} < TM.

Theorem B.1. Let the channel H be Rician (6.6) and the receiver have no knowledge

of G. For fired M, N and T under the peak power constraint

C = rTpAmae(Hp HI) + O(p*?).

Proof: First, Define p(X) = E[p(X|S)] where

o1 3 1 —(X—\/r&HnS Ay (X—/rfHuS
p(X]S) = TNA~_~€ x SrHm ST Agjg (X s HmS)
n X5

Now

H(X) = EHX\K(%)w[lOgP(X)] + E||X\\2(%)v[10gP(X)]
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EHXH>(L 5 is defined by (67) Since P(HXH 2 (%)7) < O( W/TM> where we

have chosen « such that 1 — 2y > 1/2 or v < 1/4. We have

H(X) = Bjg<aey, log p(X)] + O(e 557,

ﬁ (tr{(l —r)SST® Iy} + tr{rgTI:[fanmSD +

. -1 o ko
(1- r)ﬁXTSST ® InX + 7“5% (sTH;XSTH;X +Staf XX, S+

XA, SSTH! X +

X, SXtH S) O 37)].

Since the capacity achieving signal has zero mean, for || X| < (%)7

p(X) = WTLNG—X*X [1 _ % (tr{(l —r)E[SST) ® In} +tr{rﬁmE[§§T]g;}> 4
%((1 —r)XTE[SST @ IyX + rXTﬁ[mE[ggT]ISLLX . O(pzz/zfs»y)}

where Ay = Iy + £(1 —7)E[SST @ Iy + £rH,E[SSTH],. Also,

H(X> = logdet(Iry + %(1 - T)E[SST] ® Iy + ﬁrgmg[ggwgw + O(p3/273'y)

= L1 = nBISS' ® Iy + r L BISS L) +0( ).
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Since P(||S||? > TM) = 0 we can show H(X|S) = (1—r)Ltr{E[SST|@Ix}+0(p?).
Since 0 < v < 1/4, I(X;95) = rﬁtr{ﬁmE[ggT]ﬁIn} + O(p*?). Tt is very clear
that to maximize C' we need to choose E [§§T] in such a way that all the energy
is concentrated in the direction of the maximum eigenvalues of H,,H] . So that we
obtain, C' = 1L \yee (Hy Hi )t E[SST+O(p*?). trE[SST] is maximized by choosing

tr{SS'} to be the maximum possible which is 7M. Therefore,

C' = rpT Az (Hn HY ) + O(p*/?).

Corollary B.1. For purely Rayleigh fading channels lim, ., C/p =0

B.3 Proof of Lemma 6.3 in Section 6.3.4

In this section we will show that as 02 — 0 or as p — oo for the optimal input

(sgg),i =1,...,M), Vd e >0, Joy such that for all 0 < oy

o
P(i—>0) <e (B.1)

571l
fore =1,..., M. s§”) denotes the optimum input signal being transmitted over
antenna 7, i = 1..., M when the noise power at the receiver is 02. Also, throughout

we use p to denote the average signal to noise ratio M/o? present at each of the
receive antennas.

The proof in this section has basically been reproduced from [85] except for some
minor changes to account for the deterministic specular component (H,,) present in
the channel.

The proof is by contradiction. We need to show that if the distribution P of a
source SEU) satisfies P( ﬁ > §) > ¢ for some € and ¢ and for arbitrarily small o2,

(o)

there exists o2 such that s;”’ is not optimal. That is, we can construct another input
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distribution that satisfies the same power constraint, but achieves higher mutual

information. The steps in the proof are as follows

1. We show that in a system with M transmit and N receive antennas, coherence
time T' > 2N, if M < N, there exists a finite constant k; < oo such that for
any fixed input distribution of S, I(X;S) < ky + M(T — M)log p. That is, the

mutual information increases with SNR at a rate no higher than M (7' — M) log p.

2. For a system with M transmit and receive antennas, if we choose signals with
significant power only in M’ of the transmit antennas, that is [|s;|| < Co for
i=DM+1,..., M and some constant C', we show that the mutual information

increases with SNR at rate no higher than M'(T — M) log p.

3. We show that for a system with M transmit and receive antennas if the input
distribution doesn’t satisfy (B.1), that is, has a positive probability that ||s;|| <
Co, the mutual information achieved increases with SNR at rate strictly lower

than M (T — M) log p.

4. We show that in a system with M transmit and receive antennas for constant
equal norm input P(||s;|| = v/T) =1, for i = 1,..., M, the mutual information
increases with SNR at rate M (T — M)log p. Since M (T — M) > M'(T — M")
for any M’ < M and T > 2M, any input distribution that doesn’t satisfy (B.1)
yields a mutual information that increases at lower rate than constant equal

norm input, and thus is not optimal at high enough SNR level.

Step 1 For a channel with M transmit and N receive antennas, if M < N and

T > 2N, we write the conditional differential entropy as

H(X|S) = NZE[log((l —7)|[si||* + 0*)] + N(T — M) log mea?.

i=1
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Let X = ®xXx Ul be the SVD for X then

H(X) S H(Cbx)+H(Zx|\I’)+H(\IJ)+E[lOgJTJv(O'l,...,O'N)]
< H(®x) +H(Ex) +H(¥) + Ellog Jrn(01, ..., 0n)]

= 10g |R<N, N)| -+ 10g |R(T, N)' -+ H(Zx) + E[log JT,N(Uh c. ,O'N)]

where R(T, N) is the Steifel Manifold for T > N [85] and is defined as the set of all

unitary 7" x N matrices. |R(T, N)| is given by

REMI= ] 2 :

Jrn(o1,...,0n) is the Jacobian of the transformation X — @XZX\I/;{ [85] and is
given by
1 N
_ (1 \N 2 22 2(T-M)+1
JT,N—(QW) H (07 7) Haz‘ :
i<j<N =1

We have also chosen to arrange o; in decreasing order so that o; > o, if ¢ < j. Now

H(Xx) = H(ow,...,0M,00M41,---,0N)

S H(O‘l,...,O'M)+H(0’M+1,...,O'N)
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Also,

N
+ Ellog g2 TN Ellog(c? — 02)?
ok Z $T
i=1 i<j<N

+ZEloga M+ 4

Z E[log(% —o})’ I+ Y Elloglo} =) +

E[lOg JT,N(017 ) O-N)] = IOg

= log

i<j<M i<M,M<j<N ‘_Q;gfg?_“
| 1
A

N

Z Eflog 02T~ 4 Z Ellog(a} — 02)?]
i=M+1 M<i<j<N

IN

E[lOg JN,M(Ula e ,O’M)]
+Elog Jr—mN—m(Ons1, - -5 0N)]

+2(T — M) _ E[logoy).

i=1
Next define C = @121\111 where X1 = diag(oq,...,0um), @1 is a N X M unitary
matrix, W, is a M x M unitary matrix. Choose 1, ®; and ¥; to be independent of

each other. Similarly define C5 from the rest of the eigenvalues. Now

H(Cy) = log|R(M,M)|+log|R(N,M)|+H(o1,...,0m)+ Eflog Inyr(o1,....00m)]
H(Cy) = log|R(N — M, N — M)| +log|R(T — M,N — M)

+H(O’M+1, Ce 70’]\[) + E[lOg JT—M,N—M(UM+17 e ,O'N)].

Substituting in the formula for H(X), we obtain

H(X) < H(Ch)+H(Co) + (T = M) Ellogo7] +log |R(T, N)| + log | R(N, N)|

—log | R(N, M)| — log |R(M, M)| — log |[R(N — M, N — M)| -

log |[R(T'— M,N — M)|
= H(Cy) +H(Co) + (T = M) Eflog 7] +log |G(T, M)|.

i=1
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Note that C; has bounded total power
tr{ E[C,C]]} = tr{E[0?]} = tr{ E[X XT]} < NT(M + o?).

Therefore, the differential entropy of C4 is bounded by the entropy of a random
matrix with entries iid Gaussian distributed with variance T(MTJFU% (13, p. 234,

Theorem 9.6.5]. That is

H(Cy) < NM log {mw} |

M

Similarly, we bound the total power of C5. Since opy1,...,0n are the N — M least

singular values of X, for any (N — M) x N unitary matrix Q.
tr{ E[C,CJ]} < (N — M)To?

Therefore, the differential entropy is maximized if Cs has independent iid Gaussian

entries and

H(Cy) < (N — M)(T — M)log {We To” ] .

T—-M

Therefore, we obtain

+ (T = M) E[logo?]

=1

H(X) < log|G(T, M)| + NM log {Wewl

+(N — M)(T — M)logmea® + (N — M)(T — M) log T

Combining with H(X|S), we obtain
T(M 2
I(X;5) < log|G(T,M)\+NMlog(T+J)+(N—M)(T—M)logT_M

N J/
-~
(e

+(T—M—N)ZE[1og0i2]—|—

=1

5

M M
N (Z log o7 ZElog (1 = 7)si]* + o2 )])
=1

=1

J/

~~
o

—M(T — M)log weo™.
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By Jensen’s inequality

M 1 M
Ellogo?l < Mlog(— S Elo?
> Blogot] < Mlog(yz 3 Blof)
NT(M + o?)
= Ml
og M

For ~ it will be shown that
M

ZE[logUf] = Bllog((1 = 7)llsill* +o*)] < &

=1

where k is some finite constant.
Given S, X has mean /rSH,, and covariance matrix Iy @ ((1 —r)SST + o217).

If S =®VUT then

XX = H'SISH+WISH+ H STW + Wiw

[I=

HIVIVH, + WIVTH, + HIVW + Wiw
where H, has the covariance matrix as H but mean is given by /r¥"H,,. Therefore,
XTX = XIX| where X, = VH, + W

Now, X, has the same distribution as ((1—7)VV14+0217)/2Z where Z is a random
Gaussian matrix with mean /7((1 — r)VV + o2I7)"V2UT H,, and covariance Iyr.
Therefore,

xXtx L7211 - Vvt +6%r) 2.

Let (XTX|S) denote the realization of XX given S then

(1 =r)llsal* + 0

1—nr)|lsyll> + o2
X[ £ 7 (1= )lsul .
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Let Z = [Z1|Z5] be the partition of Z such that
(XTX|9) £ ZI((1 = r)\V2 + 62y 2y + 02 23 7

where Z; has mean /7((1 — r)V? 4 ¢21,,)"?VW'H,, and covariance Iy and Z,
has mean 0 and covariance In(r—nr)

We use the following Lemma from [45]

Lemma B.1. If C and B are both Hermitian matrices, and if their eigenvalues are

both arranged in decreasing order, then

Y N(O) = N(B)? <O - Bl

=1

where || Al|3 dlef > A%, Ni(A) denotes the i™ eigenvalue of Hermitian matriz A.

Applying this Lemma with C' = (XTX|S) and B = Z!(V?2 4 ¢2I);)Z; we obtain
M(C) < Xi(B) + 0°(|Z 2|5

for i = 1,..., M Note that X\;(B) = X\;(B') where B' = (1 —r)V2+02I3,)Z, Z}. Let
k = E[|| Z}Z,]|5) be a finite constant. Now, since Z; and Z, are independent matrices

(covariance of [Z1|Z5] is a diagonal matrix)

M M
Y Ellogo?|S] < > Ellog\(((1 =)V +0°Tu) 21.2]) + 0°|| Z Za]))]
i=1

=1

= Z E[Ellog\(((1 = 1)V + 0*[) 21 Z) + 0*(| Z3 22 2) | Z1]

< 3" Bllog\((1 = 1)V + 02 [y) 21 Z]) + 0°k)]
= j}?_[log det(((1 = r)\V2 4 02 Iy) Z1 Z] + ko 1y))

= Ellogdet Z,Z1] + Eflogdet((1 — r)V? + 0Ly + ko*(Z,Z1)71)]
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where the second inequality follows from Jensen’s inequality and taking expectation

over Z,. Using Lemma B.1 again on the second term, we have

M
Y Ellogo?|S] < Elflogdet Z,Z{] + Eflogdet((1 — r)V? + oIy
=1

+ko®|(Z121) 7 |21m))]

< Ellogdet Z, Z]] + Elog det((1 — r)V? + k'cIy)]
where k' = 1+ kE[||Z1Z]||5] is a finite constant. Next, we have

M M
Z Ellog o?|S] — Zlog((l —7)||si]|> +0?) < Ellogdet Z,Z1] +

Zl 1—7” |SZ||2+]€/ 2

(1—7)]s]|> + o2

< E [log det Z,Z]] + K"

where k” is another constant. Taking Expectation over S, we have shown that
S M Elloga?] — oM, Ellog((1 — 7)||si]|> + 02)] is bounded above by a constant.

Note that as ||s;|| — oo, Z1 — \/ng so that E[Z,Z]] — ﬁE[HlHlT] =
ﬁE [HHT.

Step 2 Now assume that there are M transmit and receive antennas and that for
N — M’ > 0 antennas, the transmitted signal has bounded energy, that is, ||s;||* <
Co? for some constant C. Start from a system with only M’ transmit antennas, the
extra power we send on the rest M — M’ antennas accrues only a limited capacity
gain since the SNR is bounded. Therefore, we conclude that the mutual information
must be no more than ky + M'(T — M’)log p for some finite ky that is uniform for
all SNR level and all input distributions.

Particularly, if M’ = M — 1, ie we have at least 1 transmit antenna to transmit

signal with finite SNR, under the assumption that 7" > 2M (T greater than twice

the number of receivers), we have M'(T'— M’) < M(T — M). This means that the
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mutual information achieved has an upper bound that increases with log SNR at
rate M'(T — M')log p, which is a lower rate than M (T — M) log p.

Step 3 Now we further generalize the result above to consider the input which on
at least 1 antennas, the signal transmitted has finite SNR with a positive probability,
that is P(||sas]|* < Co?) = €. Define the event E = {||sy||* < Co?}, then the mutual

information can be written as

I(X;S) < el(X;S|E)+ (1 —¢e)l(X;S|E) +I(E; X)
< €elki+ (M —=1)(T—M+1)logp)+ (1 —€) (ke + M(T — M) log p) +

log 2

where k; and ko are two finite constants. Under the assumption that 7" > 2M, the
resulting mutual information thus increases with SNR at rate that is strictly less
than M (T — M)log p.

Step 4 Here we will show that for the case of M transmit and receive antennas,
the constant equal norm input P(||s;| = VT) = 1 for i = 1,..., M, achieves a

mutual information that increases at a rate M (T — M log p.

Lemma B.2. For the constant equal norm input,

lim inf [I(X;S) — f(p)] >0

020

where p = M/o?, and

f(p) =log |G(T, M)|+(T—M)Elog det HH|4+M(T—M) log ]\/T[:T)e_MZ log[(1—r)T]

where |G(T, M)| is as defined in Lemma 6.2.
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Proof: Consider

=
>
\Y

H(SH)
= H(QVH) +1log|G(T, M)| + (T — M)E[log det H UV H]
= H(QVH)+1og |G(T,M)| + M(T — M)logT + (T — M)E[logdet HH']

H(X[S) < H(QVH)+ MY Ellog((1—r)|s|* + 0%)] + M(T — M)log weo”

=1

H(QV H) + M?*log[(1 — r)T] + M?

2

a7

Q

+ M(T — M)log weo™.
Therefore,

I1(X;8) > log|G(T,M)| + (T — M)E[logdet HH'] — M(T — M) log mec?® +

0_2

M(T — M)logT — M?log[(1 — r)T] — M2m

= flp)—M? — f(p).

(1—r)T
]

Combining the result in step 4 with results in Step 3 we see that for any input
that doesn’t satisfy (B.1) the mutual information increases at a strictly lower rate
than for the equal norm input. Thus at high SNR, any input not satisfying (B.1) is

not optimal and this completes the proof of Lemma 6.3.

B.4 Convergence of Entropies

The main results in this section are Theorems B.2 and B.3. Lemma B.3 is useful
in establishing the proof of Theorem B.2.
Let xp(x) denote the characteristic function over a set P defined as xp(z) = 0 if

x ¢ P and yp(z)=1if z € P.

Lemma B.3. Let g : @7 — R be a positive bounded function whose region of support,

support(g), is compact. If there exists a constant L such that [ g(z)dz < L < 1/e
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then | [ g(z)log g(x)dz| < max{|LlogL| + |Llogvol(support(g))|,|Llog A|} where
A =supg(x).

Proof: First, [ g(z)logg(z)dx < [g(x)log Ade < LlogA. Let [g(x)dx = I,.
Consider the probability density function g(z)/I,. We know that [ 95 log Ig(x))dx >

f(
0 for all probability density functions f(z). If

Xsupport(g)
vol(support(g))

fz) =

then

/ o) log g(x)dz > / 9(z) log(I,f(2)) = Ilog ——8

vol(support(g))

This implies

1
ol < Llog Al |I,1 ’

max{| Llog Al ]I, log I,| + |, log vol(support(g))| }

VAN

IN

max{|Llog Al, |Llog L| + |Llog vol(support(g))|}.

The last inequality follows from the fact that for x < 1/e, |z logz| is an increasing

function of z. ™

Theorem B.2. Let {X; € @'T} be a sequence of continuous random variables with
probability density functions, {f;} and X € @' be a continuous random variable with
probability density function f such that f; — [ pointwise. If 1) max{f;(x), f(x)} <
A < oo foralli and 2) max{ [ ||z||* fi(x)dz, [ ||z||"f(x)dz} < L < oo for some k> 1

and all i then H(X;) — H(X). ||z|]| = Vatz denotes the Euclidean norm of x.

Proof: The proof is based on showing that given an € > 0 there exists an R such

that for all ¢

|/x”>R fi(z)log fi(x)dx| < e.
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This R also works for f(x).
Since ylogy — 0 asy — 0 we have maxzy<a | f(z)log f(x)| < max{Alog A e} = def
Therefore, f;(x)log f;(x) is bounded above by an L' function (g = K x|, <r) and by

the dominated convergence theorem we have

_/” o fi(x)log fi(r)dr — — F(2)log f(z)de

lzI<R
Now, to show that the integral outside of ||z|| < R is uniformly bounded for all
fi and f. Let g denote either f; or f. We have [ ||z||"g(z)dz < L. Therefore, by
Markov’s inequality fR<”wHSR+lg(x)dx = I < L/R*. Choose R large enough so

that for all [ > R: I' < 1/e. Now

[ g@)logg(x)da] < / 9(2) log g(x |dx—z 1) log g(a)|dz

l[=[[>R [[=[|>R
where By = {x : | < ||z]| <1+ 1}.
Consider the term fBl lg(z) log g(x)|dz = G;. Also, define A, = {x: —logg(x) >

0} and A- = {z: —logg(x) < 0} Now,

G = / o) logg(a)ldr + / 19(2) log () |dx

A_NB,

— 1 @) logg(x)dz] + / gl g ga)dal.

ALNB;

From Lemma B.3, we have
Gy < 2max{|I'log I'| + |I'log vol({ B;})|, |[I' log A}
We know vol({z : B;}) = o(I?""). Therefore,

l9(x) log g(x)|dx < %logl
By

where () is some sufficiently large constant. Therefore, we have

/ lg(x) log g(x ]dm<z logl = O(log R/R" ).
][> R
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Finally, as £ > 1 we can choose R sufficiently large to have | waII>R g(x)log g(x)dx| <

€. u

Theorem B.3. Let {X; € @ T} be a sequence of continuous random wvariables
with probability density functions, fi and X € @' be a continuous random vari-
able with probability density function f. Let X; —— X. If 1) Sz fu(z)de < L
and [ ||z||"f(z)de < L for some k > 1 and L < oo 2) f(x) is bounded then

limsup,_, .. H(X;) < H(X).

Proof: We will prove this by constructing a density function g; corresponding to
/i that maximizes the entropy at stage ¢ then show that limsup, . H, < H(X)
thus concluding lim sup H(X;) < H(X) where H,, def _ [ gi(z)log g;(x)dz.

First we will show that for all g; defined above there exists a single real number

R > 0 such that — ||

le|>R gi(z)log g;(z)dx < e. Note that this is different from

the condition in Theorem B.2 where we show |f||mH>R gi(z)log g;(z)dx| < e. Asin
Theorem B.2 choose R large enough so that I' < 1/e. Also define the two sets A

and A_ as in Theorem B.2 then

_ z)logg(x)der = — z) log g(x)dx — z) log g(x)dz
[ steoms | sosst@is - [ g@iosote)

= _Z/BM g(m)logg(x)dx—/ g(z)log g(r)dx

I=R -
where B; is as defined in Theorem B.2. The last line follows from the Monotone Con-
vergence Theorem. From the proof of Lemma B.3 we have — | Bina, 9(@)log g(z)dr <

—I'log I' + I'log vol(B;) Therefore

o0

_/II g(z)log g(z)dr < Z[_IZIOgIZJF]llOgVOl(BZ)]_/ g(z)log g(x)dx
z||>R ;

o0

R
< Z[—IZ log I' + I'log vol(B;)]
I=R
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and the sum in the last line is bounded above by »°°, l% logl = O(log R/R*1).
Therefore,

max{— g(x)log g(x)dr } < O(log R/R*™1).

g l[=[|>F

From the proof of Theorem B.2, | [, f(z)log f(z)dz| = O(log R/R*™).

Now let’s concentrate on upperbounding _szIISR fi(x)log fi(x)dx. Let A =
sup f(z). For each n partition the region {||z|| < R} into n regions P,,m=1,...,n
such that AmT’l < f(z) < A% for v € P,,, m <n and A”T’l < f(x) < Afor z € P,.
Now for each n, there exists a number M,, such that max,, | fpm(fi(m) — f(x))dz| <
1

—min,, me f(z)dz for all i > M,,. If M,, < M,,_y set M, = M,_; + 1. Now, define

the function M (i) such that
1, 1<i< M
My <1< M;j

3, M3z <1< M,

For each i, divide the region {|lz|| < R} into M (i) parts as defined in the previous

paragraph: P,,n=1,...,M(i), and define g;(z) over {||z|| < R} as

M (7)
T) = Z xp, (@)1,
n=1
where I,,; = fP fi(x)dx, Vi, = vol(P,).

Now, it is easy to see that — f||96HSR fi(z)log fi(x) < — el <R gi(z) log g;(z). Also,
note that ¢g;(x) — f(x) pointwise. Since f(z) is bounded there exists a number
N and a constant K such that g;(x) < K for all values of i > N, also f(z) <
K. Therefore, using Theorem B.2 we conclude that lim — fl|2|\<R gi(z) log g;(z)dx —

Therefore, limsup H(X;) < limsup H,, < H(X). =
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Lemma B.4 is useful for applying Theorem B.2 to applications in which it is known

that the cummulative distribution functions are converging.

Lemma B.4. Let a sequence of cummulative distribution functions F,(x) having
continuous derivatives converge to a cummulative distribution function F(x) which
also has a continuous derivative. If f,(x) are uniformly continuous then f,(z) con-
verge to f(x).

Proof: Since F,(x) is absolutely continuous and converging to F'(x), we have for

all y

Py = o ly—al <ap) = | ey / Sy = P(4,)

Since f,(z) are uniformly continuous, given e there exists a single ¢ for all n such
that | f,(z + Azx) — f.(x)] < € for all |Az| < 0.

We have |f,,(z)— fn(y)| < e Vx € A, and | fAy fo(x)dz— fo(y)vol(A,)| < e vol(A,).
Since \fAy f(z)dx — f(y)vol(A4,)| < e vol(A,) and fAy fo(z)dz — fAy f(x)dz we have
|lim f,,(y) — f(y)| < 2€ vol(A,). Since € is arbitrary we have lim f,,(y) = f(y) for all
Y. =

B.5 Convergence of H(X) for T"> M = N needed in the proof of Theorem
6.4 in Section 6.3.4

First, we will show convergence for the case ' = M = N needed for Theorem 6.4
and then use the result to to show convergence for the general case of T'> M = N.

We need the following lemma to establish the result for T'= M = N.
Lemma B.5. If A\in(SST) > X\ > 0 then Vn there exists an M such that | f(X) —
f(2)| < Mdif | X —Z] <.

Proof: Let Z = X + AX with |AX| < § and [02Ir + (1 — r)SST] = D. First, we

will fix S and show that for all S, f(X|S) satisfies the above property. Therefore, it
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will follow that f(X) also satisfies the same property. Consider f°(X|S) the density

defined with zero mean which is just a translated version of f(X|S).
f(X + AX|S) = f(X|9)[1 — tr[D"HAXXT + XAXT+ O(|AX )]
then
/(X + AX]S) = f(X]9)] < f(X]S)|tr[DTHAXXT + XAXT)] + tr[D7H AX[3]].

Now

1 ) 1
- min{ )
VoD X XT]

f(X|S)§m

1}.
Next, make use of the following inequalities

tr{D'XX} > tr{\nn(D"HXXT}

> Amin<D_1)>‘max(XXT) - )‘min(D_l)HXH%'
Also,

te{ DT (XAXT + AXXT+ O(JAX|3)} < D MDD AXXT+ XAXT])| +

1D~ 2/l AX I3

IN

TIID™ Ml IX 2 [IAX ]2 +

T D7l [|AXJ5.

Therefore,

1

1

< — = . min 1

= aTNdet"[D] {\/)\mm(D—l)HXHQ
T\ D72/ AX [|2(| X2 + |AX]]2).

[F(X + AX[S) — f(X]5)]

} .

Since, we have restricted A, (SS T) > X\ > 0 we have for some constant M

[f(X + AX[S) — f(X]|S)] < MIIAX]2.
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From which the Lemma follows. Note that det[D] compensates for \/Ayin(D~1) in
the denominator. =

Let’s consider the T' x N random matrix X = SH + W. The entries of M x N
matrix H, T'= M = N, are independent circular complex Normal random variables
with non-zero mean and unit variance whereas the entries of W are independent
circular complex Normal random variables with zero-mean and variance 2.

Let S be a random matrix such that A, (SST) > A > 0 with distribution, F},..(S)
chosen in such a way to maximize I(X;S). For each value of 0% = 1/n, n an integer
— 00, the density of X is

o—tr{lo? In+(1=r)SST =1 (X—V/rNMSHypn ) (X—V/rNMSHp) T}

TN det™ [02I7 + (1 — 1) SST]

f(X) = Es

where the expectation is over F,q.(S5). It is easy to see that f(X) as a function of
o? is a continuous function of o2. As lim,2_q f(X) exists, let’s call this limit g(X).
Since we have imposed the condition that A\,;,,(SST) > A > 0 wp. 1, f(X)
is bounded above by W Thus f(X) satisfies the condition for Theorem B.2.
From Lemma B.5 we also have that for all n there exists a common § such that
|If(X)—f(Z)| < eforall | X—Z]| <§. Therefore, H(X) — H,. Since \ is arbitrary we
conclude that for all optimal signals with the restriction A, (SST) > 0, H(X) — H,.
Now, we claim that the condition \,,;, > 0 covers all optimal signals. Otherwise,
if Apin(SST) = 0 with finite probability then for all 2 we have min ||s;]|? < Lo?
for some constant L with finite probability. This is a contradiction of the condition
(6.10). This completes the proof of convergence of H(X) for T'= M = N. L
Now, we show convergence of H(X) for 7' > M = N. We will show that H(X) ~
H(SH) for small values of ¢ where S = ®V T with ® independent of V and V.

Let Sy = @0%\113 denote a signal with its density set to the limiting optimal
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density of S as 02 — 0.
H(X) > H(Y) = H(QSy L) +log |G(T, M)| + (T — M)E[log det X2 ]
where Y = SH and () is an isotropic matrix of size N x M. Let
Yo=QVV'H

Then H(QXyUl) = H(Yy).
From the proof of the case T = M = N, we have lim,>_, H(Yy) = H(QVo W H).
Also,

lim Ellog det 23] = Eflog det X33, ]
o2—0

where Yy = SoH Therefore, liminf,2 o H(X) > limy2_o H(Y) = H(SoH).

Now, to show lim,2_ o H(X) < H(SoH). From before
H(X) = H(QSx VL) + |G(T, N)| + (T — M)Elog det $%].

Now QX X\IJE( converges in distribution to Q%\IJ(T)H . Since the density of QVOKII(T)H is
bounded, from Theorem B.3 we have limsup, ., H(QEx¥k) < H(QVy Wl H). Also,
note that lim,2_o Eflogdet ¥%] = Ellogdet33,] = lim,2_o Eflogdet £}]. Which
leads to limsup,2_, H(X) < H(SoH) = lim,2_oc H(SH).

Therefore, lim,z o H(X) = limy2 o H(SH) and for small 02, H(X) ~ H(SH).

B.6 Proof of Theorem 6.7 in Section 6.4.1

First we note that aé =1- aé. This means that

B KTp+ T,
Pefs = (1 —7r)sTpog +T.

Therefore, to maximize p.ss we just need to minimize U?—;. Now,

9 1

oé NMtr{E[ééT]}
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where

E[GG = (I + (1 — r)ﬁsjst)*l ® Iy

where p = % Therefore, the problem is the following

. 1 P t -1
min —tr <[ +1—7‘—SS> .
Sete{Sisiy<(1—r)yrm M {{far +( )M i5e) )

The problem above can be restated as

M

: 1 Z 1
min —
A A Am<(1—k)TM M L+ (1 —=7)FAm

m=1
where \,,, m = 1,..., M are the eigenvalues of S;r S;. The solution to the above
problem is A\; = ... = A\yy = (1 — k)T. Therefore, the optimum S; satisfies SZSt =
(1 —rK)TIy.

2 _ 1

This gives o T Also, for this choice of S; we obtain the elements

G IH(A-n)f(I-R)T
of G to be zero mean independent with Gaussian distribution. This gives

B KT p[Mr + p(1 — k)T
Pefs = T.(M + p(1 = r)T)+ (1 —r)kTpM’

B.7 Proof of Theorem 6.8 in Section 6.4.1

First, from Theorem 6.7

B kT p[Mr + p(1 — k)T
Pelt = T.(M+ p(1 — K)T) + (1 — r)RTpM

T 1— k) +rM
- T, — (1/)— M (MTc+)TpTc - T.# (1 —r)M
¢ "I T TR
T p? rM
= — L _[(1—k)k+r— T, = (1—r)M.
e (B 0

Consider the following three cases for the maximization of psy over 0 < x < 1.
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Case 1. T, = (1 —r)M:
We need to maximize (1 — k)k + KJ% over 0 < k < 1. The maximum occurs at

Kk = ko = min{i + 2£ 1}, In this case

mv
T2p2
g 1— k)],
Pett = T MM + Tp) ", ot~ o)
Case 2. T. > (1 —r)M:
In this case,
B Tp (1 — K)Kk + K7
PHT T, —(1-nM  ~—x
where n = % and v = % > 1. We need to maximize (1_:)% over

0 < k <1 which occurs at £ = min{y — /72 — v — 1, 1}. Therefore,

peff:T _(?p_T)M(ﬁ_ \/7_1_77)2

(&
when x < 1. When x = 1 we obtain 7, = T". Substituting x = 1 in the expression

for p.ss
B KT p[Mr + p(1 — k)T
Peft = T.(M + p(1 — )T) + (1 — r)rTpM

: T
we obtain Peff = ﬁ

Case 3. T. < (1 —r)M:

In this case,
B Tp (1 — K)k + K7y
peff_(l—r)M—Tc K —

(1—r)K+Kn

MT ATpTe
TolTe (1) M]

k = min{y + /7% — v — 1, 1}. Therefore, when x < 1

pert = 7 _(?/)_T)M(\/—_V—\/—’erﬂ?f

C

where v = < 0. Maximizing over 0 < k < 1 we obtain

Similar to the case T, < (1—r)M, when k = 1 we obtain T, = T and p.sf = %.
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B.8 Proof of Theorem 6.9 in Section 6.4.1

Note that optimization over T, makes sense only when v < 1. If kK = 1 then T,
obviously has to be set equal to T'. First, we examine the case T, > (1 —r)M. The

other two cases are similar. Let Q = min{M, N} and let \; denote the i non-zero

HyH
M

eigenvalue of ,i=1,...,Q. Then we have

Q
1.
Cr > Z TElog(l + Pesshi)-
i=1

Let C; denote the RHS in the expression above. The idea is to maximize C; as a

function of T,.. We have

Q
dC, 1 T. dpess A
S Blog(l 4 posphi) + = 2Peti .
T, Z{T A v F sy

Now, pegs for T, > (1 — )M is given by

peff:Tc_(Tp_T)M(ﬁ_ \/’7_1_77)2

where v = % and n = %. It can be easily verified that
dpess _ Tr(V7—vy—1-0)" | [A—r)MM+Tp)
dT, T.— (1 —r)M]? T.(T.+Tp+rM) '
Therefore,
Q
dc 1
= — E{log(1+ perri) —
T, 7 ; 0g(1+ pesrAi)
PefiNi 1. L A=) MM+ Tp)
1+peff)\i T, — (1—7‘)M TC(TC+Tp+7’M) ’
Since, Tc_(rf—c_r)M [1 - %] < 1 and log(l + x) — /(1 + z) > 0 for all
xr > 0 we have 3—% > (0. Therefore, we need to increase T, as much as possible to

maximize Cy or T, =T — M.
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