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ABSTRACT

This thesis is devoted to the study of two problems in statistics which involve complex data
structure of high heterogeneity or large scale. Heterogeneous data arises when each data sample can
come from a multiplicity of distributions, creating a population distribution that is a finite mixture
of these distributions. The large scale may be due to large data samples, or the large number of
variables related to the samples, or the imagined infinite dimensions in nonparametric or functional
data. In this thesis, we establish theoretical results in both problems, based on techniques from
harmonic analysis, random matrix theory, random geometric graphs, and Stein’s method.

Mixtures of product distributions are a powerful device for learning about heterogeneity within
data populations. In this class of latent structure models, de Finetti’s mixing measure plays the
central role for describing the uncertainty about the latent parameters representing heterogeneity. In
the first part of this thesis posterior contraction theorems for de Finetti’s mixing measure arising
from finite mixtures of product distributions will be established, under the setting the number of
exchangeable sequences of observed variables increases while sequence length(s) may be either
fixed or varied. The role of both the number of sequences and the sequence lengths will be carefully
examined. In order to obtain concrete rates of convergence, a first-order identifiability theory for
finite mixture models and a family of sharp inverse bounds for mixtures of product distributions
will be developed via a harmonic analysis of such latent structure models. This theory is applicable
to broad classes of probability kernels composing the mixture model of product distributions for
both continuous and discrete domain X. Examples of interest include the case the probability kernel
is only weakly identifiable in the sense of [HN16a], the case where the kernel is itself a mixture
distribution as in hierarchical models, and the case the kernel may not have a density with respect to
a dominating measure on an abstract domain X such as Dirichlet processes.

An important problem in large scale inference is the identification of variables that have large
correlations or partial correlations with at least one other variable. Recent work in correlation
screening has yielded breakthroughs in the ultra-high dimensional setting when the sample size 7 is
fixed and the dimension p — oo (see [HR12]). Despite these advances, the correlation screening
framework suffers from some serious practical, methodological and theoretical deficiencies. For
instance, theoretical safeguards for partial correlation screening requires that the population co-

variance matrix be block diagonal. This block sparsity assumption is however highly restrictive in
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numerous practical applications. As a second example, results for correlation and partial correlation
screening framework requires the estimation of dependence measures or functionals, which can be
highly prohibitive computationally, rendering the framework impractical and unappealing in the
very setting it is designed for. In the second part of this thesis, we propose a unifying approach
to correlation and partial correlation screening which specifically goes beyond the block diagonal
correlation structure, thus yielding a methodology that is suitable for modern applications. By mak-
ing insightful connections to random geometric graphs, total number of highly correlated or partial
correlated variables are shown to have a novel compound Poisson limit, and are obtained for both
the finite p case and when p — oo . Our approach also obviates the need to estimate dependence
measures rendering the framework readily scalable. The unifying framework also demonstrates an
important duality between correlation and partial correlation screening with important theoretical

and practical consequences.



CHAPTER 1

Introduction

Twenty-first-century technology and science confront applied mathematicians and statisticians
with complex data that requires geometric perspectives. Heterogeneous data arises when each data
sample can come from a multiplicity of distributions, creating a population distribution that is a
finite mixture of these distributions. The large scale may be due to large data samples, or the large
number of variables related to the samples, or the imagined infinite dimensions in nonparametric or
functional data.

In broad terms, this thesis lies at the intersection of Probability, Geometry and Statistics. More
specifically, this thesis addresses these issues of complex heterogeneity and large scale from
probabilistic and geometric perspectives. From a methodological standpoint, this thesis analyze
models based on nonparametric and graphical statistics, with a particular concern for the issues that
arise in exchangeable data or high dimensional data.

The two topics that are the focus of this thesis are as follows. The first topic is to address
heterogeneous data by the mixture of product distribution (exchangeable data), i.e. mixture model
where each component consists of samples from repeated measurements. The second topic ad-
dresses variable screening via thresholding when the variables are of high dimension. These two
problems arise in many practical applications, like Latent Dirichlet Allocation in topic modeling,
and covariance selection in Gaussian graphical models. The problems are challenging since the data
structures are complicated and beyond classical statistical settings: they either involve exchangeable
structures instead of i.i.d. structures or involve extreme high dimensional structures while the
number of samples is finite and fixed. In this thesis, we develop fundamental theoretical results
on parameter estimation and hypothesis testing that requires characterizing the distributions of
statistical quantities of interest. The thesis utilizes diverse proof techniques in harmonic analysis,
random matrix theory, random geometric graphs, and Stein’s method. The common feature of this
thesis is the geometric perspective that guides the analysis and provides intuition for interpreting

our results.



1.1 Problem Formulations

In this section we present concise (and simplified) problem formulations for the two problems

studied in this thesis, mixture of product distribution and screening in high dimensional data.

1.1.1 Mixture of product distribution

Consider a family of probability distributions { P }sce on measurable space (X, .A), where 6
is the parameter of the family and © C R? is the parameter space. For N € N, the /N-product
probability family is denoted by {Py x := ®" Ps}geo on (X, AV), where A" is the product
sigma algebra. Given a mixing measure G = S5 p;dy, € E.(O), the mixture of N-product

distributions induced by G is given by

k
Pon = Zpipei,zv-

i=1

Each exchangeable sequence X fN] = (X1,...,X;n), fori =1,...,m,is an independent sample
distributed according to P n. It is easy to see that the sequence X (V] is exchangeable for each fixed
i. Due to the role they play in the composition of distribution P y, we also refer to { Py }gco as a
family of probability kernels on (X, A). The probability kernel and the number of components £ is
known, and the goal is to estimate the mixing proportions p;, and component parameters ;. The
parameters of interest are always encapsulated by a discrete mixing measure G € &(O), the space
of discrete measures with £ distinct support atoms residing in a set © C RY.

Given m independent sequences of exchangeable observations of equal length N, X [iN] =
(X, -+, Xsn) € XN fori =1,2,-- -, m. Each sequence X[iN] is assumed to be a sample drawn
from a mixture of N —product distributions Py; y for some "true" mixing measure G = G € &, (O).
A Bayesian statistician endows upon (&, (0), B(E, (©))) a prior distribution IT and obtains the
posterior distribution II(dG|X [1]\,], ..., X[§)) by Bayes’ rule, where B(E, (©)) is the Borel sigma
algebra w.r.t. W, distance, the L' Wassertein distance. We study the asymptotic behavior of this
posterior distribution as the amount of data m x N tend to infinity.

It is also customary to express the above Bayesian model in the following hierarchical fashion:

Gl 01,605 ,0,G & G

Xit, Xigy - Xon|0; "™ By, fori=1,--- ,m.
As above, the m data sequences are denoted by X[iN] = (X, Xig, -+, Xin) € xN for i =
1,2,--- ,m.



We will show in Chapter 2 that the posterior distribution IT(-| X [1N}, X [ZN], ..., X[j]) contracts

7.7

around the truth GG, of which the precise meaning will be made clear later, if X [Z'N] S5 Pao,n and

m — Q.

1.1.2 Screening in high dimensional data

The objective is to reliably extract summary statistics on topological properties of a dependency
graph based on a sample correlation or inverse correlation matrix. Such properties include edges
and vertex degree, among others.

Available is a matrix of multivariate samples
X =[zW 2@ ... 2T =[x, xy, -, x,] € R™P, (1.1)

where {x®17_ C RP are samples from a p-dimensional distribution. The setting is the ultra high
dimensional regime where n is far less than p and the regime that n and p are both finite.

The sample mean is

e 1
L= — 0 =_-x7T1

and the sample covariance matrix S is

S=- i : ;(w”) —z) () —2)" = - i -(X - 127)"(X - 12"). (1.2)

The sample correlation matrix R is defined as:

(S

R = diag(S) 2 Sdiag(S) 2, (1.3)

where diag(A) for a matrix A € R™ " is the diagonal part of A and B~'/2 for a diagonal matrix
B is a diagonal matrix by raise every diagonal element of B to the power —1/2. Since R might
not be invertible, we define R' as the Moore-Penrose pseudo-inverse of R and define the sample

partial correlation matrix P by
P = diag(R') 2 R'diag(R') 2. (1.4)

The (partial) correlated graph is obtained by thresholding (P) R at a certain threshold p to
obtain an adjacency matrix of the graph. For § > 2, let N‘(/f) (N‘(/f)) be the number of variables that
have sample correlation (partial correlation) above threshold p or less than —p with at least § other

variables. These variables are connected to at least ¢ other variables in the graph. For 6 = 1, define



N‘(,?) (N‘(,f)) to be the twice number of edges in the corresponding graph. The goal is to study the
distribution of the random quantities N‘(/f) (N ‘(/f)) in the regime n, p are both finite or the regime
p — oo while n remains fixed.

We will show in Chapter 3 that their distributions are all approximately a compound Poisson,
where the parameters of the compound Poisson characterized in terms of the parameters of associated

random geometric graphs.

1.2 Challenges and Contributions

In this section we provide the background and challenges for the problems considered in this
thesis. The contribution of this thesis on those two problems is summarized at the end of each

subsection.

1.2.1 Mixture of product distribution

Latent structure models with many observed variables are among the most powerful and widely
used tools in statistics for learning about heterogeneity within data population(s). An important
canonical example of such models is the mixture of product distributions, which may be motivated
by de Finetti’s celebrated theorem for exchangeable sequences of random variables [Ald85, Kal06].
Before the efficiency question can be addressed, one must consider the issue of (classical) identi-
fiability: under what conditions does the data distribution P x uniquely identify G? IL.e., when
is the map G — P v injective? This question has been of great interest to a number of authors
[Tei67, EHNOS, HNPEOS], with decisive results obtained recently by [AMRO09]. Their results are
quite general, and apply to the case where the observed variables X1, ..., X are conditionally
independent but not necessarily identically distributed given . Here, the condition is in the form of
N > ng, for some natural constant ny > 1. We shall refer to ng as (minimal) zero-order identifiable
length, or O-identifiable length for short (a formal definition will be given later). However, their
results do not apply in our setup where the data are conditionally independent and identically
distributed.

Partial answers to estimating the mixing measure G were obtained in several settings of mixtures
of product distributions. [HTOO] proposed to discretize data so that the model in consideration
becomes a finite mixture of product of identical binomial or multinomial distributions, but they
only consider estimate the mixing propositions p;. Restricting to this class of models, a maximum
likelihood estimator was applied, and a standard asymptotic analysis establishes root-m rate for
mixing proportion estimates. [HZ03, HNPEOS] investigated a number of nonparametric estimators
for (G, and obtained the root-m convergence rate for both mixing proportion and component

parameters in the setting of £k = 2 mixture components under suitable identifiability conditions.



It seems challenging to extend their method and theory to a more general model setting, e.g.,
k > 2. Moreover, while the role of /V on identifiability was discussed, no result on the effect of
N on parameter estimation efficiency seems to be available. Recently, [Ngul6, Ngul5] studied
the posterior contraction behavior of several classes of Bayesian hierarchical model (including
hierarchical Dirichlet processes) under an analogous setting where the sample size is specified by
m sequences of NV observations. His approach requires that both m and N tend to infinity and thus
cannot be applied to our present setting where N may be fixed.

In Chapter 2 we shall present a parameter estimation theory for general classes of finite mixtures
of product distributions. An application of this theory will be posterior contraction theorems
established for a standard Bayesian estimation procedure, according to which the de Finetti’s
mixing measure GG tends toward the truth GG, as m tends to infinity, under suitable conditions. We
established that as soon as [V is sufficiently large, under the Bayesian estimation procedure, the
supporting atoms 6; of G converge toward their true values at the rate bounded from above by
(In(mN)/(mN))*/2. Meanwhile, the mixing probabilities p; converge toward their true values at
the rate bounded by (In(m.N)/m)/2. Note mN is the total volume of data. In plain terms, we
may say that with finite mixtures of product distributions, the posterior inference of atoms of each
individual mixture component receives the full benefit of "borrowing strength" across sampled
sequences; while the mixing probabilities gain efficiency from only the number of such sequences.
This appears to be the first work in which such a posterior contraction theorem is established for de

Finetti’s mixing measure arising from finite mixtures of product distributions.

1.2.2 Screening in high dimensional data

In Chapter 3 we consider the problem of screening n independent and identically distributed
p-variate samples for variables that have high correlation or high partial correlation with at least
one other variable in the ultra-high dimensional regime when the sample size n < CyInp.! In the
screening framework one applies a threshold to the sample correlation matrix or the sample partial
correlation matrix to detect variables with at least one significant correlation, with the threshold
aiming to separate signal from noise. Correlation and partial correlation screening in ultra-high
dimensions have become increasingly important in many modern applications as the per-sample
cost of collecting high dimensional data is much more costly than per-variable cost. For example, in
biomedical settings the cost of high throughput technology, like oligonucleotide gene microchips
and RNAseq assays is decreasing, while the cost of biological samples is not decreasing at the same
rate [HR15b]. In such situations p is much larger than n.

The ultra-high dimensional regime when n < Cj Inp is very challenging since the number of

"Here C| is some universal constant satisfying Cyp > 1. A “universal constant" or “absolute constant", is a constant
that does not depend on any model parameter.



samples is insufficient to apply many (if not most) reliable statistical methods. For example, one
way to undertake partial correlation screening is to first estimate the population covariance matrix,
then obtain the inverse, from which a partial correlation matrix can be estimated. However, to get
a reliable estimate of a general covariance matrix, the number of samples n must be at least O(p)
as shown in Section 5.4.3. in [Ver12]. Even if the covariance matrix has a special structure like
sparsity, covariance estimation requires a number of samples of order O(In p) [RBLZ08].

While estimating the covariance matrix or partial correlation matrix is challenging in ultra-high
dimensions, recent work has shown that it is possible to accurately test the number of highly (partial)
correlated variables under a false positive probability; in particular the probability that a variable is
highly (partially) correlated with at least one other variable [HR11, HR12]. In this thesis we show
that the sparsity assumptions in [HR11, HR12] are overly restrictive and can be relaxed. We also
correct an error in the proof of one of the theorems in [HR12].

In Chapter 3 we propose a novel unifying framework for correlation and partial correlation
screening that delivers a practical and scalable methodology in the ultra-high dimensional regime,
which is simultaneously armed with theoretical safeguards. By making novel and insightful
connections to random pseudo geometric graphs we demonstrate that the distribution of the number
of discoveries tends to a compound Poisson limit. Specifically, let R, P denote respectively the
sample correlation matrix and sample partial correlation matrix. N‘(/f) (N‘(/f)) be the number of
variables that have sample correlation (partial correlation) above threshold p or less than —p with at
least ¢ other variables. We show that, under some sparse assumption on the covariance matrix, as

long as the threshold p is chosen to satisfy that (1 — p)("=2)/2p1+1/9 converges to some constant,
N‘(/’;) — compound Poisson in distribution

as p — oo for fixed n and 9, where k € {R, P} € RP*P. The parameters of the compound Poisson
are also characterized and they are in terms of random geometric graphs. We further established
that when n or J are suitably large, the limit compound Poisson is approximately a Poisson. To the
best of our knowledge, such a novel limit has not previously appeared in the correlation screening

setting.

1.3 Geometric Observations

In this section some key geometric observations that underpin the results in this thesis are
discussed. All these observations involve geometric perspectives and are not only conceptually
important but also play important roles in the proofs.

Mixture of product distribution (Chapter 2) The parameters of interest are {{(p;, 0;)}s_,| >, pi =
1,0; € ©}. There are many different ways to represent such parameters, and the advantage to



represent it as a discrete measure G = Zle pide, as in Section 1.1.1 is to use the Wasserstein
distance, which is well studied and convergence in Wasserstein distance automatically implies
convergence in p; and ;. The key to proving the posterior contraction rate is to study the geometric
property of the map from the space of mixing measure to space of mixture density. More specifically,
by showing the map is coercive the convergence of mixture density implies convergence of mixing
measures. That is, the heart of the matter lies in the establishment of a collection of general inverse

bounds, the type of inequalities of the form
Dn(G,Go) < C(Go)V(Pa,n, Pao,n),

where Dy (G, Gy) is a variant distance of Wasserstein distance to be discussed in detail in Section
2.3.

Note that (2.2) provides an upper bound on distance Dy of mixing measures in terms of the
variational distance between the corresponding mixture of /NV-product distributions. Inequalities of
this type allow one to transfer the convergence (and learning rates) of a data population’s distribution

into that of the corresponding distribution’s parameters (therefore the term "inverse bounds").

Screening in high dimensional data (Chapter 3) One may decompose the sample correlation
matrix R = UTU, where U € R" %P gatisfies: u;, the i-th column of U, has unit Euclidean norm
for each 1 < ¢ < p. Then the event that the absolute value of the sample correlation between the

1-th variable and the j-th variable is above the threshold p, is

{1851 = p} = {llwi —wjll < V201 = p)} U {llui + w4l < V21 =)}

If one identifies there is an edge between the i-th variable (or u;) and the j-th variable (or u;)
when the above event holds, then the random graph with vertexes {u;}”_, are similar to a random
Euclidean geometric graph [Pen03]. A key difference, however, is that the vertices of this random
graph are not independent and they lie on the unit sphere instead of the whole Euclidean space, a
case not covered by the classical Euclidean geometric graph theory of [Pen03]. This observation

motives the conclusion and the proof for results on N‘lg, the number of highly correlated variables.

1.4 Outline of the thesis and list of relevant publications/preprints

In Chapter 2, parameters estimation in the mixture of product distribution is discussed and is

based on the following paper.

* Yun Wei, XuanLong Nguyen, Convergence of de Finetti’s mixing measure in latent structure

models for observed exchangeable sequences, Annals of Statistics (under review), 103 pages,
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2020

In Chapter 3, variable screening in high dimensional data is discussed and is based on the

following paper.

* Yun Wei, Alfred Hero and Bala Rajaratnam, Correlation and partial correlation screening in

dimension with relaxed sparsity conditions, to be submitted to Annals of Statistics, 70+ pages

Chapter 2 and Chapter 3 are both self-contained, and the readers can read the two chapters in

arbitrary order.



CHAPTER 2

Mixture of Product Distribution

2.1 Introduction

Latent structure models with many observed variables are among the most powerful and widely
used tools in statistics for learning about heterogeneity within data population(s). An important
canonical example of such models is the mixture of product distributions, which may be motivated
by de Finetti’s celebrated theorem for exchangeable sequences of random variables [Ald85, Kal06].
The theorem of de Finetti states roughly that if Xy, X5, ... is an infinite exchangeable sequence
of random variables defined in a measure space (X, .4), then there exists a random variable ¢ in
some space O, where 6 is distributed according to a probability measure Gz, such that X7, X5, ...
are conditionally i.i.d. given . Denote by F the conditional distribution of X; given , we may
express the joint distribution of a N-sequence X{nj := (X1,..., Xy), forany N > 1, as a mixture

of product distributions in the following sense: for any A;,..., Ay C A,

N
P(X) € Ay Xx € Ay) = /Hpg(xn € A,)G(db).

n=1

The probability measure G is also known as de Finetti’s mixing measure for the exchangeable
sequence. It captures the uncertainty about the latent variable §, which describes the mechanism
according to which the sequence (X;); is generated via Py. In other words, the de Finetti’s mixing
measure GG can be seen as representing the heterogeneity within the data populations observed
via sequences X|y). A statistician typically makes some assumption about the family {Fp}sco,
and proceeds to draw inference about the nature of heterogeneity represented by GG based on data
samples X|nj.

In order to obtain an estimate of mixing measure (&, one needs multiple copies of the ex-
changeable sequences X|y). As mentioned, some assumption will be required of the probability
distributions Py, as well as the mixing measure G. Throughout this chapter it is assumed that the
map 0 — P is injective. Moreover, we will confine ourselves to the setting of exact-fitted finite

mixtures, i.e., G is assumed to be an element of & (O), the space of discrete measures with k distinct



supporting atoms on O, where O is a subset of R?. Accordingly, we may express G = Zle P;j0g;-
We may write the distribution for X|y) in the following form, where we include the subscripts G

and N to signify their roles:

k N
Pon(Xi € Ay,..., Xy € Ay) = ij{ 7, (x. € An)}. (2.1)
j=1 n=1

Note that when N = 1, we are reduced to the standard formulation of a mixture distribution
Po = Py = Z?:l p;Py,;. Due to the role they play in the composition of distribution Fg v,
we also refer to { Py }oco as a family of probability kernels on X. Given m independent copies
of exchange sequences {X fNi]}gil each of which is respectively distributed according to Pg y;,
given in (2.1), where N; denotes the possibly variable length of the i-th sequence. The primary
question of interest in this chapter is the efficiency of the estimation of the true mixing measure
G = Gy € &(0©), for some known k = ko, as sample size (m, Ny, ..., N,,) increases in a certain
sense.

Before the efficiency question can be addressed, one must consider the issue of (classical)
identifiability: under what conditions does the data distribution P y uniquely identify G? lLe.,
when is the map G — P y injective? This question has occupied the interest of a number of authors
[Tei67, EHNOS, HNPEOS], with decisive results obtained recently by [AMRO9]. Their results are
quite general, and apply to the case where the observed variables X1, ..., Xy are conditionally
independent but not necessarily identically distributed given . Here, the condition is in the form of
N > nyg, for some natural constant ng > 1. We shall refer to ny as (minimal) zero-order identifiable
length, or 0O-identifiable length for short (a formal definition will be given later). In particular,
when X = R, for some d > 1, suppose the family of probability measures { P }¢ce are linearly
independent and absolutely continuous with respect to the Lebesgue measure on X, then Fg v
uniquely identifies G as soon as N > 3. (Note that in the conditional i.i.d. setting, the linear
independence condition immediately entails that identifiability holds for all N > 1. However, the
situation is unclear when the linear independence condition is not satisfied). When domain X is a
finite set, then identifiability is achieved up to a Lebesgue measure-zero set of § € O, provided that
N > [2logx kol + 1.

Drawing from existing identifiability results, it is quite apparent that the observed sequence
length N (or more precisely, Ny, ..., N, in case of variable length sequences) must play a crucial
role in the estimation of mixing measure (G, in addition to the number m of sequences. Moreover, it
is also quite clear that in order to have a consistent estimate of G = (G, the number of sequences m
must tend to infinity, whereas /N may be allowed to be fixed. It remains an open question as to the

precise roles m and N play in estimating G' and on the different types of mixing parameters: the
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component parameters (atoms ¢/;) and mixing proportions (probability mass p;), and the rates of
convergence of a given estimation procedure.

Partial answers to this question were obtained in several settings of mixtures of product distri-
butions. [HTOO] proposed to discretize data so that the model in consideration becomes a finite
mixture of product of identical binomial or multinomial distributions. Restricting to this class of
models, a maximum likelihood estimator was applied, and a standard asymptotic analysis establishes
root-m rate for mixing proportion estimates. [HZ03, HNPEOS] investigated a number of nonpara-
metric estimators for (G, and obtained the root-m convergence rate for both mixing proportion and
component parameters in the setting of £ = 2 mixture components under suitable identifiability
conditions. It seems challenging to extend their method and theory to a more general model setting,
e.g., k > 2. Moreover, while the role of NV on identifiability was discussed, no result on the effect
of NV on parameter estimation efficiency seems to be available. Recently, [Ngul6, Ngul5] studied
the posterior contraction behavior of several classes of Bayesian hierarchical model (including
hierarchical Dirichlet processes) under an analogous setting where the sample size is specified by
m sequences of NV observations. His approach requires that both m and N tend to infinity and thus
cannot be applied to our present setting where N may be fixed.

In this chapter we shall present a parameter estimation theory for general classes of finite
mixtures of product distributions. An application of this theory will be posterior contraction
theorems established for a standard Bayesian estimation procedure, according to which the de
Finetti’s mixing measure GG tends toward the truth G, as m tends to infinity, under suitable
conditions. In a standard Bayesian procedure, the statistician endows the space of parameter ©
with a prior distribution 11, which is assumed to have compact support in this theorem, and apply
Bayes’ rule to obtain the posterior distribution on &, (©), to be denoted by II(dG|{ X [iNi] ™). To
anticipate the distinct convergence behaviors for the atoms and probability mass parameters, for any
G,G" € &,(O) defined by

k k k
Dy(G,G') = min Y (VN[0 = Oill2+ [priy — Bil) VG = pido,, G' =D pidyr € Ex(O),
=1 =1

TES
=1

where S}, denotes all the permutations on the set [k] := {1,2, ..., k}. It can be verified that this is a
valid metric in £(©).

Suppose that N; = N are fixed for all 7. We shall naturally require that the sequence length
N > ng. Moreover, to get fast rate of convergence, we need also N > n; for some minimal
natural number n; := ny(Go) > 1. We shall call n, the minimal first-order identifiable length, or
1-identifiable length for short (a formal definition will be given later). In Theorem 2.6.2, it will be

established that as soon as N > max{ng, n,}, M,, is any sequence of numbers tending to infinity,

11



the posterior probability

_ [n(mN
H(G € £,(0) : Dy(G, Go) < C(Go) M1/ n(:‘% )'X[lzv],X[%V], . ,X[’]”V])

tends to 1 in ®™ Py, y-probability as m — oo. In the above display, the constant C'(Gy) depends

on (G but is independent of m and V. Expressing this statement more plainly, under the Bayesian
estimation procedure, as long as N exceeds 0- and 1-identifiable lengths, the supporting atoms
of G converge toward their true values at the rate bounded from above by (In(mN)/(mN))'/2,
Meanwhile, the mixing probabilities p; converge toward their true values at the rate bounded by
(In(mN)/m)'/2. Note that under additionally stronger identifiability conditions, we may have
ni1 = ng = 1, in which cases it follows that the above claim of posterior contraction rates holds for
N > 1.

In a more realistic setting, for each 7 = 1,...,m, sequence X sz‘] is of variable length NN,
which represents the number of repeated measurements for the observed exchangeable sequence.
Assume that { V;} | are uniformly bounded from above by an arbitrary unknown constant, a similar
posterior contraction theorem is established (cf. Theorem 2.6.5), where the posterior contraction
rate for the mixing proportions remains upper bounded by m~"/2, up to a logarithmic quantity. On

the other hand, the posterior contraction rate for mixture components’ supporting atoms given by

Note that the sum ) ", N; represents the full volume of the observed data set. Elaborated further,

as long as min; V; > max{ng, n; } and sup, N; < oo, we obtain

(>, N,
H(G € £1,(©) : Dy nymlG, Go) < C(Go) My (2 N) Xy - ,X{;@mJ) —1

m

in Pg, vy ® -+ - @ Pg, n,,-probability as m — oo. Here, constant C'(Gy) is independent of m,
sequence lengths {/V;}7 | and their supremum. In plain terms, we may say that with finite mixtures
of product distributions, the posterior inference of atoms of each individual mixture component
receives the full benefit of "borrowing strength" across sampled sequences; while the mixing
probabilities gain efficiency from only the number of such sequences. This appears to be the first
work in which such a posterior contraction theorem is established for de Finetti’s mixing measure
arising from finite mixtures of product distributions.

The Bayesian learning rates established appear intuitive, given the parameter space © € R?

is of finite dimensions. On the role of m, they are somewhat compatible to the previous partial
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results [HT00, HZ03, HNPEOS]. However, we wish to make several brief remarks at this juncture.

* First, even for exact-fitted parametric mixture models, "parametric-like" learning rates of the
form root-m or root-(mN) should not to be taken for granted, because they do not always
hold [HN16a, HN19]. This is due to the fact that the kernel family { P }yco may easily violate
assumptions of strong identifiability often required for the root-m rate to take place. In other
words, the kernel family { Py} may be only weakly identifiable, resulting in poor learning

rates for a standard mixture, i.e., when N = 1 or N is small.

* Second, the fact that by increasing the observed exchangeable sequence’s length /V so that
N > ny V ng, one may obtain parametric-like learning rates in terms of both /N and m is
a remarkable testament of how repeated measurements can help to completely overcome a
latent variable model’s potential pathologies, both parameter non-identifiability by making
N > ng, and parameter estimation inefficiency inherent in a weakly identifiable mixture
model, by making N > n,. For a deeper appreciation of this issue, we will turn to Section 2.2
for a background on identifiability in parameter estimation as investigated in the literature,

which motivates further development in this chapter.

Although the posterior contraction theorems for finite mixtures of product distributions pre-
sented in this chapter are new, such results do not adequately capture the complex behavior of the
convergence of parameters for a finite mixture of N-product distributions. In fact, the heart of the
matter lies in the establishment of a collection of general inverse bounds, the type of inequalities of
the form

Dy (G, Gy) < C(Go)V(Pen, Poyn)- (2.2)

Note that (2.2) provides an upper bound on distance Dy of mixing measures in terms of the
variational distance between the corresponding mixture of N-product distributions. Inequalities
of this type allow one to transfer the convergence (and learning rates) of a data population’s
distribution into that of the corresponding distribution’s parameters (therefore the term "inverse

bounds"). Several points to highlight are:

* The local nature of (2.2), which may hold only for GG residing in a suitably small Dy-
neighborhood of G whose radius may also depend on G and N, while constant C'(Gg) > 0
depends on GG but is independent of V. In addition, the bound holds only when N exceeds
threshold n; > 1, unless further assumptions are imposed. For instance, under a first-order
identifiability condition of P, ny; = 1, so this bound holds for all N > 1 while remaining

local in nature.

* The inverse bounds of the form (2.2) are established without any overt assumption of identifi-

ability. However, they carry striking consequences on both first-order and classical identifia-
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bility, where one can deduce from (2.2) under a compactness condition (cf. Proposition 2.5.1):
using the notation ny(Gy) and n,(Gy) to denote the dependence of 0- and 1-identifiable
lengths on G, respectively, we have

sup no(Go) < sup  ny(Gp) < 0.
Go€Uk<kyEr(0°) Go€E2x, (0°)
Note that classical identifiability captured by n( describes a global property of the model
family while first-order identifiablity captured by n; is local in nature. The connection
between these two concepts is made possible because when the number of exchangeable
variables N gets large, the force of the central limit theorem comes into play to make the
mixture model eventually become identifiable, either in the classical or the first-order sense,

even if the model may not be initially identifiable (when N = 1).

* The established inverse bounds are sharp in a number of ways. For instance, it can be shown
that the quantity IV in Dy cannot be improved by D,y for any sequence (V) such that
¥(N)/N — oo. Quantifying the effects of identifiability conditions on the strengthening of

inverse bounds is a constant theme threading through the chapter.

* These inverse bounds hold for very broad classes of probability kernels { Py }gco. In particular,
they are established under very mild regularity assumptions on the family of probability kernel
P, on X, when either X = R%, or X is a finite set, or X is an abstract space. A standard but
non-trivial example of our theory is the case the kernels P belong to the exponential families
of distributions. A more unusual example is the case where Fj is itself a mixture distribution
on X = R. Kernels of this type are rarely examined in theory, partly because when we set
N = 1 a mixture model using such kernels typically would not be parameter-identifiable.
However, such "mixture-distribution" kernels are frequently employed by practitioners of
hierarchical models (i.e., mixtures of mixture distributions). As the inverse bounds entail,
this makes sense since the parameters become strongly identifiable eventually with repeated

exchangeable measurements.

* More generally, inverse bounds are established when F does not necessarily admit a density
with respect to a dominating measure on X. An example considered in the chapter is the case
P, represents probability distribution on the space of probability distributions, namely, P
represents (mixtures of) Dirichlet processes. As such, the general inverse bounds are expected
to be useful for models with nonparametric mixture components represented by F, the kind
of models that have attracted much recent attention, e.g., [TJIBB06, RDG08, CLOP19].

The above highlights summarize how the inverse bounds obtained in Section 2.4 and Section 2.5
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play the central role in this work. They help to deepen our understanding of the questions of
parameter identifiability and provide detailed information about the convergence behavior of
parameter estimation. In addition to an asymptotic analysis of Bayesian estimation for mixtures of
product distributions that will be carried out in this chapter, such inverse bounds may also be useful
for deriving rates of convergence for non-Bayesian parameter estimation procedures, including
maximum likelihood estimation and distance based estimation methods. The proofs of these bounds
contain novel techniques and insights that may be of independent interest. An overview of the proof
will be given in Section 2.2.

The rest of the chapter will proceed as follows. Section 2.2 presents additional related work in
the literature and a high-level overview of our approach and techniques. Section 2.3 prepares the
reader with basic setups and several useful concepts of distances on space of mixing measures that
arise in mixtures of product distributions. Section 2.4 is a self-contained treatment of first-order
identifiability theory for finite mixture models, leading to several new results that are useful for
subsequent developments. Section 2.5 presents inverse bounds for broad classes of finite mixtures
of product distributions, along with specific examples. An immediate application of these bounds
are posterior contraction theorems for de Finetti’s mixing measures, the main focus of Section 2.6.
Section 2.7 gives several technical results demonstrating the sharpness of the established inverse
bounds, and which allow to derive minimax lower bounds for estimation procedures of de Finetti’s
mixing parameters. Particular examples of interest for the inverse bounds established in Section 2.5
include the case the probability kernel Fj is itself a mixture distribution on X = R, and the case
Py 1s a mixture of Dirichlet processes. These examples require development of new tools and are
deferred to Section 2.8. Finally, (most) proofs of all theorems and lemmas will be provided from
Section 2.9 to Section 2.16.

Notation For any probability measure P and () on measure space (X,.4) with densities respec-
tively p and ¢ with respect to some base measure p, the variational distance between them is

V(P,Q) = Supyeq \P(A) - Q)| = [; %]p(x) — q(x)|du. The Hellinger distance is given

by h(P,Q) = < fx V(@) — /g ]2du> . The Kullback-Leibler divergence of () from P is
q) = f x p(z)In md,u. Note that when a probability measure, say P or Py, admits a density

with respect to a dominating measure, we shall use the lower case to denote such density, say p or
pa, respectively. B(+) denotes the Borel sigma algebra on the corresponding space. A measurable
set A € Ais p-positive if u(A) > 0; is p-negligible if ©(A) = 0. Write P ® @ to be the product
measure of PP and () and ®" P for the n-fold product of P.

For any vector x € R%, it is a column vector with its -th coordinate denoted by 2. The inner
product between two vectors a and b is denoted by a’b or (a, b). || - ||» for a vector represents its
Euclidean distance to the origin. || - ||2, || - || s for a matrix are respectively its spectral norm and

Frobenius norm.
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The gradient of a function f(x) at zo is V f(zo) = Vf()|z=x, Similar rules apply to partial
derivatives or higher order derivatives of a function. The bold ¢ denotes the imaginary number. The
maximum of two real numbers «a, b is denoted by max{a, b} or a V b; their minimum is denoted by
min{a, b} ora A b.

In the presentation of inequality bounds and proofs, C(-), ¢(+) are positive finite constants
depending only on its parameter and may differ from line to line. Write a < b if a < cb for some
universal constant ¢; write a <S¢ bif a < ¢(§)b. Write a < bif a S band b S a; write a<¢b (or
aib)ifa Seband b <S¢ a.

2.2 Background and overview

2.2.1 First-order identifiability and inverse bounds

In order to shed light on the convergence behavior of model parameters as data sample size
increases, stronger forms of identifiability conditions shall be required of the family of probability
kernels P. For finite mixture models, such conditions are often stated in terms of a suitable
derivative of P with respect to parameter ¢, and the linear independence of such derivatives as ¢
varies in © . The impacts of such identifiablity conditions, or the lack thereof, on the convergence
of parameter estimation can be quite delicate. Specifically, let ¥ = R? and fix N = 1, so we
have Pg = Zle pjPy,. Assume that P admits a density function f(-|0) with respect to Lebesgue
measure on R?, and for all z € RY, f(-|6) is differentiable with respect to f; moreover the combined
collection of functions {f(-|0)}sco and {V f(:|0)}sco are linearly independent. This type of
condition, which concerns linear independence of the first derivatives of the likelihood functions
with respect to parameter 6, shall be generically referred to as first-order identifiability condition
of the probability kernel family {Pp}sco. A version of first-order identifiablity condition was
investigated by [HN16b], who showed that their condition will be sufficient for establishing an

inverse bound for the form
V(Pg, Pg,)

WG Go) o

lim inf
aYa,
GEE),y ()

where W, denotes the first-order Wasserstein distance metric on &£, (©). The infimum limit
quantifier should help to clarify somewhat the local nature of the inverse bound (2.2) mentioned
earlier. The development of this local inverse bound and its variants plays the fundamental role
in the analysis of parameter estimation with finite mixtures in a variety of settings by several
authors, where stronger forms of identifiability conditions based on higher order derivatives may
be required [Che95, Ngul3, RM11, HN16b, HN16a, HK18, HN19]. In addition, [Ngul3, Ngul6]
studied inverse bounds of this type for infinite mixture and hierarchical models.
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As noted by [HN16b], for exact-fitted setting of mixtures, i.e., the number of mixture components
k = kg is known, conditions based on only first-order derivatives of P will suffice. Under a suitable
first-order identifiability condition based on linear independence of { f(-0), Vo f(-|0) }sco, along
with several additional regularity conditions, the mixing measure G = (G, may be estimated via
m-i.i.d. sample (X7,..., X™) at the parametric rate of convergence m /2, due to (2.3) and the
fact that the data population density pg, is typically estimated at the same parametric rate. However,
first-order identifiability may not be satisfied, as is the case of two-parameter Gamma kernel,
or three-parameter skewnormal kernel, following from the fact that these kernels are governed
by certain partial differential equations. In such situations, not only does the resulting Fisher
information matrix of the mixture model become singular, the singularity structure of the matrix
can be extremely complex — an in-depth treatment of weakly identifiable mixture models can
be found in [HN19]. Briefly speaking, in such situations (2.3) may not hold, the rate m~'/? may
not be achieved [HN16a, HN19]. In particular, in the case of skewnormal kernels, extremely slow

1/4 1/6 ' m~=1/% and so on) may

rates of convergence for the component parameters ¢; (e.g., m™ "/, m~
be established depending on the actual parameter values of the true (G for a standard Bayesian
estimation or maximum estimation procedure [HN19]. It remains unknown whether it is possible
to devise an estimation procedure to achieve the parametric rate of convergence m~'/? when the
finite mixture model is only weakly identifiable, i.e., when first-order identifiability condition fails.

In Section 2.4 we shall revisit the described first-order identifiability notions, and then present
considerable improvements upon the existing theory and deliver several novel results. First, we iden-
tify a tightened set of conditions concerning linear independence of f(x|f) and V, f(2|0) according
to which the inverse bound (2.2) holds. This set of conditions turns out to be substantially weaker
than the identifiability condition of [HN16b], most notably by requiring f(x|¢) be differentiable
with respect to 6 only for = in a subset of X with positive measure. Our weaker notion of first-order
identifiability allows us to broaden the scope of probability kernels for which the inverse bound (2.3)
continues to apply (cf. Lemma 2.4.2). Second, in a precise sense we show that this notion is in
fact necessary for (2.3) to hold (cf. Lemma 2.4.4), giving us an arguably complete characterization
of first-order identifiability and its relations to the parametric learning rate for model parameters.
Among other new results, it is worth mentioning that when the kernel family { P }yco belongs to
an exponential family of distribution on X, there is a remarkable equivalence among our notion of
first-order identifiability condition and the inverse bound of the form (2.3), and the inverse bound in
which variational distance V' is replaced by Hellinger distance / (cf. Lemma 2.4.16).

Turning our interest to finite mixtures of product distributions, a key question is on the effect of
number NV of repeated measurements in overcoming weak identifiability (e.g., the violation of first-
order identifiability). One way to formally define the first-order identifiable length (1-identifiable

length) n; = n;(Gy) is to make it the minimal natural number such that the following inverse bound
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holds for any N > ny

lim inf V(Fo.n, Foy )
g,  WiG,Go)
GEEL, (©)

> 0. (2.4)

The key question is whether (finite) 1-identifiable length exists, and how can we characterize it. The
significance of this concept is that one can achieve first-order identifiability by allowing at least
N > n; repeated measurements and obtain the m /2 learning rate for the mixing measure. In fact,
the component parameters can be learned at the rate (m.N)~'/2, the square root of the full volume
of exchangeable data (modulo a logarithmic term). The resolution of the question of existence and
characterization of n; leads us establish a collection inverse bounds involving mixtures of product
distributions that we will describe next. Moreover, such inverse bounds are essential in deriving

learning rates for mixing measure GG from a collection of exchangeable sequences of observations.

2.2.2 General approach and techniques

For finite mixtures of N-product distributions, for N > 1, the precise expression for the inverse
bound that we aim to establish will be of the form: under certain conditions of the probability kernel
{Py}yco: for a given G € &, (©°), there holds

V(Pen, PayN)

D (G Go) > 0. (2.5)

liminf liminf
— Go
GEExy ()

Compared to inverse bound (2.3) for a standard finite mixture, the double infimum limits reveals
the challenge for analyzing mixtures of /N-product distributions; they express the delicate nature of
the inverse bound informally described via (2.2). Moreover, (2.5) entails that n, defined by (2.4)
exists.

Inverse bound (2.5) will be established for broad classes of kernel F, and it can be shown
that this bound is sharp. Among the settings of kernel that the bound is applicable, there is a
setting when F, belongs to any regular exponential family of distributions. More generally, this
also include the setting where X may be an abstract space and no parametric assumption on F
will be required. Instead, we appeal to a set of mild regularity conditions on the characteristic
function of a push-forward measure produced by a measurable map 7" acting on the measure space
(X,.A). Actually an even stronger bound is established relating to the positivity of a suitable notion
of curvature on the space of mixtures of product distributions (cf. (2.24)). We will see that this
collection of inverse bounds, which are presented in Section 2.5, enables the study for a very broad
range of mixtures of product distributions for exchangeable sequences.

The proof of (2.5) and (2.24) represents the core of the chapter. For simplicity, let us first
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describe the gist of our proof techniques by considering the case kernel P, belongs to an exponential
family of distribution on X (cf. Theorem 2.5.7). Suppose the kernel admits a density function py(x)
with respect to a dominating measure  on X. At a high-level, this is a proof of contradiction: if (2.5)
does not hold, then there exists a subsequence { Ny }?°,; — oo of natural numbers according to which
there exists a sequence of mixing measures {G,}°; C &, (0)\{Go} such that Dy, (G, Go) — 0
as { — oo and the integral form

V(‘PGZ,NZ? PGOJW) _ /
DNZ (Gfa GO) xNe

sz,Ng (.Tl, LR JxNg) - pGo,Ng<I17 v ,ZUNZ)

DN@ (Gb GO)

d@™ u(zy,...,2N,) — 0.

(2.6)
One may be tempted to applying Fatou’s lemma to conclude that the integrand must vanish as

¢ — o0, and from that one may hope to derive an apparent contradiction. This is basically the
proof technique of Lemma 2.4.2 for establishing inverse bound (2.3) for finite mixtures, but this
would not work here, because the integration domain’s dimensionality increases with ¢. Instead
we can exploit the structure of the mixture of N,-product densities in pg, n,, and rewrite the
integral as an expectation with respect to a suitable random variable of fixed domain. What
comes to our rescue is the central limit theorem, which is applied to a R?-valued random variable
Zy = (Z;V 4T (Xy,) — NEgT(X 1)) /v/Ni, where Eqo denotes the expectation taken with respect
to the probability distribution P for some suitable § = 6° chosen among the support of true mixing
measure Gy. Here 7' : X — R? denotes the sufficient statistic for the exponential family distribution
Py(dx,,), foreachn =1,..., N,.

Continuing with this plan, by a change of measure the integral in (2.6) may be expressed as
the expectation of the form E|¥,(Z,)| for some suitable function ¥, : R? — R. By exploiting
the structure of the exponential families dictating the form of Wy, it is possible to obtain that for
any sequence zy — z, there holds W,(z,) — W(z) for a certain function ¥ : R? — R. Since
Zy converges in distribution to Z a non-degenerate zero-mean Gaussian random vector in RY,
it entails that W,(Z,) converges to ¥(Z) in distribution by a generalized continuous mapping
theorem [WVdV96]. Coupled with a generalized Fatou’s lemma [Bil96], we arrive at E|W(Z)| = 0,
which can be verified as a contradiction.

For the general setting where { Py }¢ce is a family of probability on measure space (X, .A), the
basic proof structure remains the same, but we can no longer exploit the parametric assumption
on the kernel family F (cf. Theorem 2.5.14). Since the primary object of inference is parameter
0 € © C RY, the assumptions on the kernel P will center on the existence of a measurable map
T:(X,A) — (R, B(R?)) for some s > ¢, and regularity conditions on the push-forward measure
on R%: Py#T := Py o T~!. This measurable map plays the same role as that of sufficient statistic
T when Fy belongs to the exponential family. The main challenge lies in the analysis of function

W, described in the previous paragraph. It is here that the power of Fourier analysis is brought
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to bear on the analysis of ¥, and the expectation Ego U,(Zy). By the Fourier inversion theorem,
U, may be expressed entirely in terms of the characteristic function of the push-forward measure
Py#T. Provided regularity conditions on such characteristic function hold, one is able to establish
the convergence of W, toward a certain function ¥ : R* — R as before.

We shall provide a variety of examples demonstrating the broad applicability of Theorem 2.5.14,
focusing on the cases Py does not belong to an exponential family of distributions. In some cases,
checking for the existence of map 7 is straightforward. When F is a complex object, in particular,
when Fj is itself a mixture distribution, this requires substantial work, as should be expected. In this
example, the burden of checking the applicability of Theorem 2.5.14 lies primarily in evaluating
certain oscillatory integrals composed of the map 7' in question. Tools from harmonic analysis
of oscillatory integrals will be developed for such a purpose and presented in Section 2.8. We
hope that the tools developed here present a useful stepping stone toward a more satisfactory
asymptotic treatment of complex hierarchical models (models that may be viewed as mixtures of
mixtures of distributions, e.g. [TJBB06, RDGO0S8, Ngul6, CLOP19]), which have received broad

and increasingly deepened attention in the literature.

2.3 Preliminaries

We shall start by setting up basic notions required for the analysis of mixtures of product
distributions. Throughout this chapter the exchangeable data sequences are denoted by X [iNi] =
(Xi,...,X},) fori = 1,...,m, while N; denotes the length of sequence X[y . For ease of
presentation, for now, we shall assume that N; = N for all i. Later on we will allow the observed
exchangeable sequences to be of variable lengths. These sequences are composed of elements
in a measurable space (X,.A). Examples include X = RY, X is a discrete space, X is a space of
measures. Regardless, the parameters of interest are always encapsulated by a discrete mixing
measure G € &£(O), the space of discrete measures with & distinct support atoms residing in a set
© C R%

The linkage between parameters of interest, i.e., the mixing measure (G, and the observed data
sequences is achieved via the mixture of product distributions that we now define. Consider a family
of probability distributions { P }gco on measurable space (X, .A), where 6 is the parameter of the
family and © C RY is the parameter space. For N € N, the N-product probability family is denoted
by {Psn = ®" Ps}oco on (XY, AN), where A" is the product sigma algebra. Given a mixing
measure G = Zle pide, € Er(O), the mixture of N-product distributions induced by G is given by

k
Pon = Z i, N
=1
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Each exchangeable sequence X{y, = (Xj,..., Xy), fori = 1,...,m, is an independent sample
distributed according to P n. Due to the role they play in the composition of distribution P n, we
also refer to { Py }gco as a family of probability kernels on (X, A).

In order to quantify the convergence of mixing measures arising in mixture models, an useful
device is a suitably defined optimal transport distance [Ngul3, Ngul1]. Consider the Wasserstein-p
distance w.r.t. distance dy on ©: VG = % pidy., G/ = S8 p;e;, define

1/p
W,(G, G5 dy) = <m1n22qwdp 0;,07) ) , 2.7)

=1 j=1

where the infimum is taken over all joint probability distributions q on [k] x [k'] such that, when
expressing q as a k x k' matrix, the marginal constraints hold: Zflzl ¢;; = p; and Zle qij = pj;. For
the special case when dj is the Euclidean distance, write simply W,(G, G’) instead of W,(G, G'; dy).
Write G, % G if G converges to G under the 1, distance w.r.t. the Euclidean distance on O.

We will see in this chapter that for mixing measures arising in mixtures of N-product dis-
tributions, a more useful notion is the following. For any G = Zle pide, € E(O) and G' =
S Pide; € Ex(O), define

k
Dn(G, @) = min Y (VN[0 — 0ill2 + |p-) — Pi)

TESE 4
1=

where S); denote all the permutations on the set [£].

It is simple to verify that D (-, -) is a valid metric on & (©) for each N and relate it to a suitable
optimal transport distance metric. Indeed, G = .1, p;ds, € E,(O), due to the permutations
invariance of its atoms, can be identified as a set {(0;,p;) : 1 < i < k}, which can further be
identified as G = S0, £0(6:p1) € E1(© x R). Formally, we define a map £,(0) — £,(© x R) by

k k
~ 1
G = pido, > G =3 106 € E(O XR). (2.8)
i=1 i=1

Now, endow a metric My on © x R defined by My ((6, p), (¢',p')) = VN|0 — ||, + |p — p/| and

note the following fact.

Lemma 2.3.1. Forany G = Y% | 209,, G = S +0g € E1(©) and any distance dy on ©,

W2(G, G'; dy) —mlnkZdPO 0.
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A proof of the preceding lemma is available as Proposition 2 in [Ngul1]. Apply Lemma 2.3.1
with ©, dy replaced respectively by © x R and My, then for any G, G’ € £,(O), W1 (G, G'; My) =
+Dn(G, G"), which validates that Dy is indeed a distance on &(©), and moreover it does not
depend on the specific representations of G and G’.

The next lemma establishes the relationship between Dy and 1 on £(O).

Lemma 2.3.2. a) A sequence G,, € E;(O) converges to Gy € E,(©) under W, if and only if

G, converges to G under Dy. That is, W, and Dy generate the same topology.

b) Let © be bounded. Then W, (G, G') < max {1, d’“mT(@)} Dy(G,G") forany G,G" € E(O).
More generally for any G = Zle pidy, and G' = Z?Zl 2

diam? (O . i
#} min S (10 — O + oy — 21

WP(G, G") < max {1,

2 TGSk i—1
S ©° is not empty. Then _inf  WAGCE) _
¢) Suppose ©° is not empty. Then G.creg o) PIGD)

d) Fix Gy € &,(©). Then liminf 21&C0) ~ 0 gpd liminf 21U 5 0 That is, in a

D1 (G,Go) W1(G,Go)
aMa, aMa,
Ge&y (@) Gegk(Q)

neighborhood of Gy in E,(0), D1(G, Gy) =g, W1(G, Gy).

e) Fix Gy € E:(©) and suppose © is bounded. Then W1 (G, Gy) > C(Go, diam(©))D:(G, Go)
forany G € &,(O), where C (G, diam(©)) is a constant that depends on G and diam(O).

See Section 2.9 for a proof. We see that 1, and D; generate the same topology on & (O),
and they are equivalent in the sense that they differ from each other by only a constant factor
while fixing one argument. The benefit of 1V, is that it is defined on | J, , £ (©) while Dy is only
defined &£;(©) for each k since its definition requires the two arguments has the same number of
atoms. The benefit of using Dy is that it allows us to quantify the distinct convergence behavior for
atoms and probability mass, by placing different factors (or even different powers, cf.(2.17)) on the
atoms and the probability mass, while W), fails to do so. For example, one may tempt to consider
WE(G,G"; dy) with dg(0,0') = V/N||0 — @'||5 to put a /N factor on the atoms but it will not work
as illustrated by the following example.

Example 2.3.3. Consider G = pldy, +pids, and Gy = p2dg, +p3dg, € E2(O) with p! # p2. When
N is sufficiently large, Dy (G1, G2) = |p} — p3| + |ps — p3|, a constant independent of N. But with
dy being Euclidean distance multiplied by v N

W}?(Gla G2> da)
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. p r1
=min(gu> + ) (VNI = 6all2)" = (VA6 = all2) " 5 (1o} = 9] + I3 = w3

where q is a coupling as in (2.7). So W,(G'1, Ga; dg) = VN||01—05 ]| (3(Ipt — 3| + [P — \))l/p,
which increases to oo when N — oco. Even GG; and G5 has the set of atoms, W,(G1, Ga; dy) is still
of the order v/N. Thus, W,(G1, G2; dp) couple atoms and probability; in other words it does not
separate them in the way Dy does. In the sequel it will be shown that D is the "right" distance to

use when we develop general inverse bounds of mixtures of product measures. U

2.4 First-order identifiability theory

Let N = 1, a finite mixture of N-product distributions is reduced to a standard finite mixture
of distributions. Mixture components are modeled by a family of probability kernels { P }sco on
X, where 0 is the parameter of the family and © C R? is the parameter space. As discussed in
the introduction, throughout the chapter we assume that the map 6 — Py is injective; it is the
nature of the map G — P that we are after. Within this section, we further assume that { P }gco
has density {f(x|0)}sco W.r.t. a dominating measure i on (X, .4). Combining multiple mixture
components using a mixing measure GG on O results in the finite mixture distribution, which admits
the following density with respect to u: pg(z) = [ f(x|0)G(d). The goal of this section is to
provide a concise and self-contained treatment of 1dent1ﬁab1hty of finite mixture models. We lay
down basic foundations and present new results that will prove useful for the general theory of

mixtures of product distributions to be developed in the subsequent sections.

2.4.1 Basic theory

The classical identifiability condition posits that P uniquely identify G for all G € &, (O). This
condition is satisfied if the collection of density functions { f(z|0) }yco are linearly independent. In
order to obtain rates of convergence for the model parameters, it is natural to consider the following

condition concerning the first-order derivative of f with respect to 6.
Definition 2.4.1. The family { f(z|0)}sco is ({0;}2_,, ) first-order identifiable if

(i) for every x in the p-positive subset X\ N where N € A, f(x|0) is first-order differentiable
w.rt. 0 at {0;}F_; and

(ii) {6;}% , C ©° is a set of k distinct elements and the system of two equations with variable

(al, bl, Ce ,ak,bk).

E

Z a; Vof(x|0;) +bif(x]6;)) = p—ae x€X\N, (2.9a)

=1
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Z bi =0 (2.9b)

has only the zero solution: b; =0 € Randa; =0 € R?, V1 <i<k.

This definition specifies a condition that is weaker than the definition of identifiable in the
first-order in [HN16b] since it only requires f(x|0) to be differentiable at a finite number of points
{60;}%_,. Moreover, it does not require f(z|0) as a function of 6 to be differentiable for y-a.e. z.
Our defined first-order identifiability requires only linear independence between the density and its
derivative w.r.t. the parameter over the constraints of the coefficients specified by (2.9b). We will
see shortly that in a precise sense that the conditions given Definition 2.4.1 are also necessary.

The significance of first-order identifiability conditions is that they entail a collection of inverse
bounds that relate the behavior of some form of distances on mixture densities Pg, P, to a
distance between corresponding parameters described by D; (G, Gy), as G tends toward Gg. For
any Gy € &, (0°), and define

ko
BWl(GQ,’I") :{GG ng(@)‘wl(G,Go) <T}. (2.10)
k=1

It’s obvious that By, (G, 1) C &, (©) for small r.

Lemma 2.4.2 (Consequence of first-order identifiability). Let Gy = 3.1 PPog0 € Exy(O©°). Sup-
pose that the family {f(x]0)}oco is ({0935, N) first-order identifiable in the sense of Defini-
tion 2.4.1 for some N € A.

a) Then
lim inf Vire Fo,)

g, DG Go)
GEEry (©)

> 0. (2.11)

b) If in addition, for every x in X\N f(x|0) is continuously differentiable w.r.t. 6 in a neighbor-
hood of 09 for i € [ko), then

. . V(PG7 PH)
'rl—>r% G’,HEB}IV}/l (Go,r) Dl(G7 H) ( )
G#H

To put the above claims in context, note that the following inequality holds generally for any

probability kernel family { P }yco (even those without a density w.r.t. a dominating measure), cf.
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Lemma 2.7.1:

V(FPg, P,
sup  liminf VFe, Fe,) <1/2. (2.13)
Goery(©®) ¢Ma, Di(G, Gy)
GEEy,y (O)
Note also that V(Pa. P V(P P

lim inf —< G, Pi) < liminf —( 6, Fy)
r—=0 G,HeBw, (Go,r) Dl(G, H) GVK;GO Dl(G, Go>

G#H GEEry ()

for any probability kernel Py and for any Gy € &, (0°). Then (2.12) immediately entails (2.11).
However, (2.11) is sufficient for translating a learning rate for estimating a population distribution
P¢ into that of the corresponding mixing measure (G. To be concrete, if we are given an m-i.i.d.
sample from a parametric model Fp,, a standard estimation method would yield root-m rate of
convergence for density pg, which means that the corresponding estimate of G admits root-m rate
as well.

Remark 2.4.3. Lemma 2.4.2 is a generalization of the Theorem 3.1 in [HN16b] in several key
features. Firstly, ({#%}%, A) first-order identifiable assumption in Lemma 2.4.2 is weaker since any
identifiable in the first-order in the sense of [HN16b] implies ({2}, /) first-order identifiable
with A/ = (). Example 2.10.1 gives a specific instance which satisfies the notion of first-order
identifiability specified by Definition 2.4.1 but not the condition specified by [HN16b]. Secondly, it
turns out that uniform Lipschitz assumption in Theorem 3.1 in [HN16b] is redundant and Lemma
2.4.2 does not require it (such Lipschitz condition appears to be still needed for the inverse bounds
on the sup-norm of mixture densities, cf. [HN16b]). Finally, given some additional features of f, the

first-order identifiable notion can be further simplified; such details will be given in Section 2.4.2. [

Proof of Lemma 2.4.2 a): Suppose the lower bound of (2.11) is incorrect. Then there exist G, €
Er (ON\{Go}, Gy ™ Gy such that

V<pGe7pGo>

— 0, as { — .
Dl(GZ7GU>

14
[

We may write Gy = S/ p’d, such that 8/ — 69 and p! — p? as £ — oo. With subsequences

argument if necessary, we may futher require

6t — go

7 i

D1<Gé7 GO)

pi—pf

g eRy, P
D1<G£7GO>

— b eR, V1<i<k, (2.14)

where b; and the components of a; are in [—1,1] and Y%, b; = 0. Moreover, D;(Gy, Go) =
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S, (1165 — 69|2 + |pf — p?]) for sufficiently large ¢, which implies

k‘() kO
> llaillz + Y bl = 1.
i=1 i=1
It also follows that at least one of a; is not 0 € R? or one of b; is not 0. On the other hand,

0— lim 2V (Pg,, Pa,)
l—o0 Dl(GfaG(])

, F(2]09) — f(2|60) & Pl —p)
> lim ¢ 4+ 2]00) =t | u(dx
T l—oo DN Z D1 Gg Go) ;f( ’ Z>D1(G57G0) IU( )
F(alth) = F(@]6?) | & P
lim inf ¢ LR 90 — "' | u(dx
/X\J\/’ £—00 lz:p Dl Gg,G()) ZZ:; ( | )Dl(Gé,GO) M( )

p(dz).

“ ol

where the second inequality follows from Fatou’s Lemma. Then

Zp? ) + 57
=1

ko kO
> pal Vof (x(69) + D f(x]6))b =0
=1 =1

for 4 — a.e.x € X\N. Thus we find a nonzero solution to (2.9a), (2.9b) with k, ; replaced by
ko, 69.

However, the last statement contradicts with the definition of ({#9}* 2., N) first-order identifi-
able.

Proof of part b) continues in the Appendix. U

Lemma 2.4.2 states that under (i) in Definition 2.4.1, the constrained linear independence
between the density and its derivative w.r.t. the parameter (item (ii) in the definition) is sufficient for
(2.11) and (2.12). For a converse result, the next lemma shows (ii) is also necessary provided that
(i) holds for some p-negligible N and the density f(xz|0) satisfies some regularity condition.

Lemma 2.4.4 (Lack of first-order identifiability). Fix Gy = Y, PPog0 € Exy (©°). Suppose

a) there exists N (that possibly depends on Gg) such that u(N') = 0 and for every x ¢ N,
f(x|0) is differentiable w.r.t. 6 at {#°}™ ;

b) equation (2.9a) (or equivalently, system of equations (2.9a) and (2.9b)) with k, 0; replaced

respectively by kg, 09 has a nonzero solution (ay, by, . . ., ag,, br,);
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c) there exist vg > 0 such thatV 1 <i < ko, V0O <A <7,

f(@]0F + @A) — f(]07)

X < f(z), p—ae x€X\N,

where f(x) is integrable w.r.t. the measure ji;

then
. . V(Pq, Py) . V(Pg, Pg,)
lim inf ———— 7 = liminf ———% =(. 2.15
r—=0 G,HeBw, (Go,r) Dl(G, H) GVK;G() Dl(G, Go> ( )
G#H GEERY(O)

Remark 2.4.5. Condition c) in the preceding lemma is to guarantee the exchange of the order
between limit and the integral and one may replace it by any other similar condition. A byproduct
of this condition is that it renders the constraint (2.9b) redundant (cf. Lemma 2.4.14 b)). While
condition c) is tailored for an application of the dominated convergence theorem in the proof, one
may tailored the following condition for Pratt’s Lemma.

Condition c’): there exist 7o > Osuchthat V1 <i < ky, V0 <A < 7,

f(]0F + @A) — f(x]07)

A < fa(®), p—ae xeX\N

where fa () satisfies lima_,o+ Jew fa(z)dp = S imasso fa(z)dp.
Condition ¢’) is weaker than condition c¢) since the former reduces to the latter if one let

fa(z) = f(2) < . O

Combining all the conditions in Lemma 2.4.2 and Lemma 2.4.4, one immediately the following

equivalence between (2.11), (2.12) and the first-order identifiable condition.

Corollary 2.4.6. Fix Gy = Zfilpgég? € &, (©°). Suppose for p-a.e. x € X, f(x|0) as a function
0 is continuously differentiable in a neighborhood of 09 for each i € [ko|. Suppose that for any
a € R and for each i € [ko) there exists (69, a) > 0 such that for any 0 < A < (67, a),

f(x|0] + al) — f(x]67)
A

< falz|0)a) p—ae X (2.16)

where fa(x]0°,a) satifies

i, [ Falaltt.a)dn = [ lim fa(el6?. ajdp
x xA—>O+

A—0t

Here fa(x|0;,a;) possibly depends on 69 and a. Then (2.12) holds if and only if (2.11) holds if and
only if (2.9a) with k, 0; replaced respectively by kg, 09 has only the zero solution.
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The Lemma 2.4.4 presents the consequence of the violation of first-order identifiability. Indeed,
the conclusion (2.15) suggests that D, (G, Go) may vanish at a much slower rate than V' (Pg, Pg, ),
i.e., the convergence of parameters representing G may be much slower than the convergence of
data distribution F;. Moreover, the impact may be different for different types of parameters, as
already noted in [HN19]. To explicate the distinct behavior for the mixing probability parameters p;
and for the atoms 6;, define the following notion of distance, for any G' = 2% | p;dy, € £(O) and
G =" Py € E(0),r1 > 1andry > 1,

k
A : / 1 / T
Dy, (G, G) = min ;_1 (16: = O lI5" + [pi — D) ]™) - (2.17)

Although D, ,, might not be a proper metric, but by Lemma 2.3.2 b) and similar to Lemma 2.3.2
e), for a fixed Gy € &(O), D, 1(Go, G) <¢y.giam©) W, (Go, G) provided that © is bounded, i.e.
there exists ¢, (Gp, diam(©)) and c2(diam(©)) such that for any G € &,(O)

(&1 (G(), diam(@))Dr,l(Go, G) S W:(Go, G) S CQ(diam(@))Dr,l(Go, G)

The conclusion of Lemma 2.4.4 can be refined further by the following result.

Lemma 2.4.7 (Impacts on different parameters). Suppose all conditions in Lemma 2.4.4 are
satisfied.

a) If at least one of b; is not zero, then for any r > 1

.. . V(Pa, Pg,) . V(Pg, Pg,)
liminf ————% = liminf ———2 =0
g, PralG Go)  gmig, WG, Go)
GEEx, () GEEyy ()
b) If at least one of a; is not zero, then for any r > 1
P, P,
liminf L6 Fa0) _
aY e Dl,r(G> Go)
GEEy, ()

Next, we highlight the role of condition c¢) of Lemma 2.4.4 in establishing either inverse bound
(2.11) or (2.15) based on our notion of first-order identifiability. As mentioned, condition c) posits
the existence of an integrable envelope function to ensure the exchange of the limit and integral.
Without this condition, the conclusion (2.15) of Lemma 2.4.4 might not hold. The following two
examples demonstrate the role of c), and serve as examples which are not first-order identifiable but
for which inverse bound (2.11) still holds.
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Example 2.4.8 (Uniform probability kernel). Consider the uniform distribution family f(z|0) =
1(0,6)(x) with parameter space © = (0, c0). This family is defined on X = R with the dominating

measure /. to be the Lebesgue measure. It is easy to see f(x|6) is differentiable w.r.t. 6 at § # x and

0

2 (x|0) = —%f(:ﬂ@) when 0 # x.

So f(z|0) is not first-order identifiable by our definition. Note for any Gy € &, (©) this family
does not satisfy the assumption c) in Lemma 2.4.4 and hence Lemma 2.4.4 is not applicable. Indeed
by Lemma 2.4.9 this family satisfies (2.11) and (2.12) for any k¢ and G, € &, (O). d

Lemma 2.4.9. Let f(x|0) be the uniform distribution family defined in Example 2.4.8. Then for
any Gy € &;,(0°), inverse bounds (2.11) and (2.12) hold.

Example 2.4.10 (Location-scale exponential distribution kernel). Consider the location-scale ex-
ponential distribution on X = R, with density with respect to © =Lebesgue measure given
by f(z|¢,0) = Lexp (—25) 1 ) with parameter § = (£, o) and parameter space © =
R x (0,00). It is easy to see f(x |§ a) is dlfferentlable w.rt. £ at £ # r and

Sl ale.n) = 2(alé0) wheng £,

So f(z|¢, o) is not first-order identifiable. Note for any G, € &, (O) this family does not satisfy the
third assumption in Lemma 2.4.4 and hence Lemma 2.4.4 is not applicable. Indeed by Lemma 2.4.11
this family satisfies (2.11) for any ko and Gy € &, (O). This lemma also serves as a correction
for an errornous result (Prop. 5.3 of [HN16a]). The mistake in their proof may be attributed to
failing to account for the envelope condition c) that arises due to non-identical support of mixture

components with distinct £ values. 0

Lemma 2.4.11. Let f(x|{, o) be the location-scale exponential distribution defined in Example
2.4.10. Then for any G € &, (©°), inverse bound (2.11) holds.

In some context it is of interest of establish inverse bounds for Hellinger distance rather than
variational distance on mixture densities, e.g., in the derivation of minimax lower bounds. Since
h >V, the inverse bound (2.11), which holds under first-order identifiability, immediately entails

that
h(Pg, Pg,)

Dy (G, Gy)

hm mf

a3
Geé‘ko (@)

> 0. (2.18)
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Similarly, (2.12) entails that

h(Pg, Py)

li inf —— — - > 0.
r1—>1% G,Heérvlvl (Gor) Dy (G, H)
G#H

For a converse result, the following is the Hellinger counterpart of Lemma 2.4.4.
Lemma 2.4.12. Fix Gy = >, PPog0 € Eiy (©°). Suppose

a) there exists N (that possibly depends on Gg) such that u(N') = 0 and for every x ¢ N,
f(x|0) is differentiable w.r.t. 6 at {#°}™ ;

b) (2.9a) with k, 0; replaced respectively by kg, 09 has a nonzero solution (a1, by, . .., axy, by, );

c) the density family has common support, i.e. S = {x € X|f(x|0) > 0} does not depend on
0e0O;

d) there exist yg > 0 such thatV'1 < i < ko, V0 < A <,

f(]0) + a;:A) — f(]07)
A/ f(]67)

< f(x), p—ae xeS\N,

where f(z) satisfies fS\N A (x)dp < ooy

then
. . h(Pg, Py) .. . h(Pq, Pg,)
lim inf — " — liminf ————% = 2.19
r—0 G,HEBw, (Go,r) D1(G, H) Mg, D1 (G, Gy) ( )
G#H GEEry (©)

Remark 2.4.13. Similar to Remark 2.4.5, one may replace the condition d) in the preceding lemma
by the following weaker condition: Condition d’): there exist 79 > O such that V1 < i < k,
VO< A < Y05

f(]6] + a;A) — f(x]07)

AT < falz), p—ae zeS\N,

where fa(w) satisfies lima o+ [ fA(2)dp = [g 5 limaso+ R (2)dp < o0 O

2.4.2 Finer characterizations

In order to verify if the first-order identifiability condition is satisfied for a given probability
kernel family { f(z|0)|6 € ©}, according to Definition 2.4.1 one needs to check that system of
equations (2.9a) and (2.9b) does not have non-zero solutions. For many common probability kernel
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families, the presence of normalizing constant can make this verification challenging, because the
normalizing constant is a function of ¢, which has a complicated form or no closed form, and its
derivative can also be complicated. Fortunately, the following lemma shows that under a mild
condition one only needs to check for the family of kernel { f(z|¢)} defined up to a function of ¢
that is constant in z. Moreover, under additional mild assumptions, the equation (2.9b) can also be

dropped from the verification.

Lemma 2.4.14. Suppose for every x in the p-positive subset X\N for some N € A, f(x|0) is
differentiable w.r.t. 0 at {0;}F_,. Let g(0) be a positive differentiable function on ©° and define

f(x18) = g(6) f(x]6)-

a) (2.9a) has only the zero solution if and only if (2.9a) with f replaced by f has only the zero

solution.

b) Suppose w(N') = 0. For a fixed set {a;}¥_, C R? and for each i € [k| there exists v(0;, a;) >
0 such that for any 0 < A < ~v(6;, a;),

flx]6; + aii) — f(x|0:) < Flalbsar) p—ae X (2.20)

where f(x|0;,a;) is u-integrable, then (a1, by, . .., ay,by) is a solution of (2.9a) if and only if
it’s a solution of the system of equations (2.9a), (2.9b). Here v(0;, a;) and f(x|0;, a;) depend
on 6; and a;. Moreover, (2.20) holds for some ji-integrable f if and only if the same inequality
with f on the left side replaced by f holds for some y-integrable fj.

¢) Suppose the conditions in b) hold for any set {a; le. Then (2.9a) has the same solutions
as the system of equations (2.9a), (2.9b). Hence, the family {f(z|0)}sco is ({0:}5_, N)
first-order identifiable if and only if (2.9a) with f replaced by f has only the zero solution.

Note similar extension as in Remark 2.4.5 can be made in Lemma 2.4.14 b) and c).

Remark 2.4.15. Part b), or Part c¢), of Lemma 2.4.14 shows that under some differentiability
condition (i.e. u(N) = 0) and some regularity condition on the density f(z|f) to ensure the
exchangibility of limit and the integral, in the definition of ({6;}*_,, ) first identifiable (2.9b) adds
no additional constraint and is redundant. In this case for first-order identifiability, we can simply
check whether (2.9a) has only zero solution or not. In addition, according to Part ¢) of Lemma
2.4.14, for first-order identifiability it is sufficient to check whether (2.9a) with f replaced by f has
only zero solution or not, provided that the (N') = 0 for N corresponds to f and (2.20) with f on
the left side replaced by f hold. U
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Probability kernels that belong to the exponential families of distribution are frequently employed
in practice. For these kernels, there is a remarkable equivalence among the first-order identifiability

condition and the inverse bounds for both variational distance and the Hellinger distance.

Lemma 2.4.16. Suppose that the probability kernel Py has a density function f in the full rank
exponential family, given in its canonical form f(x|0) = exp((, T(x)) — A(0))h(zx) with 6 € ©,
the natural parameter space. Then (2.9a) has the same solutions as the system of equations
(2.9a), (2.9b). Moreover for a fixed Gy = Zfil p%@? € &, (©°) the following five statements are

equivalent:

: : V(Pg,P,
a) lim,_, 1nfG,HeBW1(G0,r) D(I(GG,;)) > 0.
G#H

V(Pg,Pg,)

DiGGo) > U

b) liminf i
GEng(@)
h(Pq,Py)

C) hmrﬁo infG,HGBW1 (Go,7) Dy (G,H) > 0.
G#H

o h(Pg,Pg,)
d) liminf i, W,G(?)

GEE), ()

> 0;

e) With k, 0; replaced respectively by ky, 0, equation (2.9a) has only the zero solution.

In the last result, the exponential family is in its canonical form. The same conclusions hold for

the exponential family represented in general parameterizations.

Lemma 2.4.17. Consider the probability kernel Py has a density function f in the full rank
exponential family, f(z|0) = exp ((n(0),T(x)) — B(0)) h(x). Suppose the map n : © — n(©) C
R? is a homeomorphism'. Fix Gy = 21-21 p%@g € &, (©°). Suppose the Jacobian matrix of the

function 1(0), denoted by J, () := (g—g’%(&))ij exists and is full rank at 09 for i € [ko]. Then with
k,0; replaced respectively by ko, 69, (2.9a) has the same solutions as the system of equations (2.9a),
(2.9b). Moreover the b), d) and e) as in Lemma 2.4.16 are equivalent. If in addition .J,,(0) exists
and is continuous in a neighborhood of 6° for each i € [ko|, then the equivalence relationships of

all the five statements in Lemma 2.4.16 hold.

Despite the simplicity of kernels in the exponential families, classical and/or first-order iden-
tifiability is not always guaranteed. For instance, it is well-known and can be checked easily that
the mixture of Bernoulli distributions is not identifiable in the classical sense. We will discuss
the Bernoulli kernel in the context of mixtures of product distributions in Example 2.5.10. The

following example is somewhat less well-known.

' A homeomorphism is a continuous function between topological spaces that has a continuous inverse function.
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Example 2.4.18 (Two-parameter Gamma kernel). Consider the gamma distribution f(z|a, §) =

%xa_le_ﬁxl(oyoo)(x) with 0 = (o, ) € O := {(a,f)|a > 0,8 > 0} and the dominating

measure 4 is the Lebesgue measure on X = R. This is a full rank exponential family. For &y > 2
define G C &,(0©°) = &, (O) as

ko
G ={G €&, (0)G = Zpiégi and there exist ¢ # j such that 6, — 6, = (1,0)}.
i=1
For any Gy = S, pideo € G, letig # jo be such that 0% — 07 = (1,0), i.e. af = o + 1 and
0 = [ . Then observing

0 ! o
— f(zla, B) = = f(z]a, B) — < fzla+ 1, 8),
ag! (Wl B) = 2 f(zles B) = S (2l )
(a1,by, ..., aky, by) With a;; = (0, B, /cvy), biy, = —1, bj, = 1 and the rest to be zero is a

nonzero solution of the system of equations (2.9a), (2.9b) with k, 6; replaced respectively by ko, 69.
Write gamma distribution in exponential family as in Lemma 2.4.17 with n(0) = (« — 1, §) and

T(xz) = (Inz, —z). Since n(0) satisfies all the conditions in Lemma 2.4.17, hence

.. . hPq, Pg,) .. . V(Pg, Pgy)
liminf ———% = liminf ———2~ = (.
GM—/}GQ D1<G7 GO) GVK}GO D1<G7 GO)
Geé‘ko(@) Gegko(@)

This implies that even if V' (pg, pg,) vanishes at a fast rate, D; (G, Gp) may not.

Finite mixtures of Gamma were investigated by [HN16a], who called G is a pathological set
of parameter values to highlight the effects of weak identifiability (more precisely, the violation
of first-order identifiability conditions) on the convergence behavior of model parameters when
the parameter values fall in G. On the other hand, for G, € &, (©°)\G, it is shown in the proof of
Proposition 5.1 (a) in [HN16a] that (2.9a) with k, §; replaced respectively by kg, 69 has only the

zero solution.? Thus by Lemma 2.4.17,

h(Pg, Pe,) V(Pg, Pg,)

lim inf > lim inf > 0.
GVK}lGo DI(G>GO) B GM—/}GO Dl(G7 GO)
GEEry () GEEr, (©)

Notice that a) and ¢) in Lemma 2.4.17 also holds but is omitted here. Thus, outside of pathological

set G the convergence rate of mixture density p¢ towards pg, is carried over to the convergence of GG

’Their original proof there only works under the stringent condition o > 1 for the parameter space. But multiplying
their (26) by x should reach the same conclusion for the general case o > 0. A direct proof is also straightforward by
using Lemma 2.10.4 b) and is similar to Example 2.5.12. In addition, by applying Lemma 2.4.17 we produce additional
results on Hellinger distance and drop the unnecessary condition > 1 in the parameter space.
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toward G under D;. It is the uncertainty about whether the true mixing measure G is pathological
or not that that makes parameter estimation highly inefficient. Given m-i.i.d. from a finite mixture of
Gamma distributions, where the number of components k is given, [HN16a] established minimax

bound for estimating G that is slower than any polynomial rate m ™" for any » > 1 under W,. metric.
0J

We end this section with several remarks, motivated by a concern for the situation of weak
identifiability. It may be of interest to devise an efficient parameter estimation method (by, perhaps,
a clever regularization or reparameterization technique) that may help to overcome the lack of
first-order identifiability. We are not aware of a general way to achieve this. Absent of such methods,
a promising direction for the statistician to take is to simply collect more data: not only by increasing
the number of i.i.d. observation of m, but also by increasing the number of repeated measurements.
Finite mixtures of product distributions usually arise in this practical context: when one deals
with a highly heterogeneous data population which is made up of many latent subpopulations
carrying distinct patterns, it is often possible to collect observations presumably coming from the
same subpopulation, even if one is uncertain about the mixture component that a subpopulation
may be assigned to. Thus, one may aim to collect m independent sequences of /N exchangeable
observations, and assume that they are sampled from a finite mixture of N-product distribution
denoted by Fg .

One natural question to ask is, how does increasing the number N of repeated measurements
(i.e., the length of exchangeable sequences) help to overcome the lack of strong identifiability such
as our notion of first-order identifiability. This question can be made precise in light of Lemma 2.4.2:
whether there exist a natural number n; > 1 such that the following inverse bound holds for any

N Z sl
V(Pa.n, PayN)
DI(G7 GO)

lim inf
a%a,
GEEry (O)

> 0. (2.21)

Observe that since V (Pg v, Pg, n) increases in N while the denominator D, (G, G)) is fixed in
N, if (2.21) holds for some N = n;, then it also holds for all N > n;. Moreover, what can
we say about the role of /V in parameter estimation in presence of such inverse bounds? In the
next section we will address these questions by studying conditions under which inverse bounds
involving mixtures of product distributions can be established. Such theory will also be used to
derive tight learning rates for mixing measure G from a collection of exchangeable sequences of

observations.
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2.5 Inverse bounds for mixtures of product distributions

Consider a family of probability distributions {FP}gco on some measurable space (X,.A)
where 6 is the parameter of the family and © C R? is the parameter space. This yields the V-
product probability kernel on (XV, AV), which is denoted by {Pyn = @" Ps}gco. For any
G =YF | pidy, € E,(O) as mixing measure, the resulting finite mixture for the N-product families
is a probability measure on (X", AN), namely, Pg x = Zle piPo, .

The main results of this section are stated in Theorem 2.5.7 and Theorem 2.5.14. These theorems
establish the following inverse bound under certain conditions of probability kernel family { P }gco
and some time that of Gy for a fixed Gy € &, (©°) there holds

V(Pen, PayN)

D (G Go) > 0. (2.22)

liminf liminf
N=roo M,

GEEL, ()

By contrast, an easy upper bound on the left hand side of (2.22) holds generally (cf. Lemma 2.7.1):

V(Pen, PayN)

sup liminf <1/2. 2.23
Nzri Mg, Dn(G.Go) T / (29
GEERy ()
In fact, a strong inverse bound can also be established:

. : V(PN Prn)

1 fl f : 7 . 2.24

N G mchy o Dn(GLH) (229

G#H

These inverse bounds relate to the positivity of a suitable notion of curvature on the space of
mixtures of product distributions, and will be shown to have powerful consequences. It’s easy to
see that (2.24) implies (2.22).

Section 2.5.2 is devoted to proving these bounds for P belonging to exponential families
of distributions. In Section 2.5.3 the inverse bounds are established for very general probability
kernel families, where X may be an abstract space and no parametric assumption on Fy will be
required. Instead, we appeal to a set of mild regularity conditions on the characteristic function of a
push-forward measure produced by a measurable map 7" acting on the measure space (X, A, Fp).
We will see that this general theory enables the study for a very broad range of mixtures of product

distributions for exchangeable sequences.
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2.5.1 Implications on classical and first-order identifiability

Before presenting the section’s main theorems, let us explicate some immediate implications of
their conclusions expressed by inequalities (2.22) and (2.24). These inequalities contain detailed
information about convergence behavior of de Finetti’s mixing measure GG toward Gy, an useful
application of which will be demonstrated in Section 2.6. For now, we simply highlight striking
implications on the basic notions of identifiability of mixtures of distributions investigated in
Section 2.4. Note that no assumption on classical or first-order identifiability is required in the
statement of the theorems establishing (2.22) or (2.24). In plain terms these inequalities entail that
by increasing the number N of exchangeable measurements, the resulting mixture of N-product
distributions becomes identifiable in both classical and first-order sense, even if it is not initially so,
i.e., when N = 1 or small.

To make our statement precise, for a fixed Gy € &, (0°), define

v

ng 1= no(Go) = mln{n 1|VG € U],zozlgk(@o) \ {Go}, PG,n 75 PGO,H}v

V(Pens Paon
ny :=nq(Go) = min{nZl lim inf Foin, Fon) 0},
GVK}GO Dl(Ga GO)
GeEr, (©)

(2.25)

' . . V(PG ) PH n)
= = > 11 f DG H)
ny := na(Go) mln{n e G,HGB}I‘}Q (Gor)  Di(G, H) ’
G£H

ny 1s called minimal zero-order identifiable length, or O-identifiable length for short. n, is called
minimal first-order identifiable length, or 1-identifiable length for short. Since W, (G, Go) =g,
D;(G, Gy) in small neighborhood of G (cf. Lemma 2.3.2 d)), the two metrics can be exchangeable
in the denominator of the above definition for n; and n». Note that ny describes a global property of
classical identifiability, a notion determined mainly by the algebraic structure of the mixture model’s
kernel family and its parameterization. (This is also known as "strict identifiability" as opposed
to "generic identifiability", cf., e.g., [AMRO9]). On the other hand, both n; and n, characterize
a local behavior of mixture densities pg v near a certain pg, v, a notion that relies primarily on
regularity conditions on the kernel, as we shall see in what follows.

The following proposition provides the link between classical identifiability and strong notions
of local identifiability provided either (2.22) or (2.24) holds. In a nutshell, as /N gets large, the two
types of identifiability can be connected by the force of the central limit theorem, which is one of

the key ingredients in the proof of the inverse bounds. Define two related and useful quantities: for
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any Gy € &, (0°)

V(Pan, P,
N, =N, (Gp) = min{nZl inf liminf 00N FG0n) >0} (2.26)
Nznowe o Dn(G,Go)
GEEy ()
. o . V(Pa,n, Pan)
= = > : : . .
Ny o= MG = min > 1| Dyt RO o) e
G+H

Note that (2.22) means N, (Gg) < oo, while (2.24) means N, (Gg) < oo. The following proposition

collects connections among ng, 11, 2, Ny and N,.

Proposition 2.5.1.  a) Consider any Gy € &, (0°), then ni1(Gy) < na(Gy). Moreover, there
exists r := r(Gy) > 0 such that

sup  n1(G) < na(Go).

GeBw, (Go,r)

b) Consider any Gy € &, (0°). If N, (Gy) < oo, then ny(Gy) = N, (Gyp) < oc.
If No(Gy) < oo then na(Go) = Ny(Go) < oo. In particular, the first or the second conclusion
holds if (2.22) or (2.24) holds respectively.

c¢) There holds
sip m(G) < swp m(G).
GeUp<ny Ex(0°) G€&z;, (0°)
d) Suppose the kernel family Py admits density f(-|0) with respect to a dominating measure p
on X. Fix Gy = Zfil € &, (©°). Moreover, assume all conditions in Corollary 2.4.6 hold
for the f(x|0). Then, nay(Go) = n1(Gp).

e) Suppose that (2.22) holds for every Gy € U<k, Ex(O°), where © is a compact set. Moreover,
suppose all conditions in part d) are satisfied for every Gy € Ug<or,Ex(O). Then

sup no(G) < sup  n(G) < oc.
GEUkSkng(@O) GGE%O(@O)

f) Suppose that (2.24) holds for every Gy € Uy<a,Ex(O°), where © is a compact set. Then the

conclusion of part e) holds.

Remark 2.5.2. Part a) and part b) of Proposition 2.5.1 highlight an immediate significance of
inverse bounds (2.22) and (2.24): they establish pointwise finiteness of 1-identifiable length n, (G).

Moreover, under the additional condition on first-order identifiability, one can have the following
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strong result as an immediate consequence: Consider any Gy € &, (0°). If (2.11) and (2.22)
hold, then n;(Goy) = Ny (Gp) = 1. If (2.12) and (2.24) hold, then n1(Gy) = N, (Go) = ns(Gop) =
N,(Gy) = 1. O

Remark 2.5.3. Part e) and part f) in the above proposition establish a rather surprising consequence
of inverse bounds (2.22) and (2.24), provided that the domain of support © is compact: they yield
the finiteness of both 0-identifiable length ny(G) and 1-identifiable length n,(G) uniformly over
subsets of mixing measures with finite number of support points. In particular, as long as (2.22) or
(2.24) (along with some regularity conditions in the former) holds for every Gy € Ug<ax,Ex(©°),
then Py v will be strictly identifiable and first-identifiable on U<, & (©°) for sufficiently large V.
That is, taking product helps in making the kernel identifiable in a strong sense. As we shall see
in the next subsection, (2.24) holds for every Gy € |J,-, £(©°) when { P} belongs to full rank
exponential families of distributions. This inverse bound also holds for a broad range of probability

kernels beyond the exponential families.

Proof of Proposition 2.5.1:  a) It is sufficient to assume that ny = ny(Gy) < oo. Then there

exists o > 0 such that
V(PG,n2> PH,nz)

inf
G,HEBw, (Goro)  D1(G, H)
G#H

>0

Then fixing G in the preceding display yields n,(G) < ny(Gp) and the proof is complete

since G is arbitrary in By, (Go, o).

b) By the definition of N;,

V(P.\ P V(PN P N
lim inf FeN, fo,N,) > liminf — 0N Gl (2.28)
aYao Dy (G, Go) M, DN, (G, Go)
Gegko(@) G€£k0(®)

which entails that n; < N;. On the other hand, for any N € [n;,N,]| we have

V(Pen, PayN) 1 V(Pany Poony)

lim inf > lim inf
GV‘—/;G() DN(G7 GO) GM—/;G() \/N Dl(G7 GO)
Geé‘ko(@) GeSkO(G))
1 P, P
> —— liminf Vi{Fan, Poom) > 0,
Ml GM_/}GO D1<G7 GO)
Ge&y (O)

which entails N; < ny. Thus N; = n4. The proof of ny = N, < oo is similar.

¢) If suffices to prove for the case 71 := supgeg,, (o) n1(G) < co. Take any G € &(0°) for
1 < k < ky, suppose that ny(G) > 7. Then there exists a G € E(O°) for some 1 < k < kg
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d)

€)

such that P 5 = P, 5 but G; # G. Collecting the supporting atoms of G and G, there
are at most 2k of those, and denote them by 9, ..., 69, € ©°. Supplement these with a set
of atoms {#9}2%, .1 to obtain a set of distinct 2k, atoms denoted by {6 12k Now take G
to be any discrete probability measure supported by 69, ... 08,%. Since Fgn = Pg, », the

condition of Lemma 2.11.1 for G, is satisfied and thus

V (P, Payn)
Dl (G7 GO)

= 0.

lim inf
a%a,
GEEy, ()
But this contradicts with the definition of 7.

By part a) it suffices to prove for the case n; = ny(Gy) < co. By Lemma 2.11.3, the product
family [}, f(x;]0) satisfies all the conditions in Corollary 2.4.6. Thus by Corollary 2.4.6,

V(PG,n17 PH,nl)

li inf >0
7‘1—1;1(1) G,HEB%I‘}/l (Go,r) D1<G7 H)
G#+H

It follows that ny(Go) < ny, which implies that ny(Go) = n1(Go) by part a).

By part b) and part d), na(Go) < oo for every Gy € Up<ar, Ex(O). Associated each G with a
neighborhood By, (Go, 7(Gy)) as in part a) such that its conclusion holds. Due to the fact that
Uk<2k, £k (©) is compact and part a), we deduce that n; (G) is uniformly bounded. Combining

with part ¢) to conclude the proof.

By part b) ny(Gy) < oo for every Gy € Up<ar, &k (O°). The rest of the argument is the same

as part e).
]

We can further unpack the double infimum limits in its expression of (2.22) to develop results

useful for subsequent convergence rate analysis in Section 2.6. First, it is simple to show that the

limiting argument for /N can be completely removed when N is suitably bounded.

Lemma 2.5.4. Fix Gy € &,,(0°). Suppose (2.22) holds. Then for any Ny > n1(G), there exists
c(Go, Ny) depending on Gy and Ny, such that VG € &, (O) : W1(G, Gy) < ¢(Go, Ny)

V(PGJV, PGO,N) > C(Go)DN(G, GO) VN € [nl(GQ),No]

where C(Gy) > 0 is a constant that depends on G.

A key feature of the above claim is that the radius ¢(Gy, Ny) of the local W ball centered at G

over which the inverse bound holds for GG depends on Ny, but the multiple constant C'(Gy) does not.
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Next, given additional conditions, most notably the compactness on the space of mixing
measures, we may remove completely the second limiting argument involving G. In other words,
we may extend the domain of G' on which the inverse bound of the form V' > W) 2 D; continues

to hold, where the multiple constants are suppressed here.

Lemma 2.5.5. Fix Gy € &, (0°). Consider any O a compact subset of © containing Gy. Suppose
the map 0 — Py from (©1,| - ||2) to ({Ps}eco, h) is continuous. Let ni(Gy) be given by (2.25).
Suppose there exists ng > 1 such that map G — Pg,,, is identifiable at Gy on | i, £,(01)), i.e.
forany G € UZ‘)Zl E(©1))\{Go}, Pang # Pagno- If n1(Go) V ng < oo, then

ko
V(Pan, Payn) > C(Go, ©1)Wi(G,Gy), VG € | Ek(O1), YN = ny(Go) V ny,

k=1

where C(Gy, ©1) > 0 is a constant that depends on G and ©.

Finally, a simple and useful fact which allows one to transfer an inverse bound for one kernel
family P to another kernel family by means of homeomorphic transformation in the parameter space.
If g(6) = n for some homeomorphic function g : © — = C RY, for any G = Zle pide, € Ex(O),
denote G = 3% pid,0,) € E(Z) . Given a probability kernel family { P }gce, under the new
parameter 1) define

b, =Py, VneE.

Let G" also denote a generic element in &, (=), and me ~ be defined similarly as Pg n.

Lemma 2.5.6 (Invariance under homeomorphic parameterization with local invertible Jacobian).

Suppose g is a homeomorphism. For Gy = Zfil )

the function g(0), denoted by J,(0) = (89@ (0)); exists and is full rank at 6 for i € [ko|. Then VN

090 € &y (©°), suppose the Jacobian matrix of

900
V (Pgn n, Pon V(P . P
liminf L0 G;;’N) % Jimint 0N Foon) (2.29)
Gn‘ﬁ}gg DN(Gnv GO) GVK}GO DN(G> GO)
G"EgkO(E) GEEkO(G)

Moreover, if in addition J,(0) exists and is continuous in a neighborhood of 6Y for each i € [k,
then VN

lim inf V<PG”’N’ PH”’N) @ lim inf V(P Prx)
r=0 G H"€Bw, (Ggr) D, (Gﬂ7 Hﬂ) = G,HeBw, (Go,r) D, (G; H)

Lemma 2.5.6 shows that if an inverse bound (2.22) or (2.24) under a particular parametrization
is established, then the same inverse bound holds for all other parametrizations that are homeo-

morphic and that have local invertible Jacobian. This allows one to choose the most convenient
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parametrization for a probability kernel family; for instance, one may choose the canonical form for

an exponential family or another more convenient parametrization, like the mean parametrization.

2.5.2 Probability kernels in regular exponential family

We now present the first inverse bound for the mixture of products of exponential family
distributions. Suppose that { P }4ce is a full rank exponential family of distributions on X. Adopting
the notational convention for canonical parameters of exponential families, we assume Fj admits a

density function with respect to a dominating measure j, namely f(x|0) for 6 € ©.

Theorem 2.5.7. Suppose that the probability kernel { f (x|0) }oco is in a full rank exponential family
of distributions in canonical form as in Lemma 2.4.16. For any Gy € &, (0°), (2.22) and (2.24)
hold.

In the last theorem the exponential family is in its canonical form. The next corollary shows the

same conclusions hold for the exponential family in general form under mild conditions.

Corollary 2.5.8. Consider the probability kernel Py has a density function f in the full rank
exponential family, f(xz|0) = exp ((n(0),T(z)) — B()) h(x), where the map n : © — n(©) C R?
is a homeomorphism. Suppose that 1 is continuously differentiable on ©° and its the Jacobian is of
full rank on ©°. Then, for any Gy € &, (©°), (2.22) and (2.24) hold.

As a consequence of Theorem 2.5.7 (more pertinently, Corollary 2.5.8), Lemma 2.5.1 and
Lemma 2.4.17, we immediately obtain the following interesting result for which a direct proof may

be challenging.

Corollary 2.5.9. Let the probability kernel {f(x|0)}gco be in a full rank exponential family of

distributions as in Corollary 2.5.8 and suppose that all conditions there hold. Then for any ky > 1
and for any Gy = Zfilpgégg € &,(0°), n1(Go) = na(Goy) = Ny(Goy) = Ny(Gy) are finite.

Moreover,

ko

N N N
Z (aiTV(;Hf(xnw?)—l—bin(xn\H?)) =0, ®u—a.e. (z1,...,zy) € XY (2.30)
n=1 n=1

=1

has only the zero solution:
bi:OERandai:OERq, v1§2§k’0

if and only if N > n1(G)).
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Corollary 2.5.9 establishes that for full rank exponential families of distribution specified in
Corollary 2.5.8 with full rank Jacobian of 7)(f), there is a finite phase transition behavior specified
by n1(Gp) of the N-product in (2.30): the system of equations (2.30) has nonzero solution when
N < n1(Gy) and as soon as N > ny(Gj), it has only the zero solution. This also gives another
characterization of ny(G,) defined in (2.25) for such exponential families, which also provides
a way to compute n;(Go) = N, (Go) = n2(Go) = Ny(Gp). A byproduct is that ny(Gg) does not
depend on the pY of Gy since (2.30) only depends on 6.

We next show two nontrivial examples of mixture models that are either non-identifiable or
weakly identifiable, i.e., when N = 1, but become first-identifiable by taking products. We work
out the details on calculating ny(Gg) and n,(Gy) for each of the examples and they should serve as

convincing examples to the discussion at the end of Section 2.4.2.

Example 2.5.10 (Bernoulli kernel). Consider the Bernoulli distribution f(z|0) = 6*(1 —0)'~* with
parameter space © = (0, 1). Here the family is defined on X = R and the dominating measure is
i = 0 + d7. It can be written in exponential form as in Lemma 2.4.17 with n(0) = In6 — In(1 — 0)

and T'(x) = x. It’s easy to check that r/(0) = > ( and thus all conditions in Lemma 2.4.17,

(1 9)
Corollary 2.5.8 and Corollary 2.5.9 are satisfied. Thus any of those three results can be applied. In
particular we may use the characterization of n,(Gy) in Corollary 2.5.9 to compute n,(Gy).

For the n-fold product, the density fn(z1,2a,...,2,[0) = [[;_, f(z;]0) = 92— (1 —

0)"~2i=1%_ Then the derivative w.r.t. 0 of f,(x1, Za, ..., %,|0) is
0
%fn(xl, )

= <Z xj> 92?:196]'*1(1 _ @)n* 1T <TL _ Zx ) 027 12] _ 6)"72?:1 =1
j=1

We now compute n; (G) for any G = Zle pide, € E(O). Notice the support of f is {0, 1} and
hence the support of f,, is {0, 1}™. Thus (2.30) with N, 6? replace respectively by n and 6; become
a system of n + 1 linear equations: Vj = 0,1,...,n

k

Zal 0:) 7 (1= 0,)"7 — (n— )(6:) (L= 0;)"77") + > bi(6:)/(1 = 6;)" 7 = 0. (2.31)

i=1

As a system of n + 1 linear equations with 2k unknown variables, it has nonzero solutions when
n+ 1 < 2k. Thus ny(G) > 2k — 1.

Let us now verify that n, (G) = 2k — 1 for any G € &;(©). Indeed, for any G = Zle pido, €
Ex(O), the system of linear equations (2.31) withn = 2k—1is ATz = Owith 2z = (b, aq, .. ., bg, ax)”
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and

(0) i=2m—1
;= JIOn) =AML ok m e (K],

filn) i=2m

where f;(0) = 677 (1—0)""U~Y with n = 2k—1. By Lemma 2.5.11 d) det(A) = [, 5, (0a —
65)*, with the convention 1 when k = 1. Thus, A is invertible and the system of linear equations
(2.31) with n = 2k — 1 has only zero solution. Thus by Corollary 2.5.9 n;(G) < 2k — 1. By the
conclusion from last paragraph n,(G) = 2k — 1 for any G € &(O).

We now turn our attention to ny. For any G' € &(O), there are 2k — 1 parameters to determine
it. fu(71,...,2,) has effective n equations for different value (1, ..., 2,) since Y7, x; can takes
n + 1 values and f,, is a probability density. Thus to have P, strictly identifiable for G € &(©),
a necessary condition is that n > 2k — 1 for almost all G under Lebesgue. In fact, in Lemma 2.11.4
part e) it is established that ny(G) > 2k — 1 forall G € E(O).

Let us now verify that ng(G) = 2k — 1 for any G € &(O). In the following n = 2k — 1. For
any G = 3% pi0y, and consider G’ = 3% | Pide; € UL, £x(©) such that pgr,, = pa.. Notice

that G € |JX_, £,.(©) means that it is possible some of p, is zero. per,, = pe., implies
sze’ (1—0)" sz ) (1—6,)"7 =0 Vj=0,1,---,n. (2.32)

Note that by multiplying each equation j by ( ) and sum them up, we obtain ZZ D= Zle Di.

Thus in the above system of equations the equation with j = n (or arbitrary j) can be replaced by
Zf:l pi = Ef:l Di-
We now show that the only solution is G’ = G, beginning with the following simple observation.

Notice that for a set {£;}2*, of 2k distinct elements in (0, 1), the system of linear equations of
y=(y1,...,yp) with & < 2k:

k/
has only the zero solution since by setting 7; = (1 — &;)"y; the system of equations of §:

K 5 j
> i : =0 Vj=0,1,....n
i=1 L=&

has its coefficients of the first &’ equations forming a non-singular Vandermonde matrix.

If some 6; is not in {#}%_,, then by the observation in last paragraph p; = 0 which contradict
with G € £,(O). As aresult, {0;}_, = {6,}¥_,. Suppose ] = 0, for i € [k]. Then the system of

43



equations (2.32) become

k
i=1

Applying the observation from last paragraph again yields p; = p; for i € [k]. That is, the only

solution of (2.32) is G’ = G. Thus ny(G) < 2k—1, which together with the fact that no(G) > 2k—1

yield ng(G) = 2k — 1 for any G € &£,(O).

O

Part d) of the following lemma is used in the previous example on Bernoulli kernel.
Lemma 2.5.11.  a) Let f(x) be a polynomial with f' its derivative. Define ¢V (z,y) = %{l(y),
¢ (z,y) = fl(xi%gl(y) 7P (z,y) = qm(xf—w, and §® (z,y) = q<2)(x’y);_%yq(2)(x’y). Then

¢V(z,y), ¢ (z,y), @ (z,y) and §® (z,y) are all multivariate polynomials.

b) Let f;(x) be a polynomial and fi(x) its derivative for j € [2k] for a positive integer k. For
r1,..., 7 € Rdefine A¥ (zy, ... ;) € RER*EE) py

Ay gy = P T o m e .
fi(wm) i=2m

Then for any k > 2, det(A® (zy, ..., xx)) = gr(21, ..., T%) [Ticacpen(ta—x3)*, where g

is some multivariate polynomial.

c) For the special case f;(z) = f;(z|k) = 277 A®(xy,... x4) defined in part b) has
determinant det(A®)(xy,. .., 11)) = [licacper(Ta — 25)%, with the convention 1 when
k=1

d) For the special case f;(z) = fj(z|k) = 27" H(1—2)""U=Y withn = 2k —1, A®) (z,,... z})
defined in part b) has determinant det(A® (x1,. .., x)) = [li<acpcn(Ta — )% with the

convention 1 when k = 1.

Example 2.5.12 (Continuation on two-parameter Gamma kernel). Consider the gamma distribution
f(z|a, B) discussed in Example 2.4.18. Let ky > 2 and by Example 2.4.18 for any G, € &,(0)\G,
n1(Go) = 1 and for any Gy € G, where we recall that G denotes the pathological subset of the

Gamma mixture’s parameter space,

h(Pg, Pe,) V(Pq, Pe,)

lim inf = liminf =0.
Mg, DG Go)  gmg  Di(G,Go)
GEEry (©) (e (<)
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This means n;(Gy) > 2 for Gy € G.
We now show that for G € &, (0) n1(Gy) < 2 and hence n,(Gy) = 2 for Gy € G. Let

2c

(C(e))?

be the density of the 2-fold product w.r.t. Lebesgue measure on R%. Let g(«, ) = (['(«))?/ 5%,
which is a differentiable function on © and let f(z1, 5], B) == g(av, 8) f2(x1, z2|av, §) to be the

($1$2)a_1€_5($1+x2)1(0,oo)><(0,oo)(331; )

fo(xr, mala, B) i= f(mi]a, B) f (2], B) =

density without normalization constant. Note that -2~ falay, zo|a, B) = folar, x|, B) In(2125) and
%fg(fﬂl, Tyl B) = —(x1 4 22) fo(x1, 22|, B). Then (2.9a) with f replaced by fs is

ko
Z (aga) In(x29) — az(ﬂ) (w1 +22) + bi) ($1$2)aiflefﬁi(ml+x2) =0. (2.33)

i=1

Let U {8:} = {8,585, -+, B.} with 8] < By < ... < f3, where k' is the number of distinct
elements. Define I(5’) = {i € [k]|3; = £'}. Then (2.33) become for pi-a.e. z1, x5 € (0, 00)

!

k
0= Z Z <a50¢) ln(xll'Q) — az(ﬂ) (371 + x2) i bz) (l’ll’g)aiil 6—5}(;514_952)

J=1 \i€l(8})

= Z aga) (1711.2)041‘—1 ln(fli'l)—l—

When fixing any x5 such that in the p-a.e. set such that the preceding equation holds, by Lemma
2.104b) forany j € (K], 3 ;cs) a\® (z122)%~1 = 0 for any z; # 0. Since ; are distinct for
J

(oz

i € I(3}) and 29 > 0, a!” =0 forany i € I(3;) for any j € [K']. Thatis a ) = 0foranyi € [k].

(8)

Analogously fixing x; produces a;”’ = 0 for any i € [k]. Plug these back into the preceding display

and one obtains for p-a.e. z1,xs € (0, 00)
k/
0= Z Z bi([ElCL’Q)ai_l efﬁ;x2€*ﬁ;.x1
)

j=1 \s€l(B]

Fixing any z, such that in the p-a.e. set such that the preceding equation holds, and apply Lemma
2.10.4 b) again to obtain b; = 0 for i € [k]. Thus (2.33) for any G € &(O) has only the zero
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solution. By Lemma 2.4.17, for G € &, (©)

V(Pq2, Pay2)

> 0.
DI(G7 GO)

lim inf

a%a,

GEERy (©)
Thus ny(Gy) < 2, and hence n,(Gy) = 2 for any Gy € G.
Following an analogous analysis, one can show that { f(x|6;)}%_, are linear independent for any

distinct 4, . .., 0y € O for any £, i.e. the equations of (bq, ..., by)

k

> bif(x]6;) =0 Vz € (0,00)

i=1

has only the zero solution. This linear independence immediately imply that p¢ is identifiable on
Uj=1 €i(©), ie. forany G € &,(O) and any G" € &x(O), pe # per- Thus, ng(G) = 1 for any
G e Uj’;l £;(0). 0J

The above examples demonstrate the remarkable benefits of having repeated (exchangeable)
measurements: via the N-fold product kernel H;VZI f(x;]0) for sufficiently large N, one can
completely erase the effect of parameter non-identifiablity in Bernoulli mixtures, and the effect of
weak-identifiability in the pathological subset of the parameter spaces in two-parameter Gamma
mixtures. We have also seen that it is challenging to determine the O- or 1-identifiable lengths
even for these simple examples of kernels. It is even more so, when we move to a broader class of

probability kernels well beyond the exponential families.

2.5.3 General probability kernels

Unlike Section 2.5.2, which specializes to the probability kernels that are in the exponential
families, in this section no such parametric assumption will be required. In fact, we shall not
require that the family of probability distributions { P }sce on X admit a density function. Since the
primary object of inference is parameter € © C RY, the assumptions on the kernel Py will center
on the existence of a measurable map 7" : (X,.A) — (R® B(R?)) for some s > ¢, and regularity

conditions on the push-forward measure on R*: Py#T := Pyo T L.

Definition 2.5.13 (Admissible transform). A Borel measurable map/transform 7" : X — R® with
s > q is admissible with respect to a set ©; C ©° if for each 6, € O, there exists v > Oand r > 1

such that 7" satisfies the following three properties.

(A1) (Moment condition) For § € B(fy,v) C ©°, the open ball centered at 6, with radius -,
suppose A(0) = \g = EgT X, and Ay := Eo(TX, — EgTX,)(TX, — EgTX,)T exist where

X1 ~ Py. Moreover, Ay is positive definite on B(fy,y) and is continuous at 6.
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(A2) (Exchangeability of partial derivatives of characteristic functions) Denote by ¢1((|6) the

characteristic function of the pushforward probability measure Py#7 on R®, i.e., o7 (C|0) :=

Epet¢TX1) where X; ~ P,. &ﬁge—((%m exists in B(fy,~) and as a function of ( it is twice

continuously differentiable on R® with derivatives satisfying: V6 € B(6y, )

0?or(Cl6) _ *¢r(cl0) Por(clh) _ Por(ClO)

CHDPID — 99DACDH  HCOICHIND  9eDAC O

V¢ e R Vj, ¢ € [d],Vi € [ko]

where the right hand side of both equations exist.

(A3) (Continuity and integrability conditions of characteristic function) ¢1((|f) as a function of
is twice continuously differentiable in B(6y,y). There exists U;(6y), Us(6p) < oo such that:
forany i € [q], ] € [s],

9¢r(¢|0)

901

*or(¢|0)
aCHe0

Y
lIi¢ll2<1

sup max {sup } < Up(6y) < o0,

0€B(0o,7) CERs

and for any 7, j € [q],

%7 (¢|0)
2001990

0*¢r(¢]0)

p m{ [ Jortcion (1+ AT

6€B(60,7)

) d¢, sup

lIgll2<1

} < UQ(eo) < 0.

Theorem 2.5.14. Fix Gy = Zf’il PP0g0 € Exy(O°). Assume that for each 07, there exists measurable
transform T; : (X, A) — (R, B(R®*)) that is admissible with respect to {09 }%_, with s; > q such
that 1) the mean map );(0) of T, defined in (Al) is identifiable at 6° over the set {80}, i.e.,
Ai(09) # Xi(0?) for any j € [ko]\{i} and 2) the Jacobian matrix of \; is of full column rank at 6;.
Then (2.22) and (2.24) hold.

The following corollary is a special case of Theorem 2.5.14 when the admissbile transform 7;

are the same forall: = 1,.. ., k.

Corollary 2.5.15. Fix Gy = Zfil p%gg € &, (©°). If there exists one measurable transform
T : (X, A) — (R® B(R?)) that is admissible with respect to {0°}%_, with s > q such that 1) the
mean map X\(0) of T defined in (A1) is identifiable over the set {09}1°,, i.e., A(69) # A(09) for any
distinct i, j € [ko| and 2) the Jacobian matrix of \ is of full column rank at 09 for any i € [ko|. Then
(2.22) and (2.24) hold.

The proofs of Theorem 2.5.7 and Theorem 2.5.14 occupy the bulk of the chapter. They
contain a number of potentially useful techniques. The presentation of these proofs are deferred to
Section 2.12. We make the following remarks.
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Remark 2.5.16. In many cases one may construct a single measurable transform 7 that is admissible
and is mean identifiable, then Corollary 2.5.15 is useful. Indeed, as will be illustrated by examples,
for some simple cases, the identity map ' suffices, and for some one dimensional probability
families, the moment map Tz = (z',-- - , x*) suffices. However, for some complicated probability
kernel families, constructing a single admissible transform '7; to have their Jacobi matrix of its mean
map of full column rank at every atoms 6?9 or to have its mean map identifiable at atoms may be
challenging. In such cases, Theorem 2.5.14 offers a tool since we may construct a sequence of
admissible maps, each of which only needs to have these properties specified at one atom. Although
in such cases one might still be able to construct one single admissible map by combining 7;, yet
this single map is likely of higher dimension and may be difficult to construct directly without

constructing {7} }%, first. O

Remark 2.5.17. Although Theorem 2.5.14 provides inverse bounds for a very broad range of
probability kernels, it seems not straightforward to apply it to nondegenerate discrete distributions
on lattice points, like Poisson, Bernoulli, geometric distributions etc. The reason is that for
nondegenerate discrete distributions on lattice points, its characteristic function is periodic (cf.
Lemma 4 in Chapter XV, Section 1 of [FelO8]), which prevents its characteristic function from
being in L". That is, it does not satisfy (A3) in the definition of admissible transform. Thus to
apply Theorem 2.5.14 to such distributions one has to come up with a measurable transform 7’
which induce distributions over a countable support that is not lattice points. On the contrary,
Theorem 2.5.7 can be readily applied to discrete distributions that are in the exponential family,

including Poisson, Bernoulli, geometric distributions, etc. OJ

2.5.4 Examples of non-standard probability kernels

The power of Theorem 2.5.14 lies in its applicability to classes of probability kernels that do not
belong to the exponential family of distributions.

Example 2.5.18 (Continuation on uniform probability kernel). In Example 2.4.8 this example has
been shown to satisfies inverse bound (2.11) and (2.12) for any G € &, (©). In the following it
will be shown that the uniform distribution family satisfies (2.22) and (2.24) for any G € &, (O).
Note this family is not an exponential family and thus Theorem 2.5.7 or Corollary 2.5.8 is not
applicable.

Take the 7" in Corollary 2.5.15 to be the identity map. Then \(0) = g, Ay = f—;. So condition

(A1) is satisfied. The characteristic function is

et 1

iCo

¢(¢l0) = (¢ #0) +1(C=0).
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One can then calculate

o (0 ] — (—i(h))
_¢9¢(<‘9> - iCo? 1(¢ #0),
Pl ——C e 1 = (i) = (ig0)?) i
ac(%,cé(é\&) = i§292 1(g7£0)+§1(g_o),
52 —262.@9(671:46 ( ZCQ) . _( de) )
gz C10) = o 1(¢ #0),

and verify the condition (A2). To verify (A3) the following inequality (see (9.5) in [Res14])

comes handy. It follows that

2 0? 3 2
ol <5 || <3, | Setcin)] < 2L

Then U, (6y) = 2(% + 2) suffices. Finally take r = 3, observe

92 142 ¢l <1
o(Clo)? (1 ; \—¢<<|9>D <Mt |
802 |d§93 <1 + %) ’Cl > 1

and one may choose appropriate Us(6) such that (A3) holds. We have then verified that the identity
map 7' is admissible on O.

It’s easy to see that A(¢) = /2 is injective on © and that its Jacobian J) () = 3 is full rank.
Then by Corollary 2.5.15 (2.22) and (2.24) hold for any G, € &, (©) for any ky > 1. Moreover by
Remark 2.5.2, n1(Go) = Ny (Go) = n2(Go) = Ny(Go) = 1 for any Gy € &, (©) for any ko > 1.
O

Example 2.5.19 (Continuation on location-scale exponential distribution kernel). In Example 2.4.10
this example has been shown to satisfy inverse bound (2.11) for any G € &, (©). In the following
it will be shown that this family satisfies (2.22) and (2.24) for any G € &, (©). Note this family is
not exponential family and thus Theorem 2.5.7 or Corollary 2.5.8 is not applicable.

Take the T in Corollary 2.5.15 to be Tz = (x,z?)" as a map from R — R?. Then one may
check A\(§,0) = (£ + 0,0% + (0 + &£)?)T. From here one can easily check )\ : © — R? is injective,
its Jacobi determinant det(.J,) = 20 > 0, which implies J,, is of full rank on ©. The characteristic
function ¢7(C|€,0) = €%¢/(1 — 40(). The rest of verification that 7" is admissible are simple
calculations and are omitted. Then by Corollary 2.5.15 (2.22) and (2.24) holds for any G € &, (O)
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for any ko > 1. Moreover by Remark 2.5.2, n1(Gy) = N,(Gy) = 1 for any Gy € &, (©) for any
ko > 1. U

Example 2.5.20 (F; is itself a mixture distribution). Here, we consider the situation where P
is a rather complex object: it is itself a mixture distribution. With this example we are moving
from a standard mixture of product distributions to hierarchical models (which describe mixtures
of mixture distributions). Such models are central tools in Bayesian statistics. Theorem 2.5.7 or
Corollary 2.5.8 is obviously not applicable in this example, which indeed requires the full strength
of Theorem 2.5.14 or Corollary 2.5.15. The application of the theorem, however, is non-trivial
requiring the development of tools for evaluating oscillatory integrals of interest. Such technical
tools also prove useful in other contexts (such as Example 2.5.21). Due to the technical nature we

defer a complete treatment of the current example to Section 2.8. U

Example 2.5.21 (P, is a mixture of Dirichlet processes). This example illustrates the applicability of
our theory to models using probability kernels defined in abstract spaces. Such kernels are commonly
found in nonparametric Bayesian modeling literature [HHMW 10, GvdV17]. In particular, in our
specification of mixture of product distributions we will employ Dirichlet processes as the basic
building block [Fer73, Ant74]. We defer a treatment of this example to Section 2.8. U

2.6 Posterior contraction of de Finetti’s mixing measures

2.6.1 Data are equal-length exchangeable sequences

Given m independent sequences of exchangeable observations of equal length N, X [lN] =
(X, -+, Xyn) € XN fori =1,2,-- -, m. Each sequence X[iN] is assumed to be a sample drawn
from a mixture of N —product distributions Py x for some "true" mixing measure G = Gy € &, (O).
A Bayesian statistician endows upon (&, (0), B(E,(©))) a prior distribution II and obtains the
posterior distribution II(dG|X [1N], ..., X[§) by Bayes’ rule, where B(&, (©)) is the Borel sigma
algebra w.r.t. D; distance. In this section we study the asymptotic behavior of this posterior
distribution as the amount of data m x N tend to infinity. Later in Section 2.6.2 we extend the
posterior contraction theory to the more realistic setting where the m sequences are of variable
lengths.

Suppose throughout this section, the probability family { P }gco has density { f(x|6) }pco W.L.t.

a o-finite dominating measure . on X; then P y for G = Zfil pidy, has density w.r.t. to p:

ko N
pon(@) =Y pi [ [ flxjl6s), forz = (1,22, zy) € XV
i=1 =1
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Then the density of X' (v conditioned on G is pg, v (+). Since © as a subset of R? is separable, &, (O)
is separable. Moreover, suppose the map 6 — P from (O, || - ||2) to ({ P }eco, h) is continuous.
Then the map from (&, (©), D1) — (pg.n, h) is also continuous by Lemma 2.7.2. Then by [AKO06]
Lemma 4.51, (z, G) — pe n(x) is measurable for each V. Thus the posterior distribution (a version

of regular conditional distribution) is the random measure given by

M(B| X, my S I pan X[N]>dH(G>
v Xings - - X[ f%@) [[2, pen (X)) dIL(G)

for any Borel measurable subset of B C &, (0). For further details of why the last quantity is a
valid posterior distribution, we refer to Section 1.3 in [GvdV 17]. It is also customary to express the

above Bayesian model in the following hierarchical fashion:

Gr\)]___[7 81762,... 0 |GZ}\5lG

Xit, Xio, -+, Xon|6: "~ f(]6;) fori=1,---,m.
As above, the m data sequences are denoted by X/ N = (X1, Xig, -, Xin) € 1N for i —
1,2,---,m

The following assumptions are required for the main theorem of this section.

(B1) (Prior assumption) Suppose there is prior measure IIy on ©; C © with its Borel sigma algebra
possessing a density w.r.t. Lebesgue measure that is bounded away from zero and infinity,
where O, is a compact subset of ©. Suppose there is a prior measure II,, on ky-probability
simplex possessing a density w.r.t. Lebesgue measure on R*°~! that is bounded away from
zero and infinity. Then IT, x TI}° is a measure on {((p1,61), ..., Pk, Oko))|pi > 0,6; €
01, ZZ . pi = 1}, which induce a measure on &, (©,), identified as the quotient space of
preceding space by the equivalence relationship of permutation invariance.> Here the prior II
is generated by such mechanism with independent II, and IIy and the support ©, of I, is
such that Gy € &, (0,).

(B2) (Identifiability at truth) There exists no > 1 such that map G' — P ,, is identifiable at GG, on
U2, £x(©1)), iee. for any G € U2, Ex(01))\{Go}s Pony 7 Peomeo-

(B3) (Kernel assumption) Suppose K (f(x|01), f(x]62)) < L1||f; — 02]|5° for some oy > 0 and
some Ly > 0. Suppose h(f(z|0y), f(x]62)) < Ly — 655 for some 5, > 0 and some

Ly > 0. Here 64, 6, are any distinct elements in O1.

3Rigorously speaking, £, (0;) is only a proper subspace of the quotient space since a point in the quotient space
might have ; = 0;. But the set of such points have probability zero under the induced measure.
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Remark 2.6.1. (B1) on the boundedness of the support ©; of prior distribution 11 is a standard
assumption so as to obtain concrete rates of posterior contraction for the data population’s distri-
bution Py (cf. [GvdV17]). Moreover, the compactness of ©; is required in order to transfer the
convergence rates of Py into that of G (cf. Lemma 2.5.5).

(B2) is a necessary condition since otherwise there is no way to recover Gg. The n can be
taken to be ny(Gy) defined in (2.25) when ©; C ©O°. In this case, due to Proposition 2.5.1 f), it
can be implied provided (2.24) is satisfied for every G € &, (©°), which holds for all full rank
exponential family specified in Corollary 2.5.8, or for more general family by checking Theorem
2.5.14 for every G € &, (©°).

Note that (B3) do imply some implicit constraints on o and ;. Specifically, if (2.11) holds
for some Gy € &, (0©°) and (B3) holds, then 5, < 1 and oy < 2. Indeed, for any sequence
Gr=5", Y090 +p10gr € Ey(©)\{Go} converges to Gy = S, PPdg0, by (2.11), Lemma 2.11.2
with N = 1 and (B3), for large ¢

C(Go)||0; — 63|2 = C(Go)D1(Gy, Go) < V(Pg,, Pa,)
< V(f(x]69), f(2]69)) < h(f(x]67), f(x]69)) < Lo||6f — 67]15°, (2.34)

which implies 3, < 1 if divide both sides by ||#¢ — 6?||» and let £ — oo. In the preceding display

1 .. V(vapGo)
C(Gy)==1 f ————= > 0.
(Go) =5 I 5, (G Go) ™

GEEry (©)

By (2.34) and Pinsker’s inequality, for large ¢

CGNIO, ~ Rl < V(F(aloh). Sl < SR, staipt) <\ Saaet - enige

which implies o < 2 if divide both sides by ||#¢ — 6?||, and let £ — oco. The same conclusion holds

if one replace (2.11) with (2.22) by an analogous argument. U

Theorem 2.6.2. Fix G € &, (©°). Suppose (Bl), (B2) and (B3) hold. Suppose additionally (2.22)
holds. Let ni(Gg) be given by (2.25).

a) There exist a constant C(Gg) > 0 such that as m — oo while fixing N > ny(Gg) V n, for
every M,, — oo, there holds

_ In(mN
H(G € &k (01) : Dy(G, Go) > C(Go) M/ %‘XEN],X[ZN], o ,X[’]”V}) =0

in @™ Pg, n-probability as m — cc.
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b) If in addition, (2.11) is satisfied. Then the claim in part a) holds with n,(Gy) = 1.

In the above statement, note that the constant C'(G) also depends on O1, kg, g, upper and lower
bounds of the densities of Ily, II,, and the density family f(z|#) (including v, Sy, L1, Lo etc). All
such dependence are suppressed for the sake of clean presentation,; it is the dependence on Gy and
the independence of m, N that we want to emphasize. Further remarks of Theorem 2.6.2 is available
as in Remark 2.6.6 with IV, replaced by N. These remarks are deferred to the next section, where
we establish posterior contraction in a more general setting.

As already discussed in the Remark 2.6.1, the condition (B2) is satisfied for full rank exponential
families of kernels. Indeed (B3) can also be verified for for full rank exponential families and hence

we have the following corollary from Theorem 2.6.2.

Corollary 2.6.3. Consider a full rank exponential family for kernel Py specified as in Corollary
2.5.8 and assume all the requirements there are met. Fix Gy € &, (©°). Suppose that (B1) holds
with ©; C ©°.

a) There exist a constant C(Gg) > 0 such that as m — oo while fixing N > n1(Gg) V no(G),
for every M,, — oo, there holds

~ [In(mN
H(G S gko(@l) : DN(G, Go) > C(Go)Mm %‘XENPXEN]’ SR >X[7]n\f}) —0

in @™ Pg, n-probability as m — <.
b) If in addition, (2.11) is satisfied. Then the claim in part a) holds with n,(Gy) = 1.

Proof: By Corollary 2.5.8 and Proposition 2.5.1 f), (2.22) holds and no(Gy) < co. Moreover since
©; C ©° (B2) holds with ng there be nq(Gy) < co. Moreover, by easy calculations

[ K (f (@]61), f(202))| = [{61 — 02, Ep, Tx) — (B(61) — B(62))| < L1(O1)]|61 — b2 2.
By changing to its canonical parametrization and appeal to Lemma 2.13.2 b),
[h(f (2101) = h(f(202)))] < L2(©1)[|01 — b2 2.

Here L,(©;) and Ly(0©;) are constants that depend on ©;. In summary (B3) is satisfied. Then the
conclusions are obtained by applying Theorem 2.6.2. O

We end this subsection by applying the Corollary 2.6.3 to the Bernoulli kernel and two-paramters

Gamma kernel.
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Example 2.6.4 (Posterior contraction for weakly identifiable kernels: Bernoulli and Gamma). Fix
Gy € &k, (0°). Suppose that (B1) holds with ©; C ©°.

Consider the Bernoulli kernel as in Example 2.5.10. As already shown in Example 2.5.10,
n1(Go) = no(Goy) = 2k — 1. Then the conclusion a) in Corollary 2.6.3 holds for any N > 2ko — 1.

Consider the Gamma kernel as in Example 2.4.18, 2.5.12. As already shown in Example 2.5.12,
n1(Go) = 2 when Gy € G and n1(Gy) = 1 when Gy € &, (0°)\G; no(Gy) = 1. Then the
conclusion a) in Corollary 2.6.3 holds for any N > 2. Moreover, the same conclusion holds with
N > 1 if additional information Gy ¢ G is known. O

2.6.2 Data are variable-length exchangeable sequences

Now we turn to a realistic setting where the m observed exchangeable sequences are of variable
lengths. Fori =1,2,--- ,m, denote X[iNi] = (X1, Xio, - -+, Xin,) € XNi, where N; is the length

of X [iNi] sequence. Consider the hierarchical model:

G~TIL 01,00, 0G5 G

XilaX’LQa" zN |9 Z’:L\fl f($|9) fori = ]_7 ,m.

As in Section 2.6.1, the probability family { P }gco has density { f(x|0)}sco W.r.t. a o-finite
measure £ on X; then FPg y, for G = Zfil pidp, has density w.r.t. to p:

pGN szHf l’]‘e fori’:(g;l’m'%... 7$Ni)E%Ni-

Then the density of X[N] conditioned on G is pgn,(-). Thus, given the m data sequences

X de , X (Non? the posterior distribution of mixing measure G is given by

fB i1 PG XfNi]>dH(G)
fgko(@) [T pev, (X{y,))dIL(G)

H(B|X[1Nl]7 cs X)) = for B measurable subset of &, (©).

An useful quantity is the average sequence length
- — 3

In fact, the posterior contraction theorem will be characterized in terms of distance Dy,_(, -), which

extends the original notion of distance Dy (-, -) by allowing real-valued weight NN,,. Specifically,
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for any real 7 > 0, for G = 321 pidy, € &, (©) and G’ = 22117;562 € &, (©) define

ko
D,(G, ) = min 3 (V7ll0r = Oilla + ey = i),
TEko 5

where Sy, denotes the set of all permutations on the set [ko].

Theorem 2.6.5. Fix G € &,(©). Suppose (Bl), (B2), and (B3) hold. Suppose additionally (2.22)
holds. Let ni(Gy) be given by (2.25).

a)

b)

There exists some constant C(Gq) > 0 such that as long as nyg V n1(Gp) < min; N; <
max; N; < 0o, for every M,, — oo there holds

In(mN,,)

H(G € gko(@l) : DNm<G, GQ) > C(GO)Mm o

1 m
Xiyps--- ,X[Nm}) =0

in Q" , Pa, n,-probability as m — oc.

If in addition, (2.11) is satisfied. Then the claim in part a) holds with n,(G,) = 1.

We make the following remarks.

Remark 2.6.6.  a) In the above statement, note that the constant C'(G) also depends on ©1, ko,

b)

¢, upper and lower bounds of the densities of Iy, I, and the density family f(x|@) (including
o, Po, L1, Ly etc). All such dependence are suppressed for the sake of clean presentation; it
is the dependence on Gy and the independence of m, {N;};>; and Ny := sup; N; < oo, that
we want to emphasize. In addition, although C'(Gy) and hence the vanishing radius of the
ball characterized by Dy, = does not depend on Ny, the rate at which the posterior probability

statement concerning this ball tending to zero may depend on it.

Roughly speaking, the theorem produces the following posterior contraction rates. The
posterior contraction toward mixing probabilities p? is of the rate Op((In(mN,,)/m)'?).
Individual atoms 6? receive much faster posterior contract rate, which utilizes the full volume
of the data set:

_ _ 1 N
Op(In(mN,,) /mN,,)"/?) = op< M} (2.35)
Zz‘:l N;
The distinction between the two parts of the theorem highlights the role of first-order iden-
tifiability in mixtures of N-product distributions. Under first-order identifiability, (2.11) is
satisfied, so we can establish the aforementioned posterior contraction behavior for a full

range of sequence length V;’s, as long as they are uniformly bounded by an arbitrary unknown
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constant. When first-order identifiability is not satisfied, so (2.11) may fail to hold, the same
posterior behavior can be attained only when the sequence lengths exceed certain constant
depending on the true Gj.

0

2.7 Sharpness of bounds and minimax theorem

Much efforts in the previous sections, particularly Section 2.4 and Section 2.5, were devoted
to establishing so-called inverse bounds for mixtures of product distributions of exchangeable
sequences. These are lower bounds of distances between a pair of distributions (Fg, ~, P n) in
terms of distance Dy (G, G) between corresponding de Finetti’s mixing measures (Go, G). The
distance Dy (G, G) brings out the role of the sample size N of exchangeable sequences. Under
suitable identifiability and regularity conditions we established the convergence of certain mixing
parameters with a rate proportional to N ~1/2. In this section, we shall examine the sharpness of the
inverse bounds obtained, by presenting suitable opposing upper bounds. These relatively easy upper

bounds are also useful in establishing minimax theorems for the estimation of mixing measures.

2.7.1 Sharpness of inverse bounds

Inverse bounds of the form (2.22) hold only under some identifiability conditions, while the

following upper bound holds generally and is much easier to show.

Lemma 2.7.1. Let kg > 2 and fix Gy = Y°, p 2090 € Exy(O). Then for any N > 1

V(Pen, PayN) V(Pe.n, PGO,N)

1
lim inf < liminf min — Pyo Pyp) < —.
Mg, Dn(G.Go) T me Di(G,Go) 1<z<j<k0 ® 0; ® 9 =9
GEERy () GEERy ()

Proof: Consider G, = Zz lplégo with pf = p? for 3 < ¢ < ko and p| = pd+ 4, p5 = p)— 3. Then
for sufficiently large /, pt, p§ € (0,1) and hence G, € &,(0)\{Go} and satisfies Dy (G, Go) =
D1(Gy, Gy) = 2/L. Thus for sufficiently large ¢,

V(Pe. Poyw) _ L _ 1 2 1 X Al 1
’ — 0 - 0 = — 0 0) < —.
P L) L gL @1y (4~ @ | = 2V @) i o <

The proof is then complete by observing the above analysis indeed holds for any pair 69, 9? instead

of 89, 63. O

The next lemma establishes a upper bound for Hellinger distance of two mixture of product
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measures by Hellinger distance of individual components. Such result is useful later in Lemma

2.7.3 and Theorem 2.7.5. A similar result on variation distance is Lemma 2.11.2.

Lemma 2.7.2. For any G = Zfil pide, and G' = Zfil 2

ko

: 1
AP, Por) < min ml@%}éoh <P9i’P‘)?<i>> Tl Z_;

/
Di = Prp

Y

where the minimum is taken over all T in the permutation group Sy, .

The inverse bounds expressed by Eq. (2.22) are optimal as far as the role of N in Dy is

concerned. This is made precise by the following result.

Lemma 2.7.3 (Optimality of v/ N). Fix Gy = Zfil pidgo € Exy(©°). Suppose there exists j € [ko)
h(P9 7PgQ)

o ;
such that lim inf T,

< 00 . Then for {(N) such that “&) — o,

0—6? N
h(Pg.x, P

limsup lim inf (Fe.x, Pay.v)

N—oo  ™Ma, Dw(N)(G, Go)
GeEry (O)

=0.

A slightly curious and pedantic way to gauge the meaning of the double infimum limiting

arguments in the inverse bound (2.22), is to express its claim as follows:

V(Paw, P V(Paw, P
0 < liminf liminf LGN Fon) o6 ) inf M%%@
N—o0 GVK}GO DN(G, Go) k—oco N>k €0 GeBw, (Go,e)\{Go} DN(G, GO)

Ge&‘kﬂ (E)

where By, (Go, R) C &,(©) is defined in (2.10). It is possible to alter the order of the four
operations and consider the resulting outcome. The following lemma shows the last display is the

only order to possibly obtain a positive outcome.

Lemma 2.74. a)

L V(Pa.n; Pay.N)
lim lim inf in
k—oo €20 N>k GEBw, (Go.O\{Go} Dn(G,Gp)

= lim lim inf V(Pg,n, Payn)

in =0
k—oo €=0 GeByw, (Go,e)\{Go} N>k DN(G, GO)

b)
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lim lim inf inf V(Pa,n, Pao,n)
€=0 k—oo N>k GeBw, (Go,e)\{Go} DN<G, GO)
V(Pan, Pay,n)

= lim i inf inf =0
30 o GeBWl(lgo,e)\{Go} J{fnzk Dy (G, Go)

lim inf lim inf V (PN, Pa,n)

= 0.
e=0 GeBw, (Go,e)\{Go} k—oo N>k Dy (G, Gp)

Proof: The claims follow from

. . V(Pan, Payn) : V(Pon, PayN)
inf inf = inf in
N>k GeBw, (Go.o\{Go} Dn (G, Gp) GeBw, (Go.o\{Go} N>k Dy (G, G)

and V(Pon. P, 1
inf (Fe.x, Poo.n) inf —— —0.

N>k Dn(G,Gy) ~ N>k Dn(G,Gy)

2.7.2 Minimax lower bounds

Given G = S pidy, € &, (©) and G = 31 Pide; € Eky(O), define additional notions of

distances®

ko
/ s /
4o(C',G) = min Zl 1625y — il (2.36)
ko
! e : / _ .
dp(G',G) = Tréléilo ZZI 7y — il (2.37)

These two notions of distance are pseudometrics on the space of measures &, (©), i.e., they share
the same properties as a metric except that allow the distance between two different points may
be zero. dg(G’, G) focus on the distance between atoms of two mixing measure; while d,,(G', G)

focus on the mixing probabilities of the two mixing measures. It is clear that
Di(G,G") > do(G,G") + dp(G, G"). (2.38)

We proceed to present minimax lower bounds for any sequence of estimates G, which are mea-
surable functions of X [1]\,}, . ¢ [T]”V}. The minimax bounds are stated in terms of the aforementioned

(pseudo-)metrics d,, and dg, as well as the usual metric D; studied.

“Notice that we denote dj to be a distance on © in Section 2.3. Here the dg with bold subscript is on &, (©).
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Theorem 2.7.5 (Minimax Lower Bound). a) Suppose there exists 6, € ©° and Py > 0 such

Py, P,
that lim sup (P, 90)
oty 10—60l15°

{6,}; ko e O\{0o} satisfying p1 = ming<;<j<i,—1 h(Fo,, Fp;) > 0. Then

< 00. Moreover, suppose there exists a set of distinct ky — 1 points

1

~ 1 Bo
inf sup Egmp, ydo(G,G) > C(B (—) .
Gegy,y (0) Gegkf(@) ®" Fon oG ) (o) vmvN

b) Let ]{?0 2 2. 1
inf sup E dp(G, G) > Clko)—,
Getsy (©) Geen, (©) ®™ Pa,n ( ) ( 0) m

c) Let ky > 2. Provided that the assumptions of part (a) holds. Then,

i 7 1
inf sup Egm p, yvD1(G,G) > C(fo) + C(lﬂo)a

1
Gy (©) GeEyy (O) ’ T (\/ﬁ\/ﬁ )

In all three bounds the infimum is taken for all G measurable functions of X [1N], oy X [’}”‘V].

Remark 2.7.6.  a) The condition that there exists a set of distinct ky — 1 points {6; }k0 !

©\{0o} satisfying p1 = ming<;<j<i,—1 h(Fs,, Fp,;) > 0 immediately follows from the injec-
tivity of the map 6 — P, (recall that this condition is assumed throughout the chapter).

b) The condition that there exists 6y € ©° and 3y > 0 such that lim sup ”( GGPGO) < o0 holds for
000 —fo

most probability kernels considered in practice. For example, it is satisfied with 5y = 1 for
all full rank exponential families of distribution in their canonical form as shown by Lemma
2.13.2. It can then be shown that this condition with 3y = 1 is also satisfied by full rank
exponential families in general form specified in Corollary 2.5.8. Notice that the same remark

applies to the condition in Lemma 2.7.3.

c¢) If conditions of Theorem 2.7.5 a) hold with 5y = 1, then

C
inf sup Egm p, vdo(G,G) >
GE€ry (©) Gegyy (0) ®" Fo.n vVmv N JmvVN

That is, the convergence rate of the best possible estimator for the worst scenario is at

least \Fl O Recall that Theorem 2.6.2 implied that the convergence rate of the atoms is
Op( ln(m]év )) which is obtained by replacing N,,, with N in (2.35). It is worth noting that

while the minimax rate seems to match the posterior contraction rate of the atoms except for a

logarithmic factor, such comparison is not very meaningful as pointwise posterior contraction
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bounds and (local) minimax lower bounds are generally not considered to be compatible. In
addition, in the posterior contraction theorems presented in the previous section, the truth GGy
is fixed and the hidden constant Op( W—NN)) depends on G, which is clearly not the case
in the above results obtained under the minimax framework. In short, we do not claim that
the Bayesian procedure described in the previous section is optimal in the minimax sense;
nor do we claim that the bounds given in Theorem 2.7.5 are sharp (i.e., achievable by some

statistical procedure). U

2.8 Hierarchical model: kernel F; is itself a mixture distribution

In this section we apply Theorem 2.5.14 to the cases where F; itself is a rather complex object:
a finite mixture of distributions. Combining this kernel with a discrete mixing measure G € &, (©),
the resulting P represents a mixture of finite mixtures of distributions, while P n becomes a
ko-mixture of N-products of finite mixtures of distributions. These recursively defined objects
represent a formidable and popular device in the statistical modeling world: the world of hierarchical
models. In this section we shall illustrate Theorem 2.5.14 on only two examples of such models.
However, the tools required for these applications are quite general, chief among them are bounds
on relevant oscillatory integrals for suitable statistical maps 7". We shall first describe such tools
in subsection 2.8.1 and then proceed to applying Theorem 2.5.14 to the case Fj is a k-component
Gaussian location mixture as introduced in Example 2.5.20. Finally, subsection 2.8.4 studies the

case P is a mixture of Dirichlet processes as introduced in Example 2.5.21.

2.8.1 Bounds on oscillatory integrals

A key condition in Theorem 2.5.14, namely condition (A3), is reduced to the L" integrability of

‘/eiCTTxf(x)dx
x

for a broad class of functions f : X — R and multi-dimensional maps 7" : X — R°®. When

certain oscillatory integrals:

(2.39)

L7 (R®)

X = RY, the oscillatory integral f% el T f(z)dz is also known as the Fourier transform of measures
supported on curves or surfaces; bounds for such quantities are important topics in harmonic analysis
and geometric analysis. We refer to [BGG™07] and the textbook [SM93] (Chapter 8) for further
details and broader contexts. Despite there are many existing results, such results are typically
established when f(x) is supported on a compact interval or is smooth, i.e. f has derivative
of arbitrary orders. We shall develop an upper bound on (2.39) for our purposes to verify the
integrability condition in (A3) for a broad class of f, which is usually satisfied for probability

density functions.
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We will start by stating the following fact, which provides an useful estimate for oscillatory
integrals of the form [ e?@)(x)dx, where function ¢ is called the phase, and function 1 the
amplitude.

Lemma 2.8.1 (van der Corput’s Lemma). Suppose ¢(z) € C>(a,b), and that |¢*) (x)| > 1 for all
x € (a,b). Let Y(x) be absolute continuous on |a, b|. Then

/ Oy (a)da| < x| lo)] + / o/
[a,b] - a0 )

and

/ eiA¢($)w(x)dx Sck)\fé W(CL)H‘/ \¢’(x)|dx-
[a,b] [a.5) i

hold when:
1. k> 2 or
2. k= 1and ¢ (x) is monotonic.
The constant cy, is independent of ¢, 1, A and the interval |a, b).

Proof: See the Corollary on Page 334 of [SM93] for the proof of the first display; even in its
original version in this reference, 1/ is assumed to be C'* but its proof only needs 1 to be absolute
continuous on [a, b]. The second display follows by applying the first display to ¢(z) = ) (a+b—x).

]

It can be observed from Lemma 2.8.1 the condition on derivatives of the phase function plays a
crucial role. For our purpose the phase function will be supplied by use of monomial map 7'. Hence,

the following technical lemma will be needed.

Lemma 2.8.2. Let A(x) € R™? with entries A,p(x) = 0 for a > B and A,s(x) = (jﬁjf;a)!xjﬂfja
forl1 <a < p<d wherel < j; <...< jgare given. Let S,,;,(A(x)) be the smallest singular
value of A(x). Then Sy (A(x)) > csmax{1, ||}~ Ue=i)E=1) \phere cs is a constant that depends

onlyond,ji,..., 74

The following lemma provides a crucial uniform bound on oscillatory integrals given by a phase

given by monomial map 7'.

Lemma 2.8.3. Let T : R — R? defined by Tx = (29,272, ..., 29T with 1 < j; < jo < ... ja
Consider a bounded non-negative function f(z) that is differentiable on R\{b;}‘_,, where b; <

by < ... < by with { a finite number. The derivative f'(z) € L*(R) and is continuous when exists.
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Moreover, f(z) and |x|** f(x) are both increasing when x < —cy and decreasing when x > ¢, for
some ¢y > max{|bi], |be|}, where cy = (ja — j1)(d — 1)/ j1. Then for X\ > 1,

sup
weSd—1

<C( 1y da)N ey +2) (21 F@) gy + €+ DI fllz=o+

(2l +1) £ @)l e

/Rexp(i)\wTTx)f(x)dx

where C(d, j1, j2, - - -, ja) is a constant that only depends on its parameters.
Applying Lemma 2.8.3 we can obtain the following bound for the oscillatory integral in question.

Lemma 2.8.4. Let T and [ satisfy the same conditions as in Lemma 2.8.3. Define g(¢) =
fR @iCTTxf(x)dxforC € RY Then forr > dj,,

19( | L7 ra
<C(r,d, jr, .. ja)(er +2)* (2] f (@) @y + (€ + DI fll oo @)+
(|21 + 1) f (@) oy + 11l my)

where C(r,d, ji1,. .., ja) is a constant that depends on its parameters.

2.8.2 Kernel P, is a mixture of Gaussian distributions

This and the next subsection are devoted to the application of Theorem 2.5.14 to case kernel F

is a mixture of k Gaussian distributions. Let
O = {0 = (71,72, Tho1, i1, fhas - -5 fge) € RPFTNO <y < 1, Vi iy < iy, V1< < j <k}

and P w.r.t. Lebesgue measure on R has probability density
k
F@l) =" mifu(lm, o) (2.40)
=1

where 7, = 1 — S5 7, and far(x|p, o) is the density of A'(j, o) with o a known constant. The
goal is to recover Go = 3.1, p2dg0 with 60 = (70;,... T )i Mz - - - » Hy;) from sequences T

distributed according to the mixture of product distributions, which admits the following density
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w.r.t. Lebesgue measure on RY:

k N
paon (@) = ) [] f(2,169), forz = (af,...,2})" € RY,

where f is given by (2.40). Let us now verify that Corollary 2.5.15 with the map

Tx = (x,2%,... 22T
can be applied for this model.
The mean of TX is A(f) € R*~! with its j-th entry given by

k
ADV(O) =EoX] =) mE(oY + ), j=1,...,2k—1 (2.41)
i=1
where X has density (2.40) and and Y is one dimensional standard Gaussian distribution A/ (0, 1).
The covariance matrix of TX; is A(f) € R*=D>(Zk=1) with its j3 entries given by

k
Ajs(0) = EpX{™7 = AO(O)AD(0) =Y mE(0Y + p) ™ = XD (0)AD(0).
=1
It follows immediately from these formulae that \(0) and A(6) are continuous on ©. That is, (A1)
in Definition 2.5.13 is satisfied.

The characteristic function of T'X; is

k
¢r(Cl0) = Egexp(i¢"TX1) = > mih((|pi, o) (2.42)
i=1
where h((|y, o) = Eexp(i¢TT(cY + p)). Denote by fa(z|u, o) the density of N (i, ?). The
verification of (A2) in Definition 2.5.13 is omitted since the essence is the same as the next four
equations due to the dominated convergence theorem.

It is easy to verify by the dominated convergence theorem or Pratt’s Lemma:

On(Clp, o) ) O (2l o)
a—u_/ukexp(z;g“ z)a—ud%

O*h(Clp, o) =iy P, o)
T = /Rexp(’l,izlg €T )Td$7
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Oh((lp, o)

k

ot = [ il expli Y- COa i oyds, € [

i=1

and
0*h(¢|p, o) j (00 2 (lps o) :
o /” exp(d ZC o € [#]
Then
Oh(Clm )| / Ofw(zlmo)| \ﬁ 1 243
ou R ol T
*h(¢|p, o) O fx (x|, o) 2
IS 9)) o [ IO < 2 2.44
2 —/R o2 dx < g2’ ( )
Oh(¢|p, o) / ;
kel st I y = 2.45
max | —-G— | < max R|x fn(@lp, 0)| da = by (), (2.45)
2h(C’/L70) 8fN(ZL‘|[L,U)
a1t Rl B GLINEL O g = 2.4
M| “acoan | S W L ST g |t ), (246

where hy(u) and ho(p) are continuous functions of y, with their dependence on the constant o

suppressed. It follows that gradient w.r.t. 6 is

Voor(¢|0)
Oh((|m, o Oh(C|pw o)\ "
= ((6he1,) = H(Glns ) Clpn-1.) = (Gl ) PG, PRI
(2.47)
and Hessian w.r.t. 6 with ¢5 entry for j > ¢ given by
4
Ohlel0) i€k—1,j=k—1+i
2 — Ohleltno) ielk—1],j=2k-1
a0 aam $r(¢10) = e enie (2.48)
90990 Ty ooy =D < <ok — 1, =
0 otherwise

\

and the lower part is symmetric to the upper part.
Then by (2.43), (2.44), (2.45), (2.46), (2.47) and (2.48), for any i, j € [k]:

g

*¢r(¢]0)
960000

06

21
§2+ )
o
21 2
<y/EZ24 2,
To 02
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0*¢r(¢10)

2060 | =

(Pa(p) + ha(p))

k
—1

)

where the right hand side of the last display is a continuous function of ¢ since h; and hy are
continuous. Hence to verify the condition (A3) of Theorem 2.5.14 it suffices to establish there exists
some 7 > 1 such that [., , [¢7(¢|0)|" d¢ on © is upper bounded by a finite continuous function of
6.

As we have seen the verification of conditions (A1), (A2) and parts of (A3) in Definition 2.5.13
is fairly straightforward by simply checking the specific definition of the probability kernel F. The
remaining condition of (A3) requires results from subsection 2.8.1.

Note that fy(z|u, o) is differentiable everywhere and W € L'(R). Moreover a; in
Lemma 2.8.4 for T is 4(k — 1)? and fi(|u, o), 2*® =" for(| 1, o) are increasing on

\/ —1)%o . \/ —1)%o0
(—oo,—I”H— ”2+216(k D27 ) and decreasing on s ”2+216(k D 2,oo . By Lemma 2.8 .4, for

r > (2k —1)%, and for Tz = (v, 2%, -+, 2?*71)

‘ Lr

4(k—1)?
2 1 _ 1 2 2
SC@)<mw+vw/+ 6(k — 1)%0 +2)

/ T o (x|, o) da
R

2

(‘x|4(l~c—1)2 + 1) afN(:c|,u, U)

1
4(k—1)2 -
(I!I:vl fn (@l o)l + + ‘ Ee

V2o
::h3(,ua 0)7

+ 1)
It

where C(r) is a constant that depends only r. It can be verified easily by the dominated convergence

theorem that h3(u, o) is a continuous function of . Then

k
l6r (€O < 3,
=1

/eigTTsz@’M,U)dm
R

k
< Zm’h:s(/h', o),
Lr i=1

which is a finite continuous function of § = (my,...,mg_1, 41, - - ., fg). Thus (A3) in Definition
2.5.13 for T is verified.

In conclusion, we have verified that 7" is admissible with respect to ©. In the next subsection we

continue to verify that the mean map A(6) is injective and its Jacobian is of full column rank.
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2.8.3 Moment map is injective and its Jacobian is of full column rank

We first show that A(6) is injective. By (2.41), for any j € [2k — 1]:

k k
AOD@) = milpl + Y oBY W) =Y milu] + Y ot (0= 1))

=1 /=1 =1 (=2
£ even
k ' 7 k '
= mpl + o= mpul Tt (249)
=1 Zeezvgn =1

Thus A(6) = A(6) if and only if

k k
S mpd =Y il Vi€ [2k—1u{o}, (2.50)
i=1

=1

where the equation for j = 0 is due to Zle T = Zle 7; = 1. Suppose that k = |{u; ¥, N

{7}, | <k, and let {z;}*_, U {@;}%, = {fi;}?*," be the distinct elements. Then the preceding

displays can be written as
k
> il =0, Vje[k]u{o}. (2.51)
i=1

There exists some ji; € {u;}5_, N {f;}5_, and its coefficient a; is either 7, or —7, for some ¢ € [k].
But the coefficients of the first & equations (7 = 0,1, ..., k—1)of system of linear equations (2.51)
form a Vandermonde matrix and thus all a; = 0 for ¢ € [l%] That means for some ¢ € [k], 7y = 0 or
7, = 0, which is a contradiction. Hence k = k and consequently ; = fi; for i € [k]. Then system

of equations (2.50) become

k

 (mi—m)ul =0, Vje[2k—1]U{0}.
i=1
Since the coefficients of the first k equations (j = 0, 1,...,k — 1) form a Vandermonde matrix, the

unique solution is 7r; = 7; for i € [k]. In conclusion, § = @, which establishes that \(#) is injective.

Next we show that .J(6) is of full column rank for any § € O, where J,(6) is the Jacobian
matrix of A(A). Denote A (0) = Y% 7w/ and A(A) = (AV(8),..., \FD(9)) € R*~!, By
(2.49), A9 (9) = A9 (9) + ZZH ol(¢ — DHIAU=9(0), which implies

even

J
VoA (0) = VoA (0) + > o (¢ = 1)1IVpAU(0).

(=2
£ even
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Since VoA (0) and VA9 (0) are respectively the j-th row of J(#) and J5(6),

det(Jy(0)) = det(J5(9)). (2.52)
Also, observe
det(J5(9))
[y = fy e ket — 1, 1
( d ) T T SO 1T N3 241, 241,
= HW det . . . : . .
e : : : : :
ptt e = 2k =Dt (2 — D)kt
1, .1, 1, 0, . 0
k M1, cee ME—1, M, ]-7 1
= (H w) (—1)det | w3, o 2411, - 241
=1 . . . . . . .
pitt e Rt 2k - DRt L (2 — )kt
k k
_ (H 7r£> (_1)k+1 (H(_l)k+i—2i) H (,Ua _ ,U,B)4 (2.53)
=1 i=1 1<a<B<k

where the second equality holds since we may subtract the k-th column of the 2k x 2k matrix from
each of its first £ — 1 columns and then do Laplace expansion along its first row, and the last equality
follows by observing that the (k + 7)-th column of the 2k x 2k matrix is the derivative of the i-th
column and by Lemma 2.5.11 c) after some column permutation.

By (2.52) and (2.53), det(.J5(#)) # 0 on ©. That is J5(0) is of full column rank for any 6 € ©.

In summary, we have showed that A\() is injective and its Jacobian is of full column rank,
which means the condition 1) and 2) in Corollary 2.5.15 are satisfied. Together with the preceding
subsection, all the conditions in Corollary 2.5.15 and by Corollary 2.5.15, for Py having the density
in (2.40), the inverse bounds (2.22) and (2.24) hold for any Gy € &, (O).

2.8.4 Kernel F, is mixture of Dirichlet processes

Using the tools developed in subsection 2.8.1, we are now in a proper position to complete
Example 2.5.21, which is motivated from modeling techniques in nonparametric Bayesian statistics.
In particular, the kernel P is now defined as a distribution on a space of probability measures: Py is
a mixture of Dirichlet processes, so that P v is in fact a finite mixture of products of mixtures of

Dirichlet processes.
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Let X = Z(3) be the space of all probability measures on a Polish space (3, Z). X is equipped
with the weak topology and the corresponding Borel sigma algebra A. Let Z,, 5 denote the Dirichlet
distribution on (X, .A), which is specified by two parameters, concentration parameter « € (0, c0)
and base measure /{ € X. Formal definition and key properties of the Dirichlet distributions can be
found in the original chapter of [Fer73], or a recent textbook by [GvdV17]. In this example, we take
the probability kernel P to be a mixture of two Dirichlet distributions with different concentration
parameters, while the base measure is fixed and known: Py = mZ,, g + (1 — m1)Zu,m. Thus,
the parameter vector is three dimensional which shall be restricted by the following constraint:
0 := (m,a1,2) € © = {(m,1,02)|0 < 71 < 1,2 < a1 < az}. Kernel Py so defined is a simple
instance of the so-called mixture of Dirichlet processes first studied by [Ant74], but considerably
more complex instances of model using Dirichlet as the building block have become a main staple
in the lively literature of Bayesian nonparametrics [HHMW 10, TIBB06, RDG0S, CLOP19]. For
notational convenience in the following we also denote @), := %,y for @« = a; and o = s, noting
that H is fixed, so we may write Py = mQn, + (1 — m1)Qas,-

Having specified the kernel P, now let G € E(©). The mixture of product distributions Pg; v
is defined in the same way as before (cf. Eq. (2.1)). Now we shall show that for Gy € &, (0°) =
Eky (©), (2.22) and (2.24) hold by an application of Corollary 2.5.15 via a suitable choice of map 7.

Consider a map T : X — R? defined by Tx = ((z(B))?, (z(B))3, (x(B))*)T for some B € &
to be specified later. The reason we restrict the domain of © is so that this particular choice of
map will be shown to be admissible. Define T} : X — R by Tyx = x(B) and T, : R — R3 by
Toz = (2%,23,2Y)T. Then T' = Ty o T. For X ~ Py, T1 X has induced probability measure on R

PypoTi! =m (Qay oIy ") +m2 (Quy 0 T7 ) -

where m;, = 1 — 7. By a standard property of Dirichlet distribution, as @), = Z,u, we have
Qo o T;! corresponds to Beta(aH (B), a(1 — H(B))), a Beta distribution with parameter induced
from the Dirichlet distribution. Thus with ¢ = H(B), Q4 0T, * has density w.r.t. Lebesgue measure

on R
1

910 8) = Blag all = 0)

21— 2) O g (2),

where B(-, -) is the beta function. Then Py o T, ' has density w.r.t. Lebesgue measure 7 g(z|ay, £) +

WQQ(Z‘Q% é)
Now, the push-forward measure Py o T~! = (Py o T, ') o Ty ' has mean A\(f) € R? with

2 2 J
A (0) = Zm/zﬂ‘“g(zlai,f)dz => =] WL 193
i=1 R ' '
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and has covariance matrix A with its j( entry given by

2 J+B+1

£+l
Z / 04202y, €)dz — N (0)AP (0 Z H O;j_:_ﬁ — N (O)N°(0).

i=1 =0

It follows immediately from these formula that A\(6) and A(6) are continuous on ©. That is, (A1) in

Definition 2.5.13 is satisfied. Furthermore, observe that Py o 7! has characteristic function

¢r(¢l0) = mih(C|au, &) + mh(Claz, §)

where h(|a, &) = [; exp(s 25:1 ¢ 27)g(z|or, €)dz. The verification of (A2) in Definition 2.5.13
is omitted since the essence is the same as the next four equations due to the dominated convergence
theorem.

It is easy to verify by the dominated convergence theorem or Pratt’s Lemma:

<g|§£ ~ [ et ZC o),

PR _ [ ZC oy PolEl0€) )

9?2 T 002
oh({la, € o i Ny .
éc‘(j) ) — /R'LZJH exp(zZC( ) > +1)g(z|a,§)dz, =123

=1
and
3

*h((la,§) _ *h(¢|a, §) _ . i+l . (8) i+1 dg(z|a, §) —
e 0adc0) —/Rzz exp(z;C z >8—adz’ j=1,2,3.

From the preceding four displays,

‘% g/R %’dg’ = hy() (2.54)
% g/R %‘ 2= hy(a), (2.55)
max, % < max / |27 g(z], )| dz := hs(a), (2.56)
max. % < max /R zj“% dz = hy(a), (2.57)

where h;(«), ha(a), hs(a) and hy(a) are continuous functions of o by dominated convergence
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theorem, with their dependence on the constant £ suppressed.

It follows that gradient w.r.t. 6 is

oh((lay, Oh((|as, T

Voor(cl6) = ( h(Clon. &) — h(Cla, €),m ZMC1018) o OR(Claz. ) ) 55

Oa Oa

and Hessian w.r.t. 0 is

0 8h(C|a1 £) _‘9h(Ca|a27€)
Hess;pr(C|0) = | 26ad) o 32’"‘534;31 £) 0 . (2.59)

Oh(¢|az,§) 0 T 9?h(¢|az,€)

Oa 0a?

Then by (2.54), (2.55), (2.56), (2.57), (2.58) and (2.59), for any i, j € {1,2,3}:

‘%gg_%w <24 hi(an) + by (),
P2r(Cl0)| <
8(9—590’) ; (hi(ag) + ha(aw)),
Por(Cl0)| <
0000 | < Z (hs(cw) + ha(y)),

=1

where the right hand side of the preceding 3 displays are continuous functions of ¢ since hq, ho, h3
and h, are continuous.

So far we have shown some properties of 7' for every B. For some other properties we
will need to specify B. For Gy = Y1, p?4, o with 07 = (79, a};,a3,) € O, let B be such that
§ = H(B) € (1/ minep) of;, 1—1/ minge ah). Notice that since o), > 2, (1/ min;ep, af;, 1—
1/ min,ey, @;) is not empty. Hence to verify the condition (A3) in Definition 2.5.13 w.r.t. {89},
for T with the B specified it suffices to establish there exists some 7 > 1 such that [o, [¢7(¢|6)]" d¢
in a small neighborhood of 6, is upper bounded by a finite continuous function of # for each
0o € {09}2,

Since g(z|a, £) is differentiable w.r.t. to z on R\{0, 1} and when z # 0, 1

dg(z|e, §)

0z

10,1 (2)
B(ag, a1l =¢§))

which is in L' when a > min;e i, of; — 7 such that o€ > 1 and (1 — &) > 1, where ~ depends on

(@€ — 1)2262(1 = 2)°0-971 (a1 - £) — 1)z (1 - 2)°0-972)

T through £. Moreover, g(z|a, £) and 2%g(z|a, £) are both increasing on (—oo, —1) and decreasing
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n (1, 00). Now, by appealing to Lemma 2.8.4, for > 12, and for & > min;ep,) of; —

(Ol

SC<T><1+2>2(|rz2g<z|a,£>||y+3||g<z|a,§>um+ (2 4 2E0E) +1>
Ll

::h5(oz7§),

where C'(r) is a constant that depends only on r. It can be verified easily by the dominated
convergence theorem that h;(a, §) is a continuous function of a. Then for € in a neighborhood of
0o € {69} | such that ay, ap > o, — 7,

7 (C1O)]| e
<m [|h(Clea, ) 1 + 72 [[A(¢laz, )| ,-
<mihs(ou, &) + mahs(aw, ),

which is a finite continuous function of § = (7, a1, ). We have thus verified that 7" with the
specified B is admissible w.r.t. {69}
Moreover, it can also be verified that \(#) for T is injective on © provided that £ # %, %, % By
calculation,
6(€ —1)%¢3(26 = 1)(36 — 1)(3¢ — 2)mma(c — )"

det(JA)(Q) = — H?ZI ((1 + ai)2(2 + 042‘)2<3 + Oéz')Q) #0

on O provided that { # £, £, 2; so J,(6) is of full rank for each § € © provided that £ # £, 3, 2. In

3203

summary, for Go = 3272, pdgo with ) = (7;, a;, a3,) € ©, Tz = (((B))*, (x(B))?, («(B)*)"

with B such that { = H(B) € (— E[Ik =T 1— — E[lk )\{37 1,2} satisfies all the conditions in
0 K o]

Corollary 2.5.15 and thus (2.22) and (2. 24) hold.

2.9 Proofs of lemmas in Section 2.3

Proof of Lemma 2.3.2:  a) The proof is trivial and is therefore omitted.

b) Let G = Y% pidy, and &' = S5, Pp;0p; be their increasing representation. Let 7 be the
optimal permutation that achieves D, (G,G") = Y% | ([16-) — 6ill2 + |pra) — Pil)- Let q
be a coupling of the mixing probabilities p = (p1,...,px) and p’ = (p,. .., p}) such that
qr(i),, = min{p,¢;), p; } and then the remaining mass to be assigned is Zle(]%(i) — Qr(i)i) =
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d)

k
% Zi:l |p7(i) — p;|- Thus,

Wi(G,G)

k k :

1 ) diam(©
< Z r(i)illOriy — Oill2 + B Z |p-(i) — pildiam(©) < max {1, #} D1 (G, G).
i=1 i=1

The proof for the general case proceed in the same procedure.

Let 0 € ©° and then for sufficiently small positive a, § + ae; € © where e; = (1,0,...,0) is
the first canonical basis. Consider G = Zle pidp, With p; = % forl <i<kandf,_, =0
and ), = 0 + ae, and {0;}*=2 be any arbitrary distinct k& — 2 points that are different from
6 and 9 +aep. Let &' = F L Pidg with pf = pifor 1 <4 <k —2,p_, = ¢ + el
P =7 — 5lleillzand 0] = 0; for 1 <i < k.

Let g be a coupling of p = (p1,...,px) and p' = (p}, ..., D)o, D1, D)) such that

~

2 1<i=j<k-1,
%—%Hele =7 =k,

qij = . .
Slledll i=k,j=k—1,
0 otherwise.

Ve

Then
a
Wi(G,G") < Z%’j”gi —0ll2 = §||€1||2 x alleil]2.
2%

Moreover, it’s easy to see D1 (G, G') = al|e;||2 when a is sufficiently small. Thus

, Wi(G, @)
inf. —————= < l = = 0.
GG’GSk(G) Dy(G,G") 20 ||61H2
Consider any G,, € &(©) and G, UK G, and one may write G, = Zlep?(Sgln forn > 0
such that p? — p? and 67 — #Y. Then when n is sufficiently large, G,, € &(©;) for
= U, B(6Y, 1), where B(6?, p) C R is the open ball with center at 6° of radius p. Then

179
by b) for large n, W1(G,,, Go) < C(Gy)D1(G,, Gy), which entails lim inf % > 0.
™ a,
Ge&L(O)

On the other hand, for sufficiently large n, one can verify

k
WG, Go) > Zp]H@” Ol + = min (60— 602> [p7 — 5]

8 1<i<i<k
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4 1<i<t<k —

<.

1
min {m@inpg, min_ ||6) — 92”2} Dy (G,, Gy),

4 1<i<t<k
which entails lim inf YA ggo)) > 0.
a%a,
Gegk(G)

k
1 . . 1 0 0 n 0 n 0
> gmin {min b, 3 i 169 681 b D105 = 6l + 157 - 52
1
2

e) Based on d), there exists ¢(G) > 0 such that for G € &, (0) satisfying W, (G, Gy) < ¢(Gy)

W1(G, Go) > C1(Go) D1 (G, Go).

For G € &, (©) satisfying W1 (G, Gy) > ¢(Go)

W1<G, Go) > C(Go)
Dl(G, G()) - kodlam(@) +1 ‘

2.10 Proofs and auxiliary lemmas of Section 2.4

2.10.1 Additional examples and proofs of results in Section 2.4.1

Example 2.10.1 (Location Gamma kernel). For gamma distribution with fixed o € (0

Ba(x 9)& 1o—B(z— 9)

and § > 0, consider its location family with density f(z|0) =

F(a)
Lebesgue measure 1 on X = R. The parameter space © = R. Observe
I [ (6160 + a) — f(6o|6o) —0
a—0t a
and 000 6|0 @
lim f(0ol0o — a) — f(bolbo) 5 lim a®2e~5 — oo

a—07t a r (Oé) a—07t

]
DU, 2)
o) () W.Lt.

since a < 2. Then for any z, f(z|f) as a function of @ is not differentiable at ¢ = z. So it’s not

identifiable in the first order as in [HN16b].

However, this family does satlsfy the ({6;}%_,, V) first-order identifiable definition with A/ =

U, (6: — p, 0; + p) where p = 1 mini ;<< |6; — 0;|. Indeed, observing

5/l = (

a—1
=5 ) sl v £a
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then (2.9a) become
k d b 1
0=>" (aiae (16;) + b; f (x]6; ) z:: (alﬁ P b) f(x|6;) for p—a.e.z € R\N.

i=1 =1

Without loss of generality, assume 61 < ... < 6. Then for u—a.e. z € (61,0:)\N = [61+p, 62— p],

the above display become

o Ba( _ )a—le—ﬁ(x—91) B
(alﬁ—alx_el +bl> (o) =0

which implies a; = b; = 0 since o # 1. Repeating the above argument on interval (02, 63), . . . (0x, 00)
shows a; = b; = 0 for any i € [k].

So for {6;}%_, this family is ({6;}*_,, NV) first-order identifiable. Moreover, for every z in R\N
f(x]0) is continuously differentiable w.r.t.  in a neighborhood of 6? for i € [ko]. By Lemma 2.4.2
b) for any Gy € &, (O) (2.12) holds. d

Proof of Lemma 2.4.2 b): Suppose the equation (2.12) is incorrect. Then there exists G, Hy €
Ek, (©) such that

G, # Hy, Ve
Ge,HzM—/%GO, as { — 0o
V(Pg,,Pu,)

DG 0, as/— oo.

We may relabel the atoms of G, and H, such that G, = S/, Pidge, Hy = Sk 7ls o with

=1 z 1;
0¢,mf — 09 and pf, 7t — p? as £ — oo for any i € [ko]. With subsequences argument if necessary,

we may futher require

pl—
—a;, €R!, ——— bR, VI<i<k, (2.60
Dy (Go, H) 0 )

where b; and the components of a; are in [~1,1] and 3%, b; = 0. Moreover, D, (Gy, Hy) =
S, (116¢ — nf|l2 + |pf — mf]) for sufficiently large ¢, which implies

ko ko
> llaillz + > bl = 1.
i=1 i=1

It also follows that at least one of a; is not 0 € R? or one of b; is not 0. On the other hand,

0= lim 2V(PGZ,PGO)
£—00 Dl(GfaGO)
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ko
% + |,
Zp D1 Ge,Hz Zf ‘77 Ge,He)

o f(@|0F) — f(@lni) —m
> lim inf : 4+ x|n;
= /xdw pa ZZP Dy(Gy, Hy) Zf b G’Z,Hg)

Ya] V 09 09D
/xw sz 9f($|z)+;f(w|z)

where the second inequality follows from Fatou’s Lemma, and the last step follows from Lemma
2.10.3 a). Then 3% p0al Vo f(x]60) + S50, f(]69)b; = 0 for j1 — a.e. x € X\N. Thus we find
a nonzero solution to (2.9a), (2.9b) with k, §; replaced by kg, 69.

However, the last statement contradicts with the definition of ({69}, \V) first-order identifiable.
[

> lim

p(dz)

p(dz)

p(dz),

Proof of Lemma 2.4.4: By Lemma 2.4.14 b) (ay, b1, ..., ax,, bg,) is also a nonzero solution of

the system of equations (2.9a), (2.9b). Let a/ = ai/} and b, = i .
Y d (2.92), (2.90) 4 300, (llai /0112-+b:l) 0 (llai/p0ll2+ b )

Then a and b} satisfy 1 (||al]l2 + |b)|) = 1 and (plai, by, ..., pY aj,, b, ) is also a nonzero

solution of the system of equations (2.9a), (2.9b) with &, 0; replaced respectively by ko, 6. Let
Gy = piog with pf = pf + b and 0] = 6 + ja; for 1 < i < k. When (is large, 0 < p{ < 1
and 0 € O since 0 < p? < 1 and ) € ©°. Moreover, Zfilpf = 1 since Zzolb; = 0.
Then G, € &,(©) and G, # G, since at least one of @ or b} is nonzero. When / is large
Di(Gy, Go) = 30, (1164 — 0212 + |pf — p?|) = 1. Thus when ¢ is large

2V (Pg,, P 0)
V(Pg,, Pa,) :/ Z of x!9 $|9 +Zb' F@00)| u(dz). @61

D1<Gfa GO

Since by condition c)

’f($|95) — f=1)] _ 2 faills < HazHQf(x)’
1/¢ 1/¢ laill2
_ k
the integrand of (2.61) is bounded by Z SN 1//I;%H = l)f(x)—l—z0 |bL] f(2]6?), which is integrable
i=1 ai/Pill2T10i i=1

w.r.t. to g on X\\V.
Then by the dominated convergence theorem

sz a}, Vof (]60)) + Zb/ F(]09)| p(dz) =

L 2V(Pa,, Py) :/
{—00 Dl(Gg,Go) BN
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Thus

lim inf M = 0.

i, DG Go)
GEEy,y (©)

and the proof is completed by

lim inf w < liminf M

r—0 G,HEBw, (Goyr) D1(G, H) g, DG Go) :
G#H GEEry (©)

]

Proof of Lemma 2.4.7: The proof of b) is similar to that of a) and hence only the latter is presented.
Let G be the same as in the proof of Lemma 2.4.4. Then when / is large

ko ko
D,1(Ge, Go) =Y (lafll5(1/0)" + bi|(1/€)) > 1/ |b]
i=1 i=1
and thus
D1 (Gy, Gy) < 1/¢ _ 1

> < 00
Dra(Ge, Go) = 1/€3050, [bf| - 3232, [0

Moreover, as shown in the proof of Lemma 2.4.4,

i Y PePa) _
{—00 D1<Gg, Go)
Combining the last two displays establishes
P, P
liminf L6 F) _
GVLIGQ DT,I(G7 GO)
GEER (©)

It can be verified that for large ¢

k ko
1 1 1
wr > = min [|6° - 6° o =2 min 09— 690, ) =S .
(G Go) =2 ¢ <1Sgl<ljngk||91 9j||2) El i =il = 3 (lgrirgjngklwz 93||2> 7 ‘El 163l

The rest of the proof is similar to above to establish

.. . V(Pg, Pg,)
liminf —————%2
i, WG, Go)
GeEr, (©)

=0.
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Proof of Lemma 2.4.9: It suffices to prove (2.12) since (2.11) is a direct consequence of (2.12).
Without loss of generality, assume 6§ < 63 < ... < 69 . Let N = >, (69 — p, 69 + p), where
p = 1mini<icj<k, |0 — 69]. Notice that for z € R\N, f(x]6) as a function of § is continuously
differentiable on (6Y — p, 69 + p) for each i € [ko.
Suppose (2.12) is not true. Proceed exactly the same as the proof of Lemma 2.4.2 b) except the
last paragraph to obtain a nonzero solution (pYa;, b; : i € [ko]) of (2.9a), (2.9b) with &, ; replaced

by ko, 6. For the uniform distribution family, one may argue that the nonzero solution has to satisfy
—pla;/0) +b; =0 Vi€ [k (2.62)

Indeed, start from the rightmost interval that intersects with the support from only one mixture

component, for p — a.e. z € (0}, _1, 00 )\N = [0} _ + p, 0} — p]

0= Z(pza,&9 |9°)+bf(x|90)>

= Z (=pYa:/0) + b;) f(x]67)

=1
- (_pgoakO/ng + bko) /912()’

which implies pk A,/ Gko + b, = 0. Repeat the above argument on interval (Gko 95 91@0—1)’ N
(69,69), (0,6?) and (2.62) is established.
Combining (2.62) with the fact that some of the a; or b; is non-zero, it follows that |a,| > 0 for

some « € [ky]. When £ is sufficiently large, ¢, ¢ € (09 — p, 69 + p). For sufficiently large /

2V (Pg,, Pu,)

Dl(GﬁaHé)
1 max{0% 1%}
> - - d
> DG oy P P @)
max ¢ ¢
0 1 / Wened | (wé1(65 < ) + ph1(65 > b)) Z P Z
D1<G5,Hg> min{0¢,né} max{@a,na} i=a+1 'L i=o+1 z
() 1 ¢ ¢ P
= |0 — | (L0 < b)) + pha(6 > 1t))/ max{0’, '} +
DGy % — ) (REL (G < ) + P10 2 )/ max{0f ) Z o Z o

0
—>|aa| > 0,

where the step (x) follows from carefully examining the support of f(x|6), the step (xx) follows

from the integrand is a constant, and the last step follows from (2.60). The last display contradicts
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—(PG" Pr) 0.

with the choice of GGy, Hy, which satisfies BN(EINN)

]

Proof of Lemma 2.4.11: Without loss of generality, assume &) < &) < ... < & . Let N =
U, {€%}. Notice that for = € R\N, f(z|f) as a function of @ is differentiable at 60 = (¢, ¢?) for
each i € [ky.

Suppose (2.11) is not true. Proceed exactly the same as the proof of Lemma 2.4.2 a) except
the last paragraph to obtain a nonzero solution (pYa;,b; : i € [ko]) of (2.9a), (2.9b) with &, 6,
replaced by ko, 9? . Write the two-dimensional vector a; as a; = (a(g) (o )) For the location-scale

v ) ’L

exponential distribution, one may argue that the nonzero solution has to satisfy
al” =0, plal9/o%+b; =0, Vie [k (2.63)

Indeed, let (JI , {€0} = {&],&,,... €.} with €] < &, < ... < &, where K’ is the number of distinct
elements. Define I'(€) = {i € [ko] : €2 = £}. Then for u — a.e. v € RA\N

ozZ(p?wi,V F(@l€),00)) + bif (w]€), 07))

S S (o Vi 0l o) + 0l

J=14er' (&)

s Z ( LTS ) el o)

J=1 del'(¢

Start from the leftmost interval that intersects with the support from only one mixture component,

for i —a.e. v € (&,8)\N = [§1 +p, & — 1),

1 o Qj‘—gzo—O'?
0= > <p?@z(£)—o +plal )T+bi) f(algr, o)

i€l (&) ! (0

1 o) — & — o) / x
4 ‘7@ ( z) 0; 0;
iel'(&)

Since o? for i € I'(&;) are all distinct, by Lemma 2.10.4 a)
0’ =0, pla /ol +b,=0, VieI').

Repeat the above argument on interval (&, &%), ..., (&, _1,&u), (€., 00) and (2.63) is established.
Since at least one of a; or b; is not zero, from (2.63) it is clear that at least one of {b; fﬂl
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is not zero. Then by Zfil b; = 0 at least one of b; is positive. By (2.63) at least one of al@ is

al?. That is o' is a largest negative one among {az(-g)}l-e[ko].

negative. Let o €  arg max a,

i€{j€[ko]:a; <) <0}
Let p = § minj<icj<p [§) — §§| to be half of the smallest distance among different {£/}% . By
subsequence argument if necessary, we require for any i € [ko], & € (£ — p, €0 + p).

Let I(a) = {i € [ko]|€) = £} to be the set of indices for those sharing the same & as £2. We
now consider subsequences such that £¢ for i € I(«) satisfies finer properties as follows. Divide the
index set I () into three subsets, J(«) := {i € ](a)|a§ =aP}, J.(a):={i e I(a)|a£§) < ay
and J> (o) == {i € I(a)]q; ©) > 0}, Note J(a) is the index set for those sharing the same £? as

() ()

€% and sharing the same a;>’ as al® (so their a;>’ are also largest negative ones among {agé)}ie[ko]),

while J- («) corresponds for indices 7 for which &) = £° and a(g) > 0, and J(«) corresponds for

indices i for which €2 = €% and 0¥ < (&

To be clear, the two subsets J.,, and .J-, may be empty,
but J, is non-empty by our definition.
Forany i € J.(a),j € J(a)
Bl SN

¢ 0
g9 o S %
Dy(Gy, Go) “ Dy(Gy, Gy)

Then for large ¢, £ < éf forany i € J-(«) and j € J(«). Similarly for large ¢, éf < & for any
j € J(a) and k € J- (). Thus by subsequence argument if necessary, we require £/ additionally
satisfy the conditions specified in the last two sentences for all /.

Consider max;e y(o){£5} and there exists & € J(a) such that £ = max;e o) {£;} for infinitely
many ¢ since J(«) has finite cardinality. By subsequence argument if necessary, we require
€5 = max;e (o) {&)} for all £. Moreover, since ab, = af < 0 we may further require £ < &0 for
all ¢. Finally, for each k € J-(«a) such that a,(C )'> 0, we may further require £ > &0 for all £ by
subsequences.

To sum up, {&¢} fori € I(a) satisfy:

<G <& W VieJ()UJ(a)

&> €L, Ve, Vi Jo(a) . (2.64)
&> &0, Ve,V € Jo(a) and a® > 0
Let £ = min min ¢ €9 5 with the convention that the minimum over an empty
ic{j€l(a):aft) =0}

set is co. Then &¢ < ¢ and §£ — €2, Moreover, by property (2.64), & > ¢£. Thus on (&£, &),
1) for any i > max I(«), f(z|&f, 0f) = 0 = f(2]€2,0) since &£, & > €0 > £ 2) fori € Jo(a),
f(z|&f, of) = 0 due to &8 > €F due to (2.64); 3) fori € I(a), f(x|€,09) = 0 since £ = €2 > ¢

79



Then

QV(PGWPGO)
DI(G@GO)
1 ¢
Zm/ge Ipc,(2) — pg,(2)| dx
1 /éz 3 .1 ( x—fé)
= pi—exp ( ——
Di(Ge, Go) Je ielc(@UJ@ 7 %
1 ¢t 1 —£0
(_f_fé)._pgﬁexp<_f_§i)> dr. (265
o o o

b (shew
i<min I (o) i
Denote the integrand (including the absolute value) in the preceding display by A,(z). Then as
a function on [0 — p, £°], A,(z) converges unifomrly to > pexp (—m;—§3> .= B(z).
i€J<(@UJ(a) '

Since B(x) is positive and continuous on compact interval [£2 — p, £9], for large £
| Ae(z) — B(x)] o — P&l

which yields
1 1
Ale) 2 3B(a) > 0oy

Plug the preceding display into (2.65), one obtains for large /,
24
QV(PGevaz) > 1 /5 lpgidl’
DI(GE, GO) {é 2 O-g
o — & ) Ly 1
Ep&_

Dl(va HZ)
£ — &
<D1(G€,Go) a Dl(GéaGO) Ug

(2.66)

1
—><—CL§) — 0)5}72@ >0

where the convergence in the last step is due to (2.14). (2.66) contradicts with the choice of Gy,
]

. . V(Pg,,Pcqy)
which satisfies Dr(Cr.Co) — 0.

Proof of Lemma 2.4.12: Take f(x) = max;cp,) f(x)y/f(2]69). Then f(x) is pu-integrable by
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Cauchy-Schwarz inequality. Moreover for any i € [ko] and any 0 < A < 7q

f(]6] + @A) — f(2]607)

< f(x) p—ae ek

A
Then by Lemma 2.4.14 b) (ay, by, ..., ax,, b, ) is a nonzero solution of the system of equations
(2.9a), (2.9b).
I ai/p) - by / ! sati
Lot i = S Tassotla o) M0 = S, (a0l o) e @ and by satisty

ko

> (laillz + b)) =

=1
and (play, by, ..., pR ajk,. b)) is also a nonzero solution of (2.9a), (2.9b) with k, 6; replaced
respectively by ko, 7. Let Gy = p{dge with p; = p) + b7 and 6] = 67 + ja; for 1 <7 < ko. When

(islarge, 0 < pf < 1and 6 € O since 0 < p? < 1 and 69 € ©°. Moreover, Z¢:1 p! = 1 since
SO0 b = 0. Then Gy € &, (©) and Gy # G| since at least one of a, or b} is nonzero. When ¢ is
large D1 (Gy, Go) = 31, (||6¢ — 69||2 + [p¢ — p?|) = L. Thus when  is large

2h*(Pg,, Pg,)
D%(va GO)

sz(x) _pGo(x) 1

:/s Di(Ge, Go) /g, (z) + \/pGO ()
Kf 33‘|9£ x‘eo ! 0
b f(x|6;)

/S\N (Z Z Ve, (x) + /P, (x

The integrand of the last integral is bounded by

f(x]6f) — (x\@o
[ f(x)6)
Ve »@ i
)

p(dx)

2

p(de).

P

k ki

& | 1) sl A
Smklﬁ /7 | e

ko

gzkoz% (Z’-“ilﬂ L/ps ) fia )+2koz(l;) f(l6?),

i=1 % |a,/p?||2+|bl|) i=1 (
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which is integrable w.r.t. to u on S\N. Here the last inequalities follows from

€T 2y _ T 0 00 + a; A - 9? (l/' 2 =
1/€ %/ f(x]67) A/ f(=]67) [lasll2

Then by the dominated convergence theorem

lim = = pal, Vof(x|00)) + Y b f(x]0)) | ———| pu(dz)
l—00 D%(G(,Go) S\N Z Z 2 pG()(x)
=0.
The proof is completed by
h(Pg, P, h(Pg, P,
b e e lr) e P Feo)
r—0 G,HEBw, (Go,r) D1(G, H) Mg, Di(G,Go)
G#H GeEry (©)
]

2.10.2 Proofs in Section 2.4.2

Proof of Lemma 2.4.14:

a) Forany z € X\N, Vo f(z|0:) = g(60:)Vof(x]0;)+f(2|60:)Vog(x|6;). Then (ay,br, ..., ax, by)
is a solution of (2.9a) with f replaced by f if and only if (aq, b, . .., ax, by) with a; = g(6;)a;
and b; = (a;, Vag(6;)) + lN)Z-g(Gi) is a solution of (2.9a). We can write a; = a;/g(0;)
and b; = (b; — (a;,Veg(6:))/9(0:))/g(6;). Thus (dy, by, ..., ax, by) is zero if and only if

(ay,b1,...,ax,by) is zero.

b) Under the conditions, by Dominated Convergence Theorem

=0.
0=0;

/ (a0, Vo f @0yt = (a0, Vo [ F(16)d)
X\WNV

X\WNV

where the last step follows from p(N') = 0 and the fact that f(x|6) is a density w.r.t. . Thus

for (ay, b1, ..., ax, by) any solution of (2.9a),

Zb -/ S (o0 Vo 16} + o7 010) d =0

.'{\./\/ =1
So (ay, by, ..., a, by) is also a solution of the system (2.9a),(2.9b).
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It remains to show (2.20) is equivalent to the same conditions on f . Suppose (2.20) is true.

Then there exists small enough ¥(0;, a;) < v(6;, a;) such that for 0 < A < (6;, a;)

A

A)‘f(l + A) f(x16:) ’g( + A)

SC(Q, 67;7 a’i?’?(eia al))(f_<x|927 ai) + f(xwl)) H—a.e. X

V@m+wm—f@m>

<g(0; + a; 9(0) f(x]0;)

and thus one can take p-integrable fi(z|0;, a;) = C(g, 0i, ai, 7(0;, a;)) (f (x|0;, a;) + f(x]6;)).

The reverse direction follows similarly.
c¢) It’s a direct consequence from parts a) and b).

]

Proof of Lemma 2.4.16: Notice that f(z|f) is continuously differentiable at every § € ©° when
fixing any € X. By Lemma 2.10.2 and Lemma 2.4.14 c), (2.9a) has the same solutions as the
system (2.9a),(2.9b).

It’s obvious that a) implies b) and that c) implies d). That a) implies ¢) and that b) implies d)
follow from V' (pg, pe,) < h(pa, pa,)- €) implies a) follows from Lemma 2.4.2 b). It remains to
prove d) implies e).

Suppose d) holds and the system of equations (2.9a), (2.9b) with k, 6; replaced respectively by
ko, 69 has a nonzero solution (ay, by, . . ., ag,, by, ). By Lemma 2.10.2, the condition d) of Lemma
2.4.12 is satisfied with vy = min;ep,) ¥(62, ;) and f(z) = max;e,) f(x|6?, a;). Thus by Lemma
2.4.12, d) does not hold. This is a contradiction and thus d) implies e). ]

Lemma 2.10.2. Let f(x|0) be the density of a full rank exponential family in canonical form
specified as in Lemma 2.4.16. Then for any 0 € ©° and a € RY there exists v(0,a) > 0 such that
forany 0 < A < ~v(0,a),

< flalt,a) VreS={z|f(2l0) >0}

'f@W+aA%—ﬂﬂ®

A/ f(x|0)

with [, f*(x]6, a)dp < oo and

‘ f(x]0 + al) — f(x]6)

R ’ < f(z]6,a) VreX

with | f(x|0,a)dp < co. Here (0, a), f(x|6,a) and f (x|, a) depend on 6 and a.
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Proof of Lemma 2.10.2: Let v > 0 be such that the line segment between 6 — a~y and 6 + a lie
in © and [, e 7@ f(2]0)dp < oo, [, e~ T@ f(z]0)dp < oo due to the fact that the moment
generating function exists in a neighborhood of origin for any given 6 € ©°. Then for A € (0, 7]
and for any x € S

‘f(ww +al) — f(x]0)

A/ f(x|0)

exp((ad, T(z)) — (A(f + al) — A(6))) - 1

10 ¢ |
A0+ al) = AO) | tun o) —(A0rad)-

f(z]0) |(a, T(x)) — A eladT(z))—(A(0+al)—A(9))

f(xw) (|< ( )>’ + ||GH2 rnax HV@A(Q—FCLA)H ) Al{a,T(z))| max e*(A(QJraA)*A(H))

A€0,7]

f(z]0)= evl (@, T(x))|+llall2 maxaejoq1 Vo A@+ad)ll2 1@ T@)] oy o (AO+ad)=A(0))

A€[0,9]
=C(y,a,0)/ f(z])e> T
<\/C2(7,0,6) £ (2]6) (e#@10) 4 e=triaT(on), (2.67)

where step () follows from |e! — 1| < |t|e’. Then the the first conclusion holds with

= \/C2(7,0,0) f(]6) (¢¥@T@) + - ir(aT @),

Take f(z) = f(x)\/f(x]f) and by Cauchy—Schwarz inequality fx z)dp < [, fA(x)dp < oo.
Moreover by (2.67)
f (0] + Aa;) — f(]67)
A

< f(z) VreX
O

Proof of Lemma 2.4.17: Consider f(z|n) := f(x|f) to be the same kernel but under the new
parameter 17 = 7(0). Note {f(x|n)},co with = := 7(©) is the canonical parametrization of the

same exponential family. Write ) = 7(6?). Since J,(0) = (23—8(9))@ exists at 6 and at those
points,
Vol (2167) = (Jy(69))" Vaf(alif), Vi€ [ko
and thus
ko ko

> ((as, Vo (x(69)) + bif (2[69)) = (<Jn(9?>ai, Vo (@) + bJ(x\n?)) . (268)

i=1 i=1
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Then (2.9a), (2.9b) with k, 0; replaced respectively by kg, 6 has only the zero solution if and only
if (2.9a), (2.9b) with k, 6;, f replaced respectively by ko, n?, f has only the zero solution.

Suppose that (ay, by, - . . , g, , by, ) is a solution of (2.9a) with k, 6; replaced respectively by ko, 67.
Then by (2.68) (@1, by, - - . , kg, b ) With @; = J,(69)a;, b; = b; is a solution of (2.9a) with k, 0;, f
replaced respectively by kg, 17, f . Then by Lemma 2.4.16, it necessarily has Zfil b = Zfﬁl b; = 0.
That is, (a1, b1, . . ., ak,, bg, ) is a solution of the system of equations (2.9a), (2.9b) with k, 6; replaced
respectively by ko, 69. As a result, with k, ; replaced respectively by ko, 62, (2.9a) has the same
solutions as the system (2.9a),(2.9b).

The rest of the proof is completed by appealing to Lemma 2.5.6 and Lemma 2.4.16.

2.10.3 Auxiliary Lemmas

Lemma 2.10.3. Consider g(x) on RY is a function with its gradient V g(x) continuous in a neigh-
borhood of x,.

a) Then when v — xqg and y — x¢
9(x) — g(y) — (Vg(zo), 2 — y)| = o([|z — y||2)

b) If in addition, the Hessian NV*g(x) is continuous in a neighborhood of x,. Then for any x,y

in a closed ball B of x( contained in that neighborhood,

l9(z) — 9(y) — (Vg(x0),z — y)|

1 1
S/ / IV2g(z0 + s(y + t(x — y) — 20))||2dsdt ||z — yllo max{||z — zol|2, [y — 2oll2}
0 0

«> [

1<i,j<d

0%g
W(xo +s(y+t(z —y) — xo))| dsdtx

[ = yll2 max{{lz — zolls, [ly — woll2}-

Moreover

19(x) = 9(y) = (Vg(20), x = y)| < Ll = ylla max{[lz — zolz, ||y — oll}-

where L = sup,.p [|V2g(x)|2 < oc.
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Proof: a)

l9(x) — g(y) — (Vg(x0), 2 — y)|

lim
z#y,m%mo,y—)mo ||'CC - y”2
i V(&7 —y) = (Vg(xo), w —y)]
THY,T—T0,Y—>T0 “iL’ — yHg

< lim 1Vg(&) — Vg(xo)ll2

THAY,T—T0,Y—+T0

=0,

where the first step follows from mean value theorem with ¢ lie in the line segment connecting
x and y, the second step follows from Cauchy-Schwarz inequality, and the last step follows

from the continuity of Vg(x) and £ — o when x,y — .

b) For x # y in B specified in the statement,

l9(x) — g(y) — (Vg(xo),z — y)|

[l = yll2
o (Vyly +t(z —y)).x — y)dt — (Vg(o), = — y)|
[z = yll2
o Jo (Vg (o + sy + t(x —y) — o)),y + tx —y) — z0), & — y)dsdt]
Iz = yll2
o Jo 1729 (o + s(y + bl — y) —w0)). y + ta —y) — x0), @ — y)|dsdt
N Iz = yll2

1 1
g/ / 192(20 + 5(y + t(x — y) — 20))lally + £z — 1) — zo||adsdt
0 0
1 1
< / / 1990 + sty + t(z — ) — o)) ladsdt max{|lc — olla, |y — zolls}, (2.69)
0 0

where the first two equalities follows respectively form fundamental theorem of calculus for

R-valued functions and R?-valued functions. Moreover, observe for any matrix A € R%*?,

1<i,j<d

where || - || is the Frobenius norm. Apply the preceding display to (2.69),

/0 /0 ||V2g(xo + s(y + t(z — y) — o) )||2dsdt

<y [

d*g
1<i,j<d
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Following (2.69),

l9(x) — g(y) — (Vg(xo),z — y)|
lz —yll2

< Lmax{ |z — zo||2, |y — xol|2}-

O

Lemma 2.10.4. Let k be a positive integer, by < ... < by be a sequence of real numbers and let |1

be the Lebesgue measure on R.

a) Let {h;(x)}F_, be a sequence of polynomials. Consider any nonempty interval I. Then

k
Zhi(aﬁ)eb“"“ =0 p—aezxzel

i=1

implies h;(x) = 0 for any i € [k].

jm
linear combination of power functions. Let {g;(x)}¥_, be another sequence of such functions.

b) Let {h;(x)}}_, be a sequence of functions, where each is of the form > a;x, i.e. a finite

Consider any nonempty interval I C (0, 00). Then

Z(hl(a:) +gi(x)In(x))e"™ =0 p—ae xcl

i=1
implies when x # 0 h;(x) = 0 and g;(x) = 0 for any i € [k|.
Proof:

a) Define F(z) = S| hy(x)e’*. From the condition F'(z) = 0 on a dense subset of /. Then
F(z) = 0 on the closure of that subset, which contains /, since it is a continuous function on
R. Let a € I° and consider its Taylor expansion F(x) = > °* w(z —a)' forany z € R.

=0 7!

It follows from F'(x) = 0 on I that FY(a) = 0 for any i > 0. Thus F(z) = 0 on R. Then

0= lim e ™" F(z) = lim hy(z).

T—00 T—00

This happen only when hy(x) = 0. Proceed in the same manner to show h;(x) = 0 for i from
k—1tol.

b) Define H(z) = YF | (hi(z) + g;() In(z))e’*. From the condition H(z) = 0 on a dense
subset of I. Then H(x) = 0 on the closure of that subset excluding 0, which contains 7,
since it is a continuous function on (0, c0). Let a; € I° and consider its Taylor expansion

ata; H(z) =3 .2, 2O () (x — ay) for z € (0, 2a,), since the Taylor series of In(z), 27 at

3!
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a; converges respectively to In(z), 7 on (0, 2a;) for any ~. It follows from H(xz) = 0on [
that %) (a;) = 0 for any ¢ > 0. Thus H(z) = 0 on (0, 2a;). Now take a, = 3a; and repeat
the above analysis with a; replaced by ao, resulting in H(xz) = 0 on (0,2a3) = (0,3ay).
Then take a3 = 2a, and keep repeating the process, and one obtains H(z) = 0 on (0, c0)
since a; > 0. Let 7y, be the smallest power of all power functions that appear in {g;(z)}%_,,
{hi(x)}*_,, and define H(z) = 2" H(z). Then H(z) = 0 on (0, c0). Then

0= lim e **H(z) = lim (27 hy(z) + 27 g (z) In(x)),
T—00 T—r 00
which happens only when 27°h;(z) = 0 and 2= "g,(x) = 0. That is, when = # 0,
hi(x) = 0 and gx(x) = 0. Proceed in the same manner to show when x # 0, h;(z) = 0 and
gi(z) =0 for i from k — 1 to 1.

2.11 Proofs in Section 2.5

This section contains all the proofs in Section 2.5 except that of Theorem 2.5.7 and Theo-
rem 2.5.14. The proofs of Theorem 2.5.7 and Theorem 2.5.14 occupy the bulk of the chapter and
will be presented in Section 2.12.

2.11.1 Proofs in Section 2.5.1

Proof of Lemma 2.5.4: In this proof we write n; and N, for n;(Gy) and N, (G,) respectively. By
Lemma 2.5.1 b), n; = N; < oo. For each N > 1, there exists Ry(Go) > 0 such that for any
G e gko(@)\{GO} and Wl(G, Go) < RN(G0>

V(PGN PGON) 1 .. V(PGN PG N)
02 > — liminf e 2.70
DN(G7 GO) 2 GVK}GO DN(G7GU> ( )

Take ¢(Gy, Ng) = min R;(Gy) > 0. Moreover, by the definition (2.27) for any N > N,

1<i<N

Lo, B Pon, P
lim inf V{Fo.n, Fao.n) > inf liminf V{Fen, Faon)

e, Dn(G.Go) NN, oM, Dn(G,Go)
GEery (©) GEery (@)

> 0.
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Combining the last two displays completes the proof with

V(Pen, PayN)
DN(G7 GO) ‘

1
C(Gp) = = inf liminf
2N=N, Mg,
GEEL, (©)

]

Proof of Lemma 2.5.5: In this proof we write n; for ny(Gy) . By the definition of n;, for any

N Z nq
V(Pa.n, PaoN)
D1<G7 GO)

lim inf
a%a,
GEEL (O1)

> 0. 2.71)

By Lemma 2.3.2 b) one may replace the D; (G, Gp) in the preceding display by W, (G, Gy). Fix
N1 = nq V ng. Then there exists R > 0 depending on (g, such that

inf V(PG,N17 PGO,N1>
GeBw, (Go,R\{Go}  W1(G, Go)

> 0, (2.72)

where By, (G, R) is the open ball in metric space (UZ(’:1 Ex(©1), W1) with center at Gy and radius
R. Here we used the fact that any sufficiently small open ball in (., £(©1), W;) with center in
gko (@1) 1S in gko (@1)

Notice that UZO:1 Er(©1) is compact under the TV} metric if ©; is compact. By the assumption
that the map 6 — P, is continuous and by Lemma 2.11.2 and the triangle inequality of total variation
distance, V(P n, Pg, n) with domain ( iozl EL(©1), W) is a continuous function of G for each
N. Then G W is a continuous map for each N. Moreover W is positive
on the compact set | JI* | £ (©1)\Bw, (Go, R) provided N > nyg. As a result for each N > ng

V (PN, Payn)

min > 0.

Gelr?, &(@)\Bw, (Go.r)  Wi(G, Go)

Combining the last display with N1 = ny V ng and (2.72) yields
V(Po.n1, Pony) 2 C(Go, ©1) Wi (G, Go), (2.73)

where C'(Gy, ©1) is a constant depending on G and ©;. Observe V' (Pg v, Pg, n) increases with
N, the proof is then complete. ]

Proof of Lemma 2.5.6: It’s easy to see when 6 is a sufficiently small neighborhood of 67,
QI 2)7HI0 = 67112 < Nlg(0) — g(0)l2 < 21 1y(67)|2[16 — 67]2-

89



Then when G is in a small neighborhood of Gy under W,

(2 max [[(Jy(6))"'[|l2+1)"" D (G, Go) < Dy(G", G) < (2 max [[Jy(67) ]2 + 1) D (G, Go).

1<i<kg 1<i<kg

Moreover V(]Bgn, N p@é@ ~) = V(Pe.n, Pg, n)- Denote the left side and right side of (2.29) respec-
tively by L and R. Then L < C(Gy)R and L > ¢(Gy) R with

C(Go) =2 max [[(Jy(69) " la+ 1, e(Go) = (2 max [lJy(6%)]2 +1)""

1<i<kg
The other equation in the statement follows similarly. O

The rest of this subsection contains auxiliary lemmas required in the previous proofs.

Lemma 2.11.1 (Lack of first-order identifiability). Fix Gy = > pS 2090 € Exy(O). Suppose

ko ko
> bhiPp=0, > b=0.
=1 =1

has a nonzero solution (by, . .., by,). Here the 0 in the first equation is the zero measure on X. Then
V(FPq, P
timinf V176 Le) _ (2.74)
g, Di(G;Go)
GEER,y (D)

Proof of Lemma 2.11.1: Construct G, = S/, pzégo with p¢ = p? + b;/( for i € [ko]. Then for

large £, pt € (0,1) and 32, p¢ = 1. Then for large £, G € &, (©) and G, ™ Gy. Then the proof
is complete by for large ¢

V(PGZ7PGO) :iua‘PGz(A> _PGO( )‘ - Sup‘l/ﬁprgo | =0.
(S

and

Di(Ge, Gy) = €Z|b|7é0

Lemma 2.11.2. For any G = Y.1° pidg, and G' = S 1 Didar,

min, (\/N maxi<j<i, P <P9 ) + 3 Z
minT (maXlgigkO V (P9 > +3 Z

V(Pen, Porn) <
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where the minimum is taken over all T in the permutation group Sk,.
Proof: The proof is similar as that of Lemma 2.7.2. [

Lemma 2.11.3. Suppose the same conditions in Corollary 2.4.6 hold. Then for any a € RY, for
each i € [ko|, and for any 0 < A < ~(6?, a),

Hé\; f(2;1607 + al) — Hj\; f(xng)
A

fa(z]6°,a, N), ®u ae.T = (x1,...,v5) € XY

where fa(Z]0°,a, N) satisfies

lim fA(éE]@,,a N) d®,u / lim fa(z]6°,a, N) d®u

A—0+ xN A—=0T

Proof: By decomposing the difference as a telescoping sum,

[T, /(169 +al) = TTL, f(a;169)
A

N _
SZ (Hf (2,09 + aA) ) ‘f($£|9?+@i) — f(x|6})

( 1T f($j|9?)> :

j=t+1

Then the upper bound in the preceding display is upper bounded by

N [i- N
Fa(z]6°,a, N) Z(Hf xJ\GO—i-aA)) fa(z0?,a) (H f(x;]09 ), ®,u—a.e.:f€%N.

/=1 j=1 Jj={+1

For clean we write fa(Z|6°,a) for fa(Z|6%,a, N) in the rest of the proof. Notice fa(Z|6?,a)

satisfies

N N
[ Eataltt i@ =" [ Fawltha)di =N [ Fatettapdn N [t faoldh,a)d
xN = Jx x E X

Moreover,

N /-1 N
llm fa(z0%,a Z ( f(z;]09) ) Ali_%l+ fa(zl6), a) ( H (z;169) ) ®,M a.e.7c XN
Jj=1 J

/=1 j=0+1
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and thus

/XNAlgng 160 )i ) 1 — Z/ lin o (el >du=N/3€Algg+fA<x\6?,a>du

2.11.2 Proofs and additional examples in Section 2.5.2

Proof of Corollary 2.5.8: Consider f(z|n) := f(x|f) be the same kernel but under the new pa-
rameter 77 = 7(6). Note { f(z|n) },ez with = := 1(0) is the canonical parametrization of the same
exponential family. Write Y = 7(6?). The proof is then completed by applying Lemma 2.5.7 to
f(x|n) and then by applying Lemma 2.5.6.

O

Lemma 2.11.4. a) Let 01,19, ..., N9 be 2k distinct real numbers. Let n < 2k — 2. Then the
system of (2k — 1) linear equations of (Y1, Y2, - - - , Yor)

2k

> yiml =0 Vjen]u{o} (2.75)
i=1
has all the solutions given by
n+1
Z " H m Vi € [n+ 1] (2.76)
qg=n+2 E;éz
for any Yn42, - - - Yok € R.
b) Forany 0 < ngy1 < Ngao < ... < Mok and for any positive Y1, Yri2, - - - , Yok, there exists

infinitely many ny,ms, . . ., My satisfying

Merio1 < N < Ngais for2 < i<k, and () < < ngy1 and
2%k—1

Yi __y%Hn%—W Vk4+1<1:<2k-—1.
v (M=)
(=1
c) Forany 0 < npi1 < Moo < ... < Mok and for any positive Y11, Ygi2, - - - , Yok, the system of
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equations of (Y1, -, Yk, My - - k)

> yml =0 Vje[2k -2 u{o}
i=1
y; <0 Vielk] (2.77)
M € (0,M41), M € (Mhpim1, Meri) V2 <0<k (2.78)
has infinitely many solutions.
d) If Pg,, = P, for some positive integer n, then Pg ,, = Pgr , for any integer 1 < m < n.

e) Consider the kernel specified in Example 2.5.10. For any G € &,(©) and for any n < 2k — 2,
there exists infinitely many G' € £(©) such that Pg,, = Py . In particular, this shows
no(G) > 2k — 1 for any G € &,(O).

Proof: a) By Lagrange interpolation formula over the points 71,72, - - . , 1,
n+1 n+1 )
ZmH ") yie [m]u {0}, Vo € R.
i=1 Z;ﬁz N W)
=1

In particular, for any n + 2 < ¢ < 2k,

anr[(( Uy =110 ;¢ 1) U {0},
= M)

Plugging the above identity into (2.75), it is clear that the y; specified in (2.76) are solutions
of (2.75). Notice that the coefficient matrix of (2.75) is A = (1)) jefmju0}icjzr] € ROHD*(ZH)
has rank n + 1 since the submatrix consisting the first n + 1 columns form a non-singular
Vandermonde matrix. Thus all the solutions of (2.75) form a subspace of R?* of dimension
2k — (n + 1), which implies (2.76) are all the solutions.

b) Let a > 0. Consider a polynomial g(z) such that g(0) = (—1)*"a, g(ne) = —ﬁ, and for
2k—1

k+1<i<2k-—1,¢(n) = 1% I1 % Then this £ + 1 points determines uniquely a
7 £¢ k3

(=1
polynomial g(x) with degree at most k. By our construction, g(x) satisfies

2k—1
vig(m) = —yang(na) ] Uk =) gy <<k (2.79)
i (i = 7e)
l=k+1
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c)

d)

e)

Moreover, noticing that g(7;) > 0 for ¢ odd integer between k + 1 and 2k, and g(n;) <
0 for i even integer between k + 1 and 2k. Then there must exist 7; € (0,7.1) and
N € (Myriz1,Me4i) for 2 < @ < k such that g(n;) = 0. Then g(z) = bnfﬂ(ﬂf — 1)
where b < 0,11, 72, ..., are constants that depend on a, Ng11, - - -, Mok, Y1, - - - » Yok Plug
g(z) = b][L_,(x — n;) into (2.79) shows that (11,7, . . ., m) is a solution for the system of
equations in the statement. By changing value of a, we get infinitely many solutions.

First, we apply part a) with n = 2k — 2: for any 2k distinct real numbers 7, . . ., 7o, the

system of linear equations of (z1, ..., xa)

2k

D aml =0 Vje2k—2]u{0}

=1

has a solution
2k—1

Ti = —You H (s =~ ) Vi € [2k — 1],
i (i — ne)
=1
where we have specified xo, = yor.
Next, for the 1511, . . ., 72x given in the lemma’s statement, by part b) we can choose 7y, . . ., 7

that satisfy the requirements there. Accordingly, x; = y; for k 4+ 1 <1 < 2k. Moreover, it fol-
lows from the ranking of {n;}?*, that x; < 0 for any i € [k]. Thus (z1,..., 25, N1, ..., k) i8
a solution of the system of equations in the statement. The infinite many solutions conclusion

follows since there are infinitely many (7, ..., n;) by part b).

Pg -1 = Pgr -1 follows immediately from for any A € A", the product sigma-algebra
on X" 1,

Pg’nfl(A) = Pg’n(A X %) = Pgl7n<A X %) = Pg/m,l(A).
Repeating this procedure inductively and the conclusion follows.

By part d) it suffices to prove that n = 2k —2. Write G = Zle pidp, With 6 < by < ... < Oy.
Consider any G' = Elepgégg € &(O) with 0] < 0, < ... < 0}, such that Pg,, = Pg .
PGm:P(,Y/meI'n:Qk?—QiS

k k
D DO (=0T = pil0:) (1 -0 Vi=0,1,-- 2k —2.  (2.80)
=1 =1

0<0,<...<0, <1,p, >0, Vi€ k| (2.81)

Note the system of equations (2.80) automatically implies Zle P = Zle p; = 1. Lety; =
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—pi(1=07)*" "2, m; = 0;/(1 - 6;) for i € [k] and let Yy = pi(1—0,)°"2, sy = 0;/ (1 = 0;).
Then 11 < Nggo < ... <morandy; > 0for k+ 1 < i <2k. Then (p},...,p}, 01, ...,0)
is a solution of (2.80), (2.81) if and only if the corresponding (y1, . .., Yk, M1, - - -, 7k) is the

solution of

2k
> yml =0, Vje2k—2U{0}.
=1

O<m<...<mny <0, Vielk].

By part c), the system of equations in last display has infinitely many solutions additionally
satisfying (2.78). For each such solution, the corresponding (pf,...,p},01,...,0;) is a
solution of system of equations (2.80) (2.81) additionally satisfying 0 < 67 < 6; and
0;—1 < 0. < 6; for 2 <i < k. By the comments after (2.80),(2.81) we also have Zle P =
Zle pi = 1. Thus, such (p!,...,p},0,...,0,) gives G' € E.(O) such that Pgrop_o =
P o;—o. The existence of infinitely many such G’ follows from the existence of infinitely

many solutions (y1, ..., Yk, 71, - - -, M) by part ¢).
O

Proof of Lemma 2.5.11:  a) It’s obvious that ¢'V)(z,y), ¢ (z,y) are multivariate polynomials
and that

1)

¢ (y.y) = lim g (z,y) = f'(y),

72 (y,y) = lim 4 (z,y) = " (y).

That means ¢V (x, 3y) — f'(y) has factor  — y and thus ¢\® (x, y) is a multivariate polynomial

and

W (z.y) — F
Ty Tr—y

= lim Ty =51"W) = 54" y).

Then ¢ (z,y) — 2¢'¥(x, y) has factor z — y and thus ¢®) (z, y) is a multivariate polynomial.

b) Write A®) for A®) (... ;) in this proof. Denote A € R(2¢=2)%(2k) the bottom (2k — 2) x

2k matrix of A%, Let q](-l)(x, v), qj(?) (x,y), q_](?) (x,y) and q_](?’) (x,y) be defined in part a) with

f replace by f;. Then by subtracting the third row from the first row, the fourth row from the
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second row and then factor the common factor (z; — x5) out of the resulting first two rows

det(A(k)) :<CL’1 — xg)Qdet

:<I1 — l’g)gdet

=(2, — x5)*det

!
i

g
2
¢t

~(3)

a1

2
@

)(.771, 3:2)7

(xla x2)7

(xb 3:2)7

(:L‘h $2)7

(:L‘h x2)7

(371, x2)7

ey s (@, @)
A
@ (@, m0)
(2)
gy ()
A
(3
G (w1, )
g ()
A

(@)

where the second equality follows by subtracting the fourth row from first row and then factor

the common factor (z; — x5) out of the resulting row. The last step of the preceding display

follows by subtracting 1/2 times the second row and then extract the common factor (z1 — x5)

out of the resulting row. Thus (z; — x5)* is a factor of det(A™®), which is a multivariate

polynomial in 21, ..., z;. By symmetry, [T, s, (70 — 25)* is a factor of det(A®).

We prove det(A®) (z1, ..., x;)) = H1§a<5§k(37a

statement holds when &£ = 1. Suppose the statement for k£ holds. By b),

det(A(kH)(ﬂCh cee ,Ik+1)) = 9k+1(9017 cee ,$k+1)

H (Za — z5)

1<a<fB<k+1

4

— x3)* by induction. It’s easy to verify the

for some multivariate polynomial gy 1. Since f;(z) has degree j — 1, f;(x) has degree j — 2,

and hence by Leibniz formula of determinant
det(A®V(zy, ... 2y, 7441)) has degree no more than 2k-+2k = 4k for any z,, for o € [k+1].

Moreover, in [ ], <, s<pi1 (%o —75)" the degree of z, is 4k and the corresponding term is x,",
which implies in gi.1(x1, ..., xk,1) the degree of x, is no more than 0 for any « € [k + 1].
As aresult, gy 1(z1,. .., Zkr1) = qry1 is a constant. Thus

det(A(kJrl) (l’l, ey, Ty 0)) =qk+1 (

On the other hand,

det(A(kH) (ZL‘l, ..

RNy 0))
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d)

f1($1|k5+1), f2($1|k+1), ceey f2(k+1)(1'1|k+1)

[k +1), fylwalk+1), 0 fopp(@lk+1)
=det | fi(wplk +1), falarlk+1), .y foprn (zrlk +1)
fllalk + 1), folmlk+1), ooy foppn(@lk +1)
1 0, 0
0, 1 0,.... 0
Sk +1), fa(zalk+1), .0 fowsny(@i]k +1)
fs(ealk +1), fa(zalk+1), .. fogen(@lk+1)
=det (2.83)
fa(zelk + 1), fa(zplk+1), oy fogen (zrlk + 1)
faleelk +1), fa(zelk+1), -y fouen(@lk +1)

where the second equality follows by Laplace expansion along the last row. Observing
fi(x) = 2% f;_o(x) and f(x) = 2 f]_o(x) + 22 f;_5(x), plug these two equations into (2.83)
and simplify the resulting determinant,

det(A®T) (xy, ... 2y, 0)) = det(A® (ay, ... ) [ [ =i (2.84)

Compare (2.84) to (2.82), together with the induction assumption that statement for & holds,

Qk+1 = 1

That is, we proved the statement for £ + 1.

We prove det(A™ (1, ..., 2%)) = [Ti<acser(Za — 23)* by induction. Write f;(x|k) for
f;(x) in the following induction to emphasize its dependence on k. It’s easy to verify the case
holds when k = 1. Suppose the statement for k holds. By b), det(A*+D(zy, ... 2441)) =
Gri1(T1, oy Ty) H1§a<ﬁgk+1(:ca — z5)* for some multivariate polynomial g; ;. Since
fi(z|k + 1) has degree n = 2(k + 1) — 1, fi(x|k + 1) has degree 2k, and hence by Leibniz
formula of determinant det( A**+(zy, ...z}, x441)) has degree no more than 2k+(2k+1) =
4k + 1 for any x,, for o € [k + 1]. Moreover, in [, <41 (%a — 23)* the degree of z,, is
4k, which implies in gx,1(x1,. .., zg1) the degree of x, is no more than 1. As a result, it’s

eligible to write gx11(1, ..., Tpsr1) = hi(x1, ..., xp)Tpr1 + ho(wy, . . ., x1) where hy, ho are
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multivariate polynomials of x4, ..., z. Thus

det(A® D (zy, ... 23, 0)) :hg(xl,...,:pk)< 1T (:Ea—xﬁ)4>H:L‘i,

1<a<p<k

det(A¥+D (2, ... 23, 1))

=(hy(x1,...,zx) + ho(x1,. .., 7)) ( H (o — xﬁ)‘l) H(xa —1)%

1<a<p<k a=1

On the other hand,

det(A¥+D (2, ..., 23,0))

flz|k+1),  falz|k+1), ..., fogrn(@|k+1)
[k +1),  fylalk+1), ..., fopn(@ilk+1)
=det filzelk +1),  folaelk+1), ..., foggn(aelk +1)
filaplk +1),  folmlk+1), ooy fogn(zelk +1)
1, 0, 0
@k +1) - 1), 1, 0,..., 0
fa(zilk+1), fs(zilk+1), ..., fousny(z1]k+1)
fi(mlk + 1), fi(mlk+1), ..., fp(@lk+1)
=det
fa(zelk +1), fa(zlk+1), ..., fowsn(zklk+1)
fi(@plk + 1), f(zelk +1), ..oy fogpn(@wlk +1)

(2.85)

(2.86)

(2.87)

where the second equality follows by Laplace expansion along the last row. Observing
fi(x|k 4 1) = 2® f;_o(x|k) and fi(x|k + 1) = 2°f]_,(x|k) 4 22 f;_2(z|k), plug these two

equations into (2.87) and simplify the resulting determinant,
det(A(kH) (351, ey Ty O)) = det(A(k)(xl, . ,.%'k)) H xi.
Analogous argument produces

k
det(A®T) (2, ... an, 1)) = det( A (ay, .. ) [T (1 = 2a)*.

a=1
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Compare (2.88) to (2.85), together with the induction assumption that statement for & holds,
hz(%l,...,xk)zl, Vxl,...,:r;k.

Compare (2.89) to (2.86), together with the induction assumption that statement for & holds
and the preceding display,

h1($1,...,$k>:0, V$1,...,lek.

That is, gk 1(x1,...,251) = 1 forany xq, ..., Tg 1.

2.12 Proof of inverse bounds for mixtures of product distributions

For an overview of our proof techniques, please refer to Section 2.2. The proofs of both
Theorem 2.5.7 and Theorem 2.5.14 follow the same structure. The reader should read the former

first before attempting the latter, which is considerably more technical and lengthy.

2.12.1 Proof of Theorem 2.5.7

Proof of Theorem 2.5.7:
Step 1 (Proof by contradiction with subsequences)
Suppose (2.24) is not true. Then I{N,}?°, subsequence of natural numbers tending to infinity such

lim inf Pon, Prae)
r—0 GHeBw, (Gos) Dpy,(G, H)
G#H

Then 3{G}72,,{Ve}32; C &, (©) such that

— 0 as N, — oo.

Dy, (Ge, Go) = 0, Dy, (He, Go) — 0 as{ — o0 290
el =0 whmee

To see this, for each fixed ¢, and thus fixed Ny, Dy,(G,Gy) — 0 if and only if W, (G, Gy) — 0.
Thus, there exists Gy, Hy € &, (0) such that G, # Hy, Dy, (G, Go) < 1, Dy, (H,, Go) < 7 and

V(Pe,.Ng Pr,.n,) < lim o V(Pa.n,, Pun,) —|—1

DNZ (Ge, Hg) T r—0 G,HeByw, (Go,r) DNZ (G, H) 0’
G#H
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thereby ensuring that (2.90) hold.

Write Go = 31, pf ?0g0. We may relabel the atoms of G, and H, such that G, = S P 59e,
Hy=Y" ;0 with 0F, 17 — 6 and pf, mf — pj for any i € [ko]. By subsequence argument if
necessary, we may require {G,}32,, { H;}72, additionally satisfy:

VN (0f = nf) pi—mi
VU T) L pere, —PiTT e ROVI<i< 291
DN({(G%H@) DN£<G€7H£> ’ ( )

where the components of a; are in [—1, 1] and 3 1, b; = 0. It also follows that at least one of a; is
not 0 € R* orone of b; isnot 0. Let € {1 < i < kg : a; # 0 or b; # 0}.

Step 2 (Change of measure by index « and application of CLT)

Py x has density w.r.t. ®" 1 on X

N N N
f@lo,N) =] f(x;16) = exp <9T (Z T(%’)) - NA(H)) [T 7)),
=1 =1 j=1
where any 7 € X" is partitioned into N blocks as T = (1, o, . .., xx) with z; € X. Then

QV(PGz,Nw PHe,Ne)
DN[<G€7 HE)
o pfexp (06, 0% T(a;) ) = NeA(©!) ) = wlexp ({0t 0% T(ay) ) = NoAGE) )
B /xNz Dn,(Ge, Hy) .

=1

H h(z;)d @)

- topfexp (05, 0N Tlay) ) = NeA(8)) = wtexp ((nf, N T(ay) ) — NeA() )
Dii(Ge. Ho) exp (69, 0% T(a)) = NeA(82))

F(z]6°, Ny) d®u
F, (Z T(Xj)> ‘ : (2.92)
j=1

X

where X are i.i.d. random variables having densities f(-|6°), and

& plexp ({0, y) — NoA(6))) — wlexp ((nf y) — NeA(n!))
Fily) =2 Dy, (G, H) exp ({65, y) — NeA(63)) .
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Let Z, = (ZNZ T(X;) - NgEggT(Xj>) /+v/Ny. Then since 09 € ©°, the mean and covari-
ance matrix of T'(X;) are respectively V4 A(6°) and V3 A(6°), the gradient and Hessian of A(6)
evaluated at 6°. Then by central limit theorem, Z, converges in distribution to Z ~ N'(0, V2A(62)).

Moreover,

F, (Zg T(Xj)> =F (\/Eze + NngA(98)> = Vy(Zy), (2.93)

where \Ifg(z) =F) (\/Nez + NngA(Hg))
Step 3 (Application of continuous mapping theorem) Define ¥ (z) = p? (a,, z) + b,. Suppose:

U,(z¢) — ¥(z) for any sequence z, — z € RY, (2.94)

a property to be verified in the sequel, then by Generalized Continuous Mapping Theorem
([WVdV96] Theorem 1.11.1), ¥,(Z,) convergence in distribution to W (7). Apply Theorem 25.11
in [Bil96],

E[V(Z)] < lim inf Ego |¥e(Z,)| =0, (2.95)
—r00

where the equality follows (2.90), (2.92) and (2.93). Since W(z) is a non-zero affine transform and
the covariance matrix of Z is positive definite due to full rank property of exponential family, ¥(Z)
is either a nondegenerate gaussian random variable or a non-zero constant, which contradicts with
(2.95).

It remains in the proof to verify (2.94). Consider any sequence zy — z. Write

Uy(z) =Y I (2.96)
=1
where
;. piexp (ge(67) — i exp (:()))
v Dn,(Gy, Hp)exp (g(65))
with

9:(0) = (8.\/Nez + NVoA(82) ) — NeA(D).

For any i € [ko|, by Taylor expansion of A(6) at 69 and the fact that A(6) is infinitely differen-
tiable at 09 € ©°, for large ¢,

A7) — A(67) = (VA@)), n} — 07)] < 2IV2A07) ll2|Inf — 67113,
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which implies
Jim Ne[A(nj) — A(67) — (VAO)), 0} — 07)] < 2[[V2A(0)])2 lim DR, (Hy, Go) =0 (2.97)

where the equality follows from (2.90), and the inequality follows from that

Dy, (Hy, Go) Z\/Nzﬂm 07 1l2 + |7 — pil) (2.98)
Dy, (Gy, Gy) Zw o6 — 0212 + 196 — 1Y) (2.99)

for large . The same conclusion holds with 7! replaced by 6? in the last two displays.
For i € [ko], by Lemma 2.10.3 b) and the fact that A(6) is infinitely differentiable at 9 € ©°,
for large ¢

A7) — A(ni) — (VA7) 0 — ni)| < 20IV2A@) 121167 — nfll2(105 — 07112 + [Inf — 7 l2),

which implies

o NIAW) = Al) — (VA®?), 0 )|

£—o0 DN4<GZ7 Hf)
- VN6] = i)
< 2 O L)Y 7
2|V AwZ)HQgIHEO D, (G, Hy) (Dn, (G, Go) + Dn,(Hy, Go))
=0 (2.100)

where the inequality follows from (2.98) and (2.99), and the equality follows from (2.90) and (2.91).
Case 1: Calculate lim,_, o, 1,,.
When ¢ — oo

ge(ns) — 9:(00) = <77i -6, NeZe> — Ni (A(ng) — A(62) — (n — 0a, VeA(6))) — 0
(2.101)
by (2.90) and (2.97) with ¢ = «. Similarly, one has

lim (ge(65) — ge(6)) =0 (2.102)

{—r00
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Moreover when ¢ — oo

90(0%) — ge(nt) {04 — b v/ Nuze) — Ny (A(6L) — A(nh) — (0% — n, Vo A(62)))

_ — (g, 2
Dy, (G, Hy) Dy, (G, Hy) < )
(2.103)
by (2.91) and (2.100) with ¢ = a.
Thus
lim I,
{—00
- phexp (go(05) — ge(62)) — mhexp (ge(nf) — 9e(62))
= lim
l—o00 DN@ (Gﬁa H@)
iy SP9:000) — 9:(02)) — exp (gea) — 9e(62)
t—o0” * DNZ(G& Hy)
¢ ¢
Py — Ty 0
lim —&—2% _ex 0
9,0 fim &P (&) (90(05) — 9:(nt)) ph — 7, 0
lim + lim —*—% _ex 0
Yo DN@ (Gg, Hg) E—)oo DN£<G5, Hg) P (gé(na) gg( a))
Y ; VA
0 fim 90(0,) — 9e(n,,) + lim P2 = T
“ l—oo DNZ<G€7 He) £—00 DNZ(G& He)
(*i*)pg <aa’ > + bo” (2104)

where step () follows from mean value theorem with & on the line segment between g,(6%) — g,(6°)
and go(15) — ge(69), step (++) follows from g,(65) — g:(62), g:(1%) — go(62) — 0 due to 2.101),
(2.102) and hence &, — 0, and step (* * *) follows from (2.103) and (2.91).

Case 2: Calculate lim,_,, I; for i # a.
For i # «,

exp (gg(ﬁf))

e(98))
— 00,/ Nz + NngA(02)> — Ny (A(6;) - A(‘go)))

g
= exp (—Ng (A(ef) — A(02) — (0 — 09, Vo A(0))) — — <9f ,z€>>)
<exp (—— (A(0)) — A(62) — (67 — 62, veA(93)>)) for sufficiently large ¢,  (2.105)
where the last inequality follows from lim,_,, ﬁ <9f - 09, Zg> = (0 and

A(07) — A(09) — (6] — 0o, Vo A(6g)) > 0, (2.106)
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implied by strict convexity of A(6#) over ©° due to full rank property of exponential family. Similarly,

for sufficiently large /,

P (0u)) _ Ne g a0 g A
oxp (9(09)) p< 5 (A7) = A0) - (6 9a>VeA(9a)>)). (2.107)

It follows that for i # «

{—00
6)) — ‘ - ¢
— . (90(6)) — exp (ge(nf)) N hm‘ -7l |exp (gz(né))
(oo " | D, (Gy, Hy) exp (ge(65)) | ¢=o0 | Dy, (G, Hy) | exp (ge(6)))
¢ ¢ 0 _ oot ¢
<% lim max{exp (g¢(6¢)) ,EXp (9e(f))} 1 9e(68) — ge(nf) by tim &2 (ge(né))
=00 exp (9¢(62)) Dy, (Gy, Hy) =00 exp (g¢(09))

9¢(6) — 9¢(})
Dy, (G, Hy)

; |bz-|),

(2.108)

< i xp (=2 (4000 - a) — (00— . vua)))) (it

where the second inequality follows by applying the mean value theorem on the first term and
applying (2.91) to the second term, while the last inequality follows from (2.105) and (2.107).

Since
. gé(‘ge) - gﬁ(ﬁg)
lim su G !
f*)OOp Nf DNg(G£7 Hﬁ)

oo VNG Dy, (G, Hy)

—/NZ (A(0Y) — A(6%) — (0f — nt, Vo A(60)))
DN@ (Gf? Hf)

. (0f —nf,/Nozg + NeVgA(02)) — Ny (A(0F) — A(nf)) '
= lim sup

< lim su (VN(0F — 1), z¢)
- e—mp Ny Dy, (Gy, Hy)

. VNG (0F —nf, Vo A(0Y) — Vo A(6)))
+ lim sup
£—00 DNe (Gfa Hf)

= |{ai, Vo A(65) — VoA(69))],

+ lim sup

L—00

where the last step follows from (2.91) and (2.100). Then for sufficiently large ¢

gz(ef) - ge(nf)
DNZ (GZ7 He)

< <|<ai,V9A(98) — Vo A(8)))| + %) VN, (2.109)
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Plug (2.109) into (2.108), for any i # «,

1
lim [1] < lim e % (004G ~(5 025040 (\<az,v9A (65) — Vo AOD)| + Z) VN

=0. (2.110)

Combine (2.96), (2.104) and (2.110), we see that (2.94) is established. This concludes the proof
of the theorem. O

2.12.2 Proof of Theorem 2.5.14

Proof of Theorem 2.5.14: Step 1 (Proof by contradiction with subsequences)
This step is similar to the proof of Theorem 2.5.7. Suppose that (2.24) is not true. Then I{N,}7°,

subsequence of natural numbers tending to infinity such that

V(PG,Np PH,N;)

rl—I>I(l) G,HEB}IV%Q (Go,r) DNe (G7 H) o >
G#H

Then 3{G,}°,,{H,}2, C &, (O) such that

Gy # Hy \Z4
DNZ(GK,G()) %O,DNZ(Hg,GO)%O as ! — oo (2.111)
—V(I;G;;(Vg:gi’)w ) 0 as { — oo.

To see this, for each fixed ¢, and thus fixed Ny, Dy, (G, Gy) — 0 if and only if W;(G, Gy) — 0.
Thus, there exist Gy, H, € &, (O) such that Gy # Hy, Dn,(Ge, Go) < % Dy, (Hy, Gy) < % and

V(Pa, . P V(Po,, P 1

( G, Ng> HuNe) < lim inf ( G,Ny> H,Ne) + =,

DNZ (Gg, Hg) r—=0  G,HEByw, (Go,r) DNZ(G7 H) l
G#H

thereby ensuring that (2.111) hold.

Write Go = 321, pf ?0g0. We may relabel the atoms of G, and H; such that G, = S 594,
Hy=Y" ;0 with 0F, 17 — 0 and pf, mf — pj for any i € [ko]. By subsequence argument if
necessary, we may require {G,}2,, { H;}72, additionally satisfy:

Dy, (Hy, Go) wallm 0?12 + |rf — p2I) (2.112)
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D, (G, Go) Z\/N,gue‘f 012 + [pf — pY)) (2.113)

and
VN (0F —nf) pl — !

SaeR, DT eROVI<i<k, (2.114)
Dy, (G, Hy) Dy, (G, Hy) 0

where the components of a; are in [—1, 1] and 3%, b; = 0. It also follows that at least one of a; is
not 0 € R orone of b; isnot 0. Let v € {1 <i < kg:a; #0orb; #0}.

Step 2 (Transform the probability measure to support in R?)

Let 7} : (X, A) — (R*, B(R?®)) be an arbitrary measurable map in this step. Extend 7} to
product space by T} : XV — RN by T'z = ((T1x1)7, ..., (Tvzn)T)T where any 7 € XV is
partitioned into N blocks as & = (x1, s, ..., zx) with z; € X. Then one can easily verify that
QY P oT = QY (Pyo Ty 1), and hence for any G € &, (O)

ko ko N
PG,N o Tlil = sz(PghN o Tfl) = Zpl (® (sz (@) Tll)) .
i=1 1=1

Further consider another measurable map T : (RY*, B(RY#)) — (R®, B(R?)) defined by Tyt =
SV | t; where £ € RV® is partitioned equally into N blocks & = (17,1, ... t%)” € RV*. Denote
the induced probability measure on R* under Ty o T} of the Py y by Qg n := <®N (PyoTy 1)) o

T, ' Then the induced probability measure under Ty o T} of the mixture Pg y is

ko
51 1 ._
PonoT[ o1y = E piQo, v = Qa,N-
=1

Note the dependences of T and T on N are both suppressed, so are the dependences on T of Qg v

and Q¢ .
Then by definition of total variation distance

V(FPen, Pan) > V(QanN,Qun), VN,V
The above display and (2.111) yield

lim V(QG@,N(? QH[,N@)

-0, VT 2.115
~0 Dy, (G, Hy) ’ ! ( )

Step 3 (Application of the central limit theorem)
In the rest of proof specialize 7} in step 2 to be 7T},. Write T' = T, to simplify the notation in the
rest of the proof. Let v > 0 and > 1 be the same as in Definition 2.5.13 of 7" = T}, with respect to
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the finite set {#}*, and define O(G)) := Uko B(6?,~). By subsequences if necessary, we may
further require that G satisfy 6 € B(6?,) for all i € [ko] and N, > 7.

Consider {X;}2°, "4 p, ThenY, = SV TX, is distributed by probability measure Qy,y,,
which has characteristic function (¢7(¢|6))™¢. For § € ©(Gy) by (A3) in the definition of admissible
transform, by Fourier inversion theorem (g n, and Y, therefore have density fy (y|6, Ny) w.r.t

Lebesgue measure given by

fY(ywv Nf) =

(27108 /R e~ (G (0))N0dC. (2.116)

Then ()¢, n, has density w.r.t. Lebesgue measure given by Zfil pify (y|0¢, Ny), and thus

2V(Qa, N, Qu,Ny) / iy (ylo;, N Zﬁefy yli, Ne)| d (2.117)

For Y, has density fy (y|0, N,), define Z, = (Y, — Ny\g)/+/N,. Note this transform from Y,
to Z, depends on 6 in the density of Y;. Then by the change of variable formula, 7, has density

fz(2]0, Ny) w.r.t. Lebesgue measure, given by

F2(216, No) = fy (V/Nez + Nedold, No)N;?,
or equivalently
W10, No) = £2((y — Neda) //Nel6, No) /N3 (2.118)

Now, applying the local central limit theorem (Lemma 2.16.1), f(z|6, N,) converges uniformly in
2 to far(2|0) for every 6 € O(Gy). Next specialize to 62, and define

1 1
wy = sup {w >0: fz(2|6°, Ny) > @) 7230 for all ||z||2 < w} :

We use the convention that the supreme of () is 0 in the above display. Because of the uniform
convergence of f7(z]0°, Ny) to fa(2]6°), we have w, — oo when £ — oco. It follows from (2.118)
that fy (y|65, Ne) > 0 on B, := {y € R¥|y = v/Nyz + Nehgo for ||z]|s < w,}. Then by (2.117)

2V (Qa,.ny Qu,n,)

DNg(G€7HZ)
Zko pi ¢ Z pi—m ¢
/S p DNZ(G&HE) (fY(y‘ i 5) fy(y|7]z7 f + DN[(GﬂaHZ) Y(y|7h7 5) Yy
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ko

>/ S P fr (107, Ne) = fv (ylng, Ne)
~J, |“= Dn,(G., Hy) Sy (Y162, Ne)

i pi—mt fy(ynf, Neo)
“— Dn,(Ge, He) [y (y]0%, Ne)

=Egg [Fo(Y2)]

_|_

fy (y162, Ne)dy

=Ego [V(Z0)], (2.119)
where
Fu(y)
2 k
_ ZO: pf fY(?JWf,NZ) _fY(y|"7§’N€) + . pf_ﬂf fY(y|771eva) 1z (y)
“— Dn,(Ge, Hy) fy (Y0, Ne) “~ Dn,(Ge, He) fy(yl0o, Ne) )~ 777

and
‘114(2) = Fg(\/ NgZ + Ng}\gg).

Observe if Z; has density f (2|65, N;), then Z, converges in distribution to Z ~ N(0, Ag).
Step 4 (Application of a continuous mapping theorem)
Define W(2) = p2 (J3(62)aa) Ajlz + b, where J3(60) € R**9 is the Jacobian matrix of \(6)

evaluated at 6°. Suppose:
U,(2z¢) — ¥(z) for any sequence z, — z € R®, (2.120)

a property to be verified later, then by Generalized Continuous Mapping Theorem ([WVdV96]
Theorem 1.11.1), ¥,(Z,) convergence in distribution to ¥(Z). Apply Theorem 25.11 in [Bil96],

E[W(2)] < lim inf B [W¢(Z,)| = 0,
—00

where the equality follows (2.119) and (2.115). Note that Ay is positive definite (by (A1l)) and
J5(6°) is of full column rank. In addition, by our choice of «, either a,, or b, is non-zero. Hence,
U (z) is a non-zero affine function of z. For such an ¥(z), E|¥(Z)| cannot be zero, which results in
a contradiction. As a result, it remains in the proof to establish (2.120).

We will now impose the following technical claim and proceed to verify (2.120), while the proof
of the claim will be given after the current proof.
0t

Claim: For any 1 < i < ky, for any pair of sequences ¢, 7/ € B(#?,~) and for any increasing
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Ny > 7 satisfying \/N||0f — 0|2, / Ne||7f — 692 — 0 and Ny — oo:

) - . L Ofn (W02, No) g :
TN =N sup | (016, 50) — ol ) — 32 PR (o gty

yERS =1

—o(V/ N[0! — 7ll2),  asl — oo, (2.121)

where fa(y|0, N) is the density w.r.t. Lebesgue measure of /(N g, NAy) when Ay is positive
definite.

Step 5 (Verification of (2.120))
Write Dy = Dy, (Gy, Hy) for abbreviation in the remaining of this proof. Observe by the local
central limit theorem (Lemma 2.16.1)

|f2(2el05, No) = fx(20a)| < sup | f2(2'100, Ne) = fac(Z100)] + | far(zel0a) — far(2100)] = 0,

z'eRs
as ¢ — oo, which implies
Jim f7(20100, Ne) = far(2]604)- (2.122)
0 fy (VNeze+Nodyo |09,N, : . .. .
Hereafter fr(VNezed Ndgg WONG) - oty (wlf2.No) . Similar definition applies to

000) 06()

Y=V Neze+NeAgo
IfN (VNeze+Nedgg 169,N¢)

. Then for each i € [k,

1 fy(V/Neze + Nedoo 16, No) — fy (VNeze + Nedgo 175, Ne)
— 5 1Bz(\/Nng—|—Ng)\gg)
D, Sy (VNyze 4+ NyAgo |05, Ny)
_Nj/g fy (V' Neze + Nedgo |65, No) — fy (V/Neze + Nedgo [0}, No) 15, ()
D, [z (2|65, Ne) e
B Ofn (V' Npzp+NgA g|9?7Nz) . .
NZ/Q 321 900) ’ ((6f)(]) - (Tlf>(])) + J(9877717 ) ]—E (Zz) (2 123)
—\ Dy fz (20|05, Ne) Dy fz(2105, Ny) e

where the first equality follows from (2.118) and where in the first equality F, = {z € R*|||z]|s <
wy }. Observe that for any i € [k

VNe||6; = 67| =0, (2.124)
V Nellnf = 67| =0 (2.125)

by (2.112), (2.113) and (2.111). Then by applying (2.121) with 8¢, ¢, N, respectively be 6¢, ¢, Ny,
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and by (2.114),

0¢,nt, N,
i 0SNG
{—00 Dg
which together with (2.122) yield
J(05, 0k, N,
fim 0676 No) 15,(2) — 0. (2.126)

(=00 Dy f7(203, Ny)

Thus by (2.123) and (2.126)

lim o p_ffy(\/ Nozg 4+ Nedgo |05, No) — fy (v Neze + Nedgo |69, Ny) 15, (v/Noze + Nergo)
f—r00 = Dg fy(\/Nng—f—Ng)\ggwg,Ng) ‘ «
k. s/2 q 8fN(\/mZZ+NZ>\9g|6?7N4) YA ;
_ ZO P9 lim NiP 004) (6% — (D)) 15, (z), (2.127)
" imoo | Dy fz (2|00, Ny) ‘

provided the right hand side exists.
Note that for each j = 1,...,¢, and any § € ©(G)), by a standard calculation for Gaussian

density,
O1x(416. N)
901)
=fn(ylf, N) (—%det (Ao @(1;;—8}0)
. _
(%) Ayt(y — Ng) — %( — N)g)T <%> (y— NM)) :
so we have

O fn (v Nozg + Nedgo |09, N)

200)
1 —1 Odet(Ago)
=In(V/ Neze + Negg |67, No) <—§det (AHO) 200

g0\ "
( ~ ) A;?I(\/NZZZ-FN@()\@% —)\9?))—

00)
A,

Ze + V/ Ny( )\90 )\60 (89—> 2o+ v/ No( )\90 )\90 )

. 1 1 Odet(Agp)
=N, 2 fv(ze+ VNeQag = M) 167) (‘5 det(Ag) 000
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Mg\
(89(33) Mgy (VNezz + Neg = Aap) -
N

%(Ze + \/M(Aeg - Ae?))T (W> (20 + \/ﬁz()\eg - Aag))) :

Thus, when i # «,

ngl af,/\/’(\/NgZz—i- NzAggW?,Ng)
¢ 00()
<N, 2 far(ze + V/ Ne(Agg — A)|67)C(67, 2) Ny
—0, (2.128)

where the inequality holds for sufficiently large ¢, C(6?, z) is a constant that only depends on 6?
and z, and the last step follows from Ago # Ago by condition 1) in the statement of theorem.
When i = o,

N Ofn(VNeze + Nedgg 167, Ny)
¢ 00)

1 odet (A T A,
-1 1 1 0; 8)\93 _ 1 00
=N, 2 far(2]6°) —édet <A9g> 500 + (80(1)) Aegl( Neze) — §ZgT <89(J’) > 2

g \ "
s Fur(2]60°) <898f3> Az (2.129)

Plug (2.128), and (2.129) into (2.127), and then combine with (2.122) and (2.114),

fo ol (V/Noze + Nodao |08 No) — fy (V/Noze + Nodgo [0y N,
lim p—’fy( 2+ Nedog |63, Ne) = fy (VNeze + Nedog i, e)lBg(\/ﬁﬂzf_"NZ)\GO)
oo i Dy Fr (VNeze + Nodgn |60, Np) 0
4q T
O
=p0 > al) (806(1)) Ag'2
j=1
=% (Ja(00)an)" Agg'z. (2.130)

Next, we turn to the second summation in the definition of W, in a similar fashion. By (2.118),

VNoze + Nodgo [t N,
SV Nez Sal ‘?78 0 1Be(\/ﬁfzé + Nedgo)
fy (W Nezg + Nyhgg |03, Ny)

_ N2 fy (V' Nz 4+ Nedgo |1, No)
¢ J2(20|05, N;)

AEN)
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Ofn (V' Neze+NeX o 1609,Np) . .
s/2 fy(\/ Nng + Ng)\gngo, Ng) —+ 23:1 ¢ Zae(i)é 03 ‘ ((Qf)(]) _ (Q?)(J))

<N
— fz (2|03, Ne)

15, (z0)

J(Uf7 9?7 Nf)

fz (20|09, Ny) Lei(#0) @130

Due to (2.125), by applying (2.121) with 6%, if, N, respectively be ¢, 09, N;, and by (2.111),

i R

lim J(nf,@?,]\@) — 0,

{—00

which together with (2.122) yield

£ 90 N
lim J(nzaem 4)

Sl T T g . 2.132
oo f7(20]60, Ny) z.(2) = 0 ( )

Moreover for any i € [ko],

T 0fn(VNeze + Nedgo |69, Ny) . .
s/2 N Z Z Z Oa 7 Z
NZ/ Z 0 ((95)(]) _ (9?)0))

J=1

Ofn (V' Neze + Nedgo |69, Ny)
ae(j) = \/a\/ NZHQf_Q?HZ

—0. (2.133)

< max Ne(s_l)/2
1<j<q

by (2.128) and (2.129) and (2.124).
Combining (2.131), (2.132), (2.133) and (2.114),

; ’“Z pt =t Sy (VNeze + Nedag |67, No)
Dy fy (V' Neze + NeAgo |00, Ny)

_ kzo b lim N°° fy (VNeze + Nedgo |67, Ny)

1BZ(\/ Nng + Ng)\gg)

— ] 1
L F2 (24109, No) ()
k 0
0 Jz(ze + vV Ne(Xgg — Ago)[07, Ny)
_ b; 1i o i 1 2.134
2 T e () =

where the last step is due to (2.118).
When ¢ = a, the term in the preceding display equals to 1p,(2,), which converges to 1 as
¢ — co. When i # «,

| f2(/ Ne(Agg — Ago) + 2167, Ny)|
< sup [f2(2'167, No) = far(Z'100)] + Far(V/ Ne(Aag — Ago) + 2467

Z'€Rs
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-0, (2.135)

where the last step follows from Lemma 2.16.1 and \gy # Ago by condition 1) in the statement of
the theorem. Plug (2.135) and (2.122) into (2.134):

’“Z° P! — 7 fy (V/Neze + Nedgg |69, Ny)

v Lg,(V/ Neze + Nedgg) = ba- 2.136
Dy fY( N€Z€+N4)\gg|6’g7]\/'£) B‘f( 1224 14 03) ( )

Finally, combining (2.136) and (2.130) to obtain

lim Wy(z) = ¥(z) = p° (J,\(é’g)aa)TAe_olz + bq.

{—00
Thus, (2.120) is established, so we can conclude the proof of the theorem. O]

Proof of Claim (2.121): We will write 6¢, ¢, N, respectively for 6¢,7¢, N, in this proof. But

(2

0¢,m¢, Ny in this proof are generic variables and might not necessarily be the same as in the proof of
Theorem 2.5.14.

For any 6 € ©(G)), by condition (A1) V¢ ¢(C|0)]._, = i\g, and Hess; ¢(C|0)]._, =
i (Ag + Mg} exist, and by condition (A2) -2 and 234 exist. Then, with condition (A1)

000) 000)
OfINWION) s is oi
=255y exists and is given by

Ifn(lo,N) 1 / icTy T N O N _;OMg
00 @y Ju© O\ ENC A= S A NG S = 50 Ban ¢ ) 46

(2.137)
ugging the Fourier inversion formula (2. and (2. into (2. , and noting |e~* <
Plugging the Fourier i ion f la (2.116) and (2.137) into (2.121), and noti iy <1

it follows from Pratt’s Lemma that

for all y € R?, for sufficiently large ¢ we obtain

s/2
(j;fi->5 \/RS |(¢T(C‘ef))Ne - (¢T(C|77f))N[ _

q
N T o —Ne T p . . . 8)\0 1 aAo
— N TSN (009 — (1)) (ch == 5CT efc)
Jj=1

J(ef7/’7£7N€) S

006 2> 90U) d¢

<Jy+ jz7

where

. N . N
oyt [ J@r o™ = (o (e
N (6r(cl6D) ™S (@09 — (rfy) 2D
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and

je — N;/2+1 1 |90 Ne—1 6¢T(C’9?)_

(
(2r) & Z 607 = ()" 200)

. o\ 1 oA 0
—exp (UVZCT)\eg - 7@%@) ( ¢ ae{j ~5¢" 555 g) ‘ ¢

We will show in the sequel that J, = o(v/Ny||0¢ — 1)¢||2) in Step 1 and show J, = o(v/N||6¢

¢
—1; ll2)
in Step 2, thereby establishing (2.121).
Step 1 (Prove J; = o(v/Ny||6¢ — nf||2))
By Condition (A3) and Lemma 2.10.3 b),
5 Ns/2
T)W IR | 14562
(2.138)
where with 0,(t1,t2) = 0 + to(nf + t1(6f — nf))
(¢; 67,07, n¢, 4, B),
_5 007(Cl00(t1,t2)) ODr(C|Op(ty, t
T
L Por(ClOu(t, t
N (Gr(Clonten, ) gé(J)éé(lﬂ) D) dtadts
Then
/ [Ri(G 60,657t , )] dc
1
< [ / [ 1entciaut. )
sJo Jo
007 (C106(t1,t2)) Odr(Cl04(t1,t2)) o7 (Cl0u(t1, t2))
(Nf 000 90(B) 000 90(B) dtydtydg
1 p1
N [ ][ or@lenten
o Jo Jrs
001 (C|0e(t1,t2)) 0Pr(C|0e(te,t2)) D*¢r(ClOo(t1, t2))
(Nf 00) 50(B) + 000 9o B) dCdtadty
::NERQ(egaefanzvj?ﬁ)> (2139)

where the first inequality follows from the fact that |7 ((|0,(¢1,t2)))| < 1, and the last inequality fol-
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lows from Condition (A3), Tonelli Theorem and the joint Lebesgue measurability of ¢ (([0s(t1,t2)),

8¢T(Ca|z‘f§f 1:2)) and ’32‘1’;6(5‘)950(5;;”” , as functions of (, t; and ¢, by Lemma 4.51 of [AKO06].

Then following (2.138) and (2.139),

Jo

1<5,8<q

=C(q,8)v/Ne [|0F =0t ||, v/ Ne[[65 = 071], + || = 67]],) %

max /1/1/ or (=] bu(t1.12) oy I6r(i e, 12)) 061 (i 0, 1)
1<i6<a Jo Jo Jeo | T \VNG| VR ¢ 000 06(8)
Por( S l0eti, )|\ -
V' Ny )
596500 dCdtydty, (2.140)

where in the first inequality C'(g, s) is some constant that depends on g and s, and where the second
equality follows from (2.139) and changing variable with ( = \/N;(. Denote the integrand in the
last display by E; 5(C, t1,t2).

Observe fy (y|6s(t1,t2), ) exists and has upper bound ﬁ Jas
by condition (A3). Then invoking Lemma 2.16.2, for ||||» < 1,

Or(Cl0c(tr, £2))"dC < C(s)Ua(67)

r Cls)|cl Cls)IiCl3
[9r(¢Ieltr, )" < exp (‘ v i) 1>Azlaa<Aet<e>>>U§<99>) < exp (‘ U3<99>U§<99>> ’

2.141)
where the last step follows from (Amax(Ag,¢)) + 1) A% (Mg, o) < Us(6?) by condition (A1) with

Us(6?) being some constant that depends on 6Y.

Moreover, by the mean value theorem and condition (A3): V||C|]2 < 1

‘8¢T<<|9£<t1,t2)>‘ _ ‘6¢T(<|96(t17t2)) _ 5¢T(O|9é(t1,t2))'

900 900 900
) 0,(ty, 1
< |[[¢ll2 sup ||V Pr(C|elts, t2)) < VsULO9)|[Cla. (2.142)
Illa<1 200) )
Then

/ E],,B(Ea tlatQ)dE

COIER  N—2 o1 g ) g
<o e v ) (V501G + Ut

< [ e (~grriomerts ) ((VSU)” I3 + Ualeh)) d¢
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=C(s,7,0), (2.143)

where the first inequality follows from (2.141) and (2.142).

Let 7 := sup|¢|,>1 [67(¢167)]. Since the density fy(y|67,r) w.r.t. Lebesgue exists and has
characteristic function ¢/.(¢|6Y), ¢%4(¢|6?) — 0 as ||¢|l2 — oo by Riemann—Lebesgue lemma. It
follows 7 is actually a maximum. Moreover, the existence of the density fy (y|6?, ) w.r.t. Lebesgue,
together with Lemma 4 in Section 1, Chapter XV of [Fel08], yield |¢7(¢[69)|" < 1 when ¢ # 0. It
follows that < 1. By mean value theorem and (A3)

sup o7 (Cl0e(tr, t2)) — or(C10))] < /aln(67)167 — 672,

CERS

which further implies sup,¢(o 1 Sup|¢,>1 |67 (C10e(t1,22))| < 1+ L1 =y < 1 for sufficiently

large /.
Then for sufficiently large ¢,

/ E;5(C,th, t2)dC
I<]l2>+vNe

<) /R |or (\/LN—Z

<O N 1) [ e (cloutt )l (14

r

Por(|0e(tr 1)) .
00U 99B)
D2 Pr(C|0s(t1,t2)) i
00U HHB)
< ()N NG (NQUR () + 1) Un(69), (2.144)

Oo(t1, tg))

(Nsz(Q?) +

where the first inequality follows from the definition of 7" and condition (A3), and the last inequality

follows from condition (A3). (2.143) and (2.144) immediately imply for any j, 5:

1,1
lirnsup/ / / E; 5(C, 1, ta)dCdtadt, < 00, (2.145)
o Jo Jrs

f—r00
The above display together with (2.140) and the conditions /N||0¢ — 09|, v/Ne||nt — 6]|2 — 0
yield J; = o(v/Ne[|6f — 1 |2).

Step 2 (Prove .J; = o(v/Ny||0¢ — 1||2)). A large portion of the proof borrows ideas from Theorem
2 in Chapter XV, Section 5 of [FelO8].

Observe

NG |
oy 12 Kil) (2.146)

Jo </ NJI6f =0t
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where as before by a change of variable, ¢ = v/Ny(,

Kl =N [ [(oriclom) e 2ol
~exp (z‘NgcTAGg - %mgc) (z'cT o e ) ‘ @
[ )™ 2
—exp (87 = e ) (167t - LT
- [ Vm (e/}wf”e?m (\/LN_eyeg))N“ _%Téﬁ‘@? )_

v op Lopy = ) Ta)‘%) 1 0 =
o (Gt = 5700) (it~ )| € @9

—i¢T . .
Denote the integrand in the above display by A. Since Ago and Agg exist, e ¢ Ao o7(C10Y) is twice

continuously differentiable on R?®, with gradient being 0 and Hessian being i2A9g at ¢ = 0. Then by

Taylor Theorem,

7 or (1)

1 .
< exp <—Z—1CTA9?C> if 0 < [[C]l2 < 71, (2.148)

for sufficient small 0 < v; < 1 and

o _ No—1
(7o () e (-5¢00). S

Let " := sup|¢|,>-, [#(C|6o)|- By the same reasoning of 7 < 11in Step 1, 7" < 1. Then for any
a >0,

/ AdC = AdC + / AdC + / AdC. (2.150)
: IC]l2<a a<|[Cll2<m vNe €27 v Ne

Then, as ¢ — oo

/ Ad¢
ICll2=>v1vNe

<GV Jor (o
+ VN, exp (
[<ll2>v v Ne

UL (07)d¢

=T 8)\9?
900)

90) '
_ 1
9°<> ( N,
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)" N ) [ for ()] a¢

1- ~ _ OAgo 1 . 0Ag |\ -
+/ exp (——CTA oC) ( T ‘+ ("¢ ) dc
1G22 VAR 2> 200)| " 2 /N, |> 900)
=0, (2.151)

where the first inequality follows from condition (A3) and the definition of 7", and the last step
follows from 7” < 1 and condition (A3). o
By condition (A2), 001(C107) a4 4 function of (¢ has gradient at 0: 25

900 5405+ Then by Taylor Theorem:
00r(Fl0h) O
m ¢ - =T 9,’
VN = idT (2.152)
Moreover, specialize ¢ = 0 in (2.142): V||(||l2 < 1
0 09
'—@é% N < s @)l (2.153)

By combining (2.148) and (2.153), we obtain as ¢ — oo

/ AdC
a<|[¢ll2<y1vNe

<VN; P (—NjN ¢" Ago c) VsUL(87) (”4“2)
a<[¢ll2<mvNe

14,
8)\0 _ 0Ny _ _
)(‘W aeeﬂ‘ v )«

2N, 06U)
<[ 2€Xp(—§CTAegC>C( ) (ICll + C12) 4
a<[[Cll2<m1vNe

1. N _ _
et [ 2ew (568 (1C0 + 1G18) . (2154

where in the second inequality we impose N, > 2 since it’s the limit that is of interest, and C'(6?, s)
is a constant that depends on 69 and s.
Finally by (2.149) and (2.152), when ||(||> < a

o = Ny—1 ¢ 1po
——i 8T ¢ 001 (5 107) e oY
\/ Ng (6 VNe % ¢T <—m‘010)> T\/g — €Xp _ECTAG?C ZCTW'
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Moreover

P i 0N\ 1 O0Mgo
VNeexp (¢—_ng99_ CA@‘)C) (\/_ 9601 ~ 2N,° 260) C)

)\90

0
N

and hence limy_,,, A = 0 when ||(||2 < a. One can also find an integrable envelope function for A

when ||(||2 < @ in similar steps as (2.154), and then by Dominated Convergence Theorem,

/ AdC — 0. (2.155)
ICllz<a
Plug (2.155), (2.154) and (2.151) into (2.150) and (2.147),

limsup Ky(j)

f—00

<C@s) [ 2o (5800 (1Cka-+ IC1E) G

Letting a — oo in the above display yields K,(j) — 0, which together with (2.146) imply
Jo = o(v/Nil|} = nf[2)- =

2.13 Proofs and auxiliary lemmas of Section 2.6

2.13.1 Proof of Theorem 2.6.2

Proof of Theorem 2.6.2:

a) Step 1 Write n for n;(Gy) in the proof for clean presentation. Note that (B3) implies that
0 — Py from (O, || - ||2) to ({ P }eco, h) is continuous. Then due to Lemma 2.5.5 and Lemma
2.3.2e),forany N > ny V ng,

h(pe,n.pay,n) = V(Pan, Paon) = C(Go, 1)W1 (G, Go)
> C(Go, @1)D1(G, Go), VG e gko(@l). (2.156)

Moreover, by Lemma 2.5.4 for any N > ny, and VG € &, (0;) : Wi (G, Gy) < ¢(Gy, N)

h(pa,n,pay.n) = V(pan, Paon) = C(Go)Dn (G, Go) (2.157)

where ¢(Gy, N) is a constant that depends on Gy and N. In the rest of the proof N > n; V ng

is implicitly imposed.
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By (2.156), for any € > 0,

€
h < : D S G o [
{G S 5k0(@1) (pG,N;pGo,N> < E} C {G € gko(@l) I(G, GO) = C(GOagl)}

(2.158)
Recall that ©; C © C R? and II is supported on &, (©1). Then for any j € N, by (2.158)

_ 25€
I <9 <II(D < A A
(h(pe.n: pao,N) < 2j€) < ( 1@, Go) < C(Go,@1))

2je ko—1 ( 2je >ko
N L 2.159
~ (C(Gm@l)) C(Go,01) ( )

where the last inequality follows from (B1).

Using the argument similar to Lemma 3.2(a) in [Ngu16] for any G = Zfi L Do, € Eky(O1)
K (pgyn:pan) SNWE(G, Gy)

ko
SC(diam(@ﬂ, Oéo)NTIgéil Z (||97-(i) — 9?”30 + |p7(i) - p?|) 5
0 =1

where the first inequality follows from (B3) and the second inequality follows from Lemma
2.3.2b). Then

ko—1
62 62 0

qko/ao
C(diam(O,), ao)N) (C(diam(@l), ag) N

1 (K (py s o) < €2) 2 (
(2.160)

Combine (2.159) and (2.160),

I (h(pa,ns Pao,N) < 2j€)
II (K (Pgy,n, Pon) < €2)

< C(Gm O, q, o, ko)jqko+ko—1qu’o/a0+ko—16—qk0(2/a0—1)—(k0—1).

By Remark 2.6.1 ag < 2. Then based on the last display one may verify with

In(mN)

em,n = C(Gy, 01,4, ko, g, Bo)

for some large enough constant C'(Gy, ©1, ¢, ko, o, Bo)»

I (h < 2jem 1
(h(pa,n, PayN) < JZ N) < exp (—jmﬁiﬂv)-
I (K<pGo,N7pG,N) < 6m,N) 7
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Step 2 By (2.158),

1
sSup In N (567 {pG,N G e gk0<®1)7 h(pG,N7pG0,N) < 26}7 h)

eZE'm,N
1 2€
SEZSSE,)N In N 56, PG,N - G e gko(@l)a Dl(G,G(]) S m ,h
4 x 8% 1 —(#-D
<gkoln | 1+ —~—~N%0¢, + (ko — 1) In (1 + 160¢, 2y ) ,
1o ( C(Go, 61) N ) (ko = 1)In )

where the last inequality follows from Lemma 2.13.1. By Remark 2.6.1 5, < 1. Then based
on the last display one may verify with

In(mN)

€Em,N = C(GU) @17 q, kOa Qp, /80)

for some large enough constant C'(Gy, O1, ¢, ko, o, So)»

1
sup I <§e, (e C € E1(00), hlpon. pin) < 26}, h) < meé, .

EZE'm,N
Step 3 Now we invoke Theorem 8.11 in [GvdV 177, for every M,,, — oo,
(G € £, (01) : Mpa,n, Paon) = Mem | Xing, Xings - - - X[3y) = 0 (2.161)

in @™ Pg, n-probability as m — oo while fixing N. By (2.157) and applying the union
bound,

M,
C(Go)
<II(G € & (1) : h(pa,nsPco.N) > ]\meem7N|X[1N}, X[QN], X))

+ (W (G, Go) > (Go, N)|X(ng, Xings -+ X[Ry)

II(G € &,(01) : Dy(G,Go) > em7N|X[1N],X[2N], o ,X[’}’V})
—0

in ®" Pg, n-probability as m — oo by (2.161) to the first term. The reason that the second
term vanishes is as follows. By (2.156)

{G S gko(@l) : Wl(G, Go) > C(Go,N)}

>The Hellinger distance defined in [GvdV17] differs from our definition by a factor of constant. But this constant
factor only affect the coefficients of ¢,,, 5 but not the conclusion of convergence.
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C{G € &4, (O1) : h(pa.N; payn) > C(Go, N,O1)}

for some constant C'(Gy, N, ©1). For some slow-increasing M/ such that M/ e,, v — 0 as

m — 00,

{G € &,,(01) : h(pa,N, pao,n) > C(Go, N,01)}
C{G € &, (01) : h(pan, pay.N) > M enn}

holds for large m. Combining the last two displays and (2.161) yields as m — oo

H(G < 5k0<@1) : Wl(G, Go) > C(Go,N)‘X[lNﬂ, e ,X[Tjnvm]) — 0.

b) If the additional condition of part b) is satisfied, then by Remark 2.5.2 , n;(Go) = 1. That is,
the claim of part a) holds for n,(Gy) = 1.

]

2.13.2 Proof of Theorem 2.6.5

Define the root average square Hellinger metric:

1o
dm,h<Ga GO) - E Z hQ(pG,NmmeNi)'
i=1

Proof of Theorem 2.6.5: Step 1

a) Write ny for nq(G)p) in the proof for clean presentation. Note that (B3) implies that 6§ — P
from (O, || - ||2) to ({ Py}eco, h) is continuous. Then due to Lemma 2.5.5 and Lemma 2.3.2
e), forany N > ny V ng, and any G € &, (0,),

h(pe,n,Pcon) = V(pan, Paon) = C(Go, ©1)Wi(G, Gy) > C(Go, ©1) D1 (G, Gy).

(2.162)
By (2.162) holds, for all G € &, (©1)
dmn (G, Go) > C(Go, 1)W1 (G, Gy) > C(Go, ©1) D1 (G, Gy). (2.163)
Then
{G € gko(@l) . dm7h(G, GO) S E} C {G € gko(@l) . Dl(G, Go) S ;} (2164)
C(Go, ©1)
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and thus for any 7 € N,

. 2j€
T (dy 1(G, Go) < 2j€) < T Dy(G, Gy) < —2&
(006, Ga) < 2j6) < 11 (DI(G.G) < 205 5)

<k‘( 2je )’“0—1( 2je )q’fo 2.165)
~ T\ (G, 64) C(Gy,01)) 7

where the last inequality follows from (B1).

By an argument is similar to Lemma 3.2(a) in [Ngu16], for any G = Zfi L Pids, € Ery(©1)
K (pconispon,) SN;WE(G, Go)

ko
<NC(diam(©1), ap) min > (16m) = 2115° + [pry — 271)
0,1

where the second inequality follows from Lemma 2.3.2 b) and (B3). Then

m ko

1 B ' ' )

- ;K(pGO,Ni,pG,Ni) < ch(dlam(@l)’o‘o)%g ; (||0T(i) - 9’?”20 + |prii) _p?D 7
and

1 m
11 <E %Zl K(payn:, Pan,) < €2>

€2 qko /o 2 ko—1
2|5 . = . : (2.166)
N,,C(diam(O,), o) N,,C(diam(6,), a)
Combine (2.165) and (2.166),

11 (i (G, Go) < 27e)
II (% 221 K(pGo,NmpG,Ni) < 62)
< C(G(], @17 q, o, ko)ijo+ko71Nglko/angkoflEqu0(2/a071)7(k071).

Recall by Remark 2.6.1 oy < 2. Then based on the last display one may verify with €, y =
C(Go, 0, 4q, ko, v, Bo) (mNm) gor some large enough constant C'(Gy, ©1, q, ko, g, Bo),

m
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Step 2 By (2.164),

1
sup InN (%e, {G € &, (1) : dpnn(G,Gyp) < 26},dm7h)
EZem,Nm

1 2
< sup InN | —¢,G € &, (01) : Di(G,Gp) < = s A,
€€ N, 36 ©1) 7

C (G,
1
Bo _ L (1
<gkoIn (1 + —4 X 1A% GG

-1 2 =2
C(Gp, ) ™ ol ) +ho = )In (1410 x 2% % )

where the last inequality follows from Lemma 2.13.3. Recall by Remark 2.6.1 5, < 1. Then
based on the last display one may verify with €,,,

N = C(Gy, ©1, q, ko, a0>60)\/@f0r
some large enough constant C'(Gy, ©1, ¢, ko, @, Bo)

1
sup InN (%e, {G € &, (01) 1 dmn(G, Gy) < 26},dm7h) < mean . (2.167)
EZEW,Nm s4Vm

Step 3 Now we invoke Theorem 8.23 in [GvdV17]°, we have for every M,, — oo

(G € 4, (01) : (G, Go) = M 5 | Xings - Xl ) = 0 (2.168)

in Py vy Q-+ - @ FPoy N, -probability as m — oo. Since n; < N; < Nj := sup; N;, by
Lemma 2.5.4 for G € &, (0©) satisfying W1 (G, Gg) < ¢(Go, No)

o1 (G, Go) > C(Go) ZD2 G, Go). (2.169)

By Lemma 2.13.4 for G = Zf‘):l pjds; € Ek,(O1) satisfying

1 1
Dy (G, Gy) < éﬂ = 2 1< H90 9?”27

there exists a 7 € .Sy, such that

m m ko kO 2

1 1

— 3 D3(G.Go) =y > (\/Ni D N0y = Bll2 + > 1) — p?|>
i=1 i=1 j=1 Jj=1

The Hellinger distance defined in [GvdV17] differs from our definition by a factor of constant. But this constant
factor only affect the coefficients of ¢,,, 5  but not the conclusion of convergence.
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m

2 k 2
1 0
e (ZHQT@ e;m) +<Z|Pr<j>—199|>
j=1

ko 2 ko 2
:\ N, (Z 10-() — 9?”2) + (Z p-(5) —p?|>
(\/ ZHGT(J — 0] H2+Z‘p7(1 — D )

Dy, (G, Go). (2.170)

\Y

/

a'|'~ <l

Let G = {G € &,,(01)|[Wi(G, Gy) < ¢(Go, No), D1(G, Gy) < 3p}. Then combine (2.169)
and (2.170), for any G € G

C(Go) ~
dm G, Gy) > Dy Ga Go).
7h( O) \/i Nm( 0)
By the union bound,
V2M,,
II : Dy > X, XN
(G € £,(61) : Dy, (G, Go) c<a0> € X0 X, )

<I(G € & (©1) : dmn(G, Go) > €m,Nom |X[N1 7X[7]n\7m]) + H(QC|X[1N1], T ’X&m})
—0

in Q" , Pg,, n,-probability as m — oo by applying (2.168) to the first term. The reason that

the second term vanishes is as follows. By (2.163),
g° C {G € gk()(@) : dm’h(G, Go) > C(Go, P, No, @1)}

for some constant C'(Gy, p, Ny, ©1) > 0. For some slow-increasing ]\Z,’n such that ]\Zf,glem N, —

0asm — oo,

{G € &,(0,):
C{G c Eko(gl) :

mn (G, Go) > C(Go, p, Ny, ©1)}

d
dm,h(G7 GO) > Mr,nem,]\_fm}

holds for large m. Combining the last two displays and (2.168) yields

(G| Xy - - X[ 1) = 0.
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The proof is concluded.

b) If the additional condition of part b) is satisfied, then then by Remark 2.5.2 , ny(Gy) = 1
That is, the claim of part a) holds for n,(Gg) = 1.

2.13.3 Auxiliary Lemmas for Section 2.6

For B a subset of metric space with metric D, the minimal number of balls with centers in
B and of radius € needed to cover B is known as the e-covering number of B and is denoted by
N(e, B, D).

Lemma 2.13.1. Fix Gy € &,,(©). Suppose h(f(x]0y), f(x]65)) < Ly||6y — 04]|5° for some 0 <

Bo < 1 and some Lo > 0 where 01,05 are any two distinct elements in ©.

. 2¢
— . <
N (26, {pG,N G e gk()(@)v D1<G7 GO) — O(Go,dzam(@)) } 7h)

1 gko
4 x 8B L (L_y o\ ko—1
<1 N2 B 141 .
- < * C(Gy,diam(©)) e ) (1+160¢7%)

Proof: Consider an 7;-net A; with minimum cardinality of {6 : |0 — 67|, < m} and
an 7y-net A with minimum cardinality of ko-probability simplex {p € R* : Zfil pi=1,p; > 0}
under the /; distance. Construct a set A = {G = Zfilpiégi (1, Pk) € A,0; € A;}. Then
for any G € &, (O) satisfying D (G, Gy) < 2—5(@)), there exists some G € A, such that by

C(Go,diam
Lemma 2.7.2

h(pen, pey) < VNI + \f\/_
Thus {pG,N G e /N\} isa (\/ano + \%ﬁ)—net of

{pG,N G € &,(0), D1(G,Go) < C(Go,jieam(@)) } '

Since A is not necessarily subset of £, (©),

(2 (VI g ) {6 € 000,266 < e | 1)
i =|Mﬁmi\.

(2.171)
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Now specify 7, = < 8%) % and thus

1 q
2¢ e 4 x 8%o (Lo

AN < 1+2 - =11 ; Nz Po :

= (1 2 damey ™) ( * CGy dam(@))

Moreover, specify 7, = ;—22 and by Lemma A.4 of [GVDVO01]

B 5 ko—1 o1
Al < (1 + —) = (14160e2)™ .
T2

Plug the specified n; and 7, into (2.171) and the proof is complete. [

Lemma 2.13.2. Consider a full rank exponential family’s density function f(x|0) w.r.t. a dominating

measure L on X, which takes the form
f(x|0) = exp (0" T(z) — A(0)) h(x),

where © = {0|A(0) < oo} C R? is the parameter space of 0.

a) For any 6, € ©°

Jimn sup h(f(x]0), f(x|0
600 10 — 6o]|2

) < V A (V3AE0) /5.

where Apax(+) is the maximum eigenvalue of a symmetric matrix.

b) For convex compact subset ©' C ©°, there exists Ly > 0 such that

h(f(z]6h), f(z]62)) < Lof|0h — Oofla V01,0, € O
Proof:  a) Itis easy to calculate

(2.172)

1= R2(f(2l61), £(21602)) = exp (A (91 i 92) A+ A(Qz)) |

2 2

2

Let g(0) = exp (A (%) — A(9°)+A(9)>. It is easy to verify that g(6y) = 1, Vg(6p) = 0 and
V2g(0o) = —1V?A(bp). Then by (2.172)

. h?(f(x]e), f(x|90)) . 9(9) - 9(90) - <V9(90)7 0 — 90>
lim su =lim sup —
VIS N brte 16— 6ol3

(2.173)
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10— 00)"V2A(60)(0 — 60) + o(]|0 — o]3)

= lim sup

600 16— 6o]l3
1
<lim sup <—)\max(V2A(90)) + 0(1))
9—00 \ S
1
:gxmax(vm(eo)).

b) For each 6,6, € @', by (2.173),

h2(f(x]0), f(x]60)) _ 9(0) — g(6o) — (Vg(bh),0 — o)

160 — 6oll3 N 160 — 6ol|3
_ %(3 - QO)TV29(§)(9 - 90)
160 — 6ol|3
1
= SUP Apax (— V2g(9)),
8 e’

where the second equality follows by Taylor Theorem with £ in the line joining 6 and
0y due to the convexity of ©’ and Taylor theorem. The result then follows with L, =
\/ % SUDgeor Amax(—V2g(0)), which is finite since V2g(6), as function of A(f) and its gradient

and hessian, is continuous on ©°.

O
Lemma 2.13.3. Fix Go = Y%, p%6p € &k, (©). Suppose h(f(x[61), f(x|02)) < Lo||1 — 025

for some 0 < [y < 1 and some Ly > 0 where 01,05 are any two distinct elements in ©.

N ( 316 {G € &, (0) : Di(G, Go) < C(Go,c?ieam(@)) } ’dm’h)

1 qko
4 x 14470 A 1 A
<1 N2Po (5D 1410 x 722¢72)
( " C(Go, diam@)) " (+ )

Proof: Consider an 7;-net A; with minimum cardinality of {6 : ||§ — 60| < m} and
an 7y-net A with minimum cardinality of ko-probability simplex {p € R* : 21:1 pi=1,p; >0}
under the /; distance. Construct a set A = {G' = 2% pidg, : (p1,...,pk,) € A, 0 € A;}. Then
for any G € &, (0) satisfying Dy (G, Gy) < ~———25——, there exists some G € A, such that by

C(Gp,diam(©))
Lemma 2.7.2

2
1
W (pan. Pan,) < (\/ i+ ) <2 (Nmfﬁo + 5772) :

dm’h(G, é) S \/ QNmT]%BO + 2.
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As aresult A is a \/2N,,n}™ + n,-net of {G € &, (0) : D1(G,Gy) < m} Since A is
not necessarily subset of &, (),

_ 2¢ ~
/ 280 . < <
N (2 2Nm771 + 12, {G € gko(@) : Dl(G, Go) < C’(Go,dlam(@))} ,dmﬁ) < |A’

ko
= AT 1] 2.174)
=1

1

Bo
Now specify 7, = <ﬁ) " and thus

1 q
2€ 1 4 x 14450 R
A< (142 = (1 NZoem )
Al —( * C’(Go,diam(@))/m) < T C(Go,diam(@)) ™ €

ko—1

Moreover, specify 7, = % (%) and by Lemma A.4 of [GVDVO1] |A| < <1 + %) =

(1410 x 7226_2)k0_1. Plug the specified n; and 1), into (2.174) and the proof is complete. [

Lemma 2.13.4. For G() = Zfil pi(s@? € gko (@) with P = min1§i<j§ko HG? - 0?”2 IfG =
]2 pide, € &, (O) satisfying D1(G,Gy) < Lp, then there exists a unique T € Sy, such that for
=1 [ 0 2 0

all real number r > 1

ko

D,(G,Go) =Y (Vb = OFll2 + |priiy — 171) -

i=1
Proof: Let 7 be any one in Sy, such that

ko
Di(G,Go) = (10:6) = &}ll2 + |prsy — Y1) -

i=1

Forany j # 7(i), 10; — 07ll2 > 16701, — 1l = [|0; — 0213l > p — p/2 = §. Then for any

7" € Sk, that is not 7 and for any real number r > 1
ko

>Vl = 00l + pry = p21) > V75 > VPDi (G, Go)

=1
ko
> (VN6 — Oll2 + 1pry — 201)
=1

which with » = 1 shows our choice of 7 is unique and with » > 1 shows 7 is the optimal permutation
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for D,.(G, Gy). H

2.14 Proofs in Section 2.7

Proof of Lemma 2.7.2: Step 1: Suppose p; = p; for any i € [ko]. In this case,

h (PGN,PG’N (szpﬁ N;szpe’ >
<sz (Po,.v; Por.w)

<Nsz (Py,. Py)

<N max h* (Py,, Py),

1<i<kg

where the first inequality follows from the joint convexity of any f-divergences (of which squared

Hellinger distance is a member), and the second inequality follows from
h2 (Pon, Pun) =1 — (1= 0% (Po, Py))" < Nh2 (P, Py) .
Step 2: Suppose 0, = 6, for any ¢ € [ko]. Let p = (p1,po,- .-, Pk,) be the discrete probability

measure associated to the weights of G and define p’ similarly. Consider any () = (g;;) 53:1 to be a
coupling of p and p’. Then

ko ko ko ko
W (Pan, Porn) = <ZZ%P9 N,ZZQi]’P@j,N)

=1 j=1 i=1 j5=1
ko ko
<ZZC]U (P, Po,.v)
i=1 j=1
ko ko
<D D wlbi#6)), (2.175)

i=1 j=1

where the first inequality follows from the joint convexity of any f-divergence, and the second
inequality follow from the hellinger distance is upper bounded by 1. Since (2.175) holds for any
coupling ) of p and p/,

h2(PG7N, Pgl < mfZqu 9 7& 9 Z |pZ pz

=1 j5=1
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Step 3: General case. Let G” = Zfil pidg;- Then by triangular inequality, Step 1 and Step 2,

h(Pe,n, Pern) < WPy, Porn)+h(Pory, Porv) < VN max h(Py,, Py)+ Z pi — pil-

1<i<ko

Finally, notice the above procedure does not depend on the specific order of atoms of GG and G’, and

thus the proof is complete. [
h(Py,Py0)
Proof of Lemma 2.7.3: Since ligni ieglf m < 00, there exists a sequences {0} }72, C ©\ U,
{67} such that 0¥ — 69 and ]
h(Pye, Ppo) < 11605 — 67 (2.176)

for some y € (0, 00). Suppose

h(Pa.n, Pao.N)

lim sup lim inf =5 € (0,00],
Nooo Mg, DPun(G,Go)
GEEy, ()
then there exists subsequences N, — oo such that for any ¢
h(P, P, 3
i inf PEGNe Poone) > 3.
GVK;GO Dw(NZ)(G7G0> 4
GEEx, ()

Thus for each ¢, there exists ¢} such that G, = p? 59ke + 12# Pog0 € Eky(©)\{Go}, and
i=1,i#£j

h(PGwaPGo,Ne) é
5"

D¢(N£)(Gf7 GO)

>

By our choice of Gy, for sufficiently large ¢

W(F6,.nes Peone) 2 ng () (G, Go) = B\/ No) (|65 — 69
On the other hand, by Lemma 2.7.2,

h(Fe,np: Faone) < v Nﬁh(Pe’?fz,PG?)-
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Combining the last two displays,

h(P kuPG?) NZ 0 ‘
<7 — 0, as{— oo,
2 = (Ne) 164 — 69 W(Ne)

where the second inequality follows from (2.176). But the last display contradicts with 5 € (0, 0o].
]

I @

Proof of Theorem 2.7.5:  a) Choose a set of distinct ko —1 points {6;}7°* C ©\{6,} satisfying

pr= __min h(Fy,, Py,) > 0.

0<i<j<ko—1

Let p = ming<;<j<ky—1 ||0i — 8||2- Since lim sup ”gpeel]ﬁo) < 00, there exist v € (0,00) and
6—6o 0ll2

7o € (0, min{p, (p1/7)/%}) such that

h (P, P,
("—"’02 v, Y0 < |0 = boll2 < ro. (2.177)
16— Boll

Consider G, = Y50, 2 w00 € &k (©) and Gy = o A w002 € &, (O) with 0] = 07 =

0; € O\{6o} for i € [ky — 1] and 6, = 6y, 67, = 0 satisfying || — bol]s = 2¢ < 7.
Here ¢ € (0,79/2) is a constant to be determined. Then dp(G1,G2) = 2¢. Moreover,
h(p97P90) <7 (26)50 < p1.

By two-point Le Cam bound (i.e. (15.14) in [Wail9])

inf  sup Egrmp, ydo(G,G) > ( (@PQN,(@PGQN)). (2.178)

Ge&y, () Gety, (©)

Notice

14 (@ Pcl,N,®PG2,N> <h (@ Pcl,N,®PG2,N> < V/mh (Pe, v, Payw) -

With our choice of G; and G5, by Lemma 2.7.2, the last display becomes

V<(§PG1,N7(§PGQ,N> <\/_\/_ N min max h(Pal Pa? >

TESkO 1<i<kg

—v/mVNh (Py,, Py)
<V/mvV N~ (2¢)™ (2.179)

132



b)

c)

where the equality follows from

min max h(Pgl P92 ) = h(Pei()?PegO) = h (Py,, o)

TESkO 1<i<kg

due to h (Py,, Py) < p1. Plug (2.179) into (2.178),

inf  sup Eg p, ydo(G,G) > (1 —1/mvVN(20)). (2.180)
GngO (@) GEgkO (@) 2
Consider any a € (0, 1) satisfying a > 1 —~r;" and let 2¢ = < \E\F> . Then 2¢ € (0, r9).

Plug the specified € into (2.180), then the right hand side in the above display becomes

a( l1—a >50 C(ﬁ)( 1 )Bo
A\yymvN) T\ ymvN/)
where C'(3y) depends on 3. Notice a, 7, ¢ are just some absolute constants that depends on

the probability family { Py }yco.

Consider kg > 3. Let0 < € < (§5—57,=5)/2 - Consider G1 =37 L5+, 3 2 00: €
&k (©) and Gy = (5 — €)dg, + (5 + 6)592 + 3, ko 3% 206 € k(). By the range of €,
G € &, (0) and dp(G1, G2) = 2e. Similar to the proof of a),

~inf sup Egm ey dp(G,G) >
Ge€ry (0) GeEy, (O) ’

(1 — Vmh (Pa, v, Payn)) -

M| ™

With our choice of GG; and G4, by Lemma 2.7.2,

1
h(Pey,ns Payn) <4/ 5 X 2= Ve.

Combine the last two displays,

inf sup Egm p, ydp (G G) > g (1 — \/ﬁ\/g) )

GeEyy(0) Gety, (0)

The proof is complete by specifying e = (3 — m) /A< (3— m) /2. The case for

ko = 2 and kg = 3 follows similarly.

The proof follows from a), b) and (2.38).
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2.15 Proofs in Section 2.8

Proof of Lemma 2.8.2: Let ¢(+) be a positive constant that depends on its parameters in this proof.

Claim 1: There exists c¢g > 0 that depends only on d, 71, . . ., j4 such that
SunlA(2) 2 ecfe] G0
for any |x| > 1. Suppose this is not true, then there is {z,, }°_, such that |x,,| > 1, and
|| 02D G (A()) — O (2.181)
Let B(x,t) = |z|'A(x) with t being some positive number to be specified. The characteristic
polynomial of B(z,t)B” (z,t) is

d—1
det (A — B(z, )BT (x,1)) = X + > iz, 1)\
=0

When |z| > 1, since |Aus(z)| < culd, g1, ja)|z[’ a7 for any a, 8 € [d], the entries of
B(z,t)B” (x,t) are bounded by d (c4(d, jy, - - - ,jd)|x\(jd_j1+t))2. Thus

. . S 2(d—1)
|72(x’t)| S C8(d7j17 e 7]d) (|$|(]d ‘71+t))

for1 <¢ <d— 1. Moreover,

d
2 . . .
o(z, )] = |z det(A(2)|” = (] T3 «** = es(d. .-+ Ga) |2,
=1

with ¢5(d, j1, -+, ja) = (H?lei!)z > 0. Let Amin(z,2) > 0 be the smallest eigenvalue of
B(x,t)BT(x,t). Then

mlnxt—i_zrylxt)‘inm )ZO

When z # 0, Ayin(z,t) > 0 since yo(z,t) # 0. Thus when x # 0,

d—
1 1
= — AL 1) x Y, t (2.182)
)\min (,:B7 t) 70 (x’ t) min 2:: min )
yi(w,t) cs(dyj1,-- ja) Ja|2Ua =31 d70) cs(dyjr, - pja) |z[?Ua 0D
Moreover, when [z] > 1, Yo(z,t) | — es(dji, e ja) |[2 < es(dyg1,a) |[* for any
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1 < i < d—1 Then by 2.181), Apin(Tm, t0) = (|| ED S0 (A(z,,)))” = 0, where

to = (Ja— j1)(d — 1), so m — 00. On the other hand, since |M| and % are
bounded and Ayin (2, to) — 0,
d—1
: 1 - Vi(Tm, to) |
limsup |———— A\t (2,,, 1) — SO 2N N (2, o
m—oo | 70(Tm,to) ( ) ; Yo(Tm; o) ( )
m» d; . T .
= lim sup (&, @) < cs ],1 j,d).
n—oo | Y0(Tm; o) es(d, jis oy Ja)

These contradict with (2.182) and hence the claim at the beginning of this paragraph is established.

Since Syin(A(x)) > 0 on |z| < 1, as a continuous function on a compact set,

min  Spin(A(z)) > ¢7 > 0.
z€[—1,1]

Then take c3 = min{cg, ¢7} and the proof is complete. O

Proofs of Lemma 2.8.3: Let ¢, (z) = w? T'xz. Then

(djl%(x) A2 pu(x)  dy(2)

T
i e ) = At

where A(z) € R™ with entries A,5(z) = 0 for a > 3 and A.p(z) = (jﬁjf;a)!xjﬂ_ja for a < f.
Then for any w € S41,

djiww (.Q?)

max .
dzii

1<i<d

=A@l > <Al > 2= SalA(w)) > s max({L. o]},
(2.183)
where oy = (ja—J1)(d—1), Smin(A(x)) is the smallest singular value of A(x) and the last inequality
follows from Lemma 2.8.2.
Case1: j; > 1.

Partition the real line according to the increasing sequence {a;};> . where

4

2a41 t< -1
|—ca1] -1 t=0
ar = { b 1<t<?.
[1]+1 t=(+1
2a4_1 t>04+2

135



dIirhy, (z)

dadi

Fort < —1, by (2.183) we know max
1<i<d

appeal to Lemma 2.8.1, we need to specify the points {tg}gio withtg = a, <t < ... <tg, = a1,

where {tﬁ}g‘):_ll is defined as the set of roots in (a;, a;+1) of any of the following d — 1 equations,

> \/iacg]at]_ao for all z € [a;, as,1]. In order to

1
= —cslag|~*°, ie[d-1].

Vd

dji¢w (.CE)

dxJi

TF8 4 (2)

d:cjkﬁ

> =csla;

|7

Thus {tg}gozo is a partition of [a;, a;11] such that foreach 0 < g < fy—1,

holds for some index ks € [d] and for all = € [tg,t541]. Since djy;jjjfx) is polynomial of degree

Ja — jms it follows that By — 1 < 23°% _ (j4 — jm). Let & be the maximum of {&; }%_,, where
¢;,. are the coefficients c; corresponds to k = j,,, in Lemma 2.8.1. Then by Lemma 2.8.1, for A > 1

/ M@ f () da
[ts:ts+1]

T i, /
< (%) z (rf@ﬁﬂn n [ o <x>|dx)

1 1

<¢pmax {03 & ,cgjd} (\/c_l)ﬁ/\fi(|at|a°)ﬁ (f(atH) —I—/[ | |f'(a:)|dx> : (2.184)
tg:tp+1

where the last step follows from f(x) being increasing on (—oo, —c;). Then for A > 1

/ M@ f (1) da
[at,at41]

Bo—1

Y[ e
LERZESY

8=0

() _ -+ - 1oLt
Leomaxd ey ", ¢ b (VAT A I (a] ™) ( fof (am) + /
(@

<

s )

t,at41]

(%) - 3 1 _1 g g ag ,
< Comaxy ¢yt ey (Vd)iT A"3a250  Bilari| 7 far) + |z |7 / | f(x)|dz
[a

t,at+1]

<Cdju jr <|at+1|jff<at+1> ; / |x|ff|f’(fc)|d:c) | (2.185)
[a

t,at+1]
where the step (x) follows from (2.184), the step (xx) follows from a; = 2a,.; and Gy < f; =
25 (ja—jm)+1,and the last step follows from 8y > 1, |a;| > |z > |as41| forall z € [ay, ay1]

1 1

00Ol 30~ e} 3,
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For ¢t > ¢ + 1, following similar steps as the case ¢ < —1, one obtain

/ BZAd)w(x)f(l‘)dx S C(d7j17 e 7jd))\75 <|at|(;ff(at) +/
[at7at+1] [

at,at-;—ﬂ

|x|?i’|f'<x>|dx) |
(2.186)

where C'(d, ji, -, ja) is the same as in (2.185).
For 0 <t </, since f’ is continuous on (a, a;+1) and f” is Lebesgue integrable on [a, a;41],

lim, - f () and lim,_, + f(z) exist. Define

f(@) = f(#) L) (2) + Lapy (@) lm f(2) + Loy (z) lim f(z).

T T—a,

dithy (z) >

Then f(z) is absolute continuous on [a;, a;41]. Moreover, by (2.183) we know max gt

1<i<d
\/igc;))(cl +2)7 for all z € [at, a;41]. Following the same argument as in the previous case, let

{fg}gozo with g = a; < t; < ... < 15, = as1, where {fg}g(’:_ll is the set of roots in (at, a;1) of
the following d — 1 equations

Vi), () 1 ces
W —ﬁCg(Cl—’—Q) s 1€ [d—].]
= B . | d* e 1
Then {t5}52 is a partition of [ay, a;11] such that for each 0 < 8 < 5y — 1, e > Jmes(en+

2)~ for some ks € [d] and for all x € [t5,15,,]. Since P bu(@) gre polynomial of degree jq — jn,

dxim

we have 5, — 1 < 2 Z:@ﬂ(jd — jm)- Thus by Lemma 2.8.1, for any A > 1

/ ei’\ww(x)f(x)dx
[t5,t5+1]

= / eMu(®) f(x)dx
[t5t5+1]

s((b?k) (|f<fﬁ+1>|+ /[ ~ }|f’(rc)|drc)

tetp+1

1 1

<Cp max {03 n ,cg—jd} (\/c_i)ﬁ)\fi((cl + 2)0‘0)ﬁ (||f||Loo —F/[~ - |f’(a:)|dx> , (2.187)
tgtp+1

where the last step follows from | f(£541)| < ||f|| . Then for any A > 1

/ ePw (@) f(z)dz
lat,at+1)
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Bo—1 )
S s
—o |/ lEsstp4a]

B
1 1

<¢pmax {03“,0;”} (\/E)i)\ i ((eg +2)*0)ir (50HfHL°° /[ } ]f’(x)\dx)

<O o N T 425 (ufum =/ \f’(fv)|d:c> | (2.188)
[at,at+1]

<

where C'(d, 71, -, jq) is the same as in (2.185).

Hence,

e Vw(® )f(x)dx

Z /a M@ f (1) da

t=—00 £50t41]

‘/ eMe (@) £ () dx
lat,at41]

So(dyjlavjd))\ii(cl—kz)%)
(Z Jaral 7 flac) + 3 ladl flag) + €+ DIl e + || (1215 +1) (@) )
t<—-1 t>4+1 L
(%) . - o
SC(d7]17"'7]d))‘ ]”l(cl—i_2)J1
&0 &0 &0
( /( Tof )i + / ol g @+ D e+ (1) f’(w)‘Ll)

<C(,jr,- g A i+ 27 (125 7@ |+ @+ DI + || (1217 +1) £ )
(2.189)

t=—00

where the first equality follows from the dominated convergence theorem, the step (x) follows from
(2.185), (2.186), (2.188), and the step (xx) follows from the monotonicity of |:1:]ﬁf when v < —c¢q,

T > C1.
Case 2: j; = 1.
Fix Vw € S9!, 3z, < 29 < ... < x, partition R into s + 1 disjoint open intervals such that

‘w“’( ) is monotone on each of those interval. Notice s < Ja — 2 since d%(z) is a polynomial of
degree ja — 1,and x1, 29, ..., x, depend on w. For ¢t < —1, on [ay, as41] when we subdivide the
interval, besides the partition points {tg}'gozo, {x1,29,...,25} N |as, a;11] should also be added
into the partition points. The new partition points set has at most 5y + 1 + s < 1 + jq points

and hence subdivide [a;, a;11] into at most 5; + j; — 1 intervals such that on each subinterval
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max | 2w (@) csla| = and dw“’ (@) i monotone. Hence Lemma 2.8.1 (part ii)) can be applied

1<i<d | da’
on each subinterval. The rest of steps proceed similarly as in Case 1, and one will obtain

/ M@ f (1) da
lat,at+1]

|a:|3*frf'<x>\dx) ,
(2.190)

< C(d e N (\amvff(am) -/

[at7at+l]

1 1

where C(d, j1,- - , ja) = ¢ max {ngl, 3 jd} (\/E)ﬁQ%)(ﬁl + ja — 1), a constant that depends
only on d, ji, ..., jq. For the same reasoning one can obtain (2.186) for ¢ > ¢ + 1 and (2.188) for
0 <t < ¢, both with C(d, j1,- - - , jq) replaced by C(d, j1, - - - , ja). As a result, similar to (2.189),

/ M) £(2)da
R
<C ] ] J ]1 - %) /
<C(d,jgr,- - jaN O+ 2% (|lof7 @)+ @+ DIl + || (12l +1) £ )
O
Proof: By Lemma 2.8.3, when ||(]]2 > 1,
‘g<C)‘T S C(fa da jla s 7jd)HCH2_E
where
O(f7r7d7j17"'7jd) -
C"(d, jr, -5 ga) (e +2)7 (] f (@) o+ (4 DI e + (2] + 1) f/(@)]])"
Then
GRS
I¢l2>1
Sc(f7rad7j17"‘7jd)/ ||C||;Edg
I<ll2>1
C(fyrodyju, Gl ST [ AT A
(1,00)
=C(r,d. jr, -, ja)(er +2)7 (Il2]* f (@) 2 + (C+ DIl + 12| + 1) f/(@)]] )" -
(2.191)

where the last inequality follows from | (1,00) A"7a M1d\ is a finite constant that depends on d and
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jaforr > djgand C(r,d, j1,...,ja) = C"(d, j1, ..., ja)|S¢ ! f(1,oo) A" 7a AT 1d\. In addition,

[ lo©rdc< [ fllsdc = c@Is .192)
li<ll2<1 i¢llz<1
where C'(d) is a constant that depends on d.

The proof is then completed by combining (2.191) and (2.192) and (a” + ") < (a + b)" for any
a,b>0,r>1. [

2.16 Auxiliary lemmas for Section 2.12.2

Consider a family of probabilities { Py }sco on R%, where 6 is the parameter of the family and
© C R? is the parameter space. [y denotes the expectation under the probability measure F;.
Consider { X;}°, a sequence of independent and identically distributed random vectors from P, .

. SN | Xi—NEg, X1 . .
Suppose Eg, X exists and define Zy = TN 9—. The next result establishes the density of

Zn converges to that of a multivariate normal distribution.

Lemma 2.16.1 (Local Central Limit Theorem). Suppose {X;}5°, a sequence of independent and
identically distributed random vectors from Py,. Suppose Eg, X1 and Ay, := Eg, (X1 —Eg, X1)(X1—
Eo,X1)" exist and Mg, is positive definite. Let the characteristic function of Py be ¢(C|0) := Ege'¢" X
and suppose there exists v > 1 such that |¢((|0o)|" is Lebesgue integrable on RY. Then when N > r,
Zn has density with respect to Lebesgue measure on RY, and its density f7(z|0y, N) as N tends
to infinity converges uniformly in z to fx(z|0), the density of N'(0, Ay, ), the multivariate normal

with mean 0 and covariance matrix Ay,.

The special case for d = 1 of the above lemma is Theorem 2 in Section 5, Chapter XV of
[Fel08]. That proof generalize to d > 1 without much difficulties.

The next lemma is a generalization of the corollary to Lemma 1 in [Sta65].

Lemma 2.16.2. Consider a random vector X € R¢ with ¢() its characteristic function. Suppose X
has density f(x) w.r.t. Lebesgue measure upper bounded by U, and has positive definite covariance
matrix A. Then for all { € R?

C(d)I<I3 )
(ICI2 Amax (A) + DAEL(A) T2 )

16(0)] < exp (—

where C(d) is some constant that depends only on d, and Ay,.x () is the largest eigenvalue of A.

Proof: It suffices to prove for ( # 0 € R,
Step 1
In this step we prove the special case = te; for t > 0, where e; is the standard basis in R,
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Define 1(¢) = 3 (1 — |¢(¢)[?) and it is easy to verify

6(Q)| < exp(=1(()). (2.193)

Denote by f to be the density w.r.t. Lebesgue measure of symmetrized random vector X — X', where

X' is an independent copy of X. Then f also has upper bound U and |¢({)|? is the characteristic

function of X — X’ and
0] 2 = e £ )y = Ty) f(z)dz. 2.194
19(C)] /Rde f(z)dx /Rd cos(C ) f(x)dx ( )

Write © = (‘x(l), o, z@)andlet G; = {z € RYz™ € (£ — L, 1 + 11} be the strip of length 1
centered at % across the z(M-axis. Then by (2.194)

1(27¢Q) :/Rd sin?(n¢Tx) f(z)dx
>/sin (wtz D) f(x)da
Z /GnBsm (mtaxM) f(2)dx

Sln 7T @) —
]_ZOO /G (e — /) @)
>4t? Z / 2 — /)2 f(z)de, (2.195)

where the first inequality follows from ¢ = te; and B is a subset in R? to be determined, and the
last inequality follows from |sin(7xz)| > 2|z| for [z| < 3.

Let B = {z € RY|[2)] < 2¢/dApax(A) Vi > 2, and |2V < £+ L} with 7 = min{b interger :
¥+ 5 > 2¢/dAnax(A)}. Then B C |J__, G; and thus (2.195) become

1(2n¢) >4t? Z/ (2 — j/0) f(x)dx

j=-r
4t22/ ) /0 f(@)1e, o p(a)de
j=-—r
(#%) . Q;’?

> 4¢?
; 1202 (4r/d e (A) ) 21
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(%x%) ) Q3
> 4t )
12(2r + 1202(4r/ Do (A)) 241

(2.196)

where in step (x) G = {z € RY[|2)| < 24/dAmax(A) Vi > 2}, step (x*) with Q; = Jo. s f(z)dx
follows from Lemma 2.16.3 b) and step (x * ¥) with Q@ = 377 Q; = [, f(x)dz follows

from Jensen’s inequality. (The inequalities in step (%) and (x % %) are attained with f(z) =
U Y 1w, () ae. z € G where W; = {z]|z9] < 2¢/dA\pax(A), Vi > 2, and |21 — j/t| < a}

j=-r
for positive a satisfies

(2a) (41/dAmax (AU (2r +1) = Q.)
Observe {z € R4|2T(2A)12 < 2d} C B and then
Q=PX-X'e€B) >1-P(X-X")2AN) (X ~-X")>2d) >

Y

N —

where the last step follows from Markov inequality. Moreover by our choice of 7, 2r + 1 <

4t/ dAmax(A) + 2. Then (2.196) become

1
24(4t\/dAmax (N) 4 2)2(41/dAmax (M) )26@-D 2
- C(d)t?

(2 Amax(A) + DAL (A)U?

max

1(2m¢) >t

where C'(d) is a constant that depends only on d. The last display replacing 2w = 2wte; by ¢ = tey,
together with (2.193) yield the desired conclusion.

Step 2

For any ¢ # 0, denote ¢t = ||(||2 and u; = (/||(||. Consider an orthogonal matrix U, with its first
row ul. Then ¢(¢) = Ee*“1 X = Ee'*{ Z where Z = U X. Since Z has density fz(z) = f(U}z)
w.r.t. Lebesgue measure, f7(z) has the same upper bound U and positive definite covariance matrix
UCAUCT with the same largest eigenvalue as A. The result then follows by applying Step 1 to
EeitelTZ‘_ 0

Lemma 2.16.3.  a) Consider a Lebesgue measurable function on R satisfies 0 < f(x) < U and
Jg f(x)dx = E € (0,00). Then for any b > 0

3
=2 > 5

and the equality holds if and only if f(x) = Ul[b_%’bJr%}(x) a.e..

b) Fora > 0 define a set G = {z € RY|z| < a Vi > 2}. Consider a Lebesgue measurable
function on R satisfies 0 < f(x) < U on G and [, f(z)dx = E € (0,00). Then for any
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b>0 7

1) _ )2
/G(I by f(w)de = 1202(20)2@ D"
and the equality holds if and only if f (z) = Ulg,(x) a.e. x € G where G| = [b— srg—, b+

2U (2a)2—17
W] x (—a,a)’".

Proof:  a) It suffices to prove b = 0 since one can do the translation ' = x — b to reduce
the general case b to the special case b = 0. Let fi(z) = f(x)l[_%,%](x), fa(z) =
Jl@)1 £ Ee o(x) and fy(z) = U1_ %%( ) — fi(z). Then

and hence

2U ' 2U 22U QU}C
2
2/ x° fi(x)dx + (—) / fo(z)dx
_E B 2U _E B
[ 2U’2U] [ 2U’2U}
E\2
[ nwa () [ o
_E E 2U _BE B
[ 2U’2U] [ 2U’2U]
S O A S
[~ 35 357] [~35 3]
= 22Udx
[7%7%]
E3
T 1202

The equality holds if and only if the last two inequalities are attained, if and only if f(x) =
Ul & &,(z)ae
[ 207 2U]

b) Tt suffices to prove b = 0 since one can always do the translation y) = z() — b and
y® = 2 forall 2 < i < d to reduce the general case b to the spemal case b = 0 By Tonelli’s
Theorem, hi(z) = [ _, a f(2)dz® ... da'® exists for a.e. 2V and [ h(x NdzM = E.
Moreover 0 < h(z™)) < U(2a)?! a.e. . Then by Tonelli’s Theorem and a)

[ = [Eant 2 oo E

The equality holds if and only if A(z(") = U(2a)*'1___ & 5 (M) ae., if and

20U (2a)4—1 20U (2a)d—1
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only if f(z) =U a.e.x € [— 2U(2§)d71; 2U(2§)d,1] X (—a,a)? L.
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CHAPTER 3

Screening in High Dimensional Data

3.1 Introduction

This chapter considers the problem of screening n independent and identically distributed
p-variate samples for variables that have high correlation or high partial correlation with at least
one other variable in the ultra-high dimensional regime when the sample size n < CyInp.! In the
screening framework one applies a threshold to the sample correlation matrix or the sample partial
correlation matrix to detect variables with at least one significant correlation, with the threshold
aiming to separate signal from noise. Correlation and partial correlation screening in ultra-high
dimensions have become increasingly important in many modern applications as the per-sample
cost of collecting high dimensional data is much more costly than per-variable cost. For example, in
biomedical settings the cost of high throughput technology, like oligonucleotide gene microchips
and RNAseq assays is decreasing, while the cost of biological samples is not decreasing at the same
rate [HR15b]. In such situations p is much larger than n.

The ultra-high dimensional regime when n < Cj In p is very challenging since the number of
samples is insufficient to apply many (if not most) reliable statistical methods. For example, one
way to undertake partial correlation screening is to first estimate the population covariance matrix,
then obtain the inverse, from which a partial correlation matrix can be estimated. However, to
get a reliable estimate of a general covariance matrix, the number of samples n must be at least
O(p) as shown in Section 5.4.3. in [Ver12]. Even if the covariance matrix has a special structure
like sparsity, covariance estimation requires a number of samples of order O(In p) [RBLZ08]. The
reader is referred to [DR17, LW18, KOR15, CKG19] and the references therein for recent work in
modern high dimensional covariance selection and estimation.

While estimating the covariance matrix or partial correlation matrix is challenging in ultra-high
dimensions, recent work has shown that it is possible to accurately test the number of highly (partial)

correlated variables under a false positive probability; in particular the probability that a variable

"Here Cj is some universal constant satisfying Cy > 1. A “universal constant" or “absolute constant", is a constant
that does not depend on any model parameter.
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is highly (partially) correlated with at least one other variable [HR11, HR12]. While correlation
screening finds variables that have a high marginal correlation with at least one other variable,
partial correlation screening identifies variables that have high conditional correlations with one
other variable conditioned on the rest. In [HR11], the ultra-high dimensional correlation screening
problem is studied under a row-sparse assumption on the population covariance matrix. A phase
transition in the number of false positive correlations was mathematically characterized as a function
of the correlation threshold and the true covariance. In the case of block sparse covariance, the
critical phase transition threshold becomes independent of the true covariance. In [HR12] the partial
correlation screening problem was studied, and similar phase transition results as in correlation
screening [HR11] were obtained under the block-sparse assumption on the population covariance
matrix. The survey [HR15a] reviews the correlation and partial correlation screening problem.

Despite these important advances in correlation and partial correlation screening, the screening
framework proposed in [HR11, HR12] has some serious methodological, theoretical and practical
shortcomings. For instance, results for partial correlation imposes a highly restrictive block sparsity
assumption on the true underlying correlation matrix. The block sparsity in [HR12] assumes
only a small group of the variables are allowed to have correlation within the blocks and no
correlations with variables outside the block. This assumption is severely restrictive for most
modern applications since it is possible for variables to have correlations within a group and
also correlations with variables outside their respective groups. Furthermore, expressions for
false probabilities in [HR11, HR12] require estimating dependence functionals. Estimating such
functionals lead to computationally prohibitive non-parametric estimation, rendering the screening
methodology disconnected from the very setting it was designed for.

In this chapter we propose a novel unifying framework for correlation and partial correlation
screening that delivers a practical and scalable methodology in the ultra-high dimensional regime,
which is simultaneously armed with theoretical safeguards. By making novel and insightful
connections to random geometric graphs we demonstrate that the distribution of the number of
discoveries tends to a compound Poisson limit. To the best of our knowledge, such a novel limit has
not previously appeared in the correlation screening setting. Furthermore, our results are proved
in much generality by relaxing block-sparse assumption to a weaker (7, ) sparsity assumption,
defined in Section 3.2.3, on the population covariance matrix. The block-sparse assumption is a
special case of the (7, k) sparsity assumption. Resulting approximations under this generalized
covariance structure (7, ) also do not depend on dependence measures/functionals. The results
in this chapter hold for both correlation and partial correlation screening. This important duality
naturally stems from new results relating the score representation for correlation screening to that of
partial correlation screening. The proofs of the generalized results in this chapter are self-contained

and are based on Stein’s approximation, concentration of random matrices, and concentrations in
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high dimensional balls and spheres.

The theory in this chapter is relevant to hypothesis testing based on the degree distribution of
a correlation graph, a problem arising in graph mining, network science, social science, and the
natural science [CF06, KC14, Kol09]. Variables having strong sample correlations will appear in the
correlation graph as vertices having positive vertex degree. As one sweeps over fixed degree values,
the number of such vertices specifies the degree distribution of the graph. From this perspective, this
chapter provides a non-asymptotic compound Poisson characterization of the degree distribution for
large correlation graphs under relaxed sparsity conditions on the population covariance.

The remainder of this chapter is organized as follows. We begin in Section 3.2 by giving
the framework and presenting our main theorem on characterization of the limiting distribution.
In Section 3.3 a non-asymptotic version of the main theorem is presented, based on which the
main theorem follows. Section 3.4 is devoted to convergence of moments. Section 3.5 provide an
extensive study on computing and approximating the parameters in the main theorems. A number
of technical proofs and auxiliary results are given in the Appendix.

Notation || - |2 for a vector represents its Euclidean distance to the origin. C' and ¢ denotes positive
universal constants that might defer from line to line. C' and ¢ with subscripts are positive finite

constants depending only on the parameter in their subscripts and may differ from line to line.

3.2 A unified theorem

3.2.1 Framework

Available is a matrix of multivariate samples

X = [m(l)’ .’,B(Z), ce ’m(n)]T — [ml’ To, -+ 7mp] c RnXp’ (31)

where {x(¥}"_ C R? are samples from a p-dimensional distribution.
The results in this chapter apply when the n X p data matrix X follows a vector elliptically
contoured distribution. A random matrix X € R"*? is called vector-elliptical® with positive definite

dispersion parameter 3 € RP*P and location parameter g if its density satisfies
fx(X) = det(2)"20(u((X — 1p")EH(XT —1u7))), (3.2)

for a shaping function § : R — R* such that [ fx(X) = 1. In (3.2), 1 is a vector with all
elements equal to 1, tr(-) is the trace of a matrix and det(-) is the determinant of a matrix. We use

shorthand X ~ VE(u, X, ) to denote that X follows a vector elliptically contoured distribution

’In this chapter the vector-elliptical distribution is assumed to have a density function.
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with density (3.2). The vector elliptically contoured distribution has been extensively studied in
[Dav77, AF90, And92].

An example of a vector-elliptical distributed is the centered matrix normal distribution, for which
the rows {x(V}, C RP are i.i.d. samples from N(0, X). In this special case, X ~ VE(0,X,0)
and the density of X is given by (3.2) with §(w) = (27) ™% exp(—3w). Specifically

fx(X) = det(X)™2(27)" % exp (—%tr (Xz:—le)) : (3.3)

Given a data matrix X ~ VE&(u, X, 0), the sample mean is

n

1 , 1
r = — 0= _-xT
and the sample covariance matrix S is
1 —, g : 1
§=— ;@:@ —&)(x® —z)" = (X - 12")7(X —12"). (3.4)
The sample correlation matrix R is defined as:
R = diag(S) 2 Sdiag(S) 2, (3.5)

where diag(A) for a matrix A € R"*" is the diagonal part of A and B~'/2 for a diagonal matrix
B is a diagonal matrix by raise every diagonal element of B to the power —1/2. Since R is not
necessarily invertible, we define R' as the Moore-Penrose pseudo-inverse of R and define the

sample partial correlation matrix P by
P = diag(R') 2 Rldiag(R") 2. (3.6)

For convenience we define {\Il(’“)}ke{ r,p} to be matrices such that U = Rand ¥P) = P,
Given a threshold p € [0, 1) define the undirected graph induced by thresholding ¥ *), denoted
by G,(®®), as follows. The vertex set of graph G,(¥®)) is V¥ = [p] := {1,2,--- ,p} and the
edge setis £F c V*) x Y#) where there is an edge between i and j (i # 7), i.e., (i,5) € EP,
if |\If£f)] > p. Let @) (p) be the adjacency matrices associated with the graph G,(¥®*)), defined
as (I)Ef)(p) = 1(]\1186)| > p) for i # j, where 1(-) is the indicator function. We call G,(¥®) the
empirical correlation graph and the empirical partial correlation graph respectively when ¥*) = R
and ¥*) = P. The dependence of <I>§f) (p) on p will be suppressed if it’s clear from context.

The focus of this chapter is correlation screening for which the objective is to identify connected
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vertices or vertices of prescribed degree in gp(\Il(’“)). The number of vertices of varying degrees
specifies the degree distribution. Characterization of the distributions of these counting statistics
is the main contribution of the chapter. More specifically, for the graph Qp(\Il(’“)) with £ = R or
k = P, the degree of vertex i is defined as Z?:L ki @gf)(p). For 1 < § < p — 1, the total number
of vertices with degree exactly 0 (at least §), denoted by Ng:) (N‘gl;)), are of particular interest in this
chapter. Moreover, let I's be a star shaped graph with ¢ edges. For 2 < § < p — 1, the number of
subgraphs in G,(¥*)) that are isomorphic to I's is denoted by N g? Moreover, we define N gj) to
be twice of number of edges in G,(¥*)). N gz) is referred as star subgraph counts. The following

is an example to illustrate the 6 quantities defined.

4
/
3
2 X
&
S 5
\ %

Figure 3.1: A graph with 5 vertices and 5 edges.

Example 3.2.1. Let Figure 3.1 represent an empirical partial correlation graph. For this graph
the number of vertices of degree 2 is Né/f) = 1 and the number of vertices of degree at least 2 is
N‘(/f) = 3. The number of subgraphs isomorphic to I's is NV ](;:) = 2. The number of connected

vertices 1s N‘(/f)) =5,and N ,Ef) = 10 as there are 5 edges.

Consider now the case where the number of sample n is fixed while there is a sequence of data
matrix X € R"*? with increasing number of dimension p. Then this induces a sequence of random
graphs G p(\Il(’“)) with increasing number of vertices. This chapter derives finite sample compound
Poisson characterization of the distribution of the 6 random quantities {Ni(k) ke {R,P},i €
{Es, Vs, Vs}} for sufficiently large dimension p and correlation threshold p, under the some sparsity

assumption on the dispersion parameter 3.

3.2.2 A unified theorem

As discussed in the previous subsection, the main theorem of the chapter is to study the
distribution of N3, where Nj is a generic random variable of the 6 random quantities {Ni(k) ke
{R, P},i € {Ejs,V;,Vs}}. Indeed, our main theorem establishes N converges in distribution to
compound Poisson. We will begin by defining necessary quantities and then state our main theorem

at the end of this subsection.
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For any positive number A and a probability distribution ¢ supported on positive integers, let
CP(\, ) be the corresponding compound Poisson distribution, i.e. CP(}, €) is the distribution of
Z = Zf\il Z;, where N is distributed as a Poisson random variable with mean A, Z; i Cand N
is independent of each Z;. Here the random variable N measures the number of occurrences of
increments and the distribution ¢ characterize the distribution of each increment.

The parameters of the limiting compound Poisson distribution in our main theorem involves
random geometric graph. Given a set of points {v;}?_, in R"~2, denote by Ge ({v;})_,,7;,n — 2)
the geometric graph with radius 7, defined as follows. The vertex set of the graph is {v;}{_,, and
there is an edge between v; and v; if ||[v; — v;||> < 7. Denote by NMD ({v;}2_,7;6,n — 2) the
number of vertices of maximum degree § — 1 in Ge ({v;}2_,,7;0,n — 2). Let {u;}}_, are i.i.d.
unif(B"~?), the uniform distribution in B"~2, which denotes unit ball in R" 2. For the random
geometric graph Ge ({'LlZ 0 1 1;6,m — 2) , denote the probability that there are exactly £/ — 1 vertices
of maximum degree § — 1 by

ap =P (NMD ({@;})_;, 1;0,n—2) =(—1), Vle[5+1], (3.7)

and define a probability measure ¢, s on [0 + 1]:

0+1

Cns(l) = (ag/0)/ (Z(ag /@)) . Yle[6+1]. (3.8)
=1
This ¢, 5 is the distribution of each increment for the limiting compound Poisson distribution.

To ensure convergence in our main theorem, some sparsity conditions on the dispersion parame-
ter 3 are imposed. A matrix is row-x sparse if every row of it has at most x nonzero elements. The

next is a stronger sparsity than row-x sparse.

Definition 3.2.2 ((7, ) sparsity). A p by p dimensional symmetric matrix is call (7, ) sparse and

it’s row-x sparse and its right-bottom p — 7 by p — 7 sub-matrix is diagonal.
Another relevant quantity is the normalized determinant.

Definition 3.2.3 (Normalized determinant). For any symmetric, positive definite matrix A € RP*P,

its normalized determinant ;(A) is defined by

where A1 (A) < Ag(A) < --- < \,(A) are the eigenvalues of A.
Denote by A7 for Z C [p] to be the set of all |Z| by |Z| submatrix of A € RP*? by ex-

tracting corresponding rows and columns indexed by Z. Az consist of |Z|! matrices and they
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are all equivalent to each other up to a permutation applying simultaneously to both rows and
columns. Define the local normalized determinant of degree m of a matrix A € RP*P to be
tm(A) = min{u(Az) : Z C [p], |Z| = m}, where u(Az) is well defined since () is invariant to
simultaneously applying a permutation to both rows and columns of its argument. For A € RP*P
further define

[m(A)] "2, A symmetric positive definite but not diagonal,
i (A) 1= - . . (3.9)
1, A symmetric positive definite and diagonal.

By definition i, ,,(A) € [1, 00).

We are now in a good position to state our main theorem, which states when p — oo, if the
threshold p is chosen to approach 1 at a particular rate, then the sequence of each of the 6 quantities
{Ni(k) .k € {R,P},i € {Ejs,Vs,Vs}}, converges to a compound Poisson random variable in

distribution.

Theorem 3.2.4 (Compound Poisson Limit). Let n > 4 and § be fixed positive integers. Let

X ~VE(w,X,0). Choose threshold p as a function of p such that c,,2 Fplts (1—p) " €ns as

_ I((n—1)/2)
p — 0o, where ¢, = D) fr((n 5 /2) and e, 5 is some positive constant that possibly depends on

n and 6. Denote \,, 5(e,5) = (en 5) Zéﬂ 2L Suppose 3, after some row-column permutation,

is (Tp, kp) sparse with lim % + fnasi2 (X) = 2= 0. Then with N5 a generic random variable in
Pp—00

the set {N") . k € {R, P},i € {E;s, Vs, Vs}}:
Ns — CP(Mns(ens), Cns) in distribution as p — oo. (3.10)

Remark 3.2.5 (Relaxed sparsity assumption in empirical correlation graph). If only random quanti-
ties in the empirical correlation graph are of concern, then the (7,, k,) sparsity assumption can be
relaxed to row-x sparsity. Specifically, the last two sentences in Theorem 3.2.4 can be replaced by

the following.

Suppose X is row-x,, sparse with lim i, 2542 (3) %” — 0. Then with Nj a generic random
p—00

variable in the set {Ni(k) k=R,ic{Es; Vs Vs}}:

N5 — CP(\y5(ens), Cnss) in distribution as p — oco. (3.11)
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Remark 3.2.6. The condition ¢,22p'*5 (1 — p)"z° — ens > 0 is equivalent to

_2 _2
L(l_}rl) en,5 n—2 B 1 61’1,(5 n—2
n—2 5)(1 — — — = — | — ,
b ( ) (cn22) 2 (20n>

which indicates that the rate p — 1 is pié (1+3). One possible choice for such a threshold is by

replacing the convergence sign in the preceding display with equal sign, which yields

2

1 €End n=2
=1—- - —— . 3.12
P 2 <2cnp1+35) G-12)

U

The proofs of Theorem 3.2.4 and Remark 3.2.5 will be presented in Subsection 3.3. Since for
discrete random variables convergence in distribution is equivalent to convergence in total variation,

(3.11) is equivalent to:
drv (£ (N5) ,CP(As(ens),Cns)) — 0asp — oo,

where Z (-) represents the probability distribution of the random variable in its argument, and
dry (-, -) is the total variation distance between two probability distributions. A quantitative version
of Theorem 3.2.4 establishing upper bound on the total variation distance between .Z’ (N(g) and a
compound Poisson for finite p will be presented in Theorem 3.3.11.

In Theorem 3.2.4 assumptions on (7, k) sparsity and the quantity i, ,,(3) are imposed. In the
next two subsections, we will present examples of these two new definitions. We also compare each
of the new definitions with relevant classical quantities to illustrate that the assumptions on them

are not restrictive.

3.23 (7, k) sparsity

In the current subsection examples of (7, k) sparse matrix and the comparison between (7, k)
sparsity and other sparsity are presented to elaborate the (7, k) sparsity imposed in the Theorem
3.24.

The matrix below in (3.13) is an example of (7, ) sparse matrix with 7 = 2,k = 3. This 5 x 5

symmetric matrix is (2, 3) sparse since each of the first 2 rows has at most 3 nonzero elements and
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the right-bottom 3 x 3 sub-matrix is diagonal.

5 0 2 01
0 3 2017 0 O
2 2017 6 0 O (3.13)
0 O o 70
1 0 0 0 8

If the adjacency matrix of a graph (V, £) is (7, k) sparse, then the vertices )V can be partitioned
into two disjoint subsets V; and V, with the following properties: 1) |V;| < 7; 2) there is no edge
between any two vertices in V,; 3) the degree of any vertex in V; is no more than kK — 1; 4) edges
connecting vertex in )} and )V, are allowed (but not necessarily existent).

When the dispersion parameter X is row-x sparse, [HR11] studied the mean of NV ](;f) and N‘(/ft)
and obtained limits of the probability when they are respectively nonzero. [HR12] extends these
results to empirical partial correlation graph when the dispersion parameter X is assumed to be, up

to a row-column permutations, block-7 sparse, i.e., there exists a permutation matrix 7" such that

¥, 2
TSTT = (211 D” ) (3.14)
21 p—T

where X1, =37 =0 € R™*(P=7) and D, . c R@®-7)x#=7) is some diagonal matrix. In Theorem
3.2.4 3 is imposed to be (7, k) sparse after some row-column permutation, i.e. there exists a
permutation matrix 1" such that (3.14) holds with D,,_. € R@=7)x(=7) gome diagonal matrix and
with the first 7 rows (37 312) being row-x sparse. It should be clear that (7, k) sparsity is more
general than the block sparsity since there is no restriction on 315 = 0. We make this comparison
precise in the next paragraph.

Obviously, (7, k) sparsity reduces to block-7 sparsity in [HR12] as a special case. Indeed, every
block-7 sparse matrix is (7, k) sparse with k = 7. (7, k) sparsity with x = 7, nevertheless, allows
non-zeros in the top-right submatrix, which mean more possible correlations between the variables
than block-7 sparsity in correlation graphical models. To see this, consider the associated graphical
model Gy(X).? In Figure 3.2, nodes represent the variables and edges represent the correlation
between variables. The left panel is a graphical model associated to the block-3 sparse assumption,
while the right panel satisfies (7, k) sparsity with (7, ) = (3, 3). The later has more correlations
(the red edges) across the two sets of variables in the 2 circles. (7, ) sparsity with £ > 7 will

further enrich the possible correlations between variables.

3In Section 3.2.1 we define G,(-) as the induced graph with thresholding by p for a matrix. Here Gy (-), is the
induced graph for the matrix without thresholding.
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O® (5=

(a) block sparsity (b) (7, k) sparsity

Figure 3.2: Diagram of the correlation graph Gy () for p = 7 dimensional distributions with two
different 7 x 7 covariance matrices. The left panel is associated with a block-3 sparse assumption on
33. Only the 7 = 3 variables in the group inside the left circle are correlated: there is no correlation
(edge) between the remaining 4 variables in the right circle and there is no correlation across the
two sets of variables in different circles. The right panel is associated with (7, k) = (3, 3) sparsity
on X, where two additional edges, representing correlations between variables, exist across the two
groups.

On the other hand, (7, k) sparsity is a stronger assumption than row-x sparsity, since every (7, k)
sparse matrix is row-x sparse. (7, k) sparsity is thus an intermediate level of sparsity lying between
block sparsity and row sparsity.

For a unified framework in empirical correlation and partial correlation graph, we supposed
that the dispersion parameter X, after some row-column permutations, is (7, <) sparse as stated in
Theorem 3.2.4.

Remark 3.2.7. Recall that we are interested in {Ni(k) .k e {R, P},i € {Ej, Vs, Vs}}, quantities
that are invariant under permutation of the p-dimensional variables. Since permutation of the
variables is equivalent to the row-column permutation to the dispersion parameter 3, without loss

of generality, we can assume the variables are permuted such that ¥ is (7, ) sparse. U

3.2.4 Local normalized determinant

In this subsection, we provide further details on the normalized determinant and local normalized
determinant defined in Subsection 3.2.2. Sufficient conditions to control the quantity x,, ,,(-) used
in Theorem 3.2.4 in terms of eigenvalues or condition numbers are also discussed.

Observe applying the same permutation simultaneously to both rows and columns of a matrix
does not change its normalized determinant. It is also obvious u(A) € (0, 1] and, u(A) = 1 if and
only if A is a multiple of I,,. Moreover, /1(A) is close to 1 and hence bounded away from 0, as long

as all eigenvalues concentrate around a positive number. Below is an example of a sequence of
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symmetric positive definite matrices with well-concentrated eigenvalues such that their normalized

determinants are uniformly bounded away from 0.

Example 3.2.8. Let {«;}’_, be positive. Let {3;}3°, be a positive, decreasing sequences such

that ) 5, < oo. Consider A € RP*P be a symmetric positive definite matrix with eigenvalues
=1
Ai = apexp(—p;) for1 <i¢ <p—1and A\, = a,. Then

1(A) = exp <— Zﬁz‘) .

=1

Consider now p is increasing, i.e. consider a sequence of matrices A of the above properties with
o0

increasing dimension. For this sequence of matrices p(A) > exp (— > Bi> > 0,1i.e. u(A)is
i=1

bounded uniformly away from 0.

For local normalized determinant, it follows immediately by interlacing property (cf. Theorem
8.1.7 in [GVLI12]) that x,,(A) is decreasing with respect to m € [p] for any symmetric matrix
A € RP*P_Thus p,, ,,,(A) defined in (3.9) is increasing with respect to m € [p].

It turns out the local normalized determinant of the dispersion matrix 3 will play an important
role in our study of the distribution of the six quantities {Ni(k) k€ {R,P},i € {Es,Vs5,Vs}}.
Heuristically, when 6 > 2, N g?, as a sum of indicator functions of whether a subgraph of ¢ + 1
vertices is isomorphic I's, has the local property in the sense that each term in the summation
involves only § + 1 variables, and thus each pair of two such terms involves at most 2(J + 1)
variables. So heuristically 1i5(511)(3) controls the correlation between two indicator terms in the
)

, which has impact on the convergence of N SE’? to a compound Poisson. N (k)

summation of N gz ¥
)

and N‘(/l;) will be shown to have similar local property as N SEIZ in Lemma 3.3.8.

It is imposed in Theorem 3.2.4 that (1,, 9512 (X) % — 0, which holds when (i, 2512 (X) is either
bounded or increases in a rate 0(%). We provide some sufficient condition on well-studied concepts
like condition number or eigenvalues of 3 to control (i, 2512 (32) in Section 3.7. Specifically, we
show ft,,,,,(+) is upper bounded by powers of the condition number of its argument, and provide
two sets of sufficient conditions to guarantee uniform boundedness of /i, ., (-) for a sequence of

symmetric positive definite matrices.

3.3 Non-asymptotic compound Poisson approximation

In this section we establish a non-asymptotic compound Poisson approximation for .Z(Nj),
with N5 a generic random variable in {Ni(k) .k € {R,P},i € {Es, Vs, Vs}}, based on which we
present the proof of Theorem 3.2.4. In Subsection 3.3.1 scores representations for our model are
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introduced and these scores are key concepts in the following development. Subsection 3.3.2 is
devoted to provide an equivalent formulation of our model in terms of random geometric graphs,
where parameters of the non-asymptotic compound Poisson approximation are defined. With the
preparation of the first two subsections, Subsection 3.3.3 presents the non-asymptotic compound
Poisson approximation for star subgraph counts N é?) and in Subsection 3.3.4 it is developed that
all 6 quantities in {Ni(k) .k e {R, P},i € {Ej, Vs, Vs}} are close in L' distance. Then combining
results in Subsection 3.3.3 and Subsection 3.3.4, a theorem on non-asymptotic compound Poisson

approximation is obtained, which then implies Theorem 3.2.4 in Subsection 3.3.5.

3.3.1 Score representations of sample correlation and partial correlation

In this subsection, the U-score for the empirical correlation graph and the Y -score for the
empirical partial correlation graph are defined. These scores will serve as the vertices set on which
the random geometric graphs are constructed in Subsection 3.3.2.

We first present two useful reductions to our model. The first reduction is to reduce .2 (X ) from
vector elliptically contoured distribution as in (3.2) to a centered matrix normal distribution as in
(3.3).

Reduction to centered matrix normal data matrix

The following lemma is an immediate result of the theorem in Section 6 of [And92].

Lemma 3.3.1. Suppose X ~ VE(u, X, 0). Then the distribution of R defined in (3.5) is invariant
to 0 and p.

Since the quantities of interest in this chapter are {Ni(k) .k € {R,P},i € {E;,Vs5,Vs}},
functions of R, their distribution are also invariant to ¢ and p when X ~ VE(u, 3, 6). Specifically,
we may choose A(w) = (27)" 2 exp(—sw) and p = 0 such that X has density (3.3). That is,
{x®@}" . the rows of X, can be taken as i.i.d. samples from N(0,X), without changing the
distribution of any of the quantity {N*) : k € {R, P},i € {Ejs,V;, Vs}}. Thus for the rest of
the chapter we will suppose X has density (3.3) and refer to the dispersion parameter X as the
population/theorectical covariance matrix. As a consequence, >;; = 0 implies variable ¢ and
variable j are independent. In particular, the different sparsity conditions discussed in Subsection
3.2.3 imposed on 3 induces different independence structures between variables in the reduced

model.

The second reduction represents the sample covariance matrix defined in (3.4) by a sample

second moment of the projected data.
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Reduction from sample covariance matrix to sample second moment

It is shown in Theorem 3.3.2 [And03] that the sample covariance matrix of n i.i.d. normal distribu-
tion is identical to the sample second moment of n — 1 i.i.d. zero-mean normal random vectors.
Specifically, define the orthogonal n x n matrix H = [n_%l, H. 2:n]T. The matrix H>.,, can be

obtained by Gramm-Schmidt orthogonalization and satisfies the properties
]-THQ:n =0, HQTnHQn =1,

Then
X = H,, X € Rn-Dxp (3.15)

have i.i.d. rows {Z®}"~' drawn from A/(0, 3). Moreover the sample covariance matrix defined in
(3.4)

n—1
1 , A 1 i~
S = £ (2T = XTX. 3.16

n—1 ; z (@) n—1 ( )
That is, the sample covariance matrix of the data matrix X, defined in (3.4), is the same as the

sample second moment of the data matrix X.

We are now in a good position to define and analyze the scores representation of R and P.
From the second reduction above, {#(*}"=! C R, the rows of X, are i.i.d. copy from A/(0, X).
Let {2;}"_, be the columns of X . Then u; := ”fﬁ € R™! has distribution unif(S™~?2) for i € [p].
Denote

U=[u,u,...,u, € R~ Dxp

and it follows from (3.16) and (3.5) that
R=U"U. (3.17)

The U in equation (3.17) is referred to as U-score of the sample correlation matrix [HR11, HR12].
Note our formulation of U-score is slightly different from the formulation in [HR11, HR12], but
it’s an easy task to check the two different formulations are equivalent. Moreover, as discussed in
the first reduction above, u; and u; are independent provided the population covariance ¥;; = 0.

The normalized outer product of U, defined by

n—1
p

B = UUT ¢ RO-Dx(=1) (3.18)

will play an important role in the analysis of empirical partial correlation graph.

Lemma 3.3.2. Let X ~ VE(u, X, 0) and p > n. Then B is invertible with probability 1.
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By Lemma 1 in [HR12], provided UU is invertible or, equivalently, B is invertible,

2
R = UT[UUT|U = ( b 1) UTB™U. (3.19)

n —

It follows from Lemma 3.3.2 that equation (3.19) holds a.s.. Define A = B™' | Y = AU and

hence

2
R = (n]i 1) Y'Y as. (3.20)
Further define
v = 9i/||gill2, Vi€ p,
Y = [y1,y2, o ,yp] c R(nfl)xp’
and thus

P=Y'Y uas. (3.21)

by equation (3.6) and (3.20). Y in equation (3.21) is referred to as the Y -score representations for
sample partial correlation matrix [HR12]. Similar to U-score, one can verify easily our formulation
of Y -score is equivalent to that in [HR12].

Let 0" 2 be the spherical measure on S" 2, i.e. 0" 2 is the probability measure of uniform
distribution on S™~2. Denote by Juj, u;,, the joint density of ji-th, jo-th, ..., j,,-th column of

7uj27"'7

U with respect to the product measure @02 := ¢" > ® 0" > ® --- ® 0" 2. The next lemma

-~

is bounded by iy, ,,(2). This highlights the role of i, ,,(2) since the

distribution of the six quantities Ng:) ,N‘(/];), N I(Slz) with & € { R, P} have local property as discussed

in Subsection 3.2.4, depending only on joint density of f; ,

establishes fu; w;, - u;,

- uj,, LT every possible collection

of {j;}, and some constant m = 2§ + 2.

Lemma 3.3.3. Let X ~ VE(u, X, 0). Consider {j;}7, C [p| are distinct indexes and J = {j; :
1 <i<m}.

(a)
Nn,m(27> < :un,m(z)

(b) The joint density of any subset of m columns of U-score w.r.t. @™o~ ! is upper bounded by
fonm (2):

fuh’umf”:ujm (U17U27 T 7vm) < Mn,m(EJ) < Mn,m(z)v Vv, € Sn_Qﬂ\V/i S [m]
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Here (i, ,, (X 7) is well defined since fu,, ., (-) is invariant to simultaneously applying a permu-

tation to both rows and columns.

(c) Leth: (S" %)™ — R be a nonnegative Borel measurable function. Then
Eh(ujwujzv T 7ujm) < :un,m(EJ)Eh(u;‘lau;’ga T 7u;m)
S /,me(Z)]Eh(u;l, ’U,;-2, e au;‘m)v

where {u), }- are i.i.d. distributed as unif(S"?).

Remark 3.3.4. In Lemma 3.3.3 (a), since ¥ 7 is m by m symmetric positive definite matrix, by the
definition in (3.9),

[M(EJ)]*%, 3 7 not diagonal,
finm(E7) = .
1, 3} 7 diagonal.

0

The proof of Lemma 3.3.3 (b) is deferred to Appendix 3.8.2. (c) immediately follows from (b)
by writing expectation as integrals. (a) follows trivially from pi,,,(37) = p(X7) > pm(2).

Lemma 3.3.3 (c) is useful since when calculating expectation of nonnegative function of any m
columns of U, one may always assume the associated columns {u,} are independent unif(S™ ')

with the cost of an additional multiplicative factor y,, ,,(X).

3.3.2 Random pseudo geometric graph

In this subsection we define random pseudo geometric graph and provide an equivalent formu-
lation of our model, of which the vertices set are the scores defined in Subsection 3.3.1. We also
define the increment distribution of the compound Poisson that non-asymptotically approximates 6
random quantities {N\" : k € {R, P},i € {Es, Vs, Vs}}.

From equation (3.17) and the fact that columns of U have Euclidean norm 1,

s — wyll5 Jlwi + w3

For a threshold p € [0, 1), define 7, := /2(1 — p) € (0,+/2]. By equation (3.22),

{Rij > p} = {llui —ujll2 < V2(1 = p)} = {[|wi —wjlla <7}

and similarly,
{Ry < —p} = {llw + w2 < 7).
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The two preceding displays yield
{1Bi5| = p} = {llwi +uylls <7} Ufflus — gl <7} (3.23)

An entirely analogous derivation shows for empirical correlation graph,

P51 = p} = {lly: +ysll <7y Udllys = will2 < 70} (3.24)

Based on (3.23) and (3.24), presented in [HR11, HR12], we now introduce some novel geometric
contents connecting to random geometric graph.

Note (3.23) indicates, {|R;;| > p}, the event when sample correlation between i-th and j-th
variables exceed the threshold p, or equivalently, the event when there exists a edge connecting the
t-th and j-th vertices in the empirical correlation graphs Qp(\I'(R)), is the same as the event that u;
and u;, the associated U-score, lie in some geometric set on S™2 x S"2. This insight provide an
equivalent way to construct G,( W (R) through the U-scores. Similar interpretation can be drawn

for (3.24). Such equivalent construction is made formal in the next few paragraphs.

Definition 3.3.5 (Pseudo geometric graph). Given m > 2 and a set of points {v;}™, in R”,
denote by PGe ({v;}",,;m, .#) the pseudo geometric graph with radius r, defined as follows.
The vertex set of the graph is {v;}!";, and there is an edge between v; and v; if dist(v;, v;) :=

min {[[v: — v, s + v; 2} < 7.
It’s easy to verify that dist(-, -) has the following properties: for Yv;, ve, v3 € R™,
1. dist(vq,v2) > 0;
2. dist(vy,v2) = 0 if only if v; = vy Oor v; = —vy;
3. dist(v, v9) = dist(vy, v;) and dist(vy, vo) = dist(vy, —v5)
4. dist(vy, vy) < dist(vy, v3) + dist(vs, va).

That is, dist(-, ) is a pseudo metric on R*"’, which explains the name pseudo geometric graph in
Definition 3.3.5. dist(-,-) is indeed a metric on the quotient space of R*"" with any two points
symmetric about origin identified.

If the set of points generating geometric graphs or pseudo geometric graphs are random, then
the corresponding graphs are called random geometric graphs or random pseudo geometric graphs.

With the above definitions and by the discussions before Definition 3.3.5, the empirical cor-
relation graph G,(¥®) is isomorphic to PGe ({u;}}_,,7,;p,n — 1), the random pseudo geo-
metric graph generated by U-scores. Even though PGe ({u;}}_,,r,;p,n — 1) has additional
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geometric contents since each vertex in it is a specific point in S"~2, it’s not necessary to dif-
ferentiate it from the empirical correlation graph as long as only the graph properties are of
concerned. As an example, we may refer to N‘(,f) the number of vertices with degree at least §
in PGe ({u;},_,,7,;p,n — 1) as well. An entirely analogous analysis applies to empirical partial
correlation graph and PGe ({y;}/_,,7,; p, n — 1). This equivalent construction indicate the distri-
bution of each of the 3 quantities {Ni(k) i € {FEs, Vs, Vs}} with £ = R (k = P) depends only on
the pairwise pseudo distances dist(-, -) between columns of U (Y).

Recall NMD ({v;}!™,,r; m, .#") denotes the number of vertices of maximum degree m — 1 in
Ge ({v;}"1,r;m, A"). When m > 3, NMD ({v;},,r;m,.#") is also the number of subgraphs
of Ge ({v;}1*,,r;m, /") isomorphic to I',,,_;. Define PNMD ({v; }*, r; m, .#") analogously for
pseudo geometric graph.

Denote by deg(-) the degree of a given vertex in the graph. Consider {u/}>"} e unif(S™2).
For ¢ > 1 denote

(0, 7,) =P (PNMD ({w}0, 756 + 1,n — 1) = {|deg(u}) = 9) . (3.25)

ans(¢,7,) depends only on n, § and the threshold p and is abbreviated as (¢, ,) when there is
no confusion. Moreover, a(¢,r,) = 0 when ¢ > § + 2. Define a probability distribution ¢, s,

supported on [ + 1] with
(6rp)/t
Crso0) = =15 : (3.26)
S ltn)/0

Note for the special case § = 1, by definition v, 1(2,7,) = 1 and thus ;1 ,(¢) = d12}, the Dirac

measure at 2.
It will be shown in the next three subsections that the probability distribution ¢, 5, is the

distribution of the increment of the compound Poisson that non-asymptotically approximates the
Z(Ny), with N; a generic random variable in {N*) : k € {R, P},i € {E;, Vy, Vs}}.

3.3.3 Closeness of the distribution of the star subgraph counts to compound Poisson

The first part of this subsection gives the intuition why the distribution of N ](5?), the star
subgraph counts, approximately is a compound Poisson and derives the associated parameters for
the compound Poisson approximation based on random pseudo geometric graph representation
developed in Subsection 3.3.2. The second part states a formal proposition that establishes an upper
bound of the total variation between & (N g?) and the compound Poisson distribution derived in
the first part.

Some notations have to be introduced before giving the intuition of why .#’ (N é?) approxi-

mately is a compound Poisson. Let SC(r, z) be the sphere cap with radius r at the center z € S™ 2.
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Formally,
SC(r,z) ={x e S"?: |z —z|. <r}. (3.27)

Define P,(r) = %, where Area(-) is the area of a subset of S"~2. P,(r) is the normalized

area of the spherical cap with radius 7. As is shown in (2.6) in [HR11] *,

b, [ -
P,(r)= 5/ L= uz)Téldu, when 7 € [0,v/2], (3.28)
-5
where b,, = % It follows by simple calculation that
Area(SC(v4 —1r?
P,(r)=1- rea(SC( %, 2) =1—P,(vV4—172) whenv2 <r <2,

Area(S"2)

and P,(r) = 1 when r > 2. Further properties of P, (r) are summarized in Lemma 3.14.1.

Denote
O i={i = (ig, iy, ,ig) € [P]**' 1iy < iy < --- < ig, and iy #ig, VL€ [0]}.  (3.29)

For i € CF, denote by

& 1)
cb;R) — H @52 =1 (ﬂ{dist(uio, u;;) < rp}> (3.30)
j=1

J=1

the indicator that vertex 4, is connected to each vertex i; for j € [0] in the empirical correlation

graph. Then by definition

R R
NP =3 ol (3.31)
ieCy

If CIDSR) for different i € C5 are independent or weakly dependent, the distribution of N (1;) ,asa
sum of independent or weakly dependent indicator random variables, is expected to approximately
be Poisson. This however is not the case since many terms in the summations are highly dependent.

(R) (R)

Specifically, for any ieCy, (ID; is highly dependent on <I>; for any j € S; where

0 6
S; = {7 e Ci\{iy : Jli} = U{z‘e}} : (3.32)
=0 £=0

*[HR11] indeed defines Py, which is twice of P, (r,).
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S7 is the set of indexes sharing the same vertices with 7 but with different center and thus |S7| = 0.

Indeed, provided CI>Z£R) = 1, which is equivalent to dist(wu;,, u;;) < r, for Vj € [4],
dist(w;,, u;;) < dist(u;,, w;,) + dist(w;,, u;,;) < 2r,, for V2 < j < 6.

That is {u;, fié are all close to u;, and hence it’s likely there are edges connecting them. In other

words it’s likely for i/ = (iy,ig, - ,is), @;R) =17 Let
- (R)
U; = Z (I)j‘ (3.33)
;GS'T

be the sum of highly dependent terms of @ZSR)

. To sum up, if there is an increment for NV SE?), say
ot

= 1, there is a certain probability that U is great than 0 due to the high dependence, causing
each increment of N gf) has size great than 1 with a certain probability, which is a typical behavior
of a compound Poisson distribution.

After understanding heuristically the distribution of N ](E?) approximately is a compound Poisson,
we now derive heuristically the parameters of the compound Poisson for the special case X is

diagonal. Let m = {ig, i1, ,is} be the unordered set of indexes of any ic Cy and define
C5] = {m e C’f}. It follows |[C5°]| = (;7,). For a given group of d + 1 indexes M
@ZSR) + U is the increment associated to this group and its value is between 0 and 0 + 1. Heuristically

the probability of increment size ¢ for £ > 1 is proportional to the expectation of the fraction of the

number of groups with increment ¢:°

]E|[Cl<” > (el =) :I[C—i]léE S (e 0p) 1 (el + =)

He[cﬂ He[cﬂ

1 1
==y 2 P (o = 1) P (@l +U; = ¢jol® = 1),

(3.34)

SHere we without loss of generality assume i < i, for 2 < j < 4.
®Here it is implicitly assumed that the random variables with different group of § + 1 indexes are weakly dependent,
which will be verified in the proof.
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Since X is diagonal, {u;}!_, are i.i.d. unif(S™~?) and hence (3.34) become

! ® o) = Lyee ) a(l,r
Eucsn[%ﬂl(@f U= 1) =1y [GF| QP (o)

0+1
ZT(QPn(Tp»éO‘(& Tp), (335)
where a((, 1) is defined in (3.25) and P <<I’§R) = 1) = (2P,(r,))° by conditioning on u,,. As a

consequence, the probability of increment size ¢ for ¢ > 1 is:

0+1

Hez[i]l(@%mw?:“g)/ 2 E|[c*1ﬁlm%<]1<q’5m”ff=> = Graa(6)

where the last step follows from (3.35) and (3.26). The heuristic derivation indicates ¢, 5, is

E

1
1G5 ]]

the distribution of increment size of the compound Poisson approximation. Moreover, the mean
x of underlying Poisson for the compound Poisson approximation should satisfy the following

expectation constraint:

expectation of the compound Poisson = zE(,, 5, = EN, ﬁ;f),

where E¢,, 5., is the expectation of ¢, 5.,. One can easily verify E¢,s5, =1/ 3 01! (a(¢,7,)/{) and
EN ](3?) = (*)(*;")(2P0(r,))? since X is diagonal. Hence the mean of underlying Poisson for the

compound Poisson is

6+1

= (f) (p 5 1) (2Pu(r,))’ > O‘(im = Apnsip- (3.36)

(=1

In conclusion we heuristically derive when 3. is diagonal, the compound Poisson approximation for
R) .
Nég ) 18 CP()\p:TM‘S:P? Cn767p)'
Despite the above analysis imposes that 3 is diagonal, the general case that 3 is not diagonal
but sparse shares the same compound Poisson approximation with a cost of being non-diagonal in
the error of the approximation. We are now in a good position to present the main results in this

subsection.

Proposition 3.3.6. Letp > n > 4,0 € [p— 1] and v > 0 be given. Suppose X ~ VE(u, X, 0).
Suppose 2p1+%Pn(7°p) < v, and X is row-k sparse. Then

dry (g (N,??) L CP(Mpnspn cn,g,p))
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2
n »)r=L K K 1
<Cnsy (C;M)# 5 (Un,26+2 (%) ]_7 (1 + fn,26+2 (2) (E) ) +p 5) )

where C,, 5., and CZM are respectively two constants depending only on the parameters in their
subscript.
Remark 3.3.7. The condition 2p1+% P, (r,) < ~ specifies an implicit lower bound on the threshold p.

n—2
To obtain an explicit lower bound, observe 20np1+% < 2(1 — ,0)) < ~ is a sufficient condition

of 2p1+%Pn(rp) < 7, by Lemma 3.14.1 (a). Solving for p, then an explicit lower bound of p
sufficient for 2p'*+5 P, (r,) < 7 is

n—2
P >1- 1 ( ! 1) :
2 \2¢,p'ts

This is a non-asymptotic version of (3.12).

Even though Proposition 3.3.6 holds for any symmetric positive definite matrix 33 that is row-x
sparse, for the results to be effective, the upper bounds in the above results should be small. As a
result, ¥ has to have relatively small y,, 2512 (2) and be row-x sparse with relative small sparsity
level x/p, such that p,, 2512 (2) k/p is small. A sufficient condition by Lemma 3.7.1 (b) is small
condition number of 3 to guarantee small /i, 2542 (X). In the special case when X is diagonal,
pn2sv2 () k/p=1/p.

Moreover, suppose X has small condition number and sparsity level such that 1, 2512 (3) £/p
is small, say ji,.2512 (X) %/p < 1. Then in the upper bound the term 11, 5542 (2) (+/p)” inside the
parenthesis can be dropped, resulting in an additional constant factor, since fi,, 2542 (£) (k/p)* < 1.
In other words the effective upper bound, neglecting the coefficients depending on n, § and =, is
tn2st2 () K/p + ps.

The expressions for C(’M and (), 5, are respectively available in (3.89) and (3.90). They are not
optimal constants since they are not of major concern in this chapter. Here possible expressions for

these coefficients are provided for completeness. U

Proposition 3.3.6 states for given n, p, 0 and -, if the threshold p is properly chosen, and
3 is row-« sparse and has small p,, 2512(3), then the distribution of N ](5?) approximately is the
compound Poisson C'P(\, .5, Cno,p)- In the next subsection, we will built connections among
{Ni(k) .k € {R, P},i € {E;s, Vs, Vs}} such that Proposition 3.3.6 can be extended to the other 5

quantities.
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3.3.4 A portmanteau proposition on pairwise total variations

In this subsection upper bounds for pairwise total variation distances among the 6 quantity
{Ni(k) . k € {R, P},i € {E;,Vy,V;}} are obtained. Such an result establishes the distribution
of these 6 quantities are mutually close, and together with Proposition 3.3.6 it will imply their
distributions all are close to the compound Poisson C'P(\,,, 5,,Cn5,)- Like in Subsection 3.3.3,

some intuitive derivations are first presented, followed by a formal statement of the results.

Lemma 3.3.8. Consider ¢ € [p — 2].

Esi1 —

NP — 0+ INGY, < NP < NP < NP,

P P P P P
Ni' =@+ )Ny < N& < Ny < N,

It follows directly from Lemma 3.3.8 that for N; € {N (R) N‘(/f) },

E|N; - NP | < 5+ DENGY,. (3.37)
As aresult, if EN éﬁ)l is small, then N‘E/?) and N‘(/f) are close to NV é?) in L' norm.

To heuristically see why the quantities in empirical partial correlation graph is close to those
in the empirical correlation graph, consider large p and pretend {u;}._, are independent. Then

according to law of large number,

n—1

p
ZuiuiT ~ (n— 1)Ewu] =1,_1, (3.38)
p

=1

B =

which further implies
Y~U, Y~U.

That is, the Y -score and U -score are almost the same. Hence N ](3?) and N gj), as the same function
of U and Y respectively, are close to each other. So does the other two pairs. These heuristic
arguments will be made rigorous in the proof of the next result.

The next result states all 6 quantities {Ni(k) .k e {R,P},i € {E;s,Vs,Vs}} are close to each
other in L' norm and their distribution are then close to each other in total variation.

Proposition 3.3.9. Letp > n > 4and X ~ VE(u,X,0). Let § € [p—1]. Suppose 2p1+%Pn(rp) <
7.
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(a) Suppose X is row-k sparse. Then for ]\75 = {N‘Ef), N‘(/f)},

dry (z (N5>,$<Ng >>> <]E‘N N(R)’ < 5+!1) 51 (1+un,5+2(2)”;1)p— .

=

(b) Suppose X, after some row-column permutation, is (7, k) sparse with T < & and

(52

hold for some positive and small universal constant c. Then

i (# (NE7) 2 (NEY)) < [VED - N

k—1 In T
<Cy) <1+ . un,m(E)) < —p+;) . (3.39)

p

where Cg:) is a constant depending only on n,  and .

(c) Suppose the same conditions as in part (b) hold. Then
(P) (R) (P)
o (2 (7)o () <

k—1 In T
<cyy (1 + Tun,m(z)) ( L2 +p‘§) :

where C‘(;:) is a constant depending only on n,  and .

Remark 3.3.10. In Proposition 3.3.9 (b), the condition

(,/n_1+ an) <ec (3.41)
P P

hold for some positive and small enough universal constant c is nothing but a quantitative way

of saying when p is sufficiently large. Observe the left side of (3.41) is a decreasing function of
p, and its limit is 0 when p approaches infinity. Then the smallest positive integer p, satisfying
the inequality exists and depends only on n and J, since c is an universal constant. Then (3.41) is
equivalent to requiring p > py. Similar interpretation applies for the corresponding condition in

Proposition 3.3.9 (c).
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Figure 3.3: This graph has the 6 quantities associated to empirical correlation or partial correlation
graph as vertices. The 4 solid edges correspond to existence of an direct upper bound of the total
variation between two vertices, with the weights respectively correspond to the 4 upper bounds
(neglecting constant coefficients) in Proposition 3.3.9. Dash edges correspond to an indirect upper
bound of the total variation between vertices, with weights computed from solid path connecting
the two vertices.

Row-x sparsity on X suffices to show the quantities of empirical correlation graph are close
in L' norm as in Proposition 3.3.9 (a). Stronger sparse condition (7, x) sparsity on X is imposed
to have quantities between empirical correlation graph and empirical partial correlation graph are
close in L! norm as in Proposition 3.3.9 (b), (¢). (7, k) sparsity is indeed only used to guarantee
(3.38) and have a quantitative control how B deviates from I,,_;.

Even though Proposition 3.3.9 holds for any symmetric positive definite matrix 3 that, after
simultaneous row-column permutation, is (7, ) sparse, for the results to be effective, the upper
bounds in the proposition should be small. All 3 upper bounds in the proposition, up to a constant
depending on n, ¢ and -, are bounded by (1 + %un,5+2(2)> < IHTP + 3+ p_%). As a result,
for the proposition to be useful the theoretical covariance matrix 3 should has small i, 512(%)

and be (7, k) sparse with small sparsity level %, g, and p should be relatively large such that

<1 + “leun,ngQ(Z)) ( lnTp +7 —i—p‘%) is small. A sufficient condition by Lemma 3.7.1 (b) is
small condition number of 3 to guarantee small 1, 5.5 ().

The exact expressions for C'](;:) and C‘(V/f) are available respectively at (3.109) and (3.114).
They are not optimal constants since they are not of major concern in this chapter. Here possible

expressions for these coefficients are provided for completeness.
OJ

Proposition 3.3.9 establishes the total variation bounds between N ,E;’?, N‘g:), N‘(/];) withk = R
and k = P as illustrated by Figure 3.3. Dash edges correspond to an indirect upper bound of the
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total variation between vertices, with weights computed from solid path connecting the two vertices.

For instance the weight of dash edge between N gt) and N‘(,f) is computed from
iy (£ (N77) 2 (V)
<E NP — NP

(R) (P) (R) (P)
<E|NIP - NP|+E NP - N,

() _ R (R) _ P (R) _ P
<E|NG - NP| + |V - NP+ E| NG - N

5+ 1) —1 1 1
< (e rom O ) (L foh m)) (R Dt
G p " p P

o!

where the first inequality follows from Lemma 3.14.4, the second inequality follows from Lemma
3.3.8, and the last inequality follows from Proposition 3.3.9 (a), (b) and (c).

From Proposition 3.3.9 and Figure 3.3, it’s easy to see by triangle inequality the 6 quantities
are all close to each other in total variation provided (1 + ”le,un,(;Jrg(E)) ( l%p + % + p_%> is
relatively small. As a result, the closeness of one quantity among the 6 to some distribution in
total variation implies the closeness of all 6 quantities to that distribution. In Subsection 3.3.3 the
result that & (N gf)) is close to the compound Poisson C'P(\,, .5, €n.5,,) has been established,
which immediately implies all 6 quantities {Ni(k) ke {R,P},ic {Ej, Vs, Vs}} are close in total
variation to the same compound Poisson. A formal such result combining Proposition 3.3.6 and
Proposition 3.3.9 is presented in next subsection.

3.3.5 Unified convergence: an umbrella theorem

The following theorem is a non-asymptotic version of Theorem 3.2.4. It states if the threshold p
is properly chosen, and X satisfies (7, k) sparsity condition, then any random quantity in {Ni(k) :
k € {R,P},i e {E;s,Vj,Vs}} can be approximated by a compound Poisson.

Theorem 3.3.11 (Compound Poisson Approximation in High Dimension). Letn > 4, 6 € [p — 1],
and v > 0 be given. Consider X ~ VE(u,X%,0). Suppose 2p1+%Pn(rp) < 7. Suppose 3,

after some row-column permutation, is (7, k) sparse with 7 < & and un725+2(2)1—’j < 1. Suppose
v/ ”TTI + % < ¢ hold for some positive and small universal constant c. Let N5 be a generic
random variable for either one in {Ni(k) ke {R,P},ic{E;s,Vs,Vs}}. Then

_ K 1
dTV (f (Né) 7CP<>‘p,n,5,p7 Cn,&,p)) § Cn,&,'y (Hn,26+2 (Z) E + p_g + E(p7 5)) ) (342)
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where

E(p.8) 0 if N5 = J(Eé), Né/é)orN‘(,&),
D,0) = _

ln T .

Be 4z ifNy=Ng Ny or Ny,

Remark 3.3.12 (Relaxed sparsity assumption in empirical correlation graph). If only random quan-
tities in empirical correlation graph is of concern, then the (7, ) sparsity assumption can be relaxed
to the row-x sparsity. Specifically, the last three sentences in Theorem 3.3.11 can be replaced by the

following.

Suppose X is row-x sparse with un,25+2(2)’§ < 1. Let N5y be a generic random variable for
either one in {N* : k = R,i € {Ej;, V;,Vs}}. Then

~ K 1
dTV (g <N5) 7CP()\p,n,5,p7 Cn,d,p)) < Cn,&,’y (,un,25+2 (2> ]_7 +p5> ) (343)

where the notation C), ;, is a constant depending on 7, J and .

Remark 3.3.13. The condition un725+2(2)]§ < 1is used to simplify the upper bound in (3.43) and
(3.42), in the sense that without this condition, inequalities similar to (3.43) and (3.42) but with
more complicated upper bounds still hold. This condition is not really an additional condition:
observe for upper bound in (3.43) and (3.42) (neglecting the coefficients depending only on n, 9,
and ) to be small, the term /Ln,25+2(2)% should be small. See the third paragraph in Remark 3.3.7
for a detailed discussion.

Row-x sparsity on ¥ suffices to guarantee (3.43) holds, i.e. the quantities of interest in the
empirical correlation graph can be approximated by a compound Poisson. For Remark 3.3.12
to be useful, the upper bound (3.43) should be small such that the distribution of N is close to
CP(ApnspsCnsp) can be drawn. Neglecting the coefficient depending on n, 6, and +y since n, 0
and ~y are given, it suffices to have the term <un,25+2(2)§ + p*%> be small. That is, for the above
theorem to be effective, 3 should has small ji,, 55:+2(X), small sparsity level %, and p should be
relatively large. One sufficient condition for small ji,, 25:2(%) is small condition number of 3 by
Lemma 3.7.1 (b).

The stronger condition (7, ) sparsity on X is imposed to guarantee (3.42) holds, i.e. the
quantities of interest in empirical partial correlation graph can be approximated by the same
compound Poisson as that in empirical correlation graph. For Theorem 3.3.11 to be useful, 3 should
has small /i, 25.12(32), small sparsity level 110, g, and p should be relatively large.

Finally observe (3.43) and (3.42) do not involve the parameters p and 6. That is, the above
theorem holds for any mean g and any shaping function 6 of the distribution of the data matrix X.

The reason for this observation has been discussed in Subsection 3.3.1. OJ
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Remark 3.3.14 (Comparisons between theorems). Theorem 3.3.11 is a non-asymptotic version
compound Poisson approximation and Theorem 3.2.4 is the limiting version. Note by taking the
limit p — co, we obtain simpler formulae for parameters of the corresponding compound Poisson.
Specifically the distribution of increment ¢,, 5 , of the approximating compound Poisson in Theorem
3.3.11 depends on conditional probabilities in random pseudo geometric graph as in (3.25). On the
other hand, the distribution of increment ¢,, s of the limiting compound Poisson in Theorem 3.2.4
depends on probabilities in random geometric graph as in (3.7), which is relatively simpler. For
instance, a closed form formula of ¢, » is obtained later in Example 3.5.2 while obtaining a closed
formula for ¢, 2, does not seem straightforward.

Despite the fact that the limiting compound Poisson in Theorem 3.2.4 is relatively simpler,
the disadvantage of it is that it requires that p — 1 in the specific rate pfﬁ(“r%) as discussed in
Remark 3.2.6. This particular rate, however, is very slow when n is large. Indeed if one choose p as

in (3.12) and require p > 1 — ¢ for some € € (0, 1/2), one obtains

. gﬁ‘ﬁﬁ 1 PeEsvey
~ \ 2¢, 2¢ ’

It is clear from the preceding display that when 7 is large, p is huge. On the contrary, Theorem
3.3.11 does not impose the requirement that p approach 1 and approximates the Ns even for small p.
This is illustrated in Figure 3.8 in Section 3.15.

Another advantage of Theorem 3.3.11 is that explicit upper bounds for the approximation errors
are established, while only limiting results but no convergence rates are established in Theorem
3.2.4. Though from the discussion in the previous paragraph, one should expect the convergence

rate for Theorem 3.2.4 to be slow for large n. U

Theorem 3.3.11 and Remark 3.3.12 directly follow from Proposition 3.3.6 and Proposition 3.3.9
and hence the proof is omitted. In the rest of this subsection we present results on the limit of
CP(Apn.6,05 Cn5,0) When p goes to infinity and then complete the proof of Theorem 3.2.4.

To study the limit distribution for CP(\, .5, Cns,), the following two results in random
geometric graphs are useful.

The next proposition states that the distribution of the number of vertices of maximum degree,
conditioned on the existence of one such vertex, is invariant in geometric graph and pseudo geometric

graph generated by vertices uniformly distributed on the unit sphere.

Lemma 3.3.15. Consider r < 2/\/5 and § > 1. Suppose {w,}>*} "% unif(S"=2). Then for any
Ced+1]

P (NMD ({w}22) 76+ 1,n — 1) = {|deg(uj, ) = 6)
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=P (PNMD ({u/}2*},r;6 + 1,n — 1) = (|deg(uj,,) = 5) .
where deg(uy. ) on the left (right) side is the degree of vertex wy. , in the corresponding random

(pseudo) geometric graph.
By Lemma 3.3.15,

(0, 7,) =P (NMD ({u;}2 7,6 +1,n — 1) = ¢|deg(u}) = 6) (3.44)

when r, < 2/+/5 or equivalently p > 3/5.
Lemma 3.3.16. Let 6 > 1 and n > 3. Suppose {u/}7*} "% unif(S"=2) and {a}’_, "%

1 Ji=1
unif(B"~%). Then for any { € [0 + 1],

lim P (NMD ({w/}7) 756 +1,n — 1) = (|deg(u},,) = 0)

r—0t

=P (NMD ({@;})_;,1;6,n —2) =(—1). (3.45)

Lemma 3.3.16 states that the conditional distribution of the number of vertices of maximum de-
gree in Ge ({u; o+ 1,n— 1), conditioned on the existence of one such vertex, convergences.
Its limit is the distribution of number of vertices of maximum degree in Ge ({@;}{_;,1;d,n — 2),
the random geometric graph generated by uniform distribution in the unit ball.

The condition 2p1+%Pn(rp) < ~in Theorem 3.3.11 entails 7, — 0T, which is equivalent to
p — 17, when p — oo. The following lemma states if the rate of p — 1~ is coupled with the rate
p — 00, CP(A\, 15, Cnsp) = CP(A,5(€ns), ) in distribution, where ¢, 5 is defined (3.8) and
An.s(€n.s) is defined in Theorem 3.2.4.

Lemma 3.3.17. Suppose as p — oo, p — 1~ such that cn2%p1+%(1 — p)% — ens, Where

Cn = (n_ZF)E};i;(l ()7{3)2) 75 and e, 5 is some positive constant that possibly depends on n and 6. Then

CP(Mp.1o.psCnsp) = CP(Ans5(€ns), Cno) in distribution. (3.46)

A formal theorem summarizing the results when p — oo has been presented in Theorem 3.2.4.
Proof of Theorem 3.2.4: It directly follows from Theorem 3.3.11 and Lemma 3.3.17. [

Note Remark 3.2.5 directly follows from Remark 3.3.12 and Lemma 3.3.17.

3.4 Convergence of moments

Despite that we have shown in Theorem 3.2.4 that N5 — C'P(\,5(en5), Cn,s) in distribution
where Nj is a generic random variable in the set {Ni(k) k€ {R,P},i € {Es, Vs, Vs}}, the
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convergence of moments remains unknown. Convergence in distribution does not necessarily induce
convergence of moments: there exists {0, 1}-valued random variables Z,, that converges to 0 in
distribution but not in first moment (c.f. Example 4.5 in Chapter 3 of [Cinl1]). The analogous
analysis applies to the non-asymptotic approximation result Theorem 3.3.11. However, convergence
or non-asymptotic approximation of moments is important. For instance, in [HR11] approximation
formula of the first moment is used to derive a phase transition threshold by dE[N;]/dp = —1.
In this subsection, we present the non-asymptotic approximation of the first moment and second
moment of N;, which will automatically imply convergence results when p — oo.

Let Z ~ CP(Apn.sp; Cnsp)- Then we can represent Z = "V | Z,, where N is distributed as a
Poisson with mean A, ,, 5 ,, Z; e Cn.s,p and N is independent of each Z;. The first two moments

of Z are:

EZ =ENEZ, = (71’ ) (p 5 1) (2P, (1)), (3.47)

EZ?> =ENEZ; + (ENEZ,)?
:G”) (pg 1) (2P,(r,))’ gmw, ") + (@ (p . 1) (2Pn(rp))5)2. (3.48)

The next lemma is on non-asymptotic approximation of the first moment of N g:) by the first

moment of the compound Poisson as in (3.47).

Lemma 34.1. Letp > n > 4,0 € [p— 1] and v > 0 be given. Suppose X ~ VE(u,X,0).
Suppose 2p1+%Pn(rp) < 7, and X is row-k sparse. Then

k—1

(R) < (0+1)
ENE5 EZ = 2(((5— 1)|>7 Hn,6+1 (E) p )

where Z ~ CP(X\p .5, Cns,p) and EZ is calculated in (3.47).

By combining the preceding lemma and Proposition 3.3.9 one immediately obtains non-
asymptotic approximations for the first moment of all 6 quantities {Ni(k) k€ {R,P},i €
{Es, Vs, Vs}}. If further impose cn2%p1+% (1-— ,0)”772 — ep5 as p — oo as in Theorem 3.2.4, then
one also obtains a limit version on first moment. All these straightforward extensions are left to the
interested readers.

The approximation to second moment of N gf) involves approximations to terms E@ZSR)(IDSR)
for ;,j € C5, which are already available in the proof of Proposition 3.3.6 when Stein’s method is
applied. By those results and careful analysis, the approximation of second moment of N é?) is as

below.
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Proposition 3.4.2. Letp > n > 4,0 € [p— 1] and v > 0 be given. Suppose X ~ VE(u, X, 0).
Suppose 2p1+%Pn(rp) < 7, and X is row-k sparse. Then

2
’E (M) -2

K _
S On,é,'y (N/n,%—ﬂ(z)g +p 1/6) )

where Z ~ CP(Np .5 Cns,p) and EZ% is calculated in (3.48).

To extend the preceding proposition to second moments of other quantities in {Ni(k) ko€
{R,P},i € {Ej,V;,Vs}}, one need to generalize Proposition 3.3.9 to L' distance between the

square of the random quantities.

Proposition 3.4.3. Letp > n > 4and X ~ VE(u, X, 0). Let § € [p—1]. Suppose 2p1+%Pn(rp) <
7.

(a) Suppose 3. is row-k sparse. Then for N; € {N‘(/ ) N‘(/f‘)},

e|(n)" - (v)

(b) Suppose X, after some row-column permutation, is (T, k) sparse with T < p and

(52 )

hold for some positive and small universal constant c. Then

2 2 k—1\ (VInp T
E’(Ng?) — <Ng?)> ’SCTM;N (1+Mn,25+2(2) » )( \/]_9 —|—]—))

k—1\ _
S On,éq (1 + Mn,25+3(2)7) p 1/5'

(c) Suppose the same conditions as in part (b) hold. Then for Ny € {N (P) N‘(/é )}

N\ 2 2 k—1
| (%) = (M) < Cuse (14 mmassa®) "2 ) .

By applying triangle inequalities to the preceding proposition, one obtain for N; € {N‘(,f), N. éf)}

-\ 2 2 -1 Vvin T
_ (R) < K p o -1/5
E ‘ <N5> (NEa ) ‘ < Cnsy (1 + 25 43(2) , > < 7 ot ) :
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Thus we have established the L' distance between the square of each term in {Ni(k) k€
(R, P)},i € {E;,V5,V;}} and (NS?)Q.

By combining Proposition 3.4.2 and Proposition 3.4.3 one immediately obtains non-asymptotic
approximations for all 6 quantities {Ni(k) : k € {R,P},i € {E;s,Vs,Vs}}. If further impose
cn22 p1+% (1— ,0)?2 — €p,5 as p — oo as in Theorem 3.2.4, then one also obtains a limit version
on second moment. All these straightforward extensions are left to the interested readers.

For general higher moments the answer remain unknown. One possible direction is to prove that
the sequence (Ns)" indexed by p is uniformly integrable, where Nj is a generic random variable in
{Ni(k) .k € {R, P},i € {Ej,V;,Vs}}. Then convergence of s-th moments with s < m follows by
Proposition 5.10 in [Cin11] and convergence in distribution established in Theorem 3.2.4.

3.5 Explicit characterizations

The limiting compound Poisson in Theorem 3.2.4 is defined in terms of «y, while the non-
asymptotic compound Poisson in Theorem 3.3.11 is defined in terms of «(¢,7,). Moreover the
second moment approximation established in Proposition 3.4.2 also involve the term «(¢,r,) due
to (3.48). However oy and a(¢, r,) are quantities in random geometric graphs, which might not be
easy to compute. In this section, we obtain closed-form expressions for a(¢,r,) and a(¢,r,) for
small § and provide approximation for them for large n and §, which implies that the compound
Poisson is approximately a Poisson for large n and J. We shall begin in Subsection 3.5.1 with the

study of simpler quantity a, and then study a(¢, r,) in Subsection 3.5.2.

3.5.1 Explicit characterizations for o,

The limiting compound Poisson CP(\,, s(e,, 5), {n.s) has parameters given in (3.8) and in The-
orem 3.2.4. However, formulae for underlying Poisson rate A, s(e, s) and the distribution of

increment ¢, 5 both involve {c}scs41) With
ar =P (NMD ({@;}}_,,1;0,n—2) =(—1), Vle[s+1],

where {4;}_, are i.i.d. unif(B"~2). ay is the probability that there are exactly ¢ — 1 vertices of
maximum degree J — 1 in the random geometric graph Ge ({'LZZ 0 L, 1;6,m — 2).

In principle, ay can be computed by Monte Carlo method, but the cost increases when o or n
increases. In this section we analytically calculate the oy for special cases with § = 1 and § = 2. For
large n and J, we obtain approximations for o, and show that CP(\,, s(e,, 5), Cn.6) is approximately

a Poisson.
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Example 3.5.1 (Limiting compound Poisson when § = 1). When § = 1, ay = 1 since the number

of vertex of the maximum degree 0 is 1. Then «; = 0 and ¢,,1(2) = 1 and ¢,,1(1) = 0. That is, the
5
the limiting compound Poisson is CP(3 5, (en,(;)(s ,0¢23). That increment size is constant 2 makes

sense since N él), as twice of number of edges, has increment 2 whenever there is a new edge. In

. ) ) . ) 5
increment size of the compound Poisson is always 2. In this case, A, s(€ns) = % (ens)° and hence

terms of N‘E/’f), the increment is always 2 since the increment always comes with a new pair. The
N‘(/]f), however, is less obvious. But Theorem 3.2.4 also establishes N‘(}f) has increment 2 in the limit
when p — 0o, p — 17 and X satisfies some sparsity condition.

As a comparison, Proposition 1 and its proof in [HR11] under row-x sparsity condition estab-
lishes that Ngf)/Q converges to a Pois(\,, s(e,,)) and EN‘(/?) — 2\, 5(en,s) and IP(N‘(;{) >0) —
1 — e~ *ns(ens) Proposition 1 and Proposition 3 in [HR12] under block sparsity condition extend
the preceding result to corresponding version in empirical partial correlation graphs, i.e. the same
conclusions hold with R replaced by P. Our result in Theorem 3.3.11 and Theorem 3.2.4 with
0 = 1 characterize the full distribution of the 6 quantities {Ni(k) :k€{R,P},i € {FEs, ‘Z;, Vst
and our results in section 3.4 characterizes the first and second moment of them, which together

contain the aforementioned previous results. U

Example 3.5.2 (Limiting compound Poisson when 6 = 2). When § = 2, by Lemma 3.5.3, ap = 0,

az =31 s (%1, 3) and oy = 1 — a, where I,(a,b) is the regularized incomplete Beta function.

Then S5_ ag/l=1— Is (252, 3). Thus the parameters for C'P (A, 2(e52), Cn2) are

Cn,?(l) =

and

1 n—11
)\n,Z(en,2> = 5( n,2)2 (]- - ]% < 9 75)) .

Note this corrects an error in Proposition 1 in [HR12], where their incorrect conclusion is built
on N ](5?) for any 0 > 2 converges to a Poisson random variable, which is incorrect since we just
showed at least when § = 2, the limit is indeed a compound Poisson C' P(\, 2(€,,2), {n2) but not a

Poisson.
O

Lemma 3.5.3. When 6 = 2, ap, = 0, a3 = %I

regularized incomplete Beta function.

%(%, %) and oy = 1 — ag, where 1,(a,b) is the

In Example 3.5.1 and Example 3.5.2 the limiting compound Poisson for § = 1 and 6 = 2 have
been studied. We next show that when n or ¢ is relatively large, the limiting compound Poisson is

approximately a Poisson. For that, the following geometric result is needed.
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Lemma 3.54. Letn > 4 and § > 2.
(a) Consider {u;}%_, & unif(B"~?2). Then

(n—2)(6—1)

P (NMD ({@;})_;,1;0,n —2) > 1) <§(n —2) /01 (1 — 2—2) T gy
5 — 22 33(1n—2 (n—2)(5—1)+1)7

4 27 2

where B (-; -, -) is the incomplete beta function.

(b)
Ly e O -HO T a-2,
/ (1_2) Tn_gdrﬁ N gy =DE=D T ns
0 exp(3) (55) ()7 m =4

Lemma 3.5.4 (a) establishes an upper bound for the probability that there is at least one vertex
of maximum degree in the random geometric graph generated by uniform distribution in the unit
ball. Lemma 3.5.4 (b) provides a simple upper bound for the integral in (a), and this upper bound
provide insight in high dimension (large n) or when there are lots of vertices (large ¢). Indeed, when
¢ is fixed, P (NMD ({@;}{_;,1;6,n —2) > 1) decays exponentially as n increases as illustrated
by Lemma 3.5.4. While n is fixed, it decays as 6~ "3” as  increases.

Recall oy = P (NMD ({w;})_;,1;6,n —2) = —1) for ¢ € [§ + 1]. Then Lemma 3.5.4
immediately yields the following result.

Corollary 3.5.5. Consider n > 4 and 6 > 2.

(a)
0+1
1 n—2 (n—2)(0—1
dry (Cns:013) Zae <d(n—2)2"7°B (4 ! 5 ,(" >2(5 >+1> (3.50)
(n=2)6-1 (n=2)(5-1)
3 5(n—2)<(§) : +<1—\/§>(§) : ) 5=2,3,
S -Den (D) (5 () 521

(b) If in addition, {ens)” 5) < 1, where e,, s is as in Theorem 3.2.4, then

(en 5 ’ 5+1
0!

< 71204@

)\n,é (671,5)
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From Corollary 3.5.5 (a), this total variation distance between the distribution of increment and
Dirac measure at 1 decays exponentially as n increases and decays as 6~ "3 as § increases. That
means that when either n or ¢ is large, the limiting compound Poisson is approximately a Poisson.
Corollary 3.5.5 (b) states if in addition the threshold is chosen such that e,, 5 satisfies (ens)” ) <™
for any n and ¢, then we know the rate of underlying Poisson )\, 5(en s) is approx1mately si(en, 5)°
with error decaying exponentially as n increases or decaylng as 5="3" as § increases. In conclusion,
CP(Ms,Cns) = Po1s(%) when n or § is large and &0 < 1, and in this cases, we do not

have to compute the oy, which involves evaluation of comphcated integral.

©
o

—exact value
——upper bound

w

N
o

]

o

In (dzv (Gu2: 6(1y))
& N & & A & ) AN o N
upper bound of drv (.5, ()'{1})

5 10 15 20 25 30 35 40 5 10 15 20 25 30 35 40
n n

(a) Log-scale comparison of the decay when § = 2 (b) Family of upper bounds

Figure 3.4: (a) is a comparison in the log-scale between the upper bound on dyy ((y 2, 0(13) by
(3.50) with § = 2 and the exact value of dzy ((, 2, 5{1}) by (3.49). (b) is the plot of the upper bound
on dry (Cn,2, 0{13) as a function of n for different values of ¢ from 2 to 7.

As is shown in the Figure 3.4 (a), for the case § = 2, dry ({y 2, 0713) decays to 0 exponentially
and the upper bound in (3.50) also decays to 0 exponentially as n increases. This demonstrate (3.50)
captures the rate of decay. Figure 3.4 (b) plots the upper bounds as a function n for fixed 9, and as
is clear from the plot, as long as n is above 40, the limiting compound Poisson is approximately a
Poisson for any §. Moreover, as J increases, the number of samples required for this approximation

decreases.

3.5.2 Explicit characterizations for (¢, r,)

We now turn our attention to the quantity a(¢, p) = «a,, 5(¢, p), which is the parameter of the
compound Poisson distribution CP(\,, 5., Cns,) in Theorem 3.3.11 and the parameter of the
second moment in (3.48).

By the discussion following (3.25), we know for § = 1 and for any n, (¢, 7,) = o, 1(4,7,) =
1(6 = 2). The next lemma studies the case when ¢ > 2 and is an analogous result to Lemma 3.5.4

and Corollary 3.5.5 (a).
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Lemma 3.5.6. Letn > 4 and 6 > 2.

(a) Consider {w}?} "% unif(S™=2). Then for0 < r < \/2

P (NMD ({a}+} r;6 + 1,0 — 2) > 2|deg(uf, ) = 0)

=1
(n—2)(6—1)

<1_;r2/4, n, 5) 5(n—2) /01 (1 - (%)2) T g

I 1 o o 9)9n-3 1 n-2 (n—2)(m—1)
_h<—\/m, ,5)5( 2)2 3(4, 5 5 —|—1>,

where h(x,n,0) = " 025 (n=2)(0-1),

24/1—+/1—=1/5, 6§=2,3
(b) When r < / ,
24/1—/1-1/§, §>4

P (NMD ({u/}21, 7,6 + 1,n — 2) > 2|deg(uj, ) = 6) < h(n,?),

=1

>

<

where

h(n, o)
(n=2)(5-1)

o =1/ DT (/O - DT (RE) T ) a=23

3

oo @) (V)T (V) () o eze

(c) When p > 3/5, dry(Cnsp, 0(13) < 22;1 a(l,r,), which shares the same upper bounds as in

4/y/5 -1, §=2,3
part (a) with r replaced by r,. When p > / , Zi;l a(l,r,) also

2/1—1/6—1, 6§>4

<

shares the same upper bound as in part (b).

Lemma 3.5.6 (a) establishes an upper bound for the conditional probability that there is at least
two vertices of maximum degree in the random geometric graph generated by uniform distribution
on the sphere, conditioned the existence of one such vertex. Lemma 3.5.6 (b) provides a further
upper bound when 7 is relatively small, on the upper bound obtained in part (a), to provide insight
in high dimension (large n) or when there are lots of vertices (large ). Indeed, when ¢ is fixed,
P (NMD ({u}2*!,r,;6 +1,n —2) > 2|deg(uj, ;) = &) decays exponentially as n increases as
illustrated by Lemma 3.5.6 (b). While n is fixed, it decays as § ~"3" as § increases provided that the

parameter r decreases in terms of J as specified in part (b). Lemma 3.5.6 (c) uses the geometric
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consequences in part (a) and (b) to establish that the total variation distance between the distribution
of increment and Dirac measure at 1 decays exponentially as n increases and decays as 5" asd
increases. That means that when either n or § is large, and when the threshold p is chosen to satisfies
the condition in part (c), the compound Poisson approximation in Theorem 3.3.11 is approximately
a Poisson.

By examining the proof, Lemma 3.5.6 (c) essentially proves that oy (1,7,) ~ 1 and
5+1

Z ae(l,r,) ~ 0.
=2

In this case it is not difficult to see that the \ satisfies

P,1,0,p

s (1) (75 )Rt

which then implies CP (), 5.5, Cns,0) & Pois(() (751) (2P (r,))?). Moreover the second moment
of CP(Ap.n.6,0) $no,p) in (3.48) approximately equals to

(e ()0 o)

One can obtain the errors of the approximations in the preceding two displays analogous to Lemma

3.5.6 (¢), and these straightforward extensions are omitted.

We have shown that the limiting compound Poisson CP(\,, s(e,, 5), ,.s) in Theorem 3.2.4 can
be approximately by Pois((e’g+)5) and the non-asymptotic compound Poisson CP(\,, ;, 5,5, Cn.5,) i
Theorem 3.3.11 can be approximated by Pois( () (*;") (2P,(r,))°) with small errors for large n or
0. Figure 3.9 in is a numerical simulation to demonstrate the effect of using Poisson distributions to

approximate the distributions of random quantities in {Ni(k) k= R,ie{E; Vs Vi}}

3.6 Conclusions and discussions

In this chapter, we studied the number of hubs in both the empirical correlation graph and the
empirical partial correlation graph in a unified framework. To be specific, we show the number
of hubs in terms of N‘(/l;) or Ng:) and the star subgraph counts N g? both are close to a common
compound Poisson in distribution, asymptotically and non-asymptotically. We also establish that the
first and second moments of random quantities of interest are close to that of the compound Poisson.
The parameters in the compound Poisson are characterized in closed form in terms of quantities
from a random geometric graph. The parameters are also approximated by simple formulae, which

implies the compound Poisson can be approximated by a Poisson for reasonably large sample size
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n or reasonably hub degree 4.

In Subsection 3.3.2 we represent the empirical correlation graph as random pseudo geometric
graph with U-scores {u;};_; as vertices. Then N, ](5?) is the star subgraph counts and N‘(/f“) is the
number of vertices of degree at least ¢ of the random pseudo geometric graph. Note the monograph
[Pen03] studied the number of induced subgraphs isomorphic to a given graph, typical vertices, and
other graphical quantities of random geometric graph thoroughly, where they assume the vertices
of the random geometric graph are i.i.d. on R%. It is worth pointing out that in the Example after
Corollary 3.6 in [Pen03], the author comments on the number of vertices of degree at least 3 is
asymptotically a compound Poisson without characterizing the parameters of the compound Poisson.
Here in Theorem 3.2.4 and Theorem 3.3.11, we give characterizations of the compound Poisson
distributions with closed-form formulae. Moreover, it is clear that our random pseudo geometric
graph model is different from the classic random geometric graph since our vertices u; lie in the
unit sphere instead of the whole Euclidean space and our distance is dist(-, -) instead of Euclidean
distance. We also want to emphasize a key difference is that no independence among all vertices u;
are imposed in our model. Indeed in our model, the correlations between vertices w,; are encoded by
a sparse 3.

Future directions include generalizing the results to non-sparse 3 since it is observed from
simulations that the same compound Poisson characterization also holds for 3 dense but with many
entries of small magnitude. Another is to extend the convergence of the first and second moments
to higher moments as already discussed at the end of Section 3.4. A third direction is to develop
potential applications in the hypothesis testing to test whether the dispersion matrix X satisfies a

certain structure based on the compound Poisson characterizations.

3.7 Controlling local normalized determinant by extreme eigenvalues

Lemma 3.7.1. (a) For any symmetric positive definite A, i, ., (A) is bounded by powers of the

largest local condition number:

m(n—1)

i (A) < rzncfﬁ (f\ﬁ:&g) o A not diagonal,
1, Adiagonal.

(b) For any symmetric positive definite A € RP*?, 1, .,(A) is bounded by powers of the condition

number: -
)\maX(A) 2 .
o (A) < ( S A)> , A not diagonal,

1, A diagonal.

181



(c) Consider a sequence of symmetric positive definite matrices 3 € RP*P with increasing
dimension p. If Apin () > X and Max (2) < X for all p, then

m(n—1)

) : , 2 not diagonal,

[>1>1

,un,m(z) < <

1 Y. diagonal.

(d) Consider a sequence of symmetric positive definite matrices 3 € RP*P with increasing
dimension p. Let M > 0 be a constant. Suppose the variance of each variable is uniformly
bounded by M, i.e. for all p, sup, <, (X),; < M. Moreover suppose A, (3) > A for all p.
Then

= , 2 not diagonal,
fin,m (%) < ( 2

Y. diagonal.

Proof: (a) It follows directly by definition of s, ,,,(A) and p(Az) > <i““—(AI)> :

max (AI

(b) Since fi,,,(A) is inceasing in m as discussed after Example 3.2.8, 1, ;. (A) < pinp(A). The
proof is then complete by applying (a) to i, ,(A).

(c) It follows directly from (b).

(d) LetZ C [p] with |Z| = m. Since Az is symmetric positive definite,

[(Az)i] < 1/(Az1)ii(Az)j; < M

and thus \px (A7) = || Az]|2 < ||Az]|r < Mm. The remaining of the proof is similar to that
of (b).
]

3.8 Proofs in Subsection 3.3.1 and Subsection 3.3.2

3.8.1 Proof of Lemma 3.3.2

Proof of Lemma 3.3.2: X , defined in (3.15), is of rank n — 1 with probability 1, since it has a
density with respect to Lebesgue measure on R~V and p > n. Then U have rank n — 1 with
probability 1 as well since U is obtained by normalizing the columns of X . Thus B is of the rank
n — 1 with probability 1. 0
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3.8.2 Proof of Lemma 3.3.3 (b)

It suffices to prove the following statement:
f“j1:uj27"'7ujm (V1,2 V) S pam(By), Vi€ SV [m].

For notation convenience, we only present the proof for m = p and J = [p] since the proof of the
general m and J follows the same proof procedure. When m = p and J = [p], the statement of
Lemma 3.3.3 (b) become:

The joint density of columns of U-score w.r.t. o™ is upper bounded by 1, ,(X):
Fur iz, (V1,02 0p) < i o(B), Vv, € "2 Vi € [pl. (3.51)

Proof of (3.51): Recall {#()}"—! C RP, the rows of X, are i.i.d. copy of N'(0, ). Let {&;}"_,
be the columns of X . Then u; := H;EW € R"~! has distribution unif(S"~?) for i € [p].

When X is symmetric positive definite and diagonal, {&;}!_, are independent, which imply
{u;}?_, are independent. Thus in this case, the joint density of columns of U-score w.r.t. ®Po" !
is 1.

Consider general symmetric positive definite 3. The probability density of X w.rt. the

Lebesgue measure on R~ DP is
~ (n=1) 1 T
fx(X)=det()""> (21)" 7 exp <—§ > (@) E‘lci(j)> :
j=1

T
Use the spherical transform for each column x; = (X jitl<jg<n-— 1> :

(

X1, = R;cos(by;),

Xy = R;sin(fy;) cos(6y;),

: forl <i<p,
X(n,g)i = R;sin(6;) sin(0;) - - - sin(0—3):) cos(0(n—2:),
\X(n_l)i = R;sin(6;) sin(0;) - - - sin(0—3),) sin((n—2y:),

where for each i € [p]: R; > 0,6;; € [0, 7| for 1 < j <n —3and 0o, € [0,27).
Denote R = (R; : 1 <i<p)and® = (0, : 1 <i <p,1 <j < (n—2)). Then the joint
density of (R, ©) is:
fR,@(Ra 9)
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n—1 P n—2
n—1 n—1)p 1 . . .
—det(X) T (27) "2 exp (—5 (h(J))TE‘lh(J)> [ (R?‘Q [] SiIln_Q_j(sz‘));

j=1 i=1 j=1
where
j-1 T
hU) = (Ri cos(6;;) Hsin(ﬁqi) :1<i < p) eERPfor1<j<n-—2
q=1
and

n—2 T
R = (Rznsm i) 1<z<p) € RP.

Then the density of © is:

fe(®)
p n—2 . )
:det(z)_n; ( _(n=D1)p 1)p HHSIH” 2— ] ]Z / efézygf(h(J))TzflhmH Rn 2 HdR
i=1 j=1 [0,00)P i=1
(=10 77 17 1 R0
Sdet(z)_%(2ﬂ')_ 2 HHSinn_Q_j(gji)/ efgkmin(ifl)z;:1 ||h(J)H%H R” 2 HdR
i=1 j=1 [0,00)P i=1
_(n=1p 1) L
:det(z)in; ( L HHSlnn 2— -7 ]Z / eii[)‘m‘dx(z)}il i=1 z H Rn 2 HdR
=1 j=1 [0,00)P =1
—1)p . 1 P
—det(2)~ T (2m) T HHsinn_Q_](Qﬁ) ( / ¢ 3 Pmax (D] 71 RE 2dR1)
i=1 jfl [0,00)
m n— n—1 - 1 n— P
™ det(2) " (21) 5 HHsm" 2-i(p,, ([Amax(E)] alr(”g )2)
=1 j=1
" n—2
(mm) (Amax(2))” - n—2— ]
= |: det(z) Sn 2|p H]Hlsnl ]l

where equality (m) follows from the integration of Chi distribution with degree n — 1, and equality
n—1

= /I'((n — 1)/2). The proof is complete by noticing fe(©) is

(mm) follows from |S™~2)| = 27

joint density of columns of U-score expressed in spherical coordinate and

P n—2
2—
e

=1 j=1

is the joint distribution of p independent unif(.5™"~2) expressed in spherical coordinate. [
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3.9 Proof of Proposition 3.3.6

3.9.1 Auxiliary lemmas for Proposition 3.3.6

Recall for any § > 1, C5 is defined in (3.29). For i € CF, define a symmetric positive definite

matrix 3> € RAH1* (1) (0 be the submatrix of 3, consisting of rows and columns 3 indexed by the

ordered components (g, i1, .. ., i) of i. Let M = {io, %1, - - ,i¢} be the unordered set of indexes
of any ic C;. Then X € Em and fu, 041 (27) = o e41 <E[ﬂ>’ where Em and /iy, p41 (2@) are
defined in the paragraph after Definition 3.2.3.

Lemma 3.9.1. Suppose X ~ VE(u, X, 0). Let { € [p — 1. Consideri = (ig, i1, ,is) € C.
‘
R
BT @8 < e (59) 2Pu(r,)"
q=1

Moreover, in last display the equality holds and ji, o1 (X7) = 1 when X is diagonal.

10lq

é —
Proof: [] ™ isa nonnegative Borel Measurable function of u; for j € M . By Lemma 3.3.3
qg=1

(¢), it suffices to show

Y/
R l
E]] o7 < 2P.(r))
q=1

for the case u; for j € m are ¢ + 1 independent unif(S™~2). The last inequality indeed holds
with equality, which follows from that the terms in the product on the left side are independent

conditioned on u;. OJ

Lemma 3.9.1 suggests differentiating whether 3 is diagonal or not since /i, o1 (X7) = 1 when
3.7 is diagonal. The next lemma is to establish in the worser case when X is not diagonal, the

number of such terms are not too many.
Lemma 3.9.2. Let 3 be row-k sparse. Let 6 € [p — 1]. Then

56+ 1 S+1)
> 1= e (7) < 55 e,

ieCy
3 not diagonal

Proof: Note that )
S 1z - )

ieCy
32~ diagonal

185



where the % is due to in our definition 7 the index 11 < ... < 15 are sorted. Then

= 1=()(3) il m= e )

ieCy
32~ not diagonal

where the last inequality follows from Lemma 3.14.3 (b). [
Note x = 1, the Lemma 3.9.2 shows > 1 = 0, which means X is diagonal matrix.
ieCy

32~ not diagonal
Next we present a lemma to bound Y 2 < fin e+1 (37).
< Hn,

Lemma 3.9.3.
/11

p k—1
D s (Bp) < v (1 + Chin 1 (2) ) ) :

Proof:

Z Pon,e1(27) = Z 1+ Z fne41(27)

ieCy ieCy iSen
3. diagonal 327 not diagonal
p\(p—1
< n by 1
SO RTINS

i€Cy
3~ not diagonal
/+1
p

2 k—1
ST (1 + 0 041 (3) ) ) ;

where the first inequality follows from the Lemma 3.3.3 (a), and the second inequality follows from
Lemma 3.9.2. ]

Lemma 3.94. Let X ~ VE(pu,3,0). Let {ig}i_, {jq}gzo C [p] be respectively a sequence of
a + 1 and § + 1 distinct integers. Let m € [min{«, 5}]. Suppose i, = j, for ¢ € [m] and i, # j,
for q,q & [m]. Denote T =\ J,_{is} U (Uqﬁ,zo{jé}) andthen |Z| = a+ 3 — m + 2.

(a) Then

a B
E (H @Eﬁj) (H @ﬁ-ﬁi,) <tz (B1) (2P (rp)) 7" (2Pa(2r,)) . (3.52)
q=1

q'=1
(b) Then
a B
R R R a+pB—m
Ed!) (H @5013> (H @EM-L) < iz (B1) (2Pa(r,))* 74 (3.53)

q=1 q'=1
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(3.53) also holds with m = 0.

Proof: (a) By Lemma 3.3.3 (c), it suffices to prove (3.52) without fi,, |7 (X7) for the case {u;}
PP m
20%q JOZ q=

(R)ym
i.i.d., {CDWQ S U{ jody ,} —m41 are i.i.d. and moreover, every term in {<I>ZOZ o S

for j € 7 are independent unif(S™~?). Conditioned on wu;, and wu;,, { , are

is independent of every term in {(I)W it U{®! Jody ) 5 f=m1- Thus

() i)

=(E[® ) uy uy )™(E[OD 1(a > m) + ) 1(a = m, B > m)| wsy, wy)) TP

i0i1 ~ joi1 i0ia Joip

_ (E {QD( ) (P
1011 Jot1

Uiy, U’jo]

wigy s, | ) (2Pa(r,))7 (3.54)

where for the first equality the convention 0° = 1 is used if « = 3 = m. Notice (3.54) also
holds for m = 0.

Denote SC(r, z) = SC(r, z) U SC(r, —z). Then conditioned on w;, and u,,

(R) g, (R)
(I)ioi1 (I)joil

=1 (ui1 S @(T, 'LL,‘O) N @(T, ujo))
:1(||ui0 - uj0||2 < 2Tﬂ or Huio + uj0||2 < 2rﬂ)1 (uil € %(T’ uio) M S_(Tv ujo)) )

where the last equality follows from SC(r,, u;,) N SC(r,, uj,) is non-empty only when

llwiy — wjll2 < 27, or [|u;, + ujy |2 < 2r,. Plug the above inequality into (3.54),

a B
(R) (R)
(H (Dio’iq) <H ®j0] /) uiO’ u]O]
q=1 q'=1

=1(][wi, — wjollz < 27, or [[wsy + wjpllz < 2,) (E[BID DD | gy o ])™ (2P, (1)) 02"

20?1~ Jjo?1

m a+p—-2m
<1 (Jlwiy = wlla < 21 o [[atig + wsy |2 < 2rp) (2Pn(rp))™ (2P0 () 72"

The result then follows by taking expectation w.r.t. u;, and ;.

(b) Similar to proof of (a), it suffices to prove (3.53) without i, |7 (Xz) for the case u; for j € Z

Uiy, ujo]

are independent unif(S™~?). Conditioned on u;, and u;,,

B
(R) (R) (R)
(I)lojo (H (I)Zol ) (H q)jojq/>
q=1 qg'=1
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_p®) (E [¢<R)¢<R)

10Jo 10%1 ~ Jot1

wigy | ) 2Palr)) "

<P (2Pa(r,))" (2P ()™,

t0Jjo

where the equality follows from (3.54). The result then follows by taking expectation w.r.t.
u;, and u;,. Notice (3.54) also holds for m = 0.
[

3.9.2 Lemmas on double summations

Denote i U j = m U m for any 7 € Cy and any j € Cy . Consider any 0; 7 that is a non-
negative function of u, for ¢ € iU j defined for i € cs and j € Cywithl<§<g<p-—1.1In
this section an upper bound on E ch; Zjec; 0; > is presented. The results in this subsection will
be used in the proofs of Proposition 3.3.6 and Proposition 3.4.3.

For i € [p], let

NZ(@@):={m € [p] : By, # 0} (3.55)

denote the index of the variables that has non zero correlation with the i-th variable. For i € Cq<,

—) q — —)
define N Z (z) = U NZ(i). Since X is row-« sparse, for any i € C~, |IN Z <z> ‘ < (g+ 1),
=0

and
pp = )[p}\NZ (77)‘ >p—(q+1)k. (3.56)

Note that p; is the number of variables that are independent of variables in the group m

Fori € Cq<, define

T

d q
= {j eCy Ul U{z'f}} : (3.57)

o= {j‘e o5 - <O{jg}) ﬂ(/\/z (Z)) :(Z)}, (3.58)
Ny o= CE\JAT: _ (3.59)

—|

Here J; is the set of indexes in C consisting of coordinates as subsets of [z]; T+ is the set of
indexes in C consisting of coordinates outside neighborhood of I N> is the set of "correlated but
not highly correlated" indexes in Cy, i.e. the set of indexes of which at least one coordinate is in the
neighborhood of i, but excluding those sets of indexes of which the set of coordinates are subsets as
that of <.
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The strategy is to decompose

E> Y 0::=E> Y 6:4ED > :+ED Y 62

i€Cy jecs i€Cy jeT; i€Cy JET: i€Cy jEN;

and bound each of the three terms.

The next result is an upper bound on the first two terms.
Lemma 3.9.5. Letp > n > 4and X ~ VE(u,X,0). Suppose X is row-k sparse. Consider
any 9;5 that is a non-negative function of u, for { € iU ; defined for = Cs andf e C5 with
1<o<qg<p-1
(a) Suppose there exist positive constants a, z such that EQ;}; < fing+1(27)az? for any ; € Jx
Then

Ef: - < L ey >
> ) Eb:; <ap(pz) 5@—6ﬂ( @ g (B)—

i€Cy jeT;

(b) Suppose there exist positive constants a, z such that E@;j < un7q+5+2(2;uj~)azq+5 for any
J € T:. Then

3 k—1
5
> ) Eb;; <ap’(pz)" 3= 1) <1 + Hngror2(X) » ) :

i€Cy JET:

Proof:
(a) Since | 5| = (") ()

> Somny<oxt (1) (5) X s

i€Cy jes;

qg+1 9 k—1
Sap(Pz)qm (1 + @ g1 (X) o)

where the last step follows from Lemma 3.9.3.
(b)

> D> Bl

i€Cy jeT:

<az1*? Z Zﬂn,q+6+2 ¥i7)

i€Cy JET;
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<az’’ Z Z L+ pngo42(2) Z Z 1+

ieCy JET; ieCy JET;
3~ diagonal Z}; diagonal 33~ diagonal E; not diagonal

fngrs+2(3) Z Z 1

ieCys JET:
3.~ not diagonal

<zt @ (p; 1) @ (p 5 1) + lingis12(3) @ (p ; 1) > I+

jecs
E; not diagonal

™ 3 (1) (")

ieCy
32~ not diagonal

k—1
| <1 +/Ln,q+6+2(2) P ) )

<ap®(pz )‘mm

where the second inequality follows from that forf € T, Xy 7 1s diagonal if and only if 37 and 335
are both diagonal; and the last step follows from Lemma 3.9.2.
O

To control B} 57 c< 3 5 v 5 we further partition Ny into 6 subsets as follows. For i€ cs
with ¢ > ¢, define

Ky <;> = {;G N;:jozio},

q 1)
< {je N;: jo # o, Jo € U{ie},ioe U{jz}},
=1 =1
q 1)
(7) = {fe N; < jo # o, jo & | lic}io € U{je}} ,
=1 =1
q 1
K4 <;> = {56 N: < jo # o, jo € | J{ie} o ¢ U{JZ}} )
=1 =1

q )
;) = j € N; : jo 7é io,jo ¢ Z:LJl{ié}7iO ¢ Z:LJl{jf}7

1

(o) (L)
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Ko (7) = {]e N; : o # s do & ik io & (1, (U{u}) N <U{jg}) = @} .

Then N; = U8 _,KC,, <Z) Let D7 = {j € Ny : [(UL_,{ie}) N (Ui, {je})| = m}. We are now in a
good position to present a lemma on E ZZ&C; Z;E ~- 075

Lemma 3.9.6. Letp > n > 4 and X ~ VE(u,X,0). Suppose X is row-r sparse. Consider
any 0 > that is a non-negative function of w, for { € iU j defined for = Cy andj € C5 with
1 <6 < q < p— 1. Suppose there exist positive constants a, b, z such that 9;5. satisfies:
§—m = = m
E¢; - < Hn,ﬁUﬂ(EZUj‘)GZqu , Ve, (2) NDY, V0O<m<0—1, Vwe {1,3,4};

E0; 3 < p, 5 (Sap)az?™ ", Vi€ Ky (1) NDI, VO <m<6—2;

1UJj

iUj

Bl < f i (Sag)ab=" ", Ve Ks (i) nDF V1 <m <o

B 5 < p, 5 (Sap)az"™, Vj € Ko Z) .

1JUj
Then

4+b/z
G-

k—1 _
S S Eb; <ap(pz)! (1 i (5) <3q2>7) (14 p2)"

i€Cy jEN;

0+ 1)(g+1 k—1
apz(m)“%un,mm (%) o

Proof: Since

> D b= 26: EAGE (3.60)

i€Cy jEN; w=ljeCy
with
[w (Z) = E Eefj'
Jekw (7)

Casel: p>qg+0+2
Obviously K4 (Z) = Ufn_:lo (ICl <Z) N D%”) Then for any = C; satisfying 37 diagonal,

J ek (7) Dy : By diagonal |
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:(i)ﬁ 3 3 D Y

nelWEZ(7) felp\WE(7)  jselp\WE(7) ds-meP\WEZ(7)
PRENZ(G1)  §3gUi_ N Z(je) Jo—m @I TN Z (i)
1

z(ggﬁéﬁ (pr — 0r) | (3.61)

=0

where in the first inequality we without loss of generality assume the components of ; distinct from
i are j17j27 e 7j5fm- Then

]’e Ky (Z) ﬂ D%” : E?UF not diagonal ’

(0 () Lo

q 1 d—m—1 £:05—m—1 o—m—1 0—m—1
:(m)m( I e-1-a-0- I -0+ I -0~ II <p;—fm>)
=0 £=0 =0 =0
<(1) G = N o) - ), (362

where the first inequality follows from (3.61), and the second inequality follows from Lemma 3.14.3
(a), (b) and (3.79).

Then

>4 ()

iccy

5—1

Y T +X Y - x ¥ |m
m=0 ieCy  jeki(7)nDr iecy  jek(i)Npm ieCy jeki (i) N D

3> diagonal 3 3~ diagonal 3 327 not diagonal

fu] diagonal A Uf not diagonal

0—1
< PRI
m=0 iecy  jeki(i)npr

32~ diagonal o
g e ziuj diagonal

Hn,q+5+1 (E) Z Z + Z Z azdto—m

ieCy  jeki(7)npr ieCy  jek(i)npr
3> diagonal 3. 32~ not diagonal

1U5’ not diagonal
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S (00

fin,g+s+1 () (]1)) (p ; 1) (5@) ﬁp‘”’”(q +6)(k—1)

2((q — 1)! m d—m
— 1 k=1 ((q+0)(6—m) +1) -
= mz::o (m + tngrora (%) P ((qm!(5 —m)! + m!q((éq— m)!2>) ap (p2) ’

0—1
<ap (pz)ﬁl (1 + Hngrot1 (2) (3‘.72)H ; 1> (6 _1 1)! Z m!((g(s__llz! m)! (pz)éilim

k—1 1 -
—ap )" (1 gsans ()30 ) G ()™ (3.63)
where the first inequality follows from fi;, g45—m+1 (£) < fing+5+1 (2), and the second inequality

follows from Lemma 3.9.2 and (3.62).
Obviously

K2 (7)
K (7)

Then following a similar analysis to &y (), additionally with Lemma 3.9.4, one obtain

T
N
>
I

1

(2 ()N22)
(s () 0.

(e ()N07). % ()
(e ()N0r). % (0)

m=0 m

3
Il
=)

m

ol«.
—
Il

I
C~

1

S5 (1) <ap (02)7 (14 fgrs (3) 362 ) L (14 p2) 2152 2), (B64)
D (0 —2)!

i€eCy

. —1 1 _
Z I3 <Z> <ap(pz)™ (1 + Hngrs+1 (2) (3(]2)% D ) 6 —1)! (1 ‘l’pz)é h (3.65)
icCy '

2 -1 1
> 1 (1) <ap (p2) (1 + fin s (5) (3¢%)° . ) G e (3.66)
ieCs '

- b —1 1

I; (Z <a (;) p(p2)"" (1 + fingrsr (2) (367) - » ) 61 (1+p2)". (367

iecy ’

The detailed derivation of the above inequalities are omitted for clean presentation.
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Observe

Ks (;) = {56 Cy (O{u}> ﬂ (O{jg}) = (), 3¢ € [6] U {0} such that j, e N Z (;)} .

OO0

5+ 1)p’(q+1)(k — 1), (3.68)

where the inequality follows from Lemma 3.14.3 (a) and (3.79). Thus

S (D) <(2) (7 1) 50+ D 0= D (B0,

fiers

0+1 +1 Kk—1
<ap® (p@"”%unﬁm (%) P (3.69)

where the first inequality follows from (3.68) and Lemma 3.3.3 (a).
Case2:p<q+0+2
We have impose the condition p > 2§ + 2 to derive (3.63), (3.64), (3.65), (3.66), (3.67) and (3.69).
However, one can verify directly these inequalities also holds when p < ¢ + ¢ + 2. We omit these
tedious verifications here and take it for granted (3.63), (3.64), (3.65), (3.66), (3.67) and (3.69)
holdsforall1 < <g<p-—1.

Thus combining (3.60), (3.63), (3.64), (3.65), (3.66), (3.67) and (3.69), yield

Kk—1 1. 44+b/z
S SO < aplpz)t (1+un,q+5+1 =) <3q2>7) (14 pz)toitblz

0—1)!
i€Cy jEN; ( )

0+ +1 Kk—1
ot T, ()20

Combining Lemma 3.9.5 and Lemma 3.9.6 immediately yields the following lemma.

Lemma 3.9.7. Letp > n > 4 and X ~ VE(u,X,0). Suppose X is row-r sparse. Consider
any 0 - that is a non-negative function of w, for { € iU j defined for i€ Cy andj' € C5 with
1 <9 < q<p-—1 Suppose there exist a,z,b such that all conditions in Lemma 3.9.5 and in

Lemma 3.9.6 hold. Moreover suppose b/z < ¢, s, for some positive constant ¢, 5 , that depends
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only onn, q and 0. Then

a _ -1 q
S 05 < s (97452) (14 (0152)°) (14 p2)° 1(1+un,q+5+2<2>“p )p

ieCy jeCy

3.9.3 Proof of Proposition 3.3.6

In what follows in this subsection, for the sake of clean presentation, we write C'< for C'5-, and

write @ for CID(R)

i

,forany 7 € C<.

Proof of Proposition 3.3.6: Recall

1)
M= S Lo =X o

iecy J=l1 ieCy

To apply a Compound Poisson Approximation result, some additional notations are needed to be
introduced. Fori € C' <, let S7 be defined in (3.32), and let 7%, N; be defined respectively in (3.58),
(3.59) with ¢ = 0. Here T is the set of indexes consisting of coordinates outside neighborhood of i
N7 is the set of "correlated but not highly correlated" indexes, i.e. the set of indexes of which at
least one component is in the neighborhood of i, but excluding those sets of indexes of which the

set of components are the same as that of i. Denote

Wr=>Y & Zy;=> o (3.70)

JET; JEN;

and recall Uy =

denote

@;R) is defined in (3.33). Then W; is independent of U; and ®;. Further

jESZ#

Coe = 1 Z E(®:1 (P4 U-=4()), VI>1 (3.71)

and a probability distribution ¢, on positive integers with {(¢) = (o,. The mean of {j is E¢y =
> e>1 £Coe- Moreover, let by = » 5« EQ;E(®; + U; + Z;) and

b= E(®:Z). (3.72)

iec<

In this proof we write A and ¢ for A, ,, 5, and ¢, 5, (¢) respectively when there is no confusion.
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By the compound Poisson Stein’s approximation, i.e. (5.19) and (5.16) in [BarO1],
drv <-$ (N](g?> ,CP(A, C)) < ™ (by + by + dodw (¢, CVECo + [MECo — AEC]),  (3.73)

where {(¢) = ((oe/ECy and ¢'(¢) = (¢(¢)/EC for { € Z., the set of all positive integers. In

(3.73), the distance dy is the Wasserstein L; metric on probability measures over the set of positive
dw (P, Q) = sup

| o= [ 11

where Lip, = {f : |f(r) — f(s)| < |r —s|,r,s € Z,}.
By Lemma 3.14.2,

integers Z . :

, FRAEu I We AC(0)
Aodw (G5, €)ECo <AEGo Z /\OOEZ NEC '
6+1
—— ZE ‘ AoGoe — AC(0)) + (AEC — AoECo) A)ﬁE(?
5+1 0+1 )\C( )
<= Zwo(oe AC(O)]+ 5 IAEC MEG| ZE MEC¢

6+1

§5Z€ [AoCoe — AC(E)] .
=1

Plug the above inequalities into (3.73),

0+1
dry (g (N,g?) LCP(, c)) < M (bl Fho+ (64 1) > € MoGor — AC(£)|> . (374

=1
It remains to estimate the quantities in the right hand side of (3.74).
Part I. Upper bound for o and 3071 ¢ |\oCor — AC(0)]

For ¢ € [0 + 1],

[ AoCoe — AC (€)]
~ o= (1) (75 ) eratraten,)
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[E (71 (@7 + Uz = £)) = (2Pu(rp)) all, 1)

1
‘
= Y E@1@+U=0) - QP allr,)]

32~ not diagonal
3

1
<5 (41 () + 1)(@Pu(ry)) () >, 1
icc<
32~ not diagonal
1)r—1
_alt.r) s (6+1) K 575)

—~ / ,un,(5+1( )7 (5_1)|T7

where the first inequality follows from the definition of (y, in (3.71), the second inequality follows

from Lemma 3.9.1 and Lemma 3.3.3 (a), and the last inequality follows from Lemma 3.9.2 and
Hn6+1 (E) > 1.

Then
IMECy — AE(| < Ze Potac = O] < o (B0 S 370
where the last inequality follows from (3.75). As an immediate consequences,
Ao < AoECo
< [ MoECo — AEC| + AEC
< o (27 S () (7 D era)
<y’ ((gjll))! (un,5+1 (%) ’{; Ly 1) : (3.77)

where the third inequality follows from (3.76).
Part II. Upper bound for b,
Since N;U S;U {i} = C<\T,

=Y Y EOESD:. (3.78)

iEC<  JECS\Ty
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Given i € C<, by (3.56) with ¢ = 4,
L )[p]\/\fz (Z)‘ >p—(6+ 1)k, (3.79)
Since |T| = p;("75 "),
p—1 p—1 = (G+1)2
ez =p("5 ) (75 1) < 50+ (EO@ - a>) o) < T aso)

where the first inequality follows from Lemma 3.14.3 (a).

One straightforward upper bound is

19 1)
(R)
by = (H (I)Zou > <H quoJ’y)
zEC’< ]eC<\T~ I=1 I'=1

<o) s (20 )

)
< (s () O (01,1,

26

K
p )
where the first inequality follows from Lemma 3.9.1, Lemma 3.3.3 (a) and (3.80). The (p55:+1 (2))”

in the above upper bound is not very satisfactory, and can be improved by a more involved analysis.

Observe for given icC<,

‘{; € C=\T; : X5 not diagonal}‘

=|C\T3 — ( P 35 diagonal}’ - ‘{]e T;: 35 diagonal}‘)
51
1
5—((54— 1) (H(p )) (p—p7) (‘{] eCs:X- dlagonal}‘ ‘{j eTy: 3 dlagonal}D
a=0

(3.81)

where the inequality follows from (3.80). Then

= < . . - . .
‘{] eC~: % dlagonal}‘ - ’{j €1;: 3y dlagonal}‘

12 > X 1—%2 oo Z 1 (3.82)

jo=1 j1€[p\NZ(jo) , 51 . © jo€lp]  s1€lP\WZ(jo)
JéG[P]\lgoNZ(Jl) J0gNZ@  H1gNZ®) Js€lp\ U NZ(i)

Ja?ZNZ()
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)
1
51 2 Z > 2
Jo€lp]  J1€PN\NZ(jo0)
JENZ()  71ENZ()

meaebl\"U W2 G) el U N2 dmi€\ U V26 sselh U A 200

Jm—-1ENZ() JmENZ()
g
CID VD EEEED VLS D
NZ 5—1 m=1
Jo‘?ﬁ@( 5 PEIVEDD U vz()

. Z o ; NZ 1 m . m . -
N e ane nereh Gvzio macih Q260 sepn U v26)
J0ENZ(m)  HENZ(jm) =

Im— 1¢NZ()
Im—1ENZ(jm)

5129 pZHp Br) + (%Zp ;) (H *—%))(H(p—ﬁff))

B=m+1

p P H - k) (3.83)

where the second equality follows by writing (3.82) as a telescoping sum with the convention that
the summation over j_; for m = 0 and the summation over js.1 for m = ¢ vanish, and the third

equality follows from changing the order of the summation for m > 1. Plug (3.83) into (3.81),

{j € O\Tx: 3 not diagonal}’

5—1 5—1 5 s
51(5+ 1)(p — p;) <H(p—a) —[[wi—1—a)+ [z =)= ] z—%))
<510+ 0 =9 (= pr+ 1+ L2500 1))

3
§35(55"F 1) P2 (3.84)

where the second inequality follows from Lemma 3.14.3 (a) and Lemma 3.14.3 (b), and the last
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inequality follows from (3.79).
Then for any ieC<,

Z o, 5+1 (2;>§ Z L+ pinsi1 (2) Z 1

JEC\T> JEC\T> JEC\T>
E; diagonal EJ-. not diagonal
_(+1) 360+ 1)° 51
=0 TR

30(6 +1)3
S%pém <1 + fins41 (X) g) , (3.85)

P+ s ()

where the first inequality follows from Lemma 3.3.3 (a), and the second inequality follows from
(3.80), (3.84).
Then following (3.78),

<> Y s (B s () @Palr))”

ieC< jeC<\Ty

o+ k—1Y 30(0+1)° K
< B (14 P2 ) 2 (1 g ()5 R0

(0 +1)° 1 K 2\ 2
(3 (5[)2 '(2p1+5pn(rp>>25) ]_) (1 + Mn,(s"rl(z)z_?) ’ (386)

where the first inequality follows from Lemma 3.9.1, the second inequality follows from Lemma
3.9.3 and (3.85).

Part I11. Upper bound for b,

Let Kw(?) and D7 be the same as in Subsection 3.9.2 with ¢ = ¢. It is straightforward by Lemma
3.3.3 (¢c), Lemma 3.9.1 and Lemma 3.9.4 that the conditions in Lemma 3.9.6 with ¢ = J and
0; 7 = ;95 are satisfied with a = 1, b = 2P,(2r,)1(6 > 2) +2P,(r,)1(6 = 1) and z = 2P,(r,).
Moreover, b/z < 2"21(§ > 2) + 1 by Lemma 3.14.1 (d). Thus by Lemma 3.9.6 with ¢ = ¢ and

05 = D0,
by < p(2pPy(r,))"* <1 + fin2512 (2) (352)K — 1> (14 2pPu(r,))’"" 55 - 2(7;_1_15()5!2 ;
O S OPr,) P () L 387
<oty (1 +nassn (2) (30%)2 ; 1) (1+ 7p—3s)“ 52T 2(7;_115‘;2 2y
%7%%,2&2 (%) . ; 1» (3.88)
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where the last step follows from 2p1+%Pn(Tp) <.
By combining (3.74), (3.76), (3.77), (3.86), (3.88), together with the assumption 2p1+% P,(r,) <

7,
dry (,s,ﬂ (N,g?) [CP(, C))
<Chg (G ) e B0 ( tinasia (B) /0 (1 + tnosia (Z) (k/p)°) + p—%> 7
where
C’fs,7 = exp (’75 (gjll)!> ) (3.89)
and

6% + 622" 1(6 > 2)75+1

Cnso =C !

(1+7)°Cj,,. (3.90)

3.10 Proofs in Subsection 3.3.4

3.10.1 Proof of Lemma 3.3.8

Proof of Lemma 3.3.8: N (R N‘(/ ) <N ](5?) follows trivially from their definitions. It remains
to show
Ng <@+ )Ng? + NP, (3.91)

Esyiq

To see this, consider ¢ > 2 and any vertex ¢ and denote its degree by m. If m < §, then it contributes
zero to both sides of (3.91). If m = 0, then it contributes 1 to both sides of (3.91). If m > 9, it
contributes (') to left hand side of (3.91), while contributes (5 + 1)(;T,) = (m — 6)(’;). The
above observation proves (3.91). The case 6 = 1 is similar and is omitted.

The above proof indeed applies to any graph and, in particular, the empirical partial correlation

graph. So the second equation in the statement of the lemma holds. [

3.10.2 Proof of Proposition 3.3.9 (a)
By (3.37), it suffices to establish an upper bound on EN (R)

Esi1”

Lemma 3.10.1. Let X ~ VE(u, X, 0). Suppose X is row-k sparse. Let { € [p — 1]. Then

1 k—1
BN < (14 P 1) p P
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Proof:

4
BV = 3 B0l

iecy J=1
<3 fnes (59 (2Pa(r,)’
ieCy

1 k—1
SE (1 + €2Mn,f+1(2)7> p <2ppn(rp)>e )

where the first inequality follows from Lemma 3.9.1, and the second inequality follows from Lemma
3.9.3. O]

Proof of Proposition 3.3.9 (a): It follows from (3.37), Lemma 3.10.1 and Lemma 3.14.4. ]

3.10.3 Proof of Proposition 3.3.9 (b)

Similar to (3.30) and (3.31), denote

5 5
CIDzER) - Hq)z(gj) =1 <ﬂ{dist(ui0,ui].) < rp}> .

i=1 j=1
Then by definition
N =3 el (3.92)
ieCy
By (3.31) and (3.92),
P R P R
N = NPT < ST o) — 9l

ieCy

The next three lemmas establish upper bound on \@ZSP) - @ffo |.

We may suppose X is (7, k) sparse throughout this proof and the proof of Proposition 3.3.9 (c)
since the conclusion is invariant to permutation of the variables by Remark 3.2.7. As a result, the U -
score may be partitioned into U € RV consisting of the first 7 columns and U € R(—1x(r-7)
consisting the remaining p — 7 columns.

Denote [7] = {1,2,--- ,7}. Define a matrix B by

§ N -1 &
B="""UU"="""Y wuul. (3.93)
p=7 NG

Denote Q = /n — 1U. Observe Q has exactly p — 7 independent columns and each column
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v/n — 1u; ~ unif(y/n — 15"72). These observations immediately give us part (a) of the following.

Lemma 3.10.2. Let {u,}"_, be columns of U defined in Section 3.3.1. Let B be defined as in
equation (3.93).

(a) Suppose X is (1,k) sparse. B = #QQT, where Q € R VX(P=7) has independent
columns with each column distributed as unif(/n — 15" 2).

(5) Do (ﬁB) — A B)| < L7, and A (TTB> > Anin(B).

Proof: (b) Recall B = 2= 5" a,u!". Then,

p=7 P=T i
By Lemma 3.14.5 (a), we have:
s (1 B)—Am( LS
p—T
16 (7] 9
[l
16[7']
n—1
— 7—7
p—T
where for the last inequality, we use the fact that u; € S™"~2. Moreover, by Lemma 3.14.5 (c), we
get Amin (#B) > Amin(B). 0
y n—1, n-1_
Denote hg (B) = Am(B){S = S“"S{ )(;Tj ~ to be the perturbational condition number

of B, where Ay (B) » Amin (B) s Smax (B) and Spin ( ) are respectively the largest eigenvalue,

smallest eigenvalue, largest singular value and smallest singular value of B.

Lemma 3.10.3. Suppose p > n. Let {u,}’._, and {y.}._, be defined as in Section 3.3.1. Consider
distinct 1, j satisfying 1 < i,j < p. Then with probability 1,

1 .
—||u; — uj|lo < ||lyi — yille < ho (B) ||w; — ujll|o,
hO(B>|| illz <y — yjll2 < ho (B) | ill2
and .
bl < s wills < o (B) s+ o,
oyl < i vl < o (B) s+
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Proof: Recall y, = Y. /||Yal2 and y, = Au, a.s., for o« = i, j. Apply the upper bound in Lemma
3.14.6,

il <
||yz y]||2 = )\min(A)

where the equality follows from the fact that B = A~! a.s., and the last inequality follows from
Lemma 3.10.2 (b). The lower bound of the first desired display follows similarly, by the lower
bound in Lemma 3.14.6.

The second desired display follows analogously. [

For {i,j} € [p] with i # j, ¢ € {—1,+1}, define
SO,y = {llyi — ayjlla <o}, F(r,) = {llwi — quyllz < 1)}, (3.94)

1
GO (r,) = {Hui—qumsmm}, HO(r,) = {lwi — quyllz < ho (B) 7} -

Define Fj(r,) = Eg_l)(rp) U E(jfl)(rp). Gij(r,), Hij(r,), Sij(r,) are defined similarly. Using
these notations, then @Z(»f)(p) =1(S;j(r,)), and <I>Z(]R) (p) = 1(F;(r,)). For i € C5, denote

é é
Hi(r,) = ﬂ wie(rp)y  Hi_,(rp) = ﬂ Higi, (1p)-
(=1

When it’s clear from the context, the dependence of r, for the above quantities will be suppressed.
By Lemma 3.10.3, with probability 1,
GPcs?cu? GPcFE?cHY (3.95)

Lemma 3.10.4. Suppose p > n. Consider § € [p — 1]. For any i € CS, with probability 1,

‘@”-@@ﬂ<g
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where

m=1

et (U () N1:0) ).

5
Proof: Notice <I>(R) ( N FWM) and ©- (P) — < N Sl-oim). Let A denote the symmetriza-
m=1

tion difference of two sets. Then

0
P — @ZSR)’ =1 ((ﬂ Wm) A (ﬂ Sl-m-m>> <&,
m=1

where the inequality follows from (3.95) and Lemma 3.14.7 (a). ]

To control the expectation of the above term, we first bound the expectation on a high-probability

set. Define the set £(¢), with ¢ being a parameter to be determined, by

g<t>_{{1_a( ;:iwg)fsxmxm}ﬂ

ﬂ{Amax(B)g{HCl( Z:i+\/]%>r}, (3.96)

to be the set such that (3.177) in Lemma 3.14.8 holds, i.e. the constant C in £(¢) is the same
constant as C'in (3.177). By Lemma 3.10.2 (a) and Lemma 3.14.8,

P(E°(t)) < 2exp(—cit?). (3.97)
Since 7 < £,
—1
b <om—1)T, (3.98)
p—T p
and
—1 t -1 t
Cl< Tl )g\/icl( n +—>. (3.99)
p—T p—T p VP
Moreover, on £(t), and assuming
-1 ¢t 1
V20 < n +—) <, (3.100)
' p b)) 2

one has
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2
<1+Cl( ;T‘ijtwj?)) E—
2
(e (V= )

n—1 t T
<14+16V2C —_— 8(n—1)— :=04(t 3.101
<14 \fl( - +ﬁ)+ (= 1T = (o), G100

where the second inequality follows from (3.98), (3.99) and Lemma 3.14.3 (¢).
For i € CF, denote

ho(B) <

59

Doq

ﬂ 10tg rﬂ m(rp) =

(=1

Fioiz (TP)'

)
3=

Lemma 3.10.5. Letp > n > 4,6 € [p— 1 and X ~ VE(u,%,0). Suppose %, after some
row-column permutation, is (7, k) sparse with T < £. Let t be any positive number, and suppose
(3.100) holds. Then for any i € CS, with probability 1,

GLE®)) < ni(t),

where

s (O (e () ns)) v
Moreover, -

1 (B @00\ B, (725) ) 00

<osns(22 (Rlront) = 2o (555 ) ) P or) ™ 1oy
and

Bit) <0pnsns(292 (i) - P (5725 ) 2P 610,

i1 (5006, (1))" (eme) . ei) (2P, (r,))

(t)
Proof: By (3.101), Hy;(r,) N E(t) C Fy;(0:(t)r,) and Gy(r,) N E() S F (T) Then

&GLE()) < (). (3.104)
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E1 ((Fioim(gl ()7p)\ Figinm (9;&))) ﬂFz,m(Ql(t)rp))
<fingi1(Z;)P (( U {ef&) < iy = qui,, 12 < el(t)rp}> M

qe{_l"l'l}

1)
M ( U {uéoqu;2<91(t)rp}) : (3.105)

a=1 qe{flfl”l}
a#m

where the last inequality follows from Lemma 3.3.3 (c) with

/ / ;) da.d. . n—2
U, WUy oo, Uy~ unif(S" 7).

For any w € S"~2, define Y := {v € "2 5 (t)rp < |Jv = qwl|2 < r,0:(t)}. Then

P <ugm € qe{L1J,+1} Q§g>> =2 (Pn(rpel(t)) — P, (%(t)rp)) .

By conditioning on ] _, the term in right hand side of (3.105) equals to

Z)’

g (592 (Pulr,u(®) = P (570 ) 2 Gutti)) ™,

which then proves (3.103).

By union bound,

Eni(t) < 26: (( o (01(8)7) \ Floi,, ( 95&))) ﬂF;_m(Ql(t)rp))
%)m,m@;)z (Putrtr0) = P (G70) ) 2 )
) -

0.,()*
(*<*)5un 5+1(29)2(n = 2)Po(r,) (62(8)" " (91(t b:(1)

< Ot (Z5)2(n — 2) Pa(ry) (B2(6))" (91<t> - e_(t)> (0:(1)" 2P (1))

where (x) follows from (3.103), (xx) follows from Lemma 3.14.1 (c), and (* * x) follows from
Lemma 3.14.1 (d).

1

) (2P, (1,1 (1))

O
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Lemma 3.10.6. Letp>n>4,6 € [p— 1] and X ~ VE(u, X, 0). Let t be any positive number,

and suppose (3.100) holds. Suppose X, after some row-column permutation, is (T, k) sparse with
< £. Then

P R

) N1(3 5) _ Né 5)

LE®) < Y mi(t)

ieCy

Cn? ok —1 s 1t 7 Y
Eznxt)gm(ua ) unm@)) (0,(1)) ( " +p)p<2ppn<p>>,

where C'is an universal constant.

Proof:

NP - NP 1Ew) <Y E

ieCy

<> m()

ieCy

o) — cp@‘ 1(E())

]

where the last inequality follows from Lemma 3.10.4 and Lemma 3.10.5.
By Lemma 3.10.5,

166'5<
n 1
SZ s B0 (410~ 5 ) P )
o+1 o —
<P (142 R (®)) sn(en )" (400) = 5 ) 2P 1)’

C — . 5
S_((S_nl)! (1+52"€p RG> ) (0. (t ms (\/74-—4_71 )<2p1+5pn(7"p)) . (3.106)

where the third inequality follows from Lemma 3.9.3 and the last inequality follows from Lemma
3.14.3 (d) and (3.101). ]

Lemma 3.10.7. Let p > n > 4,0 € [p— 1] and X

some row-column permutation, is (7', /<o) sparse with T <

VE(w,X,0). Suppose X, after
Suppose 2p'*5 P, (r,) < ~ and

ISTER
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(, / ”TTI + 4/ %) < c hold for some positive and small enough universal constant c. Then

p R p k—1 Inp 7
st < (10 s (54 7).

where C\y) is defined in (3.109).

Proof:

P R P R
B[N - NP | <E|NE - NP

vewn+(2) (7 rew

o+1

<FE ‘N,E;? . NEE?‘ 1(E(t)) + %%Xp( ert?), (3.107)

where the first inequality follows from 0 < N gz) <M gl) for both £ = R and k = P, and the

second inequality follows from (3.97).

Choose t = cs5/Inp with ¢5 = 4 /25—51 > 4/ (2 + ) /c1 such that

2
2exp(—cit?) < 2exp <— (g + 5) lnp) = —

ng'

Moreover, for any ¢ <

1
2max{\/%,1}\/§cl ’

()
)

which is (3.100) with ¢ = cs+/In p. Then apply Lemma 3.10.6 with ¢ = ¢s+/In p to (3.107),

implies

P R
E[NE - NP

<y (15 men) (0 ()" (Y50 D) i

On2V/6 ok —1 né @ T\ .8 i
Sm (1—0—5 » ,Un5+1( )) (61(csv/Inp)) (\/]_7 +p)7 +(5!\/}—7

k—1 In T
<oy (1 + Tun,m@)) ( ot 5) ,
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where

o = 0 (0 (/D))

1! olW/Inp
Cn252 ) 2
< 4n L R 1
_(5_1) ( +5) +5|, (3.109)

where the last step follows from 6 (csv/Inp) < 9+ 4(n — 1) = 4n + 5 by (3.108) and 7 < p/2.
O

Proof of Proposition 3.3.9 (b): It follows directly from Lemma 3.10.7 and Lemma 3.14.4. ]

3.10.4 Proof of Proposition 3.3.9 (¢)

By Lemma 3.3.8,

Npy = (6 + DNy, = NP < NP = Ny < N0 = NP+ (0 + NG

Vs s Est10

which implies

+(0+ NG (3.110)

Esy1

[N — NP < [N — NP |+ (6 1) [N, - N

Lemma 3.108. Letp > n > 4,6 € [p— 1] and X VE(,%,0). Suppose X, after

some row-column permutation, is (7,k) sparse with T < L. Suppose 2p1+§Pn(rp) < v and

(, / "le + 4/ m7p> < c hold for some positive and small universal constant c. Then

(P) _ Ar(R) (P) k—1 /lnp 7 1
E’Nf/é Nf/é ‘ﬁcv/é (1+ » Mn,5+2(2))< p +p+p 6)

where (J‘(/f ) is defined in (3.114).

Proof: Let £(t) be the same as in (3.96) with ¢ to be determined. Consider 6 € [p — 2].

(P) (R)
]:E NVI; - N‘v/é

<E Ng’) - Néf) 1(E()) + pP(EX(L))

<E Ny = NEPI1(EW) + (6 + DE [Ny — Ng? | 1(E®) +

Est1

(6 + DENGY | + 2pexp(—cyt?), 3.111)
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where the first inequality follows from 0 < N‘E/’Z) < pfor £k = R and P, the second inequality
follows from (3.110) and (3.97). If 6 = p — 1, then

L1(E(t)) +pP(E°(t))

<E ‘N(P) N(R) ‘ 1(E(t)) + 2pexp(—cit?),

p—1 VP*‘

(P)
E ‘NVIH - NP

<E‘N

which shows (3. 111) also holds for 6 = p — 1 with the convention N }(31:) =N g:) = 0.
Choose t = 1/ coy/Inp, such that pexp(—cit?) = ]%. Moreover, for any ¢ <

W
V' p P
T, 1
<,/” np ) > (3.112)

which is (3.100) with t = coy/Inp. With t = ¢oy/Inp Lemma 3.10.6 become:

implies

E‘N‘(/f) S CNCI0)
—Cn252 K=l corn/Tn )™ vInp T )
< (6 —1)! (1 + D Mn,5+1(2)) (61(c2v/Inp)) ( /P + p) p(2pP, (r,))", (3.113)

Then for ¢ € [p — 1] apply (3.113) with §, § + 1 and Lemma 3.10.1 to (3.111),

E ‘NEP)

Sgi—z(;! (1 + Kleun,m(E)) < ( 1np>)n5 ( %) P(2pPu (ry))’ +

—Cn2(§!+ b (1 + ﬁ; 1un,5+2 ) ( < lnp>> a+1) <\/\1/? + %) p(2pFa (1))
2

O+ (1 (64 ) 2ngea(E) ) PP, (r)) ™ +

p
<O (1 ) ( () (7)o (1)

1 k—1
+ 5 (1 + (0 4+ 1) i 542(B) —— P )7 Hph 4

k—1 In T
<cy) (1 + —un,m(z)) LIty
g p p p

-1

x

2
P’

)

=
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where the first inequality follows from additionally from ¢, 541(2) < fi5,512(2), and in the last

inequality

o :% (& (Cz\/@))n(ém P+7) (1407 + p22_

Cn?(6+1)?
RG]

o=

S+1 .
(4n +5)"TD 43 (1 4 4) (1 + %’ypé) +2. (3.114)

where the last step follows from 6 (c2v/Inp) <9+ 4(n — 1) =4n+5by (3.112) and 7 < p/2.
0

Proof of Proposition 3.3.9 (¢): The Lemma 3.10.8 and Lemma 3.14.4 complete the proof of Propo-
sition 3.3.9 (c). [

3.11 Proofs in Subsection 3.3.5

3.11.1 Proof of Lemma 3.3.15

To utilize the notations we have defined in this chapter, we make the following adjustments on
the notations throughout this subsection. In this proof it suffices to prove the conclusion for any
§ + 1 i.i.d. random points from unif(S™~2). Without loss of generality assume in this subsection
that the first § + 1 U-scores {u; }; ‘”1 are independent. Another adjustment is to replace r by 7.
With these adjustments Lemma 3.3.15 is equivalent to prove: when r, < 2/v/5 V5,8 > 1, for any
leld+1],

P (NMD ({w;}?*, 7,6 + 1,n — 1) = (|deg(uss+1) = )
=P (PNMD ({w;})*], 7,6 + 1,n — 1) = {|deg(uss1) = 6) . (3.115)

Take i = (6 +1,1,---,0). Recall the notation z O = (I> U~ are defined in Subsection
3.3.3, where the dependence of R in CI)Z is suppressed throughout this subsection for the sake
of clean presentation. Then PNMD ({u;}?*,r,;6 +1,n — 1) = U; + ®;. Moreover, the event
{deg(usy1) = ¢} in PGe ({u; f+11,rp,5 +1,n — 1) is the same as {®; = 1}. Define Fi(jq) =

{llw; — qu;ll2 < r,}. Then 1 ﬂ F © +1) is the indicator function that the degree of vertex

ugy 1 in Ge ({'u,z fﬂl, Tp;0 4+ 1, — 1) is 6. Hence Lemma 3.3.15 is equivalent to (3.115), which is
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equivalent to: when r, < 2/\/5, d > 1,forany ( € [0 + 1],

P (Uz + @7 = (|07 = ):]P’(NMD ({uz fill,rp,5+1 n—l

() )

(3.116)

Proof of (3.116): For = (q1,¢2," - ,q5) € {—1,+1}°, denote F(;?l ﬂj F ng Observe
fo=13=( U FY,== U F£?
i §(5+1) 541
J=1 qje{+1,-1} ge{—1,+1}°

Since r, < 2/ V5 < V2, Fj ‘((75-11-)1) and FJ .((Jgi)l) are disjoint for every j € [d], which implies F; 5(?1 for
different ¢ € {—1,+1}° are disjoint. Hence,

P(P;=1,U;=(-1)= Y PFD U:=0-1). (3.117)
qe{—1,+1}9
Next observe 1(F6(3?1) is a function of uy, - - - , w541, and hence it has the same distribution as if

replacing u; by —u; for any i € [§]. Moreover, replacing u; by —u; for any 7 € [§] wouldn’t change
U. As aresult, (3.117) implies

P(@;zl,U;zE—l):Ts]P’ (F(S(iol)7U;:£_1> 7 (3.118)
where gy = (+1,41,--- ,41) is the vector in R? with all its components 1.

Consider w € F, 5(101) Then ®;(w) = 1 or equivalently, @Eg}rl)(w) =1 for any i € [¢]. Then

§ o+1 ) )
=Y oiw) = > [[ 2P w) =Y [[ 27 w). (3.119)
j€S; i=1 Jﬁi i=1 sz

Since for any distinct 7, j € [d], ||u;(w) — uj(w)Hg < Ju; — wsir (w2 + [Jui(w) — wsi1(w)]]2 <
2r, < 4/V/5, |Jui(w) + u;(w H2 = VA= wi(w) = u;W)E > 2/V5 > r,. Thus o (w) =
1,1 (w). That is, in the set F, (@) (3.119) become

o+1°
1) 1)
1
U: =Y JJUESY) =NMD ({w}e, rp30,n — 1), (3.120)
i=1 j=1
J#i
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which implies
(@;+ U 1 (FE)) = (14 NMD ({w by, 756+ 1,0 = 1)) 1 (FE)
=NMD ({w;} L, ry6+1,n—1)1 (F§ f) . (3.121)
Thus

2P <F(q° Us=(— 1)

0+1>

P(U;-{— CI);: E|<I>Zv: 1)

P(®; = 1)
2P (R, vz = -1)
2R
P <F§+1),NMD ({w} o+ 1,n— 1) = e)

(P (7‘,;))6

=P (NMD ({uwd rpd+1n—1)=¢

5
(+1) _
j=1

where the first equality follows from (3.118), the second equality follows from Lemma 3.9.1, and
the third equality follows from (3.121).

]

3.11.2 Proofs of Lemma 3.3.16 and Lemma 3.3.17

Proof of Lemma 3.3.16: In the set {deg(uj, ) = 0}, it follows that
NMD ({u/}*, 76+ 1,n—1) = NMD ({u/}}_,,r;6,n — 1) + L.
Thus

P (deg(ujy,,) = 6, NMD ({e}})}, ;0 +1,n — 1) = ()
—E1 ({deg(u(gﬂ = 5} (JINMD ({a}2,,ri6n—1) = — 1})
:E( ( <{deg(u5+1 =4} ﬂ{NMD {ui}iy o —1) = 1}) "“’Hl))
( ({deg(u($+1 = 5}()INMD ({w}_,.ridn—1) = (1 )\um v0> (3.122)

where the last equality follows from that

( <{deg(u5Jrl =0} ﬂ{NMD {u} ron—1)=10— 1}) |ug+1>
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as a random variable of u}, ,, due to rotation invariance property of the distribution unif(S"~?), is

degenerate to the constant
( ({deg(uéJrl =4} ﬂ{NMD {uf}o_,,r;6,n— 1) =10— 1}) |ug+1 = v0>

a.s. with vy = (1,0,0,--- ,0) € S"2.
Under uf, , = vy, 1 ({deg(u(;H) =6}) = [12_, 1 (u] € SC(r,vy)), where SC(r, vy) is defined
in (3.27). Use the following coordinate system for each u) = (U;z 1< <n—- l)T in the region

SC(r, vy):

( / 7"21”-2
Uh 1 - 21 3
ub; = 1rin/ 1 — 41'2 cos(f;),
forl <<,
/ 27 =
uly =rrin/ 1 — = cos(6;) 1__[281n(9,m),
u’(n_m =rrin/1— Tifig sin(fy;) - - - sin(6,—3):) cos(0n—2)i),
7"2/]"2 . . .
ku’(n_l)i =rri\/ 1 — —=sin(0y;) - - - sin(0—3)i) sin(fn—2)i),
where for each i € [0]:
S [0, 1], Qﬂ- € [O, 7T] for 2 < ] <n—3and e(n_g)i € [0, 271') (3123)

Then
=029 (1 ({deg(ug,) = 0} (JINMD (g, ri = 1) = €~ 11) s, = v0)

é
:7“_(”_2)5EH 1 (u} € SC(r,v9)) 1 (NMD ({u/}2_;,7;6,n — 1) = £ —1)

£|Sn 2|5/ /Q (NMD ({u] Zl,r&,n—l)zﬁ—l)
7”27"12 e s p—2—j
X H - 1 d?"i H (Sln (9]1)d9ﬂ)

=2

Sn2|6/ /Q (NMD ({u/}!_j,m6,n—1)=(—1)
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) n—d n—2
<1 <7“§‘3 <1 - TZZ‘Q ) " dr I1 (sm”“(eﬁ)deﬁ)> , (3.124)
, P
where ) in equality (x) is the region described in (3.123). Denote by f(r) the integrand in (3.124).
f(r) is a function of r;, 6;; for 2 < j < n—2and 1 < i < §, of which the dependences are
suppressed.

Generally NMD ({v;}2_,,7;0,n — 1) is a function of (1 (Jlv; —v;lla <r) : 1 < i < j < 9)
and it does not depend on specific location of each vertices. In (3.124) NMD ({u 0 ,Ti0,m — 1)
is further a function of (1 (||lu] — w}||s <) : 1 < i < j < §) since |Ju; — /||, = r contributes

nothing to the integral due to the fact it happens with zero Lebesgue measure on €2y. Write

NMD ({w}}_;, 70,0 —1) =g(1 (|Juf — il <7) 1 1<i<j<9)

1 o
~o (1(Hut gl <1) 1< i< <)

Intrinsically, 1 (|ju} — u)||2 < r) is tells whether there is an edge between vertex i and j, and the
function g is the function taking all edge information among ¢ vertices and output the number of
vertices with maximal degree § — 1.

Thenasr — 07,

)

n—2

=1

1
x lim 1(9 (1 <—||u;—u;||2<1) :1§i<j§(5) :€—1). (3.125)
r—0t T

Observe

2
lim 1||u — u,|
r—0t \ T ‘ 7112

n—2 q—1 qg—1 2
= (r; cos(fe;) — 1 cos(t%j))2 + (ri Sin(6y,) cos(0yi) — 7 H sin(6,,) cos(%))
=3 m=2 m=2

2 2

n—2
+ <ri sin(f,,;) — 1, sin(6,,5) | - (3.126)

m=2 m=2

3
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On Q, for 1 < i < 9, define

(

wy; = 1 cos(fy),

;= 13 co8(0j 1)) H sin(6,,;), for2 < j<n-—3 (3.127)
n—2

Uy, gy =T H2 sin (0, ),

\ m=

and @, = (i, : 1 < j <n —2) € B"2. Then by (3.126)
1 ~/ ~/
Tim —fluy —uglle = [la; — ],

which, together with (3.125), imply

o I G2 0,0) ) 1 (g (L (1~ 5o < 1) 1< i< j < 6) =0 1)

A::]%

@
Il
—

lim f(r) =

r—0t

= T (sin™29(0,0) ) 1 (g (1t — @)y 1) s 1< < j < 8) = €= 1)

Il
Az%

@
Il
—_

i H (sin"*7(6;;)) | 1 (NMD ({@j})_;,1;6,n —2) =L —1).

Il
Az%

=1

where the second equality holds a.s. with respect to the Lebesgue measure on €2,
Moreover, |f(r)| < 1, which is integrable over the bounded set §29. Apply Dominated Conver-
gence Theorem to (3.124),

lim (™2 5E< ({deg(u5+1 =4} ﬂ{NMD {uw}) . ridn—1)=10— 1}) s,y = vo>

r~>0+

H ( - 3de (sin" 2~ J(eﬁ)deﬁ)>

=1 =)
|Bn—2|(5 ’
=1gap? (NMD ({&}l;, 1idn—2) = £~ 1), (3.128)

where the parametrization (3.127) and the region () coincide with the spherical coordinates for
B2,
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Thus

lim P (NMD ({u fﬂl,r; 0+1,n— 1) =/ ’deg<ug+l) = 5)

r—0+
= lim 7~ " 2°P (deg(uj,,) = 6, NMD ({e}}H],r;0 + Ln — 1) = () e
e A g (Pu(r))’
’Bn_2’6 1
=5 L (NMD : —2)=(-1
|S*‘ ( ({ }z 1 L 7” ) )(Cn)a
1 B" 216
= | n2|5IP>(NMD({ 0,16 n—2) =0—1)
() 872
=P (NMD ({@;}}_,,1;6,n —2) =(—1),
where the second equality follows from (3.122), (3.128) and Lemma 3.14.1 (b). ]
Proof of Lemma 3.3.17: By (3.44), Lemma 3.3.16 and (3.7),
lim a(l,r,) = lim a(l,r,) =ap V€ [0+1], (3.129)
p—1- rp,—0+t
and thus
m Gy (€) = Gua(0), VL €[5 +1], (3.130)
p— 1=

By Lemma 3.14.1 (b)

lim 2p1+6P (rp) = hm ZCan%rZ*Q = lim 2%cnp1+%(1 — p)%2 = €.
Pp—00 p—00

Then the preceding display and (3.129) yield

1, 5+1 a(l,r,) 1 65+1 ay
+1 y L p .
Jim A5, = lim <p™* (2P, (r,))° ; = lim < (ens) ;7 = Ans(€ns)-
(3.131)
(3.130) and (3.131) immediately yield the conclusion. ]
3.12 Proofs in Section 3.4
3.12.1 Proofs of Lemma 3.4.1 and Proposition 3.4.2
Proof of Lemma 3.4.1:
() _ (P)(P—1 5_ R) 5
ENg” — (1) ( 5 )(QPn(rp)) = Z< (EH LY — (2P,(r,)) ) (3.132)
ieC;

3.~ not diagonal
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)
< (png1 (B) = 1) 2Pa(r,))’ Y L,
ieCy
327 not diagonal

where the first inequality follows from Lemma 3.3.3 (c) and Lemma 3.9.1. By (3.132),

ENGD <’19) <p; 1) @P.(r) > —P.r)? Y L

ieCy
32> not diagonal

Combining the preceding two displays,

e - (0) (75 ) e

<max{L, st () - D} @R 301
ieCy
S (2) (2P(r,)) i = )
(0+1) k—1
§m7§ﬂn,5+1 (X) P

where the second inequality follows from Lemma 3.9.2. [l

Proof of Proposition 3.4.2: Recall for i€ Cs, @;R) is defined in (3.30), U: is defined in (3.33),
and Z; and W; are defined in (3.70). Then

NP =" o™ =™ L U+ Z: + W
z€C<
Then )
S O B
ieCy
Step 1:

Since d) )+ U takes value in [0 + 1] (J{0},

6+1

B0l (0l 4+ U7 = Zem (el 4+ vz =)

5+1

=3 ep (a7 < 1) (407 4 1 i ).
(=1
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Fori € C5 such that 3> diagonal, P <q>Z§R) = 1) = (2P,(r,))° by Lemma 3.9.1 and
P <CI>Z£R) + Uy = €|<I>Z£R) = 1) =a(l,r,)

by (3.44). Thus in this case,

6+1
Ep( (@g’” + U;) = 2Pu(r,))* Y talt,r,).

(=1

Moreover, when i € C5 such that 3 is not diagonal, by Lemma 3.3.3 (c)
5+1
B0 (01 4 U5) < i 511 (2)(2P(ry)° Y balls 1),

(=1

Then by the preceding two displays,

> B0l (ol 4 1) - @ (p 5 1) (2P, (r,))’ %fa(f,rp)

i€Cy (=1
5+1
> (E@?”(@§”4-Ug-—(QP;0¢»5§:£aung) (3.134)
ieCy =1
32~ not diagonal
5+1
< (g1 (B) = 1) (2Pu(r,))’ Y lallry) D L.
=1

ieCy
322 not diagonal

By (3.134),

> i (57 40) - (1) () erior = -ene St ¥ 0

ieCy =1 ieCy
3~ not diagonal

By combining the preceding two displays,

> B (o 4 17) - (ﬁ’) (p 5 1) P S taltr,
/=1

i€Cy
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0+1

st (B) 2P Y taltr,) Y1

=1 iecy
32~ not diagonal
5+1
5 0+1) 5
Stns+1(X)(2F(r))) ;foz(& Tp)mp (k—1)
§+1)2 k—1
<fin541(Z)(2p TP, (r,))° ( 3.135
S ,5+1( )( p (rp)) 2((5_ 1)|) p ( )
where the second inequality follows from Lemma 3.9.2.
Step 2:
(R) p\(p—1 5\
DB (L) (75 ) @Palr)
ieCy
DI D D BN
1606 jET» ZGC(; ]€C<
3D SETCEIIIED 3D SEIHIEND Ub DRCIACHIE
i€Cy JET: i€Cs JET: iECY JECT\T;
R) 1 (R) R) 5 (R
- Y ¥ (ECI)ZE o — (2P, (r ) 3 3 (]Ecbg 9" (2Pn(7’p))25>
i€Cy  JETy ieCy JET:
3~ not diagonal E;diagonal E; not diagonal

=3 > @P(r,))* (3.136)

iECs JECT\T;

where the last equality follows from IECD( B - = (2P,(r,)) for i € C5 such that ¥ diagonal by
Lemma 3.9.1. Then by (3.136),

S ()75 )erenr)

2 A<
1€Cy

(mosa(D) D PP Y e Y Y 1,

i€Cy  JeTy i€Cy JET;
3.~ not diagonal 3> diagonal E; not diagonal

where the inequality follows from Lemma 3.3.3 (c).
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On the other hand, by (3.136),

(6] G

SENCYTSa] HED DD SIETD SRS ST [ Sl SRCTNEH)

i€Cy  JeT: ieCy JET; i€Cy JECT\T;
3.~ not diagonal 3> diagonal Z;. not diagonal

Combining th preceding two displays,

s () o)

i€Cy

Stazse2 (BP0 Y Dot Y Y L[+ Y, @P(n)?

i€Cy  JeT: i€Cy JET: i€CT JECT\T;
32~ not diagonal 3’ diagonal 2; not diagonal

<tnosnE)CPE)P (2 S [+ 3 @R

i€Cy  jeCs i€Cy JECS\T;
32~ not diagonal

Sinasa®)P2 (1) (7 ) g -

1 J (0 —1)h
p\(p—1\(0+1)* ; 26
2(0 +1)? K
< ((5|)2) (2p P, (1)) Mn,%ﬁ(z)]_f (3.137)
where step (x) follows from Lemma 3.9.2 and (3.80).
Step 3:

Notice 3 5.« E®U™ Z; = by as in (3.72) and thus satisfies the bound (3.87). Then by (3.133),

i

)~ () oS- o)
> B (ol 4 17) — @ (p; 1) (2P, (r,))° %mw, r)

ieCy

IN
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+ 72 EW; - ((]1)) (pg 1) (2Pn(7~p))5)2 + by

ZGC;

) K
<Crs ((@Hl/é&(n))(s (1429 P (1)’ s sa(B)5 + pl20Pa(r))* (1+ 2ppn<rp>>5) |

(3.138)

where the last inequality follows from (3.135), (3.137) and (3.87). The proof is then completed by
2P () < -

3.12.2 Proof of Proposition 3.4.3
Proof of Proposition 3.4.3 (a):
By taking square of each terms in Lemma 3.3.8,

2 2 2
(N,E}?) 26+ ONEPNE < (NP) < (M) < (P

Esy1 — Vs

which then implies for N; € {N éf)7 N, \(/?)}

=\ 2 R R R R
‘(Na) - (Néé)) ‘<2(5+ DN N =20+1) Y > ol 3139
i€Cs,, jeCy

It suffices to establish an upper bound on EN ;. (R ) N ,(31:) E> ieos | 2jecs q)éR) cp;R)

5+1

Observe for j € J;

B2 < BOIY < 1 g12(57) (2P (ry)) .

For j € T, [ﬂ N m (0. Thus, if 37 - is diagonal, E(IJ(R)<I>( ) = IE(P;R)E@;R) =
(2P,(r,))**! by Lemma 3.9.1. Then for the general case that 3 - is not necessarily diagonal, by
Lemma 3.3.3 (¢),

E‘I)ZSR)‘I);R) < tn,254+3(Bi5) (2Pa(r,))

It is straightforward by Lemma 3.3.3 (c), Lemma 3.9.1 and Lemma 3.9.4 that the conditions
in Lemma 3.9.6 with ¢ = 0 + 1 and 0;; = @SR)(IDSR) are satisfied witha = 1, b = 2P, (2r,)1(d >
2)+2P,(r,)1(0 =1)and z = 2P, (Tp) Moreover b/z <2"721(§ > 2) + 1 by Lemma 3.14.1 (d).

Thus Lemma 3.9.7 with ¢ = 6 + 1 and 0;; = @\ @;R), a=1,b=2P,(2r,)1(6 > 2) +
2P,(r,)1(6 = 1) and z = 2P,(r,), together with the fact that pz < p'tsz = 2p'*3s P,(r,) < 7,
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yield

k—1
ENg Ngp =B Y~ > &Pl < G, <1+un,25+3(2) > ) p Y0 (3.140)

1€C(S<+1 ]€C<

The proof is then complete by the preceding display and (3.139).
O

We now present a few lemmas that are used in the proof of Proposition 3.4.3 (b) and (c). Recall
F;i(r,), Hij(r,), Gi;(r,), Fx(r,) are defined in Section 3.10.3.

Lemma 3.12.1. Suppose p > n. 1 < 6 < q < p— 1. Then for any i € s, j e C5, with
probability 1,

(P) (P
Ppl?) — oMol < ¢;o.
where
q 5
Gyi=1 ( U ((Hioim\Gioim) (H:_[) H;) Uu <(Hjojz\Gjoj£) (H_o[) HZ)) :
m=1 /=1
Proof:
q )
(I)ZEP)(I);P) (I)( (I)(R ‘ — ((ﬂ Eolm ﬂ ﬂ ]0]8) (ﬂ 10%m ﬂ m j()](g))
where the inequality follows from (3.95) and Lemma 3.14.7 (a). ]

Lemma3.12.2. Letp >n>4,1<6<qg<p—1land X ~VE(p,X,0). Suppose 3, after some
row-column permutation, is (7, k) sparse with T < &. Let t be any positive number, and suppose
(3.100) holds. Then for any ie s, j € C5, with probability 1,

7L (E() < mg5(t),

where

m;7(t) =1 (g(( Fi; (01(t )rp)\Fm,m( )) () Fz_ o (02()ry) () F5(0: (2 rp)>U

H (( jode (01 (O)75) \ Flio, ( ))) ﬂFi,—é(el(t)Tp)ﬂF{(el(t)Tp))> :
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Proof: By (3.101), Hy;(r,) N E(t) C Fy;(61(t)r,) and Gi;(r,) N E(t) O F; (e—m) Then

]

Lemma 3.12.3. Letp>n>4,1<6<qg<p—1land X ~VE(u,X,0). Suppose X, after some
row-column permutation, is (T, k) sparse with T < £. Let t be any positive number, and suppose
(3.100) holds. Suppose additionally 2p1+%Pn(rp) < ~. Then

(28 k—1 1 t T _
ES" S 05(t) < Cugss (6:(6)"250) (1 +grara(B)E ) (\[; - ];) Pt

i€Cy jeCy

>

Proof: Note

IIDILF R DIDIEDIPILD IS BN L F0F

ieCy jeCy i€Cy jeJ; i€Cy jET;  i€Cy JEN;

Step1: j € T

By union bound for indicator function,
me(t) < O (Ef6:(0)r,) ) + mi(OL (FOr (1)), (3.141)
where 77(t) is defined in (3.102) with § replaced by ¢. Then for j € T:
Ens3(t) < Ens()P (F5(61(t)r,) ) + Ens(t)P (F(61(1)r,)) (3.142)

Moreover, forf SR E;U;. is diagonal if and only if 3> and E; are both diagonal.

Now suppose X7 - is diagonal, by conditioning on

P (Fi(01(t)r,)) = CP(0x(8)r,)) . P (F(0i(1)r,)) = CPa(0a(t)r,))"

The preceding display, (3.142), Lemma 3.10.5 applying to En;(?), and Lemma 3.10.5 with 0 = ¢
applying to En(t) yield

Birs(0) < 6+ 02 (P ) - P2 (725) ) 2P 6r(0 )

01(t)
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For the general case that 3 - is not necessarily diagonal, by Lemma 3.3.3 (c), for any ] S

By (0) < ingsasalS2 0+ 02 (Pundi(0) = B (7)) 2P 010"

Then the condition in Lemma 3.9.5 (b) is satisfied with 0;; = n;7, 2 = 2B,(r,01(t)) and

1,7°
Pu(rp01(8)—Pa (755 )
a= (5 + Q) P (rp01(1)) =

Step 2: j S
(3.141) implies

0
(=1

m;5(t) <ni(t) +Zl< g (01(1)7)\ M( )>)1(F;(6’1(t)rp)). (3.143)

Forf € Jz jo, je € [ ] If iy € {jo, je}, without loss of generality, say io = j, and jo = i, for some

1 < a < q. Then
1 (£ G0\ P (5755 ) ) 10101,
_Pp ( (F (02 (t)r,)\ Pl ( 9:&) > ) () Fr_a (61 (t)rp)>

<hoass(22 (Rlront0) = 2 (555 ) ) P ory ™ G

0:1(1)

where the last step follows from Lemma 3.10.5 with ¢ replace by gq.
If iy & {Jo,je}. without loss of generality, say jo = 44, j¢ = ig forsome 1 < a # 3 < q.

Suppose for now that X~ is diagonal, then

1 (P G0\ P (5755 ) ) 10101,
=FE1 (F is(01()p)\ Fioi ( 9?&))) L(F(6:(t)r,))

P00 )L ( B 610\ Py (725 ) ) 1P 6101 (001,

(2)2 (Pn(ﬁl(t)rp)—P (9:( ))) (2P, (6:(t)r,))" ",

where the step (*) follows from conditioning on w,,, u;,, u;,, and the step (*x) follows from

—

dropping the term 1(F,;,(61(t)r,)) and then conditioning on u,,. Then for the general case that 3;
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is not necessarily diagonal, by Lemma 3.3.3 (c),

1 (P G0\ P (725 ) ) W01 01,

Stinana (52 (Pn<01<t>rp>—P (5)) er@mr. e

By combining (3.143), (3.144), (3.145) and Lemma 3.10.5 with § replace by ¢,

T

En;+(t) < (g + 0)pn,q+1(27)2 (Pn(el(t)Tp) - P, (91(

))) (2P, (0 (1))

Then the condition in Lemma 3.9.5 (a) with 0;5 = n;7, z = 2P,(r,0:(t)) and a = (g +

1,7°
) P(01(0)70)~Pn (515

INOIODS) 1s satisfied.

Step 3: j € N;
It 1s straightforward by Lemma 3.3.3 (c), Lemma 3.9.1 and Lemma 3. 9 4 that the conditions

n (01 ()T
in Lemma 3.9.6 with 0;> = 7, are satisfied with a = a; = (q + 5) I(Pi(l;)l() ()91@ ) b =

2P, (2r,601(t))1(6 > 2) 4+ 2P,(r,01(t))1(6 = 1) and z = 2P,(r,0:(t)). Moreover, b/z <
27-21(5 > 2) + 1 by Lemma 3.14.1 (d).

Pu(01(t)r)—Pu (7% )
Pr(01(t)rp)

Thus by Lemma 3.9.7 with 6; » = 7+, a = (¢ +0)

1,7

2) +2P,(r,0:(t))1(6 = 1) and z = 2P, (r,0:(t))

b= 2P,(2r,01(£))1(6 >

1 \1? 1 _ k—1 _4
D 3 5 < Cuas (7452) (14 0132)°) (14 p2) (1 + fingrssa(S) ) ap' 3.
ieCy jecs p
(3.146)
Step 4

Observe
pz < p'tiz < (0,(1)" 2 2p1+%Pn(rp) < (6:())" %~ (3.147)

where the second inequality follows from Lemma 3.14.1 (d). Moreover by Lemma 3.14.1 (c) and
the fact that 6, (t) > 1,

Pn(‘gl(t)rp)_Pn gf_i
Pn(%) ( ()) <

a<(q+9)
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Plug (3.147) and (3.148) into (3.146) and by the fact that 6, (¢) > 1,
n k—1 1 _
5 2 7 O OO) S (14 grseal®) ) (0000 - 5o ) 'S
p 01(t)

i€Cy jeCs
n k—1 _aq
<Crpio (O0(1))"25H (1 T tngssia(S) ) (\f L np) e

where the last inequality follows from Lemma 3.14.3 (d) and (3.101). ]

)

Lemma 3.124. Letp > n > 4 and X ~ VE(u,X,0). Suppose X, after some row-column
permutation, is (7, k) sparse with 7 < 5. Consider 1 < § < p — 2 and let ¢ € {6, + 1}. Suppose

2p1+%Pn(rp) <~ and (\ / ”le +4/ %) < ¢ hold for some positive and small enough universal

constant c. Then
k—1 Vinp T g
< Chgy (1 + fimgror2(X) ) ( + —> pe.

P P R R
E|NYING — NYINGD > A

Proof: For k € {R, P},

k k k k
NN - 3T o

i€Cy jeC5

Thus

P P R R
E NN - NN

2Pl cp;R)@;R)‘ 1(E(1) + (f) (p ; 1) (7;) (p 5 1) P(E°(t))

patot2
<ED > iy 2exp( rt?) (3.149)

i€Cy jeCs

ieCy jeCs

where the first inequality follows from 0 < N ]E;’z) < (’1)) (p gl) for both £ = R and k = P, and the
second inequality follows from Lemma 3.12.1, Lemma 3.12.2 and (3.97).

Choose t = soy/Inp with sg = /(2 + 20) /ci. Since g € {4,6+1}, 50 > \/(% +q+6+9%) /e

Then
2

—_—.
p§+q+6+§

26Xp(—c1t2) < 2exp <— (g +q+0+ %) lnp) =

M fi L
oreover, 1or any c < 2max{\/(%+26)/6171}\/501,

( /n—1+ (51np> <o
p p
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implies

n— 1 Inp 1
(U S04/ ) 3 (3.150)

which is (3.100) with ¢ = sg+/Inp. Then apply Lemma 3.12.3 with £ = sp+/Inp to (3.149),

P P R R
E|NING — NJONGY

k—1 1 sopv/Inp 7Y\ ;4
<Chos~(01(s0Inp n(20+4) (1+Mn, 5 Z—> (\/j_|_ _|__)p 54
qv(l(O )) q++2( ) D D \/2_9 »
2 4
—p S
dlg!y/p
k—1 Inp 7\ 4 2 q
SCn,qﬁ,fy (1 + Mmq-HH—Z(E) » ) (80 p + ]—)) p —+ 5'q|\/_ 5
k—1 T g
<Crngn (1 + ngto+2(2) ) ( + —) P
p p
K — 1 vV ln _ g
SC"@’Y (1 + Mn,q+5+2(2> D ) ( \/]_) —+ 5) P,
where the second inequality follows from 6, (50\/@) <9+4+4(n—1)=4n+ 5 by (3.150) and
7 < p/2; and the last step follows from ¢ € {4, + 1}. O

Proof of Proposition 3.4.3 (b) and (c):
(b) It follows directly from Lemma 3.12.4 with ¢ = 9.

(c) By taking square of each terms in Lemma 3.3.8,

P)\>2 P P)\?2 P)\>2 P)\?2
(oot = () ) < 02

5
which then implies for N; € { NP, NI )}
‘N(s - (V) ‘ <206+ 1) (N N — N NED) + 205+ DN NP,

By Lemma 3.12.4 with ¢ = 0 + 1,

-1 V1
< Cn&'y <1 + /Ln,25+3<2)ﬁ P > < \/I]l_?p + %) pi

=

E|NP

Esy1

P) R
N, = Nyl N,

229



The proof is then completed by combining the preceding two displays, (3.140) and the fact that

(2 5) e

3.13 Proofs in Section 3.5

3.13.1 Proofs of Lemma 3.5.3, Lemma 3.5.4 and Corollary 3.5.5

Proof of Lemma 3.5.3: When 6 = 2, ay = 0 since either both vertices have the maximum degree

1 or none. Moreover,

az =P(|lu; — ugllz < 1)

=EP(||la) — tzl2 < 1]wy)

w

Hﬂll\2)

(*)]E 1 ) 7_[_(11_3)/2 arccos( 3 o 8\do
“Vol(Br ) TR 1)/ sin™(0)
() 1 7-(-(%73)/2 Area(snfii) /1 _3/&1‘0003(;) oy
= —————— X 2 " "T2(6)dOd
Vol(B"—Q) TR rEE e voI(B2) Sy T, sin™(6)d0dr
7’L - 5 arccos( )
BT, 1 ~*(0)dbdr (3.151)
2 2

where step (x) follows from the Subsection “Volume of a hyperspherical cap” of [Lill] and
Vol(B"~?) is the volume of B"~2, step (*x) follows by observing the random quantity only depends
on u; through its Euclidean norm, and in the last step B(-, -) is the Beta function. By Fubini’s

Theorem

1 arccos( ) 3 1 5 [2cos(0)
/ P / sin"~2(6)dfdr :/ / "3 sin" % (0)drdf + / / "3 sin" 2 () drdf
0 0 o Jo = Jo

_ 3 % s n—2
—2(n_2)/0 sin" ™ (0)do

Plug the preceding formula into (3.151), ay = 21 3 (25, 1), where I,(a,b) is the regularized

incomplete Beta function. oy = 1 — a3 follows from oy = 0. ]

Proof of Lemma 3.5.4:
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Figure 3.5: The solid circle represents the unit Euclidean ball B} in R™ while the dash circle

represents the unit ball centered at w,. Their intersection is the green region, which is contained in
_ N2

contained in the ball with center at @, /2 and with radius {/1 — <w> .

a) Denote by deg(-) the degree of a vertex in Ge ({w;}™,,1;m,.#"). Then by union bound,

P (NMD ({@;}?_,,1;,n —2) > 1) <6P(deg(a;) = 6 — 1)
—SF (P(deg(i1) = & — 1]41))
=0E (P ([lar — waf2 < 1, [|a1 — @sll2 < 1| wr))

=08 (P (|l — ol < 1)) (3.152)

where the last equality follows by conditional independence.

As illustrated in Figure 3.5, P (||w; — 2|2 < 1|u,) is the ratio between Lebesgue measure

of green region and | By 2|. Moreover, the Lebesgue measure of the green region is less than

n—2

~ 2 2
(1 _ (—”“;“2) ) |B~2|. Then
n—2

~ 2\ 2
P (||t — a2 < 1)) < (1 - (”“1”2> ) a.s. (3.153)

2

By combining (3.152) and (3.153),

(n—2)(6—1)

~ 2 )
P (NMD ({@}0_;. 1:0,n — 2) > 1) <oE (1 - (Lo
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(n—2)(6—1)

1 2\ T2
=5(n — 2)/ <1 . TZ) P 3dr (3.154)
0

—5(n —2)2"*B (i ”52,(”_2)2(5_1)“),

where the first equality follows from expressing the integral in polar coordinates, and the last

step follows from changing the variables r = 2,/y.

2

[e%
b) Denote f (r;c, ) = (1 — %) r8. Then it is easy to verify that for any «, 3 > 0,

1; 3 if 33 > 20,
max f (r; o, B) flion®) = ()" 5 o = 2 (3.155)

ref0,1 P 48 . o 20 \¥( 48 .
€01 f( /_2a§5,a,,@)_<2a+ﬁ> <_2a+ﬁ) if 38 < 20.

Moreover, f(r;«, [3) is increasing on [0, 1] if 35 > 2.

Leta = % and f =n — 3. If § = 2, then for any n > 4, 33 > 2« is satisfied. Then

since f(r; a, () is increasing on [0, 1],

1 4 4 4
[ 1eanars i <\f5;a,ﬁ> + (1 _ \/;) faB). G156

If 6 = 3, then for any n > 5, 35 > 2« is satisfied and hence (3.156) holds. For n = 4,
30 < 2« is satisfied and by (3.155),

[ 1w f( — a,ﬂ>=f(\/§;a,ﬁ>. (.157)

If 0 > 4, it is easy to see for any n > 4, 35 < 2« holds. By (3.155)

1
/f(?“;oz,
0
45
Sf( 2a+ﬁ7a’6>
1N N =2 NT (f n—2 N -3 ) ©
(%) 6 ) () )

N\ /6— 1\ s\
< e - 1
()" -
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6—1

5-1 LS|
where the last step follows from < n—2 ) ( ”’f’l) < 1land <nf’_27) <exp ()
4

—2—% n—2—3 2—1
(n—2)6—1
Then (3.156), (3.157), (3.158) and the fact that f (y/40,8) = (£)" *  yields the
conclusion.
]
Proof of Corollary 3.5.5: (a) By Lemma 3.5.4,
5+1
1 n—2 (n—=2)(0-1)
< _ n—3
Dy <d(n —2)2 B<4 5 5 +1
=2
(n—2)5—1 (n—2)(5-1)
5(n —2) ((g)z OO ) 5—2.3
= 1\ (1) By nol '
o(n—2)exp (3) (557) (5™ 024
It suffices to prove drv (Cn,s, 13) < Z *1 ay. Notice that
i
dTV Cnéa(;{l} Z|Cn5 _6{1}( )|
5+1
— Z Cns(0) (3.159)
(—2
_ 5—1—1 (Oég/g)
Qg + Ze 2 (au/l)
541
< 1=2 Y
Cag + Zf; ay
541
= ay. (3.160)
=2
(b) It follows from that
1 1 o+1 1 o+1
5 5
Ang(ens) = 55 (en)’| =5 (en) ; (ag/l) =11 < 5 (e Zae < 271 Zae
]
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3.13.2 Proof of Lemma 3.5.6

Proof of Lemma 3.5.6: (a) Denote

I :=P (NMD ({u] L s+ 1,n— 2) > 2|deg(uj,,) =) .

1=1>

Then by union bound

)
I =P (U deg(u;) = d|deg(us,,) = 5)
=1

<OP (deg(u}) = d|deg(ujs 1) = 9)
=0P (deg(u}) = 6,deg(ujs ;) = &) /P (deg(ujs ;) =9). (3.161)

Notice that

4
P (deg(uj,) = 0) = E] [ P(u] € SC(r, g, )|usy) = (Pa(r))’, (3.162)

=1

where SC(r, uj, ;) and P,(r) are defined in (3.27) and the paragraph after (3.27). Moreover

P (deg(u}) = 4, deg(uj,,) = 6)

=EP (deg(u’l) = 0, deg(ug,,) = Oluy, u:5+1)
0
=E1(JJuy — w2 < ) JTP (] € SC(r,ui) N SC(r, gy )|uy, up,y)

=2

5—
<E1(at} = whllo < 7) (Palh(r, o) =ty ]2))" (3.163)

where the last inequality follows from Lemma 3.13.1 with

2 —r?

h(r,d) = |2 —- ————.
- (9

Observing the random quantity in the expectation of (3.163) only depends the distance

between ||u) — wj, 4|2, replace wj, , with vy = (1,0,...,0) will not change its value. Then

P (deg(u}) = 6, deg(uj,,) = 6) < El(u; = woll < 7) (Pu(h(r, |lu) — vol|2)))"
(3.164)
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Use the following coordinate system for each ) = (u;; : 1 < j <n—1)" in the region
SC(r, vy):

( r2r2
ullz]-_ 217

T24T% cos(fs),

j—1
ujp =riry/ 1 — rzﬁ cos(6;) [ sin(6,,),
m=2
Un—gy1 = 1174/ 1 — TQZ% sin(fy) - - - sin(6,,_3) cos(0,,_2),

(Um-1y1 = 117/ 1 — TZT% sin(fy) - - - sin(6,,_3) sin(0,,_»),

U1 =TT 1-—

where

r €[0,1],0; € [0, 7] for2 < j <n—3andf, 5 € [0,2m). (3.165)

Then the right hand side of (3.164) become

E1 (||} — volla < 7) (Pu(h(r, ||l — voll2))" "

1 ! 61 _n—2 n—3 r’ri = /[ 2—j
:—Area(Sn_Z)/o (Pu(h(r,rr))" r 5y (1_T) de/o sin" =77 (6;)db;

1
<grmr [ (Pulhtrmn) v, (3.166)
2

Plug (3.162), (3.164) and (3.166) into (3.161) and we obtain

tig e [ (MR

car™ 2 (1 Py(h(r,r17)) o1
=d(n — 2)—= e vd 3.167
=250 [ (BRer) e G107
where the equality follows from ¢,, = m. By Lemma 3.14.1 (a),
2 2
c,r? 1
e < —- (3.168)
RN



Since when 0 < 1 < 1,0 < h(r,d)/r < 1, by Lemma 3.14.1 (e),

Pn(h(r, 7”17”)) < h(r’ 7,,17,,) n—2 % 2
Pu(r) - r 1_

4

n—2 1 h2(r,rir) 2

1 2\ 2 1 -5
< (1 -(3) ) — - — (3.169)
4

where the second inequality follows from

(h(r,rmr))Q - _1(m)2 <1 . —21(:31)(2%)2 + 1) < ﬁ <— (%)2 + 1) .

2

Since h?(r, rir) is decreasing function of r; € [0, 1], (3.169) become

Lu(h(r, 1)) 1\ 2 " 1 1— hQ(Z,T) T
Po(r) = (1 - <3> > 1— (3)2 (1- §) L (5)2

(-6 =) - o

where the second inequality follows from

h2(r,r) / r2
1-— <4/1—-—.
4 - 4

Plug (3.168) and (3.170) into (3.167),

1 , 5 (n72)2(671)
1—(—1) r3dr
[O-G))  wan

(n—2)(6—1)
2

_h (ﬁn(s) 5(n —2) /01 (1 - (5)2) i 3dry.
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(b) Since ———— is decreasing and h(x,n,d) as a function of z is increasing,

;-l(;?m)g P o). s=23
/4 ((

i)%,n,c?), 0>4

nté—5 (n=2)(5-1)

_ (V¥) 2+g—<5\/§> 2<n2>2<’51> Y= G
R

Then the proof is complete by combining part (a), Lemma 3.5.4 (b) and (3.171).

Similar to (3.160), we have

o+1
Ir(Gusp 0p17) < 3 alr,) = P (NMD ({l} 5 1y56 4 1, — 2) > 2ldeg(uf,,) = ).
(=2

where the equality follows from (3.44). Then the conclusion follows from part (a) and part (b) since

r, satisfies the condition there.
O]

Lemma 3.13.1. Letn > 3and 0 < r < /2. If z and z, are two points in S*~2 with ||z, — 23 ||s = d

satisfy 2 — 24/1 — (d/2)% < r?, then
P (u} € SC(r, 21) N SC(r, 22)) < Py(h(r,d))

where wy has distribution unif(S™"~?) and

2 — 2

-2

h(r,d) = |2—

Proof: The proof is based on Figure 3.6 and we use | - | to represent the length of a line segment in
this proof. In the right triangle 0z32;, the line segment 0z; has length |0z;3] = /1 — (d/2)%. In
the right triangle 2z 2325, |z325| = /72 — (d/2)2. In the triangle 0z525, by law of Cosines,
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Figure 3.6: 0 is the origin in R" 2 and 2z, 22, 24, 25 are on S" 2. z3 is the midpoint of z; and z,,
while z, is the midpoint of the shortest arc on S"~2 connecting z; and z,. zs is one of the two
intersection points of the boundary SC(r, z;) and the boundary of SC(r, z). The angle between
line segment 0z, and 0z is 6.

Then in the isosceles triangle, the line segment z, 25 has length

2 — 2

|z425| = 2sin(0/2) = \/2(1 —cos(#)) = |2 — ————= = h(r,d).
1- (9

It is easy to obtain |z;z4| = \/2 —24/1 — (d/2)2. The condition 2 — 21/1 — (d/2)? < r? entails
that SC(r, z1) N SC(r, z3) # 0 and that |z124] < |2z425] = h(r,d). In this case SC(r,z;) N
SC(r, z3) C SC(h(r,d), z4). Thus

P (u} € SC(r,z1) N SC(r, 29)) < P(w) € SC(h(r,d), z4)) = P,(h(r,d)).

3.14 Auxiliary lemmas

Lemma 3.14.1. Let P, (r) be defined as in Section 3.3.3. Suppose n > 4.

_ _bn I'((n—1)/2)
(a) Recall c,, = S = () (=9)72) < 1. Then
n—4
. 2 4 5
c,r 2 (1 — %) < P(r) < cpr"?

(b) lim, o+ Po(r)/ (cor™ %) = L
(c) Let 0 < B <1< aand (0 <r < 2. Then
P, (ar) — P,(Br) < (n —2)P,(r)a"3(a — B).
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(d) Consider o > 1 andr > 0. Then

P,(ar) < " ?B,(r).

(e) Consider 0 < f <1land(0 <r < 2. Then

_ B2\ 2
inr)w“(l ) )

Proof: (a) Itis easy to verify

P!(z) =

n

4 (3.172)

Consider r > 0. Then

2\ "5
1-— %) (3.173)

cpr™2 (n—2)c 3

P(r) _ PUO) :(

where in the first equality £ € (0, min{r,2}) due to Cauchy Mean Value Theorem and
P,(r) # 0, and the second equality follows from (3.172). (3.173) directly implies

(1_ <mm{;~,2}>2)"2“ G

(b) Tt follows directly by taking limit » — 07 in (3.173).
(¢) Since0 < f<1l<aand0<r <2, P,(ar)— P,(fr) > 0and P,(r) > 0. Then

By(ar) — Po(Br) _ (Bu(ar) — Pa(Br)) — (Pu(a - 0) — P(8-0))
P (r) Po(r) — Pa(0)
i (Pular) = Py(5r))],_,
Pn(r)‘

4
dr r=¢

n—4 n—4

an? (1= S8) F _gr2 (1 22

(-5)"
<ot gl (3.174)
< (n—2)a"(a—p),
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where the second equality follows from Cauchy Mean Value Theorem with £ € (0, ), the
third equality follows from (3.172) together with the fact that the numerator has to be positive,
which imply o < 2, the first inequality follows from 0 < 5 < 1 < «, and the last inequality

follows from mean value theorem.

(d) When r > 2, P,(ar) = P,(r) = 1 and the conclusion holds trivially. The case 0 < r < 2
follows from (3.174) with 5 = 0.

(e) Consider 0 < 8 < 1land 0 < r < 2. Then

A CONAN §
P.(r) (1_3)”;4 - (1_§)”%

[
Lemma 3.14.2. Consider Z, and Zs be two discrete random variable support on [6]. Then
13
dy (ZL(20), L (%)) < —— Y|P (Zy = 0)]
=1
Proof: By Remark 2.19 (iii) of Section 2.2 in [Vil03],
5—1 o0—1 1
dw (L(2,), ZL(2,)) =D [P(Z1 < i) —P(Zo < )| <D D |[P(Zy = j) — P(Za = j)].
i=1 =1 j=1
On the other hand, from the above equality,
5—1 -1 6
dw (L(2)), ZL(Z2)) = Y [P(Z =i+ 1) =P(Ze > i+1)] < ) Z ~P(Zy = j)|.
i=1 i=1 j=i
Averaging the above two inequalities yields the desired conclusion. [

Lemma 3.14.3. (a) Let p,p’, m be positive integers such that p > p'. Then

ﬁ(p—z ﬁp—l ) < (m+1) (Ti_[ ) P).
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(b) Let p, 4, k be positive integers such that 6 < p — 1. Then

o0l <" - ][e-0

(c) (”i) is increasing function on |0, %} and (}f—i)g <1+ 16xfor0 <z <
(d) 1+x— 1%:5 < 2z for any x > (.
Proof: (c) and (d) are simple quadratic inequalities and their proof are omitted.

(a) Let f(x) = [[(z—i). Whenp’ > m, f'(x) < (m+1) [/, (p — i) and the conclusion then
=0

follows by mean value theorem. When p’ < m — 1,

3

fp) =) < flp) < p—p)

z:0
b
(b) Let f(x) = [[(p — ¢x). When p < Ik,
=1
5—1 6—1
0(0+1
£~ £ < 0 < G5~ ) [T -0 < " e T -0
=1 =1
When p > ik, f'(x) > —6(52 D ‘2 {(p — ) for 2 € [1, k]. Then the conclusion follows by
mean value theorem.
[
Lemma 3.14.4. For any integer-valued random variable 7 and Z,,
dry (ZL(Z1), L (Zy)) <E|Zy — Zy].
Proof:
dTV (2(21)73(22)) - ABoreIII;ln%iurable UP)(ZI < A> B ]P)(ZQ < A>’
- ABoreIlIrlneasurable |P(Z1 < A Zl 7& Zg) P(Z2 < A’ Zl 7& Z2)|
< max P(Z, # Zs)

A Borel measurable

— P2~ 2] > 1)
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<E|Z — Zs|.

O]

Lemma 3.14.5 (Perturbation Theory). Consider D € S™ and E € S", where S™ is the set of all
real symmetric matrices of dimension n x n. Let {\;(-)}!_, be the eigenvalues of corresponding
matrix such that \y () > Xa(-) > ... > A\ ()-

(a)
IN(D+E)—=XND)|<|E| (i=12,...,n)

(b) Assume E = wxx®, where x € S" 1. If w > 0, then
Mi(D+ E) e [N(D),\1(D)], (i=2,3,...,n),
while if w < 0, then
N(D+ E) e [Mi1(D),N(D)], (i=1,2,...,n—1).
In either case, there exist nonnegative my, ms, . .., m, such that
Ni(D+ E)=X\N(D)+mw, (i=12...,n)
withmy +mso+ -+ +m, = 1.

(c) Assume E = szwlmf where {x;}", C S™Yand w; > 0 for all i. Then

=1

(D + E) > \,(D).

Proof: (a) and (b) is Corollary 8.1.6 and Theorem 8.1.8 in [GVL12]. (c) follows by induction on

the smallest eigenvalue using part (b) for w > 0. U

Lemma 3.14.6. Let x,, 2 be two vectors on S™ ', and D € R™" be an invertible matrix. Let
Smin(D) and S, (D) be respectively the largest and smallest singular value of D. Define z; = Dx;
9, (i =1,2). Then,

and zZ; = 21/||21

Smin(D)
Smax<D)

Smax(D)
Smin(D)

|1 — 222 < [|21 — 22[]2 <

|1 — 2|2

Proof: Part I (Upper Bound)
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Z1

22

Figure 3.7: z; and z, are the normalized vector of z; and Z, respectively.

Denote Z(-, -) the angle between two vectors. By the Law of Cosines,

2 2 _ 2 9 _ B 9
COS(Z(Zl,ZQ)) _ ||Z1||2 + ||z2||2 Hzl Z2||2 _ ||z1 z2||27
2% [Jz1]l2 X [[22]]2 2

and o o _ -
Cos(4(21722)) _ ||Z1||2 + ||Z72||2 - ||%1 - z2||2
2 x ||zl x | Z2]]2

Observing Z(z1, z2) = Z(Z1, Z3), right hand sides of the above two equations are equal. Solving

for ||z1 — z2||2, we get

5 _ 5 12 5 5 5 _ 5 ]2
21 — 2|2 = ||f1 {2”2 I (2_ ||f2||2 _ ||Z1||2> < ||{1 f2||2.
121 ]|2]|Z2 |2 121l [ 22]]2 12]|2]| 222
Therefore,
o = 2ally < A= 22l
\/||Z1||2||Z2||2
Smax(D)[|21 — x2]|2
" V/Suin(D)||21[|2Smin (D) |22
Smax (D)
= ———||T1 — X2||2.
Smin(D)H 1 2||2
Part II(Lower Bound)

Define ; = D~'z;, (i = 1,2). Notice for Vi € {1,2}, x; and &, are parallel to each other, since

x; = D'z, and z; is parallel to z;. Thus, we conclude x; = &;/||Z;||2, (i = 1,2). Reversing the
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role of x; and z; in Part I, one has

” H < aX( _ H H
Zr T z zZ .
! 212 = Smm (D_ 1) ! 2112
T'he lower bound follows from the relation Smdx(( _11)) Sméx((D)) . ]

Lemma 3.14.7. Let {D;}*,, {Fi}7%y, {Gi}i2 and {H;}1", be sets satisfying

G CD;CH;, G CF, CH, (i:1,2,...,m).

Then

(a)
(ﬂD,) A (ﬂ]—“) - U(”H \G) () (ﬂ?—g) =J| ®\G) .ﬂHj

(b)

Proof: (a) Obviously,

ﬁgicﬁl)icﬁ%, ﬁgicﬁ}}cﬁﬂi. (3.175)
=1 =1 =1 =1 =1 =1

Thus,

Take Vw € (N, Hi) \ (Nt Gi), we know w € (2, H; and w & (-, G;. The later fact
shows 35 (which depends on w) such that w & G;. Then,

w e <ﬂ /Hz> \QJ C /Hj\gj C U (/Hz\gz) (3.176)
=1 =1

The proof is completed by combining (3.175) and (3.176).
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(b)

Il
P
IDE
= .
N———
>
-
IDE
N
N———

where the inclusion step follows from (a).
O

Lemma 3.14.8. Let Q € R™™(n < m), with each column q; being i.i.d. unif(/nS™ ). Let Ay
and )\, be respectively the largest and smallest eigenvalue of %QQT. Then with probability at
least 1 — 2 exp(—ct?),

{1—0(\/%+ﬁ>rgxmm§%ﬂ§ {HC(\/gjtﬁ)r, (3.177)

where c, C are absolute constants.

Proof: Let S;.x, Smin be respectively the largest and smallest singular value of ). Since gq; are

isotropic random vector with subgaussian norm (or )3 norm) being a constant, by applying Theorem
5.39 in [Ver12] to Q7,

Vm —C(/n+1) < Spin < Smax < Vm + C(V/n + 1), (3.178)
holds with probability at least 1 — 2 exp(—ct?), where ¢, C' are absolute constants. The proof is
completed by

1 1
Amax - _812nax7 )‘min - _SZmin-
m m

3.15 Numerical simulations and experiments
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n = 20,0 = 1, trial=2000 n = 20,0 = 1, trial=2000

——corr 0.9 - corr
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(a) limiting compound Poisson (b) finite p compound Poisson approximation

Figure 3.8: The vertical axis of (a) is dTV(N‘(/]f), CP()20,1(1), 20,1)) as in Theorem 3.2.4 and that of

(b) is dTV(N‘(,If), CP()p.20,1,05 C20,1,5)) as in Theorem 3.3.11. For both plots the samples are generated
according to NV (0, X) with X being a (7 = p®%, k = p®8) sparse matrix for each p. The parameters
are n = 20, 0 = 1 and the threshold p is chosen according to (3.12) with e,, s = 1. The blue curve
is for the empirical correlation graph (k=R) and the red curve is for the empirical partial correlation
graph (k=P). Note since 6 = 1, (20,1 = d{2} = (20,1,0» by Example 3.5.1. As demonstrated by the
plots, for both empirical correlation and partial correlation graphs, the total variations in (a) decrease
very slowly while the total variations in (b) converge to 0 very fast, which has been analytically
discussed in Remark 3.3.14.
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n = 35,6 = 2, trial=2000 n = 35,5 = 2, trial=2000
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(a) Poisson limit when p — oo (b) Poisson approximation for finite p

Figure 3.9: The vertical axis of (a) is dTV(N‘(,’;), Pois( (en0)° )), where we replaced CP(\,, 5(€.6), Cns)

3!
in Theorem 3.2.4 by its approximation Pois((e%—’f)&) as discussed in Subsection 3.5.1. The vertical

axis of (b) is dTV(N‘(/';), Pois((?) (*51)(2P,(r,))?)), where we replaced CP(),, ;. 5.5, Cn,s,») in Theo-

rem 3.3.11 by its approximation Pois( (%) (*;')(2P,(r,))°) as discussed in Subsection 3.5.2. For
both plots the samples are generated according to N'(0, X) with ¥ being a (7 = p%%, xk = p°®)
sparse matrix for each p. The parameters are n = 35, d = 2 and the threshold p is chosen according
to (3.12) with e,, ; = 1. Note the distributions of the increment {352 in (a) and (35 2 , in (b) are both
replaced by d;;y since n = 35 is sufficiently large for § = 2 as indicated by Figure 3.4 (b). That
is, the number of samples n = 35 is large enough for Corollary 3.5.5 (a) and Lemma 3.5.6 (c) to
be effective. The blue curve is for the empirical correlation graph (k=R) and the red curve is for
the empirical partial correlation graph (k=P). As demonstrated by the plots, for both empirical
correlation and partial correlation graphs, the total variations in (a) decrease very slowly while the
total variations in (b) converge to 0 very fast. The fast convergence in Figure 3.9 (b) verifies the

validity of using Poisson distribution Pois((?) (*;') (2P,(r,))°) to approximate the distribution of

random quantities in {Ni(k) .k = R,i € {E;s, Vs, Vy}} for large n. The extremely slow decrease
in Figure 3.9 (a) is due to the slow convergence of Theorem 3.2.4, which has been extensively
discussed in Remark 3.3.14. This specific example indicates the slow convergence of Theorem
3.2.4 is due to slow convergence of A, ,, 5, — A, s since the distribution of increments in this large
n case are both close to 6{1}.

247



CHAPTER 4

Future Directions

There are several future directions for follow-on work.

In Chapter 2, where the problem of parameter estimation in mixture of product distributions is
discussed, the true number of components k is assumed to be known. This so-called "exact-fitted"
assumption practically might not be available and it is of interest to consider the "over-fitted"
scenario where only an upper bound on the true number of components is available. The parameter
estimation in mixture models in "over-fitted" case but without product structure has been previously
studied in [Ngul3, HN16b]. This generalization combines these existing work and the new product
structure considered in this thesis and makes the study of mixture of product distribution more
complete.

For the mixture of product distribution, a worthwhile direction is developing algorithms to
efficiently estimate the parameters in the mixture of product distributions. The key insight is that
the parameter information of the mixture of product distributions is contained in a mixture of
corresponding Gaussian distribution by virtue of central limit theorem (density version), which
is an important step of the proof in Chapter 2. Then based on this observation, and some recent
developments in efficiently estimating parameters of location mixture of Gaussian [DWYZ20], it is
worthwhile to explore some moment based algorithms to efficiently estimate the parameters in the
mixture of product distributions.

For screening in high dimensional data in Chapter 3, a future direction is to extend the results
in Chapter 3 to the setting of nonparametric data or functional data. Note the regime that the
number of variables increases to infinity while the number of samples is fixed is indeed a fixed
number of samples of (countably) infinite-dimensional data. This view explains the motive to extend
such results to more general infinite-dimensional setup like functional data. This line of extension
involves defining appropriate sparsity structure in the setting of nonparametric data or functional
data since the results in Chapter 3 are built on the sparsely correlated assumption.

It is also important to study the statistical and computational problems involving both hetero-
geneity and high dimensions. One example of such a problem is the mixture of location Gaussian

with the unknown location parameters that span an unknown low dimension space in the high
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dimension where the data lie in. Intuitively, the geometric properties of concentration around the
spherical shell for high dimensional gaussian and the rotation invariance for the simple case where
the covariance matrix is identity will play crucial roles. Such a problem has wide applicability but
seems open for theoretical study.
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