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Réenyi Entropy and Rényi Divergence

e X ~ f(x) ad-dimensional random vector.

e Rényi Entropy of orden

_ 1fo(m/f“(x)dx (1)

e The Renyia-divergence of fractional order € [0, 1) [Rényi:61,70 ]

1 f
Da(f1 || fo) O(_1|n/ f1<f;) dx

—|n/f1 fl-agx




— a-Divergence vsi-Entropy

1
Ho(f1) = 1 g In/ fldx= —Da(f1 fo)lf,—u 0.1

— a-Divergence vs. Batthacharyya-Hellinger distance
5 2
DRu(fal o) = [ (Vi-v/To) dx
2(1-exp(1D3(f2 1| fo) ) )
— a-Divergence vs. Kullback-Liebler divergence (Shannon Ml)

lim D (11| o) /flln—dx




Entropic Graphs

A graph G of degreé consists of vertices and edges
e vertices are subset &, = {x}I_,: n points in R
e edges are denote@; }
o foranyi: card{gj}; <lI

Weight (with power exponen) of G

LEXa) =S |l

ec




Minimal Spanning Tree (MST)

Let T, = T(X,) denote the possible sets of edges in the class of acyclig
graphs spanning, (spanning trees).

The Euclidean Power Weighted MST achieves

LMST(X) =min S ]l

”een




128 random samples




Minimal Euclidean graphs: k-NNG

Example:k-Nearest Neighbors Graph k-NNG)

Let Ny i (Xn) denote the possible setsloédges connecting poirg to all

other points inX.
The Euclidean Power WeightéeNNG is




Large n behavior of MST

MST length, Unif. dist. (red), Triang. dist (blue) MST normalized compensated length
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Figure: MST and log MST weights as function of the number of samplgs.



Asymptotics: the BHH Theorem

Define the MST length functional
Ly(Xn) =min 5 [el]".
n ecln

Theorem 1 (Beardwood&etal:Camb59) Let X, = {X1,...,Xn} be an
i.i.d. realization from a Lebesgue density f [@n1]9.

fim Ly(Xn)/n@¥/4 = p_, / £ (%) (@V)/dgx

nN—o0

Or, lettinga = (d —vy)/d

lim Ly(Xn)/n® = Br,aexp((1—a)Hq(f)),

N—o00




Question: What is r.m.s. rate of convergence?

Find constant such that

2

EY/? [ LX) VS g [ £V x| <o)

Method: adopt Yukich’s general setting of quasi-additive continuous
Euclidean functionals




Quasi-additive continuous Euclidean functionals

L, is a Euclidean functional oveR{ if for every finite subseF of [0, 1]

VyeRY, Ly(F+y) = LyF), (translation invariance
Vc>0, Ly(cF) c'Ly(F), (homogeneity

|2
2R

Figure 2:Translation invariance and homogeneity




Quasi-additive continuous Euclidean functionals

Let Ly be a Euclidean functional. Define

e Null Condition: Ly(¢) = 0, wheregis the null set.

e Subadditivity: There exists a consta@y with the following property:
For any uniform resolution im-partitionQ ™




e Superadditivity: For the same conditions as above, there exists a
constantC, s.t.

e Continuity : There exists a consta@g such that for all finite subsets
andG of [0,1]¢

Ly(F UG) — Ly(F)| < Cs(card(G))!* /¢

Figure 3:A non-continuous K-MST graph




Definition 1 A continuous subadditive functiona| Is said to be a
guasi-additive functional when there exists a continuous superadditive
functional L, which satisfies {{F) + 1 > Lj(F) and the approximation

property
[E[Ly(Us,...,Un)] —E[Ly(Us,...,Up)]| < Cyn(@-y-1)/d (2)

where U, ...,Up are i.i.d. uniform random vectors ii®, 1]°.




Another smoothness condition

Definition 2 Ly Is said to satisfy the add-one bound when

|E[LV(U17 e 7Un+l)] — E[Ly(Ul, . ,Un)” < C4n_V/d

where U, ...,Uny1 are i.i.d. uniform random vectors iio, 1]9.




Convergence rate for uniform f

Theorem 2 (Thm 5.2 Yukich:1998) Let L, be a quasi-additive
continuous Euclidean functional which satisfies the add-one bound.
Assume that (i) is uniform over[0,1]9. Then foralld>2and1<y<d

E[Ly X))/ Y/~ BLya [ (@ ¥/%ax < O(n )




Question: How to extend to non-uniforfi?

1. Extend to piecewise constant “block densities” over a uniform partitipn

Q™

f(x)

2. Extend to space of densities sufficiently well approximated by block
densities.

3. Obtain worst-case bound on rate over this space of densities.

17



Block densities

For a set of non-negative constan{nt@}{fl satisfyingz{‘flcg = md, define

000 = 3 9la(x
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Figure: Block density over the unit interval.




A rate result for block densities

Proposition 1 Letd>2and1<y<d-—1. Assume X, ..., X, are i.i..d.
sample points oveD, 1]¢ whose marginal is a block density f witif'm
levels and suppoi® C [0,1]9. Then for any continuous quasi-additive
Euclidean functional {.of ordery which satisfies the add-one bound

E[Ly(X1,...,Xp)]/n@ VB [S f49/4(x) ax| <O ((nm)=4/9).




Extension to general densities

Define the resolutioma block density approximation of by

P(x) = _rjzl(ﬂ 1gi(X),

where@ = m [, f(x)dx.

Figure 4: Block density approximation over the unit interval.




Three term bound

By triangle inequality

1. Bound on | directly follows from Proposition 1

2. Bound on Il is block density approximation error

3. Bound on Il is error due to block realizations instead of true
realizations ofX




Sobolev Spaces

Consider the Sobolev spacelof functions onR¢
WEP(RY) = Lp(RY) N {f: Dy f e Lp(RY), 1< j<d}.

e Dy, f Is thex;-th weak derivativeof f which satisfies

/Rdf(x)aixj (X)ax=— [ Dy T (x)b(x)clx

]Rd

for any function¢ infinitely differentiable with compact support.

e WP is equipped with a norm

Ifllap=[ITlp+IDTllp .




Approximation Lemma

Lemma 1l For 1< p< o, let f ¢ WHP(RY) have supporB C [0,1]°.
Then there exists a constang S 0, independent of m, such that

L1000~ (91 < Com P 5+ 0(1),

1, 1<p<d
A(p) =
d+1-d/p, d<p<ow




An m-dependent bound

Using the Lemma to bound Il and Il we obtain

E[Ly(X1...., Xn)) /@ BLV,/ (0900

X)dXx+ o( ))

(X)dx+ 0(1))




An mrindependent bound

By selectingm as the function of that minimizes this bound, we obtain

Proposition 2 Letd>2and1<y<d-—1. Assume X, ..., X, are i.i..d.
random vectors ovd0, 1] with density fe WLP(RY), 1 < p < «, having
supportS C [0,1]9. Assume also that2fd is integrable oveS. Then,
for any continuous quasi-additive Euclidean functionablf ordery that
satisfies the add-one bound

E[Ly(X1,...,Xn)]/nEV/A B /S £(0-9)/d ()l So(n—n(d,y,p))’

where

~ aA(p) 1
YR = X (p)+1 d

anda = d%y andA(p) is defined in Lemma 1.




Concentration inequality

Rhee’s inequality for Euclidean functionals (AnnAppProb:93):

_ 2d/(d—y)
P(|Ly(X1,- .., Xn) — E[Ly(Xa, ..., Xn)] | > 1) §Cexp< (t/cfé)n y ) |

Hence,

c o - E - 5

_ /OOOP (‘LV(Xla"'vxn) — E[Ly(X4,... ’X”)H > tl/K) at

o 00 __t2d/[k(d-y)] &
< C3 /o eXp Cn

_ A nK(@-)/(20)




Main convergence result

Corollary1 Letd>2andl1<y<d-1. AssumeX,...,X,are i.i.d.
random vectors ovep, 1] with density fe WP(RY), 1 < p < o0, having
supportS C [0,1]9. Assume also thatzfd is integrable oveS. Then,
for any continuous quasi-additive Euclidean functiongbl ordery that
satisfies the add-one bound

K] 1/K

E [ Ly(X1,...,Xp)/ntd=-v/d_ B'—wd/s f(d=¥)/d(%)dx <0 (n—rl(d,v,m)

where

m , 1<p<d

rl(d7y7p){ a d<p<00

1
d(0+gri=azp)

wherea = d%V.




Extension to partition approximations
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Figure 5:Partition approximation.




Pointwise closeness bound

Two Euclidean functionalky andLy ae said to satisfy thpointwise
closeness bound

[ Clcard(F)](d-¥y-D/@-1)  1<y<d—1

Ly(F) —Ly(F)[ <{ Clogcard(F), y=d—1#1
C, d-1<y<d

\

for any finiteF C [0, 1]9. This condition is satisfied by the MST, TSP ang
minimal matching function (Lemma 3.7 Yukich:98).




Corollary 2 Letd>2and1 <y< d-1. Assume that the Lebesgue
density fe WHP(RY), 1 < p < o has supporf ¢ [0,1]9. Assume also
that f%/27¥/d is integrable oveS. Let LI(X,) be a partition
approximation to L(Xn) where 1y is a continuous quasi-additive
functional of ordery which satisfies the pointwise closeness bound and
the add-one bound. Then if(in) = O(m@-Y)

E [ L\r/n(n> (Xq,... ,Xn)/n(d—v)/d _ BLy,d/S f(d—v)/d(x)dxu <0 (n—rz(d,y,p)> |

(5)

where
aA(p) 1

4L aA(p) +1 d’

r2(d7y7 p) —

wherea = d%V andA(p) is defined in Lemma 1. This rate is attained by

choosing the progressive-resolution sequence
m= m(n) = nt/14(5" aAP)+1)]




Application to Entropy Estimation

Consider entropy estimates

Ha = (1—a) *loglq,

wherel, is a consistent estimator of the integral

= / f%(x)dx

o lq=Ly(Xy,... ,Xn)/(BL,,an®) is a strongly consistent estimator of
la(f);

e Indirect estimator: given non- parametrlc function estimdtes f
define the function plug-in estimatty = (f)




Convergence rate comparisons

Question How fast is

[E[Ho] — Hq(f)| — 0, whenn — o0?

Findr > O such that

For both cases

. 1 |lg—la(f)]

‘HO(_HG(f)|:1_u |0((f) —I_O(“’\G_ld(f)‘)

= convergence rate 0E[Hq] — Hq(f)| is identical to that of
[Efla] = la(f)].




Multivariate Besov function space

Definition 3 (Nikolskii:75) Letl < p,q < o, 0 > 0and kp be
nonnegative integers satisfying the inequalities @ —p > 0. The
function f belongs to the cIas%@(IR{d) if f € Lp(RY) and there exist
partial weak derivative®™ f = 0P f /oxi*...0x} of order s= (sq,...,Sq)
(|| =s1+ ...+ 59 = p) such that the following seminorm is finite:

= 3 { [ (1)
b3y — 9
P $=p (/R T[oP /¢

whereAX is an operator which takes the k-th order finite difference in thi
direction oft.




Sobolev vs Besov

Lemma 2 (Besov&etal:79) Let p> d and leto be a positive integer.
Then

BS 1 (RY) c WoP(RY)




Asymptotic convergence of entropy estimators

Proposition 3 Let p>d>2anda=(d—vy)/de[1/2,(d—1)/d]
K
sup EYX [ /fA“(x)dx—/fO‘(x)dx ] > o(n—l/(2+d))
fGeB%1
while,

Ly(Xg,...,%n)

sup EL/X [

fo‘eB%’1
whereA(p) =d+1—d/p.

Note: minimal-graph estimator converges faster for




Open problems

> Extend convergence rates to:

— smoother densities, e.g.\W%P(RY)

— densities with unbounded support.

— weaker quasi-additive continuity conditions
> Analysis of clustering algorithms in entropic graph setting.

> Analysis of distributional properties of entropic graphs.




