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Resolution Limited Imaging Problem

Two-level Image Model

)

An arbitrary two—level image containing

boundary curve rg4

True image
Parameterization of boundary of object

Indicator function for the object Ry

Uniform intensity of interior of Ry

Uniform intensity of background

Cint - Ir, (z,y) + Cpa - (1 — g, (,y)).




Measurement Statistics

e Observation Model:

Zeromean
white Gaussian

noise ( Oy, )

l

True System Kernel Observed
Object — ™ ¥ —(— Object

Symmetric Gaussian PSF
with parameter Os

exp { —
202 P 202

S

N(0,02)
Iz **H)(z,y) +n(z,y).




Parametric Shape Model

[0 For 2-D shape: polar boundary representation rg ().

[0 For 3-D shape: spherical boundary representation rg¢(c, 3)

Assume :

[1 Boundary is star—shaped.

[1 Center of description is fixed.




Star—shapes in 2—D

(a) Star—Shaped (b) Not Star—Shaped

Examples: B-splines, Fourier descriptors, Bezier curves, ...




Measurement Degradation

[ Flower—shaped object (16 knots)

A Flower-shaped object (16 knots) A noisy and blurred flower-shaped object (16 knots)

(d) Observed




Finite dimensional parameterization: B—splines

[1 Polar parameterization by periodic B—splines with a fixed

number K of knots.

[1 Notation:

B—spline coefficients

B;i(¢) i—th B—spline basis at angle ¢

K
re(P) Z 0;B;(¢) = B ()0 (radial samples).
i=1
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The periodic cubic B—
spline basis functions
for an equiangularly
spaced set of 9 knots on

domain [—7, 7).




CR Bound

e Cramer—Rao lower bound:

For any unbiased estimator 0 of parameter vector 0:

COVg (9) > F@_1

where Fy is Fisher information matrix

Fy = Eg [-V?log f(Y n10)]




Fisher Information Matrix for 2—D

(CinT — CB(;)2 (contrast)2

2 72 - 2 72
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Asymptotic Fisher Information for 2-D

he () =

{ V20,
Oy = m(?x

175()]

(contrast)?

270502

/_ " he(w) B($)BT()di + o(m)




Geometrical Interpretation: 2—D

Figure 1: Relation between tangent line and hg ().




Fisher Information Matrix for 3—D

Fg — OCN'/% /W /‘1 /7r exp ||7?0(Oé1,61)—’]79(042’ﬁ2)u2
—Z2J-7nJ-ZJ—mx —40'3

ra(a, Bi) rg(a1, B2) - B(ai, £1); B' (az, B2) cosay cos as day dB; das dp;

where

(CinT — CBG)? contrast?
Ceon = =

3/20352  8&73/25352°
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Asymptotic Fisher Information for 3—D




Geometrical Interpretation: 3—D

L/

X

Flgure 2: Unit tangent and normal vectors for a spherical surface through P. Here, O is the
center of the sphere as well as the center—of—description.




Optimum Center of Description

YA

Figure 3: Change of center—of—description.




Optimum Center of Description: example

Sensitivity of CR bound to center of test shape

Shape

Region allowing star—-shape
Centroid (0.0090)

Optimum Center (0.0075)
Worst Center (0.0228)

Flgure 4: Sensitivity of CR bound to shift in center—of—description of a test shape.




Worst—Case 2—D Shape Analysis via FIM

e Consider minimization of

T

trace{Fg} = C . he(®) fB(P)de

trast)?
where ¢ = {contrast)” .4

2\/mos02

f5(9) = B*(9)B(9) = ) _BI(#).

e under fixed perimeter constraint

P= [ \flre@ +Irp(@)ds =1




3 Knots 4 Knots 5 Knots 6 Knots

0 5 10 -5 0 5 -5 0 5 -5 0 5
7 Knots 8 Knots 9 Knots 10 Knots

-5 0 5 -5 0 -5 0 0
11 Knots 12 Knots 13 Knots 14 Knots

FlgU.I'e 5: Collection of worst shapes on quadratic B—splines basis.




Worst—Case Nearly Circular 2—D Shapes

e circularity measure:

4T A 4 fﬂ__ﬂ T3(¢)d¢
’y p— —P2 p— : 5

where v € [0, 1]

e Lagrangian for: max trace{Fg} s.t. y>1—¢, P=1

1 1
L) =a}0 — 549TDf49 + X107Q0 + Xz (a’0 + 5«9’—”D49)




4 knots

1
0.5
0
-0.5
-1

-1 0
10 knots

5 knots

-1

0
11 knots

Plot of r (p) for various number of knots
worst

1

0.5

0

6 knots

-1 0
12 knots

Flgure 6: Worst—shapes local to a circle for finite dimensional case with quadratic B—splines
and equally spaced knots.




Worst—Case Nearly Spherical 3—D Shapes

e sphericity measure v € [0, 1]:

(f:{%f (e, B) cos(a )dOédﬁ)z

e Lagrangian for max trace{Fg} st. y>1—¢, P=1

L) =67 [Qf—%Df]oHl (OTQO—aTB)—i—)\z(%OT [D+Q)0+a’6




Worsl ahape lor 3 knods (equal Tor azimulh and elevalion basia) Warsl ehape Tor 4 knots (egual bor azimuth and slevalion basia)
14

0E,

1]

(a) 3 X 3 Knots (b) 4 X 4 Knots

FlgU.I‘e 7: Worst—shapes local to a sphere.




Woral ahape 1or & Knols (equal Tor azimulh amnd elevalion basia) Wioral shape lor 12 knots fegual Tor azimuih and elevalion basis)

(a) 8 X 8 Knots (b) 12 X 12 Knots

FlgU.I‘e 8: Worst—shapes local to a sphere.




Edge Filtering Technique

Transform observed data from cartesian coordinates to

spherical coordinates.

Apply edge filter ( [—1,...,—1,1,...,1]) along each angle

and extract edge.

Apply a 2 x 2 median filter to this extracted surface of radial

values.

Drawbacks:
[1 Bias due to system PSF.

[1 Sensitive to noise.




Edge Filtering Technique (contd.)

Edge Filtering [ﬂ's =15 % mean r, o = 6% contrast)




Edge Filtering Technique 4+ Projection on B—Spline Basis

Edge Filtering + Projection {:::i5 =15 % meanr, o = E% contrast)

-




Empirical Bias as a Function of o,

Edge Filtering Method (crn = 3 % of contrast, N s ™ 50)
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Empirical Bias as a Function of o,

Edge Filtering Method (O'S = 8.44 % of meanr, Nl
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Empirical Standard Deviation as a Function of o

Edge Filtering Method (crn = 3 % of contrast, N s ™ 50)
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Empirical Standard Deviation as a Function of o,

Edge Filtering Method (cyS = 8.44 % of meanr, Noals = 50)
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Conclusions

[ CR bound permits study of sensitivity of minimum achievable
boundary estimation error
[ Approach has been applied to

e MRI-aided PET: Fisher information = confidence of
side info

Analysis of lung nodule quantification in ECT
PET/CT/MRI image registration studies

Assessment of ML, active contour, and edge filtering

methods of shape estimation

[1 Method restricted to star shaped objects




