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1 INTRODUCTION

1.1 STATISTICAL SIGNAL PROCESSING

Many engineering applications require extraction of a signal or parameter of interest from de-
graded measurements. To accomplish this it is often useful to deploy fine-grained statistical
models; diverse sensors which acquire extra spatial, temporal, or polarization information; or
multi-dimensional signal representations, e.g. time-frequency or time-scale. When applied in com-
bination these approaches can be used to develop highly sensitive signal estimation, detection, or
tracking algorithms which can exploit small but persistent differences between signals, interfer-
ences, and noise. Conversely, these approaches can be used to develop algorithms to identify a
channel or system producing a signal in additive noise and interference, even when the channel
input is unknown but has known statistical properties.

Broadly stated, statistical signal processing is concerned with the reliable estimation, detection
and classification of signals which are subject to random fluctuations. Statistical signal processing
has its roots in probability theory, mathematical statistics and, more recently, systems theory
and statistical communications theory. The practice of statistical signal processing involves: (1)
description of a mathematical and statistical model for measured data, including models for sen-
sor, signal, and noise; (2) careful statistical analysis of the fundamental limitations of the data
including deriving benchmarks on performance, e.g. the Cramer-Rao, Ziv-Zakai, Barankin, Rate
Distortion, Chernov, or other lower bounds on average estimator/detector error; (3) development
of mathematically optimal or suboptimal estimation/detection algorithms; (4) asymptotic analysis
of error performance establishing that the proposed algorithm comes close to reaching a benchmark
derived in (2); (5) simulations or experiments which compare algorithm performance to the lower
bound and to other competing algorithms. Depending on the specific application, the algorithm
may also have to be adaptive to changing signal and noise environments. This requires incorpo-
rating flexible statistical models, implementing low-complexity real-time estimation and filtering
algorithms, and on-line performance monitoring.

1.2 PERSPECTIVE ADOPTED IN THIS BOOK

This book is at the interface between mathematical statistics and signal processing. The idea
for the book arose in 1986 when I was preparing notes for the engineering course on detection,
estimation and filtering at the University of Michigan. There were then no textbooks available
which provided a firm background on relevant aspects of mathemetical statistics and multivariate
analysis. These fields of statistics formed the backbone of this engineering field in the 1940’s
50’s and 60’s when statistical communication theory was first being developed. However, more
recent textbooks have downplayed the important role of statistics in signal processing in order to
accommodate coverage of technological issues of implementation and data acquisition for specific
engineering applications such as radar, sonar, and communications. The result is that students
finishing the course would have a good notion of how to solve focussed problems in these appli-
cations but would find it difficult either to extend the theory to a moderately different problem
or to apply the considerable power and generality of mathematical statistics to other applications
areas.

The technological viewpoint currently in vogue is certainly a useful one; it provides an essential
engineering backdrop to the subject which helps motivate the engineering students. However, the
disadvantage is that such a viewpoint can produce a disjointed presentation of the component
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parts of statistical signal processing making it difficult to appreciate the commonalities between
detection, classification, estimation, filtering, pattern recognition, confidence intervals and other
useful tools. These commonalities are difficult to appreciate without adopting a proper statistical
perspective. This book strives to provide this perspective by more thoroughly covering elements of
mathematical statistics than other statistical signal processing textbooks. In particular we cover
point estimation, interval estimation, hypothesis testing, time series, and multivariate analysis.
In adopting a strong statistical perspective the book provides a unique viewpoint on the subject
which permits unification of many areas of statistical signal processing which are otherwise difficult
to treat in a single textbook.

The book is organized into chapters listed in the attached table of contents. After a quick review
of matrix algebra, systems theory, and probability, the book opens with chapters on fundamentals
of mathematical statistics, point estimation, hypothesis testing, and interval estimation in the
standard context of independent identically distributed observations. Specific topics in these
chapters include: least squares techniques; likelihood ratio tests of hypotheses; e.g. testing for
whiteness, independence, in single and multi-channel populations of measurements. These chapters
provide the conceptual backbone for the rest of the book. Each subtopic is introduced with a set
of one or two examples for illustration. Many of the topics here can be found in other graduate
textbooks on the subject, e.g. those by Van Trees, Kay, and Srinath etal. However, the coverage
here is broader with more depth and mathematical detail which is necessary for the sequel of the
textbook. For example in the section on hypothesis testing and interval estimation the full theory
of sampling distributions is used to derive the form and null distribution of the standard statistical
tests of shift in mean, variance and correlation in a Normal sample.

The second part of the text extends the theory in the previous chapters to non i.i.d. sampled
Gaussian waveforms. This group contains applications of detection and estimation theory to sin-
gle and multiple channels. As before, special emphasis is placed on the sampling distributions of
the decision statistics. This group starts with offline methods; least squares and Wiener filtering;
and culminates in a compact introduction of on-line Kalman filtering methods. A feature not found
in other treatments is the separation principle of detection and estimation which is made explicit
via Kalman and Wiener filter implementations of the generalized likelihood ratio test for model
selection, reducing to a whiteness test of each the innovations produced by a bank of Kalman
filters. The book then turns to a set of concrete applications areas arising in radar, communica-
tions, acoustic and radar signal processing, imaging, and other areas of signal processing. Topics
include: testing for independence; parametric and non-parametric testing of a sample distribution;
extensions to complex valued and continuous time observations; optimal coherent and incoherent
receivers for digital and analog communications;

A future revision will contain chapters on performance analysis, including asymptotic analysis
and upper/lower bounds on estimators and detector performance; non-parametric and semipara-
metric methods of estimation; iterative implementation of estimators and detectors via steepest
ascent, Monte Carlo Markov Chain simulation, and the EM algorithm; and sequential design of
experiments. It will also have chapters on applications areas including: testing of binary Markov
sequences and applications to internet traffic monitoring; spatio-temporal signal processing with
multi-sensor sensor arrays; CFAR (constant false alarm rate) detection strategies for Electro-
optical (EO) and Synthetic Aperture Radar (SAR) imaging; and channel equalization.

10
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1.2.1 PREREQUISITES

Readers are expected to possess a background in basic probability and random processes at the
level of Stark&Woods [41], Ross [34] or Papoulis [30], exposure to undergraduate vector and matrix
algebra at the level of Noble and Daniel [28] or Shilov [38] , and basic undergraduate course on
signals and systems at the level of Oppenheim and Willsky [29]. These notes have been used to
teach a first year graduate level course (42 hours) in the Department of Electrical Engineering
and Computer Science at the University of Michigan from 1997 to 2004 and a one week long short
course (40 hours) given at EG&G in Las Vegas in 1998.

The author would like to thank Hyung Soo Kim, Robby Gupta, and Mustafa Demirci for their
help with drafting the figures for these notes. He would also like to thank the numerous students
at UM whose comments led to an improvement of the presentation. Special thanks goes to Raviv
Raich and Aaron Lanterman of Georgia Tech who provided detailed comments and suggestions
for improvement of earlier versions of these notes. End of chapter

11
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2 BACKGROUND

Keywords: vector and matrix operations, matrix inverse identities, linear systems, transforms,
convolution, correlation.

Before launching into statistical signal processing we need to set the stage by defining our notation.
We then briefly review some elementary concepts in linear algebra and signals and systems. The
following are some useful references for this review material.

REFERENCES
* Noble and Daniel [28]: an elementary linear algebra textbook.

* Golub and Van Loan [8]: a numerical linear algebra textbook with lots of algorithms useful for
signal processing.

* Graybill [10]: a matrix algebra textbook which has statistical application focus. Lots of useful
identities for multivariate Gaussian models.

* Oppenheim and Willsky [29]: an elementary textbook on signals and systems.

* Proakis and Manolakis [32]: another elementary textbook on signals and systems.

2.1 NOTATION

We attempt to stick with widespread notational conventions in this text. However inevitably
exceptions must sometimes be made for clarity.

In general upper case letters, e.g. X,Y, Z, from the end of the alphabet denote random variables,
i.e. functions on a sample space, and their lower case versions, e.g. x, denote realizations, i.e.
evaluations of these functions at a sample point, of these random variables. We reserve lower case
letters from the beginning of the alphabet, e.g. a,b, ¢, for constants and lower case letters in the
middle of the alphabet, e.g. 4, j, k, [, m, n, for integer variables. Script and caligraphic characters,
eg. 8, Z, O, and X, are used to denote sets of values. Exceptions are caligraphic upper case
letters which denote standard probability distributions, e.g. Gaussian, Cauchy, and Student-t
distributions N (z),C(v), 7 (t), respectively, and script notation for power spectral density P,.
Vector valued quantities, e.g. z, X, are denoted with an underscore and matrices, e.g. A, are
bold upper case letters from the beginning of the alphabet. An exception is the matrix R which
we use for the covariance matrix of a random vector. The elements of an m x n matrix A are
denoted generically {aij}%ﬁl and we also write A = (aij)zlj’il when we need to spell out the
entries explicitly.

The letter f is reserved for a probability density function and p is reserved for a probability mass
function. Finally in many cases we deal with functions of two or more variables, e.g. the density
function f(x;60) of a random variable X parameterized by a parameter §. We use subscripts to
emphasize that we are fixing one of the variables, e.g. fyg(z) denotes the density function over
x in a sample space X C IR for a fixed 6 in a parameter space ©. However, when dealing with
multivariate densities for clarity we will prefer to explicitly subscript with the appropriate ordering
of the random variables, e.g. fx y(x,y;0) or fxy(z|y;0).
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2.2 VECTOR AND MATRIX BACKGROUND
2.2.1 ROW AND COLUMN VECTORS

A vector is an ordered list of n values:

I

which resides in R".

Convention: in this course z is (almost) always a column vector. Its transpose is the row vector

=[x o ow ]

When the elements x; = u + jv are complex (u,v real valued, j = v/—1) the Hermitian transpose
is defined as

where 7 = u — jv is the complex conjugate of ;.

Some common vectors we will see are the vector of all ones and the j-th elementary vector, which
is the j-th column of the identity matrix:

1=11,...,1]7%,

2.2.2 VECTOR/VECTOR MULTIPLICATION

4

For 2 vectors x and y of the same length n their “inner product” is the scalar

n
&Tg = Z LiYi
i=1

For 2 vectors x and y of possibly different lengths n, m their “outer product” is the n x m matrix

n,m

zy' = (ziy))iio,
= [zy1, ..., ZYm)
r1yr - T1Ym

TnY1 0 TnYm

13
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2.2.3 VECTOR/MATRIX MULTIPLICATION

Let A be an m x n matrix with columns a,,...,a,, and z be any n-element vector.

The (compatible) product Az is a (column) vector composed of linear combinations of the columns
of A

n
Az=> zja,
=1

For y an m-element vector the product QTA is a (row) vector composed of linear combinations of
the rows of A

m
QTA = Z Yi Qi
i=1

2.24 RANK OF A MATRIX

The (column) rank of a matrix A is equal to the number its columns which are linearly independent

If A has full rank then
OZAl:inQ*i < z=0.
7

If in addition A is square then it is said to be non-singular.

2.2.5 MATRIX INVERSION

If A is non-singular square matrix then it has an inverse A~! which satisfies the relation AA~! =1.
In the special case of a 2 x 2 matrix the matrix inverse is given by (Cramer’s formula)

-1
a b 1 d -=b .
{c d] —ad—bc[—c a ] i ad # be

Sometimes when a matrix has special structure its inverse has a simple form. The books by
Graybill [10] and Golub and VanLoan [8] give many interesting and useful examples. Some results
which we will need in this text are: the Woodbury-Sherman-Morissey identity

[A+UVT] ! =A"t - AU+ VIATU] I VTATL (1)

where A, U,V are compatible matrices, [A +UV7?]~! and A~! exist; and the partitioned matriz
inverse identity

[ A Ap ]1 _ [ (A1 — A AL Ayl ™! ~ A Ap[A — Ay A ALY (2)
A Ag —AL A [Ag — Ap AL Ay ]! [Ags — Api A Aot ’

assuming that all the indicated inverses exist.

14
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2.2.6 EIGENVALUES OF A SYMMETRIC MATRIX

If R is arbitrary nxn symmetric matrix, that is, R” = R, then there exist a set of n orthonormal
eigenvectors v;,
1, i=3j
T ) J
viv, =N = .
= " { 0, i#3J

and a set of associated eigenvectors A; such that:

Ry, =\y;, i=1,...,n
These eigenvalues and eigenvectors satisfy:
vIRy;, = \
vIRy, = 0, i#j.

2.2.7 MATRIX DIAGONALIZATION AND EIGENDECOMPOSITION

Let U = [vy,...,v,] be the n x n matrix formed from the eigenvectors of a symmetric matrix R.
If R is real symmetric U is a real orthogonal matrix while if R is complex Hermitian symmetric
U is a complex unitary matrix:

UTU = I, (U an orthogonal matrix)
UAU = I, (U a unitary matrix).

where as before H denotes Hermitian transpose. As the Hermitian transpose of a real matrix is
equal to its ordinary transpose, we will use the more general notation A for any (real or complex)
matrix A.

The matrix U can be used to diagonalize R
UPRU = A, (3)

In cases of both real and Hermitian symmetric R the matrix A is diagonal and real valued

Ao 0
A =diag(\i)=| ¢ - 1|,
0 ... M\
where \;’s are the eigenvalues of R.
The expression (3) implies that
R = UAUY,

which is called the eigendecomposition of R. As A is diagonal, an equivalent summation form for
this eigendecomposition is

R = Z)\ZyzyiH. (4)
i=1

15
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2.2.8 QUADRATIC FORMS AND NON-NEGATIVE DEFINITE MATRICES
For a square symmetric matrix R and a compatible vector x, a quadratic form is the scalar defined
by z7Rxz. The matrix R is non-negative definite (nnd) if for any z
QTRQ > 0. (5)
R is positive definite (pd) if it is nnd and ”=" in (5) implies that x = 0, or more explicitly R is
pd if
z"Rz >0, z#0. (6)
Examples of nnd (pd) matrices:
* R = B”B for arbitrary (pd) matrix B
* R symmetric with only non-negative (positive) eigenvalues
Rayleigh Theorem: If A is a nnd n x n matrix with eigenvalues {\;}" ; the quadratic form
TAu
min(\;) < *ETQ* < max(A;)
where the lower bound is attained when w is the eigenvector of A associated with the minimum
eigenvalue of A and the upper bound is attained by the eigenvector associated with the maximum
eigenvalue of A.
2.3 POSITIVE DEFINITENESS OF SYMMETRIC PARTITIONED MA-
TRICES
If A is a symmetric matrix with partition representation (2) then it is easily shown that
1 7-1 _ -1
A A Ap | _ |1 —ApAy) Ayl — ApASSAy, OF I of (7)
Ay Ay o I o Ay || —AL Ay T ’

as long as A521 exists. Here O denotes a block of zeros. This implies: if A is positive definite the
matrices A — A12A2_21A21 and Ago are pd. By using an analogous identity we can conclude that
Aoy — A21Af11A12 and A1 are also pd.

2.3.1 DETERMINANT OF A MATRIX

If A is any square matrix its determinant is
Al=T] X
i

Note: a square matrix is non-singular iff its determinint is non-zero.
If A is partitioned as in (2) and Aj}' and A, exist then
Al = |An[[Az — Agi AT Arp| = [An|[A1 — ApAg) Ay (8)

This follows from the decomposition (7).

16
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2.3.2 TRACE OF A MATRIX

For any square matrix A = ((a;;)) the trace of A is defined as

trace{A} = Z iy = Z i
i i
One has an important identity: for compatible matrices A and B

trace{AB} = trace{BA}.

This has the following implication for quadratic forms:
TRz = trace{ﬂT R}.

2.4 SIGNALS AND SYSTEMS BACKGROUND

Here we review some of the principal results that will be useful for dealing with signals and systems
encountered in this book.

2.4.1 GEOMETRIC SERIES

One of the most useful formulas in discrete time signal and systems engineering is:

n o

1_an+1 1
Y a"=——, ifa#l d a"=——, ifla <1
= 1—a = 1—a

2.4.2 LAPLACE AND FOURIER TRANSFORMS OF FUNCTIONS OF A CON-
TINUOUS VARIABLE

If h(t), —oco < t < 00, a square integrable function of a continuous variable ¢ (usually time) then
its Laplace and Fourier transforms are defined as follows.

The Laplace transform of A is

C{h} = H(s) = / T (et dt

where s = 0 + jw € €' is a complex variable.

The Fourier transform of h is

FIhYy = H(w) = /_ T het d

Note: F{h} = L{h}|s=jw-
Example: if h(t) = e~ *u(t), for a > 0, then the Laplace transform is

> 1

H(s) = /Oo e~ e dt = /oo et gp = L —fatst|
0 0 a+s 0 a+s

17
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2.4.3 Z-TRANSFORM AND DISCRETE-TIME FOURIER TRANSFORM (DTFT)

Ifhg, k=...,—1,0,1,..., is a square summable function of a discrete variable then its Z-transfrom
and discrete-time Fourier transform (DTFT) are defined as follows.

The Z-transform is

Z{h} = H(z Z hyz "

k=—o00
The DTFT is
F{h} = H(w Z hye 9@k

k=—00

Note: H(w) really means H(e/*) and is an abuse of notation

i f{h} = Z{h}|z:ej“
e the DTF'T is always periodic in w with period 27.

Example: if by, = al*l, then for |az~!| < 1, the Z-transform is

o
H(z) = Z alflz=F = Z akz _k—l—Zak —k
k=—oc0 k=—o0
00 00 1
_ i az 1
fZ(az) +Z 1 —az +1—az_1
k=1 k=0

Likewise the DTFT is (for |a| < 1):

1 — a?

H(w) = H(z)lomere = 1 —2acosw + a?

2.4.4 CONVOLUTION: CONTINUOUS TIME

If h(t) and z(t) are square integrable functions of a continuous variable ¢ then the convolution of
x and h is defined as

(h+2)(1) = /Oo Wt — 7)a(r) dr

—00

Note: The convolution of h and z is a waveform indexed by time t. (h x x)(¢) is this waveform
evaluated at time ¢t and is frequently denoted h(t) * x(t).

Example: h(t) = e~%u(t), for a > 0, (the filter) and z(t) = e %u(t), for b > 0, (the filter input)

then (s 2)(t) = /_‘: e~ =Ty (t — Tu(r) dr = (/Ot p—a(t=r) b7 dT) u(t)

t _
— et (/0 e—(b—a)T dT) u(t) — e at (b _1ae_(b—a)7'
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2.4.5 CONVOLUTION: DISCRETE TIME

If Ay and zj are square integrable sequences then

hn*xn: i hjl'nfj: i hnfjl'j

j=—00 Jj=—00

hi is a called a “causal” filter if it is zero for negative indices:
hy=0, k<0

2.4.6 CORRELATION: DISCRETE TIME

For time sequences {x}}}_; and {y;}}_; their temporal correlation is
n
Zn = Z xkyz
j=1

2.4.7 RELATION BETWEEN CORRELATION AND CONVOLUTION

[e.9]

n
Zp = E TRyp = E Trhp_p = hy * Ty,
j=1

j=—00
where

0, 0.W.

hk_{ Y e E=1,....n

2.4.8 CONVOLUTION AS A MATRIX OPERATION

Let hy be a causal filter and let x; be an input starting at time k£ = 1. Arranging n outputs z; in
a vector z it is easy to see that

Zn [ > Ty
z=| : = :
1 DY YR
[ ho h1 - haoa
T,
_ 0 hO hn—2
“ohy o
0 0 ho

19
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2.5 EXERCISES

2.1 Let a, b be n x 1 vectors and let C be an invertible n x n matrix. Assuming « is not equal
to —1/(a”C~1b) show the following identity

[C+aa ]t =C ! —Clab! Cla/(1 + aal C'b).

2.2 A discrete time LTI filter h(k) is causal when h(k) = 0, k < 0 and anticausal when h(k) =
0, k > 0. Show that if |h(k)| < oo for all k, the transfer function H(z) = > 5o h(k)z~*
of a causal LTI has no singularities outside the unit circle, i.e. |H(z)| < oo, |z| > 1 while
an anticausal LTI has no singularities inside the unit circle, i.e. |H(2)| < oo, |z| < 1. (Hint:
generalized triangle inequality | Y, a;| <) |as|)

2.3 A discrete time LTI filter h(k) is said to be BIBO stable when > 22 |h(k)| < oco. Define
the transfer function (Z-transform) H(z) = Y32 h(k)z~*, for z a complex variable.

(a) Show that H(z) has no singularities on the unit circle, i.e |H(z)| < oo, |2| = 1.

(b) Show that if a BIBO stable h(k) is causal then H(z) has all its singularities (poles)
strictly inside the unit circle, i.e |H(2)| < oo, |z| > 1.

(c) Show that if a BIBO stable h(k) is anticausal, i.e. h(k) =0, k > 0, then H(z) has all its
singularities (poles) strictly outside the unit circle, i.e |H(z)| < oo, |z| < 1.

2.4 If you are only given the mathematical form of the transfer function H(z) of an LTI, and not
told whether it corresponds to an LTI which is causal, anticausal, or stable, then it is not
possible to uniquely specify the impulse response {hy };. This simple example illustration this
fact. The regions {z : |z| > a} and {z : |z] < a}, specified in (a) and (b) are called the regions
of convergence of the filter and specify whether the filter is stable, causal or anticausal.

Let H(z) be

1
Hz) = =1

(a) Show that if the LTI is causal, then for |z| > |a| you can write H(z) as the convergent
series

o0
H(z) = Zakz_k, |z| > |al
k=0

which corresponds to hy, = a*, k=0,1,... and hy =0, k < 0.

(b) Show that if the LTT is anticausal, then for |z| < |a| you can write H(z) as the convergent
series

[e.e]
H(z) ==Y a*M' |z[ <qf

which corresponds to hy = —a™*, k=1,2...and hy =0, k > 0.

(c) Show that if |a] < 1 then the causal LTI is BIBO stable while the anti-causal LTI is
BIBO unstable while if |a| > 1 then the reverse is true. What happens to stability when
la| =17

2.5 An LTI has transfer function

_ 3—4z71
- 1-352"141522

H(z)
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(a) If you are told that the LTT is stable specify the region of convergence (ROC) in the
z-plane, i.e. specify the range of values of |z| for which |H(z)| < oo, and specify the
impulse response.

(b) If you are told that the LTI is causal specify the region of convergence (ROC) in the
z-plane, and specify the impulse response.

(c) If you are told that the LTI is anticausal specify the region of convergence (ROC) in the
z-plane, and specify the impulse response.

End of chapter
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3 STATISTICAL MODELS

Keywords: sampling distributions, sufficient statistics, exponential families.

Estimation, detection and classification can be grouped under the broad heading of statistical
inference which is the process of inferring properties about the distribution of a random variable
X given a realization x, which is also called a data sample, a measurement, or an observation. A
key concept is that of the statistical model which is simply a hypothesized probability distribution
or density function f(x) for X. Broadly stated statistical inference explores the possibility of
fitting a given model to the data z. To simplify this task it is common to restrict f(z) to a class of
parameteric models { f(x;0)}pco, where f(x;e) is a known function and @ is a vector of unknown
parameters taking values in a parameter space ©. In this special case statistical inference boils
down to inferring properties of the true value of 6 parameterizing f(x;0) that generated the data
sample z.

In this chapter we discuss several models that are related to the ubiquitous Gaussian distribution,
the more general class of exponential families of distributions, and the important concept of a
sufficient statistic for infering properties about 6.

REFERENCES:
* Rao [33], a comprehensive introduction to linear multivariate analysis at the graduate level.

* Manoukian [25], a concise compilation of principal results in sampling distributions and statistics.
More a reference than a textbook.

* Mood, Graybill and Boes [26], an undergraduate introduction to mathematical statistics with
lots of fun exercises and examples.

* Johnson etal [17], the first of a set of several volumes of a comprehensive encyclopedia of prob-
ability distributions and their properties.

3.1 THE GAUSSIAN DISTRIBUTION AND ITS RELATIVES

The Gaussian distribution and its close relatives play a major role in parameteric statistical in-
ference due to the relative simplicity of the Gaussian model and its broad applicability (recall the
Central Limit Theorem!). Indeed, in engineering and science the Gaussian distribution is probably
the most commonly invoked distribution for random measurements. The Gaussian distribution is
also called the Normal distribution. The probability density function (pdf) of a Gaussian random
variable (rv) X is parameterized by two parameters, ; and 6o, which are the location parameter,
denoted i (1 € R), and the (squared) scale parameter, denoted o2 (02 > 0). The pdf of this
Gaussian rv has the form

1 _(@—mw)?
e 202 s — 0 < r< oo

fla;p,0?) =
2ro

When p =0 and 0? = 1, X is said to be a standard Gaussian (Normal) rv. A Gaussian random
variable with location parameter y and scale parameter ¢ > 0 can be represented by

X =0Z+yp, (9)

where Z is a standard Gaussian rv.

22
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The cumulative density function (cdf) of a standard Gaussian random variable Z is denoted N (z)
and is defined in the conventional manner

N(z)=P(Z < 2).

Equivalently,
1 V2
N(z) = / ——e 2 dv.
0 V2T

Using (9) the cdf of a non-standard Gaussian rv X with parameters y and o2 can be expressed in
terms of the c¢df N'(z) of a standard Gaussian rv Z:

P(X <) = P((X — )0 < (x — u)/o) = N ( - “)
A

The standard Normal cdf AV (z) can be related to the error function or error integral [1]: erf(u) =
% Jo e ¥ dt, z > 0, through the relation

_ [ sl terf(jl/V2)] 2 >0
v ={ e, c2o

For positive integer order v, the moments of a standard Gaussian random variable Z are [17, 13.3]

v w=1)(r—3)---3-1, veven
E[Z]_{ 0, v odd

where Elg(Z)] = [ g(2)f(z)dz denotes statistical expectation of the rv g(Z) under the pdf
f(2) for rv Z. These moment relations can easily be derived by looking at the coefficients of
(ju)k/k!, k = 1,2,... in the power series expansion about ju = 0 of the characteristic function
O (u) = E[e/4] = e/,

In particular, using (9), this implies that the first and second moments of a non-standard Gaussian
rv X are E[X] = pu and F[X?] = u? + 02, respectively. Thus for a Gaussian rv X we can identify
the (ensemble) mean E[X] = p and variance var(X) = E[(X — E[X])?] = E[X?] — E*[X] = o*
as the location and (squared) scale parameters, respectively, of the pdf f(z;u,o?) of X. In the
sequel we will need the following expression for the (non-central) mean deviation E[|X + al] for
Gaussian X [18, 29.6]:

E[|X +a| = \/ze_“2/2+a(1 — 2N (—a)). (10)

In referring to rv’s and operations on rv’s in this book the following compact notations are some-
times used:

* “X is distributed as a Gaussian random variable with mean p and variance o2”

X ~ N(p,o?) (11)

* “X is equal to a scaled and shifted standard Gaussian random variable”
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N(0,1)
or, in shorthand notation,
X = aN(@O,1)+b & X ~ N(bd?). (12)
For example, in the following shorthand notation Xi,...,X, are independent identically dis-

tributed (iid) N'(0,1) rv’s
>N, 1) =) "X
i=1 i=1

Note that the above is an abuse of notation since A (0, 1) is being used to denote both a Gaussian
probability distribution in (11) and a Gaussian random variable in (12). As in all abuses of this
type the ambiguity is resolved from the context: we will never write AV/(0,1) into an algebraic or
other type of equation like the one in (12) when N(0, 1) is meant to denote a Gaussian distribution
function as opposed to a Gaussian random variable.

Other notational shortcuts are the following. When we write
N©w) =«
we mean that “the cdf of a N'(0,1) rv equals o when evaluated at a point v € IR.” Likewise
N a)=v

is to be read as “the inverse cdf of a A (0,1) rv equals v when evaluated at a point « € [0,1].”
Finally, by

we mean “X is distributed as an n-dimensional Gaussian random vector with mean p and covari-
ance matrix R”

3.1.1 CHI-SQUARE

The (central) Chi-square density with & degrees of freedom (df) is of the form:

_ 1 k)21 —2/2

where 6 = k, a positive integer. Here I'(u) denotes the Gamma function,

. 2n—1)(2n—3)...5:31

For n integer valued T'(n + 1) = n! = n(n—1)...1 and T'(n + 1/2) = 2n=1 o ) VT

If Z; ~ N(0,1) are i.id., i = 1,...,n, then X = > I' | Z2 is distributed as Chi-square with n
degrees of freedom (df). Our shorthand notation for this is

n

Z[N(Oa 1)]2 = Xn- (14)

=1
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This characterization of a Chi square r.v. is sometimes called a stochastic representation since it
is defined via operations on other r.v.s. The fact that (13) is the density of a sum of squares of
independent A(0,1)’s is easily derived. Start with the density function f(z) = e *"/2/y/27 of a
standard Gaussian random variable Z. Using the relation (v/2mo)~! ffooo e~ /20 gy = 1, the
characteristic function of Z?2 is simply found as ®,2(u) = E[e/*Z"] = (1 + j2u)~Y/2. Applying
the summation-convolution theorem for independent r.v.s Vi, ®y~y.(u) = [[ ®y;(u), we obtain
Dy 52 (u) = (14 j2u)~™2. Finally, using a table of Fourier transform relations, identify (13) as
the inverse fourier transform of ®yn 72 (u).

Some useful properties of the Chi-square random variable are as follows:
* E[Xn] =n, Var(Xn) =2n

* Asymptotic relation for large n:

Xn = V2nN(0,1) +n
* Y2 an exponential r.v. with mean 2, i.e. X = y3 is a non-negative r.v. with probability density
fw) = ge7*/2.
* /X2 is a Rayleigh distributed random variable.

3.1.2 GAMMA

The Gamma density function is

)\7‘
fo(z) = mxr_le_)‘x, x>0,

where @ denotes the pair of parameters (A, r), A,7 > 0. Let {Y;}; be ii.d. exponentially
distributed random variables with mean 1/\, specifically Y; has density

HAly) =xe™, y>0.

Then the sum X = )" | V; has a Gamma density Jon)- Other useful properties of a Gamma
distributed random variable X with parameters § = (\,r) include:

* Ep[X]=1r/X
* varg(X) = 1/\?

* The Chi-square distribution with k df is a special case of the Gamma distribution obtained by
setting Gamma parameters as follows: A = 1/2 and r = k/2.

3.1.3 NON-CENTRAL CHI SQUARE

The sum of squares of independent Gaussian r.v.s with unit variances but non-zero means is called
a non-central Chi-square r.v. Specifically, if Z; ~ AN (u;,1) are independent, i = 1,...,n, then
X =>3" ZE is distributed as non-central Chi-square with n df and non-centrality parameter
d=>1", ,u%. In our shorthand we write

n n

DIV, 1) + il =D N (4, D] = X (15)

=1 =1

25



STATISTICAL METHODS FOR SIGNAL PROCESSING (©Alfred Hero 1999

The non-central Chi-square density has no simple expression of closed form. There are some useful
asymptotic relations, however:

* E[Xn,ﬁ] =n-+ 5’ Var(Xn,5) = 2(” + 25)

/X2,2+,2 18 a Rician r.v.

3.1.4 CHI-SQUARE MIXTURE

The distribution of the sum of squares of independent Gaussian r.v.s with zero mean but different
variances is not closed form either. However, many statisticians have studied and tabulated the
distribution of a weighted sum of squares of i.i.d. standard Gaussian r.v.s Z1, ..., Z,, Z; ~ N(0,1).
Specifically, the following has a (central) Chi-square mixture (also known as the Chi-bar square
[17]) with n degrees of freedom and mixture parameter ¢ = [cy, ..., cu]|T, ¢; > 0:

n
Ci

p B B

An asymptotic relation of interest to us will be:

2
— — N .
* E[Xn,g] = 17 ) Var(Xn,g) =2 Zi:l (ZC;Q)

Furthermore, there is an obvious a special case where the Chi square mixture reduces to a scaled
(central) Chi square: X,, 4 = % Xn for any ¢ # 0.

3.1.5 STUDENT-T

For Z ~ N(0,1) and Y ~ x,, independent r.v.s the ratio X = Z/,/Y/n is called a Student-t r.v.
with n degrees of freedom, denoted 7,. Or in our shorthand notation:

NOD)
V Xn/n "

The density of 7, is the Student-t density with n df and has the form

T(n+1)/2) 1 1

fQ(‘T) - F(n/Z) 7’L\/7>T (1 + x2)(n+l)/2’ z € R,

where § = n is a positive integer. The Student-t is probably the second most common distribution
in science and engineering. Properties of interest to us are:

*E[7,] =0 (n>1), var(T,) = -5 (n > 2)

n

* Asymptotic relation for large n:

T, =~ N(0,1).

For n = 1 the mean of 7,, does not exist and for n < 2 its variance is infinite.
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3.1.6 FISHER-F

For U ~ xm and V ~ x,, independent r.v.s the ratio X = (U/m)/(V/n) is called a Fisher-F r.v.

with m, n degrees of freedom, or in shorthand:
Xm/m
Xn/T

The Fisher-F density with m and n df is defined as

Frn-

m—2)/2

x>0
n

C(fm+n)/2) (mym/z
0 = i (o) (17w

where § = [m,n] is a pair of positive integers. It should be noted that moments E[X*] of order
greater than k = n/2 do not exist. A useful asymptotic relation for n large and n > m is

]:m,n ~ Xm-

3.1.7 CAUCHY

The ratio of independent N(0,1) r.v.’s U and V is called a standard Cauchy r.v.
X =U/V ~(C(0,1).

It’s density has the form .

f(.’E) - a1l 4 332
. If 8 = [u, o] are location and scale parameters (¢ > 0) fp(z) = f((z — p)/o) is a translated
and scaled version of the standard Cauchy density denoted C(u,o?). Some properties of note:
(1) the Cauchy distribution has no moments of any (positive) integer order; and (2) the Cauchy
distribution is the same as a Student-t distribution with 1 d.f.

reR

3.1.8 BETA

For U ~ xm and V ~ x,, independent Chi-square r.v.s with m and n df, respectively, the ratio
X =U/(U 4 V) has a Beta distribution, or in shorthand

Xm
_Am B(m/2,n/2
o+ Bmi2n/2)

where B(p,q) is a r.v. with Beta density having paramaters § = [p, q]. The Beta density has the
form

1
fo(z) = M 1-2)h oz e(o,1]
- ﬂr,t
where 0 = [r,t] and r,¢ > 0. Here (3, ; is the Beta function:
! L(r)I(t)
= r—1 1— tfld —
Bt /Ox (1 =) de = 70705

Some useful properties:

* The special case of m = n = 1 gives rise to X an arcsin distributed r.v.
* Ey[B(p,q)l =p/(p+q)

*varg(B(p,q)) = pa/((p+ ¢+ 1)(p+)*)
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3.2 REPRODUCING DISTRIBUTIONS

A random variable X is said to have a reproducing distribution if the sum of two independent
realizations, say X1 and X, of X have the same distribution, possibly with different parameter
values, as X. A Gaussian r.v. has a reproducing distribution:

N (1, 07) + N(p2,03) = N (1 + p2, 07 + 03),

which follows from the fact that the convolution of two Gaussian density functions is a Gaus-
sian density function [26]. Noting the stochastic representations (14) and (15) of the Chi square
and non-central Chi square distributions, respectively, it is obvious that they are reproducing
distributions:

*Xn + Xm = Xm+n, if Xm, Xn are independent.

*Xm,(51 + XTL,(SQ = Xm+n,61+52a lf Xm,(sla Xn,52 are independent'

The Chi square mixture, Fisher-F, and Student-t are not reproducing densities.

3.3 FISHER-COCHRAN THEOREM

This result gives a very useful tool for finding the distribution of quadratic forms of Gaussian
random variables. A more general result that covers the joint distribution of quadratic forms is
given in [33].

Theorem 1 Let

*X = [X1,...,X,]T be a vector of iid. N'(0,1) rv’s

* A be a symmetric idempotent matriz (AA = A) of rank p

Then

XTAX = Xp

A simple proof is given below.
Proof: Let A = UAUT be the eigendecomposition of A. Then

* All eigenvalues \; of A are either 0 or 1

AA = UAUTUAUT
=I
= UA?UT = uAU”

and therefore

XTAx = XxTua UTx

~——
Z=Nn(0,1)
n p
= Y NZP =) N, 1)
=1 =1
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3.4 SAMPLE MEAN AND SAMPLE VARIANCE

Let X;’s be i.i.d. N(u,0) r.v.’s. The sample mean and sample variance respectively approximate
the location p and spread o of the population.

* Sample mean: X =n~ 'Y " X,

* Sample variance: s? = ~L- 3" | (X; — X)?

In the Gaussian case the joint distribution of the sample mean and variance can be specified.
(1). X = N(u,o/n)

2). % = 25 Xn1

(3). X and s? are independent 1v’s.

These results imply that a weighted ratio of sample mean and sample variance is distributed as
Student t.

The assertions (1), (2), and (3) can be proven easily by using the reproducing property of the
Gaussian distribution and the Fisher Cochran Theorem, Thm. 1.

Proof: Tt will be sufficient to treat the case of a standard Gaussian sample: =0 and ¢ = 1. The
general case will follow easily since any N (i, o) r.v. X has the representation (12).

Express X and s? in vector form

17X

ol
I
S|

s° = [X - 1X]"X - 1X]

Now we make three observations.

Observation 1: X is uncorrelated with X; — X, i=1,...,n.

E[(X; - X)X] = var(X;)/n—var(X)=1/n—1/n=0

= Since X and X; — X are Gaussian r.v.s, X; — X,...,X,, — X and X are actually independent
r.v.s!

Observation 2: Since independence is preserved under arbitrary transformations

= Z?:1(Xj — X)? and X are also independent r.v.s!
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Observation 3: using X =n~' 17X

— — 1 1
(X -IXTX - 1X] = X" -1 Jr-u’o)x”"
n n
idempotent

1
= X'1-u"-]x
—_—T

orth. proj.

This is in now in a form to which the Fisher-Cochran theorem applies (Thm. 1). Indeed, since
rank[I — 1171] = n — 1 we have that [X — 1X|7[X —1X] = (n — 1) s? is xp—1.

Finally to extend the proof to the general case of a N(u,0) random variable X;, we recall the
representation
Xi = UZi + U,

where the Z;’s are i.i.d. standard Gaussian variates. Then the sample mean is

X =0Z+4+pu,
and the sample variance is
2 n
2 o 2
= Zi— 7
> n—1 g( ! )

3.5 SUFFICIENT STATISTICS

Many detection/estimation/classification problems have the following common structure. A con-
tinuous time waveform {x(¢) : ¢ € R} is measured at n time instants ¢i,...,%¢, producing the

vector

EZ [x17"‘ 7xn]T>

where x; = x(t;). The vector z is modelled as a realization of a random vector X with a joint
distribution which is of known form but depends on a handful (p) of unknown parameters § =
[01,...,0,)T.

More concisely:

* X =[X1,..., X,)7, X; = X(t;), is a vector of random measurements or observations taken over
the course of the experiment

* X is sample or measurement space of realizations z of X

* B is the event space induced by X, e.g., the Borel subsets of R"
* @ € © is an unknown parameter vector of interest

* © is parameter space for the experiment

* Py is a probability measure on B for given . {Py}gpco is called the statistical model for the
experiment.
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The probability model induces the joint cumulative distribution function j.c.d.f. associated with
X
Fx(z;0) = Py(Xi < z1,..., X, <),

which is assumed to be known for any § € ©. When X is a continuous random variable the j.c.d.f.
is specified by the joint probability density function (j.p.d.f.) that we will write in several different
ways, depending on the context: fy(z) or f(z;0), or, when we need to explicitly call out the r.v.
X, fx(z;6). We will denote by Ey[Z] the statistical expectation of a random variable Z with
respect to the j.p.d.f. fz(z;0)

Ey|Z] :/zfz(z;ﬂ)dz.

The family of functions { f(z;0)}zcx gco then defines the statistical model for the experiment.

The general objective of statistical inference can now be stated. Given a realization x of X infer
properties of 8 knowing only the parametric form of the statistical model. Thus we will want to
come up with a function, called an inference function, which maps X to subsets of the parameter
space, e.g., an estimator, classifier, or detector for . As we will see later there are many ways to
design inference functions but a more fundamental question is: are there any general properties
that good inference functions should have? One such property is that the inference function only
need depend on the n-dimensional data vector X through a lower dimensional version of the data
called a sufficient statistic.

3.5.1 SUFFICIENT STATISTICS AND THE REDUCTION RATIO

First we define a statistic as any function 7' = T'(X) of the data (actually, for T to be a valid
random variable derived from X it must be a measurable function, but this theoretical technicality
is beyond our scope here).

There is a nice interpretation of a statistic in terms of its memory storage requirements. Assume
that you have a special computer that can store any one of the time samples in X = [X1,...,X,],
X = X(tx) say, in a "byte” of storage space and the time stamp ¢; in another ”byte” of storage
space. Any non-invertible function T, e.g., which maps IR"™ to a lower dimensional space IR™,
can be viewed as a dimensionality reduction on the data sample. We can quantify the amount of
reduction achieved by T' by defining the reduction ratio (RR):

RR— # bytes of storage required for T'(X)

# bytes of storage required for X

This ratio is a measure of the amount of data compression induced by a specific transformation
T. The number of bytes required to store X with its time stamps is:

# bytes{ X} = # bytes[X1, ..., X,]T = # bytes{timestamps} + # bytes{values} = 2n

Consider the following examples:
Define X(;) = as the i-th largest element of X. The X(;’s satisfy: Xq) > Xy > ... > X3
and are nothing more than a convenient reordering of the data sample X3, ..., X,,. The X(;’s are

called the rank ordered statistics and do not carry time stamp information. The following table
illustrates the reduction ratio for some interesting cases
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Statistic used Meaning in plain english Reduction ratio
T(X)=[X1,..., X7, entire data sample RR =1

T(X) = [Xqy,--- ,X(n)]T, rank ordered sample RR =1/2

T(X) =X, sample mean RR =1/(2n)
T(X) = [X,s?]T, sample mean and variance ~ RR =1/n

A natural question is: what is the maximal reduction ratio one can get away with without loss
of information about §7 The answer is: the ratio obtained by compression to a quantity called a
minimal sufficient statistic. But we are getting ahead of ourselves. We first need to define a plain
old sufficient statistic.

3.5.2 DEFINITION OF SUFFICIENCY

Here is a warm up before making a precise definition of sufficiency. T' = T'(X) is a sufficient
statistic (SS) for a parameter g if it captures all the information in the data sample useful for
inferring the value of §. To put it another way: once you have computed a sufficient statistic you
can store it and throw away the original sample since keeping it around would not add any useful
information.

More concretely, let X have a cumulative distribution function (CDF) Fx(z;6) depending on 6.
A statistic T'= T'(X) is said to be sufficient for € if the conditional CDF of X given T' =t is not
a function of 0, i.e.,

FK\T(QIT = th) = G(§7 t)v (16)

where G is a function that does not depend on 6.

Specializing to a discrete valued X with probability mass function py(z) = Py(X = z), a statistic
T = T(X) is sufficient for 6 if

Py(X = 2|T = t) = G(a, ). (17)

For a continuous r.v. X with pdf f(z;6), the condition (16) for T" to be a sufficient statistic (SS)
becomes:

Ixr(zlt; 0) = G(z,t). (18)

32

Sometimes the only sufficient statistics are vector statistics, e.g. T(X) = T(X) = [T1(X), ..., Tk (X)]T.

In this case we say that the T}’s are jointly sufficient for 0

The definition (16) is often difficult to use since it involves derivation of the conditional distribution
of X given T. When the random variable X is discrete or continuous a simpler way to verify
sufficiency is through the Fisher factorization (FF) property [33]

Fisher factorization (FF): 7" = T(X) is a sufficient statistic for @ if the probability density
fx(z;0) of X has the representation

fx(2;0) = g(T',0) h(x), (19)

for some non-negative functions g and h. The FF can be taken as the operational definition of
a sufficient statistic 7. An important implication of the Fisher Factorization is that when the
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density function of a sample X satisfies (19) then the density fr(¢;6) of the sufficient statistic T
is equal to g(t,8) up to a f-independent constant ¢(t) (see exercises at end of this chapter):

fr(t;8) = g(t, 0)q(t).
Examples of sufficient statistics:
Example 1 Entire sample
X =[Xy,...,X,]7 is sufficient but not very interesting
Example 2 Rank ordered sample

X(1ys«--» X(n) is sufficient when X;’s i.i.d.
Proof. Since X;’s are i.i.d., the joint pdf is

n n

folwr, .. mn) =[] foxi) = [ folz).
i=1 i=1
Hence sufficiency of the rank ordered sample X(y),..., X(,) follows from Fisher factorization. ¢

Example 3 Binary likelihood ratios

Let 6 take on only two possible values 0, and 6,. Then, as f(z;0) can only be f(z;6,) or f(z;0,),
we can reindex the pdf as f(x;6) with the scalar parameter § € © = {0,1}. This gives the binary

decision problem: “decide between § = 0 versus 6 = 1.” If it exists, i.e. it is finite for all values

of X, the “likelihood ratio” A(X) = f1(X)/fo(X) is sufficient for 6, where fi(x) dlef f(z;1) and

folz) & £z;0).

Proof. Express fg(X) as function of 6, fy, f1, factor out fy, identify A, and invoke FF

Jo(X) = 0/1(X)+(1-0)fo(X)

= A +0-0) | HX).
—
9(T'0) h(X)

<

Therefore to discriminate between two values 8, and 8, of a parameter vector § we can throw away
all data except for the scalar sufficient statistic 7' = A(X)

Example 4 Discrete likelihood ratios
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Let © = {6;,...,0,} and assume that the vector of p — 1 likelihood ratios

&) S ()
T =15 X" fnX)

is finite for all X. Then this vector is sufficient for . An equivalent way to express this vector
is as the sequence {Ag(X)}oco = A(X),...,Ap—1(X), and this is called the likelihood trajectory
over 0.

Proof

Define the p — 1 element selector vector u(f) = e, when 6 = 6, k = 1,...,p — 1 (recall that
e, =10,...,0,1,0,...0]7 is the k-th column of the (p — 1) x (p — 1) identity matrix). Now for any
0 € © we can represent the j.p.d.f. as

= [A(X), s Apa (X))

which establishes sufficiency by the FF. o
Example 5 Likelihood ratio trajectory

When © is a set of scalar parameters 6 the likelihood ratio trajectory over ©

| fo(X)
A= {5 }069 ’ 20)

is sufficient for 6. Here 6, is an arbitrary reference point in © for which the trajectory is finite for
all X. When 6 is not a scalar (20) becomes a likelihood ratio surface, which is also a sufficient
statistic.

3.5.3 MINIMAL SUFFICIENCY

What is the maximum possible amount of reduction one can apply to the data sample without
losing information concerning how the model depends on 87 The answer to this question lies in the
notion of a minimal sufficient statistic. Such statistics cannot be reduced any further without loss
in information. In other words, any other sufficient statistic can be reduced down to a minimal
sufficient statistic without information loss. Since reduction of a statistic is accomplished by
applying a functional transformation we have the formal definition.

Definition: T,,;, is a minimal sufficient statistic if it can be obtained from any other sufficient
statistic T' by applying a functional transformation to T'. Equivalently, if T"is any sufficient statistic
there exists a function ¢ such that Ty, = ¢(T).

Note that minimal sufficient statistics are not unique: if Tiyi, is minimal sufficient h(7),p) is also
minimally sufficient for h any invertible function. Minimal sufficient statistics can be found in a
variety of ways [26, 3, 22]. One way is to find a complete sufficient statistic; under broad conditions
this statistic will also be minimal [22]. A sufficient statistic 7" is complete if

Eylg(T)] =0, forall O
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implies that the function g is identically zero, i.e., g(t) = 0 for all values of t. However, in some
cases there are minimal sufficient statistics that are not complete so this is not a failsafe procedure.
Another way to find a minimal sufficient statistic is through reduction of the data to the likelihood
ratio surface.

As in Example 5, assume that there exists a reference point , € © such that the following
likelihood-ratio function is finite for all x € X and all 8 € ©

_ Jo(2)
fo,(z)

For given z let A(z) denote the set of likelihood ratios (a likelihood ratio trajectory or surface)

Az) = {Ag(2) }oco-

Ag(z)

Definition 1 We say that a (6-independent) function of x, denoted T = 7(z), indexes the likeli-
hood ratios A when both

1. Az)

2. A1) = A(7") implies T = 7', i.e., the mapping T — A(T) is invertible.

A(7), i.e., A only depends on x through T = 7(z).

Condition 1 is an equivalent way of stating that 7(X) is a sufficient statistic for 6.

Theorem:If 7 = 7(z) indexes the likelihood ratios A(z) then Ty, = 7(X) is minimally sufficient
for 6.

Proof:

We prove this only for the case that X is a continuous r.v. First, condition 1 in Definition 1 implies
that 7 = 7(X) is a sufficient statistic. To see this use FF and the definition of the likelihood ratios
to see that A(z) = A(7) implies: fo(X) = Ag(7)fy (X) = g(7;0)h(z). Second, let T' be any
sufficient statistic. Then, again by FF, fy(z) = g(7T,6) h(z) and thus

A(r) = { ﬁ(f;) }%@ - {ggg;j) }ee@'

so we conclude that A(7) is a function of 7. But by condition 2 in Definition 1 the mapping
T — A(7) is invertible and thus 7 is itself a function of 7. o

Another important concept in practical applications is that of finite dimensionality of a sufficient
statistic.

Definition: a sufficient statistic 7'(X) is said to be finite dimensional if its dimension is not a
function of the number of data samples n.

Frequently, but not always (see Cauchy example below), minimal sufficient statistics are finite
dimensional.

Example 6 Minimal sufficient statistic for mean of Gaussian density.
Assume X ~ N(p,0?) where 02 is known. Find a minimal sufficient statistic for § = u given the

iid sample X = [X1,..., X,]T.
Solution: the j.p.d.f. is
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folz) = ( ! )n o S (2

2mo?
n
- ( ! eiﬁ(z?=1$?*2uzzf:1xi+n”2)
2702
T(z)
——
n
2 .
wz M 2w 1 \" sn 2
= ¢ 22 ¢ i=1 ( ) o—1/(20%) 7, 2
o(T,0) V2ro?

Thus by FF

is a sufficient statistic for . Furthermore, as ¢(T) = n™!T is a 1-1 function of T
S=X

is an equivalent sufficient statistic.

Next we show that the sample mean is in fact minimal sufficient by showing that it indexes the
likelihood ratio trajectory A(z) = {A¢(z)}oco, with 8 = u, ©® = R. Select the reference point
0, = 1o = 0 to obtain:

n
Aulz) = J;ZE;U)) = exp (u/aQ;xi - ;nﬂ2/02> :
Identifying 7 = > | z;, condition 1 in Definition 1 is obviously satisfied since A, (z) = A, (3" ;)
(we already knew this since we showed that > ; X; was a sufficient statistic). Condition 2 in
Definition 1 follows since A, (> x;) is an invertible function of ) x; for any non-zero value of
(summation limits omitted for clarity). Therefore the sample mean indexes the trajectories, and
is minimal sufficient.

Example 7 Minimal sufficient statistics for mean and variance of Gaussian density.
Assume X ~ N(u,0?) where both ;1 and 02 are unknown. Find a minimal sufficient statistic for

0 = [, 0?]T given the iid sample X = [X1,..., X,]T.

Solution:

folz) = ( L ) S W

n
= ( : ) 672;2( a2 witnp®)
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I(z)

n n T
Lo e /e 1/00%) [Z i, Zx?]
_ e 50T i=1 =1 1
(\/27702) m

9(T,9)

Thus

n n
T=|> Xi» X}
i=1 i=1

T T

is a (jointly) sufficient statistic for u, o?. Furthermore, as ¢(T) = [n =111, (n — 1)"Y(To — T?)] is a
1-1 function of T (T = [Ty, T»]")
s [X. 9

is an equivalent sufficient statistic.

Similarly to Example 6, we can show minimal sufficiency of this statistic by showing that it indexes
the likelihood ratio surface {Ag(X)}geo, with 6 = [u,0%], © = R x R". Arbitrarily select the
reference point 6, = [, 2] = [0, 1] to obtain:

]T

_ Jo(@) 90\ _ni2/(20%) lufo?, —6/2 S0y @i, S, 22
AQ(Q)_fOO(Q)_(0-> € € ! !
2

2
where § = J;QCS . Identifying 7 = [Z?:l Ti, >y xf], again condition 1 in Definition 1 is obviously

I

satisfied. Condition 2 in Definition 1 requires a bit more work. While Ag(7) is no longer an
invertible function of 7 for for any single value of § = [u, 0], we can find two values 8 € {6;,6,} in
© for which the vector function [Ag, (), Ag, ()] of T is invertible in 7. Since this vector is specified
by A(z), this will imply that 7 indexes the likelihood ratios.

To construct this invertible relation denote by A = [A1, A2]” an observed pair of samples [Ag (1), Ag, (T)]”

of the surface A(z). Now consider the problem of determining 7 from the equation A = [Ag, (1), Ag, (7)]”"
Taking the log of both sides and rearranging some terms, we see that this is equivalent to a 2 x 2
linear system of equations of the form A = A1, where A is a matrix involving 0,.0,,0, and Nisa
linear function of In A\. You can verify that with the selection of §, = [0, 1], 8, = [1, 1], 85, = [0,1/2]

we obtain 6 = 0 or 1 for § = 0, or 6, respectively, and A = diag(1,—1/2), an invertible matrix.

We therefore conclude that the vector [sample mean, sample variance| indexes the trajectories,
and this vector is therefore minimal sufficient.

Example 8 Sufficient statistic for the location of a Cauchy distribution

Assume that X; ~ f(z;0) = %
Then

m and, as usual, X = [X1,...,X,]7 is an ii.d. sample.

n

1 1 1 1
feo =11 e~ a0
Here we encounter a difficulty: the denominator is a 2n-degree polynomial in # whose roots depend
on all cross products x;, ...x;,, p = 1,2,...,n, of zjs. Thus no sufficient statistic exists having
dimension less than that (n) of the entire sample. Therefore, the minimal sufficient statistic is the
ordered statistic [X(,..., X (n)]T and no finite dimensional sufficient statistic exists.
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3.5.4 EXPONENTIAL FAMILY OF DISTRIBUTIONS

Let 0 = [64,..., Gp]T take values in some parameter space ©. The distribution fp of ar.v. X is a
member of the p-parameter exponential family if for all § € ©

fo(z) = a(Q)b(x)e_gT(Q)t(x), —00 < T < 00 (21)

for some scalar functions a, b and some p-element vector functions ¢, t. Note that for any fy in the
exponential family its support set {z : fy(x) > 0} does not depend on §. Note that, according to
our definition, for fy to be a member of the p-parameter exponential family the dimension of the
vectors ¢(f) and t(x) must be exactly p. This is to guarantee that the sufficient statistic has the
same dimension as the parameter vector §. While our definition is the most standard [23, 26, 3],
some other books, e.g., [31], allow the dimension of the sufficient statistic to be different from p.
However, by allowing this we lose some important properties of exponential families [3].

The parameterization of an exponential family of distributions is not unique. In other words,
the exponential family is invariant to changes in parameterization. For example, let fy, 6 > 0,
be an the exponential family of densities with 6 a positive scalar. If one defines a = 1/6 and
9o = f1/¢ then go, @ > 0, is also in the exponential family, but possibly with a different definition
of the functions a(-),b(-),c(-) and £(-). More generally, if fo(z) is a member of the p-dimensional
exponential family then transformation of the parameters by any invertible function of 8 preserves
membership in the exponential family.

There exists a special parameterization of distributions in the exponential family, called the natural
parameterization, that has important advantages in terms of ease of estimation of these parameters.

Definition: Let the random variable X have distribution fy(z) and assume that fy is in the expo-
nential family, i.e., it can be expressed in the form (21). fy is said to have a natural parameterization
if for all 0 € ©: Ey[t(X)] = 6.

In particular, as we will see in the next chapter, this means that having a natural parameterization
makes the statistic ' = ¢(X) an unbiased estimator of 6.

Examples of distributions in the exponential family include: Gaussian with unknown mean or
variance, Poisson with unknown mean, exponential with unknown mean, gamma, Bernoulli with
unknown success probability, binomial with unknown success probability, multinomial with un-
known cell probabilities.

Distributions which are not from the exponential family include: Cauchy with unknown median,
uniform with unknown support, Fisher-F with unknown degrees of freedom.

When the statistical model is in the exponential family, sufficient statistics for the model param-
eters have a particularly simple form:

fox) = T a(@)b(a;)e e @t

n

~
[y
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Therefore, the following is a p-dimensional sufficient statistic for 6

n T

DX = | Dot Xi),, Y 1p(X0)
i=1 i=1

=1

In fact this is a finite dimensional suff. statistic which is complete and minimal [3].

3.5.5 CHECKING IF A DENSITY IS IN THE EXPONENTIAL FAMILY

Due to the many attractive properties of exponential families, in many situations the first question
to be answered is: is the density of my data X a member of this exclusive club? This question
might arise, for example, if the input to a known filter or other system has a known density and
one can compute a mathematical representation of the density of the output of the filter. To check
if the output density is exponential one has to try and manipulate the density into exponential
form, as illustrated in the examples. If this is difficult the next step is to try and show that the
density is not in the exponential family. Some properties can be checked immediately, e.g. that
the parameters space © does not depend on the range of X, e.g. as in a uniform density with
unknown region of support boundaries. Another simple test is to compute 9%/900z In fa(x) and
verify that it is not of separable form ¢/(6)t'(x) for some functions ¢ and ¢. This type of question
is explored in the exercises.

3.6 EXERCISES

3.1 Show that the matrix II = I,, — 117 /n is symmetric and idempotent, where I,, is the n x n
identity matrix and 1 = [1,...,1]7 is an n-element column vector of 1’s. Show that for
z € R", Iz is the vector of residuals [z1 — T, ..., 2, — T;]] where Z; is the sample mean of
elements of z. Finally show that if z has the decomposition y + c1 where y has zero (sample)
mean and ¢ is an arbitrary scalar, then Ilz = y, i.e the matrix II extracts the zero (sample)
mean component of z. It is in this sense that II is an orthogonal projection matrix onto the
space of zero (sample) mean vectors in IR™.

3.2 Assume that a random vector X = [Xj,...,X,]? has a density pg(z) which depends on
an unknown parameter vector §. In this exercise you will show that if a statistic § =
S(X) = [S1(X),. .., Sk(X)]T satisfies the Fisher Factorization theorem then the conditional
density pp(X|S) is not a function of § and thus S is a sufficient statistic for §. In the
following you should assume that X is a discrete random vector and that its joint density
po(z) = Py(X = z) is a probability mass function (i.e. pp(z) = 0 except for a countable
number of points z € {x;,z,, ...} where py(z;) > 0, and Z% po(z;) = 1).

(a) Use Bayes rule to establish that

po(zls) X Py X =z|S=s)= PolS = 5| X = z)P,'(z)

where the summation of py(z) is over all possible realizations {z;} of the vector X such
that S(z;) = s.

(b) Show that Py(S = s|X = x) is equal to one or zero depending on whether S(z) = s or
S(z) # s, respectively. (Hint: express the conditional probability as a ratio and use the
definition S = S(X) to evaluate the intersection of the events S = s and X = z).
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(c) Using the Fisher Factorization py(z) = gg(s) - h(z) show that

h(z) S(z) =
p9($|§) - { Z£i2§(£i)=§ h(z;)’ 7(£) s

0, 0.W.

which, as claimed, does not depend on 6.
Show that the Poisson distribution py(z) = Py(X = z) = /\—Texp(—)\), x=20,1,2,...is a

x
member of the one-parameter exponential family. For an i.i.d. sample X = [X1,..., X,]7 of
these Poisson r.v.s find a one dimensional sufficient statistic for A. Define & = 1/\ and show
that the reparameterized Poisson distribution p, () is also in the exponential family. Which

of these two parameterizations (o or \) is the natural paramaterization?
Let X = [Xy,...,X,]7 be a vector of i.i.d. r.v.s X; which are uniformly distributed over the
interval (61,62), 61 < f2. Show that S(X) = [min;{X;}, max;{X;}]7 is a sufficient statistic
for 6 = [61, 6]
Let Z;, i =1,...,n, be a set of i.i.d. random variables each with the alpha density

W) = oo (<sla— B/,
where § > 0 is unknown, « is known and ®(z) = ffoo \/%6*7‘2/ 2du is the standard normal
CDF. The alpha distribution is often used to model tool wear for rotating machinery.
(a) Is the joint density pp(z) a member of the exponential family of densities?
(b) using the Fisher Factorization find a two dimensional sufficient statistic for estimating

the parameter  based on the observation Z = [Z,.. ., Zn]T. Show that this reduces to

a one dimensional (scalar) statistic when a = 0.

Let X = [X1,...,X,]T be a vector of i.i.d. Gaussian r.v.s with mean p and variance 0% = p?

(Xi ~ N(p, 1?)).

(a) Show that the sample mean X; = 1 3" | X; is not a sufficient statistic for 1 by demon-
strating that the conditional jpdf of X given X is a function of pu.

(b) Find a two dimensional sufficient statistic.

Let T'=T(x) be a sufficient statistic for 6, where z ~ f(z;0) = g(T(x),0)h(z) is a discrete

random variable. Show that T has probability mass function

f(t:0) = g(t,0)q(t),

where
gt)= > h).
{z:T(z)=t}
Consider the case that X = [Xy,...,X,]T are drawn from a Bernoulli distribution, X; €

{0,1}, P(X; =1)=1—-P(X; =0) =p, p € [0,1], and X;’s are i.i.d. Show that the Binomial
rv. T=5>"", X, is a sufficient statistic for p. Show that 7" is minimal. Also show that T' is
a complete sufficient statistic (Hint: for any function g express Ey[g(T")] as a polynomial in
6 = p and compute n-th order derivative wrt p).

Let X = [X1,...,X,)T be iid. uniform r.v.s having common density fy,(z;0) = %I[O’g} (x),
where I4(x) denotes the indicator function of the set A. Show that 7' = max(X,...,X,) is
a complete sufficient statistic for 6 by the following steps: 1) show sufficiency of T'; 2) derive
the density function of T'; 3) show that Ey[g(T)] = 0, for all § € O implies g is identically
zero.
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End of chapter
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4 FUNDAMENTALS OF PARAMETER ESTIMATION

In the last chapter we explored the foundation of statistical inference: the formulation of a sta-
tistical model and sufficient statistics for model parameters. In this chapter we go on to develop
explicit methods to estimate the parameters from random samples from the model, paying close
attention to how well the accuracy of these estimates hold up over different sample realizations.

We will start off with the basic mathematical formulation of estimation and then, specializing to the
case of scalar one-dimensional parameters, consider two different models: random parameters and
non-random parameters. It turns out, perhaps surprisingly, that estimation of random parameters
has a cleaner theory. This is because for random parameters one can more straightforwardly assess
the estimator’s mean accuracy and specify procedures for finding optimal estimators, called Bayes
estimators, having highest possible accuracy. In particular we define three different optimality
criteria mean squared error (MSE), mean absolute error (MAE), and mean uniform error, also
called probability of large error (P.). We then turn to deterministic scalar parameters for which
we focus on bias and variance as measures of estimator accuracy. This leads to the concept of
Fisher information and the Cramer-Rao lower bound on variance of unbiased estimators. Finally
we generalize the treatment to multiple (vector) parameters.

REFERENCES:
INTRODUCTORY TEXTS:
Mood, Graybill and Boes [26]
Van Trees [43]

Srinath, Rajasekaran and Viswanathan [40]
Scharf [35]

MORE ADVANCED:

Bickel and Doksum [3]
Lehmann [23]

Ibragimov and Has’minskii [16]
Poor [31]

4.1 ESTIMATION INGREDIENTS

We follow the notation defined earlier.

X € X is a random measurement or observation

X is the sample or measurement space of realizations x
6 € © is an unknown parameter vector of interest

© C IR? is the parameter space

f(z;0) is the pdf of X for given € (a known function)

The objective of parameter estimation is to design an estimator function

I

b =0(x)

which maps X to IRP D ©. The concept is illustrated in Fig. 1.
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>

Figure 1: An estimator of a p-dimensional parameter 8 given an n-dimensional random sample X is a mapping
of X to IR?

It is important to distinguish between an estimator, which is a function of the sample X, and an
estimate, which is an evaluation of the function at a particular realization z of X i.e.:

* the function Q is an estimator.
* the point O(z) is an estimate.

A natural question arises. What is an appropriate design criterion for constructing an estimator?
There are many possible approaches to this. In this chapter we will describe two of the principal
approaches. The first assumes that 6 is random and the second assumes it is deterministic.
Common to both approaches is the specification of a cost function, also called a risk function,
associated with an estimator that measures the estimation error as a function of both the sample
and the parameter values.

Define c(é(m), 0) a cost function associated with 0 for given f and X = z. The optimum estimator,
should it exist, might be found by minimizing average cost E[C], where as usual, the capitalization
C' denotes the random variable ¢(0(X), 6).

4.2 ESTIMATION OF RANDOM SCALAR PARAMETERS

For the case that 8 is a random scalar parameter 6 we have access to the following information:
f(0): a prior p.d.f. for 6.

f(z]0): a conditional p.d.f.

f(0|x): the posterior p.d.f. for § that is determined by Bayes rule:

f(z]6)£(6)
flz)

f(z): the marginal p.d.f. determined by marginalization over ¢

fOlz) =
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f(z) = /@ £(2l6)£(9)d8

With the above we can compute the average cost, also called Bayes risk, as

E[C] = /@ /X e(B(z). 6) f(z]0) £ (8) dxdb.

We now can naturally define an optimal estimator. A scalar estimator 6 which minimizes the
average cost is called a Bayes estimator. Some reasonable cost functions for this estimation
problem are

¢(6;0) = |6 — 0]2: squared error
c(6;0) = |6 — 0]: absolute error
¢(0;0) = I(|6 — 0] > €): uniform error

Figure 2 illustrates these three cost functions as a function of the estimator error difference 6—0.

C(6,0) C(6,0) C(6,0)

Figure 2: Three cost functions for scalar parameter estimation: (a) squared error, (b) absolute error, (c)
uniform error.

For each of the three cost functions we can compute the mean cost and obtain the Bayes risk
functions (functions of f(6), f(z|f) and 6):

Estimator MSE: R R
MSE(f) = E[|0 — 6)?]

Estimator MAE: R X
MAE(9) = E[|0 — 6|]

Error Probability: R R
Pe(0) = P(|0 — 0| > ¢€)

It remains to find the estimators é, called optimal estimators, which minimize each of these criteria.
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4.2.1 MINIMUM MEAN SQUARED ERROR ESTIMATION

The MSE is the most widespread estimation criterion and arguably the one with the longest
history. The optimal minimum mean squared error estimator (MMSEE) is the conditional mean
estimator (CME) defined as

0(X) = E[0|X] = meangee{f(0]X)},

where

meangeo{f(0|X)} = /Oo 0f(0|X)do.

The CME has an intuitive mechanical interpretation as the center of mass (1st moment of inertia)
of the mass density f(f|z) (Fig. 3). The CME corresponds to the posterior average value of the
parameter after you have observed the data sample.

The CME satisfies an orthogonality condition: the Bayes estimator error is orthogonal to any
(linear or non-linear) function of the data. This condition is mathematically expressed below for
the general case of complex rv’s,

E[(0 — (X))g(X)*] =0,

for any function g of x. Here u* denotes complex conjugate of w.

f(81x)

B0, =E[X[6]

Figure 3: Conditional mean estimator minimizes MSE

Proof. Write the MSE as

Ell6 - 61) = E[|(6 — E[61X]) — (6 — E[9IX]))
= Bl6 — E[9IX]] + E[|6 — E[9]X]*]

—E[g(X)"(0 — E[0]X])] - Elg(X)(0 — E[0].X])]
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where g(X) = 0 — E[0|X] is a function of X only.
Step 1: show orthogonality condition

Elg(X)(0 - E[0|X])] = E[ E[g(X)(0 - E0|X])"] X]]

= E|gX) E[0-EBIX]| X] | =0

=0
Step 2: Next show E[f|X] minimizes MSE
E[0 -6 = Ell6— E61X]]"] + El6 — E[|X]P]
> E[f - E0|X])
where “=" occurs iff § = E[0|X] o

4.2.2 MINIMUM MEAN ABSOLUTE ERROR ESTIMATOR

For convenience we assume 6 is a real valued scalar and F(0|z) = [ b ¢ (0'|z)dd" is a continuous
function of . The minimal mean absolute error estimator (MMAEE) is the conditional median
estimator (CmE) )

0(X) = mediangeo{/f(0|X)},

where
mediangeo {f(0]X)} = min{u: /_ " 01X)d0 = 1/2) (22)
_ min{u: | s | Oof(XW)f(G)dG}- (23)

The median of a density separates the density into two halves of equal mass (Fig. 4). When
F(0|z) is strictly increasing over © the "min” in the definition of the median is not necessary -
but it may be required when there are regions of © where the density f(f|z) is equal to zero. If
f(0]X) is continuous in 6 the CmE also satisfies an orthogonality condition:

Elsgn(6 — 0(X))g(X)] = 0,

and thus for minimum MAE estimation it is the sign of the optimum estimation error that is
orthogonal to any function of the data sample.
Proof: Let 6,, = median of f(0]X).

Then by definition of median for continuous densities
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f(8[x)

1/2 area

D>

CmE

Figure 4: Conditional median estimator minimizes MAE

Elsgn(0 — 6,) | X] = jgsgn<e—-énx)c» £(6X)d6

:‘/ £(61)d6 - £(61)d0
0>0,,(X) 0<0m (X)

Elsgn(0 — 0m)g(X)] = E[ E[sgn(6 — 0,,)|X] g(X)]

=0

Step 2: for 0 arbitrary we have (apply “useful formula” below)

MAE®#) = E[0— 0y, +0,—0]]

= E[0 — 0| + Elsgn(d — 0)A]
=0

+E [sgn(a+ A) —sgn(a)](a + A)

-

>[sgn(a+A)—1](at+A)>0
> E[|0 — 0]

Useful formula: |a + A] = |a|] + sgn(a)A + [sgn(a + A) — sgn(a)](a + A)
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4.2.3 MINIMUM MEAN UNIFORM ERROR ESTIMATION

Unlike the MSE or MAE, the MUE penalizes only those errors that exceed a tolerance level € > 0
and this penalty is uniform. For small € the optimal estimator is the mazimum a posteriori (MAP)
estimator, which is also called the posterior mode estimator (Fig. 5)

0(X) = argmaxyce{f(0|X)} (24)
e [ TXDFO)
= argmaxyco{f(X]0)f(0)}. (26)

Notice that the third line of (26) is best suited to computation of the MAP estimator since it does
not require the marginal f(z), which can be difficult to compute.

f(6[x)

D>

MAP

Figure 5: Mazimum a posteriori estimator minimizes P,

Proof.

Assume that € is a small and positive number. The probability that the magnitude estimator error
exceeds € is simply expressed

1—P(|0—0|<e)
= 1— [ d 0|x)do.
' /X /) /{9!|9—9(x)|§6} Jo)

Consider the inner integral (over ) in the above expression. This is an integral over ¢ within
a window, which we call the length 2¢ window, centered at 6. Referring to Fig. 6, it should be
evident to the reader that, if € is sufficiently small, this integral will be minimized by centering the
length 2¢ window at the value of 6 that maximizes the integrand f(f|z). This value is of course
the definition of the MAP estimate 6. o

P.(9)
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f(O[x)

— 28 «

D> 4

Figure 6: Posterior density integrated over window of length 2¢

Now that we have seen three different estimator criteria, and their associated optimal estimators,
we make several general remarks.

The CmE may not exist for discrete © since the median may not be well defined.
Only the CME requires (often difficult) computation of f(x).
Each of these estimators depends on z only through posterior f(0|x).

When the posterior is continuous, unimodal, and symmetric then each of the above estimators
are identical (VanTrees [43])! See Fig. 7 for illustration.

If T'=T(X) is a sufficient statistic the posterior depends on X only through 7. Indeed, if
f(X]|0) = g(T;0)h(X), then by Bayes rule
_ FXIOF6) _ g(Ti6)f6)

Jo FX10)/(0)d6 ~ o 9(T:0)1(6)d6

which is only a function of X through 7. Thus, in terms of optimal estimation performance,
one loses nothing by compressing X to a sufficient statistic.

f(01X)

The CME has the following linearity property. For any random parameter variables #; and
O2: E[01 + 02| X] = E[01|X] + E[f2]|X]. This property is not shared by the CmE or the MAP

estimator.

4.2.4 BAYES ESTIMATOR EXAMPLES

Here we give four examples of statistical models, priors, and derive their optimal estimators under
various criteria.

These are the examples we will cover (hotlinks on the web version)

* Estimation of width of uniform density
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f(ex)

A A} A
Ocme = Bome = Buar

Figure 7: Symmetric and continuous posterior density

* Estimation of a Gaussian signal
* Estimation of magnitude of Gaussian signal

* Estimation of a binary signal in Gaussian noise
Example 9 ESTIMATION OF WIDTH OF UNIFORM PDF

Consider the following motivating problem. A networked computer terminal takes a random
amount of time to connect to another terminal after sending a connection request at time ¢t = 0.
You, the user, wish to schedule a transaction with a potential client as soon as possible after
sending the request. However, if your machine does not connect within the scheduled time then
your client will go elsewhere. If one assumes that the connection delay is a random variable X
that is uniformly distributed over the time interval [0, §] you can ensure your client that the delay
will not exceed 6. The problem is that you do not know # so it must be estimated from past
experience, e.g., the sequence of previously observed connection delays Xi,...,X,,. By assuming
a prior distribution on # an optimal estimate can be obtained using the theory developed above.

So now let’s formulate this in our language of estimation theory.
We assume that X1, ..., X, are conditionally i.i.d. uniform samples each with conditional density

F(116) = gTog(e).

Let’s say that based on your experience with lots of different clients you determine that a reasonable
prior on 6 is

f@)y=0e"? 0>o0.
Figure 8 illustrates these two densities.

We will derive the CME, CmE, and MAP estimators of . There are two steps.
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f(x16)

f(6)

@

(b)

Figure 8: (a) Uniform density of unknown width 0, (b) prior on 6

Step 1: Find the posterior f(0|z) = f(x|0)f(0)/f(z)

f(z|0)f(0) =

e

gn—1 I[$(1)100)(9)‘

where ;) = max{z;}. Observe that the function een_—_el is monotone decreasing over § > 0 (verify
that the derivative of its logarithm is negative).

Furthermore,

@) = /0 " f(l6)£(6)d6

= Q—n+1(93(1))

where ¢, is the monotone decreasing function

qn () d:ef/ 0"e0d0

1 x

1 _
zn ©

Recursive formula: ¢_,,—1(z) = 1 (

—q-n(2)),n=0,-1,-2,....

Step 2: find optimal estimator functions:
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bvar = X
Oome = Gnt2(X(1))/q-ns1(X(1))
Oome = q:}ﬁl (%Q—n+1(X(1))) :
Note that only the MAP estimator is a simple function of X while the two others require more dif-

ficult computation of integrals g, and/or an inverse function ¢, !. These estimators are illustrated
in Fig. 9 along with the posterior density f(6|z).

f(6[x)

I I
N N
Bcve  Bcme

D>

MAP

Figure 9: The estimators CME, CmE and MAP for the width parameter 8 of the underlying uniform density
with prior given by Fig. 8.b.

Example 10 ESTIMATION OF GAUSSIAN AMPLITUDE

A very common assumption arising in many signal extraction problems is the assumption of a
Gaussian distributed signal observed in additive Gaussian noise. For example, a radar target
acquisition system might transmit a pulse to probe for possible targets in a cell located at a
particular point in space. If a strong reflecting target is present at that point then it reflects
some of the energy in the radar pulse back to the radar, resulting in a high energy signal, called a
radar return, at the radar receiver. The amplitude of this signal might contain useful information
about the identity of the target. Estimation of the radar return is complicated by the presence of
ambient noise generated in the radar receiver (thermal noise) or by interference from other sources
(clutter) in the cell. Based on field trials of the radar system prior mean and variances of the
received signal and the noise might be available.

To set this up more formally as an estimation problem we define two jointly Gaussian r.v.s: S, X
with known means, variances, and covariance

E[S] = ps, E[X] = px,
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var(S) = 0%, var(X) = 0%
cov(S,X) =posox.
S will play the role of the signal and X will be the measurement. Of course the specific form of

the covariance function will depend on the receiver structure, e.g., it reduces to a simple function
of og and ox for an additive noise model.

The objective is to find an optimal estimator of S given measured X. As in the previous example
the derivation of CME, CmE and MAP estimators is divided into two parts.

Step 1: find the posterior density.

A fundamental fact about jointly Gaussian random variables is that if you condition on one of
the variables then the other variable is also Gaussian, but with different mean and variance equal
to its conditional mean and variance (see Fig. 10 and Exercise 4.25 at the end of chapter). In
particular, the conditional density of S given X = x is Gaussian with mean parameter

gs
psix(z) = E[S|X =2] = us +P;(X — [1x)s
and variance parameter
ogx = Bl(S — BISIX])*|X =] = (1-p%)a},

so that the conditional density takes the form

fxis(xls) fs(s)
fx(x)

1 exp{_(s—m(x))?}.
4/2ﬂ0§\x

fsix(s]z)

2
QUS\X

f(slx)

Figure 10: The posterior f(s|x) is of the form of a Gaussian density.
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Step 2: find the form of the optimal estimators

We immediately note that, as the posterior is continuous, symmetric and unimodal, the MAP,
CME, and CmE estimators are of identical form. Bringing out the explicit dependency of the
estimator .S on the observed realization x we have:

~

S(z) = ps|x(z) = linear in z.

An interesting special case, relevant to the radar example discussed above, is the independent
additive noise model where X = S + V. For this case 0% = 0% + 0¥, p*> = 0%/(0% + 0%) and
therefore

S(x) = ps+ (T — px).

7%

2 2
o5t oy
We can easily derive the performance of the optimal estimator under the MSE criterion
Minimum MSE: E[(S — 8)?] = (1 — p?)a3.

A little more work produces expressions for the performances of this optimal estimator under the
MAE and Pe (MUE) criteria:

Minimum MAE: E[|S — S]] = m \/g

Minimum Pe: P(|S — S| > €) = 1 — 2erf (6/ (1-— pz)ag)
Example 11 Estimation of magnitude of Gaussian signal

Now we change the motivating example a little. What if the radar operator was only interested in
the energy of the received signal and not its sign (phase)? Then the proper objective would be to
estimate the magnitude |S| instead of the magnitude and phase S. Of course, an ad hoc estimation
procedure would be to simply take the previously derived estimator S and use its magnitude |§ |
to estimate |S| but is this the best we can do?

Let’s see what the form of the best estimators of |S| are.

Again we define two jointly Gaussian r.v.s: S, X with means, variances, and covariance

E[S] = ps, E[X] = px,
var(S) = 0%, var(X) = 0%,
cov(S,X)=posox.

Now the objective is to estimate the random variable Y = |S| based on X. Note: the pair Y, X no
longer obeys a jointly Gaussian model. But, using first principles, we can easily derive the optimal
estimators. The first step is to compute the posterior density fy x.

Since we know fg x from the previous example this is a simple transformation of variables problem
of elementary probability. We use the method of differentials (see Fig. 11) to obtain the following
relation, valid for small A

fyix(ylz)A = fsix(ylz)A + fox (—ylz)A, y >0,
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y=ls|

y+A

T T
-sA -s S stA

Figure 11: Illustration of the method of differentials for finding conditional density of Y = |S| given X from
the probability P(y <Y <y + A[X =) = fy|x(y[z)A, 0 < A< 1.

or more explicitly

fY\X(Z/|¢U) =

2 2
1 (exp {_@_QHSIXW} +exp {_WD Tpoo) (). (27)
\ /27r0§|X US\X US|X

Unlike Example 10 this posterior density, shown in Fig. 12 is no longer symmetric in y. Hence we
expect the CME, CmE, and MAP estimators to be different.

The CME can be derived in explicit closed form by integration over y € [0,00) of the function
yfy|x (y|r) specified in (27)

o) = BV = = [y ot (20 1 R ot

On the other hand, by investigating the MMAE equation ¢~ fy|X(y]a: dy = fo fyix (ylx)dy it is
easily seen that the CmE can only be implicitly given as the solution Y = Yomg of the following

Y — pgix (@) Y + pgix () 1
erf | ————— | +erf | ———— | = =.
o5x V2 osx V2 2
Finally, as fy|x(y|z) is concave and smooth in y, the MAP estimator Y = Yuap occurs at a
stationary point in y of the so called “MAP equation”

0f(ylz)

0= By
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Figure 12: Posterior density of Y = |S| given X

Using (27) this yields

(V—psix (@)’ } exp {_ (Vs x (@) }

ps|x () P {_ 205 x 20 x _
Y(@ exp { (f/—uslx(l’))2 } T exp { (?‘*‘“S\X(Z’))Q }

2 2
2041 x 2051x

The above optimal estimators are illustrated in Fig. 13. It can be verified that as pg|x/ogx — o
all three estimators converge to an identical limit:

Y(x) — |y ()]
This limiting case occurs since the posterior density becomes a dirac delta function at y = u S|y(x).

Observe that none of these estimators of |S| are given by |S| where S is the corresponding
MAP/CME/CmE estimate of S derived in Example 10. This illustrates an important fact: esti-
mation of random parameters is not invariant to functional transformation,

Example 12 Estimation of sign of Gaussian signal)

Above we derived optimal estimators for magnitude of a Gaussian random variable based on
Gaussian observations. Well, how about the opposite situation, e.g., when the radar operator
wants to estimate the sign as opposed to the magnitude of the signal? We treat a simplified
version of this problem in this example.

Assume that the model for the observation is

X=0+W
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f(ylx)

CmE

CME

MAP

Figure 13: Three optimal estimators of Y = |S| when S, X are jointly Gaussian.

where W is a zero mean Gaussian noise with variance o and @ is an equally likely binary random
variable: P( =1) = P( = —1) = 4, © = {—1,1}. This corresponds to our radar problem when
the prior mean g is zero (why?) and an additive noise model is assumed.

Here the posterior density is a probability mass function since the signal 0 is discrete valued:
f(x|0)p(0)
fl@)

where p(f) = 1/2. For convenience we have eliminated subscripts on densities. Furthermore, as
illustrated in Fig. 14,

p(Olz) =

L exp (12712)2 =1
To? o ’
flaley =4 V2 2

1
/27'('0'2 eXp 202 9

Hence

f(x) = f@]0 = 1)3 + f(z|0 = -1)3.

From the following steps we discover that the MAP estimator is a minimum distance decision rule,
i.e., it selects the value 6 as that value of 8 which is closest to the measured value X:

éMAP = argmaXe:qu (X10)

= argmin@:l,fl{(X - 9)2}

B 1, X>0
- -1, X<0

o7
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f(6[x)

72 T

Figure 14: The posterior density f(0|x) concentrates mass on the pair of points 6 = +1.

On the other hand, the CME estimator is

Ocue = ()P =1|X)+ (-1)P(0 = —1|X)
exp (—U2 ) —exp (-5
exp (—()(225)2) ~+ exp (—%) .

The MAP and CME estimators are illustrated in Fog. 15. Unfortunately, we cannot derive the
CmE since it is not well defined for discrete valued parameters § (why?).

Based on these above examples we make the summary remarks:
1. Different error criteria usually give different optimal estimators.

2. Optimal estimators of random parameters are not invariant to functional transformations.
Specifically, if g(#) is an optimal estimator of g(f) and € is an optimal estimator of 6:

9(0) # g(0)

in general.

3. When they exist, the CmE and MAP estimators always take values in the parameter space ©.
The values taken by CME may fall outside of O, e.g., if it is discrete or if it is not a convex set.

4. The “MAP equation” stationary point condition df(0|x)/00 = 0 at 0 = yr4p is only useful for
continuous densities that are differentiable and concave in continuous valued parameters 6 (Fig.
16).
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Figure 15: MAP (light font sign function) and CME (heavy font “S” curve) as function of measurement x

\ 1 (0[x)

T f2(8)%)

f (B)x)

Figure 16: Use of the stationary point MAP equation can fail to find the MAQO estimator. In general there
may exist no stationary points of the posterior density (fi, f3). or there may be multiple stationary points of
the posterior density (f2).
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4.3 ESTIMATION OF RANDOM VECTOR VALUED PARAMETERS

Define a vector parameter § € © C R?, § = [0;,...,0,]T, and define the norm squared on ©

p
1) = 16:/*
=1

The previously introduced scalar estimation criterion £ [c(é, 6)] needs to be generalized to handle
vector parameter estimation. This turns out to be quite easy, at least for two of our proposed
estimation criteria. Some possible generalizations of the previous three scalar criteria are (Figs.
17-20)

Estimator MSE:

p
MSE(9) = E[[|6 — 6]*] = > _ E[(6; — 6:)7].
=1
Estimator MAE: )
MAE(6) = E[||6 — 0|l =Y _ E[l6; — 6,]].
=1

Error Probability (MUE): R R
P.() = P(J6 —0]] > o)
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Figure 17: Squared error criterion

The MAE criterion, also known as total variation norm, does not often lead to unique optimal
vector-valued estimators. Although the total variation norm has been of substantial recent interest,
in our introductory treatment only MSE and P, will be discussed.
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Squared error Absolute error Uniform error

Figure 20: Constant contours of three error criteria

4.3.1 VECTOR SQUARED ERROR

As MSE(§) = P MSE(6;) is an additive function, the minimum MSE vector estimator attains
the minimum of each component MSE(6;), i = 1,...,p. Hence, we have the nice result that the
vector minimum MSE estimator is simply the vector of scalar CME’s for each component:

E[6,|X]
Oy = ElO1X] = :
El6p|X]

As in the case of scalar estimation the minimum MSE estimator is the center of mass of the
multivariate posterior density (Figs. 21-22).

4.3.2 VECTOR UNIFORM ERROR

For small € the minimum mean uniform error (FP,) is attained by the vector MAP estimator which
has form similar to the scalar MAP estimator

QMAP = argmaXQeef (O]).

4.4 ESTIMATION OF NON-RANDOM PARAMETERS

To estimate random parameters one has a prior distribution and we can define a global estimation
error criterion, the Bayes risk, which depends on the prior but not on any particular value of the
parameter. In non-random parameter estimation there is no prior distribution. One can of course
look at the problem of estimation of non-random parameters as estimation of random parameters
conditioned on the value of the parameter, which we could call the true value. However, the
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f(6[x)

] o
0.0154.. - )
0.01
0.0054.. -

60

Figure 21: Bivariate posterior density of two unknown parameters. Optimal estimates shown in Fig. 22.

gCM E

éMAP

Figure 22: Vector MAP estimate and CME for bivariate posterior illustrated in Fig. 23. The MAP estimate
occurs at the global mazimum of the posterior while the CME occurs at the center of mass.
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formulation of optimal non-random parameter estimation requires a completely different approach.
This is because if we do not have a prior distribution on the parameter virtually any reasonable
estimation error criterion will be local, i.e., it will depend on the true parameter value. Thus
we will need to define weaker properties than minimum risk, such as unbiasedness, that a good
estimator of non-random parameters should have.

As before we first consider estimation of scalar non-random parameters 6. In this case it does not
make since to use the conditional density notation f(z|f) and we revert to the alternative notation
for the model fy(z) = f(z;0).

So, what are some possible design criteria for estimators of scalar real #7 One could try to minimize
MSE, defined as R
MSEy = Fy[(6 — 6)?].

Here we encounter a difficulty: if the true value 0 is 6y, the trivial estimator = 0, attains 0 MSE
(Fig. 23).

MSEg

Figure 23: MSE curve as function of 6 for trivial estimator 6=0, of mon-random parameter.

4.4.1 SCALAR ESTIMATION CRITERIA FOR NON-RANDOM PARAMETERS

Some possible scalar criteria for designing good estimators are the minimax criteria.

1. Minimize worst case MSE. Choose 6 to minimize

max MSEy () = max Ey[(6 — 0)?]
2. Minimize worst case estimator error probability:

rnea,xPe = m;leg(\é — 0] >¢€)
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(8; 0)

2e

@

Figure 24: Density f(é; 0) ofé measures concentration ofé about true parameter 0

If we would be satisfied by minimizing an upper bound on max P,, then we could invoke Tchebychev
inequality
) Ep[|0 — 0)?
Py(|60 — 0] > €) < M

28
<2 (28)
and focus on minimizing the worst case MSE. There is a large literature on minimax MSE esti-
mation, see for example [23], but the mathematical level necessary to develop this theory is too
advanced for an introductory treatment. We will not consider minimax estimation further in this
book.

We next give several weaker conditions that a good estimator should satisfy, namely consistency
and unbiasedness.

Definition: 6, = 0(X1,...,Xp,) is said to be (weakly) consistent if for all 0 and all € > 0

lim Py(|0, — 0] >€) =0

n—oo
This means that én converges in probability to the true parameter 6. It also means that the pdf
of the estimator concentrates about 6 (Fig. 24). Furthermore, by the Tchebychev inequality (28),
if MSE goes to zero as n — oo then 6, is consistent. As the MSE is usually easier to derive than
P,, showing that MSE converges to zero is the typical way that one shows that an estimator is
consistent.

For an estimator 6 define the estimator bias at a point € to be

N

bo(0) = Eg[d] — 6.

Likewise the estimator variance is
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Here the reader should recall the definition of the expectation operator Ey: Ey[g(X)] = [, g(z)f(x;0)dz,
where X is a r.v. with density f(x;0). As compared to the Bayes expectation E[g(X)] used for
random parameters, this expectation acts like a conditional expectation given a specific value of

0.

It is natural to require that a good estimator be unbiased, i.e., bg(é) = 0 for all § € ©. This
suggests a reasonable design approach: constrain the class of admissible estimators to be unbiased

and try to find one that minimizes variance over this class. In some cases such an approach leads

to a really good, in fact optimal, unbiased estimator called a UMVU estimator (Fig. 25).

Definition: 6 is said to be a uniform minimum variance unbiased (UMVU) estimator if for all

0 € O it has less variance than any other unbiased estimator 6. Thus a UMVU estimator satisfies

varg(0) < Varg(é), CRSNC]

var, e(é)

var e(eA)

Figure 25: A UMVU estimator 0 is an unbiased estimator that has lower variance than any other unbiased

estimator 6

Unfortunately, UMVU estimators only rarely exist for finite number n of samples X1, ..., X,. Thus
one is usually forced to sacrifice the unbiasedness constraint in order to develop good tractable
estimation procedures. For such estimators there exists an important relation between MSE,
variance and bias:

MSEy(D) = E5((0 - 0)%) = 5[((0 — Egld]) + (Esld] - 0))
= Byl — Bol0))?)+ (Eold] — 0) +2 Eold — Eold] bu(6)
—_———

~ —_——
varg(6) be (é)

=0
= varg(0) + b2(0)

The above relation implies that in general, for specified MSE, there always exists a “bias-variance
tradeoff,” at least for good estimators: any reduction in bias comes at the expense of an increase
in variance.
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We now get down to the business of defining some general procedures for designing good estimators
of non-random parameters. Two important classes of estimation procedures we will consider are:

* method of moments

* maximum likelihood

4.4.2 METHOD OF MOMENTS (MOM) SCALAR ESTIMATORS

The method of moments is a very natural procedure which consists in finding the parameter that
attains the best match between empirically computed moments and ensemble moments. Specifi-
cally, for positive integer k let my = my(6) be the k-th order ensemble moment of f(z;0):

my, = Ep[X¥] = /xkf(:v;H)dx.

What if we could find a set of K moments such that the vector function

9(0) = [ma(0),...,mx(0)]

could be inverted for #? That is, we could construct an inverse function ¢g~! that gave a unique
when applied to the set of moments:

ezgil(mla"me)'

Then, by replacing the m;’s with their empirical estimates, called the sample moment estimates,
Ty, = 1 zn: Xk
i '

we would obtain an estimator
0=g '0n,...,0mK).
This is the essence of the MOM estimator design procedure. Next we give some important asymp-
totic optimality properties of MOM estimators (see Serfling [36] for proofs).
IMPORTANT PROPERTIES OF MOM ESTIMATORS
1

When the moments my are smooth functions of the parameter § and an inverse function g=*,
described above, exists:

* MOM estimators are asymptotically unbiased as n — oo

* MOM estimators are consistent

There are, however, some inherent difficulties that one sometimes encounters with MOM.
1. The MOM does not always give unique estimators.

2. The MOM is inapplicable in cases where moments do not exist (e.g. Cauchy p.d.f.) or are
unstable. An alternative to MOM which sometimes yields good estimators is to match sample and
ensemble fractional moments mj where k is a positive rational number less than one. Fractional
moments can exist when integer moments do not exist and can be quite useful in these situations

[37).

Let’s do some examples.
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Example 13 X i.7.d. Bernoulli random variables

Bernoulli measurements arise anytime one deals with (binary) quantized versions of continuous
variables, e.g., thresholded radar signals ("radar return is above or below a threshold”), failure
data, or digital media, e.g., Internet measurements. In these cases the parameter of interest is
typically the probability of success, i.e., the probability that the measured variable is a ”logical
1.

The model is that X = [X7,..., X,,] are i.i.d. with
X~ f(z;0) =01 —60)'"", z=0,1.

Here 6 € [0, 1] or, more specifically, § = P(X; =1), 1 — 0 = P(X; =0).
Objective: find a MOM estimator of 6

Note that for any k > 0 E[X¥] = P(X; = 1) = 0 so that all moments are identical and the function
¢ mapping moments to 6 is the identity map. Thus a MOM estimator of # is simply sample mean:

0=0X.

It is obvious that 6 is unbiased since Ejp [X] = m1 = 6. Furthermore, it has variance taking a
maximum at 6 = 1 (Fig. 26)

varg(X) = (mg —m?)/n = 6(1 — ) /n.

12 1

Figure 26: Variance of MOM estimator of probability of success of Bernoulli r.v.

Reiterating, for this Bernoulli example the order of the moment used in the moment matching
process leads to identical MOM estimators. This behavior of MOM is very unusual.

Example 14 X i.¢.d. Poisson random variables
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Poisson measurements are ubiquitous in many scenarios where there are counting measurements.
For example, in positron emission tomography (PET) the decay of an isotope in a particular spatial
location within a patient’s body produces a gamma ray which is registered as a single ”count” on
a detector. The number of counts over a finite time interval is a Poisson random variable with rate
parameter determined by the mean concentration of the isotope. The objective of a PET system
is to reconstruct, i.e., estimate, the distribution of rates over the imaging volume. The Poisson
distribution is also frequently used as a model for the number of components or degrees of freedom
behind for the measured values. For example, the number of molecules in a mass spectroscopy
measurement, the number of atoms in a molecule, or the number of targets in a cell detected by
a radar.

Again assuming i.i.d. measurements, the model for each data sample is
x

Xiwp(x;ﬁ):ge_g, x=0,1,2,...,

where 6 > 0 is the unknown rate. It is readily verified that the mean m; is equal to 8. Therefore,
like in the Bernoulli example a MOM estimator of 6 is the sample mean

6 =X.

Alternatively, as the second moment satisfies ms = 6-+62, another MOM estimator is the (positive)
value of 6, which satisfies the equation : 6o + 63 = 1 3" | X2 := X2, ie.

oo —lE 1+4X2
5 :

) =

As yet another example, we can express mo as mg = 0 + m% or 0 =mo — m% = varg(X;). Hence,
a MOM estimator is

n
ég = ﬁ — yQ = n_l Z(XZ — Y)2
=1

Among all of these MOM estimators only the sample mean estimator is unbiased for finite n:
Eyg(61) =0,  varg(61) = 0/n,
A n—1

Ey(63) = 0, varg(fs) = (26° +0)/n.

n

Closed form expressions for bias and variance of 65 do not exist.

You should notice that 6; compares favorably to 65 since it has both lower bias and lower variance.
We make the following observations.

1. 6, is unbiased for all n.

2. ég, 05 are asymptotically unbiased as n — oo.

3. Consistency of 61 and 03 is directly verifiable from the above expressions for mean and variance
and Thebychev’s inequality.
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4.4.3 MAXIMUM LIKELTHOOD (ML) SCALAR ESTIMATORS

Maximum likelihood (ML) is arguably the most commonly adopted parametric estimation principle
in signal processing. This is undoubtedly due to the fact that, unlike other methods, ML usually
results in unique estimators and is straightforward to apply to almost all problems.

For a measurement X = z we define the “likelihood function” for 6

L(0) = f(z;0)

and the log-likelihood function
1(6) = In f(z;06).

These should be viewed as functions of € for a fixed value of z (Fig. 27). Readers may find it strange
that the z-dependence of the functions L(#) and [(#) is not indicated explicitly. This convention of
dropping such dependencies to clarify the “working” variable 6 is common in statistics and signal
processing.

f(x;0)

maxg f(x,:6) b /II\
2 - .

~] o o
8(xy) 6(xy)

Figure 27: The likelihood function for 6

The ML estimator 6 is defined as the value of # which causes the data z to become ”"most likely,”
i.e., § makes it most likely that x was generated from f(z;0). Mathematically, we have the
equivalent definitions

0 = argmaxycef(X;0)
= argmaxgcgL(0)

= argmaxycgl(6).

In fact the ML estimate can be found by maximizing any monotone increasing function of L(6).
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Important properties of ML estimators for smooth likelihoods (Ibragimov and Has'minskii [16],
Serfling [36]) are

Property 1. MLE’s are asymptotically unbiased. The proof requires additional technical condi-
tions.

Property 2. MLE’s are consistent. The proof requires additional technical conditions.

Property 3. Unlike many other estimators, e.g. MAP and UMVUE estimators, MLE’s are invariant
to any transformation of the parameters, i.e.,

~

p=g90) = ¢=g(9).

This is easy to see for monotone transformations (Fig. 28) but in fact it applies to arbitrary
transformations (See exercises).

9(6)

b=08 |

Figure 28: Invariance of MLE to functional transformation g

Property 4: MLE’s are asymptotically UMVU in the sense that
A 1
lim nvarg(f) = ——

where F is a quantity known as the Fisher information, which will be introduced soon, and 1/F;
specifies the fastest possible asymptotic rate of decay of any unbiased estimator’s variance. The
proof requires additional technical conditions.

Property 5: MLE’s are asymptotically Gaussian in the sense

Vv, —0) — Z, (i.d.)

where Z ~ N(0,1/F1(0)). Here the notation i.d. denotes convergence in distribution. This
means that the cumulative distribution function (cdf) of /n(6, — 6) converges to the (standard
normal) cdf of Z. The proof requires additional technical conditions.

Property 6: The MLE is equivalent to the MAP estimator for a uniform prior f(6) = c.
Now let’s go back and revisit our MOM examples with the MLE in mind.
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Example 15 X i.7.d. Bernoulli random variables

We can solve for the MLE in two ways: (1) considering the entire observation X; and (2) consid-
ering only a sufficient statistic 7'(X).

With the entire observation X = z the likelihood function is the product

n

Li(0) = f(z;0) = [ 07 (1 —0)' ™.

i=1
Is is convenient to rewrite this in the form

Li(f) = #Xi=1%i(] — g) Xim
0" (1 — §)" ", (29)

As this function smooth and concave in @, differentiation with respect to 6 yields a stationary
point condition, the "ML equation,” for the MLE 6

0= aaéf(x;é) =n

Solving the equation (1 — 0)Z; — (1 — T;) = 0 we obtain the MLE
=X, (30)

which is identical to the MOM estimator obtained above.

Using the Fisher factorization (19) on the p.d.f. (29) of X it is easily seen that T'(X) = > | X;
is a sufficient statistic for 8. The distribution of T" is binomial with parameter 6:

fT(ta 9) = <ZL> Ht(l - g)n—t’ t= 07 s

where the subscript T on the density of T is to clarify that this is the p.d.f. of the r.v. T.
Identification of ¢ = nX reveals that this is of exactly the same form, except for a constant

multiplication factor, as (29). The ML equation is therefore the same as before and we obtain the
identical MLE estimator (30).

Example 16 X i.i.d. Poisson random variables

To find the MLE of the rate parameter 6 express the density of the samples as:

n

fla0) =[] e,

X
i=1 7"

The likelihood function L(0) = f(z; ) has to be maximized over 6 to produce the MLE. It is more
convenient to deal with the log likelihood

A~

01 = argmaxy o ln L(6)
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and we have

10) = Inf(z;0)

n
0%k _,
= ln H :L‘ik_!e
k=1
n n
= Zajk Inf —nb — Zlnxk!
k=1 k=1

< —
constant in 6
= zT;n Inf —nb + ¢,

where ¢ is an irrelevant constant.

It is easily verified (look at second derivative) that the log-likelihood [(f) is a smooth strictly

concave function of . Thus the MLE is the unique solution 6 = 0 of the equation

nT;

0=0Inf/00 = 7

—n.

We find that the MLE is identical to the first MOM estimator we found for this problem:

=X,

which we know is unbiased with variance equal to 6.

Let’s check the asymptotic Gaussian property. Write
1 n
V(X —0) = vn (n > (Xi—- 9))

1 n
= —= ) (X0
vn i=1
By the central limit theorem (CLT), this converges in distribution to a Gaussian r.v.

EylVa(X —0)] = 0

varg(vVn(X —0)) =

4.4.4 SCALAR CRAMER-RAO BOUND (CRB) ON ESTIMATOR VARIANCE

The CRB can be defined for both random and non-random parameters. However the CRB is more
useful for non-random parameters as it can be used to establish optimality or near optimality of
an unbiased candidate estimator. Unlike the non-random case, for random parameters the optimal
estimator and its MSE are functions of the known joint density of # and X. Thus there exist more
accurate alternatives to the CRB for approximating estimator MSE, most of which boil down to
approximating an integral representation of the minimum mean squared error. We therefore focus
our energies on the CRB for non-random parameters - the interested reader can refer to [43] for

the random case.
Let 6 € © be a non-random scalar and assume:

1. © is an open subset, e.g. (a,b), of R.
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2. f(z;0) is smooth (Ibragimov and Has’minskii [16]) and differentiable in 6.
The following is the Cramer-Rao bound for scalar 6

For any unbiased estimator 6 of 6

varg(9) > 1/F(0), (31)
where “=" is attained iff for some non-random scalar kg
g In f(z;0) =k (9 0). (32)
pg VBT TR

Here ky is a constant that can depend on 6 but not on z. When the CRB is attainable it is said
to be a tight bound and (32) is called the CRB tightness condition.

In the CRB F(0) is the Fisher information which can be shown [43] to take on either of the
following two equivalent forms:

F() = By <§9 In f(X; 9))2]
= —Ey B; In f(X; 0)]

Before going on to some examples, we provide a simple derivation of the scalar CRB here. A more
detailed proof of the more general vector parameter CRB will be given later. There are three steps
to the derivation of the scalar CRB. The first step is to notice that the mean of the derivative of
the log-likelihood is equal to zero:

Efom f(X)/06) = o |22
- [
=1

=0

89]

The second step is to show that the correlation between the derivative of the log-likelihood and
the estimator is a constant:

El(0X) — Eald) 0logfo()/00)] — | <é<x>—E9[éJ>§9fe<x>dx
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Where we have used the result of step 1 in line 2 above. Finally, apply the Cauchy-Schwarz (CS)
inequality E2[UV] < E[U?E[V?] to obtain:

~

1 = E3[(6(X) — Eolf])(91n fo(X)/00)]
< E[(0(X) — Egl0))*] - Eo[(01n fo(X)/6)]
= varg(0) - F(6).

Equality occurs in the CS inequality if and only if U = kV for some non-random constant k. This
gives (31) and completes the derivation of the CRB.

To illustrate the CRB let’s go back and reconsider one of the previous examples.
Example 17 CRB for the Poisson rate

Assume again that X = [X1,...,X,] is a vector of i.i.d. Poisson random variables

T

0
X~ f(z;0) = —|670, x=0,1,2,...
x!

To find the CRB we must first compute the Fisher information. Start with

n n
In f(z;0) = ZxklnH—nG— Zlnxk! ,
k=1 k=1
——
constant in 6

and differentiate twice

Oln f(z:0)/00 — ;En:xk—n (33)
k=1
91 f(x:0)/06° — —%Zxk. (34)
k=1

Therefore, as E[Y_,_; Xj] = nf, the Fisher information given the n i.i.d. samples is

It is useful to make the following key observations.

Observation 1: From example (14) we know that the sample mean X is unbiased and has vary(X) =
0/n. This is equal to the CRB and we conclude the CRB is tight.

Observation 2: In fact we could have concluded by inspection that the unbiased estimator X
achieves the CRB; i.e., without having to explicitly compute its variance and compare to one
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over the Fisher information. This follows from the fact that equation (33) implies that the CRB
tightness condition (32) is satisfied:

O f(X;0)/00 = 3 Xj—n= —0). (35)

Furthermore, once tightness is established in this fashion the variance of X can be computed by
computing the CRB. This indirect method can sometimes be simpler than direct computation of
estimator variance.

Observation 3: the expectation of the right hand side of (35) is zero since 6 is unbiased. This
implies that
Ey [01n f(X; 6)/06) = 0.

The interpretation is that the gradient at 6 of the log-likelihood is an unbiased estimator of zero
when 6 is the true parameter, i.e. the parameter appearing in the subscript of the expectation. This
relation is generally true: it holds for any density satisfying the differentiability and smoothness
conditions [16]) sufficient for existence of the CRB.

GENERAL PROPERTIES OF THE SCALAR CRB

Property 1. The Fisher information is a measure of the average (negative) curvature of the log
likelihood function In f(z; @) near the true 6 (Hero [14]) (Fig. 29).

1(6) =Inf(x;6)

curvature

Figure 29: The curvature of the log likelihood function In f(z;0) in the vicinity of true 6

Property 2. Let F,(0) be the Fisher information for a sample of n i.i.d. measurements Xy, ..., X,.
Then

Hence, for smooth likelihood functions of continuous parameters, and unbiased estimators, the

variance varg(f) cannot decay faster than order 1/n
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Proof of Property 2:
Since X = [X1,..., X,]T are i.i.d.

so that
62
F,(0) = —-E [892 In f(X; 0)]
82
= —F 2 202 lnf(Xl,G)]

_ Zn: E[892 lnf(XZ,H)]

Fy(9)

<

For unbiased estimators, the CRB specifies an unachievable region of variance as a function of
n (Fig. 30). Good unbiased estimators § = 0(X1,...,X,,) of scalar continuous parameters have
variance that behaves as varg(8) = O(1/n).

varg(6)

Achievable region n

Figure 30: The CRB defines an unachievable region of variance which is under the CRB curve, indicated by
the unshaded area. Good unbiased estimators of continuous parameters have variance that decays as 1/n.

Property 3. If 6 is unbiased and V&I‘g(é) attains the CRB 6 is said to be an efficient estimator.
Furthermore, if an estimator is asymptotically unbiased and its variance decays with optimal rate
constant

lim by(0) = 0, lim nvarg(0) = 1/F(6),

n—oo n—oo
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then 6 is said to be asymptotically efficient. Efficient estimators are always UMVU (but not
conversely).

Property 4. Efficient estimators for € can only exist when the underlying model is in an exponential
family, defined in Sec. 3.5.4:

F(x;0) = a(0)b(x)e @),

and when Ey[t(z)] = 0, i.e., the density is in in its natural parameterization (recall Sec. 3.5.4).

Furthermore, when an ii.d. sample X = [Xi,...,X,]T is available § = n™ 1Y  #(z;) is an

efficient estimator of 6.

Proof of Property 4:

Without loss of generality we specialize to the case of a single sample n = 1. Recall the condition

for equality in the CR bound to be achieved by an estimator 6 is that the p.d.f. be expressible as
0

5 0 (@:0) = ko(0 —0). (36)

For fixed 6,, integrate the LHS of condition (36) over 6 € [6,, ¢’

0/
/ 92 In f(x;0)dx = In f(z;0") — In f(;0,).
9, 00

On the other hand, integrating the RHS of the condition

0’ 0’
/ ko' (60— 0) do = / ko (6 — 0)do
0o 0o

e 0
= 9/ kgd@—/ ko0do .
0, 0o

(0" (6"
Or combining the integrals of RHS and LHS of (36)

F@:0) = O f(a;0,) @ 0

We illustrate the above with two more examples.
Example 18 Parameter estimation for the exponential density.

A non-negative random variable X has an exponential density with mean 6 if its p.d.f. is of the
form f(x;60) = 0~ texp(—x/0) where § > 0. The exponential random variable is commonly used as
a model for service time or waiting time in networks and other queuing systems. You can easily
verify that this density is in the exponential family specified by a(6) = 671, b(z) = Ijg o) (), ¢(0) =
—n@~! and t(x) = x. Thus, as Ey[t(X)] = 6, the p.d.f. f(z;60) is in its natural parametrization
and we conclude that the sample mean X is an efficient, and therefore UMVU, estimator of ¢
when n i.i.d. observations X = [X71,..., X,,]T are available.

NOTE: we cannot conclude that 1/X is an efficient (or even an unbiased) estimator of 1/6. In
fact it is even worse than this: we cannot conclude that a UMVUE exists for 1/6 since the change
of parameter to « = 1/6 destroys the natural parameterization of the density.
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Example 19 X i.i.d., X; ~ N(0,0?)

The Gaussian ”bell curve” distribution arises in so many applications that it has become a standard
model. Use of this model is usually justified by invocation of the Central Limit Theorem as
describing the measurements, or measurement noise, as the sum of many small contributions, e.g.
random atomic collisions, scattered light, aggregation of repeated measurements.

Our first objective will be to find the MLE and CRB for estimating the mean 6 of univariate
Gaussian with known variance 2. As the Gaussian with unknown mean is in the exponential
family we could take the same approach as above to find efficient estimators. But let’s spice things
up and follow an alternative route of trying to tease an efficient estimator out of the tightness
condition in the CRB.

1 n 1 n
flz;0) = (W) exp{—wkzl(xk—ef}.

n

n 1
In f(z;0) = 5 In(o?) — 557 Z(zk —0)* +c,
k=1

where ¢ is constant. Compute the first derivative

1 n
dlnf/00 = 2 (xr —0)

ol
—_

(T — 0). (37)

§<QN,\ 3
k5]

Thus the CRB tightness condition (32) is satisfied and we can identify, once again, the sample
mean T; as the optimal estimator of the common mean of a Gaussian sample.

We take another derivative of the log-likelihood with respect to # and invert it to verify what we
already knew about the variance of the sample mean

varg(X) = 1/F,(0) = o2 /n.

The first inequality is only true since we know that X is efficient.

Note that the leading factor in the tight CRB condition (37) is: kg = var,'(X). This is always
true for efficient estimators when kg does not depend on 6.

4.5 ESTIMATION OF MULTIPLE NON-RANDOM PARAMETERS

We now turn the more general problem of many unknown deterministic parameters. This problem
is quite different from the previously studied case of multiple random parameters since there is no
joint posterior density to marginalize. First we arrange all unknown parameters in a vector:

0= [917'--70}7]T7

and state the problem as finding a vector valued estimator 6 of 6.
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The joint density for the measurements X is written as:
f(&;el, s 79]7) = f(&ag)

POSSIBLE ESTIMATOR PERFORMANCE CRITERIA

As for a scalar estimator we define the vector estimator bias vector:

and the symmetric estimator covariance matrix:

covg(d) = Egl(6— E[))(@ — E§)7]
V&I‘Q(él) é

covg(f1,02) ... covg(6y,6,)

A~

2
COVQ(@Q, 91) varg é2)

A~ ~

covg(fy, 01) . o varg(f,)

This matrix is often referred to as the variance-covariance matrix.

In many cases, only the diagonal entries of the estimator covariance matrix, i.e. the component
estimator variances, will be of interest. However, as we will soon see, the entire estimator covariance
matrix is very useful for generalizing the scalar parameter CRB.

We can also define the estimator concentration:

Pylld— 0] > = /”é_9|> 1(0:0)dé

= / ) f(a;0)dx
{z:]|0(z)—0l|>¢}

The first order of business is to extend the CRB to vector parameters, called the matriz CRB.

4.5.1 MATRIX CRAMER-RAO BOUND (CRB) ON COVARIANCE MATRIX

Let 8 € © be a p x 1 vector and assume:

1. © is an open subset of IRP

2. f(z;0) is smooth [16] and differentiable in ¢

3. covg(f) and F(0) (defined below) are non-singular matrices

The matrix CRB for vector valued parameters is the following. For any unbiased estimator 6of o
covg(0) = F1(0), (38)

w__”

where is attained iff the following is satisfied for some non-random matrix Ky

Vo In f(X;0) = Kg(6 - 0). (39)

In the case that this tightness condition (39) is satisfied 6 is said to be an efficient vector estimator.
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In the matrix CRB (38) F(0) is the Fisher information matrix, which takes either of two equivalent
forms,

F@o) = E [(VQ In f(X;0)) (Ve lnf(X;Q))T]
= B[V} mf(X;0)].
where we have defined the gradient operator

T
o= | 2. 2]
26," """ 09,

and the symmetric Hessian (curvature) operator

fo 9? 9?
679% 001002 " 060100,
82 82 .
vg _ 002001 86%
52 ' oy
| 90,00, o0z |

The matrix CR Bound (38) has a few more properties than the scaler CRB.

Property 1: The inequality in the matrix bound should be interpreted in the sense of positive
definiteness. Specifically if A, B are p X p matrices

A>B < A-B>0,
where A — B > 0 means A — B is non-negative definite. This means that, in particular,
2"(A-B)z>0

for any vector z € IRP, and all eigenvalues of A — B are non-negative. For example, choosing
z=1[1,0,...,0]T: and z = [1,...,1]7, respectively, A > B, A > B implies both

ai; > by, and Zaij > Zbij-
,J ij

However, A > B does NOT mean a;; > b;; in general. A simple counterexample is constructed as
follows. Let 0 < p < 1 and consider

@L},ﬁ[; 7|

which has two eigenvalues 1 — p > 0 and 1+ p > 0. Hence A — B > 0 while clearly a;2 = 0 # p.

Property 2: The matrix inequality (38) implies a scalar CRB on the variance of the i-th component
of an unbiased vector estimator 6
varg(6;) > [F~(0)],

where the right hand side (RHS) denotes the i-th element along the diagonal of the inverse Fisher
information matrix.
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Property 3. Fisher information matrix is a measure of the average curvature profile of the log
likelihood near 8

Property 4. Let F,,(€) be the Fisher information for a sample of n i.i.d. measurements Xy, ..., X,.
Then, as in the scalar parameter case,

F,.(0) = nF(60).

Hence varg(f) = O(1/n) is also expected for good estimators of multiple unknown continuous
valued parameters.

Property 5. Efficient vector estimators only exist for multiparameter exponential families
F(2:0) = a(0)b(z)e O 1))

When f(z;0) is in its natural parameterization and E[Y ;" t(X;)] = 0, 0 = Yo t(X;) is an
unbiased efficient estimator.

Property 6. If an estimator 0 satisfies
Voln f=Ky(0 - 0),

then we can immediately conclude:

1. § is unbiased since, as shown in proof of the multiple parameter CRB;

Ep[VgIn f(X;0)] = 0,

2. 0 is efficient and thus its components are UMV U estimators;
3. The covariance of f is given by the inverse Fisher information F(6);
4. If Ky = K (not a function of ¢) then F(#) = K and

covp(f) = K.

Proof of Matrix CR bound:

There are 3 steps in our derivation, which, with one exception, is a direct generalization of the proof
of the scalar CRB: (1) show that the gradient of the log-likelihood is zero mean; (2) the correlation
between the gradient of the log-likelihood and estimator bias is constant; (3) the covariance matrix
of the concatenated gradient and bias vectors gives a relation between Fisher info and estimator
covariance.

Step 1. Show Ey [VgIn f(X;6)] = 0.

Step 2. EQ VQlIlf(X;Q) (Q_Q)T} =
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First observe

B [uln f650) 8] = B | Vor (s

= / Vof(z;0)0 (x)dx
X
_ v, /X ;)8 (2)dx

Egl0" =07

Now putting this together with result of the previous step
Ey [Voln f(X30) (0 - 0)]

= Ep [vglnf(g; 0) QT} +Ep [Voln f(X;0)] 67

=1 =0

Step 3. Define a 2p x 1 random vector U:

V= [ Vo li _&; 0) ] ' (40)

Since any matrix expressed as an outer product of two vectors is non-negative definite

Ep [UUT] > 0.

Using the results of steps 1 and 2, we have

con(é) I

Baov) = [ o

B

It only remains to apply the result of (2.3) to the above partitioned matrix to see that this implies
that
covg(0) — F71(8) > 0.

An alternative, and more direct, way to show this is to let w and y be arbitrary p-vectors and

define v = [Z } . Then, as v Ep [UUT] v >0,

wlcovy(B)w + 20"y +y"F(0)y > 0.

Taking y = —F~*(#) w in the above we obtain

w? [covg(B) — F71(8)]w > 0.

It remains to obtain the tightness condition ensuring equality in the CRB. Note first that if
covg(f) = F~1 then Ep[UUT] necessarily has rank p (see exercises at end of chapter). This can
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only happen if the random vector U (40) has p linearly dependent components. As covg(f) and
F(0) have been assumed non-singular, é — @ can have no linear dependencies and neither does
Vo In f. Hence it can only be that

Voln f = Ky(8 — 6)

for some non-random matrix Kpy. In other words the gradient of the log likelihood lies in the span
of the estimator errors. o

We move on to generalizations of MOM and ML estimators to the vector parameter case.

4.5.2 METHODS OF MOMENTS (MOM) VECTOR ESTIMATION

Let my = my(@) be the k-th order moment of f(z;6). The vector MOM estimation procedure
involves finding K moments such that the vector function of 8 € R”

9(0) = [ma(0),...,mx(0)]
can be inverted, i.e., there exists a unique value 6§ satisfying
Q = gfl(ml, N ,mK).

As in the scalar case, the MOM estimator is constructed by replacing m;, with its empirical estimate

>
Il

gil(ml, - ,mK),

where iy, = 1370 XF

4.5.3 MAXIMUM LIKELITHOOD (ML) VECTOR ESTIMATION

The vector MLE is an obvious generalization of the scalar MLE

0 = argmaxgce f(X;6).

For smooth likelihood functions, vector MLEs have several key properties ([16]):
1. Vector MLE’s are asymptotically unbiased;

2. Vector MLE’s are consistent;

3. Vector MLE’s are invariant to arbitrary vector transformations;

p=g0 = ¢=g(0);

4: Vector MLE’s are asymptotically efficient and thus their component estimators are asymptoti-
cally UMVU;

5. Vector MLE’s are asymptotically Gaussian in the sense
v, —0) — z, (i.d.)

where z ~ N,(0,F;1(0)) and F1(0) is the single sample Fisher information matrix
Fi(0) = —Ey|Vilogf(X1:0)].

A couple of examples will illustrate these estimators.
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Example 20 Joint estimation of mean and variance in a Gaussian sample

This is an extension of Example 20 to the case where both the mean and the variance are unknown.
Assume an ii.d. sample X = [Xj,..., X,] of Gaussian r.v.s X; ~ N (p,0?). The unknowns are
0= [,va 02] .

The log-likelihood function is

10) =In f(2:0) = 3 In(0?) -

A. MOM approach to estimation:
We know that mi = pu, mg = 0% + p? and thus

2 2
H=mi, O =My —MmMmj.

Hence a MOM estimator of 6 is:

0 = [t,07
= [1ha, 1hy — 1]
_ [Y,ﬁ _ Xz}
- [X.x=%7]

As usual we denote

and

is the sample variance.
B. ML approach.
As1(0) (41) is a concave function (verify that —V7 In f is positive definite) we can use the likelihood

equation (stationary point condition) for finding 0 = 0

éZ’Z;zl(wk —61)
0 = Vglnf(z;0) = ,
% - ﬁ Zﬁzl(ka - 91)2

Therefore,

A " n—1
0% = 52,

n
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so that the MLE and MOM estimators are identical.

Let’s consider the performance of the ML/MOM estimator. The bias and covariance are simple
enough to compute (recall that in Sec. 3.4 we showed that (n — 1)s?/0? is Chi square distributed
with n — 1 degrees of freedom):

Eali = Eiot] = ("2

unbiased

biased

vary(X) = o /n;

vary(0?) = (” - 1>2var9(52) — 20 /n <” - 1) .

Since the sample mean and sample variance are uncorrelated (recall Sec. 3.4)

and

o[ a%/n 0
covg(9) = [ 0 20%/n (L—l) } . (42)

n

Next we compute the Fisher information matrix by taking the expectation of the Hessian —Vg In f(X;0)

F0=[ " | )

giving the CR bound

o= | 70" 0] (44)

Some interesting observations are the following:

Observation 1. MOM and ML estimators derived above have covariances which violate the CR
bound (compare the (2,2) elements of matrices (42) and the RHS of (44)). This is not a contra-
diction since the ML variance estimator is not unbiased!

Observation 2. Consider the bias-corrected estimator of [u, 027

3
~
Qw s

This estimator is unbiased. Now, as s? = (ﬁ

e )2vare<cfz>,

A a?/n 0
covy () = [ 0 204 /n (L)

n—1

We conclude that the bias-corrected estimator’s covariance no longer violates the CRB. Indeed,
X is efficient estimator of u since

varg (1) = [F 111 = 0?/n.
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2

However, s? is not an efficient estimator of o2 since

V&I‘Q(éQ) > [F_l]QQ.
Observation 3. as predicted, the MLE is asymptotically efficient as n — oo.

2 2
Mo (o 0 g 0 -1
nCOVQ(Q) - 0 20_4 (nT—l) :| - |: 0 20_4 :| - Fl (Q)
Observation 4. We can also verify that, as predicted, [, sz] is asymptotically Gaussian. It suffices
to consider the following results:

a) f1 and o2 are independent r.v.s;

b) V(i — p) = N(0,07);

&) V(s — 0?) = 02y/A(E_, /(n — 1) — 1)
d) x2 ~ N(v,2v), v — oo.

Observation 5. We can easily manipulate the condition for equality in the CR bound to find an
efficient vector estimator (but not of € as originally specified!):

Voln f(X;0) = Ke[)@_‘)i;iMZ)]7

where

[ L]

0 n/20* 2u 1

As the sample moments are unbiased estimates of the ensemble moments, we conclude that X, X2
are efficient estimators of the first moment E[X] = u and second (non-central) moment E[X?] =
0% + 12, respectively.

We continue with another example, which requires special treatment due to functional dependen-
cies that exist between parameters.

Example 21 N = [Ny,..., Ny a multinomial random vector

The multinomial model is a generalization of the binomial model to more than two categories, ”0”
and 71”7, of outcome. Let the outcome Z of a single trial be one of the p elementary vectors in IR?,
e, = [1,0,...,07,... e, =10,0,..., 1], with probabilities 61, ... ,0p, respectively. The vector ¢,
could be a tag attached to the event that a random throw of a die resulted in a face with k dots
(p = 6) or that a symbol received by a teletype (who remembers those?) corresponds to the k-th
letter of the alphabet (p = 27). The multinomial model describes the distribution of the sum

N=[Ni,....,NJ" =) 2,
=1

of these vectors obtained after n i.i.d. trials.

The probability of a particular multinomial outcome NN gives the probability mass function

— 6,
Nyl oo NIt

p(IN;0) = D
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where N; > 0 are integers satisfying > 0 | N; = n and 6; € [0,1] are cell probabilities satisfying
Y ti=1

A MOM estimator of 6 is obtained by matching the first empirical moment IV to the first ensemble
moment Ey[N] = On. This yields the estimator § = N /n, or more explicitly

o- 3, ]

’ )
n n

To find the MLE of § we need to proceed with caution. The p parameters 6 live in a p— 1 subspace
of R? due to total cell probability constraint. We can find the MLE either by reparameterization
of the problem or by using Lagrange multipliers. The Lagrange multiplier method will be adopted
here.

To account for the constraint we replace the log-likelihood function with the penalized log-

likelihood function »
J(9) = In f(IN;6) — A (Z 6; — 1) ,
i=1

where A is a Lagrange multiplier which will be selected. in order to satisfy the constraint.

Now as J is smooth and concave we set the gradient of J(€) to zero to find the MLE:

p
0=VyJ(@) = Vy [Z N;ln6; — )\Qi]
=1

B N AN
01 0,

Thus
0; =N;/\, i=1,...,p

Finally, we find A\ by forcing 6 to satisfy constraint

p p
=1 =1

The solution to this equation gives the MLE and it is identical to the MOM estimator.

To derive the CRB requires more advanced theory of constrained CR bounds [9] since the 6;’s are
linearly dependent.

4.6 HANDLING NUISANCE PARAMETERS

In many cases only a single parameter ¢; is of direct interest while the other unknowns 65, ...,0,
are nuisance parameters which are not of interest. For example, in the Gaussian example with
both unknown mean and variance, Example 20, the variance may not be of intrinsic interest. In
this example, we found that the estimator covariance is diagonal, which implies that there is no
correlation between the mean parameter estimation errors and the variance parameter estimation
errors. As we will see below, this is means that the variance is a rather benign nuisance parameter
since knowledge or lack of knowledge of the variance does not affect the variance of the ML
mean estimator. We divide the discussion of nuisance parameters into the cases of random and
non-random parameters.
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CASE I: HANDLING RANDOM NUISANCE PARAMETERS:

For random parameters the average cost only penalizes 0,’s estimation errors:

1m@ﬁmzédﬁémdwwﬂﬁ@®ﬂw~

The prior on 67 is computed from the prior on 6

F(01) = /dag.../dap £(61,04,....,6,).

The conditional density of X given 6; is therefore

F(al6y) = /d92.../d0p F(@l6r,00, .. 0,) (B, 0,100),

yielding the posterior on 6;
F(O1]z) = /d02.../d9p FOrs. .. 0]).

Observe that explicit estimates of 6a,...,0, are not required to implement the posterior distri-
bution of 6. However, integration (marginalization) of the conditional density over 6y, ...,0, is
required and this may be quite difficult.

CASE II: HANDLING NON-RANDOM NUISANCE PARAMETERS:

The case of non-random parameters is quite different. The average cost still only penalizes for 0,
estimation errors but nonetheless depends on all unknowns:

%mzﬂp@wﬂvwmm

The maximum Likelihood Estimator of 6; is simply

0, = argmaxy, (Gmme( log f(X]61,02, ... ,9p)> .

25-3Up

Note that now we require maximization over all nuisance parameters or, equivalently, explicit
estimates of the nuisance parameters are necessary.

CR BOUND PREDICTIONS FOR NON-RANDOM NUISANCE PARAMETERS

As above let’s say we are interested in unbiased estimation of only the first entry #; in the vector
of unknown parameters §. Our derivation of the matrix CRB (38) made the explicit assumption
that there existed unbiased estimators of all of the parameters. It turns out that this restriction
is unnecessary when only 67 is of interest (see exercises).

Assume that 0 = [6y,.. .,QP]T is an unknown parameter vector. The variance of any unbiased
estimator 61 of 8; obeys the lower bound:

varg(9) = [[F~' (@)1, (45)

where equality occurs iff there exists a nonrandom vector hy such that

BYVgIn f(X;0) = (6 — 6y).
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In (45) [[A]];; denotes the ij entry of matrix A, and as before

BERICRIC) 2%10) T
69% 001002 e 80189p
CRIC)RIC))

F(Q) - _FE 002001 80%

oue) L 20
90,00, 962

and [(0) = In f(z;0).

Let the Fisher matrix be partitioned as

where

*a=—FEy[0?In f(X;0)/00?] = Fisher info for #; without nuisance parameters,
*b=—Ey[0Vy,,. g, Inf(X;0)/00:] = Fisher coupling of #; to nuisance parameters,
*C = —EQ[VgQ’._.ﬁp In f(X;0)] = Fisher info for nuisance parameters.

Using the partitioned matrix inverse identity (2) the RHS of CRB (45) can be expressed as

1

[[F_l (Q)Hll = m‘

This gives several insights:

Observation 1: [[F~1(8)]]11 > 1/a = 1/[[F(8)]]11. Thus presence of nuisance parameters can only
degrade estimator performance;

Observation 2: the amount of degradation is directly proportional to the amount of information
coupling between 601 and 6a, ..., 0);

Observation 3: no degradation occurs when the Fisher matrix is block diagonal;

4.7 EXERCISES

4.1 Prove the formula |a + A| = |a| 4 sgn(a)A + [sgn(a + A) — sgn(a)](a + A) in Sec. 4.2.2.
4.2 Show the equivalence of the two expressions on the right hand side of the inequality (23).

4.3 Let X = [Xq,..., Xn]T be a vector of i.i.d. r.v.s X; which are uniformly distributed over the
interval (61,62), 01 < 2. Find the maximum likelihood estimator of 6.

4.4 Let Z;, 1 =1,...,n, be a set of i.i.d. random variables each with the alpha density

W) = oo (~sla = BT,

where § > 0 is unknown, « is known and ®(z) = ffoo \/%—Wefuz/ 2du is the standard normal

CDF. Assuming that « = 0 and that § has an exponential prior density: p(3) = ée‘ﬁ/gﬁ,

where o > 0 is known. Find an expression for the MAP estimate of 3. What does the MAP
estimate reduce to as og — oo (least informative prior)?
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4.5 Let Wi, i = 1,...,n, be a set of zero mean i.i.d. Gaussian random variables with variance
02. Let a be a zero mean Gaussian random variable with variance o2 which is independent
of W;. The objective is to estimate the value of a given the observation

Xi=a+W;, 2=1,...,n

(a) Find the MMSE estimator of a. How does this estimator compare to the MAP and
MMAE estimators of a?
(b) Compute the MSE of the MMSE estimator (Hint: express error as a sum of two in-

dependent r.v.’s to simplify algebra). What happens to the MSE as n — oo or as
SNR = 02 /02 — oc?

4.6 Let X = [X1,...,X,]7 be a vector of i.i.d. Gaussian r.v.s with mean p and variance o = 2
(Xi ~ N(p, p1?)).
(a) Find a method of moments (MOM) estimator of p based on the first moment.
(b) Find the maximum likelihood estimate of u.

4.7 Let X;,i=1,...,n, be anii.d. sample from the shifted exponential density f(z;0) = e~ ==,

x > 6, where 6 is an unknown parameter —oo < 6 < co. Assume that n > 1.

(a) Find a MOM estimator of 6.
(b) Find the ML estimator of 6.

(c) Assuming the exponential prior for 6, f(6) = e=?, 6 > 0, find the MAP estimator, the
MMSE estimator, and the MMAE estimator of 6 given the i.i.d. sample (be careful with
your limits of integration in computing f(0|z)!). What happens to these estimators as
n — oo?

(d) Calculate the MSE of each of the estimators derived in part (c) (assume large n). Verify
that the MMSE estimator has the lowest MSE.

4.8 The mean square error of a certain unbiased estimator é(m) of the mean of a measured random
variable is equal to 02/2 where o2 = var(z). What if anything does this tell you about the
distribution of z (Hint: what does the CR bound say about distributions that are impossible)?

4.9 Available are n i.i.d. samples of a random variable X with density

1+ 36022

flz;0) =3 78

where —1 <z <1and 8 > 0.

(a) Is this density in the exponential family?

(b) Is the sample mean a sufficient statistic? If so, prove it for general n. If not, give a
counterexample, e.g. specialize to n = 2.

(¢) Find a MOM estimator of 6.

(d) Find the CR bound on estimator variance for any unbiased estimator of 6.

(e) Using either numerical integration (MATLAB) or analysis find the bias and variance of
the MOM estimator and compare to the CR bound for large n (e.g. n = 100).

4.10 Let the observation X have conditionally uniform density

L 0<z<o

s ={ &

0.W.
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where 0 is a random variable with density

fexp(—60), 6>0
fo(0) = { O( ) 0.w.
A useful formula (v > 0): [ ue “du = (v+1)e™"
(a) Find the MAP estimator of 6.

(b) Find the minimum mean squared error estimator of 6.

(c¢) Find the minimum mean absolute error estimator of 6.

Let Z be a single observation having density function
po(z) = (202 +1—0), 0<z<1

where —1 <0 <1.

(a) Assuming that € is a nonrandom parameter, find and plot the maximum likelihood esti-
mator of § as a function of Z.

(b) Is the ML estimator unbiased? If so does it achieve the CR bound?

(¢) Now assume that € is a random variable with uniform prior density: pg() = 3, 6 €
[—1,1]. Find and plot the minimum mean square error estimator of # as a function of Z.

(d) Compute the conditional bias E[#|0] —6 and the conditional MSE E[(6—0)2|0] given 0 for
each of the estimators of part a and c. Plot the two conditional MSE functions obtained
and compare the MSE’s of the two estimators. Does one estimator perform uniformly
better than the other?

X =[Xy,...,X,)7 is an i.i.d. observation from the Gamma density

1
X ~ f(z]0) = w:cefle*x, x>0

where 6 is an unknown non-negative parameter and I'(f) is the Gamma function. You should
note the useful formulii

0+ k)

F(G):/Oooma_le_xdzv and FF(G) =600+1)...0+k—1)

(a) Find the CR bound on unbiased estimators of 6.

(b) Find the first order MOM estimator of 6 by matching ensemble mean to sample mean.
Is your estimator unbiased? Compute the variance of your estimator.

In this exercise you will establish that UMV UE’s do not always exist. Let Z be a r.v. with
probability mass function

(2) = 0, z=-—1
POEI=0 1 -0)20%, 2=0,1,2,...

where 6 € (0,1).

(a) Define the estimator

N 1, z=-1
9"(2):{ 0, 2=0,1,2,...

Show that éo is an unbiased estimator of 6.
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Note that any unbiased estimator 6 can be expressed in the form 6 = 0, + U where
U = U(Z) is a statistic satisfying Ep[U] = 0 (any U satisfying this condition is called
an ancillary statistic). Using this condition and the form for the pmf of Z given above,
establish that U must be of the form U(Z) = aZ for some non-random constant a (Hint:
Z-transform tables may be helpful).

Now find an expression for the variance of an unbiased 6 and show that the value a which
minimizes the variance is a function of . Hence no single unbiased estimator can achieve
minimum variance for all # € (0, 1) and therefore no UMVUE for 6 exists.

Show that a UMVUE for ¢ = (1 — 6)? does exist even though a UMVUE for 6 does not
exist (Hint: define ¢o(z) = 1 for z = 0 and ¢,(z) = 0, otherwise and repeat the steps in
part a through c).

4.14 The observation consists of x1,...,x, i.i.d. samples where z; ~ f(x|f) and
1,41
3 0<x<1
)= J g% » U=ST=
f(19) { 0, o.w.

where 0, 0 < 8 < co is an unknown parameter.

(a)

4.15 The measurement z = [z1,..., Ty

.

(a) Show that the sample mean 7; = n~! Y7 | z; and sample variance s> = (n—1)"! >°1_, (z—

()

Compute the CR bound on unbiased estimators of 8. Is there an estimator that achieves
the bound?

Find the maximum likelihood estimator of 6.

Compute the mean and variance of the maximum likelihood estimator. Specify a function
¢ = g(0) for which the maximum likelihood estimator of ¢ is efficient.

From one of your answers to parts a-c you should be able to derive the following formula

' Y gy 1 .
[ () m= g 6>

T'is ii.d. Gaussian with unknown mean p and variance

7;)? are unbiased estimators and that they are uncorrelated and independent random vari-

ables (Hint: show that the Gaussian random variables x; — T; and T; are uncorrelated
fori=1,...,n).

Using the results of part (a) derive the covariance matrix for the estimator § = [z7,s%|7.
(Hint: to save yourself lots of algebra you should represent s> = s?(z) in terms of o>
and the sample variance s?(z) for z a vector of n i.i.d. zero mean unit variance Gaussian
variables. Then use the representation (ch. 3 of course notes) s*(z) = = xn—1 and
properties of the Chi square r.v. to find the expression for variance of s?).

Derive the CR bound on the covariance matrix of any unbiased estimator Q of § =
[01,02]" = [, 0%]T. Compare to the result of part (b).

4.16 Show that if the CR bound is attained with equality then Ey[UU”] has rank p, where U is
given by (40). (Hint: show that the matrix

E@[UUT]Z[ B

has rank p.)
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4.17 An alternative approach to parameter estimation is called the ”quantile matching method”
and you will explore this method here. Let f(z;6) be a density of the continuous r.v. X pa-
rameterized by the scalar parameter 6 and define the theoretical cdf F(x;0) = ffoo f(u; 0)du.
For n ii.d. realizations {X;}!'; from f(z;6) define the empirical cdf as the fraction of X;’s
which are less than or equal to x:

R 1 <&
=1

where I4(y) equals 1 if y € A and zero otherwise (the indicator function of set A).

(a)
(b)

Derive the mean Eg[F'(z)] and covariance covg(F(x), F(y)) of F. Show that F(z) is an
asymptotically consistent estimator of F'(x;0).

The quantile matching estimate (QME) 6 is defined as that value of ¢ which minimizes

[e.e]
/ |F(x;t) — F(x)|*dz (46)
—00

Let 0 be a location parameter: f(z;0) = f(z — 0). Using the definition (46), show that
6 must satisfy the following equation (Hint: use integration by parts):

/_Oo flx—0)F(2z)dz —1/2 = 0. (47)

Show that if  is the unique solution to (47) it is an asymptotically consistent estimator
of 6 (Hint: for 0 = t fixed and non-random, compute mean square value of left hand side
of (47) and show that as n — oo it goes to a function of ¢ which equals zero at t = 6).
Using matlab, or other software application of your choice, simulate the QME and the
MLE for the following cases:

i. f(z;0) Gaussian with variance 1 and mean 6.

. f(x;0) = ae—a(l’—@)q@m) () (shifted exponential) with a = 1.
Run the above simulations 50-100 times each for the cases of n = 1,5,10,15,20,25
observations, respectively. Using the results of your simulations find and plot as a function
of n: 1) the average mean-squared error for MLE and QME estimators; 2) the average
quantile squared error (46) evaluated at ¢t = 0 (you should show 4 different plots). Also
generate a couple of representative plots of the objective function (46) as a function
of t for the Gaussian and shifted exponential cases above. Comment on what can be
concluded from your simulation study.

4.18 Available are n i.i.d. samples of a discrete random variable X with probability mass function
P(X = k) = p(k;0), given by

k—ko
9 1
p(k;@):{ <1+0) o0 K =Fkoko+1,... ,

where k, is a known non-negative integer and 6 is unknown with 0 < 6 < co. (A potentially
useful identity: > 5o, ka* = a/(1 — a)?).

(a)

Is this density in the exponential family? Find a one dimensional sufficient statistic for

6.
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(b) Find a MOM estimator of . Is your estimator unbiased?

(c¢) Find the ML estimator of . Is your estimator unbiased?

(d) Find the CR bound on estimator variance for any unbiased estimator of §. Do the
estimators of part (b) or part (c¢) attain the CR bound?

Available is a single measurement of a random variable W. The model for W is
W=(1-2)X+Z2Y,

where Z is Bernoulli with P(Z = 0) = P(Z = 1) = 1/2, X is Gaussian with zero mean and

variance o2, and Y is Gaussian with mean p and variance o?. Assume that p and o2 are

known and that X,Y, Z are independent.
(a) Find the posterior distribution of Z.

(b) Find the minimum mean squared error estimator of Z. Plot the estimator as a function
of W.

(c) Find the MAP estimator of Z. Plot the estimator as a function of W.

(d) Find the affine minimum mean squared error estimator of Z. Plot the estimator as a
function of W.

Let X1, X5,..., X, beiid. variables with the standard Pareto density:

0=+ 2> ¢

f(x;G)Z{ 0.

o0.w.

where ¢ > 0 is known and 6 > 0 is unknown.
(a) Is f(x;60) a member of the exponential family? Why or why not?

(b) Find a one dimensional sufficient statistic for 6 given X1, Xo,..., X,,.

(¢) Find the Fisher information and state the CR bound for unbiased estimators of 6.
(d) Derive the maximum likelihood estimator 6 of .
(

e) Is your estimator efficient?

Let X1, Xo,..., X, beiid. variables with the generalized Pareto density:

cfcx= (et 2 >4
0, 0.w.

f(:v;9)={

where ¢ > 0 is known and 6 > 0 is unknown.

(a) Is f(x;6) a member of the exponential family? Why or why not?

(b) Find a one dimensional sufficient statistic for 6 given X1, Xo,..., X,,.

(¢) Derive the maximum likelihood estimator 6 of .

The posterior density of a scalar parameter § given an observation z = [z1,...,2,]T is a
function of the form f(0|z) = g(Z; — 0) where Z; is the sample mean and ¢ is an integrable

function satisfying g(—u) = g(u) and ¢(0) > g(u), u # 0. Derive the MAP, CME and CmE
estimators of 6.

The CRB has several generalizations that we explore in this problem for scalar parameters 6
of a density fy(x).
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Define the finite difference 0 f = (fgin — fo)/A. Show that for any unbiased estimator 6

of non-random 6 ]

Ey [(5f9/f9)2]

with equality iff 0fg/fp = k:g(é — #) for non-random constant kg. The above bound is
called the Chapman Robbins version of the Barankin bound

varg(6) >

Show that the bound of part (a) implies the CRB in the case that 6 is a non-random
continuous parameter and fy is smooth (Hint: take limit as A — 0).

When 6 is a random variable with prior density p(f) show that

E[(0-0)%) =

<=

where
J = E |(5p(6]X)/p(6]X))?

and op(0|X) = (p(6 + A|X) — p(0|X))/A. Here the expectation E is taken over both X
and 0.

4.24 Let g(z;¢1) and h(x;¢2) be densities where ¢1,¢2 are unknown scalar parameters. The
arithmetic epsilon mixture model for X is:

fa(;0) = (1 = €)g(z; ¢1) + eh(z; ¢2)

where 0 < € < 1 and 6 = [¢1, ¢2, €]T. The geometric epsilon mixture model for X is:

fol:0) = d(le) 9" (s ) (z; 62), (48)

where

d(9) = / gV (s )R (2 o)

is a normalizing constant (related to the Renyi e-divergence between g and h). From this
exercise you will appreciate that the mixture fg is easier to deal with than f 4 for the purposes
of investigating CR bounds, detectors and estimators. Assume that g and h are members of
the exponential family of densities.

(a)
(b)

()

Show that the three parameter density fg(x;#) is a member of the exponential family.
Show that f4(z;0) is not a member of this family.

Derive expressions for the six distinct entries of the Fisher information matrix (FIM)
for jointly estimating the parameters 6 from n i.i.d. observations from fg. An explicit
expression for the FIM does not generally exist for the standard mixture model f 4.

For n i.i.d. observations from fg give a condition on the parameter vector § which
guarantees that an efficient estimator exist for 6§, i.e. for which the inverse FIM is an
achievable lower bound on the covariance of unbiased estimators of  (Hint: what is the
natural paramaterization?).

In the sequel of this exercise we specialize fg to the case of a geometric mixture of two
exponential densities

9(z;0) = prexp(—x¢r), h(x;0) = daexp(—zda), (49)

where x, ¢1, 2 > 0. Derive an expression for d(€). Is the CR bound achievable for this
model?
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(e) Let n i.i.d. realizations be available from the geometric mixture fg specified by (48) and
(49). By evaluating the gradient of the likelihood function, find a set of (non-linear)
equations which must be satisfied by the MLE of §. Using these equations, and assuming
that ¢1, @2 are known, find an explicit expression for the MLE of e.

4.25 Let S and X be jointly Gaussian distributed with means and variances

4.26

E[S] = ps, E[X] = px,
var(S) = 0%, var(X) = 0%
cov(S,X)=posox.

Specifically the joint density is bivariate Gaussian

- 1 1 [(s—ms)® , (s—ps)(x—px) (iv—ux)z])
faxte,o) = 277050Xﬂexp (2(1 - p?) [ 0% 2 050X * o3 '

(a) By integrating the joint density over s, show that the marginal density fx of X is a
univariate Gaussian density with mean parameter px and variance parameter 0%(.

(b) Using the above to show that the conditional density fg x(s|z) of S given X is univariate
Gaussian with mean and variance parameters

gs
psix(®) = ps+p—=(x — px),
ox
2 2y 2
ogx = (1—=pos.
Note that while the mean parameter depends on x the variance parameter is independent
of z.
(c¢) Using this form for the conditional density show the mean and variance parameters are
precisely the conditional mean and variance of S given X = x, respectively.

A charity box is placed in a mall. The box can only accept quarters. With probability p (a
deterministic quantity), a (good) person would come and place a quarter in the box, thus
incrementing the number of quarters in the box by one. With probability 1 — p, a (bad)
person would come and empty the box, thus setting the number of quarters in the box to
Zero.

Assuming stationarity, it can be shown that the probability that k quarters will be observed
at the end of the d-th day is

P(T(d)=k) = p"(1-p).

(Notation: T'(d) is the random variable representing the number of quarters in the box at the
end of the d-th day.) In the following you should assume that 7°(1),7(2),. .., are independent
identically distribute (i.i.d) random variables.

(a) Mazimum Likelihood and Efficiency: To estimate the percentage of good people p, the
box monitor counts the number of quarters in the box at the end of each day, D days in
a row.

e Write down the joint PDF of the vector of number of quarters observed [T'(1),T(2),...,T(D)].
e Find the ML estimator of p given T'(1) = ki, T(2) = ko, ..., T(D) = kp.
e Is the ML estimator pysg, efficient ?

(b) Method of Moments: Define the the average number of quarters observed as k = % 25):1 kq.
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e Find the expected value of the average number of quarters observed E[k] (hint:
2z " = ﬁ)-
e Based on this result, suggest a method of moments estimator for p.

(¢) Efficiency and the CRB: To investigate how well the charity box is doing, a new measure

is considered v = 1%, the ratio of the percentage of good people to the percentage of
bad people, otherwise known as the good-to-bad ratio (GBR).

e [s the ML estimator of the GBR 41, efficient 7
e Find the ML estimator of the GBR 4.

e Find the Cramér-Rao bound (CRB) on the MSE of an unbiased estimator for the
GBR.

e [Find the MSE of the ML estimator of the GBR.

4.27 Here you will show that the MLE is invariant to arbitrary functional transformations of the
parameter. Let 6 be a scalar parameter with range © = (—o0, 00), assume the sample X has
j.p-d.f f(x;60), and that there exists a unique MLE 6. Given a transformation g define the
new parameter ¢ = g(0).

(a) Assume that g is monotone, i.e. g(f) is 1-1 invertible over all ©. Show that the MLE of

@ is
¢ =g(0).
(b) Next assume that g is smooth in the sense of piecewise monotonicity, i.e., there exists a
partition of © into intervals (—o0,01], (61,02], ..., (6, 00) such that g is monotone over

each of these intervals (M may not be finite). Define the integer function h by: h(0) = k,
if 0 is in the k-th interval, k = 1,..., M + 1. Show that the scalar-to-vector mapping
0 — [g(0),h(6)] is 1-1 invertible.

(c) Using result of (b) show that the MLE is invariant to piecewise monotone functional
transformation.

4.28 Derive the CR bound (45) on the variance of an unbiased scalar estimator 91 of 61 when the
rest of the parameters 6y, ...,0, in ¢ are unknown nuisance parameters. Do not assume that
the nuisance parameters have unbiased estimators (Hint: define U = [0; — 0, Vi f(X;0)]"
and proceed as in the proof of the matrix CRB). B

End of chapter
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5 LINEAR LEAST SQUARES ESTIMATION

In this chapter we will cover the following topics:

* Min MSE scalar, linear and affine estimation

* Projection theorem and orthogonality condition of linear estimation
* Optimality of affine estimator for jointly Gaussian case

* Nonstatistical linear least squares (LLS) estimation (regression)

* Optimality of LLS for Gaussian model

REFERENCES

Scharf [35] Kailath [19]

Rao [33]

Soderstrom and Stoica [39]
Measurement vector: z = [x1,...,z,]7
Parameter vector: § = [01,...,0,]7

Cases to consider: z or # non-random quantities or realizations of random variables?

5.1 MIN MSE SCALAR, LINEAR, AND AFFINE ESTIMATION

First we will assume that z and @ are realizations of two random vectors X and 6. Similarly to the
last chapter, we use the notation E[f] = [ f(6)df to denote expectation. However, in this chapter
we will never refer to the density f(6) explicitly since we will only assume knowledge of its first
and second order moments.

5.1.1 BEST CONSTANT ESTIMATOR OF RANDOM PARAMETERS

Quantities which must be known:
* Mean vector: E[6]

Objective: find a constant

>
Il
e

which minimizes MSE:

MSE(®) = B[]0 — | /He—cuf

Solution:

MSE(0) = E[|(0 - E[6]) — (c — E[0)||?

= E[lle - EO)*) + |E[E]) - |
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~(Bl0] - 9" E[9 — Bloy - Bl - E[0)"](B[0] - o)

=0 =0

Hence: ¢ = E[f] is the best constant

5.2 BEST LINEAR ESTIMATOR OF A SCALAR R.V. ¢

Quantities which must be known:
* Measurement vector: X = [X1,..., X,|T
* Means: F[X] and E[6]

* Second moment matrix:

My = E[XXT]

* Cross moment vector

mxyg=F (X0

Objective: find h to give optimal linear estimate 6

6 = n'X

h = [h1,...,h,]T anon-random vector of coefficients

Optimality criterion: MSE

>

MSE(f) = E[6— 62 = E[6 — hTX|?

= KW'EXXT|h+ E[6]

~L"E[X0] - E[6X"]h

Note: Quadratic in unknowns h

Optimal linear estimator can be found by differentiation:

o9 2
Oy Oy,

ol = VhMSE(é):[ ]MSE(@)
= 2(h"EXX"] - E[6X"))

Therefore optimal h satisfies “Normal” equation:
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E[XX"]h = E[X0]

When Mx = E[XX'] is non-singular this is equivalent to

h=My'my,

and optimal linear estimator is

which attains minimum MSE

MSEpin = E[|9|2]_m§(GM}1mX9

Note that the optimal linear estimator satisfies an “average” analog E[f] = E[f] to the unbiasedness
condition of last chapter.

5.3 BEST AFFINE ESTIMATOR OF A SCALAR R.V. ¢

Quantities which must be known:
* Measurement vector: X = [X1,...,X,]
* Means: F[X] and E[0]

* Covariances:

Rx =cov(X), rxy=cov(X,0)

Objective: find optimal affine estimate fofarv. 0

0 = W'X+b=h"(X—-E[X])+c

Optimality criterion: MSE

MSE() = E[|0— 602 = E[|(6 — ¢) — hT(X — E[X])|]

= h' E[(X - BIX]))(X - BIX]))"] h+ E[|0 - cf’]

Rx

~h" E[(X — E[X])(0 - ¢)] - E[(0 — ¢)(X — E[X])"] h

Tx,0 To,x
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Note: quadratic in unknowns h, c.

Two observations:

~

1. As before we see that ¢ = E[0] minimizes MSE(0)

2. For h, optimal solution is found by differentiation:

0 = VR,MSE=h"Rx 14y
Or h satisfies equation:

Rxh = Tx0

When Rx is non-singular this is equivalent to

_ -1
h = RX Tx0

and optimal affine estimator is

6 = El6] + rk yRy' (X — E[X])

which attains minimum MSE

MSEpmin = var(f) — f§76R§1fX79

5.3.1 SUPERPOSITION PROPERTY OF LINEAR/AFFINE ESTIMATORS

Let v and ¢ be two random variables. Then, as statistical expectation is a linear operator, the
best linear (affine) estimator of the sum 6 = 1) + ¢ given X is

0 =1+, (50)

where g@ and gZ; are the best linear (affine) estimators of 1 given X and of ¢ given X, respectively.

5.4 ORTHOGONALITY CONDITION AND PROJECTION THEOREM

Definition: H is a vector space over a scalar field F if for any elements z,y,z € H and scalars
a,BeF

l.a-z+ -y € H (Closure)

2.2+ (y+z2)=(r+y) +=2
.a-(z+y)=a-z+a-y

4. (a+f) z=a-z+p-x

5. There is a vector p € H s.t.: x+¢d ==
6

. There are scalars 1,0s.t.: 1z =2,0- 2 = ¢
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A normed vector space H has an inner product < -,- > and a norm || - || which satsify
1. <zy>=<y,z>"

2. <a-x,y>=a*<x,y>

3. <x4y,z>=<x,2>+<y,z>

4. ||lz|? =< 2,z >

5. Jl2] > 0

6. |z|| =0iff x = ¢

7. llz -+l < ll2] + Iy (Triangle ineq)

8. | <zy>|<|z| |yl (Cauchy-Schwarz ineq)

9. Angle between x,y: ¢ = cos™! (@ﬁ’ﬁ;')

10. < z,y >= 0 iff z,y are orthogonal
11. | <z,y > | = ||z|| |ly|]| if z = - y for some «

12. The linear span of vectors {z1,...,x} is

k
span{x1, ...,z } = {y:y:Zai-xi, aief}

=1

Figure 31: Illustration of linear span of two vectors in R>

13. A basis for H is any set of linearly independent vectors 1, ...x; such that
span{zy,..., 2} =H

14. The dimension of H is the number of elements in any basis for H

15. A linear subspace S is any subset of H which is itself a vector space.

16. The projection = of a vector y onto a subspace S is a vector x that satisfies
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<y—x,u>=0, forallue s

Figure 32: The projection of a vector x onto a subspace S in the plane

Examples of vector spaces:

1. Euclidean p-dimensional space IRP. Identify z with z and y with y

P

<z,y>= &Tg = Zl‘zyz
i=1

A one dimensional subspace: the line

S={y:y=av, ac R}

where v € IR? is any fixed vector.

2. Complex p-space: z = [21,...,2p|, ¥ = [Y1,-- -, Yp)s

An n-dimensional subspace:
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Figure 33: A line is a one dimensional subspace of H = IRP

where v, € @'P are any linearly independent vectors in H.

3. The space of square integrable cts. time functions x(t)

<z, y>= /x(t)y(t) dt

A one dimensional subspace: scales of a given function

S={g:9(t) = a f(t), a € R}

where f = f(t) is any fixed function in H.

4. The space of second order real random variables X defined on a sample space. Identify z,y as
random variables X, Y":

<XX>—MXH_AXWWWﬁWMw

Q. sample space of elementary outcomes w
Q. How to use vector spaces for estimation?
A. Identify H = {Y : Y ar.v. with E[|Y|?] < oo}.

nner product beween two “vectors” in is defined as
I duct b t “vectors” ‘H is defined

< XY >= E[XY]

(X,Y real r.v.s)
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af(t)
0 J f(t)
1 d /

Figure 34: All scalings of a fixed function is a one dimensional subspace of H

5.4.1 LINEAR MINIMUM MSE ESTIMATION REVISITED

Cast the linear estimation problem into H
Observe r.v.s: X = [X1,..., X,]7

Find linear estimator:

D>
Il
|=
S
[

Identify “solution subspace”

S :=span{Xi,..., Xn}
and norm
16 = 6]|* = E[|6 — 6]”] = MSE(9)

Hence: best linear estimate of 6 is a vector § € S which minimizes the norm squared |60 — 0 2.

Linear estimator projection theorem: the best linear estimator of 6 based r.v.s Xi,..., X,
is the projection of 6 onto span{Xi,..., Xp}.

Orthogonality Condition: the best linear estimator 0 satisfies

<0—0u>=0, forallueds

Equivalently, if uy, ..., u, is any basis for &

<O0—0,u;>=0, i=1,....,n
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Figure 35: The orthogonality condition for the best linear estimator 0 of a random variable 0 given X1, ...

Simple expression for minimum MSE:

166> = <6-6,06—60>

= <0-0,0>—<6—9,

A~

= <0-06,0>

5.4.2 AFFINE MINIMUM MSE ESTIMATION

Cast the affine estimation problem into H
Observe r.v.s: X = [Xq,..., X,

Re-express estimator equation to identify solution subspace

KX +b

w3

Identify solution subspace and error norm

S :=span{Xy,..., Xp, 1}

0
\,.z>

€S
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16— 6] = MSE(4)

Affine projection theorem: the best affine estimator of 8 based r.v.s X1, ..., X,, is the projection
of 6 onto span{Xy,..., X,, 1}.

5.4.3 OPTIMALITY OF AFFINE ESTIMATOR FOR LINEAR GAUSSIAN MODEL
Assume X, 0 are jointly Gaussian
Then min MSE estimator § = Q(K ) is in fact affine:

E[6|X] = E[f] + rk )Ry (X — B[X])

Proof:
Let él be the affine min MSE estimator.

From projection theorem we know that error is orthogonal to measurements

E[(0 —0)X] =0

Note: Since € — 6; is a linear combination of Gaussian r.v.s it is itself Gaussian.

Since Gaussian r.v.s that are orthogonal are in fact independent r.v.’s

E[(0—0))|X] = E[(0 - 6)] =0
Therefore, as 0, is a function of X we have
0= E[(0 - 0))|X] = E[0]X] - 6,
or

E[9|1X] =6,

‘Which establishes the desired result. o

5.5 BEST AFFINE ESTIMATION OF A VECTOR

Quantities which must be known:

* Measurement vector: X = [X1,...,X,]
* Measurement mean vector: E[X]

* Prior Mean Vector: E[f]

* Covariances:

Rx = cov(X)
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RX@ = COV(X7 Q) = [EX,GN . 7£X,9p}
Objective: estimate § = [0,

T
0]
Sum of MSE estimation criterion:

MSE(§) = ZP:MSE(@)
=1

P
ZE|€Z~ — 0;|% = trace <E[(

0-4) (6~ 0)7))
i=1
Affine estimator 6; is defined by
and
6 = [6y,

H = [by,...,h)

SOLUTION TO MINIMUM SUM OF MSE PROBLEM:

A~

Since h;’s appear seperately in each of the summands of MSE(@), the minimization of MSE is
equivalent to the uncoupled minimization of each MSE(6;).

p
min MSE(9) = min MSE HAZ
A @ => m (6:)

i—1 i
92-:

Therefore the minimum MSE solution is simply the concatenation of the scalar estimators of each

rg, xRy (X — E[X])

Or equivalently:

)

rg xRF(X — E[X))

0 =

Elf) + Ry xRy (X — E[X])
resultant minimum sum of MSE

MSE,;n = trace (Rg - RQ’XR)_(lRX@)
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Example 22 Min MSE Linear Prediction

Linear p-th order 1-step predictor:

p
Xy, = Z a; Xp—;
=1

{X;} a zero mean w.s.s. random sequence with a.c.f.

Objective: find min MSE predictor coefficients {a;}

x(i)

| 4I||||||||| [l >
Qi
|

Past data segmen Predict

e

Figure 36: Linear predictor as a FIR filter

Note: identify 8 = X as random scalar “parameter,” and h; = a; coefficient vector to be deter-
mined

Solution:

Step 1. Rewrite predictor equation in vector form

X, =a'X

where

&: [Xk—17"'aX/€—p]Ta Q:[a17"'aap]T

Step 2. orthogonality condition becomes

E[(Xr—a"X)Xpi] =0, i=1,...,p
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or concatenation into a row vector gives

E[(X) — a’ X)Xg_1]
o — .

0 = B[(X), - d"X) X"

Bl(X) — a7 X)Xy,
Which specifies the optimal predictor coefficients a = a as

=R!

|2
=3

where we have defined the correlation vector:
rl = [11,...,1p) = B[ X Xk]
and Toeplitz covariance matrix
R = ((ri-j))ij=1p = B[X X"]

The min MSE is

MSEmin = < X —a' X, X; >
= ro—a'r

= ro—r'R7'r
Relation: Linear prediction and AR(p) model for {X;}.

Define residual prediction error Vi = X — X k. Then, obviously

p
X=X+ V.= ZaiXk_i + Vi
i=1

When Vj is w.s.s. white noise the above representation is called a p-th order autoregressive, or
AR(p), model for {X;}

Example 23 An Inverse Problem

Measurement model:

X=H0+N

* X = [X1,..., X" random measurements

*9=1[01,...,0,]7: unknown random parameters
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P-tap FIR filter bank Mk

Figure 37: Block diagram for inverse problem

* N = [n1,...,nm|": zero mean measurement noise
* 0, N uncorrelated

* H: a known m X p matrix

Objective: find affine min MSE estimator 0

Solution: directly follows from vector min MSE estimation results

0= E[0) + Ry xRy (X — E[X])

Find

E[X] = E[Hf+N]=HE[/]

Ry = cov(HO+ N )=HRyH? + Ry
N——

uncorrelated
Rxg = cov((HO+N).0) =HRy
Final result:
6 = E[6] + RgH ' [HR,H” + Ry]~}(X — HE[6))

and min sum of MSE is

MSEpin = trace (Ry — RyH' [HRyH” + Ry| 'HRy)
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Remarks:
1. When Ry dominates HRyHT: MSEin ~ traceRyg
2. When HRQHT dominates Ry and H is full rank: MSEpi, ~ 0.

5.6 NONSTATISTICAL LEAST SQUARES (LINEAR REGRESSION)

In some cases one does not have a good enough model to compute the ensemble averages, e.g. R
and Rxy, required for implementation of the linear minimum MSE estimators discussed above.
In these cases one must resort to training data to estimate these ensemble averages. However,
a natural question arises: to what extent is it optimal to simply substitute empirical averages
into the formulas derived above? The answer depends of course on our definition of optimality.
Non-statistical least squares is a new formulation of this problem for which the optimal solutions

turn out to be the same form as our previous solutions, but with empirical estimates substituted
for R and Rx .

Assume that a pair of measurements available (n > p)
Yi, T; = [xil,...,xip]T, i=1,...,n.

x;p could be equal to x;_, here, but this is not necessary.

x(K)
— a y(K)

v(k)

System diagram for regression model

Figure 38: System identification block diagram for linear regression
Postulate an “input-output” relation:
Yi ZL-TQJrvi, i=1,...n
* y; is response or output or dependent variable

* x; is treatment or input or independent variable

* @ is unknown p x 1 coefficient vector to be estimated
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a=lar,...ap)"
Objective: find linear least squares estimator & of a that minimizes sum of squared errors

n

SSE(a) = (y; — z a)?

=1

Equivalent n x 1 vector measurement model:

Y1, Iy U1,
Yn E;Z; Un
y = Xa+u,

where X is a non-random n X p input matrix.

The estimation criterion is

SSE(a) = (y — Xa)"(y — Xa)

Solution to LLSE of a:
Step 1. Identify vector space containing y: H = R"
Inner product: <y,z >= yT z

Step 2. Identify solution subspace containing Xa

S = span{columns of X}

which contains vectors of form
]T

p
Xa = § ag | iy Tk
k=1

Step 3. apply projection theorem

Orthogonality Condition: the best linear estimator a satisfies

<y-— Xa,u; >=0, i=1,...,n

where u; are columns of X, or equivalently

of  =@-Xa'X

— QTX . QT XTX
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or, if X has full column rank p then X”X is invertible and

i = [XTX]"'XTy
= R;'fy,
where
L def 1 & o def 1
R, = nzlwz z/, Toy = nzlffz Yi
1= 1=

Projection operator form of predicted output response:

= Xa

<>

which, using above, can be represented as the orthogonal projection of y onto H

§ = Xa

= X[XTX]t xTy

=  XXIx]'x?T
—_———
orthog. projection

Properties of orthogonal projection operator:

Mx = X[XTX]71xT

Property 1. IIx projects vectors onto column space of X

Define decomposition of y into components Yy In column space of X and y)l( orthogonal to column
space of X

y=yx +x
Then for some vector a = [a, ..., ay]T
Yy = Xa, XTQ‘( =0

‘We have:
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Yy

Column span X ;

Figure 39:

lIxy =

Column space decomposition of a vector y

IIx (Y5 + yr)

X [XTX] "X X o+ X[XTX] 7 Xy

— ——
Xa
Ix

so that IIx extracts the column space component of y.

Thus we can identify Yy = Ixy so that we have the representation

It follows immediately that

y=1lxy+ (I —Ix)y
—_————

Ux

2. I — IIx projects onto the space orthogonal to span{colsX}

3. IIx is symmetric and idempotent: H%HX =11

4. (I -TIx)Ix =0

Projection operator form of LS estimator gives alternative expression for minimum SSE

SSEmin = (y—

)y - 1)

|
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= y'lI -Ox)" [I - OxJy

= QT[I — Hx]y
Example 24 LS optimality of sample mean

Measure z = [z1, ... 7$n]T

Objective: Find best constant ¢ which minimizes the sum of squares

n

i = (@) (@~ c1)

k=1
where 1 = [1,..., 1]
Step 1: identify solution subspace
S is diagonal line: {y:y =al, a € R}

1=[1, ..., 17

e

Figure 40: Diagonal line is solution subspace for LS scalar

Step 2. apply orthogonality condition

'l _
(g—cl)Tl:O — c:ﬁ:n 12@

Example 25 LLS linear prediction from training sample

Measurement sequence {z; }

Training sequence of n + p samples of z;
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x(i)
Training sequence for constructing FIR predictor
(i,
2
“lI“lIIIIIllI'I 4|| ||I|III|I|III oS i
< o TR G
\ ‘ i
QW Iz
Past data segmi Predict

e

Figure 41: Construction of LLS predictor from training sequence

{Zl}fi_{l, izl,...,n

Fit an AR(p) model to training sequence

P

2 = Zaizk_i—i—vk, k=p+1,....n

i=1

such that SSE is minimized
n P
SSE(n) = (2hip — Y Gizkipi)’
k=1 i=1

Solution

Step 1. Identify response variables y, = z; and input vectors z, = [zx—1,. . ., zk_p]T.

T
Zn+ps Zn+ps Un+p
. _ . at .
T
Zp+1 Zp+1 Up+1
y = Xa+tu,

Step 2. Apply orthogonality condition
The LLS p-th order linear predictor is of the form:
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p
Zp = E aiZk—;
i=1

T is obtained from formula

where a = [a1, ..., Gp]

Q _ [XTX]—IXTQ — R—l f

and we have defined the sample correlation quantities:

7= [fl,...,rp]
R = ((7(i = 4)))ij=1p
n
72] = n_l Zzi+pzi+p—ja J=0,...,p
=1

5.7 WEIGHTED LINEAR LEAST SQUARES

As before assume linear model for input and response variables

T
Y1, Xy, U1,
T
yTL &n Un
y = Xa+uw,

Weighted linear least squares estimator @ of ¢ minimizes

SSE(a) = (y — Xa)" W (y — Xa)
where W is a symmetric positive definite n X n matrix
Solution to WLLS problem:
Step 1. Identify vector space containing y: H = R"
Inner product: <y,z >= QT Wz
Step 2. Identify solution subspace S

Xa = span{columns of X}

Step 3. apply projection theorem

Orthogonality Condition: the best linear estimator a satisfies

119



STATISTICAL METHODS FOR SIGNAL PROCESSING (©Alfred Hero 1999

0 = (y—Xa)"WX

=y"WX -a" XTWX

or, if X has full column rank p then X? WX is invertible and

a = XTWX]'X"wy
5.7.1  PROJECTION OPERATOR FORM OF WLS PREDICTOR

The vector § of LS predictors ¢; = giT@ of the actual output y is

= Xa

>

which can be represented as the “oblique” projection of y onto H

7 = XX'WX]'XTwW gy

oblique projection IIx w

@

<>

Figure 42: Oblique projection interpretation of WLS estimator

Resultant weighted sum of square error:
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WSS FEmin
=y I-XX'WX]'XTW][I - X[XTWX] 'XT"W]" y
= y'I-Txw] [I-Oxwly

ALTERNATIVE INTERPRETATION: WLS predictor as LS predictor with preprocessing and
postprocessing:

As W is positive definite we have square root factorization

W =W:W:

and

§ = W3 WiX[XTW> W2X]| 'XTW? [Wiy]
orthog. projector HW%X
= Wl Way
y y
— W12 T y W2 —»

Figure 43: Interpretation of WLS estimator as pre- and postprocessing with orthogonal projection

Example 26 Adaptive Linear Prediction

Now want to fit AR(p) model
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p
Zr = Zaizk_i—l—vk, k=1,2,...
i=1

such that at time n we minimize WLS criterion

n p
WSSE(n) =Y 0" *(2hp — Y aizkip-i)
k=1 =1

p € ]0,1] is an exponential forgetting factor

-1/Inp n n+l

Figure 44: Fxponential forgetting factor applied to past errors for adaptive prediction
Solution of WLS problem:

As before, identify response variables y, = zj and input vectors z;, = [zk—1,. - ., zk,p]T.
Also identify weight matrix

po 0 0
0 0 pn—l

122



STATISTICAL METHODS FOR SIGNAL PROCESSING (©Alfred Hero 1999

and we have defined the smoothed sample correlation quantities:

O § : n—i L
rji= p Rit+pRitp—j, J = 0,...,p
=1

Minimum WSSE is:

A T2 -1,
WSSEpwmn=70—7 R 7T

Steady stat

1]

Figure 45: Typical trajectory of the error criterion for predicting a stationary AR(1) process

5.8 OPTIMALITY OF WLLS IN THE GAUSSIAN MODEL

Model

~<
Il
e
]
+
<

*V o~ N,(0,R)
* covariance matrix R is known
* X is known non-random matrix of measurements

The density function of Y is multivariate Gaussian
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'azil ex —l—aT Yy - Xa
f(y; a) TR p( 5 —Xa) R (y X)>

ML estimator of a is identical to WLLS estimator

G,y = argmax,In f(Y;a)

= argmin, (Y — Xa)"R™ (Y — Xa)

so that

Y =Xa,, = XX'RX'R XY =lxwY

PERFORMANCE: look at condition for equality in CRB

(Valn /)T = (¥ —Xa)"R7'X

— XTR—lx[XTR—lx]—l *QT XTR—IX
— | ———
T Kq

a a

Hence, When X is nonrandom and noise covariance R is known to be equal to the LS weighting
matrix W1, we conclude

* the WLLS estimator & is unbiased
* the WLLS estimator is efficient and therefore UMVUE

* recalling property 5 of CRB in Section 4.5.1, as K, is not a function of a the estimator covariance
is

covg(d) = K;' = XTRIX]" =R

5.9 EXERCISES

5.1 Give a concrete example of two zero mean random variables X and Z for which the linear
minimum mean square error estimator of X given Z is equal to 0. Give another concrete
example where the overall (linear or non-linear) minimum mean square error estimator is 0.

5.2 Here you explore how linear minimum MSE estimation principles can be applied to non-linear
estimation. Given an observed random variable X define the vector of monomials in X (also
called a Vandermonde vector):

Y=[1,XxXx%. .. x",
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where m > 1 is a positive integer. A non-linear polynomial estimator of another random
variable # is simply a linear combination of the elements of Y:

O=n"Y,
where h = [ho, ..., hm]T is a set of estimation coefficients to be determined.
(a) Show that the choice of h that minimizes the MSE E[(6 — 0)?] satisfies the system of
equations
MY& = Myyg,

where My = E[YYT] and my, = E[Y#]. Assuming My is non-singular, show that
the resulting minimum mean square error is MSE;, = E[0?] — mg‘CeM;le@. Using
the partitioned matrix inverse identity (2) find an expression for the difference between
the minimum MSE attainable by an optimal linear estimator, i.e., 0 in the special case
m = 1, and that attainable by an optimal polynomial estimator (m > 1).

(b) Assume that # and X are jointly Gaussian and zero mean. Using the results of (a), and
the fact that the conditional mean estimator is a linear estimator for the jointly Gaussian
case, derive the following identity on the moments of jointly Gaussian r.v.s

E[X0]
E[X?]

E[X*0) = E[X".

(c) Let X = S% + W where S, W are jointly Gaussian and zero mean. Derive an expression
for the optimal polynomial estimator of S for m = 3. Compare the performance of your
estimator to that of the optimal linear estimator.

(d) Let X =sgn(S)+ W where S, W are jointly Gaussian and zero mean. Derive an expres-
sion for the optimal polynomial estimator of sgn(.S) for m = 3. Compare the performance
of your estimator to that of the optimal linear estimator.

The least squares method can also be applied to multiple-response linear observation models
of the form

Yik oYk -+ p_1Ypk = B1T1k + -+ Bgxgr +vi, EK=1,....n

where {yix,...,ypk}r are n different observed waveforms (responses) and the «;. and f;
coefficients are to be determined by minimizing the least squares criterion

n
SSE(a, 8) = Z(?/k +onyor + -+ Cp1Ypk — Brx1p — - .. — Begr)?
k=1

(a) Show that the above observation model is equivalent to the vector model
Y[Lo""=XB+0

where Y and X are n X p and n X ¢ matrices, respectively, v is a n x 1 vector of residuals
Vg, o = [, ... ,ap_l]T and 8 = B, ... ,5q]T.

(b) Assuming that X has linearly independent columns (full rank) find the least squares
estimates B and & and the resulting minimum SSE. (Hint: first minimize over [ then
over a)

(c) Assume that the vector u = [1,a]” is constrained to have length |lu|| = ¢, where ¢ > 1
is a specified constant. Derive an explicit form for the LS estimators. (Hint: Rayleigh
theorem (Ch. 2 or [8]) on minimizing quadratic forms).
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(d) The “sensor selection problem” is the following. Fix p and consider choosing the subset
of p’ response waveforms {yis kd iy s {yip, NS T ST .4,y distinct integresin 1., p,
out of the p responses which provide the best fit, i.e. minimize the residuals. Show that
the algorithm for solving this sensor selection problem requires solving n!/(p'!(n —p'))!
separate least squares problems.

(e) The optimal sensor selection algorithm which you obtained in the previous part of this
exercise is of high computational complexity, in the worst case it requires solving approx-
imately P least squares problems. Comment on how the solutions to parts (b) or (c) of
this exercise could be used to approximate the optimal solution.

5.4 Let the observation have the standard linear model y, = g{g + v, k=1,...,n. We
saw in this chapter that when y; and z; are known and v is Gaussian the MLE of a is
equivalent to the WLSE with weight matrix equal to the covariance matrix of the vector
v = [v1,...,v,]T. In many applications there exist outliers, i.e. a small number of unusually
large residual errors v, and the Gaussian assumption is not appropriate. Here we treat the
case of heavy-tailed distributions of v; which leads to an estimate of a which is more robust
to outliers.

(a) Assume that vy are i.i.d. r.v.s with marginal density f,(v). Show that the MLE of a is

4 = argmin, {Z log fu(yr — w%a)}
k=1

(b) Assuming f, is a smooth function, derive the CR bound on unbiased estimators of a.
Under what conditions is the bound attainable?

(c) Show that for Laplacian noise with f,(v) = gexp(—ﬁh)\), B > 0, the MLE reduces to
the minimizer of the sum of the absolute errors |y, — g{g|.

(d) Consider the noise density f,(v) = c(a,b) exp(—v?/(a? + v?)), v € [~b,b], b and « fixed
known parameters and ¢ a normalizing constant. Show that the MLE a can be interpreted
as a non-linearly weighted LSE in the sense that it satisfies the “orthogonality condition”

> Xel@) (g — zf @)y, =0
k=1

where

1
o2 + (yp — zt a)?

k(@) =

(e) The solution to the non-linearly weighted LSE above can be approximated using an
“iterative reweighted least squares” technique which consists of approximating the above
“orthogonality condition” by implementing the following procedure

i. Initialize 4, = @ equal to the standard unweighted LS estimate a = [X7 X]XTy.

ii. Repeat until convergence:
4 = (XTWX] ' XTWyi=1,2,...

where W; is a diagonal weight matrix with diagonal entries A1(G;), ..., An(@;).
Implement this algorithm in MATLAB and study its convergence for various values of
a, b.
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In many applications involving fitting a model to a set of input and output measurements X
(nxp) and y (nx1), not only are the output measurements noisy but the input measurements
may also be noisy. In this case the method of Total Least Squares (TLS) [8] is applicable.
One formulation of TLS is to model the measurements by

yk:(£k+§k)TQ+Uk, k=1,...,n

where vy, is a zero mean white Gaussian noise with variance o2 and ¢, is an i.i.d. sequence of
zero mean Gaussian p x 1 random vectors with diagonal covariance matrix o2I,,.

(a) Find the likelihood equation which must be satisfied by the MLE of a when o, and o,
are known. To what does your equation reduce when o2 dominates ¢2? What is the ML
estimator for a in this case?

(b) Show that the MLE of a is identical to the standard LS estimator for unknown o.

(c¢) Find the Fisher information and the CR bound on unbiased estimator covariance for the

case of known o, and o.. Repeat for the case of unknown o.. For which of these cases,
if any, is the CR bound achievable?

It is desired to find the linear least sum of squares (LLSS) fit of a complex valued vector a
to the model

ykZ&fQJrvk, k=1,...,n

where yx and z;, = [41,...,Tkp)? are observed. Defining the vector space H of complex
valued n-dimensional vectors with norm < y,z >= y"z (“H” denotes complex conjugate
transpose) and vector y = [y1,...,y,]? and matrix X = [2;,...,2,]7 (analogously to the
case studied in sec. 5.6 of notes). Assume that X is full rank. Using the projection theorem

show that the solution to the LLSE problem min, |ly — Xa||? is of the form
Q= [XHX]—lXHy
with minimum LLSS residual error squared
ly — Xa|* = y" [ - XXX Xy,

This problem applies the solution to the previous exercise. Let the complex observations be
given as X = {X(0),..., X (N —1)}. Hypothesize that X (k) is a damped sinusoid in additive
noise:

X (k) = ae"*ed?™Iok o 7(k), k>0,

where a € @' is an unknown complex scale factor, & > 0 is an unknown decay constant, and

fo €10, 1] is an unknown frequency.

(a) For known a and fj show that the least-squares estimator of @ which minimizes the sum
of the squared residuals SSE(a) = Z,]c\[:_ol | X (k) — ae=%kei2mfok|2 over a has the form
(large N):

a=X(z) (1 —e29),

where X(z9) = S0 X (k)25 " is the Z-transform of X evaluated at the point z = 2y =
evti2mfo outside the unit circle. Note that for a = 0 this is just the DFT of X (k).
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(b) Now for known « but unknown a show that the (non-linear) least-squares estimator for f
which minimizes the sum of the squared residuals SSE(a) = Zfev:}]l | X (k)—ae=“kei2mfok |2
over f, is obtained by maximizing the Z-transform of X over the radius e® circle |z| = e*:

fo = argmaxg, |X(z0)]2,

and: o
i = X(eTiTmfoy (1 — ¢72%),
Note that fo reduces to the location of the highest peak in the magnitude “frequency

spectrum” S(f) = ‘X(e%f)’ of X (k) when « is known to be equal to 0.

(c) Finally for unknown a, «, fo show that the non-linear least-squares estimator of «, fy is
obtained by maximizing the scaled Z-transform of X over the exterior of the unit disk:

fo,& = argmax, o0 X (20)|* (1 —e™2),

and: o )
a = X (eAHITmhoy (1 — 724,

5.8 It is desired to fit the coefficients o and § to the linear model for the measurements y, =
a+ PBk+vg, k=1,..., N, where v is the model error residual to be minimized by suitable
chice of a, #. Find the linear least squares estimator for these coefficents (you can leave your
solution in the form of a pair of simultaneous equations if you wish).

5.9 It is hypothesized that the relation between a pair of measured variables y; and x3 is non-
linear. A reasonable model for this is

yp =ao + a1z + ... +apx? +up, k=1,...,n

(a) For a single sample (n = 1) find the set of coefficients ay, ..., a, which minimizes the
mean squared error E[(yx — [ag + a1z + . . . + apzP])?] under the assumption that y; and
x) are r.v.’s with known moments E[ykzz;fg], 1=0,...,p, and E[xfk], 1=0,...,2p.

(b) Repeat part (a) for the non-statistical least squares estimation error criterion for n sam-
ples > 11 (yx — [ao + a1z + . . . + apaP])? .

(¢) Show that the two estimators found in (a) and (b) become equivalent as n — oo.

5.10 A sequence of obervations yi, £k = 1,..., N is to be modeled as the sum of two sinusoids
yr = Acos(wok) + Bsin(wek) + v

where vy, is an error residual, w is known, and A, B are to be determined.

(a) Derive the linear least squares estimators of A, B. Express your result in terms of the
real and imaginary parts of the DFT Y(w) = Zé\/ﬂ yre 7% of y;,. You may assume that
Zszl cos(2wok) = fo:l sin(2w,k) = 0.

(b) Now assume that A and B are uncorrelated r.v.s with mean 4 and pp and variance o
and that vy is zero mean white noise of unit variance uncorrelated with A, B. Derive the
affine minimum mean square error estimator of A, B given yi, k=1,..., N.

2

(c) Express the result of (b) in terms of the real and imaginary parts of the DFT Y(w) =
Zé-v:l yre 9k of y;, and compare to the result of part (a)
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5.11 In this problem you will explore least squares deconvolution. Available for measurement are
the noisy outputs Yy, k = 1,...,n, of a known LTI filter (channel), with known finite impulse
response {hx}Y_, and having an unknown input {Xj}, and measured in additive noise {W}}

p
Yk:ZhiXk—i+Wk7 k=1,...,n
=0

The objective is to deconvolve the measurements using the known channel {hx} to recover
the input {Xj}. Assume that X =0 for £ <0.

(a)

Show that the above measurement equation can be put in the form
Y=HX+W,

where H is a matrix of impulse responses of the FIR filter. Identify the entries of the
vectors X, W and the matrix H.

Assuming that H has linearly independent columns (full rank) find the linear least squares
estimate X which minimizes the sum of squared errors S (Ve —hgxXg)? (“* 7 denotes
convolution). Give a relation on p,n or {h;} to ensure that H has full rank.
In some cases estimation errors in the recent past are more important than errors in the
more distant past. Comment on how you would incorporate this into a weighted linear
least squares criterion and find the criterion-minimizing linear estimator X.

A simple model for imprecise knowledge of the channel is
Y=(H+:2DX+W

where z is a zero mean Gaussian random variable with variance o2. Assuming that W
is zero mean Gaussian random vector with identity covariance (I) find the likelihood

function for 8 d:ef X based on the observation Y. Show that the ML estimator reduces
to the linear least squares estimate of part (b) when o — 0.

End of chapter
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6 OPTIMAL LINEAR FILTERING AND PREDICTION

In this chapter we turn to estimation for random process measurements. We will cover the following
topics.

* Wiener-Hopf Equations of min MSE filtering for w.s.s. processes

* Non-causal filtering, estimation, and prediction

* Causal linear time invariant (LTI) prewhitening: spectral factorization
* Causal LTI prediction: the Wiener filter

* Causal linear time varying (LTV) prewhitening: the innnovations filter
* Causal (LTV) prediction: the Kalman-Bucy filter

A word about notation is in order here. Up to now in this text we have used upper case letters
for random variables reserving lower case for their realizations. However, it is customary to drop
the upper case for random processes and we will do so in this chapter putting the reader at small
risk of confusion between realizations, i.e. waveforms, and random processes. Fortunately, second
order statistical treatments like that covered here incur fewer accidents due to this kind of abuse
of notation.

REFERENCES
Kailath [19]
Haykin [12]
Thomas [42]

6.1 WIENER-HOPF EQUATIONS OF OPTIMAL FILTERING

Two zero mean w.s.s. discrete time random processes x and g are of interest to us:
x = {xy : k € T}: observed over an index set 7
g ={gr : —00 < k < co}: unobserved and to be estimated from x

Objective: estimate a time sample of g, e.g. g;, by a linear function of the waveform z. Note that
gr plays the role of a random parameter, which we denoted 6 in previous chapters.

gk =Y hik, 5z

JjET
such that we achieve minimum MSE
MSE(gk) = Ellgr — dxl*]
Solution: by orthogonality condition
El(gr — gk)u;] =0, i€l

for any basis set {u;} spanning span{z; : i € Z}.

Basis u; = x;, i € Z, will suffice here.
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A%V ,\/\./\./\ /\/\m/\/\\/\/.xm

N YV i

Figure 46: Two random processes over time. Objective is to predict gi as a linear function of observation x;
over a time interval L.

Obtain Wiener-Hopf (WH) equation for optimal filter h(k, j) from orthogonality. condition

0 = El(gr— gr)7i]

= Elgra}] =Y bk, j)Elzjz;]
JET

= rga(k—4) =D hk,j)rz(j—4), i€T
JET
When 7 is finite this is equivalent to a matrix equation which can be solved as in previous section.
Two cases of interest here:

Case I: T = {—o00,...,00}: non-causal estimation (smoothing)

Case II: Z = {—o00, ..., k}: Causal estimation (filtering)

6.2 NON-CAUSAL ESTIMATION

For 7 = {—o0,...,00} WH equation becomes

rge(k—i) = > Ak, j)ra(j —i) =0, —oc0<i<oc
j=—00
Fact: solution h(k, j) is LTI filter h(k — j) (Exercise in this chapter).

Take double-sided Z-transform to obtain:
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Pyu(z) — H(2)Pyr(2) =0

or optimum filter has frequency domain transfer function

H(eM) = 7;;7;((;7:))

By invoking the orthogonality condition the minimum MSE can be expressed as follows

MSEmin = El(gx — h * 1)9;]

= 714(0) — hy * r29(k)| k=0

Or in frequency domain (recall notation P(w) for P(e/*))

MSEny = /ﬂ [Py () — H () Pay ()] dw

—T

_ / ’ [Pg(w)—%g&g(w) dw (51)

—T

Example 27 Wide sense stationary signal in additive noise

Measurement model

T; = S; + w, —00 < 1 < 00

* s,w are uncorrelated w.s.s. random processes

* gr = s, to be estimated

Obtain min MSE filter for estimation of s; and its min MSE
H — 7)5 — { ]-, Ps/Pw >> ].
Ps + Pu 0, Ps/Pu <1

T PsPyw B 0, Ps/ Py > 1

MSEin = . mdw - { V&r(5k>7 7)5/7)11) <1

Problem: H(w) is non-negative real so that hy is symmetric impulse response. This implies that

S = Z;’i_oo h(j)rk—; depends on future measurements (non-causal)!
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h(k)

Figure 47: Min MSFE filter for estimating w.s.s. signal in noise has symmetric impulse response.

6.3 CAUSAL ESTIMATION

Objective: find linear min MSE estimate of g; based only on past measurements

k
g = > h(k—jay

j=—o00

where h satsifies Wiener-Hopf equations

k
0 = rge(k—i)— > h(k—jra(j—i), —o<i<k (52)

j=—o0

Let’s explicitly constrain filter h; to be causal: h(j) = 0, j < 0. Then we have after change of
variable (see homework exercises)

0 = re()— Y hl=45)ra(j), 1>0 (53)

j==o0

Difficulty: cannot just take z-transform as we did before due to restriction on [. Indeed the
equation (53) does not specify the value of the difference on the LHS for negative values of [; these
values can be arbitrary as long as RHS = 0 for [ > 0.
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6.3.1 SPECIAL CASE OF WHITE NOISE MEASUREMENTS

One case where solution to WH is simple: z; = w; = white noise of unit variance:

1 k=0
rw("’):(s’“:{ 0, k+£0

Wiener-Hopf Eqn becomes

rgw(l) = Y h(l = j)rw(i) =rgu(l) = h(l), 1>0

j=—o00

Hence we can specify optimal causal filter as

Or in z-transform domain:

H(z) = {Pgu(2)}, (54)

where we have defined truncated z-transform of a time function b(k) with z-transform B(z)

(BE)k €Y b
k=0

\VAVAN

Figure 48: Truncated z-transform of a function by,.
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6.3.2 GENERAL CASE OF NON-WHITE MEASUREMENTS

Our derivation of the Wiener filter is based on the approach of Bode and Shannon [4]. The main
idea behind this derivation is the following. If we could “prewhiten” x with a filter h,, then we
could follow with optimal filter of form (54). This suggests a “prewhitening approach” to solving
general problem. However, not just any old whitening filter will do. In keeping with the original
objective of causal linear minimum mean square error estimation we the prewhitening filter must
itself be causal and, to ensure that we lose no information about {xi}f:_oo, it must be causally
invertible, i.e. we must be able to recover past values of the input {wl}k from past values of
the output.

1=—00

< w(K) (k)

Figure 49: Solution of the causal estimation problem by a cascade of a prewhitening filter hy, and an optimal
wiener filter h for white noise.

Thus the optimal filter H for whitened measurements is specified by

H(z) = {Pu(2)},

- {sz(z)Hw('Z—l)}+

The filter H,, must satisfy conditions

1. h,, whitens the input process

2. h,, is causal
3. hy, is causally invertible

Definition: A filter (discrete time) h,, with transfer function H,,(z) is causal and causally invertible
iff H,(z) and 1/H,(z) have no singularities outside the unit circle, i.e.,
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Ho(2)] < o0, |2 > 1

and similarly,
1/|Hy(2)| < 00, |2|>1

x(k) w(k) x(K)

k

1=—00

Figure 50: The cascade of causal filters Hy, and 1/H,y, is causal and all pass thus implying that {w;}

contains same information as {xi}f:_oo, i.e. w; 1s white sufficient statistic.

6.4 CAUSAL PREWHITENING VIA SPECTRAL FACTORIZATION

Assume zj, is w.s.s. with
* ry(k) positive definite and summable (352 _ o |rz(k)| < 00)
* rational PSD

b(2)

Pu(z) = er(k:)z_k = WZ)
k

where

rx(k) = Elx;x;—_g] is acf of z
b(z) =bgz?+---+ bz + by

a(z) = ap? + -+ a1z + ag

For h,, to satisfy whitening condition require

Hw(z)Hw(z_l) =

Pr(2)
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Pole zero constellationof rational PSD

Im(z)

Figure 51: Pole zero constellation of a rational PSD.

Next we deal with causality conditions

Any rational PSD can be factored into the form of a ratio of factors of simple first order polynomials

Hg:l(l — 2/20i)(1 — 2207)

P = W (T2 o) (0= 22)

where c is a real constant and z;, zp; are zeros and poles of P(z).

This factorization implies the following important properties of rational PSDs

P(z7h) = Pulz), (symmetric )
Pe(2") = Pi(2), (real r4)
Pr(2) —  no poles on unit circle (bounded ry)
Pr(z) —  zeros on unit circle occur in pairs ( p.d. )

These conditions imply that there exist positive square root factors P} (z) and P, (z) which satisfy:

and
P (z) has all poles and zeros inside unit circle
-

'~ (z) has all poles and zeros outside unit circle

Therefore, conclude that the assignment
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Hy(2) = 1/P (2)

satisfies whitening condition (55) and H(z), 1/H(z) have all their poles inside unit circle

Can identify 1/H,, (%) causal synthesis filter for measurement process x

zp = hyt (k)  wy
where h!(k) is the inverse Z-transform of 1/H,(z) = P} (2).

This can be useful for simulation of z; with arbitrary rational PSD from pseudo-random white
noise samples wy.

w(k) x(K)

Figure 52: A representation of xy with PSD P, as output of LTI causal filter Hy(z) = P driven by white
noise

6.5 CAUSAL WIENER FILTERING

Putting H,, and H together we obtain formula for the causal Weiner filter

1

H(z) = Hy(z) I:I(z) = {75’5,95(,2)qu,](Z_l)}Jr

P (2)
B 1 Pyz(2)
- 5 {P;(z) }+ . (56)

A time-domain expression for the minimum mean squared error MSE i, = E[(gx — gx)?] attained
by the causal Wiener filter can simply be derived using the orthogonality condition

MSEmin = 74(0) = > h(k)reg(—k), (57)
k=0
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where h(k) is the inverse Z-transform of H(z) in (56). Unlike the case of non-causal estimation
(recall expression (51) there is no simple frequency-domain representation for MSE .

Example 28 Causal prewhitening an AR (1) noise process

(k) = —ax(k—1)+u(k), (-l<a<1l)

where u(k) is white noise with variance 1.

u(k) x(K)

1+az?

Figure 53: Synthesis filter of AR(1) process is a single pole IIR.

First find PSD.

1 1 ak

(1+az"1) (1+az)’ rao(k) = 1— a2
———— N——
P (2) Py (2)

Po(z) =

The causal prewhitening filter is FIR

Hy(2) =14 az7! <= hy(k) =6(k) + ad(k — 1)

Can be implemented even without access to infinite past
Example (ctd.) Prediction of an AR(1) from noiseless observations

Now we let g, = k1o Where « is a positive integer. When a > 0 this is a prediction problem. In
light of the fact that we have just found the prewhitening filter, it remains to find the quantity

(e,

to specify the Wiener filter-predictor (56).
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-lIna

Figure 54: Auto-correlation function of AR(1) process with AR coefficient a is slowly decaying double sided
exponential for —1 < a < 0. (figure k-axis label should be —1/1In|al).

x(K)

R — 1+azt

w(k) = u(k)

Figure 55: Causal prewhitening filter for AR(1) process with AR coeffient a is a single tap FIR filter.



STATISTICAL METHODS FOR SIGNAL PROCESSING (© Alfred Hero 1999 141

As rgz(k) = Elzipaxi—g] = ra(k + @) Pya(2) = 2%P(2). Hence

Pz (2) }
= “Pr(z
{P;;(Z) + {Z x( )}+
- {zo‘/(l + az_l)}+
Now, using the identity (77) derived in the exercises, we see that
{2/ +ah}, = (~a)*/(1 +az7)

Hence, the Wiener filter-predictor is simply

HG) = s (T ) = (a0

T Pr(z) \I+az!

which in the time domain gives the optimal predictor as &y, = (—a)®xg. This just corresponds
to scaling the most recent observation and is consistent with x; being a 1st order Markov sequence
so that, for predicting the future, past information is not useful given present information.

Example 29 Causally prewhitening an AR(1) plus white noise process

z(k) = var() (k) + V (k)

where

*vaga)(k) is AR(1) with @ = —0.8

* V (k) is white noise of variance 1/0.36
* vap(1)(k) and V (k) are uncorrelated

Using result (76) derived in the Exercises, find PSD as a rational function with double pole and
double zero

1 1
Po2) = G088y T /0

d(14+bz71) d(1 4 bz)
(1+az"1) (1+az)
~—

Pi(2) Pz (2)
where a = —0.8,b = —0.5 and d = 1/+/0.225.

Unlike previous example, the causal prewhitening filter h,, (k) is now IR

(1+az71)

Hy(z) = 1/dm

and thus prewhitening cannot be implemented without access to infinite past.
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Note that the synthesis filter 1/H,(z) can be applied to white noise wy to obtain recursion for
xj, with both an autoregressive (AR) component (LHS) and a moving average (MA) component
(RHS):

T + axg—1 = brwy + bawg_1

where b = d and by = db. Random processes zj, that satisfy the recursion above are “ARMA(1,1)”
process.

Example (ctd.) Prediction of AR(1) from noisy observations

Similarly to the previous example we let §(k) = var(1)(k+a) where  is a non-negative integer. As
the measurement noise u(k) and the AR(1) process v p(1)(k) are uncorrelated Py, (2) = Pyy(2) =
2Py (z) where P,(z) is the PSD of vpr(1) and Py, (2) is the cross spectral density of g and vyg().
Therefore, after substitution of the expression for P, obtained above,

P 1 1 1
{ g_””('z)} = {za 1} . (58)
Pz(2) ). d 1+bz 1+az7")
Before proceeding further, we will need to express the product of two ratios in {-}; as a sum of
two ratios in order to apply the identities (77) and (78). To do this, observe

1 1 21 1

14bz 14+az"!  b+z! 1+4az!
A B

b4 21 le—l—az*1

where A and B are to be determined. Comparing the LHS of the top line to the bottom line of
this last equation it is obvious that

-1

z
A = 1 — =-b/(1 —
AT+ az ! b/(1—ab)

-1
. z
B = Z*llirgl/am - 1/<1 B ab)

Thus we have from (58)

(), = e (e 1),

1 (—a)®
d(l1 —ab)1+az"!

where we have used the identity (78) which shows that only the first additive term in {-} survives
(the second term corresponds to an anticausal component).

Hence, using (56) the Wiener filter-predictor is simply

q
H(z) = 14+ bz1

where ¢ = %, which can be implemented in the time domain as the single pole IIR filter

recursion
g(k) = —bg(k — 1) + qzy.
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with §(k) = Oar(1)(k + ). It can be readily verified that in the limit as the measurement noise
var(u(k)) goes to zero, b — 0, d*> — 1, and ¢ — (—a)® so that this IIR predictor filter reduces to
the simple Wiener predictor filter of the previous example having no measurement noise.

Derivation of the MSE of the Wiener filter is left as an exercise for the reader.

6.6 CAUSAL FINITE MEMORY TIME VARYING ESTIMATION

The Wiener filter is limited to the cases where the processes g and zj are jointly w.s.s. and the
estimating filter is LTI, i.e. access to infinite past is available. In practice, however, this is not the
case and we will need to handle the situation for which

1. gi, xr may not be jointly w.s.s.

2. estimator filter is turned on at time & = 0 with initial conditions (finite memory) and is not
LTI

Objective: find linear min MSE estimate of g; based only on finite past+present measurements

k

g = > h(k,j)x; (59)

j=0

We know that optimal h satisfies the k x k system of Wiener-Hopf equations.

k
0 = Tgx(k,i)—2h<k‘,j)’l“x(j,’i), OSZSk
=0

Or, since summation is over finite number of indices we can express this in the familiar matrix
form
_p-1
&k - Rm zﬂcg

where by, = [h(k, k), h(k,k—1),...,h(k,1)]T, R, is the (k4 1) x (k + 1) covariance matrix of the
first k& measurements, and r,, is the (k + 1)-element vector of cross correlations between g and
z(0), ..., z(k).

Difficulty: standard matrix inverse approach has growing memory and computation as k increases:
not suitable for real time implementation.

6.6.1 SPECIAL CASE OF UNCORRELATED MEASUREMENTS
As before we first convert to a case where solution to WH is simple:
= x; = 1; = non-stationary white noise

rn(j,1) = o7 (i) i

Solution to WH equation is now immediate
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x(k) n(k) (k)

——  TVF f A —

Figure 56: Decomposition of min MSFE filter by prefiltering with time-varying innovations filter.

k
0 = rgy(k,i) Zh (k,j)ry(4,1) = rgn(k,q) —h(k,i)o’%(i), 0<i<k
7=0

and gives optimal filter as a projection coefficient associeted with projecting gi onto the i-th noise
component 7;

< Gk, >

ki) =

= rgy(k,i)/op(i), 0<i<k

6.6.2 CORRELATED MEASUREMENTS: THE INNOVATIONS FILTER

Q. How to “prewhiten” 7

A. A time-varying “prewhitening filter” has to yield output variables {n;} which are uncorrelated,
which are causally and linearly generated from past of {x;}, and from which the past {z;} can be
recovered in a causal fashion

This translates to the following required conditions on 7);:
1. cov(ni,n;) =0, i # j

2. span{nk, Ng—1,--.,M0} = span{xg, Tx—1,..., 20}, k =1,2
Recursive construction of {n;}:

Let Zj,—1 be the optimal 1-step linear predictor of z given past {zy_1,..., 0}
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k-1
Tpjp—1 = E Ak T

1=0

Equivalently,

k-1
Tppp—1 = E Qi i
=0

Recall orthogonality condition

El(zy — Tppp—1)r:] =0, i=0,...

Suggests following algorithm for 7;’s

Mo = o
m = x1— Iy
Me = Tk — Tgjk—1
or, more explicitly, in matrix form
1 0
70 .
. . —aipp - 0
Mk
—ago Qg k-1
n., = Az,

* 1n; is the ”innovations process”
* Rows of A specify causal invertible “innovations filter”

* Note: as A is invertible {n;} is equivalent to {x;}.

Lo

Tk

6.6.3 INNOVATIONS AND CHOLESKY DECOMPOSITION

The innovations representation gives decomposition for covariance R, of =

R, = E[QT]

_ E[AflmTAfT}

145



STATISTICAL METHODS FOR SIGNAL PROCESSING (©Alfred Hero 1999

Linear
N predictor

Figure 57: The innovations filter produces equivalent uncorrelated measurement sequence ;.

= AT'Em AT

= AR, AT

FORWARD CHOLESKY DECOMPOSITION

Any symmetric positive definite matrix B has a decomposition of the form

T
B=L;P; L}

where

* Py diagonal matrix of “forward prediction error variances”

* Ly is lower triangular matrix of “forward prediction coefficients”
* P and Ly are non-singular

BACKWARD CHOLESKY DECOMPOSITION

Any symmetric positive definite matrix B has a decomposition of the form

B=L! P, L,

where
* Py, diagonal matrix of “backwards prediction error variances”
* Ly is lower triangular matrix of “backwards prediction coefficients”

* P, and L, are non-singular
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6.7 TIME VARYING ESTIMATION/PREDICTION VIA THE KALMAN
FILTER

Since span{n; }¥_, = span{z;}¥_,, the innovations are just another basis spanning the observations,

which happens to be a orthogonal basis. Thus we have the equivalent representation for the optimal
causal finite memory estimator (59) of g,

k
Gk = Gklk = Z h(k, j)n;
=0

where A is the projection coefficient

il(k ) — < gk?ﬂ] > — Tgn(k,j)
’ <mp,mi > op(d)

We can now write a “pseudo recursion” for gy

B
—_

ke = h(k, j)n; + h(k, k)

J:
= Grpp_1 + h(k, k) my (60)

[e=]

This is not a “true recursion” since we do not yet know how to compute the update fl(k —-1,7) —

h(k,7) for the projection coefficient nor the update nx_; — n of the innovations. To obtain
a true recursion we will need to assume a dynamical model for x;. The derivation will then
proceed in two steps: first we will consider generating a recursion for the innovations, which will
require developing the recursion ;1 — Zx41)x; second we will specialize gi to the case of signal
prediction, gr = si+1, and signal filtering, gr = si, for the case that xj satisfies the linear model
T = Sk + Vg.

6.7.1 DYNAMICAL MODEL
Specifically, we will assume that xj, is given by the model

T = Sk + Vi
T
Sk :Qk§k

Sppr = Arrip § + Bruwy, £ =¢

g, (61)
where:

sk is a (scalar) signal and vy, is a (scalar) measurement noise,

€, is a p dimensional “state vector” (“internal state” of system generating {s}),

¢y, is a p-element vector describing how the state affects the signal component sy, of the measurement
Tl

w;, is a state noise vector (¢ x 1)

By, is the state noise input matrix (p x q)
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A1k is a state transition matrix (p x p) describing the signal dynamics which are due soley to
the initial condition £ (in the absence of driving noise wy,).

We make the following simplifying statistical assumptions:

State Model (SM) Assumptions A1-A4

Al vy uncorrelated sequence with zero mean and variance E[vi] = o2(k)
A2 wy: uncorrelated sequence with zero mean and covariance matrix Elw,w?] = Rqy (k) (g X q)
A3 ¢ has zero mean and covariance matrix £ [§O§Z] =R¢(0) (p x p)

Ad v, § o W; are mutually uncorrelated for all j, k

Wl e WM xW
—_— Bk (] g @—K> Ck 4>j}—>
A k+1lk J v (k)

Figure 58: State space model for observation.

6.7.2 KALMAN RECURSIONS FOR INNOVATIONS AND STATE PREDIC-
TION

For convenience, here we summarize the results derived in the next subsection. Under the as-
sumptions A1-A4 the innovations 7, from {z; }?;3 can be recursively generated from the following
Kalman recursions for innovation

Kalman Recursions for innovations and state prediction

First we have the Measurement Update Equations:

M. = Tk — Qg §k|1€—1 (62)

§k+1\k = Agt1k §k|,H + Dtk s §0‘71 =0 (63)

where [y ; ;; is the Kalman Gain, computed offline as function of state predictor error covariance

Rg(k\k -1)= E[@k - §k|k—1>(§k o ék:\k:—l)T]
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1
£k+1,k = Ak+1,kRg(k|k — ey, a%(k:) (64)
where o7 (k) is the innovations variance
2(k) = IRe(kk— )y + 02 (k). (65)
The covariance matrix Rg(k|k — 1) is updated according to the Time Update Equations:
Re(k+1[k) = [Aprpe— £k+17l~c§£]R§(k’k — D[Aks1e — Deprncr]” (66)
+Bka(k)B£ + Ek+1,k£;€+1,k012)<k)-
R0/ ~1) = Re(0) (67)
x(K) A n
- r == EK+1|K EK|K—1 C ,
X I = J ] §KK-1)
Arsii

ntk)

Figure 59: Kalman filter block diagram for generation of ny and §(k)

6.7.3 KALMAN FILTER DERIVATION

Our derivation is based on the Gevers and Kailath innovations approach [7].

Step 1: Gather Together Key Properties

The simplifying assumptions (A1-A4) imply the following properties

Properties P1-P3
P1 {§j}§:1 is uncorrelated with w;, (A2,A4) and with v (A1,A4), and therefore
P2 {xj}le is uncorrelated with w;, and vgy;.

P3 < wxp,m; >=< s + v, >=< sp,n; >, j < k, since < v,m; >= 0, 7 < k, as n; €
span{xj,xj_1,...,zo} and vy is uncorrelated sequence (Al).
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Step 2: establish relation between 7;;_; and ék\k—l
Putting P2 and P3 together we obtain from representation (60) for gx = si:

< Skvn] )
Il "

k—1

<& .mp >
T S0

= Ck - nj -
JZZO il

Mw

Trlk—1 =

§k\k71

Step 3: Establish update formula for §k|k—1 — §k+1|k

Recall that the linear minimum mean square estimator for a random vector is simply the con-
catenation of the linear minimum mean square estimators for each element of the random vector.
Thus, with abuse of notation, denoting < & 1 e > the vector composed of inner products

< (gk-l-l)i)nk >) 1= ]-a Y 2

k
. <& n; >
_ 2k+1° M ]
S = Z ERE mj
=0 !
k—1
< 5 15 > < 5 Mk >
Skr1°'l k+1
RD S T R TN A
=0 1y Tk
Define the Kalman gain vector
< f s M >
Sk
Lheth =, p (69

and note that, from the state equation (61) for ., and the fact that w;, and 7); are uncorrelated
for j <k,

<& > <Apg€n > < Bywy,n; >
s ;112 ;112
< €k777j >

AHMW, j<k
j

which is A1k times the projection coefficient for projecting § ., onto n;.

Substitution of the above back into (68) gives the desired recursion

. <£ 7;
Y

= Ak+1,k§k|k_1 + Lht1 6k (70)

with initial condition & | = 0.
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Step 4: Find expression for |7

Define the state estimator error vector

gk\kq =&~ ék\kq'

Then, again using the state model for xg,

M = Tk — Ejp-1 = L&, + vk — Qipéﬂ‘k& = Q£§k|k71 + Vg (71)

We can use this result to find the innovations variance ||ng||? = U?I(k) which is required for com-

puting the projection coefficients in (68), specifically the Kalman gain (69) needed for recursion
(70). As §k\k—1 € span{&k, Tp—1,- -, o}, §kz\k:—1 is uncorrelated with vy, from (71)

oy (k) = e Re(klk — )¢y, + op (k) (72)

where Rg(k]k: — 1) is the state estimator error covariance matrix. To evaluate this we will need
to establish a recursion for this error covariance matrix. However, an expression for the Kalman
gain will be required to develop the error covariance update equations.

Step 5: Express Kalman gain I'; ;, in terms of state estimator error covariance

Re(klk — 1)

The Kalman gain vector 'y (69) can be related to the state estimator error covariance by the
following steps

Lo<& Mk >= Apprp <&Mk > +Br <wp, e >= Appre <&Mk > (from whiteness of w,
and fact that ng € span{zy,...,zo}).

2. < ék’n’“ >=< §k _§k|k—1’nk >=< §k|k—1’nk’ > (noting that < §k|k—1’77k >= 0 from orthogo-
nality principle of linear estimation)

- - T < . . .

3. < ék\kfl’nk >= E~[§k\k71nk] = E[§k|k71§k|k71]gk (e = g;{édkil + v and v is white noise
uncorrelated with § K 1)

Putting the above together, and recalling that ||n;||? = O'%(]C) calculated in (72), we obtain

I THTY, i = ¥ 5 o Y THONTE, S
[ls

1712
1
— ApaRe(klk— 1
rrLkRe(R[E = 1)g, A Re(klk — )¢y, + o2 (k)

|

(73)

Step 6: Find recursive update for estimator error covariance Rg(klk—1) — Rg(k+1[k)

First find update equation for g by subtracting the state estimator update equation (70) from

klk—1
the actual state update equation (61)

~

Skt~ §k+1\k = App(§, - gk\kq) + Brwy — Ljp k-
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Identifying gk-&-l\k =Skt~ Skt

and using n, = gféklk_l + vi in the above

§k+1|k = Ak+17k§k|k,1 + Brwy, — £k+1,k(9£§k|k,1 + vk)
= [Ap+1e— £k+1,k§;€}§k|k,1 + Brwy — Ly w0k (74)
Now properties P1-P3 imply that the three additive terms in (74) are mutually uncorrelated.
Therefore, the covariance of the RHS is the sum of three covariance matrices and we obtain the
update equation (67)
Re(k+1k) = [Aprin = Dyprpch Re(k[E = D[Agiik — D]’
+B Ry (k)Bf + £k+1,k££+1,k0'3(k3)-

An alternative form of the recursion (67) can be derived by using (65) and (69) which makes
Rg(k!k — 1) explicit in the quantity L'y, ;. After some algebra this produces the equivalent
update equation

Re(k+1[k) = AppiaRe(klk— 1AL, + ByRy(F)Bj
—App1pRe(k[k = Vel o Re(k[k — DAL 1 /on(k) (75)

where o7 (k) = g{Ré(k;Uc —1)¢;, + 02(k), as defined above.

6.8 KALMAN FILTERING: SPECIAL CASES

The Kalman filter equation (63) generates the innovations sequence 7, which is needeed to com-
pute the estimate gy, defined in Sec. 6.7 by the equation (60). Also needed are the projection
coefficients fL(k‘, j), 7 = 1,...,k. We discuss two special cases for which these coefficients are
simply computed, Kalman prediction and Kalman filtering

6.8.1 KALMAN PREDICTION

The linear prediction problem is to predict future value of the observation xyi; from a linear
combination of past and present observations {x; }2?:0, or, equivalently, from the past and present
innovations {7, };‘?:0. Recalling the measurement model (61), 1 = Sgt1 + Vk+1 1S the sum of two
uncorrelated components. Hence, denoting the predictor by #;, 1 and applying the superposition

property (50) of linear estimators of a sum of random variables

etk = Sky1jk + Okg1k = Ska1jk
where 0y 1x = 0 due to the fact that v is white and thus uncorrelated with the past innovations,
i.e. unpredictable. Finally, as sp41 = QZ+1§k+1
~ A

which can be computed from the Kalman filter (63) for state estimation discussed in the previous
sub-section.
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6.8.2 KALMAN FILTERING

The filtering problem is to estimate the signal component s in x; = si + v from past and present
measurements {:Ej};?zo (equivalently {n; ?:0)- Let 54 denote this estimate. Set gj, = s3, and from
the general recursion (60) we obtain

Sklk = Skfk—1 + h(k, k)i,
where §y;,_1 is the linear predictor derived in the last subsection and

5  Elsim) Bl
il k) = var(ng) — var(np)

Recall that in the process of showing the expression (73) for the Kalman gain Iy |, ;, we established
B¢, nk] = Rg(k|k — 1)c;.. Putting this together with the expression (65) we obtain

: R (klk ~ Ve,
Bk, k) = —— —
TR (kk — D)y + o2 (k)

All of the above quantites are available from the Kalman filter recursions (62) and (67).

6.9 KALMAN FILTER FOR SPECIAL CASE OF GAUSSIAN STATE AND
NOISE

Assume:

* Uk, §0 and w;, are jointly Gaussian

Then:

* xp = s + v, is a Gaussian random process

* Kalman filter yields min MSE state predictor

§k|k—1 - E[§k|xk—1a e ,$1]

* {nk} is an equivalent uncorrelated Gaussian measurement

6.10 STEADY STATE KALMAN FILTER AND WIENER FILTER

Assume

* Akt1k, bi, cr and Ry, (k) are time-invariant

* Ry (k) is time-invariant

* The state error covariance matrix Rg(k: + 1, k) converges to a positive definite matrix as k — oo.
Then:

* 55, is w.s.s. as kK — oo

* xp is w.s.s. as k — o0

= Steady state innovations filter is equivalent to Wiener prewhitening filter
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In particular, in steady state, np becomes a (w.s.s.) white noise with

(k) = 07(00) = " Rg(o0)c+ o)

2
In n

The steady state error covariance matrix Rg(oo) can be found in two steps:
Step 1: set Rg(k, k—1) = Rg(k:—i— 1, k) = Rg¢(00) in covariance update equation (67), equivalently,
(75), obtaining the steady state covariance equation:
Ri(00) = ARg(o0)A” + BR,B”
—ARé(oo)ngRg(oo)AT/a,%(oo),

Step 2: Noting that, as 0,27(00) is linear in Rg(oo), the steady state covariance equation is equiv-

alent to a quadratic equation in Rg(c0), called an algebraic Ricatti equation [19]. This can be
solved numerically but for small state dimension Ré(oo) it can be often found by hand.

Example 30 Kalman filter for estimation of a constant signal

The objective is to find an optimal recursive estimator of a constant signal in random noise given a
finite number of observations. Accordingly, let’s assume the following special case of the dynamical
observation model (61)

T = Sk -+ Uk

Skyl = Sk

Here sj, is a scalar state and we can identify ¢, = 1,B; = 0, Aj11 = 1, and R¢(0) = ag. For
notational simplicity define the normalized state error covariance (actually the variance since the
state is one dimensional):

Tir1 = Re(k +1,k) /3.

With this notation, and the identifications above, the (scalar) update equation (75) for Rg(k+1, k)
gives
Tpp1 =T/ (Ti + 1), T, =03 /os,

which has explicit solution T}, = 1/(k + 1/SNR), where SNR= ¢2/02. The Kalman gain is simply

Tk
Tk +1

Tht1k = =Tk+1-
Therefore, the Kalman filter update for s;_; is
Skr1jk = Skjk—1 + Dkt 1,67k,
which, using ny = @1, — 85,—1 is equivalent to the AR(1) recursion
Sprile = (L= Thrrkl8pip—1 + Tt ks,

with initial condition §0|,1 = 0. approximation to I'yy1 p = Thy1:

T T —
k+1 k—f—l’
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yielding the large k form of the AR(1) recursion:

k 1

Skrik = m§k|k71+m$ka

which is equivalent to

k
. 1
Sk+1k = k1 Z Tk-
i=0
Thus, as expected, the Kalman filter estimator of a constant signal becomes identical to the sample
mean estimator of the ensemble mean for large k - as the transients of the filter die down the initial
condition has no more influence.

It should be observed in the above example that the Kalman filter does not converge in steady
state to a LTI filter since the asymptotic state covariance is not positive definite - the variance is
equal to zero.

6.11 SUMMARY OF STATISTICAL PROPERTIES OF THE INNOVA-
TIONS

We summarize important properties of the innovations that will be important in the sequel. As
the observation noise v is uncorrelated with the signal s;, we have three equivalent expressions
for the innovations

Me = Tk — g1
Me = Tk — Splk—1
_ T ¢
M = (&g = &) Tk
Furthermore:
Eln]=0

cov(ni,m;) =0, i#j

and, as shown above, the innovations variance is

var(m) = o2(k)
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6.12 EXERCISES

6.1

6.2

6.3

6.4

0
1=—00

As we know, the optimal filter h(k, 7) for estimating the sample g(k) of the process {g(k)

from zero mean process {x(i)}° _ _ satisfies the Wiener-Hopf equation

roa(k, i) — >k, j)ra(i,j) =0, —00 <i <o

j==00

Show that when g and z are jointly w.s.s. random processes, i.e. 75(i,7) = (i — j) and
rgz(k,i) = rgz(k — 1), h(k, j) can be assumed to be linear time invariant (LTI), i.e. h(k,j) =
h(k — j) will satisfy the WH equation. Now show that the same holds for the causal optimal
filter h(k,j) which satisfies

Tg:r(k;’i) - Z h(k},])Tz(Z,]) =0, —co<i<k.

j=—o0

(Hint: Find Weiner-Hopf equations for estimating y(k + ) where [ is an arbitrary time shift,
make a change of index ¢ and a change of variable j and show by comparison to the Weiner-
Hopf equations for estimating y(k) that h(k, j) = h(k — j,0)).
Derive the equation (53) for the Causal Wiener filter 0 = rg, (1) — > °__ h(l — m)rg(m)
from the original equation (52) by making two changes of variable in sequence: reindex i by
Il =k — 1 and reindex j by m =k — j.
For constants a, ¢ and the definitions ¢ = 1 + ¢ + ca?, r = ca, derive the following identity

1 1 d(1+bz71) d(1+bz)

(Itaz)(A+az)  (It+az ) (I+a2) (76)

where

p= IENVIT 28 gy

Observe that when c is positive real, one of the roots in the equation for b satisfies |b] < 1

while the other satisfies || > 1.

In the development of the causal and non-causal Weiner estimators we have assumed that all

processes were zero mean. Here we deal with the case of non-zero mean w.s.s. processes for

which the affine Weiner estimator is appropriate.

Assume the measurement process {xj}r and the target process {gx}r to be estimated are

w.s.s. and have non-zero means E[zry] = p (k) and Elgg] = pg(k).

(a) The affine non-causal Wiener estimator of gy is defined by the filter h(k, j) and sequence
of constants sy, as

ge=ax+ Y h(k, )z,

j=—o00

where h(k, j) and ay, are selected to minimize the mean square estimation error MSE(h, a) =

E[(gr—dgr)?]- Show that the optimal filter satisfies h(k,j) = h(k—j) where h(j) is the op-
timal linear time invariant non-causal Weiner filter for estimating the zero mean process
gk — tg(k) from the centered zero mean measurements xj — (k) and that the optimal
sequence ay, is fig(k) + 372 h(k — j)us(j). Further show that the minimum MSE of
the affine non-causal Wiener estimator is functionally independent of the means j, and

[z
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(b) Repeat question (a) for the case of the causal affine Wiener estimator which satisfies the
additional restriction that h(k,j) =h(k—j) =0, k < j.

You have the measurement model

T = Sz + wy

where wy, is zero mean white noise of variance o2 and sj, is a w.s.s. zero mean Gaussian

random sequence with acf (k) = a¥/(1 — a?), k > 0. wy, is independent of s.

(a) Find the quantities F[s?s? ,] and E[s?s;_;] (Hint: use the property that for any zero
mean jointly Gaussian r.v.s W, XY, Z: E[XY Z] =0 and E[WXY Z] = ElWX]|E[Y Z]+
E[WZ]E[XY] + E[WY]E[X Z])

(b) Using the results of (a) find the optimal affine non-causal Wiener estimator for s;. Ex-
plain your result.

(c) Using the results of (a) find the optimal affine non-causal Wiener estimator for s3.

Assume the measurement model

T = aSg + Vg

where s and v are zero mean jointly w.s.s. and uncorrelated, and a is a random variable

independent of s;, having mean y, and variance o2.

(a) Find the non-causal Weiner filter for estimating sy.

(b) Find the MSE of the output of the non-causal Weiner filter. How does it behave as a
function of p, and o2?

(c) Find the causal Weiner filter for estimating s;. Specialize to the case where sy is an AR(1)

process as in Example 29 with pole at —a and where vy, is white noise with variance o2.

For |a| < 1, use the geometric series formula > 7%, c¥zF = 1/(1 —cz), |cz| < 1 to derive the

following two results:
11
2! _ (—a) Traz T =0 (77)
L+az"t) z <0

2 1, [=0
{1+a2}+_{0, >0 (78)

Now apply these results to compute the Z-domain quantity (for [ > 0)

and

Zl
{(1 +az"1)(1 +bz) }+ lal, [b] <1

Let the measurement model be
T = hk * Sk + Vg

where s; and vy, are zero mean jointly w.s.s. and uncorrelated, and Ay is a causal and causally
invertible filter with Z-transform H(z).

(a) Find the non-causal Weiner filter for estimating sy.
(b) Find the causal Weiner filter for estimating sy.
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(c) Compare the results for (a) and (b) to the estimator hj ' * §; where § is the output of
the standard Weiner filter for estimating s; using the measurement model z; = s, + vg
and h; ' is the inverse Z-transform of 1/H(z).

Let the measurement model be as in Example 29
T = Sk + vk

where s; and v, are zero mean jointly w.s.s. and uncorrelated. It is desired to estimate
g = hi * s where hy, is the causal FIR filter with transfer function

Hz) =1+az™', ac(-1,1)

. Assume that « # a # b.

(a) Find the non-causal Weiner filter for estimating gy.
(b) Find the causal Weiner filter for estimating gy.

(c) Compare the results for (a) and (b) to the estimator gy = hy * §; where §; is alterna-
tively the output of the standard non-causal and causal Weiner filters, respectively, for
estimating sg.

The process sy is a zero mean AR(2) process following the recursion
S = 0.8sp_1 — 0.15s;_9 + wi

where wy, is zero mean white noise of variance 1.5 uncorrelated with s;_1,sg_2,.... The
observation is
Ty = Sk + Vg

where vy, is zero mean white noise with variance 0.5 independent of s.

(a) Express the AR(2) recursion in Z-transform domain as Z{s;} = H(z)Z{wy} and use the
input/output PSD relation P4(z) = H(2)H (27 1)Py(z) to determine the PSD Py(z) of
Sk

(b) Find the non-causal Wiener filter for estimating sy.

(c) Find the causal Wiener filter for estimating sy.

TBD

A common multipath model for a communications receiver is that the direct path signal plus
an attenuated and delayed indirect path version of the signal are received in additive white
noise:

T = Sk + bsk,1 + wg,
The objective is to estimate the signal s; given a set of measurements {z}x. In the following
assume that wy, is zero mean white with variance o2, sj is zero mean white with variance

02, bis a constant |b| < 1, and s, wy, are uncorrelated. You can assume that (o2(1 + b?) +
02)/(02b) = 5/2 if that helps simplify your answers to the following.

(a) Find the power spectral density (PSD) P.(e’“) of zy, the cross PSD Py, (e?“) of s; and
xr, and the spectral factorization of P,(z), z € .

(b) Find the optimal non-causal Wiener filter for estimating sg.

(¢) Find the optimal causal Wiener filter for estimating sg.
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6.13 In the derivation of the discrete time Kalman filter we assumed that the state noise w,; was
uncorrelated with the measurement noise v(k). In this problem we generalize the Kalman
filter to the case where E|w,v(l)] = Vidr where 0y is the kronecker delta function. Derive
the Kalman filter equations.

6.14 The measurement equation is given by
T = Sk -+ vk
where s, satisfies the dynamic model (|a| < 1)
Sk+1 = Sk + Wk, S0 = So

and vy, wg, S, are uncorrelated, vy, and wj, are zero mean white noises with variances ag and
a?u, respectively.

(a) Derive the Kalman filter equations.

(b) Derive the steady state state error covariance (variance) Rz(co) def limg 0o Rs(K|K—1)
by setting Rs(k + 1|k) = Rs(k|k — 1) = Rz(o0) in the Kalman error covariance update
formula and solving explicitly for Rz(oc0). Find the corresponding steady state Kalman
gain.

(c) By taking the Z-transform of the steady state Kalman state recursion show that the
Kalman predictor $; ), is the output of a LTI with input zj.

(d) Compare the steady state Kalman predictor previously derived to the causal Wiener
predictor based on the infinite past.

6.15 Let the random sequence {zy} be zero mean and wide sense stationary of the form
Tk = Sk + Uk

where sy is a signal with PSD P, and vy is a white noise. You only get to measure the value
of x; for odd indices k = 2n — 1, n = —o0,...,00. The objective is to estimate s at both
odd and even time instants k. Note that when vy = 0 the problem reduces to "filling in” the
missing (even) data points.

(a) What is the system of Wiener-Hopf equations which must be satisfied by the optimal
linear filter for estimating {s;} from the measurements? Is the solution to this system
of equations time-invariant? If so find an expression for the optimal non-causal Wiener
filter transfer function H(z).

(b) Now assume that sp = asx_1 + wg_1 where |a| < 1 and wy, is white noise independent
of vg. Derive Kalman filter equations for recursively generating estimates 85,12, and
89njon—1 from the past measurements {zox_1}j_;. Does the KF reduce to a linear time
invariant filter as n — oo.

6.16 Derive the minimum mean square error expression (57) for the Wiener filter and use it to
find the MSE of the optimal predictors of Examples 28 and 29.

6.17 In the following three exercises you will explore the extended Kalman filter (EKF) for non-
linear state dynamics. Similarly to Section 6.7.3 of the notes we assume that the observations
yr, obey a dynamical model, except that here we assume that the state can evolve non-linearly
and that the additive noises are Gaussian:

Yk = Skt Uk
Sp = ngk k=0,1,...
§pr = 9(&) + Bruwy
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where g is a possibly non-linear p-dimensional function of the p-dimensional state vector &
vk, and w,, are mutually independent zero mean temporally uncorrelated (white) noises Wthh
are Gaussian distributed with variance o2 and covariance matrix R, respectively. All other
assumptions on the model are identical to those made in Section 6.7.3. Let the posterior
density of the state &, given the observation sequence Y, = {y;, y1—1,...,yo} up to time [ be
denoted f§k\371'

(a) Show that in the linear case (g(§,) = A¢,) the posterior density f§k|yk is Gaussian:
Vi) = ! ! ¢ TR (k|k ¢
fe (& Vi) = R (kIR 27 exp —§(§k = &) Ry (RIR)(E, — &)

where ék‘k is the Kalman filter’s state estimator and Rz (k|k) = E[(¢, — §k|k)(§k — §k|k)T]

is the state estimator error covariance matrix.

(b) Using Bayes formula show that for arbitrary linear or non-linear function g the state

posterior density py(£,) dlef fka)k (€, |Vk) obeys the recursion

fyk+1 |§k+1 (yk+1 |§k‘+1)

pri1 (€)= oo Jeur 16 Ein €)PR(E) (79)

fyk+1|yk (Y11 Vk) §ppalé

where the density hq(u) = (ul¢,) has the form of a multivariate Gaussian density

1€,
Skl
with mean parameter g(& k) and covariance matrix parameter BR,,B” and the density
ho(z) = fyk+1|€k+1( ’£k+1) has the form of a univariate Gaussian density with mean

parameter ¢! ¢ bl and variance parameter o2.

(c) Specialize the recursion (79) to the linear case (g(£,) = A, ) and derive a relation for
. T —1 .

k+1 _§k+1|k+1) Rg (k +1[k + 1)(§k+1 _§k+1|k+1)

exponent on the left hand side of the equation to the exponent on the right hand side

(Hint: completion of the square in the integrand).

the quadratic form (£ by equating the

(d) Using the relation found in part (c) derive Kalman filter equations specifying state estima-

P 2 . . -1 -1
tor updates §k|k — §k+1|k+1 and inverse covariance updates Rg (k|k) — Rg (k+1]k+1)

in the following manner. To derive state update equation take derivative of relation (c)
with respect to § k1 and evaluate the resulting equation at § ol = A¢ e To derive
covariance update equation take second derivative with respect to { 1 You may find
the Woodbury-Sherman-Morissey identity (Eq. (1) of Ch. 2) useful here. The right hand
side of your inverse covariance update equation should be in a simple form involving only

two simple additive terms.

This is a continuation of the previous exercise. Here we apply Laplace’s approrimation to
the posterior distribution to obtain approximate state and covariance update recursions from
(79). Laplace’s approximation asserts that
|Fk|% 1 2 T 2
o) = b e (56, — € PRl ~ &)

where & &y, = Argmaxe fg D’k( | V) is the MAP estimator of &, given past observations )V
and Fk = F(§

k\k) is the p x p observed Fisher information matriz (FIM) where, for u € RP

F(u) = -V.In fe i (Wl Ir)-
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(a) Using Laplace’s approximation, and the approximation g(¢,) = g@k\k) + Vg(ékm)@k -
§ K ), in the integrand of the right hand side of (79), evaluate the integral by completion
of the square.

(b) Using the results of part (a), and an analogous differentiation method to the one you used
in part (d) of the previous exercise, generate a recursion § Wk § K1kt for the MAP

state estimator and a recursion Fy — Fy; for the observed FIM (given your previous
work on part (d) of Ex. 6.17 you should be able to quickly identify the solutions without
much algebra). These equations represent the EKF filter. Represent your state estimator
recursion in a form reminiscent of the Kalman filter, i.e.

§k+1|k+1 = Q(§k|k) + L
where 7 is an analog to the Kalman innovation sequence and I'y is an analog to the

Kalman Gain matrix (but which depends on g K L)

(c) Evaluate the EKF specified by the recursions found in (b) for the case of a scalar (p = 1)
state &, scalar state noise wyg, scalar ¢, and the quadratic plant

g(gk) = aﬁ;%,

where |a| < 1. If the Fisher recursion is initialized by F_; > 0 will the observed Fisher
information remain Fj, positive for all £ > 07

6.19 This is a continuation of the previous exercise. An approach to the EKF which does not
require making the supplemental approximation g(§,) = g(gk‘k) + Vg(gk‘k)@k - §k|k) is to
apply the Laplace approximation to the posterior of the successive pair of states

Qu? 16, ¢ o, -8
o L 2] Sk Skt1R+1 Sk+1 Skt1lk+1
i SR = oy P 2[ &= ] Q'“[ €~ Eu ]

where Qj, = Q(§k+1\k+1’§k|k) is the 2p x 2p observed FIM where, for u,v € R?

2 T
Q(u,m:_[ V2 V[V

VulVJT V2 ]lnffkﬂ,fgyk(u,v!yk).

Find a set of EKF equations by using this approximation and compare to your solution in
part (b) of Ex. 6.18. (You can assume that the state is 1 dimensional if you like).

6.20 Wiener filtering of a signal corrupted by noise which is correlated with the signal: Consider
the system in Fig. 60(a). The observations x(n) are given by

z(n) = s(n) +v(n)

1

Traz 1 \a| < 1) given by

where s(n) is an AR(1) random process (H(z) =
s(n) = (—a)s(n — 1) + w(n)

and v(n) is a noise which is partially correlated with the signal and is given by

v(n) = pu(n) + V1 - pu(n),
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w(n) s(n) "
+
— 5 H(2) o e
(a) Block diagram for question 3 (b) Equivalent diagram for question 3

Figure 60: Block diagrams for question 6.20.

where 0 < p < 1. Both u(n) and w(n) are uncorrelated, zero mean, white noise processes

with variances o2 and o2, respectively. To simplify the problem, an equivalent block diagram

is presented in Fig. 60(b). (Hint H(z) +p = Ha% + p can be simplified as (1 + p) iizzj,
where b = ~Fra).
[(2)]

(a) Non-causal Wiener Filtering: Find the non-causal Wiener filter for s(n) given z(n).
Express the filter in terms of p, H(z), 02, and o2. (There is no need to substitute
H(z)= H_a% yet.)

(b) Explain and interpret what happens when p = 0 and p = 1. Obtain closed-form expres-
sions for the Wiener filter in terms of 02, 02, a, and z (here, substitute H(z) =

1
1+az—1 )
(¢) Causal Wiener Filtering: Consider the case where p = 1. Find the whitening filter for

the causal Wiener filter of s(n) given z(n).
(d) Causal Wiener Filtering: Consider the case where p = 1. Find the causal Wiener filter
of s(n) given x(n).

—_—

Figure 61: Block diagram for question 6.21

6.21 Wiener/Kalman filtering of a moving average (MA) system: Consider the system in Fig. 61.
The observations z(n) are given by

z(n) = s(n) + v(n)
where s(n) is an MA(1) random process (H(z) = 1+ az~ !, |a] < 1) given by

s(n) = au(n — 1) + u(n).
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Both v(n) and u(n) are uncorrelated, zero mean, white noise processes with variances o2 and
o2, respectively.
[(2)]
(a) Non-causal Wiener Filtering: Find the non-causal Wiener filter for s(n) given z(n).
(b) Causal Wiener Filtering:
e Find the whitening filter for the causal Wiener filter of s(n) given z(n). (Hint: find

a similar relationship to the one in question 6.3 on page 148 of the textbook, which
is applicable to this question.)

e Find the causal Wiener filter of s(n) given z(n).
(¢) Kalman Filtering: Derive the Kalman filter for s(n) given z(n). (Hint: choose the state
vector as § = [u(n),u(n — D).

(d) Kalman Filtering: Find the steady state Kalman gain in terms of a, 02, and o2.

End of chapter
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7 FUNDAMENTALS OF DETECTION

Next we treat the problem of detection: this is equivalent to estimation when there are only a
small number of possible values for the unknown parameter 8. Some may argue that detection has
a simpler and more elegant theory than estimation, and this might be true depending on the ”eye
of the beholder.” However, as we will see detection and estimation are closely linked, especially
when there exist unknown nuisance parameters that can confound our detection algorithms.

We will cover the following:

* Optimal detection theory

* Bayesian approach to detection

* Frequentist approach to detection

* Reciever Operating Characteristic (ROC) curves
* Classification theory

REFERENCES
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Bickel and Doksum [3]
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Poor [31]

Helstrom [13]
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Ferguson [6]

Lehmann

Example 31 A motivating radar example

We start with a practical example to motivate the detection theory to come later. Assume that
you make a continuous time measurement x(t) over a time interval [0,7] and you wish to decide
whether x(t) is noise alone

Here we assume

* s(t) is a known signal that may or may not be present
*w(t) is a zero mean Gaussian white noise with known power spectral density level N, /2
*7 is a known time delay, 0 <7 <« T

* fo |s(t —7)]2dt = fo |s(t)|?dt is the signal energy
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* 60 € {0,1} unknown nuisance parameter

The detection objective is to decide whether the signal is present or not, and to do this with
minimum average number of decision errors.

There is a common notation that has been developed for stating the detection hypotheses: "no

signal present” (Hp) vs ”signal present” (H;)
Hy :z(t) = w(t) Hy:0=0
Hy:x(t)=s(t—71)+ w(t) Hy:0=1

Without trying to choose a decision function to optimize any particular detection performance
criterion - we will do this later - two methods of detection could be considered, shown in Fig. 62:

Energy-threshold detector:

Filter-threshold detector

Hy
X(t) = s(t-1)+w(t) T
— 0P f ) @
0
HO
Hy
X(t) = s(t-1)+w(t)
— h(®) /{ Y a0 (b)
t=T
H

Figure 62: (a) energy-threshold detector, (b) filter-threshold detector

ERROR ANALYSIS:
Referring to Fig. 63, there are two types of decision error to be concerned about:

FALSE ALARM: y > n when no signal present
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y(@®

y(® | H,

y(® | Ho

miss fasealarm miss fasedarm t

Figure 63: Repeated tests of radar produce sequence of y;’s. One sequence has signal present (Hi) and one
has signal absent (Hy).

MISS: y < 1 when signal present

We can easily compute the conditional probabilities of these errors when there is no signal present
and when there is a signal present, respectively:

Pr = P(say signal|no signal) = / f(y|no signal)dy
y>n

Py = P(say no signal|signal) = / f(y|signal)dy
y<n
TWO QUESTIONS
Q1: Is there an optimal way of trading off Pys for Pr?
Q2: Can we optimize the filter i(-) in the filter-threshold detector to give optimal tradeoff?

We will defer the answer to Q1 till later. The filter in the filter-threshold detector can be chosen
to optimize a design criterion. As a large overlap of the two densities in Fig. 64 makes the tradeoff
much worse between the two types of error, a reasonable strategy would be to choose the filter
h(-) to minimize this overlap. A measure of the amount of overlap is the deflection

2 |Ey|signal] — E[y|no signal]|?

var(y|no signal)
Large values of d? translate into well separated densities f(y|Ho) and f(y|H;) with low overlap.
Our objective should be to maximize d? and thus minimize the overlap.

We can easily compute the deflection for our radar example. Note that the presence of the signal
produces shift in mean but not in the variance
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f(yHo) f(yHy)

Py n

Figure 64: Miss probability Pyy and false alarm probability Pr for the radar example. Note that decreasing
one type of error by changing the decision threshold n is necessarily accompanied by increasing the other type
of error.

Ely|no signal] = 0
T
Ely|signal] = / h(T —t)s(t — T)dt
0
T
var[y|no signal] = No/2/ |h(t)|%dt.
0

Then, applying the Cauchy-Schwarz inequality

T —t)s(t —7) dt‘ T
> [ <2 [ st—npa
No fo |h(T — t)|2dt No

\—,_z
Jo 1s@®)2=] ]2
with “=" if and only if h(T —t) = as(t — ) for some constant a.

= obtain “matched filter” solution as optimal deflection filter:
h(t)=s(T+71—1)

CASE of s(7) = a short duration ”pulse”
* fOT |s(t — 7)|?dt does not depend on T

* optimal detector can be implemented as:
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X(t) = s(t-1)+w(t)

4’S(T+T-I)J{ d

t=T

Figure 65: SNR optimal receiver implemented as a matched filter reciever for delayed signal in noise.

7.1 THE GENERAL DETECTION PROBLEM

Let’s now turn to the general detection problem. We have the following setup, as before:
X a measured random variable, random vector, or random process

x € X is a realization of X

0 € © are unknown parameters

f(x;0) is p.d.f. of X (a known function)

Two distinct hypotheses on 6

0Oy or 0cO;

Og, O©1 is partition of © into two disjoint regions

OpUB =0, 6N = {empty}

NOTATION:
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Hyp

X(0) = S0 () T
A
) Mo

Figure 66: SNR optimal receiver implemented as a correlator reciever for delayed signal in noise.

f(yH,)

Figure 67: Detection probability Pp = 1 — Py for the radar example.
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Figure 68: The detector must decide on the region of © that contains the unknown parameter 6.

Hy:0€ 0 HotXNf(ﬂj';g), 0 € O
<~
Hi:0e€ 06, Hy: X ~ f(x;0), 0 €6,

Hy: the null hypothesis, noise alone hypothesis
Hi: the alternative hypothesis, signal present hypothesis

As the true hypothesis is not under our control it is often called the ”true state of nature.”

7.1.1 SIMPLE VS COMPOSITE HYPOTHESES

When 0 can take on only two values and ©g and ©1 are singleton sets, the hypotheses are said to
be simple.

© = {00,601}, O¢ ={0b0}, ©1={61}.
In this case the p.d.f. f(x;0) is completely known given either Hy or Hq

If the hypotheses are not simple then at least one of ©1 or Qg is not a singleton and is said to be
composite. Simple hypotheses are much easier to deal with and one is lucky to encounter them in
practical problems!

7.1.2 THE DECISION FUNCTION

Detection objective: design a decision rule (test function)

b(x) = 1, decide H;
~ | 0, decide Hy
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The test function ¢(z) maps X to the decision space {0,1} for deciding Hy and H;. The function
¢(x) induces a partition of X’ into decision regions

Xo=Az: ¢(x) =0}, A1 ={x:¢(x)=1}

ox)

Figure 69: Test function separates measurement space into two decision regions Xy and Xy (the region under
the raised platform).

FALSE ALARM AND MISS ERRORS

False alarm and miss probabilities associated with the test function ¢ can be expressed simply:

Pr(8) = Egld] = /X o(x) [ (z:0)dz, 6 € O,

Par(0) = B[l — ¢] = /Xu — o(2)]f(z:0)dw, 0 € O,

where in the expectation expressions the reader must interpret ¢ = ¢(X) as a random variable.
Equivalently

Pr(0) = f(x|0)dz, 6 € O
Xy

PM(H) = 1- Xf(l‘|(9)d$, 0 e
1

The probability of correctly deciding H; is called the (correct-) detection probability:

1-— PM(G) = PD(Q) = E9[¢], 0 € 6,

We give separate treatment for case of random and non-random 6
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Figure 70: Illustration of decision regions xo and x1 for deciding Hy and Hy for an observation x in the plane.
Also shown are constant contours of the Hy and Hy densities f(x;00) f(x;61). False alarm probability Pr is
integral of f(x;60p) over x1, miss probability Pyy is integral of f(x;01) over xo, and detection probability Pp
is integral of f(x;01) over x1.

7.2 BAYES APPROACH TO DETECTION

There are three elements involved in taking a Bayesian approach. One must:
1. Assign a prior f(6) density for 6

2. Assign a cost or risk to wrong decisions

* ¢;; = cost of deciding H; when Hj is true

3. Find and implement decision rule which has minimum average risk

7.2.1 ASSIGNING PRIOR PROBABILITIES

Obtain prior probabilities on Hy, H;

P(Hy) = P60 = [ f@)is

P(H) = PO = [ o)

with P(Ho) + P(H;) =1

In this case we can compute conditional p.d.f.’s given Hy and H; by integrating over 6

Jo, f(l0)f(0)do

f alHo) P
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Jo, f(x10)f(0)d0
P(Hy)

f(x|Hy)

7.2.2 MINIMIZATION OF AVERAGE RISK

We first define the cost or risk matrix:
C— i co |
Co1  Coo

We will assume throughout that c; < ¢;;, i.e. the cost of making a correct decision is less than
that of making an incorrect one. The actual cost incurred for a given realization of X, which
we will call C, is a function of the outcome ¢(X) of the test and a function of the true state,
Hy or Hy, of nature. The cost C' € {ci11, 10, co1, 00} is therefore a random variable and we can
seek decision rules that minimize its average value, called the ”average risk” associated with the
decision function.

We adopt the following “Bayes” design criterion: Select ¢, equivalently Xy and X}, to minimize
average risk, equal to the statistical expectation E[C] of the incurred cost C

E[C] = cHP(say Hl‘Hl)P(Hl) + cogp(say Ho‘Ho)P(Ho)
+010P(say H]_|H0)P(HO) + 001P(Say H0|H1)P(H1) (80)

Define the Bayesian false alarm and miss probabilities

Pr = f(xz|Ho)dx = P(say Hi|Hy)
Xy

(81)

PM = 1- f(a:\Hl)d:c:P(say H()’Hl)
X1

These differ from the probabilities Pr(0) and Py, (6) defined above since they denote error proba-
bilities that involve averages of § over ©g and O;. With these definitions we can express (80) in
equivalent form

E[C] = Cgop(Ho)—i—CllP(Hl)

+[co1 — c11)|P(H1) Py + [c10 — coo] P(Ho) Pr

Observe: E[C] linear in Py, Pp, P(Hy), P(Hp) for any fixed decision rule ¢. This will become
important when we start comparing performances of different decision rules so take note!

7.2.3 OPTIMAL BAYES TEST MINIMIZES E[C]

Using the integral representation (81) allows us to rewrite E[C] explicitly as function of decision
region A7

E[C] = cooP(Ho) + co1 P(Hy)
" /X (lexo — coolP(Ho) f (2| Ho) — [eor — en) P(H:) f (x| Hy)) de
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The solution is now obvious: if we had a choice to assign a candidate point x to X7 we would
choose X; only when it decreased the average risk, i.e., made the integrand negative. Thus, assign
T to A7 if

[c10 — coo] P(Ho) f(x[Ho) < [cor — cu]P(H1) f (x| Hy)

and assign = to Xy otherwise.

When c19 > ¢gp and ¢p1 > ¢11 the optimal test is therefore the Bayes likelihood ratio test (BLRT)

 fE) T
Ap(z) == Flal ) z

where 7 is the optimal Bayes threshold

_ le10 — coo) P(Ho)
 [eor — en1]P(Hy)

The random variable Ag(X) is called the Bayes likelihood ratio test (BLRT) statistic. Note that
the costs and the prior probability p = P(Hp) = 1 — P(H;) only influence the BLRT through the
threshold 7, the Bayes likelihood ratio statistic Ag(x) does not depend on p.

7.2.4 MINIMUM PROBABILITY OF ERROR TEST

Consider the special case of cog = ¢11 = 0 and cg1 = ¢19 = 1. This turns the average risk into the
prob. error criterion

E[C] = PyP(H))+ PpP(Hy) =P,
which is minimized by the LR test

flalHy) 0 P(H)
f(z|Ho) 5 P(Hi)

Using Bayes rule you can easily see that this is equivalent to the “Maximum a posteriori” (MAP)
test

P(Hle) 2
P(Holz) 5

7.2.5 PERFORMANCE OF BAYES LIKELTHOOD RATIO TEST

To simplify notation we define C = E[C]. Let the minimum of risk C, attained by the BLRT, be
denoted C*

C" = coP(Hy) + c11 P(Hy)
+leor — e P(H1) Pyr(n) + [e10 — cool P(Ho) Pp(n)

where

Pp(n) = P(Ap>nlHo), Py(n) = P(Ap <nlH).
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Viewing C" = C" (p) as a function of p, the minimum risk describes a performance curve (Fig. 71)
as a function of p = P(Hp) that is called the minimum risk curve. Note that this curve does not
specify the performance of any single test function as a function of p; recall that the average risk of
any specified test is linear in p. Rather it specifies the risk that would be attainable if the different
optimal BLRT’s were implemented for different values of p, i.e. different BLRT thresholds. Thus
the minimum risk curve prescribes a lower bound on the average risk attained by any test for any
value of p.

Ol

C'(p)

unachievable region

1 P=pHo

Figure 71: The minimum risk curve associated with optimal BLRTs specifies an achievable lower bound on
average Tisk of any test.

7.2.6 MIN-MAX BAYES DETECTOR

In many cases the true value of p is unknown to the experimenter or designer of the test. Therefore,
the optimal threshold of the BLRT cannot be implemented. As any specified test, even a BLRT
with fixed threshold, has a linear average risk it might incur an unacceptably large average risk as
p approaches either 0 or 1 (see straight line in Fig. 72). A sensible alternative in such a situation
is for the designer to adopt a minimax strategy: if nature gets to select the true p then we should
select a test to minimize worst case average risk

6177/L'ni7mwc = 6
sy O )

It is intuitively obvious from Fig. 72 that the minimax test must be an optimal Bayes test, i.e., a
test whose average risk line is tangent to the minimum risk curve, implemented with a threshold
n* which makes C a horizontal line, i.e. the slope of C should be zero. Thus we have the following
minimax optimality condition

C = [coo(1 = Pg(n)) + cr0Pi(n) — c11(1 = Pyr(n)) — cor Pr(n)] p
=0
+c11(1 = Pyy(n) + co1 Py (n)
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msx Co(p)
()
C p-(P) =Crimna(p)
_C®
0 p* 1 p=p(Hy)

Figure 72: Power curve of any fixed test ¢ is a straight line. The minimax optimal test ¢* has a horizontal
power curve which is tangent to the minimum risk, denoted c" (p), at its maximum.

where Pj(n) and Pj;(n) are the Bayesian false alarm and miss probabilities of the BLRT imple-
mented with threshold 7.

In the special case C = P.: cop = c¢11 = 0, ¢19 = co1 = 1 we obtain the minimax condition on the
MAP test:

C = [Pr(n) = Pi(n)] p+ Pir(n)

=0

This implies that 1 should be selected so as to ensure the “equalization” condition is satsified
Pp(n) = P(Ap > n|Ho) = P(Ap < n|H1) = Py/(n).

Denoting this minimax value of n as n*, and noting that the designer can choose a threshold by
choosing (guessing) a value of p, the minimax threshold is related to a minimax choice p* through
the relation n* = p*/(1 — p*).

7.2.7 EXAMPLES

Example 32 Radar example revisited

Objective: Given the matched filter output y find the Bayes optimal detector.
1. Assume that P(Hy) = P(H;) =
2. Recall that y is

1
2

T
y:/o s(t)z(t)dt
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which is a realization of a Gaussian random variable Y having means and variances

E[Y|Ho] = 0, var[Y |Ho] = No/2 [i |s(t)?dt = oF
E[Y[H\] = [y |s(t)2dt = 1, var[Y|Hi] = N,/2 [ |s(t)dt = o3

Bayes LR test is

Q(ZJ M1)2
\/27rcr
AB(y) = . —%gﬂ
200
\/27r0'0

Hy
= eyﬂl/"o sui/og z n=1
Hy

LR test statistic Ag(Y') is a monotone function of ¥ since p; > 0.
Equivalent test is filter-threshold detector

Hy

Y 2 y=3m

Hy

Performance of Bayes LRT for radar example

Pr = P(Y>’}/‘H0)

= P(Y/oo > v/oo|Hp)
~——
N(0,1)
0 1 2

— - -u /2d

/Y/Uo \/ﬂe ¢
= 1-N(y/oo) := Q(v/00)

and

Py = P(Y <~v[H)
= P((Y —pm)/og > (v — p1)/oolHr)
~———
N(0,1)
= N((v—1)/00)

Note: since standard Gaussian p.d.f. is symmetric

N(=u) =1-N(u)
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| cdf
0.8 N(u) /
0.6 J

pdf
0.4 | N(-u)=1-N(u \ '
0.2 /

Figure 73: CDF N (u) of symmetric Gaussian density

and thus, since v = u1/2

Py = Pr =1~ N(u/00)

Conclude: the Bayes threshold v is actually minmax!

Therefore the probability of error reduces to

P = Pyi+ Pri

7.3 TESTING MULTIPLE HYPOTHESES

We measure x having conditional p.d.f. f(z|0)
*0eo
Consider partition ©1, ..., 0, of parameter space

OBJECTIVE: To test M hypotheses on 6

Hi:606 ¢ 064

Hy :0 € Oy
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f(yIHo) f(yHy)

Y=R

Figure 74: Equally likely hypotheses have minmaz threshold v = Ly for problem of detection of shift in mean
of a Gaussian r.v.

1-F\y(0) =051

1-Fy(1)=0.15

x

O Hy

Figure 75: Error probability curve of Bayes LRT as function of uy = ||s||?.
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>/

/

\\\\ \\

Figure 76: Partition of © into M different regions

2
R

2

7

-

DECISION FUNCTION:

() = [p1(2), ..., drr ()"

where
M
¢i(z) € {0, 1}, > di(z) =1
i=1
NOTE: decision function specifies a partition of measurement space X into M decision regions

Xi=A{x:¢i(x)=1}, i=1,..., M

BAYES APPROACH: has three elements:
1. Assign a prior f(6) density for 6

2. Assign costs to wrong decisions

cij = cost of deciding H; when H; is true

3. Find and implement decision rule which has minimum average cost

7.3.1 PRIOR PROBABILITIES

Obtain prior probabilities on H;, i =1,..., M

P(H) = P(0e0;) = / 1(60)do
0;
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Figure 77: Partition of parameter space into M hypotheses is equivalent (via the test function ¢(x)) to partition
of X into M regions.

with "M P(H;) =1

We now have conditional p.d.f.s

Jo, f(x10)f(6)do

f(z|H;) = P

= Thus we have reduced the composite hypotheses above to the following simple hypotheses

H1 : X ~ f(.’L'|H1)

Hy: X ~  f(z|Hy)

where H; has prior probability P(H;)

7.3.2 MINIMIZE AVERAGE RISK

€11 - M
cCM1  CMM

Design Criterion: Select ¢, equivalently {X;},, to minimize average risk E[C] = C

Cost or risk matrix is now M x M:

C:
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M
C = ) cyP(say HilHj)P(H;)
i,j=1
Specialize to case
* Ci; — 0
Yoy =1,1#]
Then we have C = P,
C = Y P(say Hi|H;)P(Hj)
ijii
= 1- Zm:i:jp(say H,|H;)P(H;)

M
- 1_;/;¢f(xHi)dx P(H;)

Observe: to make C as small as possible

ved; < f(z|H)P(H;) > f(x|H;)P(Hj), j#i

Or in terms of decision function:

Shorthand notation

H; = H;(z) = argmaxy {f(«|H;)P(H;)}
This is equivalent to the “MAP” rule

~

H; = argmaxy, {P(H;|z)}

REMARKS:
* MAP decision rule minimizes average P,

* Minimum average P, is equal to

182



STATISTICAL METHODS FOR SIGNAL PROCESSING (©Alfred Hero 1999

* MAP decision rule on z depends only through LR = sufficient statistic
* For equally likely H;, P(H;) = 1/M and MAP test is of form

A

H; = argmaxy {f(z|H;)}

which should be read: “estimate H; = Hy if f(x|Hy) > f(z|Hp).” This can be interpreted as the
“Maximum likelihood” estimate of true hypothesis H;

Example 33 Classifier of Gaussian Means

* X =[Xy,..., X, areiid. N(u,o0?)
* g2 is known

OBJECTIVE: classify @ among three possible values

Hy:p = m
Hy:pp = po
Hy:p = ps3

Assume equally likely hypotheses
We know that MAP classifier depends on the X only through sufficient statistic for u:

Y = n_l zn: Xl
i=1

which is Gaussian with mean p and variance o /n.
Therefore, the MAP test is of form:
Decide Hy, iff

F(X|Hy) > f(X|Hj)

where

\/27:0% exp (—%;/n (X - /%)2)

or eliminating common factors and taking logarithm

f(@|Hy) =

X — 113 > Xpj — 3412

M .

[NIE

= Linear decision regions!
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Concrete example: 3 = —1, uo = +1, uz =2

Plot 3 lines as a function of X to find the decision regions:

X = {X:X<0}
X, = {X:0<X<3/2}
Xy = {X:X>3/2}

These are regions separated by hyperplanes in X = R™.

2 /11 312
-2

2

Figure 78: For three hypotheses on Gaussian mean the decision regions are specified by intersections of three
lines y =Ty — %ui, k =1,2,3, which are graphed here over domain T (incorrectly labeled T; ).

7.3.3 DEFICIENCIES OF BAYES APPROACH

* Requires assigning prior to 6, Hy, Hy, ...
* Only ensures best average performance w.r.t. selected prior

* Provides no guaranteed protection against FA, M

7.4 FREQUENTIST APPROACH TO DETECTION

Alternative criterion: constrain FA and minimize M.

We will need to extend the test function to allow randomization:

1, say Hj
¢(x) = ¢ ¢q(z), flip a coin w/ prob Heads (H;) = q(z)
0, say Ho
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Note, we have interpretation:

¢(x) = P(say Hi|observe x)

False alarm probability and detection probability are functions of 6

= oo ={ 10 58

Definition: A test ¢ is said to be of (FA) level a € [0, 1] if

Pr(0) <
max Pp(0) < a

Definition: The power function’ of a test ¢ is
B(0) = Pp(0) =1—Pu(0), 0€6;

7.4.1 CASE OF SIMPLE HYPOTHESES: 6 € {0y,0,}

Ho: X ~ f(x;60)
H1 X ~ f((L',Ql)
Neyman-Pearson Strategy: find most powerful (MP) test ¢* of level «:

Ep, [¢*] = Ep,[¢]

for any other test satisfying Epy,[¢] < a.

Lemma 1 Neyman Pearson Lemma: The MP test of level a € [0,1] is a randomized LRT of
the form

" (z) =14 4 fgx;91)=nf(w;00) (82)
f . .

where n and q are selected to satisfy

Epy[07] = a
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Proof 1 of NPL: uses Kuhn-Tucker theory [24] of constrained maximization

The MP test maximizes power Ep, [¢(x)] subject to constraint Ey,[¢(z)] < «. This constrained
estimation problem is equivalent to maximizing the constrained objective function

L(¢) = Eg, [¢(x)] + 1 (o = Eg, [p()])

where 7 > 0 is Lagrange multiplier selected so that solution ¢* satisfies constraint Epy,[¢] = a.

Now the power can be expressed via the LR transformation for expectation, also known as the
” Girsanov representation:”

Ey, [¢(z)] = Eq, [gb(x)m]

(2 60)
and hence:
f(z;01) )}
L(¢) = E, T - + na
(@) = B |0(0) (F 2255~ )|+
Which yields the randomized LRT (82) of NPL. o

Proof 2 of NPL: more elementary

Need show that for ¢ arbitrary, ¢* satisfies

E91 [¢*] > E91 [¢]7 when E90 [¢*] =a, E90 [¢] <a

Two steps:

Step 1: Show by enumerating all possible cases of >, < and = between the terms on RHS and
LHS

¢ () f (2 01) — nf (x;600)] = ¢(2)[f (x;61) — nf(2;60)] (83)

Step 2: integrate (83) over all =

| 6 @U@0 —nf@olde > [ o@)l(w:0r) ~nfio0)de

_ / 6% (2) (: 0:)da /X ¢"(2) f (x: Bo)

Eo, [¢*] Egq[¢*]
/ () (2;61)dz — / 6(2)f (x; 60)dx
X
E91[¢7] E90[¢]

Hence
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Eg, [6%] = Eg, (0] = 1(Ep,[¢"] = Eoo[¢]) 2 0

= Sa

Which establishes NPL. o
RESOURCE ALLOCATION INTERPRETATION OF MP TEST

f(z;00) = current value of security x

f(x;61) = future value of security =

¢(x) = decision whether or not to invest in security z

« = total available dollars for investment

[ = total future value of investment

NPL says simply: it is best to invest a$ in the securities which have the highest returns f(z;61)/f(x; 6p).

Current price  Future price %Gain

Figure 79: Future value, current value, and relative return of a set of securities X

GENERAL REMARKS CONCERNING MP TESTS
Remark 1. shorthand LRT notation

Hy

A(x) = f(x;01)/f(z;600) 2 1
Hy

Remark 2. Pp of MP test is (A denotes A(X))

Pr = Ey,[¢"(x)] = Pg, (A > n) +qPp, (A =n)

1—Fa(n|Ho)

Randomization must be performed only if Py, (A > 1) has jump discontinuites.
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Otherwise ¢ can be set to zero and randomization is not necessary.

Jump discontinuities occur when A = A(x) is not a cts random variable

1- Fan ©=P(A>t[Ho)

Figure 80: Randomization is necessary to attain a level o when 1 — « is not in the range of values of the cdf
of A.

Remark 3. LR is identical to Bayes LR for simple hypotheses

Remark 4. Unlike BLRT threshold 7 is specified by only one quantity «.

Remark 5. If T'=T'(X) is a sufficient statistic for §, LRT depends on X only through T'(X)

Indeed if f(X;0) = g(T,0)h(X) then

A(X) = g(T,61)/9(T’ o) = A(T)

Conclude: can formulate the LRT based on p.d.f. of T" instead of the p.d.f. of entire data sample
X.

7.5 ROC CURVES FOR THRESHOLD TESTS

All threshold tests have Pr and Pp indexed by a parameter 7.

The Receiver Operating Characteristic (ROC) is simply the plot of the parametric curve { Pr (1, q), Pp(1,q)) }n.q-
Equivalently, ROC is the plot of 8 = Pp vs a = Pp.

PROPERTIES OF ROC’S

1. ROC for coin flip detector (¢(z) = g independent of data) is a diagonal line with slope =1

a=Pp = Epl¢]=
B = Pp

I

S

=
I
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B ROC

Figure 81: A typical ROC curve.

1 T Chanceline

Figure 82: ROC curve for coin flip detector.
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2. ROC of any MP test always lies above diagonal: MP test is “unbiased” test

Definition: a test ¢ is unbiased if its detection probability 5 is at least as great as its false alarm
a: > a.

1 Chanceline

/ Bad ROC

Figure 83: ROC curve for MP test always lies above diagonal.

3. ROC of any MP test is always convex cap (concave).

To see concavity, let (aq, 1) be the level and power of a test ¢1 and (ag,32) be the level and
power of a test ¢o. Define the test

¢12 = pp1 + (1 — p)po

This test can be implemented by selecting ¢; and ¢ at random with probability p and 1 — p,
respectively. The level of this test is

12 = Eo[¢12] = pEo[p1] + (1 — p) Eolga] = par + (1 — p)aa
and its power is similarly

B2 = Ei[¢12] = pfi + (1 — p)fa

Thus, as p varies between 0 and 1, ¢12 has performance (a2, 312) which varies on a straight line
connecting the points (aq, 51) and (az, B2).

4. If ROC curve is differentiable, MP-LRT threshold needed for attaining any pair (o, Pp(«)) on
ROC can be found graphically as slope of ROC at the point «.

d
= 7P
n=a- ()

5. When the hypotheses Hy and H; are simple, the MP-LRT threshold that attains minmax P,
can also be found graphically by intersection of line Py =1 — Pp = Pr and ROC.

Example 34 Test against uniform density
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Better ROC
B Bad ROC

1 s Chanceline

B \

Figure 84: ROC of any MP test is always convex cap. A test with non-convex ROC (thick line) can always
be improved by randomization which has effect of connecting two endpoints ((a1, 1) and (ag,B2) on ROC by
straight line.

B ROC

1 s
]
Slope=n :
1
1
1
1
1
1
1
|
1

o desired 1 ¢

Figure 85: Threshold of MP-LRT can be found by differentiation of ROC curve.
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B ROC

o =Pf=Pm=1- 3

Minmax o 1

Figure 86: Threshold of min-mazx Bayes test can be found by intersection.

Two hypotheses on a scalar r.v. x

Hy: f(z) = fo(z)

Hy: f(z) = fi(z)

where fp and f; are two densities shown below
Objective: find the MP-LRT

Solution:
LRT is
fi) T
Alx n
(@) folx) 5
or equivalently
Hy
fitz) 2 nfo(x)
Hy

From figure it is obvious that for a given n the H; decision region is

o[ <a<i-way, 0<n<2
1= empty, o.w.

Setting threshold

192
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f
£, 1(%)

Figure 87: Two densities to be tested

f1(¥)

fo(X)

nia X, 14

Figure 88: Region X| for which MP-LRT decides Hy are set of values x for which triangle exceeds horizontal
line of height n.
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Select n to meet constraint Pr = a.
FIRST: attempt to set  without randomization (¢ = 0).
Assume 7 € [0, 2]

1-n/4
a = P(X € Xi|Hy) = / fo(z)dz
n/4
= 1-n/2
Hence required 7 is simply
n=2(1-a)
and we see that no randomization is required.
Power of MP-LRT is:
1-n/4
Pp = P(X€X|H)= // Fi@)dz
n/4

— 2 fl(m)dx:2/2 dxdr
n/4 n/4

= 1-n?/4

Plug in level « threshold 7 = 2(1 — «) to power expression to obtain the ROC curve

f=1-(1-a?
Example 35 Testing for an increase in rate 0 of Poisson arrivals

xT

X ~ f($;0):9—'e_0, x=0,1,...
x!

Objective: to find MP-LRT of

H029 = 90
H129 = 91

for 61 > 6y >0
Solution: MP test is LRT

194
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Figure 89: ROC curve for uniform vs. triangle pdf example.

61 xT H1
A(x) = <90> efo—01 z n
Ho

Since “In” is monotone increasing, and 61 > 6y, MP-LRT is equivalent to linear test
H,
x z v
Hy

where (immaterial for MP-LRT) v = %

First try to set threshold v without randomization:

a= Py (X >7v)=1-"Pog,(7)

where Pog(-) is the CDF of a Poisson r.v. with rate 6.

Note: as Poisson CDF is not continuous only the following values are attainable without random-
ization

ac{ot2y, a;=1—"Pog(i)

If o # a; for some i we need randomize by selecting v, ¢ to satisfy:

a= Py (X >7)+ qPp(X =)

Solution to randomization threshold for Poisson example:

Assume « € (a4, a41). Set



STATISTICAL METHODS FOR SIGNAL PROCESSING (©Alfred Hero 1999

Fx(XIH) =P(X < x|H.)

o
1- ;- o—o :
1-a+ ‘ :
1- Qg —
X
0 1 2 4 5

Figure 90: CDF of LR test statistic for testing increase in Poisson rate is staircase function

y=7% = 7309_01(1 — )
which gives Py (X > v*) = oy
and Py (X =~v*) = ajy1 — o
giving

a=a;+q(ait — o)
remains to solve this equation for ¢:

. o —
Qjp1 — O

Power of randomized MP-LRT is:

Pp = Py, (X >7") +q¢"Pp, (X =77)

Example 36 On Off keying (OOK) in Gaussian noise

H()ZX = W
H:X = 1+W

where W ~ N7(0,1). The LR statistic is

196
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Figure 91: Power curves of LRT for detecting an increase in rate of a Poisson r.v. The smooth curve is the
(randomized) MP test while the staircase curve is the non-randomized LRT.

Ver
We will compare Bayes LRT , MP-LRT and minmax LRT
1. Min P, (Bayes) test for equally likely Hy, Hy (n =1):

r Z Inn+1=1

2. Minmax test:

Hy
T z Innp+1:=
Hy
Where A is chosen to satisfy

Pr=1-N\) =NA\-1)=Py

Solution A = 1 is obvious since N'(—z) =1 — N (z):
3. NP test:

T A

H,
>
<

Hy

where o = P(X > A Hp) =1—N(X) or
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f(x.0)

/

f(x;1)

/

Figure 92: Densities under Hy and Hy for on-off keying detection.

A=N"11-0a)

ROC curve is obtained from Pp = P(X > A\H;) =P(X —1>X—1]H;) =1—N(X—1) so that,

substituting A\ expression above,

B=Pp=1-NA-1)=1-NN"11-a)-1)

Performance comparison:

Specifying FA level o = 0.001 we obtain for MP-LRT: A = 2.329

X Pr Pp P,
Bayes 0.31 0.69 0.31
Minmax 0.31 0.69 0.31
NP 0.001 0.092 0.5

7.6 EXERCISES

7.1 A proprietary binary hypothesis test ¢ is implemented in a software package which you are
considering purchasing based on a trial examination period. You run several experiments and
obtain the following table of probabilities of detection 3 vs. false alarm «

o
0.1
0.3
0.5
0.7

&
0.2

0.4
0.8
0.9

Comment on the quality of this test. Could you improve on this test? If so specify the

improved test and compute its ROC curve.
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B
1
07 Bayes
0.13 X NP
001 031 1 «a

Figure 93: ROC curve for Gaussian OOK example.

7.2 Let Z be a random variable with values in the interval [—1, 1] having density function

1 3
po(z) = 3350 (02* +1)

where 6 > 0. Note 6 controls the deviation of pg from the uniform density pg. You are to
test Z against non-uniformity given a single sample Z.

(a) Assuming priors p = P(H;) = 1 — P(Hy) (note this is opposite to the convention of this
chapter) derive the minimum probability of error (MAP) test for the simple hypotheses
Hy:0=0vs. Hy :60 =01, where 0 is a fixed and known positive value.

(b) Find an expression for the ROC curve and plot for 6; = 0, 1, 10.

(¢) Now find the form of the min-max test. Show how you can use your answer to part b)
to graphically determine the min-max threshold.

(d) Derive the MP test for the same simple hypotheses as in part (a).
7.3 Let Z be a single observation having density function
po(z) = (20z+1—90), 0<2<1
where —1 <0 <1.
(a) Find the most powerful test between the hypotheses
HO :0=0
H1 :0=1

Be sure to express your test in terms of the false alarm level « € [0,1]. Plot the ROC
curve for this test.

(b) repeat part (a) for Hy : 6 = —1.

199
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7.4 Tt is desired to test the following hypotheses based on a single sample z:
3

Hy $Nf0($)25$2,*1§l‘§1
3
Hy fol(JU):Z(l—xQ)a—leSl

(a) Under the assumption that the prior probabilities of Hy and H; are identical, find the
minimum probability of error (Bayes) test.

(b) Find the Most Powerful test of level a € [0, 1].
(c) Derive and plot the ROC curve for these tests.

7.5 Let f(x|Hp) and f(x|Hi) be densities of an observed r.v. x and assume that the likelihood
ratio A = f(z|H1)/f(x|Hy) has corresponding densities fa(A|Hp) and fa(A|H1) under Hy
and Hj, respectively. Show that the slope df/da at a point « of the ROC of the LRT is equal
to the threshold 7 attaining level . (Hint: show that df/da = fa(n|H1)/ fa(n|Ho) and then

apply fa(u|Hg) = f{x:A(x):u} f(z|Hg)dz, k =0,1.)

7.6 Let a detector have the ROC curve {(a, ) : a € [0, 1]} where the power function § = ((«)
is a function of the false alarm level «o. The area under the ROC is defined as

AUC = /1 B(a)da
0

The AUC is frequently used as an alternative to the power function to assess the performance
of various detectors. Assume simple hypotheses and invoke properties of ROCs in answering
the following questions.

(a) Show that among all tests the MP LRT maximizes AUC.
(b) Show the following inequalities for the AUC of a MP LRT

1
5 SAUC< () <1
(c) Show that for any LRT whose ROC f(«) is differentiable in «
1
AUC=1 —/ an(a)da
0
where n = n(«) is the LRT’s threshold attaining the false alarm level a. When com-

bined with (b) this implies the interesting result for LRT’s: as the integral is bounded
lim,,o(an) = 0, i.e. a decreases to zero faster than n(«) increases to oco.

End of chapter
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8 UNIFORMLY MOST POWERFUL TESTS AND ALTER-
NATIVES FOR COMPOSITE HYPOTHESES

The case of composite hypotheses, i.e., unknown parameters under either Hy or Hj, presents
challenges. But these challenges must be met as we rarely know all of the parameters that can
describe the distributions under these hypotheses. Unfortunately, there seldom exists a test which
is most powerful for all values of the unknown parameters. However, there are other strategies we
can take to design tests whose performance is robust to these unknowns. Here we will cover the
following topics:

* Uniformly most powerful (UMP) tests
* Min-max tests

* Locally best tests,

* CFAR tests

* Unbiased tests

* GLR tests

REFERENCES

Van Trees [43]

Lehmann [21]

Ferguson [6]

8.1 UNIFORMLY MOST POWERFUL (UMP) TESTS

For simplicity, consider a simple null hypothesis with composite alternative

H(]:Q = 90
H1:9 S @1

Note that for good detectors Pp = Pp(f;) varies as function of 6; € ;. Recall that ¢ is of level
o if

Pp = Ep,[¢] <

A false alarm constrained uniformly most powerful test (UMP) is a test which is MP for any and
all values of 0 € ©q, i.e., it is more powerful than any other similarly constrained test (Fig. 94).
We give a formal definition below

Definition: a test ¢* is a uniformly most powerful (UMP) test of level « if for any other level «
test ¢
B°(0) = Ep[¢*] > Egl¢p] = 5(0), for all § € O;.

There are two steps for discovering a UMP when it exists and, short of this, establishing that a
UMP does not exist:
Step 1: Fix 6 € ©1 and find MP test of level «

Step 2: if decision regions of this MP test do not depend on our choice of # € ©1 then the MP
test is actually UMP over 6 € ©1.
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2C)

//g

B(®)

Figure 94: Power curve 3*(0), 0 € ©1 of a UMP test is uniformly higher than that of any other test of the
same level a.

Example 37 Tests of mean in Gaussian sample with known variance
X =[Xy,..., X7 iid., X1 ~N(p,0?), 0% is known.

Three cases of interest:

Hy:p=0 Hy:pp=0 Hog:p=0
Hi:p>0 Hi:p<0 Hi:u#0

Case I Case 11 Case IIT

Step 1: find LRT for fixed p under H;
It suffices to work the problem based on a sufficient statistic 7' = X for u. We know:

X ~ N(0,6%/n), under Hy
X ~ N(u,0%/n), under Hy
therefore,
_ (X —p)?
Ay = 15 _ P (_ 27 )
= = i
FX50) exp (_ggﬁ)

np nlu2 H,
exp ( o2 252 ) Ijo n

For clarity, our notation explicitly brings out the dependance of the likelihood ratio on . Note
that A(u) is monotone increasing in uX so that one form of the MP-LRT is
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(%)

CASE I: Single sided alternative Hy : 1 > 0

H;
>
< 7
Hp

In this case p can be absorbed into RHS without changing inequalities:

T - YiX T

>
X z 7
o >
or equivalently, MP-LRT is the linear detector
n Hy
Y Xi Z A =q"Vad
i=1 Ho
Hy
X
o 4 S
/]
Ho

Figure 95: Optimal detector for positive Gaussian mean is a memoryless linear device followed by a summer
and decision mechanism.

Next we must set threshold:

Since we know X ~ N(0,02/n) under Ho:

a=PR(/nX/o>y") = 1-N(H")
N——
N(0,1)

YT=NT1-0)



STATISTICAL METHODS FOR SIGNAL PROCESSING (©Alfred Hero 1999 204

Final form of MP-LRT for H; : u > 0 reveals that it is UMP against unknown positive p

yd:ef\/ﬁi h

-1
. 2 N (1-a
Ho
Equivalent form in terms of sample mean statistic
oo :
X Z —=N'(1-«)
<
m Y
Equivalent form in terms of sum statistic
n Hy
ZXi > VnoNT'(1-a)
i=1 Ho
f(y;0)=N(0,1) f(y;1) = N(/n p/o,1)

Figure 96: Threshold v+ of MP-LRT for Hy : p =0 vs. Hy : pu > 0 in i.i.d. Gaussian with known variance.

f(y;0) and f(y;1) denote the densities of y = Vi X nder Hy and Hy, respectively.

(e

Power of single sided test:
Since X ~ N (u,0?/n) under Hy

B = P VaXjo >+7)
———
N(/np/o, 1)

-

= 1-NWN'1-a)-d)
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where d is the positive detectability index

g = Y
o
_|E[T\H] - EIT|H,)
varg (7))
d=5
B
L d=1

Figure 97: The ROC curve of MP-LRT for Hy : p = 0 vs. Hy : p > 0 for n i.i.d. Gausstan with known
variance for various values of d.

CASE II: Single sided alternative Hj : pn < 0
Recall that the MP LRT for fixed p has the form

H
vnX O
o < 7
Hop
This is now equivalent to
<  H
vnX 0
o < 7
H,

Setting threshold:

or now
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Figure 98: The power curve of MP-LRT for Hy : p = 0 vs. Hy : p > 0 for n i.i.d. Gaussian with known
variance plotted as a function of d > 0

v =N"Ya)=-N"11-a)

Again we see MP-LRT is UMP against unknown negative

Power curve for p < 0 case can be derived similarly

o
N——
—|d|
where d is now negative valued
g Y
o
CASE III: Double sided alternative Hy : u # 0
Recall again the form of MP LRT for fixed p
VX T
2 o < 7
Hy

Unfortunately it is no longer possible to absorb p into threshold without affecting the inequalities.
We thus conslude that the decision region varies depending on sign of u. Therefore no UMP test
exists.

NOTE: use of either of the previous UMP tests for one sided alternative gives biased test!
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f(y:1) =Nnp/o,1)
/ f(y;0)=N(0,1)

+JNp/o 0 y
Y =N"*a)=-N"*1a)

Figure 99: Threshold determination for MP-LRT of Hy : u = 0 vs. Hy : pu < 0 for n i.i.d. Gaussian
observations with known variance

Figure 100: The power curve of MP-LRT for Hy : 4 = 0 vs. Hy : u < 0 in i.i.d. Gaussian with known
variance plotted as a function of d
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If use single sided test from CASE I then

B=1-N(N"'(1-a)—d)

Figure 101: The single sided MP-LRT for Hy : =0 wvs. Hy : > 0 fails to detect negative signal.

If use single sided test from CASE II then

B=1-NWN"'1-0a)+d)

Example 38 Test of variance in Gaussian sample with known mean

X =[X1,..., X, iid., X1 ~N(u,02), u known.

Again three cases of interest:

Hy:0?2=02 Hy:0>=02 Hy:0?=02
Hy:0?>02 Hy:0°<0? Hi:0*#0>
Case I Case 11 Case 111

Solution
STEP 1: find MP-LRT for fixed o2
Approach 1: work problem directly from entire random data sample X.

The likelihood ratio depends on ¢? and, for fixed value of o2, is given by:
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Figure 102: The single sided MP-LRT for Hy : =0 vs. Hy : p > 0 fails to detect positive signal.

Figure 103: The power curve of Case I or Case II MP-LRT’s for double sided hypotheses is biased over range
—00 < d < 00.



STATISTICAL METHODS FOR SIGNAL PROCESSING (©Alfred Hero 1999

2wo

<\/217r7> exp <_ﬁ > ke (Xk — H)Q)
o2 n/2 Iil
<U2> P 2 20202 Z k— < 7n

0 k=1

(i) exp (— 5k S (X — 0)?)

Which is monotone increasing in the quantity

n
O' —0 ZXk—
k=1

Thus we obtain MP-LRT

2 H

(0_2 _ 0_2) n T >
o 0_2 < Y

o Hy

where

The density of T(X)/o? is Chi-square with n d.f.

= using standard transformation of variables formula, p.d.f. of T is:

f(T;0%) = o072 f(To?)

_ 1 —T/(20 n/2—
— 276T/2 (T/ )/21

2n/27(n /2)

Hence MP-LRT is

Which is monotone in (02 — 02) T.
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Thus we obtain MP-LRT

where again

CASE I: Single sided alternative Hj : 0% > o2
In this case MP-LRT is simply

~2  H
nao
_ "% -
T(X) - 0_2 z Y
0 Ho
or equivalently, we have a square law detector
1 n Hy
2
T(X):p Z(Xz—ﬂ) z
o i=1 Ho
Hy
X
(2| — 2
H Ho

Figure 104: Optimal detector for increase in Gaussian variance is a memoryless non-linear device (squarer)
followed by a summer and decision mechanism. This detector has been called the square law detector and the
energy detector.

Under Hy, X ~ N(u,02) so the test statistic T'(X) is Chi-square with n d.f.

Therefore

a=Py(T(X) >+ =1—=xa(r")
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and

Hence MP-LRT is

2 H
no
-1
0-2#« z Xn (1 - a)
o

which is UMP against any o2 > o2 for known p.

f(T;04?)

f(T;0?), 02>0,?

7+=Xi(L-0)

Figure 105: Density functions under Hy and Hy of optimal UMP test statistic for testing against o2 > o2 for
known mean u. Threshold v is determined by the 1 — « quantile of the Hy density.

2 ~2
. o no

Power: since % 3 = Xn
o

R o2
6=P (n 03/02 > 7+) =1—xn <Ug an(l —a)>

CASE II: Single sided alternative Hy : 02 < o2
Find that MP-LRT has form

ne2 Ho
poo> -
o2 < 7
o Hy
where now
- 1
YT =X, (@)

So that we have UMP test against 02 < o2 for known pu
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B
1
0.9 K’
0.7 n=3
0.5 — a=09
— a=07
— a=05
0.3 a=03
0.2 a=02
0 1 2 3 4 oI,

Figure 106: Power curves for one sided test of variance o® > ag for known mean p with i.i.d. Gaussian
observations for various values of 0?/a% and n = 3.

I T U v syuuie tvoty - U

0

ir cosses ppedee ] LU
0.8 '|- ..-.-""....
0.6}/
@ _ 02/0§:1
0.4} —_— 02/08=2
— 0'2/0' =4
. 2, 3_
0.2 — g /00—8
. 2, 2_
—_ 0 /00—16
O 1
0 0.2 0.4 0.6 0.8 1

Figure 107: ROC curves for one sided test of variance 0% > o2 with i.i.d. Gaussian observations for various
values of 02 /a% and n = 3.
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f(T;02), 02< 0y?

Figure 108: Density functions under Hy and Hy of optimal UMP test statistic for testing against 0% < o2 for
known mean p. Threshold v is determined by the 1 — o quantile of the Hy density.

NMUL Ul LIlI"d>yuaic tcd2L g ~ 0

0

Figure 109: ROC curves for one sided test of variance 0% < o2 with i.i.d. Gaussian observations for various
values of 02/a% and n = 3.
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Power:

2

le—xnch#mﬂ

Case III: Double sided alternative Hj : 02 # o2
No UMP exists.

Example 39 One sided test on median of Cauchy density

Assume X1,..., X, ii.d. with marginal density

1 1

f(x1;0) = 214 (=02

Objective: investigate existence of UMP test for

Hy:0=0
Hi:0>0
Step 1: First find LRT for fixed 6 > 0
f(z;0) 1427 m
O Ui ys 2 v
f(x;0) };[114—(:131'—0)2 ;0

where we have explicitly indicated the dependency of A on 6 in the notation (dependence of A on

z is suppressed). For the special case of a single sample (n = 1):

2 Hy
1+ 7 >

Tt (@02

0

A(9)

Step 2: The decision region depends on 6 even if § > 0 (See exercises). Therefore, in this case no

UMP exists even for the one sided hypothesis!

8.2 GENERAL CONDITIONS FOR EXISTENCE OF UMP TESTS

Hy:0 = 6y
Hi:06 € 6,

Monotone LR condition (1D parameter 6)
Let f(z;0) have Fisher Factorization

215
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f(z;0) = g(T,0)h(x)
T a sufficient statistic.

Then an UMP test of any level a exists if the likelihood ratio is either monotone increasing or
monotone decreasing in 7" for all § € ©;

po @0 9T50) o

f(z;600)  g(T00)
To see this note that MP test for Hy : = 67 is

Ao, (T) 2 1
Ho

which is equivalent to test on T with threshold v = Ag_ll(n)

T 2 ~v  (increasing A)

T > v (decreasing A)
Densities satisfying monotone LR condition for one sided Hi:
H1:9>90, or Hi:0<86

. x i.i.d. sample from 1D exponential family,

. In particular: Gaussian, Bernoulli, Exponential, Poisson, Gamma, Beta

1

2

3. z i.i.d. sample from a Uniform density (0, )

4. z ii.d. sample from noncentral-t, noncentral Fisher F
5

. x i.i.d. sample from shifted Laplace, logistic
In fact: monotone LR condition guarantees MP-LRT is UMP wrt H, : 8 < 0y too!
Situations where monotone LR does not hold
1. Gaussian density with single sided H; on mean but having unknown variance
2. Cauchy density with single sided Hj
3. Exponential family with double sided H;

8.3 COMPOSITE HYPOTHESIS DETECTION STRATEGIES

Here it is desired to test doubly composite

Hy:0 € 0O

Hi:0 € ©;

216
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Now, most fixed detectors will have both Pr and Pp varying as functions of 8 € ©y and 6 € O,
respectively.

Recall that for composite Hy we say that test ¢ is of level « if
max Pr(6y) < «
906@0 F( 0) -

where Pr(0) = Ep,[¢]
Two classes of strategies:
1. Optimize alternative detection criterion

2. Constrain form of detector to a class for which UMP may exist

8.4 MINIMAX NEYMAN PEARSON DETECTION

Objective: find level a test which maximizes worst case power

Constraint:
max By[¢] < o
Maximize:
min Eo[¢]

B #

000, Bl 60 el

Figure 110: Various power curves for different test functions and their minima over the unknown parameter
0 varying over Hy parameter space ©1. Minimaz NP test ¢§ mazximizes minimum power.

METHOD OF SOLUTION: find “least favorable” densities

Simplifying assumption: © discrete parameter space.
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Fundamental identity on the mean [11]: For any summable sequence {a(k)}; and any probability
distribution {p(k)}x

mkin a(k) < Z a(k)p(k) < max a(k)
k

with equality when p(k) = delta function concentrated on argminga(k) and argmaxa(k). There-
fore

mina(k) = min a(k)p(k), maxa(k)= max a(k)p(k
fro(h) = in S atbp(h),  mpa(k) = s S atbp(h
* Let {po(#)} be an arbitrary probability distribution on ©g
* Let {p1(0)} be an arbitrary probability distribution on ©

Then the worst case Pr(f) and Py(f) can be expressed as worst case average Pr and Py

max Fy[¢| = max Z Ey[¢lpo(0) = Z Eo[¢lpo(0)

6o
€S0 90, €0,

min Eyl¢] = min Y Ep[glp1(0) = Y Eo[¢lpi(0)
0eO1 p1
€O, €O,
where
* p§ maximizes the false alarm probability
* pi minimizes the detection probability (power)

Define “least favorable pair” of densities

fo@) = Y Fx:0)p5(0)

[AS(S])

fix) = Y f@;0)pi(0)

0€O1

Then the minimax objective reduces to

Constraint:

Eqlo] = /X o(x) fi(x)dr < a

Maximize:

mm=AMMﬁ@m

Which, corresponds to finding a MP test of level « for the derived simple hypotheses
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Hy: X ~ f§

Hi:X ~ fi

Hence minimax NP test is the LRT

where threshold 7 is chosen to satisfy:
| @@= o

Observations

* Minimax NP test is an optimal Bayes test for random 6 over ©1 and ©¢y but without prior
probabilities on Hy and H;.

* Performance of minimax NP test can be overly conservative, especially if least favorable priors
concentrate on atypical values of 6.

* Least favorable priors pj, pj may be difficult to find in practice
= Helpful facts concerning f}, f3 [6]:
* p§ and p} make H{ and H{ the most difficult to discriminate

* p} and p§ can each assume at most two values over O and ©g

AQ)

LI

=l

Figure 111: Least favorable density pj(0) is piecewise constant over ©.

Specifically, there exists a subset @F{ of B¢ such that

N | q 96@5{
po(e)_{ 0, 0€0,—06F
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where ¢ is equal to the volume of @(J{

feg do, Qg cts.
7= Z%@g, ©p discrete

and similarly for pj.

Examples of minimax tests will be explored in the exercises.

8.5 LOCALLY MOST POWERFUL (LMP) SINGLE SIDED TEST

Main idea: if we can’t find a UMP over the entire set 6 > 6y then perhaps we can find a test that
remains MP over small perturbations, e.g., 8 € (6y, 6y + A] with (0 < A < 1), from Hy . First we
consider single sided case and 1D parameter

H029 = 90
Hi:0 > 6

The idea is simple. Referring to Fig. 112, we recall that the power curve of a good test increases
as a function of #. Therefore, it makes sense to try and find a test that will maximize the rate of
increase near 6. This leads to the definition:

1| BE)
/
0

Figure 112: Typical power curve 3(0). LMP test of Hy : 0 > 0, seeks to mazimize the slope of the power curve
at point 0 = 0,.

Definition 2 A locally most powerful (LMP) test ¢ of level a has power curve that mazximizes
slope of B(0) at 6 = 6,

We can formulate the LMP testing strategy ¢ by posing it as the following optimization:
Constrain: Ep,[¢] < «
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Maximize: %Ego [¢]

Similarly to the derivation of NPL in the previous chapter, we obtain the solution ¢ to this
optimization as the test

—_

, df(x;60)/d0o > nf(z;00)
dLmp(x) =4 q, df(x;00)/dOo = nf(x;00)
0, df(x;60)/dbo <nf(x;0)

Or for short

_ df(w300) /0y

ALy p(7)
f(z;60) H,
where 7 is selected to satisfy constraint (possibly with randomization)

E90 [¢] <a

To prove this is quite simple if we follow the Lagrange multiplier approach that was used to
derive the MP test of Lemma 1. First, note that we can express %E@O [¢] using the ” Girsanov
representation” and a relation for the derivative of the logarithm function

ddHOEeo[éb] - djo / o) foo (@) da
= (ﬁoo/dﬂf)fao(x)dx
= [ o) o)

- /gzb(x) <£Olnfeo($)> Joo(x)dx

— B, [¢ (Clgfolnfeo)] -

Therefore, the Lagrangian associated with our constrained maximization problem is simply written

as:
d d
e Fnldl (= Bufol) = Eay [ (g5 1S =) + e
which is obviously maximized by selecting ¢ = ¢, prp given above.

There is a close connection between the LMP and maximum likelihood estimation. Assuming that
we have set n = 0 we can write the LMP test in an equivalent form

d m
Apyp = ——Inf(z;60) Z 0.
o, P

Thus we decide H; if the slope of the likelihood function is positive at § = 3. Such a situation
occurs when the log-likelihood function is strictly concave and the MLE 0 is greater than 6, i.e.
the MLE provides good evidence that H; is true! If n > 0 then the slope at 6, has to be both
large and positive, providing even stronger evidence that 6 > 6.

Example 40 Gaussian one sided test against zero mean
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ALwp= £(8)

Figure 113: LMP test Hy : 0 > 6, decides Hy if Oy is near stationary point of log likelihood function 1(6)

Find: differential LR has the form

df(xz;0)/do  d .
W = @lnf(m,ﬁ)

2 iy (Xi — 0)
o2
LMP for testing 8 = 6y = 0 vs. 6 > 0 is therefore:

Example 41 Cauchy one sided test against zero median (ctd)

Find: differential LR has the form

df (z;0)/d0  ~ Xi—0
(@ 0) _2;1+(Xi_0)2
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For 6 = 65 = 0 LMP test is therefore:

n X, H;
T(X) = Z - 2 z Y
i=1 1+ X; Hy
y=9(X)

Figure 114: Memoryless non-linearity g(x) = x/(1+ x2) input-output characteristic for LMP test of one sided
test against zero median for a Cauchy r.v.

Test statistic T'(X) is sum of ii.d. r.v.s with mean 0 and variance 1/8 under Hy. Therefore
threshold ~ can be found via CLT for large n:

y=+/n/8 N1 - a)

Example 42 Testing for positive mean of Laplace distribution

* X = [Xy,...,X,] iid,

X; ~ f(z;0) = ge_alw_‘g', a>0

Log-likelihood function takes the form:

- a

In f(z;0) = —a;|Xi—9]—|—nln2
= —aZ(XZ-—G)—i—aZ(XZ-—Q)-i-c

X;>0 X;<0

= af (ny —n_)+b(h)
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Figure 115: Optimal detector for positive Cauchy median is a memoryless non-linearity followed by a summer
and decision mechanism.

f(x)

Figure 116: Laplace density f(x) = ae~**=% /2. Width, as measured by where f(z) falls to 1/e of its peak, is
2/a.
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where

ny= #X;>0, n_=#X,<0=n—ny

Note: b() is piecewise constant function
Find: differential LR has the form

df (z;0,)/db,

=alngy —n_
f(@:0,) (n4 =)
LMP is therefore:
Hy
TX)=n—n_ > 7
Hy

or equivalently, in a form more comparable to the Cauchy and Gaussian examples (41) and (37)

having 6, = 0:
n Hy
T(X) = sen(X) >
i=1 Hy
Hy
Xy
— 4’7 > z >
Ho

Figure 117: LMP detector for testing positive mean 6 > 0 for a Laplace r.v. is composed of a summer and
memoryless non-linearity.

PERFORMANCE:
T(X) is a discrete shifted Binomial r.v.
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n

T(X)=> (2b;— 1) =2B(n,p) —n
i=1

where b; are i.i.d. Bernoulli r.v.’s with parameter

p= Pg(bl = 1) = PQ(XZ' > 0)

= Randomized test is necessary to set false alarm.

FT
la : ‘
1-a +~
' 3 T(x)
yl y— y3

Figure 118: The CDF of test statistic is staircase function (value of Fp over v < T(X) < v— is 1 — ay).
Randomization is necessary for meeting FA constraint.

o= Ry(T(X) > ) + qlas —a_)

where a_ and v_ are related by

2B(n,i)—n

and the randomization parameter ¢ is as usual

a— o
qzi
oy — o

8.6 MOST POWERFUL UNBIASED (MPU) TESTS

Recall: a test ¢ of level « is an unbiased test if
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Figure 119: ROC curve of LMP detector for testing positive mean 0 > 0 for a Laplace r.v.

E9[¢] > «, all 6 € @1

A test ¢ of level « is uniformly MPU (UMPU) if for all § € ©; its power function dominates that
of all other unbiased tests of level a. By restricting the class of competing tests there is hope that
a MP test may emerge among them. Unfortunately this is not much more frequent than in the

unrestricted case. For more details on the theory and practice of unbiased testing see Lehmann
[21].

8.7 LOCALLY MOST POWERFUL UNBIASED DOUBLE SIDED TEST

Consider double sided hypotheses:

H() 0 = 90

Hl 10 75 90
Observe: The power function of a good unbiased level a test ¢ should have global minimum at
0 = 6.
Locally unbiased test optimization for 1D parameter 6

Constraints:

d

Ego[9] < T%EGO [¢] = 0. (84)

Subject to these constraints want to maximize curvature at 6y

d2
—= Egy[0].
a6z "
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B6)

M B(®)

Figure 120: Power curve of most powerful unbiased test (MPU) dominates that of all other unbiased tests of
the same FA level.

Figure 121: Power curve of a good locally unbiased test has minimum at o with maximum curvature.
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Using Lagrange multipliers it is easily shown that the test function ¢ which solves this constrained
maximization problem has the form:

1, d*f(x;00)/d0; > n(f(x;600) + p df (3 60)/dbo)
o(x) =1 q d*f(x;60)/d5 = n(f(x;60) + p df (;60)/dbo) (85)
0 d*f(x;60)/d05 < n(f(x;00) + p df (x;00)/dbo)
where p, 7, q are selected to satisfy the two constraints.

In some cases, one can meet the constraints by selecting p = 0 and varying only ¢ € [0,1] and
n € [0,00). In this situation, the locally optimal test (85) reduces to the simpler (randomized)
LRT form

& f(x;6)/d6; T
f(@;6) o

Example 43 Double sided test against zero mean of Gaussian sample with known variance

Step 1: Find derivatives of p.d.f. of sufficient statistic X (Here for clarity we define its pdf as
Jx(v; ) for v e R).

1 _w=w?

Felim) =~ 3
x(vim) 202 /n

dfx(v;p)/dp = (n/o®) (v— p) fx(v;p)
& fx(v;p)dp® = (n/o®) [n/o*(v — p)* — 1] fx(v; p)
Thus LMPU LRT is

X - o?/n Iil

o2/n+ pX ;0 7

Step 2: Select p, n to satisfy constraints
First we attempt to satisfy constraints with p = 0 and 7 a free variable.

For this case LMPU LRT reduces to

Since

we have
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a=1-P(—y <X <v)=2(1-N(n/o))

9 -1
== 1—a/2
y= =N a2
Success! We can set threshold + to achieve arbitrary Pr = o with p = 0 and without randomiza-
tion. Of course it still must be verified that the test (86) satisfies the second constraint in (84)
which is that d/dpuPp(p)|u=0 = 0. This can be shown by establishing symmetry of the power
function about g = 0. The details are left as an exercise.

Equivalent form of locally-unbiased test

n Hl

1 >
E|2Xi‘ < "

i=1 Hy

Figure 122: Locally best unbiased double-sided test for non-zero Gaussian mean is a memoryless non-linearity
followed by a summer and decision device.

Power:

Since

X ~N(u,0%/n), under Hy

= 1-N(/n(y=pw/o) =N(/n (=7 —p)/o)]
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=1-NWN11-0a/2)—d) - NWN1-a/2)+d)

where as usual:

*d = \/n u/o is detectability index

Bump (L <0)

< —

Bump (1 >0)

BLMP

Figure 123: Power curve of LMPU test for for non-zero Gaussian mean with known variance as a function

of values of d.

Remark:

* It can be shown that in the Gaussian example above the LMPU test is actually UMPU. See

Ferguson [6].

The LMPU strategy can in principle be extended to multiple parameters as follows. Assume

0=101,...,0,)"
and let’s test the hypotheses:
Hy:0=10,
Hy:0#0,
Constraints:
Eg[¢0] < a, Vg Eg[¢] =0)
Maximize:

trace { Véo Eg, (9] }
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where trace {A} denotes trace of matrix A.

This is a similar optimization as we encountered in proving the Neyman Pearson Lemma. However,
now there are p+1 constraints as indicated in (87). One of them is due to the false alarm constraint
and p of them are due to constraining the gradient vector to zero. The optimal test can be found
by applying Lagrange multipliers and has the form

trace {Véof(m;Qo)} H

>
F(@;00) + 3200 pi0f (2;00) /000 5, ’

where p1, ..., pp,n are selected to satisfy the constraints (possibly with randomization).

8.8 CFAR DETECTION

A sometimes reasonable condition is to require that tests have constant false alarm rate (CFAR),
i.e. constant Pr(0) over § € ©p. Then one attemps to find a UMP CFAR test. The setup is as
follows:

Constraint:
Eg [qﬂ =, = @0

Maximize:

E,g[(b], 0 e @1

A effective methodology for finding CFAR tests is by the use of invariance principles [20]. CFAR
tests are also known as similar tests and for more information see [21].

8.9 INVARIANT TESTS

Consider the general case where we have partition of 6
Q:[@l,...,(ﬁp, 517"'7&] ]T
—_——
nuisance parameters
and X ~ f(z;9,§)
It is desired to test single sided hypotheses

o

[ o
[ [

o

where §O € IR? is unknown = UMP does not usually exist.

Invariant tests seek to find a transformation (compression) of the data

Z = 7Z(X)

which satisfies:

Property 1. Z contains (almost) as much information concerning ¢ as X
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Property 2. Distribution of Z is not a function of §.
Due to Property 2, if we throw away = and retain only

Z ~ f(z;9)

then we are back to testing simpler hypotheses for which an UMP may exist

Hy:9=0
Hy:9p>0

The theory of optimal invariant tests is treated in detail in [20] in which invariance is referred to
as exact robustness.

For now we concentrate on a particular suboptimal “invariant” approach

8.9.1 GENERALIZED LIKELIHOOD RATIO TEST

We now turn to one of the most prevalent methods of dealing with detection for composite hy-
potheses. Unlike the previous methods, which were all motivated by solving a performance driven
optimization problem, the generalized likelihood ratio test (GLRT) is better looked at as a heuris-
tic principle than as a test strategy having assured optimality properties. However, as will be
discussed below, the GLRT is a straightforward procedure and it does have asymptotic (large n)
optimality properties that are major attractions.

We consider the general composite hypotheses

Hy:0 € 0
Hy:0€ 0,

The GLRT can be defined as an “estimate-and-plug” procedure to test Hyg vs. Hi:
Step 1: Find good estimates 6y and 6; of 6 under Hy and H;

Step 2: substitute these estimates into the LR statistic

Using this procedure we obtain the GLRT

where 7 is selected to give FA level o

Any consistent estimators will ensure that the GLRT has favorable asymptotic properties. How-
ever, the most common case of the GLRT is when the estimators #; and 6y are MLEs:

H
maxgeo, f(z;60) 5

Note: these MLE’s are constrained to 6 € Og and 6 € ©1, respectively.
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For a simple hypothesis Hy the GLRT reduces to

Supyee, f(@;0)
f(x;600)

= sup A(0) = A(6y).
0€O,

Acrr =

where

8.9.2 ASYMPTOTIC PROPERTIES OF GLRT

The following properties are stated simply and without proof. For proofs of these properties the
reader is referred to [23] or [3].

1. Since the MLE @ is consistent estimator as n — oo the GLRT is asymptotically UMP.

2. For double sided alternative hypothesis H; and i.i.d. observations X = [X7,... ,Xn]T the GLR
test statistic has a Chi-square limiting distribution as n — oo [3].

Specifically, assume the partition
Q:[Sola"w@p’ gla"'qu ]T
—_———

nuisance parameters
and consider the GLRT for
Ho:p=9, £=¢,
Hi:p#¢, £=¢,

where §O is unknown.

FACT: when the density f(z;80) is smooth under Hy it can be shown that for large n

2InAgrr(X) ~ xp, under H (88)

3. If a UMP exists then the GLRT will be identical to it (See Bickel and Doksum [3]).

8.10 EXERCISES

8.1 The observations {z;}!" , are i.i.d. exponential x; ~ fs(z) = Be~P* where z, 3 > 0. Consider
testing the following single sided hypotheses

Hy : 8= o
Hy: B> o

(a) First find the MP test of level « for the simple alternative Hy : § = (1 where 31 >
Bo- Express the threshold in terms of the Gamma distribution (distribution of n i.i.d.
exponential r.v.s). Next establish that your test is UMP for the single sided composite
H; above.
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(b) Specialize the results of (a) to the case of a single observation n = 1 and derive the ROC
curve. Plot your curve for 5;/6y = 1,5, 10.

(c) Derive the locally most powerful test (LMPT) for the single sided hypotheses (maximize
slope of power subject to FA constraint) and verify that it is identical to the UMP test.

(d) Now consider testing the double sided hypotheses

Hy: 3= po
Hy: B # Bo

Derive the LMPT (maximize curvature of power subject to FA constraint and zero slope
condition). Derive the ROC for n = 1 and compare to the ROC of part (b) over the
region 8 > (.

(e) Derive the GLRT for the double sided hypotheses of part (d). Compare to your answer
obtained in part (d).

8.2 Let Z be a single observation having density function
po(z) = (202 +1—0), 0<z<1

where —1 < 6 < 1.

(a) Is there a uniformly most powerful test between the composite hypotheses

Hy:0=0
H1:97é0

and, if so, what is it?
(b) Find the generalized likelihood ratio test for these hypotheses.

(c) Now assume that under H; the parameter ¢ has prior density p(6) = [0[/_; 1)(¢) so that
under H; the density of Z is fi1(z) = [ f(2]0)pe(0)df, where f(z]|0) = pg(z). Find the
MP test between hypotheses Hg and this new H;. What if the prior density were the
assymetric p(0) = 1(0 + 1)Ij_1 ;)(0)?

8.3 A random variable X has density

where 6 € [—1,1].
(a) Find the MP test of level « for testing the simple hypotheses

Ho . 9:00
Hl . 9:01

based on a single sample x, where 6y € [—1,0] and 6; € (0,1] are known. Derive and plot
the ROC when 6y = 0.

(b) Is there a UMP test of level a, and if so what is it, for the following hypotheses?

HO : 0=0
H : 0>0
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(¢) Now consider testing the doubly composite hypotheses
Hy : <0
H : 6>0

Find the GLRT for the above hypotheses. Derive the threshold of the GLRT that ensures
the level o condition maxge(_1,0) Pra(f) < a.

8.4 Available is an i.i.d. sample of a Poisson r.v. with distribution pg(k) = Py(z; = k) = F7e™7,
k=0,1,2,...

(a) Find the GLRT for testing the hypotheses
H() 10 = 90
Hy:6+# 6,

Do not attempt to set the exact threshold for level .
In the following parts of this exercise you will show how to set the GLRT threshold under

the large n Chi-square approximation to the GLRT test statistic A = maxg.q,p9(x)/po, ().

(b) Directly show that under Hy the statistic 2log A is asymptotically Chi-square with 1 d.f.
by expanding A = A(Z;) about the sample mean Z; = 0,, neglecting all terms of order
(T; — 0,)% and higher, and recalling that (NV(0,1))? is Chi-square with 1 d.f.

(c) Using the result of part (b) set the threshold of your GLRT in part (a).

(d) Using the asymptotic results of part (b) find the GLRT between

Hy: 0 <6
Hi:0 > 6

with threshold.

8.5 Let X1, Xs,..., X, beiid. random variables with the marginal density X; ~ f(z) = eg(x) +
(1 — €)h(z), where € € [0,1] is a non-random constant and g(x) and h(z) are known density
functions. It is desired to test the composite hypotheses

Hy : e=1)2 (89)

H : e>1/2 (90)

(a) Find the most powerful (MP) test between Hy and the simple hypothesis H : € = €1,

where €; > 1/2 (you needn’t solve for the threshold). Is your MP test a UMP test of the
composite hypotheses (90)?

(b) Find the locally most powerful (LMP) test for (90). Show how you can use the CLT to
set the threshold for large n.

(c) Find the generalized LRT (GLRT) test for (90) in the case of n = 1. Compare to your
answer in part (b).

8.6 Let {X;}, beii.d. following an exponential distribution
f(2:0) =07 >0
with # > 0. You are to design a test of the hypotheses

H(] : 9:90
Hy : 0+6

Here we explore various testing strategies.
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Show that the GLRT reduces to a test on the sum of the X;’s and derive the threshold to
attain FA level a (Hint: the sum of n standard (mean = 1) exponential r.v.s is standard
Gamma with parameter n).

Now assume that Hy and H; have equal prior probabilities p = 1/2 and that, conditioned
on Hy, 6 itself follows an exponential distribution of the form f(8) = e=5¢, 6 > 0, where
B > 0is known. Find the form of the Bayes LRT (with threshold) which attains minimum
probability of decision error. What happens as § — oco?.

8.7 As in Exercise 4.24, let n ii.d. realizations be available from the geometric mixture fg
specified by (48) and (49). Assume that ¢1, ¢9 are known and ¢; # ¢o.

(a)

(b)

()

Consider the hypothesis testing problem on fg

Hy : =0
Hy : €>0.

Does a level « UMP test for these hypotheses exist? If so what is it? If not derive a
GLRT test. You must specify a threshold of level a (you can assume large n).

Consider the hypothesis testing problem on fg

Hy : e=1)2 (91)
Hy : e#1)2. (92)

Does a level a UMP test for these hypotheses exist? If so what is it? If not derive a
GLRT test. You must specify a threshold of level a (you can assume large n).

Under the identical assumptions as in part (h) find a locally most powerful unbiased test
of (92) based on n i.i.d. observations from fg and compare to the GLRT.

8.8 Let X be a random variable with density f(x;0) = (0+1)z%, x € [0,1] and § > —1. Consider
testing the hypotheses

(a)

(93)

Find the most powerful (MP) test of level « for testing these hypotheses and derive
expressions for the power function and ROC curve. Does the decision region of the MP
test of level o depend on the value of 6;7. Does there exist a UMP test of level « for
testing Hy vs. Hy1 : 6 > 07 How about for testing Hy against Hy : 8 # 07

Assuming priors on the hypotheses p = P(Hy), 1 —p = P(H;) find the optimal Bayes test
of (93) under the assumption that copo = ¢33 = 0 and ¢p; = ¢19 = 1 (minimal probability
of error test). Find and plot the minimum risk (probability of error) ¢*(p) as a function
of p for 1 = 1. Using these results find the mini-max Bayes detector and its threshold
for this value of 6.

Find the locally most powerful test for testing Hy vs. Hy : 8 > 0 and derive an expression
for the ROC curve.

Find the GLRT for testing Hy against H; : € # 0 and derive expressions for Pr and Pp
in terms of the threshold and plot the ROC curve.
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In this exercise you will explore the problem of detecting an anomaly in an image solely on
the basis of filtered measurements, e.g. a blurred version of the image. This type of problem
is related to “non-destructive testing” and arises in many situations that we encounter in our
daily lives, e.g., when we pass our suitcases through a security scanner at the airport. When
there is no noise and no anomaly the scanner outputs an image that lies in a known subspace,
the span of the columns of a known n x p matrix H, denoted colspan{H}. You might just
think of the columns of H as blurry images of all the possible “benign” objects that one could
pack into a suitcase. An anomaly occurs when the image has components lying outside of
this subsapce of benign objects. Of course, there is also additive noise that complicates our
ability to detect such anomalies.

Now we can state the anomaly detection problem as testing the hypotheses

Hy : X=H0+W

(94)

Hi : X=¢+HO+W,
where we have defined the observed image as a vector X = [X1,...,X,]T, the parameter
vector § = [, ...,0,]7 describes the specific linear combination of benign objects present in
the suitcase, ¢ = [¢1,. .. ,1n]T describes the anomalous component of the image, and W is a

Gaussian noise vector with zero mean and covariance matrix cov(W) = ¢2I. We will assume
throughout this exercise that we know the matrix H and ¢2. We also assume that H is full
rank: rank(H) = p < n.

(a) Assume that € is known. For known ¢ what is the most powerful (MP) test of level
« for testing Hy vs. H;? Is the test you derived in part (a) UMP for testing Hy vs.
Hi : X = cp + HO + W, where ¢ > 0 is an unknown constant? Is the test UMP for
totally unknown P?

(b) Find an expression for and plot the ROC curve (hand drawn is fine) for the test derived in
(a). What function of ¢, 6, H, and o determines the shape of the ROC, i.e., detectability
index? N

(¢) Now assume that  is unknown but that 1 is known. Find the GLRT of level « for testing
(94) and find its ROC curve. What function of ¢, §, H, and o determines the shape of
the ROC, i.e., detectability index? What happens to the detectability when p = n?

(d) Now assume that ¢ and ¢ are both unknown. Find the GLRT for testing (94).

(e) Assume that 1 is known but 6 is unknown. Also assume that the anomaly vector satisfies
the constraint ¢ 1) < ¢, ¢ > 0. Using the results you derived in (c) find the least
detectable (giving lowest power) and the most detectable (giving highest power) anomaly

vectors.
Assume X is a Cauchy distributed random variable with density
1 1
)= —— .

You are to test the hypotheses Hy : 8 = 0 vs. H; : 8§ > 0. Derive the MP test of level « for
testing Hyg : 0 = 0 vs. Hy : 8 = 01 for a fixed value #; > 0. Specify the decision region X
for outcome X that will result in deciding H;. Show that this decision region depends on 6
and therefore establish that no UMP exists.

End of chapter
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9 GLRT FOR THE I.I.D. GAUSSIAN MODEL

Here we specialize to testing hypotheses on the mean and variance of the scalar Gaussian distri-
bution based on iid samples. We will deal with the following scenarios:

* Tests on mean of a single population: ¢ known

* Tests on mean of a single population: ¢? unknown

* Tests on variance of a single population: g known

* Tests on variance of a single population: g unknown
* Tests on equality of means in two populations

* Tests on equality of variances in two populations

* Tests on correlation between two populations
References:

Bickel and Doksum [3]

Morrison [27]

Recall the form of the density of an i.i.d. Gaussian vector X = [Xi,..., X,]T with mean u and

2
1 \"? 1 &
s o) = (5z) o (—202 (i - m?)

variance o“.
i=1

9.1 TESTS ON THE MEAN: 02 KNOWN

Case I: Hy: pt = o, H1: 0 > po
Case II: Hy : pu < o, H1 : 1 > po
Case I1I: Hy : pp = po, Hy : o # pio

We have already established that UMP test exists for Case I. Can show that same test is UMP
for case II by checking monotone likelihood condition [21].

9.1.1 CASE III: Hg: p = poy H1 : 4 # o

X =[Xy,...,. X, )T iid., X; ~ N(u,0?)
Here § = u, © = IR and we want to test

where p, is fixed and known.

1 n 2
max exp (—s=z > o (x5 —

Acrr = max A(p) = K7 Ho pl( 222 2z (i : 1)?)
hrme exp (=552 2ty (@i — 110)?)
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We must consider two cases
L. it 7 Ho

2. foml = Po

Case 1. fim; # po:

In this case it is obvious that

max A(p) = A(fmi)
Ko

Case 2. [y = lo:

Since A(p) is a continuous function with maximum at p = fi,;; we have again

max A(p) = m A(fiy + €) = Afimi)
KFtho =0

A(W)

Ho ﬁ-m| M

Figure 124: For a continuous LR density f(x;n) the mazimum of the likelihood ratio test statistic A(u) occurs
at the MLE p = iy

Thus, since we know [i,,,; is sample mean for Gaussian model

exp (=5 Xjy (0 — )?)
xp (g5 S (05— 1o)?)

AcrLr =

Now Y " (z; — %) = 0 (recall that T is the LLS estimator over all estimator functions that are
independent of the data)
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Hence,

n
AcrLr = exp (ﬁ(f - Mo)2>

and the GLRT is simply

_ H
VT — gl >1
<

o Hy

Identical to the LMPU (UMPU) test!

Y =N (1-a/2)

Note: as predicted by our results on asymptotic distribution of GLRT from the last chapter

2InAgrr = 21n{exp(%(yi_%)2)}

2

Yi*#o

a/vn
———

N(0,1)

which is distributed as a central Chi-square with 1 d.f.

A general lesson learned for GLRT’s:
= for testing double sided hypotheses of form

Hy :
H :

I I

if LR A(6) is a continous function of € then

040,

max A(0) = max A9) = A(0,,)

9.2 TESTS ON THE MEAN: 02 UNKNOWN

Case I: Hy : pt = pto, 02 >0, Hy : jt > i, 02 >0
Case II: Hy : pt < pio, 02 >0, Hy : j1 > po, 02 >0
Case III: Hy : o = po, 02 >0, Hy : jt # o, 02 >0

241



STATISTICAL METHODS FOR SIGNAL PROCESSING (©Alfred Hero 1999

9.2.1 CASE I: Hy: p= o, 0> >0, Hy : j1 > po, 02 >0

From properties of the MLE for Gaussian mean and variance we can easily show

max,,>p,,02>0 f(&, M, 02)

max,2~o f(Z; fto, 02)

Acrr =

= F(&; poy (Ti—po)?)’
1

)

Sl

Sl
IN V

T =
S

Q

where f(z;u,0?) is the N (i, 0?) density and (as usual)

8
|

n
n~t g €T;
i=1

n
(@i—t)? = n ' (z—t)’ =067
=1

Now
fai 7 w-op) ( (= uo>2>"/ ’
(&5 po, (25— p10)?) (z; — )2
n/2
(f - ,UO)Q
= 1
< o —x)?)
= (1+712(2)"”
where

Now, since T2(z) is monotone in T(z) for T > p,
GLRT is
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where recall that s? is the unbiased variance estimate for unknown mean

s2=(n—1)"" En:(:vZ —7)?
i=1

Hq
~Ho
X hd

kD 1

N n

S
sample
variance H 0

Figure 125: The one sided t-test for detection of mean exceeding p, when variance is unknown

PERFORMANCE:
Under Hy we have
N(0,1)-0
r(x) = i)

D (X —X)?/(n—1)

=1

X'n.fl'o'2

_ N0y
Xn-1/(n—1) !

where 7,,_1 is Student-t r.v. with n — 1 d.f.

Thus
a=Py(T(X)>7)=1-T1(7)

so that
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Under H; we have:
* X; — o has mean p — j1, which is no longer zero.
= T'(X) follows the non-central Student-t distribution

7,4 with n — 1 d.f. and non-centrality parameter

g VYl — po)

g

Hence, the power of the one sided t-test is

B=1-T1a(T,5(1 - a))

Note: for large n, 7,_14 — Ni(d, 1)

= power function goes to that of single sided hypothesis on p with o2 known.

B
1 By (0 known)
BoLrr (o unknown)
n=8
a=01
0 2 d

Figure 126: Power curve for one sided t-test

9.2.2 CASE II: Hy: pu < pio, 02 >0, Hy : jt > pio, 02 >0
Can show that GLRT has identical one-sided t-test form as in Case I. (Exercise)

Vi@ —p) T
: .

9.2.3 CASE III: Hy: pt = jto, 02> 0, Hy : jt # o, 02 >0
2

This case is very similar to the double sided case for known o=.

We obtain GLRT as double sided ¢-test

244



STATISTICAL METHODS FOR SIGNAL PROCESSING (©Alfred Hero 1999

_ H

VT —pol S

VIR el 2 11— ag2)
Hy

with power curve
B=1— T 14T (1= a/2) + Ty a2 (1 — a/2)

For large n this converges to the power curve derived in the case of known variance.

9.3 TESTS ON VARIANCE: KNOWN MEAN
CASE I: Hy: 0% = 02, Hy : 0% > 0?2

CASEII: Hy : 02 < ag, Hy:0%> O'g

CASE III: Hy : 0% = 02, Hy : 02 # 02

9.3.1 CASE I: Hy:0? =02 Hy:0? > o2

Similarly to the case studied for one sided tests of the mean

* the continuity of the Gaussian p.d.f. f(z;u,0?) as a function of o2 gives:

maXxs2> 52 f(£7 Ky 02)

AcLr =
ern f(a; p,02)
flzp, 62) .9 2
f@ o) T %
) 2
1, o, <o,

where 63 is the unbiased estimate of the variance for known mean

n
=Y e
=1

After some simple manipulation the GLRT takes the form

n/2
1 52 2 H
AGLR = — emax{aﬂ/ao7 1}-1 z n
max{d,/o,, 1} o
—_———

u

As the function e"/u is monotone increasing over u > 1, the GLRT reduces to
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el

Figure 127: The function e"/u is monotone increasing over u > 1.

max{c7, /o3, 1}

P o<

Figure 128: The GLRT always chooses Hy for v < 1.
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Hy
max{&i/ag, 1} z vy
Hy

Now if v < 1 then false alarm o = 1.
Hence we can select v > 1 and GLRT reduces to the single sided Chi-square test

~2  Hy
no

Tx)=— Z x,'(1-0q)
%

which we know from previous work is actually an UMP test.

An alternative form of the UMP test is a single sided energy detector

H,
@i-w? Z v
. 5

-

Figure 129: GLRT for one sided test of positive shift in variance is an energy detector.

9.3.2 CASE II: Hy : 0% <02, H : 0% > 0?2

Now we have

maX0'2>0'g f(&a My 02)

maX0'2§0'g f(@a 12 02)

Acrr
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[l p67) a9 2

f@ip o2 Tn = %

flasp o8)  ~2 2

fame2) < %

or
2
1 62/02-1\"V <92 2
AgLr = wito
2/ 2 1-62/02 n2 L, 2
G4 /os e "ul% , 0, <0
ueu
u
0 1

Figure 130: The function ue™ is monotone increasing over 0 < u < 1.

As e /u is monotone increasing over u > 1 and ue™" is monotone increasing over 0 < u < 1, the
GLRT reduces to the same form as derived for Case I:

Hy
>
< 7
Hy
and the rest of the analysis is identical to before.

9.3.3 CASE III: Hy: 0% =02, Hy : 0% # 02

o

Now, we have
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maxs2-£,2 f(la My 02)

AcLr =
f(z:p, 02)
[l 6p)
fz; p, o)
2
_ < 1 e&i/o’g—l>n/
62 /02
euu
n
0 v Ve u=67, /o2

Figure 131: As e€"/u is convex the decision Hy region of double sided Chi-square test is an interval [y—,v4].

As the function e*/u is convex over u > 0 the Hy decision region can be written in the form

52
V- < (Tg < Y+
o
where y_ and 74 are selected to give Pr = «.
A common choice of thresholds is (« < 1):
- = 1/nxg(/2)
o= nx,'(1-a/2)

which gives equal area («/2) to the upper and lower tails of the x,, distribution corresponding to
a total FA probability Pr = « (see Fig. 132).

Power of double sided GLRT of variance:
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Xn

al2
al2

Xnt(0/2) Xt (1-a/2)

Figure 132: Quantiles of Chi-square specify the thresholds yv— and vy for double sided test of variance.

Assume that the true value of 02 > 02 under H; is 02 = o%. Then

né2

B=1=P(ny- < — <nyg|H)
o

~9 2

no o

—1-Pes (D) el

01 0o

—~—

Xn under Hj

2 2
o o

= 1- Xn <n7+g) + Xn (n7—3> .
01 01

9.4 TESTS ON VARIANCE: UNKNOWN MEAN

CASEL: Hy:02=02, peR, Hy:02>02, peR
CASEIL: Hy: 0?2 <o, peR, Hy:0?>>0%, peR
CASEII: Hy:0? =02, p€R, Hy:0? #02 peR

9.4.1 CASE I: Hy:0? =02, Hy: 0% > 02

‘We now have

maXU2>Ug, 7 f(gv s 0-2)

AgLr =
max, f(z;u,02)
f(z;7,6%) 2 2
J@zo2) 7 > 0%

52 2
1, o° <o,
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where now

n
62 =n"1 Z(wz —7)?
i=1

This is identical to the case of known u with u replaced by Z.

Hence, referring to work done for that case, we immediately obtain the single sided GLRT

AQ 2 Hl
no (n—1)s
T(z) = 2 = 2 2
05 05 Hy

PERFORMANCE
Under Hy,
*T(X) is a Chi-square r.v. with n — 1 d.f. and thus

v =xp11(1— )

Under H;,
* T(X) is Chi-square with n — 1 d.f. (scaled by 02/0,) so
B = 1-x1(y05/0?)
= 1= Xn-1(xp21 (1 — @) 05 /07)

9.4.2 CASEIL: Hy: 0% <02, ueR, H:02>02, peR

GLRT is dentical to Case 1.

9.4.3 CASEIIL: Hy: 02 =02, pe€R, Hy: 0> # 02 pc R

The derivation of the GLRT is completely analogous to Case III for known mean.

The Hy decision region is identical to before except that sample variance replaces &2, and the test

statistic now has only n — 1 d.f.

e < B8 < aap)

o

The power function is identical to previous Case III for known p except that y, CDF is replaced

by xn—1 CDF.
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9.5 TESTS ON EQUALITY OF MEANS: UNKNOWN VARIANCE

Two i.i.d. independent samples

X =[X1,..., X", Xi ~ N(pe, 0?)
Y=[M,...,,]0. Y, ~ N(uy,0?

Case I Hy : ptz = iy, U2>O,H1:,uz7é,uy, a2 >0
Case II: Hy : iy < piy, 0% >0, Hy : iy > py, 02 >0
X, Y have the joint density

1 ni/2 1 na/2
J(Z, Y5 pas fhy, e, 0y) = < > ( >

2 2
2mo; 2moy

1 < 1 <
exp (— 5oz 2 Wi — )= o5 D (- Ny)Q)
@ -1

=1 L

where n = ny + no.
9.5.1 CASE I: Hy: pip < iy, 02 >0, Hy : piz > pyy, 02 >0

GLR statistic is given by

max,, -u,,02>0 f(gv Y5 Pxs oy, 02)
max,, ;250 f(z,y; 1, i1, 02)

AgLr =

mMax,,  1,,02>0 f(l? Y5 Py oy 02)

max,, y2s0 f(z,y; i1, 02)

Now note: MLE for case ji, # jiy is

ni n2
~2 -1 2 1 -—\2
6, = n (x; —T)"+n E (yi — Y)
=1 =1
711 ~9 nQ ~9
= —0; —+ —o'y
n n

while MLE for case ji; = pty = p is



STATISTICAL METHODS FOR SIGNAL PROCESSING (©Alfred Hero 1999 253

- 2 n n
~ -1 -1 1~ 2 A
Bo=n E T +n E Yi = — o + —— [y
i=1 i=1 "

ni n2
60 = n' Y (@i— @)t (hi—p)
=1 =1

na , .

“ ni, . _
2 (i —7)*

= U1+X(M—T)2+;

Plugging these MLE’s into numerator and denominator of LR statistic, obtain after some algebra

~2\ N/2
ol
Acrr = <f; c
01
R L . 2
(B -+ (- )" .
&7
So that one form of GLRT test is
PO O H
) Mater Ut N
mercke g
—Hy nlln H
1

D) D04 £>
Y @ &

sample a
yk variance]
n,/n

Figure 133: Block diagram of test of equality of means of two populations.
To reduce this to a well known test statistic we use the identities

o m
i x—n(y )
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N _ ny ,_ _
fi—7 = —f(y — )
to obtain final form of GLRT
VEEG-T)| T
T(z,y) = | | z " (95)
S92 Ho

where we have defined the pooled sample variance

sh = - i 5 <Z(% )2+ (yi— ﬂ)2>

i=1 i=1
The test (95) is the well known paired t-test.
PERFORMANCE
Under Hy:

Y — X; =N(0,02) - /(1/ny 4 1/ns)
and the test statistic is of the form of a [Student-t| with ny +ny —2=n—2 d.f.

N(0,1)
V Xn—?/n -2

o=

Setting the threshold is now straightforward

a=Py(—y <Th2 <)

=7= 7;1_—12<1 —a/2)

so that we have level o test

ning U—T1 Hy
VERIZAL S o0 ap
S9 Hy
Under H; the test statistic is | non-central Student-t | with n — 2 d.f and non-centrality d =
N

9.5.2 CASE II: Hy : piy < pig, 02> 0, Hy : piy > iz, 02 >0

In an analogous manner to before: find that the GLRT reduces to the one sided ¢-test

VA ) M

y—7) _

—r— z v = 7;—12(1 —a)
S9 Hy
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9.6 TESTS ON EQUALITY OF VARIANCES

Two i.i.d. independent samples

*X =X, X )T, X~ N (e, 02)
Y =[Y,..., Y, Y ~ N(uy,02)
* Lz, fty unknown

Case I: Hy : U—O’ 27&0
Case II: Hy : o2 —U H1 O'x>0y

9.6.1 CASEIL: Hy:02=o0, Hi :02# 03
The GLR statistic is
max 2750'2 sha s Ly f(x y Mxvﬂy; Ux? 23)

AcLr = (96)
maX02:02 Sz oy f(iv Yip, W, 0 :ca 5)

(97)
_ f@y75,6%,6)) (98)
flz, y:7,9,6%,62)
where we have defined the pooled variance estimate 6< as
22 Ml.g  N2.9
0" =—0,+—0
n * n Y
The expression (98) is easily shown to reduce to
A (0“—2)77,14-712 Iil /
GLR = ~ ~ n
G @G
Thus we obtain the equivalent test:
u ni 1/u n2
— ~ H
90, ni10 !
1 - 142 > (99)
nio; TLQUy Hy
g(u)

By investigating stationary points of g(u)
= function g(u) = (1 +u)™ (14 1/u)" is convex and has a single minimum over the range v > 0

Specifically, note that:
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9(u)

Y- n,/n, Y

Figure 134: The double sided test statistic is of the form g(u) which is conver over u > 0 with minimum at
u=mna/nj.

g (u) = %(1 +u)" N1 4 1/u)"2 7t (u2 + (1 —ng/n)u —ng/ny)

has only one positive root which occurs at u = na/nj.

Hence the Hy decision region for the GLRT is of the form

which is equivalent to a Fisher F-test

Where the thresholds can be set according to

P = Filimaler

ni—1,n2—1

o= For (1-a/2)

ni—1,n2—1
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sample
variance

yk sample
variance

Figure 135: Block diagram of test of equality of two variances.

9.6.2 CASE II: Hy: 02 = 05, Hi - O'Z > o2

We now have

. 2 2
A maxa§>o—% o sy f(ia Y5 Py Py O gy Uy)
MaX;2—2 1,y S (Z5 Y5 1 11, 035 07)

(62)r1tn2 ~9 ~92

_ Gy e Ty 7 Ok
~2 A2

1, o, =03

From the study of the previous case we know that the function g(u) defined in (99) is convex with
minimum at ng/n;.

This implies that Agzr is monotone increasing in &2 /&2 over the range 6; > 62

Thus we obtain that the GLRT is a single sided F-test

0|l wn
HI\D‘@M

Hy

>

=
Hy
where

v = f?’:gl—l,nl—l(]‘ - Oé)
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9.7 TESTS ON CORRELATION

Two i.i.d. samples

X =[X1,..., X",

Y =[vi,.... Y],

Z; = [X, Vi)' ~ Na(p, R)

Correlation coefficient p

Casel: Hy: p=0,H1:p#0
CaseIl: Hy: p=0,H1:p>0

The sequence of i.i.d. vectors {z;}7" ; has the bivariate density

flz,y; p,R) =

1 ! 1 & Tr-1

9.7.1 CASE I: Hy: p=po, Hi: p+# po

\)

We will show later that

* the maximum of the bivariate Gaussian p.d.f. f(z,y; pe, tty, R) over piz, 1, and R is equal to

1 n/2
- R\ _ (1 —n/2
i, T et B <<2w>2\detR\> )

and maximum is attained by the joint ML estimates

He = T
fy = ¥y
[ 52 6
R = = Nyl = S T
] =0

where
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Using this we can easily find GLR statistic

MAXR, 1, iy f(i) Y5 My My R)
maXdiagonal R,y f(gv Y5 b5 Py, R)

AcLr =

where we have defined sample correlation coefficient

. &:L’y
pP= =
Oy Oy

As Agrr is monotonic increasing in |p| we have one simple form of the GLRT

H,

]

Hop

The distribution under Hy of p(X) is analytical but non-standard [33].
A more convenient test:
Note that the function
g(u) = u*/(1—u?)
is monotone increasing in |u|.

Therefore, the GLRT is equivalent to

N H
‘P’ > ~y
VI-p2/(n—2) g

The statistic p/+/1 — p2 v/(n — 2) can be shown to follow the student-t distribution with n —2 d.f.

3].

= Level « threshold is determined

v =T, (1 - a/2)

259
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%H%?L am.
M
=
<
|

Figure 136: Block diagram of test of nonzero correlation between two populations.

9.7.2 CASEIl: Hy:p=0,H;:p>0

By analogous methods as used before the GLRT is a one sided test of the form

Hy
Pz
Ho
or alternatively
. H
(n—2)p -1
= i 7, 5(1—a)
1=p* g,

9.8 EXERCISES

1. n ii.d. realizations of a bivariate Gaussian random vector z = [z, zg]T are observed where

the mean of z is s and the covariance is of the form:

|1 2 n-1_ I —p 1
Rz— |: p 1:|0'7 NOtQ.Rz - |: —p 1 0'2(1*p2)

where the component variances o and the correlation coefficient p € [—1, 1] are known.
(a) Derive the MP LRT (with threshold) of the simple hypotheses

Hyp: s =5

Hy:5=s5s;.

For sy = 0 is your test UMP for H; : s # 07 when |p| > 0?7 How about for p = 07.

260
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(b) Find the ROC of the MP LRT of part (a) and show that it is specified by the detectability
index )
|E[T|H1| — E[T|Hy)| _ _

= var(T'|Hy) =n(s; — §0)TRz (81 — sp)

where 7' is a test statistic linear in z.

(c) Now assume that s, and s; satisfy the “power” constraints s} s, = s7's; = 1. For fixed p
show that the optimal signal pair s,, s, which maximizes d? must satisfy s; — s, = [1, 1]
when p < 0 while it must satisfy s; — sy = ¢[1, —1] when p > 0, where ¢ is a constant
ensuring the power constraint.

(d) Assuming the optimal signal pair derived in part (b), for what value of p is the de-
tectability index the worst (smallest) and for what value is it the best? Does this make
sense?

2. The test on equality of a pair of means in Sec. 9.5 required equal variances and led to the
paired t-test of (95. Extend this to the case where the variances on each population may be
unequal.

End of chapter
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10 CONFIDENCE INTERVALS

In this chapter we will cover confidence intervals and confidence regions. The specific topics
include:

OUTLINE

* Confidence intervals via pivots

* Confidence intervals and double sided tests

* Confidence interval for mean, variance, correlation

* Confidence regions for vector mean, covariance variance
REFERENCES

Bickel and Doksum [3]

Mood, Graybill and Boes [26]

Morrison [27]

10.1 DEFINITION OF CONFIDENCE INTERVAL

Let 8 € © be an unknown scalar parameter
Let X ~ f(x;6) be an observed random variable, random vector or random process.

As opposed to a point estimator é(X ) which is a (random) point in the parameter space O, a
confidence interval [T1(X),T>(X)] is a (random) interval in parameter space. Confidence intervals
are also called set or interval estimators.

OBJECTIVE: find two statistics 71 = T1(X) and Ty = T5(X), 71 < T», which specify endpoints
of a random interval

[T1, T3]

that contains 6 with high probability.
CONSTRUCTION OF CONFIDENCE INTERVALS
1. Fix a € [0, 1]

2. For all 8 € © we require

P(Ti<0<Ty)>1-a

The interval [T7, T3] is called a 100(1 — )% confidence interval

Equivalently:

= 1 — a is confidence level of statement “6 € [T, T3]”

= [T1,T3] is a set estimate of

* Py(Th < 0 < T3) is coverage probability of the confidence interval

* 1 — a is lower bound on coverage probability of a 100(1 — a)% conf. interval
* Ty — T3 is the size of confidence interval

* Sometimes a level & GLRT or LMPT of double sided hypotheses can be useful for finding
confidence intervals.
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[§]
——
T T,

1

Figure 137: Confidence interval covers 8 with probability at least 1 — a.

m
m

Figure 138: In n-trials a (1—a)% confidence interval [Ty, Ts] covers 0 approzimately (1 —a)n times (or more)

for n large. Here shown is an 85% confidence interval.
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10.2 CONFIDENCE ON MEAN: KNOWN VAR

Objective: find confidence interval on the mean p based on i.i.d. Gaussian sample X = [X7,..., X,]

with known variance o2.

APPROACH 1: Use Tchebychev inequality:

o?/n
——f~
- Bu[(X: — 1))
P =l 2 ) < ZH05L
f(y;n,0)
N 0 \e—
y
u\‘ area< o

Figure 139: Tchebychev inequality specifies an interval containing the mean with at least probability 1—o? /ne.

In figure f(y;u,0) denotes the density of the sample mean Y = X;.

or, setting e = co/\/n

S 1
PulXi =l 2 co/Vn) <

or equivalently

— 1
PullXi =l S cofvm) 21—

l.e.

1

P(Xi—co/Vn<p<Xi+co/Vyn)>1— =
c

Finally take ¢ = 1/y/a to obtain 100(1 — «)% confidence interval for u

— o — o
X - 2 X4
Yo Jan Tt + van
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OBSERVATIONS:
* Tchebychev interval is symmetric about sample mean

* . o . . . 2
Size 27\/@ of interval increases in 0*/n

* There is a tradeoff between coverage probability > 1 — « and small size

Coverage
probability
1l-a
0.95
n=4
o=1
; 20
1 45  sze Tanm

Figure 140: Coverage vs. size of Tchebychev confidence interval for mean for a Gaussian sample having known
variance.

* Tchebychev interval is “distribution free”

* Actual coverage probability may be > desired confidence 1 — «

* Tchebychev intervals are usually excessively large

APPROACH 2: Find exact confidence interval via PIVOT

Recall problem of testing double sided hypotheses for i.i.d. Gaussian r.v.s having known variance

Ho:p = po

Hiy:p # po

we found level o« GLRT

T Hy
Qo) = YTl > N1 - ay)

o Hy
where we have defined the function

V(o —T0)

g

Q(z, po) =
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Note when p = p,:

1) Q(X, uo) satisfies the following proeprties

— it is a monotone function of p,

— it has a probability distribution independent of p, (and o):

= such a function Q(X, p,) is called a PIVOT. it has also been called a “root” [2].

2) By design of the threshold v = N ~!(1 — «/2) the false alarm probability of the test is

Py, (1Q(X, po)| > ) =

for arbitrary .

fu ()

a/2 o/2

N(a/2) N(1-a/2)

Figure 141: The false alarm level setting for double sided test mean gives an exact 1 — a confidence interval.

As Pr is independent of p,, o is just a dummy variable which can be replaced by the generic pu
and

P,(—<QX,p) <vy)=1-0.

As Q(X, p) = v/n(Ti — p)/o is monotone in p the following inequalities on Q: —y < Q(X, u) <,
are equivalent to the following inequalities on pu: X; — ﬁ << X+ ﬁ ~. Thus we have found
the following EXACT 100(1 — «)% conf. interval for p

X - L N(1—a/2), X+ in N1 = a/2)

Vi Vi
OBSERVATIONS

1. By the central limit theorem this interval is accurate for large n even for non-Gaussian case

Vi(Xi = p)fo — N(0,1), (id.)
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2. Exact interval is symmetric about X;
3. Exact interval is significantly smaller than Tchebychev
o o

\/@ > 2% Nfl(l - OZ/2) = [TQ - Tl]Emact

(To — Tt Tehby = 2

size[%ﬁ/a

1
Ja
N(1-0/2) ‘K
1

Figure 142: Size vs. (1-confidence level) for exact and Tchebychev intervals.

10.3 CONFIDENCE ON MEAN: UNKNOWN VAR

Objctive: find conf. inerval on the mean p based on i.i.d. Gaussian sample X = [X7q,...

unknown variance o2.

APPROACH: Exact confidence interval via pivot

Solution: Motivated by previous example we go back to the double sided hypothesis GLRT for

unknown variance

Hy:pp = fio, 02>0
Hi:p # o, 0°>0

we found level « t-test for Gaussian x;’s:

_ Hy
n|Ti — Mo -
Qapo) = VIl S oo

Hop

Therefore, an exact (1 — «)% confidence interval for y is

_ S _ _ _
X; — NG T, M1 - a/2), Xi+—=T, (1 —a/2)

7
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an-l (X)

a/2 _| /2

Yna(0/2) Xn-a(l-0/2)

Figure 143: Ezact confidence interval for mean for unknown wvariance in o Gaussian sample is given by
quantiles of student-t distribution with n — 1 d.f.

104 CONFIDENCE ON VARIANCE

Objective: find conf. interval on variance o based on i.i.d. Gaussian sample X = [X1,..., X,]
with unknown mean p.

Solution: Recall the double sided hypothesis GLRT for variance

Hy:0? # o2,

In a previous chapter we found a level a Chi-square test for Gaussian X;’s in terms of the sample

variance s2:

n — 2
e < B ooy

o

Therefore, an exact 100(1 — )% confidence interval for o is

(n —1)s? (n —1)s?
Xt1(1=a/2)" xpti(a/2)

Note: confidence interval for variance is not symmetric about s?
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10.5 CONFIDENCE ON DIFFERENCE OF TWO MEANS

Objective: find conf. interval on the difference A = p, — p, of means in two ii.d. Gaussian
samples X = [X1,..., X, [, Y =[V1,...,Yy,]

Solution: consider the hypotheses

Hy: A = A,
Hi: A # A,

A GLRT of level a would give a confidence interval for A similiarly to before.

Recall: the t test

<

N2 |7 — 77 Hy
VT S g
S

was previously derived for the double sided hypotheses

Hy:pe = py
Hy:pe # oy

There is a difficulty, however, since A does not appear any where in the test statistic. In particular
* X; —Y; has mean A under Hy: A = A,
* therefore distribution of t-test statistic above depends on A and is not a pivot

However, as X; —Y; — A has mean zero under Hy and same variance as X; —Y;, we can immediately
identify the following pivot

VIEREX -

S2

=

—A)
~ Tnhs

Thus, the left and right endpoints of a 100(1 — a)% conf. interval on A are given by

n
)/ T2 —a/2
:F nine S2 n72( Oé/ )

10.6 CONFIDENCE ON DIFFERENCE OF TWO VARIANCES

X, —

=

Objective: find conf. interval on the ratio
c= a:% / 05

of variances in two i.i.d. Gaussian samples
*X=1X1,...,X,] Y =[Y,...,Y,,]
Solution: Recall that the GLRT for double sided Hj : 02 # 05 was F-test
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‘7:7?1 1,n2— 1(05/2)S S‘Fnl 1,no— 1( 70{/2)

@w‘aw

Difficulty: distribution of test statistic depends on ¢ = o2/ 05

However, as

2 2 2
1sx _ sx/ox

2 T 2 /2
csy sy/oy

~ fnlfl,ngfl

we have identified a pivot.
Therefore, a (1 — @)% conf. interval on variance ratio ¢ = 02 /03 is given by
2 2

[T17 TQ] = — X — X
Fnl 1,no— 1( _a/2) ‘Fnl 1,no— 1(0{/2)

f(2)

a/2
™ al2
] m z

(a/2) n ln 41-a/2)

nlnl

Figure 144: Confidence interval on variance ratio in a pair of Gaussian samples depends on quantiles of
F-distribution Fp, 1 n,—1

10.7 CONFIDENCE ON CORRELATION COEFFICIENT

Objective: find conf. interval on correlation coefficient p between two i.i.d. Gaussian samples
X=[Xy,...,X,], Y =[Y1,...,Y,] with unknown means and variances.

NOTE: not obvious how to obtain pivot from previously derived GLRT test statistic for testing
H 1:pP 7é 0.
Solution: Fisher Transformation.

Let p be sample correlation coefficient. Then
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145
v=1lIn (1—1_2) = tanh™!(p)

has an asymptotic normal dsn with

Eg[v] = tanh™(p)

tanh}(x)

Figure 145: Inverse tanh function is monotone increasing.

Hence we have a pivot

B tanh~!(p) — tanh~1(p)

This gives 100(1 — )% conf. interval on tanh™*(p)
[ L N1—af2), v N1 — /2)}
R YT =3 “

Since tanh~!(-) is monotone, the left and right endpoints 71, Ty of (1 — )% conf. interval [T, Tb]

on p are

1
vn—3

tanh (v F N1 - a/2)>

OBSERVATIONS:

1. Conf. interval is not symmetric

271
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2. Conf. interval prescribes a level « test of double sided hypotheses

HO P = Po
Hi:p # po
which is
17 Po g [TlaTQ]
P(z) =
07 Po € [T17T2]
Indeed:
Eol¢] = 1= P, (T1 < po <T7)

10.8 EXERCISES

10.1 Let {X;}™ , be an i.i.d. sample with marginal p.d.f. f(z;0) = 0e=%, z > 0.
(a) Show that the maximum likelihood estimator (MLE) for 6 is
mean (you should have previously derived this in hwk 2).
(b) Show that the CR bound I~1(8) for 6 given {X;}™ is of the form: I~1(§) = %.
(c) Now, using the fact that for large n the MLE is distributed as approximately A'(6, I~1(9)),

show that <1+Z(11£)§)/\/ﬁ’ 1_2(111);/\5) is a (1—a)-100% confidence interval for 6, where

Z(p) =N"1p) = {:E [t e 3 dz/\/2m = p} is the p — th quantile of N'(0,1).

10.2 Let X = [Xy,...,X,]" be a Gaussian random vector with mean p = [u1,..., )7 and
covariance matrix Ry.

%, where X is the sample

(a) Show that the distribution of W dlef (X — H)TR;(l (X — p) is Chi-Square with n degrees

of freedom (Hint: use square root factor R)%( to represent (X — 41) in terms of a vector of
uncorrelated standard Gaussian variates). B

(b) Since W has a distribution which is independent of ;1 and Rx, W is similar to a pivot
for scaler p which can be used to generate confidence regions on f. Assume n = 2 and

let Rx be a fixed and known diagonal matrix with eigenvalues A\; and As. Show that

R def {p: (X - H)TR;(l(X —p) < —2Ilna} is a 100(1 — @)% confidence region for the

vector u in the sense that: P(er R)=P(W < —2Ina) = 1 —«. Draw a concise picture
of this confidence region for the case p € IR2. Label and identify all quantities in your
picture. What happens to the confidence region as Ay — 07 Does this make sense?

10.3 This exercise establishes that a pivot always exists when the marginal CDF is strictly increas-
ing. Let {X;}", be an i.i.d. sample with marginal p.d.f. f(z;6) and a CDF F(z;6) which is
strictly increasing: F'(z + A;0 4 6) > F(x;0), A,6 >0 .
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(a) Show that the random variable F'(X;; #) has a uniform distribution over the interval [0, 1],
and that therefore —log F'(X;; #) has an exponential distribution f(u) =e™, u > 0.

(b) Show that the CDF of the entire sample, [ | F'(X;;6) is a pivot for 6. (Hint: the
product of monotone functions is monotone).

(c) Show that a (1 — «) - 100% confidence interval for 6 can be constructed since F'(z;0) is
monotone in # using the result of part (b). (Hint: the sum of n ii.d. exponential r.v.s
with distribution f(u) = e ", u > 0 has a Gamma density).

10.4 Use the approach of the previous problem to construct (1 — «)100% confidence intervals for
the following parameters.

(a) 6 is the parameter in the density f(z;0) =20x+1—-60,0<2z <1, -1 <60 < 1. Verify
your results by numerical simulation for n = 10 using Matlab. Note it may be helpful to
use Matlab’s polynomial rooting procedure roots.m to find the interval endpoints. Note
for this example you cannot use double sided GLRT since the GLRT is degenerate.

(b) 0 is the median of the Cauchy distribution f(x;,0) = (1+(x—0)?)/r. Note that numerical
integration may be required. Verify your results by numerical simulation for n = 10 using
Matlab.

10.5 Let {z1,...,z,} be an i.i.d. sample of a Poisson r.v. with distribution pg(k) = Py(x; = k) =

k

%6_9, k=0,1,2,.... Use the GLRT derived in Exercise 8.4 to specify a (1 — «)% confidence

interval on 6.

10.6 Let {X;}! ; be i.i.d. following an exponential distribution
f(2:0) =07 >0

with 6 > 0.
(a) Derive the GLRT for the test of the hypotheses

Hy : 6=06
Hy . 0+#06

with FA level a (Hint: the sum of n standard (mean = 1) exponential r.v.s is standard
Gamma with parameter n).
(b) Using the results of (a) find a (1 — @)% confidence interval on 6.

End of chapter
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11 DETECTION FOR SAMPLED GAUSSIAN WAVEFORMS

We have come to a point where we can now treat the more general case of correlated waveform
observations. This arises, for example, when we wish to decide on the mean or variance of Gaussian
random process based on its time samples and is the bread and butter of detection for signal
processing, control and communications.

We will cover the following:

1. Offline methods:

* General vector Gaussian problem

* Detection of non-random signals in noise: matched-filter

* Detection of random signals in noise: filter-squarer and estimator-correlator
2. Online methods

* On line detection of non-random signals: causal matched-filter

* On-line detection for nonstationary signals: Kalman filter detector
References

Van Trees [43]

Srinath, Rajasekaran and Viswanathan [40]

Whalen [44]

11.1 OFFLINE METHODS

We have the following setup.
Observation: X = [X1,...,X,]7 ~ No(u,R)
mean: p = E[X] = [pu1,...,pun|"

covariance: R = ((COV(xia wj)))ij:l n

Joint density

1
z, ), R) = ——————exp (—
o 1 R) = o Ry =

Consider simple detection problem

Likelihood ratio is

274
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VRo[exp (=3 — 1)) "Rz — )
VRiJexp (<12 — 1)) Ry @ — 1))

(z) =

Giving LRT

where

=logn + tlog =— ]R |

Interpretation of LRT as distorted “Mahalanobis” distance test:

Define two norms in R"

lzllry = 2" Ry'z,  zllr = 2" Rz,

Norm ||z||r emphasizes components of z which are colinear to eigenvectors of R associated with
small eigenvalues

Then MP-LRT takes form of a comparison between weighted distances of x to By VS 1y

Hy
2 2 ’
lz = pollry = llz = p Ry 2 7
Hop
An alternative form of LRT is the quadratic test
Hy
T(z) = iz [Ro -Ry ]x+(#1R1 —MORO )7 z Y
Hop
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Xis“closer” to y, thanit isto y,

(Ho)2 X

IS

(Mo)1 (M9

Figure 146: LRT for general Gaussian problem compares “closeness” of x to distorted meighborhoods of the
means (o and fi1.

11.1.1 GENERAL CHARACTERIZATION OF LRT DECISION REGIONS

Divide treatement into four cases:

1. Ro = Ry,
2. Ry —R1 >0,
3. Rp —R; <0,

4. Ro — Ry non-singular
Casel. R =R; =R:

In this case T" (z) = a”

x is linear function

a = Ril(ﬁl_ﬁo)a

and decision regions are separated by a hyperplane.
Case 2. Rg — Ry > 0: (p.d.)

In this case, as Ry > Ry implies Ral < Rl_l,
R;'-Ry'=A; R >0 (p.d.):

and

/

T'(z) = —3(z—b) AR (z—b) +c

b = (AR D) RI — Ry,



STATISTICAL METHODS FOR SIGNAL PROCESSING (©Alfred Hero 1999 277

Figure 147: For equal covariances of a multivariate Gaussian sample the decision regions are separated by a
hyperplane (here shown for fy/ = 0 for which a is orthogonal to separating hyperplane).

Hence the H; decision region is an ellipsoid

X = {3z - ) [AR (@ —b) <~}

Case 3. Rp < R
In this case
R;' —R;'=AnR7! >0 (p.d.):

and

/

T'(z) =3z - b" [AaR™] (z—b) +ec

1
2

b = (AOlRil)il[Ralﬁo B 1_1H1]
So now the Hy decision region is an ellipsoid

Xo= {1z —0)TAnRz—b) <~}

4. Ry — Ry not p.d, n.d., or singular
Let AgiR™! be defined as above

R,' —R;'= AR

Let {\;}"; denote the eigenvalues of this matrix
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Xo

77

=

Figure 148: For Rg > Ry the Hi decision region is the interior of an ellipsoid for testing covariance of a
multivariate Gaussian sample.

\

=

Xq

Figure 149: For Ry < Ry the Hy decision region for testing the covariance of a multivariate Gaussian sample
is the exterior of an ellipsoid.
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Let the signature of AgiR™! be the binary vector

b=1[b,...,bn)"

Definition: The signature of a non-singular symmetric matrix B are the signs of its eigenvalues
arranged in decreasing order of magnitude.

= If the signature [b1,...,b,]" equals [1,...,1] then all eigenvalues are positive and B is positive
definite.
= If [b1,...,b,)7 equals [~1,...,—1] then —B is positive definite.

General representation:

where

1, u>0
sgn(u) =4 0, u-=
-1 u<0
We can rewrite the LRT test statistic as
T'(z) = iz-b"AaR(@z—-b) +c

= b zf+...—|—bnzi—l—c
where

2i =N (& - Q)TZZ'

and v;’s are eigenvectors of A R7L.

Thus each decision region is hyperbolic.

11.1.2 CASE OF EQUAL COVARIANCES

Here Rg = R; = R and LRT collapses to linear test

T(g):AHTR_lg 2 om

where Ap = (g, — 1)

and

v1 = logn + HoTRilﬁo — HlTR71H1
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Figure 150: For Ry — Ry non-singular but neither p.d. mnor n.d. the Hy decision region for testing the
covariance of a multivariate Gaussian sample is a hyperboloid.

DETECTOR PERFORMANCE

As the test statistic T'(X) is Gaussian suffices to find means

Eo[T]

AHTRAHO

E\[T]

AETRfl Ky
and variances
varg(T) = varg (AHTRAK)

= AR covp(X) R71Au
fad ‘ fad

= AHTRAAH

var1(T) = wvaro(T)

Thus we find

varg(T')

PF:azl_N<w—Eom>

so that the NP MP-LRT test is
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Hy
ARz 2 JAUTRIIAUN T (1 —a) + AETRAHO
Hy

or equivalently

ATR—l _ Hy
LR Z7h) S g

VARTR=IAp 1?0
NOTES:

L. For p, # 0: MP test is not UMP w.r.t unknown parameter variations

2. For p, = 0: MP test is UMP w.r.t. constant positive scaling of My
Next find power:

a_1_ 71 — E1[T]
Fo=p=1 N( Varl(T)>

giving ROC curve:

where d is detectability index

varo(T)

= /AUTRTAp

Example 44 Detection of known signal in white noise

Hi:xzp, = sp+we

* w ~ Nn(07021)>
* s and 02 known

Identify:

By =0, Ap = s, R =%
so that the LRT takes the form of a matched filter
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3

H;
T(z)=s"z =) spar 2 7
k=1 Ho
v =o%logn — s
GEOMETRIC INTERPRETATION
The LRT can be expressed geometrically as a signal ”projection” detector

Projection of x onto s is

&>
Il
[
IV
~
—_
I8

<s5Z>

5]
————
Proj. coef.

Il
v

Length of this projection is

X s'e
|2

Izl = 1sll

(&l

1
T (z)] @
Conclude:
* LRT is a threshold test on the projection coefficient of the orthogonal projection of z onto s
* LRT is threshold test on ”signed length” of &
* LRT is related to LLS estimator Z of z given s
PERFORMANCE
Equivalently, for MP test of level a we have

T Hy

st x

— = z N1 —-0a)
Blo

This test is UMP relative to signal energy ||s||?

Now compute detectability index:

n 2
2 = |s|?/o? = =15 _ g\R (100)
g
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Figure 151: MP detector applies a threshold to projection coefficient < z,s > /||s||*> of orthogonal projection
of x onto s, shown here for the case of n = 2.

X

Compute
—*|LLSprojection
coefficient

Figure 152: MP detector block diagram implemented with a LLS estimator of x.
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NOTE:

* detection index is invariant to shape of waveform s.

* detector power only depends on total signal-to-noise ratio (SNR).
Note: two ways to implement optimal detector

Cross-correlator:

Matched Filter:

Example 45 Detection of known signal in non-white noise:

Hy:zp, = w

Hi:xp = sp+wg

*w ~ N,(0,R), R not scaled identity.
Optimal detector
QTR_l z H,

T - = = > N—l 1—
(&) \/m I_?O ( Oé)

Q. How to modularize detector?
A. transform to the white noise case via preprocessing with matrix H

Produces white noise measurements

|82

We will require matrix filter H to have properties:

1. covg(Z) = covy(Z) = I: = whitening property

2. H is invertible matrix: = output remains sufficient statistic

MATRIX FACTORIZATION

For any symmetric positive definite covariance matrix R there exists a positive definite square
root factor Rz and a positive definite inverse factor R~z which satisfy:

R = R2zR?, and R"'=R :R 2.

There are many possible factorizations of this type. We have already seen the Cholesky factoriza-
tion in Chapter 6 which yields upper and lower triangular factors. Here we focus on a symmetric
factorization given by the eigendecomposition of R = UDU”, where

* D = diag(\;) are (positive) eigenvalues of R

*U = [vy,...,1,] are (orthogonal) eigenvectors of R
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Figure 153: Matrixz prewhitener H applied to x renders the transforms contours of the multivariate Gaussian
density to concentric circles (spherically symmetric).

AsUTU =1
R = UDUT =uD:D:UT = UD:U” UD:z:U"T

Therefore we can identify
R: = UD:U7.

Furthermore, since U™! = U7 we have
R =UD :U"
which satisfy the desired properties of square root factors and are in addition symmetric.

Using square root factors the test statistic can be rewritten as

sTR:R 2z
T(z) = ===
Vs'R7T2R7zs
'z
3]
Where z, s are transformed vectors
~ —1 ~ 1
z=R72z, 3=R7%s

Now we see that

Eo[X] =0, Ei[X]=3 covo(X)=rcovi(X)=1

so that problem is equivalent to testing for a signal in white noise of unit variance.
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Hy
Xk 1/
IR @ﬂ )2
R-l/z
x "
S

Figure 154: Matriz prewhitener H = R~ is applied prior to optimal matched filter detection.

Detectability index for non-white noise:

Note: d? = ||3]|?> = sTR™!s.

Remark

No longer is detection performance independent of shape of s
OPTIMAL SIGNAL DESIGN FOR NON-WHITE NOISE:
Constraint: ||s||*> =1

Maximize: d? = sTR~1s

Solution: Rayleigh quotient theorem specifies:

sTR7s 1
sTs ~ min; )\ZR
)\lR = an eigenvalue of R.
Furthermore
sIR71s 1
sT's min; )\f

when s is (any) minimizing eigenvector of R (there will be multiple minimizing eigenvectors if
more than one eigenvalue {\} equals min; A¥). The intuition here is that the best signal vector
points in the direction of signal space that has the lowest noise power; hence maximizing the SNR
over the set of fixed energy signals.

Example 46 Application: (Real) Signal detection in a sensor array
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V Nt

&

Figure 155: The optimal signal which maximizes detectability is the eigenvector of noise covariance R with
minimum eigenvalue.

Figure 156: Sensor array receiving signal wavefront generates spatio-temporal measurement.
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k-th snapshot of p-sensor array output is a multi-channel measurement:

T, =as+v, k=1,...,n

or equivalently we have p X n measurement matrix

X =[z,...,2,]

* a: array response vector

* v, Gaussian N, (0, R), known spatial covariance R
* s: deterministic signal amplitude
Three cases of interest:

1. Detection of known signal amplitude
2. Detection of positive signal amplitude
3. Detection of non-zero signal amplitude

Case 1: Known signal amplitude

Hy:s = 0, k=1,...,n
Hi:s = s1, k=1,...,n

Approach: reduce to single-channel problem via coordinate rotation
As a, R are known, we can transform the array to one with

* spatially uncorrelated noise (R diagonal)

* signal energy present only in first channel.

Define the p x p matrix H:

—1
H=|-R A, Vg, .-,

a

X

where

* g = /QTRfIQ
* y,; orthonormal vectors orthogonal to R™2a (found via Gramm-Schmidt)

Then

a

. 0
H'R 2 g= =ae

ne :

0

Now as W = H'R ™2 is invertible, the following is equivalent measurement

288
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X
{7
X1

x
Xl

original

. whiten rotate
coordinates

Figure 157: Transformation of Gaussian multichannel problem to a Gaussian single channel problem is a two
step procedure. First a whitening coordinate transformation R™2 is applied to measurements x = as+n (joint
density in original coordinates is shown in left panel) which makes noise component n i.i.d. (transformed
measurements have joint density with spherically symmetric constant contours shown in middle panel). Then
a pure rotation (unitary matriz) H is applied to the transformed measurements & which aligns its signal
component R™2as with the first coordinate axis (right panel).

Xk; - Wzka
= sWa+ WKm

= 5140 €1 +Kk

where V. ’s are i.i.d. zero mean Gaussian with identity covariance

cov(V,) =WRW!I =HT R :RR : H=H'H=1

Matrix representation

X=sal” +V
where V is a p x n matrix of i.i.d. NV(0,1)’s
Note properties:
* all rows of X = WX are independent
* only first row 5{1* = Q{X depends on s1

Therefore LR only depends on the first row X
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A(X) _ f(jsl*gng*a---’%n*; 5:51)
F(Xiw , Xowy oo oy Xpu; s =0)
_ f(fsl*; 3:31) ﬁf(fsz*; 5251)
f(Xl*; s = 0) i=2 f(XZ*’ §= 0)
=1
_ F(X1; s =s1) _AXyL)
(X5 5 =0) "

Thus we have reduced the problem to equivalent hypotheses that a (row) vector measurement

2T = X, contains a constant signal in i.i.d. Gaussian noise of variance 1

Hy :

[N
Il
[S3

54

Hi:z=s51al+17

NS

Hy: z, = vy,

H1 L2k = 81 d—l-f)k

The LRT follows immediately from our previous work in detection of constant signal p = s1a

s1a z;
Or, as a is positive, the final form of the LRT is

Hy

T(:)=vazm >
Hy

Hy

Vnz Z

Hy

H,
>
< 7
Hg

N1 —-a) s >0,

~-N1-a)

51 < 0,

The power of the test is determined by the detectibility index

|E[Zi|Hi]|
var(Z;|Ho)

d:

=/n |s1a] = vn |s1] VaTR1a

We can express LRT in original coordinates by identifying

r Xy, =ef X =¢f

[
Il

1

vVa'R™1la —

W X
~—

HTR 2

a"R7: R7*X

-
elHT

1

Val'R 1la

" R7IX
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Hy
Xk;. R% — H i Z ‘. e
Ho

Figure 158: LRT for detecting presence of a spatio-temporal signal implemented with whitening and coordinate
rotation preprocessing.

and the identity

to obtain (s; > 0)

T(z) = ;aTR_le > N1 -a),

vnaTR-1a — Ijo
OBSERVATIONS
1. The LRT above is UMP w.r.t. any positive amplitude s;
2. A modified LRT is UMP w.r.t. any negative amplitude s;
3. The detectibility index

d=+/n|s1| VaTRla
—_———
ASNR
depends on normalized array SNR = ASNR
= ASNR depends only on ||a|| when noise v, is spatially white (R = oI).
4. Coherent interferers can severely degrade performance

Case 2: Unknown signal amplitude
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Xk

=1

>

: —X)
%5J>£

pk
Temporal ﬂ Spatial Ho
Averaging R-1la Averaging

2

X

|
|

Figure 159: LRT for detecting presence of a spatio-temporal signal implemented without coordinate transfor-
mation preprocessing.

Hy:s=0, k=1,...,n

Hy:s#0, k=1,...,n

No UMP exists!
Solution: double sided GLRT

Hy
T()|=Vnlzil= 2 NT'(1-a/2)

Hy
1. Implementation of GLRT via signal subspace projection:

Projection of z onto s =n~"1 1 is

o>
I
—
—|»n
1 ey
o S
[—
|

* II; = signal subspace projection operator

Length of Z is
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T
S Z
12 = sl |+
5]

i

Z PR

sl

= |z

Conclude:

* GLRT is a threshold test on the length of the orthogonal projection of z onto span(s)

Figure 160: GLRT detector thresholds length of orthogonal projection of z onto s, shown here for the case of
n=2.

2. Implementation of GLRT via "noise subspace” projection:

Recall orthogonal decomposition

z=1z+ I -1z

* 11, = signal subspace projection operator
* I —II; = noise subspace projection operator

With this we can express GLRT as

Hy
— !
Z = Mzl = 2 = I - Tz [I” 2~
N— Ho

z—Z
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1 Ns —— 1P

Figure 161: GLRT detector block diagram implemented via signal subspace projection.

s P

Hy

— I-IP

(]

Figure 162: GLRT detector block diagram implemented via noise subspace projection.

294
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11.1.3  CASE OF EQUAL MEANS, UNEQUAL COVARIANCES

Here By =My =1 and LRT collapses to purely quadratic test

Hy

T(z)=(z-pw' Ry —Ri'Nz—p) I v

Ho

where 7 = 2In7. Note that for convenience we have chosen to absorb the factor 1/2 in the log
likelihood ratio into the threshold ~.

Analysis will be simplified by prefiltering to diagonalize R - Rfl

= Require prefilter to perform simultaneous diagonalization

R3“2R; Rg¥2=UdCUS

X - R&X
—>
7
Ro X - UoX
>

Figure 163: Illlustration of simultaneous whitening of two Gaussian data sets, or equivalently simultaneous
diagonalization of two p.d. matrices as a two stage procedure. First one of the matrices is diagonalized
and scaled to have identical diagonal elements via appropriate coordinate transformation (superposition of
the constant contours of the two densities is shown on left panel along with the result of the coordinate
transformation in middle panel). Then a unitary transformation is applied to diagonalize the other matrix
without affecting the transformed first matriz (constant contours of the two densities shown on right panel).

PERFORMANCE ANALYSIS
Under Hy reexpress (x — H)T[Ral ~R{Y(z - i) as

T(X) = (X-p) Ry [I-RGR 'R Ry * (X — p)
——— —————
=ZT ~ N, (0,1) =Z~Nn(0,I)

1 1
Now let R Rl_le have eigendecomposition

R:R;'R; = UL CU,
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* Uy orthogonal matrix of eigenvectors

* C = diag(cy, . .., cy) diagonal matrix of eigenvalues.

T(X) = (U2)T[1-C](Up2)
N (0,1) N (0,1)

2(1 — ¢,
= n(l—-c¢) 2721-(1 )

Chi—sq.—mixture

where
(1—c) :n_lz (1—c)

There are two cases to consider: 0 < ¢; < 1 vs ¢; > 1. Note that consideration of ¢; = 0 is not
required since we have assumed that R; and Ry are positive definite matrices.

CASE 1: 0<¢; < 1foralli

Here

(I1-¢)>0
so we can absorb it into into threshold -y
This gives MP level « test in terms of orthogonalized measurements z;
H
Y alza S 1w
. < n,l—c

p Zj(l - ¢5) Hy

Finally, retracing our steps to the original observables we have the implementable level o LRT test

Hy

- " Ry' =R Da—-p) 2 ax,) (1-a)
Hop

Here a = Y (1 —¢;) and X, ; _.. is the CDF of Chi-square-mixture r.v. with n degrees of freedom

and mixture parameter vector

l—c=1—-¢,...,1—¢,]"

(Johnson, Kotz and Balakrishnan [17, Sec. 18.8]).
It remains to find the power:

In a similar manner, under H; we can express

T(X) = (X-©)"R;* R{Ry'R{ —IR;*(X —p)

= (Uwz)'[C7! - 1)(U12)
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f Xn,l— c(1-a) (y)

.y

—-1
X n,1-c(1-a)

Figure 164: For ¢ < ¢; < 1, threshold of test between two multivariate Gaussian models with identical means
but unequal covariances is determined by quantile of Chi-square-mizture p.d.f.

Hy
X 7
% Ro'—1 Uy — <>2§~ >
1% 1-Cx
Zl—q Ho

Figure 165: An implementation of the MP-LRT for equal means unequal covariances using orthogonal prefilter
1 1
Uy obtained from eigendecomposition: R Rl_lRO2 = UgCUo, where C s diagonal.
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B (1/¢; — 1)
= nlt/e=1) Zz (1/e; 1)

TV
Chi—sq.—mixture

where Uj in the above is an orthogonal matrix.

As (1/c—1) > 0, we easily obtain power as:

p=1- yn,l/cfl(p Y;L,ll—c(l - Oé))

where

p=010-c)/(1/c=1)

-
Xn,l—c(lﬂ) PFA

Figure 166: For ¢ < ¢; <1 ROC of test between two multivariate Gaussian models with identical means but
unequal covariances is determined by upper quantiles of pair of Chi-square-mizture p.d.f.’s

CASE 2: ¢; > 1forall ¢

Here we have (1 —¢) < 0 and the constant in the test can be absorbed into threshold only with
change of the inequalities.

Obtain the MP level « test in z; coordinates

(1—-1¢) Ho
= > ——1
ZZ l—C] Ij an c(a)

1

and, using similar arguments as before, we obtain power curve

B = Yn,l/c—l(p Y;}l—c(a))
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n=3

Figure 167: ROC curve corresponding to Fig. 166 with various parameters c1, ca, c3 for n = 3.

Case 3, where some ¢;’s satsify the condition in Case 1 and others satisfy that of case 2 is more
complicated as we end up with a Chi-squared difference in our test statistic.

11.2 APPLICATION: DETECTION OF RANDOM SIGNALS

Example 47 Detection of shift in variance of white noise

Hg:l’k = Wk

Hy:xp = s+ w

wy, ~ N(0,02): zero mean white noise
sk ~ N(0,02): zero mean white noise

wg, Sk uncorrelated

Now
Ro=021I, R;=(c2+02)1
and
2
1
RI-R'=—795 1
0 1 o2+ 02 o2

Hence, defining
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¢; is the constant

¢i = 02/(02 +0?) =1/(1+SNR)
1—¢ = SNR/(1+SNR)
1/e;—1 = 1/SNR
p = (1—-¢)/(1/c—1)=1/(1+SNR)

Note the SNR is defined differently in the case of a zero mean stochastic signal and a non-zero
mean deterministic signal (100).

INTERPRETATION: 1 — ¢; is the temporal “coherency function” (SNR normalized to interval
[0,1])) of the signal w.r.t. the measurement

k:=02/(c2 +02) = SNR/(1 + SNR)

Thus LRT reduces to

n
K

H,
2
T(z) = 5 2%k z v
W =1 Hy

Which reduces to the Chi-squared test (“energy detector”)

n H,
T (@)=Y 2i/on, 2 xn'(1-a)
k=1 Hop

NOTE: relation between Chi-square-mixture and Chi-square CDF’s when 1 — ¢; = constant

Power curve reduces to

_ _ 1 -1 _
g=1 Xn<1+SNRXn (1 a))

Example 48 Detection of uncorrelated non-stationary signal in noise

Hy:zp = wg

Hy:xp = s+ w

wy, ~ N(0,02(k)): uncorrelated noise samples

sk ~ N(0,0%(k)): uncorrelated signal samples
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Wy, S uncorrelated

In this case

Ry = diag(c2(i)), Ry = diag(c2(i) + o2 (i)

and

Sl g o5 (i) L
Ry"—R; = d g<gg(z’)+ag,(z‘) o%;,@)

= diag (/02 (1))

where k; is time varying coherency function

o ag(i
ECHORIAC)
is
Hence, MP-LRT of level a reduces to
1\ i Iil -1
= Z Kk —5 < = Xn,n(]' - Oé)
R o2 (k) Hy

or equivalently in terms of the original T'(z)

n 72 Hy
T(z) = > rk 2&) 2 vy =FEXus(l-a)
k=1 w

Special case of white noise: o2 (k) = N,/2

H
- 2 >1 _ NO ———1
Z’%kxk < ’y_?’%Xnn(l_a)
k=1 Ho

TWO USEFUL INTERPRETATIONS

Assume white noise for simplicity (we know that we can simply prewhiten by 1/0,,(k) if non-white
wk).
1. “MEMORYLESS” ESTIMATOR CORRELATOR IMPLEMENTATION

Rewrite test statistic as

3

H,
s >
Sk Tk -
k=1 Hop

where §; is LLMSE estimator of s given xj
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X

O 2

0y,(K) Ky H

Figure 168: LRT for detecting independent zero mean non-stationary Gaussian signal in non-stationary Gaus-
stan noise.

Xk

G2(K) S
G3(k) + 0F, H

Figure 169: Memoryless estimator correlator implementation of LRT for non-stationary uncorrelated signal
in white noise. Note prewhitening operation 1/02, preceeds the estimator correlator.
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; o (k)

S, = —F/w/——— TrL =KL I
M2k o2 R T R

2. “MEMORYLESS” FILTER-SQUARER IMPLEMENTATION

Rewrite test statistic as

where y;. is defined as

Hi
Xk 62(k)
(\) Gé(k§+63v + ( )2 ™ Z
Ow HO

Figure 170: Memoryless filter squarer implementation of LRT for non-stationary uncorrelated signal in white
noise.

POWER OF MEMORYLESS ESTIMATOR CORRELATOR:

as above

p=1- Yn,l/c—l(pyall—c(l - Oé))

where
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To a good approximation, at high SNR it can be shown that ROC depends on n, N,, 02(i) only
through the following three SNR moments

1
SNRWM = = o (i)
woi=1
1)\ = o o
sv® = (L) % oot
w/ i

SNR® = <1>3 Y o3 (i)oZ(j)o3 (k)

Example 49 Offline detection of w.s.s. signal in white noise

Assume a window of n samples of a zero mean w.s.s. process xj are available to test

H():aﬁk = Wk, k:O,...,n—l
Hi:xp = sp+wp k=0,...,n—1

where

* wy: Gaussian white noise with PSD Py, (w) = N, /2
* sp: zero mean w.s.s. Gaussian signal with known autocorrelation function rs(k) = E[s;s;—k]
* wy, s uncorrelated

The n X n covariance matrices under Hy and H;p are
_ _ 2 _ 2
Ro=Ry=0,I, Ri=R;+0,1

where Ry = ((7s(l —m) ))},—
We know that MP-LRT is of form

| is an n x n p.d. Toeplitz matrix and o2, = N, /2.

T)=2"Ry'-Riz Z 1
Hy

However, in this form, the detector is not implementable for large n due to the need for to perform
the R matrix inversion. An alternative, for large n, is to invoke a “spectral decomposition” of
the Toeplitz matrix R, sometimes known as the Grenander representation, pursued below.

Define E the n x n unitary “DFT matrix” with n columns e; given by
e = [1, e, ... DT

= +v-1, and w, = %2% € [0,2m), k = 0,...,n — 1, is the k-th radian frequency. Let
= [%1,...,@n]7 denote the vector of (y/n-normalized) DFT coefficients associated with z =
T.

= EHg.

51

304
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Then as EEf =1, we can represent the LRT statistic as

"Ry -Riz = [E"2)"(E'R;'E - E'R;'E)[E"z]
g, 1 e~
= gH(U—ZI ~EfR'E)z (101)

Now, remarkably, for large n the matrix EX RI_IE is approximately diagonal, i.e. the DF'T operator
E diagonalizes the covariance matrix. To show this we first state a theorem:

Spectral approximation Theorem [5]: For any positive definite Toeplitz matrix R = ((ri—;))7 ;4
EfRE = diag, (DFT,(wy)) + O(1/n)

where DFT, (wy) = Zz;in 11 7ke 9% is the k-th coefficient of the discrete fourier transform (DFT)
of the sequence r = {r_n41,...,70,...,"n—1}, and O(1/n) is a term that goes to zero at rate 1/n.
This implies that for large n the eigenvectors of R are the DFT vectors and the eigenvalues are
the DF'T coefficients of the distinct elements of R.

Proof of spectral approrimation theorem:
It suffices to show that DFT matrix E asymptotically diagonalizes R, i.e.
DFT, (w k=1
H k)
et = { P D

So let’s write out the quadratic form explicitly

n—1n—1

ngRgl =n! E E e IkPe My
p=0 m=0

Next we rearrange the summation a bit

n—1 n—1

efRe;, =n! E eJ (wi—wi)m E e—ka(p—m)Tpim

m=0 p=0
Now we make a change of indices in the summations m — ¢t € {1,...,n} and m —p — 7 €
{=n,...,n} to obtain

n—1 n—1

QkHRQZ — § TTe—ka(T) n=L E e (wi—wi)t
T=—n+1 t=0

gn(wl_wk)

where g, (u) = n= (7" 2 sin(u(n + 1)/2)/sin(u/2) — 1). Now, as n — oo, the term g, (w; — wy)
converges to a discrete delta function:

lim g, (w — wi) = d—
n—oo
and so, assuming appropriate conditions allowing us to bring the limit under the summation, we

have the large n approximation

n—1
efRe;, = Z rre I 5y = DFT, (wy) 0k
T=—n+1

305
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which establishes the spectral approximation. o

Applying the spectral decomposition theorem to the Toeplitz matrix R1_1 = [Rs + 021)7! (the
inverse of a Toeplitz matrix is Toeplitz) we obtain
EfR['E = diag {1} +0(1/n)
! K Ps (Wk;) + O'gj
where Ps(wy) is the power spectral density associated with sg, i.e., the DFT of {rs(—n+1),...,rs(n—
1)}. We have from (101) the following form of the MP-LRT test statistic (recall that o2 = N,/2)

T(z) = #'(5I1-E'R{'E)Z (102)
Uw
2
= ¥ z diag (k(wp)) Z (103)
where k(w) is the spectral coherency function
Ps(w)

M) = P £ N2

Expressing the quadratic form as a sum we obtain the equivalent large n form for the MP-LRT

9 n—1 Hy
~ 12 >

= — E z 1/n ¥
N, Opswk+N/2|k| / 0

where, as before, v is the level a threshold
Y= EYn,n(l - Oé)

and {\/niy} are the DFT coefficients of the observations. The quantity |Z;|* 1/n is known as the
Periodogram estimate of the PSD of zy.

IMPLEMENTATION ISSUES

Using the duality between convolution in the time domain and multiplication in the frequency
domain, identify the test statistic as:

n—1

— I 9 )

(S(wr))*

where 4y, is the inverse DFT of S(wy).

Implementation 1: Estimator correlator:

Absorbing N, /2 into the threshold, the MP-LRT can be written as
No _ _

Zé Tp 2 :Tfixnﬁ(l—a)
k=0 Hp

where

306
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5k = hmmse (k) * oy

and hyiyrse(k) is the Wiener filter with transfer function

Ps(w)

HMMSE(W) = m

Xk

Humse Ho

Figure 171: Estimator correlator implementation of LRT for w.s.s. signal in white noise. (Error in figure:
the summer before > 7 at bottom right should be a multiplier.

Alternatively use

Parseval’s theorem: if f(k) < F(wy) are DFT pair then

00 n—1
Tt Y F@r)P =) I R)P
k=0

k=—00

Implementation 2: filter-squarer

n—1 Hy
N,
2 I
Zyk z 7:70’{ n,n(l_a)
k=0 Ho

where

Yk = hi * g,

and hj has transfer function
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< Hw) W’» >

Figure 172: Filter squarer implementation of LRT for w.s.s. signal in white noise.

ROC: identically to previous example

=1~ Yn,l/c—l(pyfr:,ll—c(l - Oé))

except now ¢ = [c1,...,¢y] is
ci = (No/2)/(Ps(wi) + No/2)

11.3 DETECTION OF NON-ZERO MEAN NON-STATIONARY SIGNAL
IN WHITE NOISE

Now consider

Hg:a?k = Wk

Hy:xp = s+ w

*wp ~ N(0,02): white noise
* s~ N(px,o2(k)): uncorrelated signal samples
* wy, s, uncorrelated

Recall general formula for nonequal means and covariances for LRT
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T(z) 'Ry - Rz + (R — Ry 2

Hy

For present case My = 0, R; and Ry are diagonal and LRT statistic reduces to

It is easily shown (see exercises) that this LRT is equivalent to the test

H
En: 2 75 (k) 5 (@ — i) +2 iﬂkxkz zl v (104)
k=1 US(k) T o k=1 Ho

This test can be implemented by a combination of estimator-correlator and matched filter.

% | I
X : ‘2

Hy
‘-_C-P;G-)—' >

Figure 173: Estimator correlator plus matched filter implementation of LRT for non-zero mean w.s.s. signal
in white noise. (Note: the “summer” with inputs x — ux and 8 should be a multiplier)

PERFORMANCE:

The test statistic is now distributed as a noncentral Chi-square-mixture under Hy and H; and
analysis is somewhat more complicated (Johnson, Kotz and Balakrishnan [17, Sec. 18.8]).
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11.4 ONLINE IMPLEMENTATIONS OF OPTIMAL DETECTORS

Objective: perform optimal detection at each sampling time n = 1,2,... based only on past
observations 0 < k <n

Hy:xp = v
Hi:zp, = sp+u
Hq
"k CAUSAL
DEVICE
HO

Figure 174: Online detection seeks to develop optimal detector for each time instant n based only on past
measurements.

11.4.1 ONLINE DETECTION FOR NON-STATIONARY SIGNALS

Objective: decide between the presence of either of two random signals based on finite past
0<k<n

Hy:zp = so(k) +wy

Hy:z, = si1(k) 4+ wg

where
vk: non-stationary zero mean Gaussian noise

so(k), s1(k): non-stationary zero mean Gaussian signals with known state space representations
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Recall: general MP-LRT is of form

T(z)=z"[Ry'—Ri'lz 2 ~
Ho

Difficulty: growing memory in n makes computation of T'(x) impractical
Solution 1: Online dual Kalman signal selector

Solution 2: Online signal detector via Cholesky

11.4.2 ONLINE DUAL KALMAN SIGNAL SELECTOR

Let ", and 7, denote vectors of innovations generated by Kalman filters matched to Hy and Hi,
respectively.

KE1 —— nyk)

KFEO — oK)

Figure 175: Dual Kalman filters generate innovations processes n1 and ng

‘We know that

Ny = Aoz, 1 =Aiz

Ry = Aj'R, A7, Ri=A'R A7

where
* Ag, Ay are lower triangular matrices of prediction coefficients

*R,,, Ry, are diagonal matrices of prediction error variances
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Recall important property of innovations:

(k) = x(k) — &(k|k — 1) = (k) — &(k|k — 1)

* Eln(k)] =0
*var(n(k)) = QTRg(k, k —1)c+0?2 is minimum prediction error variance
| —
o2 (k)

* 08 L White
var (n(k))
i, mal” ~ NG (0, diag(var(n(k)))I)
Using innovations representation we can re-express LR statistic
T(z) = «"Ry' —Ry'lz
= gT[ AgRgol.Ao - A{R;llfll |z

= [Aowz]" R, [Aoz] — [Aiz]" R, [Aiz]
=

70

——
o U
Or, LRT reduces to
n 2. n 2/ - Hy
1 (4) 7 (4) >
T(z)=) —F = — — ol
D=2 S~ L@ <

where, level o threshold is time varying. For example if R s Rl_1

v=n(l-0) Xy (1 —a)

Special Case: SIGNAL DETECTION IN WHITE NOISE

Here so(k) is zero and vy, is white

Hy:xzp, = v
Hy:zr = si(k)+ v

and

* so(klk—1) =0

*

no(k) = zx

312
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K
N KFl rll() ( )2 N Z
*k var(n, (k)
K
var(n (k) Ho

4

Figure 176: Dual Kalman filter implementation of state space signal selector.

decide H,
{
Ya
T(x)
n
n

Figure 177: Trajectory of dual Kalman filter implementation of state space signal selector. Note that the
threshold is a function of time. If the number of samples n is random then the threshold of the test must be
set by the method of repeated tests of significance.
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* varo(no(k)) = o7

Thus MP-LRT simplifies to a “measured energy” vs. “Kalman residual” detector

_1 - x? — 3 M Ii
T(g)—ag Z i z,Z;var(m(i)) A, !

i=1

Hy
A 05
02 T
» KF (2—()Z —
0,2 H,

Figure 178: The optimal detector of a single state space signal in noise.

11.4.3 ONLINE SIGNAL DETECTOR VIA CHOLESKY

Again assume sg(k) is zero so that

Hy:xp = v
Hli.’L'k = sl(k)—i—vk

Solution: apply Cholesky decomposition to R - Rl_]L
Note

R,'-R;' = R,'-[R;+R,]!

— [R,+ R, !RIR;'RZ[R, + R, }

314
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Hence we can apply the Cholesky decomposition
R;'-R'=L"PL

* L is lower triangular matrix of “backward predictor coefficients”
* P is diagonal matrix of “backward predictor error variances”

Now apply Cholesky decomposition to T'(x)

T(z) = 12" [Ry'—Ri')z

or we have representation

Xk’, L A()z’?az

Figure 179: On-line implementation of non-stationary signal detector via using Cholesky factor L.

The MP level « test is simply
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n H;
Yoty 2 m=nl-0)X,x(1-a)
i=1 Hp

where 07 and k = n(1 — ¢) are computed offline. Note that while we can generate a recursion for
the test statistic, a recursion for the threshold -, is not available.

In many cases y; can be generated by a “lumped” Kalman filter matched to a state observation
model

/ ! !
T, = St
i
T
S = Gl
!
Vpy1 = Dpyy + Epwy

synthesized such that the measurement covariance satisfies
R, =Ry'—R;'

11.5 STEADY-STATE STATE-SPACE SIGNAL DETECTOR

Assume:

* State model for s7 is LTI

* measurement noise vy iS w.s.s.

* limiting state error covariance matrix Rg(c0) is non-singular
* Kalman filter is in steady state (n large)

Then, as innovations are w.s.s., the MP-LRT statistic can be written

n

Hy
dSonii)y Z v
1 Hy

1=

1 < 1
T(z) = — 2 _ -
() 202 ;xl 2var(n;)

Or, using asymptotic innovations variance, we have MP test

n o2 n H,
2 v 2/ >
E Ty — 02 + o2 E m (Z) < v
=1 S voi=1

Hop

APPROXIMATE GLRT FOR UNKNOWN MEASUREMENT NOISE VARIANCE

We can implement an approximate GLRT to handle the case where the variance of the observation

2 is unknown. For this case the GLR statistic is

noise o

316
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AcLr =
max gz (02 + 02) 2 exp (— gortom i B(0))

2\—n/2 1 n 2
max 2 (02) 72 exp (— 5k S, 27)

Of course the denominator is maximized for

n
2 _ -1 2
Oy =" gxz

i=1

and, as for the numerator, we proceed by an iterative approximation. First neglect the dependence
of of 71 on ¢2. Then the numerator is maximized for

Now generate n1(n + 1) from the Kalman Filter having parameters A, b, ¢ and 7,2, In this way
we obtain an approximate GLRT which is implemented by comparing the ratio of two variance
estimators to a threshold. Note that the numerator and denominator of the test statistic are
dependent so this is not an F-test.

. N H
oy _ 2@t ~
&%1 Z?:l 77%(1) ;0

A,

()

Ni(k)

KF

Figure 180: Approximate steady-state GLRT signal detector for unknown measurement noise

In analogous manner, for the GLRT signal selector we obtain
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N H
Z?=177(2)(Z) >1 ~
SR g

K
— ke O

N41(k)
KF, : ( )2 Z [

Figure 181: GLRT signal selector for unknown measurement noise

11.6 EXERCISES

11.1 Let z = [x1,...,2,]7 be n samples of a waveform. It is of interest to test the two hypotheses
Hy:xz = ay +w
Hi:z = stayt+w

where w is zero mean Gaussian white noise, cov(w) = 02I, s and y are known waveforms,

and the scalar constant a is unknown. -

(a) Assuming that a is a Gaussian r.v. with zero mean and variance o2 derive the MP LRT
(with threshold) to test Hy vs. Hj. Assume that a is independent of w. Is this a UMP
test for the case that the signal shape s/||s|| is known but its energy |s||? is unknown?
How about when signal shape y/||y|| is known but ||y[|* is unknown?

(b) Under the assumption on a of part (a) find the detectibility index d which controls the
ROC curve. Assume that [|s|| < 1. Show that the ROC curve is optimized (maximum d)
when the signal s is orthogonal to the interferer y but is otherwise arbitrary (Hint: you
might want to use the Woodbury matrix identityj.

(c) Assuming that a is a deterministic unknown constant, repeat parts (a) and (b) for the
GLRT of Ho VS. Hl.

11.2 Let zp, £k = 1,...,n be a segment of a discrete time random process. It is desired to test
whether zj contains a harmonic component (sinusoidal signal) or not

H():J}k = Wk
Hy:zp = Acos(wok + 1) + wy

318
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where wy, is zero mean Gaussian white noise with acf r, (k) = Ny/20k, w, = 27l /n for some

integer [, A is a deterministic amplitude, and v is a uniform phase over [0, 27]. The random

phase of the sinusoid and the noise samples are independent of each other.

(a) Show that under H; the auto-correlation function of zy, is Elx;z;_i] = 72 (k) = A2?/2 cos(wok)+
No /26, and derive the PSD P,.

(b) Derive the MP LRT with threshold and implement the MP LRT as an estimator correlator
and a filter squarer. (Hint: as 1 is uniform and fi(z|¢) is a Gaussian p.d.f. fi(z) =
(2m)~t f027r fi(z|v)dy is a Bessel function which is monotone in a test statistic which
under Hj is distributed as a Chi-square with 2 df, i.e exponential.)

(¢) Show that the MP LRT can also be implemented as a test on the periodogram spectral es-
timator Pper(wo) = L|DFT{xy}w—w,|> where DFT {2t} = Y ) e #*F is the DTFT
of {zy}p_1, we {2nl/n}] .

11.3 Find the GLRT for the previous problem under the assumption that both A and w, are
unknown (Hint: as no closed form solution exists for the MLE’s of A and w, you can leave
your answer in the form of a “peak detector” block diagram).

11.4 Derive the “completion of the square” result (Eq. (104) in section 11.3.

11.5 A sensor is placed on a North Atlantic oil derick at a particular spatial location to monitor
the mechanical state of the structure. When the mechanical state is “normal” the sensor
produces a measurement which follows the state space model:

T = Sk -+ Uk
Sk+1 = aSp + wg
k= 0,1,.... A model for impending failure of the mechanical structure is that a shift

in the damping constant a occurs. Assuming the standard Gaussian assumptions on the
dynamical model under both normal and failure modes, the detection of impending failure
can be formulated as testing between

Hy:a = a,
Hi:a # a,

where a, € (—1,1) is known.

(a) Implement the MP test of level « for the simple alternative H; : a = aj, where a; # ayo,
with a pair of Kalman filters. If you solved Exercise 6.14 give explicit forms for your
filters using the results of that exercise.

(b) Now treat the general composite case above with your favorite method, e.g. LMP or
GLRT. Take this problem as far as you can by making simplifying assumptions starting
with assuming steady state operation of the Kalman filters.

11.6 Available for observation are n time samples X (k),

p
X(k) = Zaigi(k—ﬂ;) +W(k), k=1,...,n
i=1

where W (k) is a zero mean Gaussian white noise with variance var(W(k)) = o2, o, i =
1,...,p, are p i.i.d. zero mean Gaussian random variables with variance o2, and g;(u),
i=1,...,p, are p known time functions over u € (—o0, 00). The «a; and W (k) are uncorrelated

and p is known. Define K as the p x p matrix of inner products of the g;’s, i.e. K has entries
Kij = Dp—1 9i(k = 70)g; (k — 75).



STATISTICAL METHODS FOR SIGNAL PROCESSING (©Alfred Hero 1999 320

(a) Show that the ML estimator of the 7;’s involves maximizing a quadratic form y”[I +
pK] ly—bwherey = [y1,...,yp|T is avector of p correlator outputs y;(r;) = Y p_; z(k)gi(k—
71), i =1,...,p, b = b(r) is an observation independent bias term, and p = 02/02 is
the SNR (Hint: express log-likelihood function in vector-matrix form and use a matrix
inverse (Woodbury) identity). Draw a block diagram of your ML estimator implemented
as a peak picker, i.e. a variable filter applied to the data over which you seek to maximize

the output.
(b) Now consider the detection problem

Hy : X(k)=W(k)

p

Hy @ X(k) =) aigi(k— )+ W(k)

i=1
For known 7;’s derive the LRT and draw a block diagrom of the detector. Is the LRT
UMP for unknown 7;’s? How about for known 7;’s but unknown SNR ¢2/02?

(c) Now assume that the 7;’s are unknown and that the «;’s are also unknown and non-
random. Show that in the GLRT the maximization over the «;’s can be performed
explicitly. Draw a block diagram of the GLRT implemented with a thresholded peak
picker over the 7;’s.

End of chapter
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12 MULTI-CHANNEL GAUSSIAN GLRT

In the last chapter we covered the testing of simple hypotheses in the multivariate Gaussian model.
In this chapter we consider the same model but with composite hypotheses. We focus on the GLRT
for several useful canonical detection problems in this Gaussian multi-channel model.

Hq
Xi1
e
: GLR
Xip
—_—>
HO

Figure 182: GLR detector from multi-channel Gaussian measurements.

OUTLINE

* Double sided GLRT for equality of vector mean

* Double sided GLRT for equality two vector means
* Double sided GLRT for independence of samples
* Double sided GLRT for whiteness of samples

* Confidence regions for vector mean
REFERENCES

Morrison [27]

12.1 THE MULTIVARIATE GAUSSIAN MODEL

The measurements are a set of n i.i.d. p-dimensional Gaussian vectors, each having mean vector
w and p X p covariance R:
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For notational convenience we dentoe the measurements by a random p X n measurement matrix

X = [Xla"wzn]

This matrix has the following properties:
*{X,;}? ,: independent Gaussian columns (n > p)
* u = Ep[X;]: mean vector

* R = covy(X;): covariance matrix (p X p)

The jpdf of the Gaussian matrix X has the form

f(X; 1, R)

1 n/2 1™
~(Grm) o <—2 DK - ) R, —m)
n/2
- ((2w)1p|R|> P (‘; > trace {(X; — p)(X, - u)TR‘1}>

n/2 n )
= ((277)1P|R|> exp (—5 trace{R,, R})

where we have defined the p x p covariance estimator

n

R, = n' > (X, — )X, —p)"
=1

1
” pl

(X — ") (X — 1™y

12.2 DOUBLE SIDED TEST OF VECTOR MEAN

Ho:p = p, R>0

H1:

=

#* k,, R>0

max, r>0 f(X; g, R)
maxgr>o f(X; p , R)

Acrr =
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Now, it is easily seen that

061 R = e TG X B

where the column sample mean is

Therefore, we can rewrite GLRT as

max, r>0 f(X; g, R)
maxgr>o f(X;p , R)

Agrr =

maxgrso |[R|™™? exp (—% trace {f{TR_l})

=1

maxgrs~o |[R|™™/2 exp (—% trace{ 3 &R_1}>

FACT: for any vector t = [tq,...,p|"

s (I o (-5 e {1}

and the maximum is attained by

A~

R=R;=n"! i(XZ — (X, - )7
i=1

Proof:

The maximizing R also maximizes

I(R) =Inf(X;t,R) = g In|R| — g trace {f{tR_l}
Define the transformed covariance R

R=R,’RR,;"*

Then, since

trace{ AB} = trace{BA}, |AB|=|BA|=|B||A]

323
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(R) = g ( IR/ RR)?| + trace{RWfrlR;W})
= g (ln| R| + trace{ })
g (ln|Rt]+ln\R\ + trace {R 1})

p p
n - ~ 1
]: ]:

Where {);} are the eigenvalues of R

Hence the maximizing R satisfies for j =1,...,p

so that the maximizing R has identical eigenvalues

N=1, j=1,...,p
Implication: the maximizing R is an orthogonal (unitary) matrix U.
But since R is also symmetric the only possible solution is the identity I!°
Therefore

I=R=R,"’RR, "

giving the maximizing R as

Note: We have just shown that

1. MLE of R for known H=p is

%If U is orthogonal then U = U~!. If in addition U is symmetric then U = U7 = U~! s0 that U =1.
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2. MLE of R for unknown W is

n

RZ =R=n" Z(Xz - X)X, - X)"

i=1

Plugging these ML solutions back into GLRT statistic

Now using

R, =R+ (X, —p)X,—p)"

we have the equivalent GLRT (Aqrr = (T(X))"/?)

T(X) = I+ &, —p)X —p) R

H;
= I+R (X, —p)(X;—p ) Rz 2 4
Hy

T

u u

SIMPLIFICATION OF GLRT

Observe: T'(X) is the determinant of the sum of a rank 1 matrix and the identity matrix

where \; are the eigenvalues of the matrix.

IMPORTANT FACTS:

1. Eigenvectors of I + A are identical to eigenvectors of A

2. Eigenvectors of A = u ul are

325
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1
1) — = —
V& - ) TRAX, - )

1 5—1/2 %
! ] Z

Vyy...,v, = determined via Gramm-Schmidt

3. Eigenvalues of I + A are

Moo= I+ Ay =1+ —p) "R, — )
Ao = .= =1
Thus we have GLRT
P . o H,y
TX)=[[N=1+&-p)R'X-p) Z 7
Jj=1 Ho

Or, equivalently, the GLRT has form of Hotelling’s T? test

Hy
T*=nX,—p)' S X;—p) Z ~
Hy
where S is the (unbiased) sample covariance
1 — —
S=— ;(Xk - X)Xy, - Xi)"

FACT: Under Hy, Hotelling’s T2 is distributed as a 7?2 distributed r.v. with (p,n —p) d.f. [27, 33]

Level a test is therefore

T*i=n(X - ) ST — ) 2 Tl )

1

REMARKS
1. The Hotelling T2 test is CFAR since under Hj its distribution is independent of R
2. The T? statistic is equal to a F-statistic within a scale factor

p(n—1)

2 _
17 = n—p | pnP
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3. An equivalent test is therefore

Hy

_ I p(n—1)
T°:=n(X; — HO)TS "X - B,) 5 Thep Fp,?}fp(l —a)
0

12.3 TEST OF EQUALITY OF TWO MEAN VECTORS
Two i.i.d. independent vector samples n; +no =n

X = [Xb oo agm]’ Kz ~ Np(ﬁgc?R)

Y = [le s 7Xn2}7 X@ ~ Np(ﬁyaR)

To test

Hy:p —p = A, R>0

Hl:Hx_Hy # A, R>0

Combining elements of the derivation of scalar two population case and the previous vector mean
example:

Find GLRT

T2 (1-a) (105)

where we have defined the pooled sample covariance

I (Z(Xi DX - (Y- (Y - mT)

n—2 \4 ,
=1 =1

In analogy to the paired t-test of Sec. 9.5, the test (105) is called the multivariate paired t-test.

12.4 TEST OF INDEPENDENCE

n 1.i.d. vector samples
X=[X,...,.X,], X; ~ NP(H? R)

To test

Ho:R = diag(o})
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Hi:R # diag(c})

with mean vector p unknown

N _ MaxRdiagu | (X; 1, R) _
GLE = maXR:diag,ﬁ f(X;H7 R) N

MAaXR >0 \R|_n/2 €Xp (_% Sope (X — X)) TR (X, — Yi))

— 2 R
max,2sg (g o3) ™ exp (=5 Sy & 1X, - X0)2)

Using previous results

p_52\"?
A _ J=1"7J >
GLR = ~ 0

R Hy

where we have the variance estimate for each channel (row) of X

n

o 1 —
F = 2 (X — X

k=1

For n large we can set v by using Chi-square asymptotics

H;

2lnAcrr 2 Y = Xponyp(l—a)

Ho
Calculation of degrees of freedom v:
v = F# parameters fixed under H
1. p> —p=p(p — 1) off diagonals in R
2. 1/2 of these off diagonals are identical

= v=pp—1)/2

12.5 TEST OF WHITENESS

n 1.i.d. vector samples
X = [Klw .. ;&n], Xz ~ NP(E7R)
To test

328
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Hy:R = &1

H :R # o4
with mean vector 14 unknown

maXR;éU?I,E f(X7 My R)
R)

A
arr maXR:JQI,H f(Xv K,

MaXR>0 |R’7n/2 exp (_% ZZ::[(X]C - E)TRfl(Xk - 7@))

N max,2sg (0%) 72 exp (— g3 2oy X, — Xil?)

Or we have (similarly to before)

A 5‘2p n/2 Iil
GLR = = Y
IR| o
where
1 n
~2 112
67 = — ) [ X — X
ntrace{R}

1 .
= —trace {R}
p

and we have defined the covariance estimate

~ 1 __ _
R:=—-(X- Xz'lT)(X - Xz'lT)T
n

PERFORMANCE

For n large set v using Chi-square asymptotics

Hy
2lnAcrLr 2 Y = X1y a(l— @)

0

Calculation of degrees of freedom v:

v = F# parameters fixed under H

329
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1. p(p+ 1)/2 elements on diagonal and upper triangle of R
2. All p diagonal elements are identical under Hy
=v=pp+1)/2-1

Equivalent form of test

Test of "ratio of arithmetic mean to geometric mean”:

52
(Acrr)¥™ = 2

|R|/P

_ x  H

PN

v
N <
11’0:1 ()‘ZR> /p Ho

12.6 CONFIDENCE REGIONS ON VECTOR MEAN
Recall: from the level o double sided test of vector mean we know
Py (n(X; = )" STNE — 1) > Tk, (1-a)) =a

where 6 = [u, R].

Equivalently

Py (n(X; =) "SH X — ) € Tty(l-a)) =1-a

This is a “simultaneous confidence statement” on all elements of mean vector u for unknown
covariance R given measurement X

= (1 — a)% confidence region on y is the ellipsoid

{p:nX,-p'sS'X,—-p < T,0,0-a)}
12.7 EXAMPLES
Example 50 Confidence band on a periodic signal in noise

Tp = Sk + Vg

* 5y = Sk+nT: unknown periodic signal with known period 7},
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Ha (1-0)% confidence

region

M1

Figure 183: Confidence region for all elements of mean vector p is an ellipsoid

Hz

A

M1

Figure 184: Confidence ellipsoid gives “marginal” confidence intervals on each element of p = [p1, ..., 1y
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X Hnp

\/U k

Figure 185: Multiple uncorrelated measurements of a segment of a periodic signal.

* vp: zero mean w.s.s. noise of bandwidth 1/(M7T),) Hz

Step 1: construct measurement matrix

T
X = [T1pG—1)MTys - - TTy - (i=1) M T, ]

Step 2: find conf. intervals on each s from ellipsoid

(Xi)k =l < sp < (Xp)k + u]

Example 51 CFAR signal detection in narrowband uncalibrated array

k-th snapshot of p-sensor array output:

Tz, =as5+v, k=1,...,n

* a: unknown array response (steering) vector
* vy,: Gaussian N, (0, R) array noise vector with unknown spatial covariance R
* s: unknown deterministic signal amplitude

Objective: detect presence of any non-zero signal amplitude at level «

Hy:s=0, k=1,...,n

Hy:s#0, k=1,...,n

(106)
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M

Figure 186: Confidence band on signal over one signal period.

Figure 187: Sensor array generates spatio-temporal measurement.
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This is equivalent to

Hy:EX;]=p=0, R>0
Hy :EX;]=p#0, R>0

For which we know:
* level & GLRT is the Hotelling T test

* confidence region for u = as is an ellipsoid.

Direction of min uncertainty
given by min eigenvalue of S Direction of max
uncertainty in response

Figure 188: Confidence region for array response vector as is an ellipse in 2D.

12.8 EXERCISES

12.1 Extend the multivariate paired-t test derived in Sec. 12.3 to the case where z; ~ N'(p_, ;)
and y. ~ N (Hy’ R,) for the case that the two covariance matrices R, and R, may be un-

equal and are unknown. How many degrees of freedom does the the asymptotic Chi-square
distribution have?

12.2 In Example 51 the optimal CFAR detector for a scalar signal s viewed from a p-sensor array
output with array response ¢ and noise v;,. In this problem we extend this to CFAR detection

of multiple (m) scalar signals s = [s1,. .., sy,] following the observation model:
gk:Aﬁ_‘_Qka kzl?"'vn (107)
where A = [a,,...,a,] is an unknown p x m matrix and v, are i.i.d. N'(0, R) random vectors

with unknown covariance R. Derive the GLRT for this problem. How many degrees of
freedom does the the asymptotic Chi-square distribution have?
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12.3 Consider the same model as (106) but assume that s is a Gaussian distributed random variable
and ¢ and R are unknown. Derive the GLRT.

12.4 Consider the same scalar model as (106) but now assume that a is known while the noise
covariance R is unknown. Derive the GLRT.

12.5 Extend the analysis of the previous problem to the multiple signal case (107) when A has
columns of sinusoidal form:

a;, = [1,cos(2m fx), ..., cos(2m fr.(p — 1))]T7 k=1,....,m

while the noise covariance R is unknown. Derive the GLRT (you may assume that the a;’s
are orthogonal if you wish).

End of chapter
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13 TESTING DISTRIBUTION OF A RANDOM SAMPLE

The testing of goodness of fit of a candidate distribution function to a data sample is a very
important problem that we briefly treat here. We will cover the following:

* Empirical distributions and histograms
* Kolmogorov-Smirnov Test

* GLRT

* Pearson Chi-square

REFERENCES

* Bickel&Doksum [3]

* Mood&etal [26]

13.1 EMPIRICAL DISTRIBUTIONS

X =[Xi,...,X,)" an i.i.d. sample from unknown cumulative distribution function (CDF)

F={F(z):z e R}

OBJECTIVE: To test the hypotheses
HO F = Fg
H1  F 7& FO

where Fy is a known reference distribution (e.g. N(0,1))
APPROACH: use empirical CDF

The empirical distribution is defined as the random staircase function

#X; <=z

E,(z) = -

1 n
— n;I[ — 00, u)(X;)

13.1.1 DISTRIBUTION OF EMPIRICAL CDF

NOTE: Sequence Y; := I(_q 4(Xi), i = 1,...,n, is Bernoulli
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. l .—
|
|
-+ 4m L 0
1 1
! I
+ 3 e— ;
| | |
| | |
— 1 ;
I | |
1 o 1
—— + | l
I | | ! I
| | | 1 |
N | ‘ | X
x(n) x(n-1) x(1)

P(Yi=1) = 1-F(z)

Hence

nF,(z) = ZYl ~ B(n,p)
i=1

where B(n,p) is the Binomial distribution with parameters n,p = F(x).

In particular we have:
Ep[Fn(z)] = p=F(z), unbiased
varp(Fo(z)) = p(1—p)/n,, consistent

13.2 KOLMOGOROV-SMIRNOV TEST

Since F}, is unbiased and consistent estimator of F(z) this suggests the test

Hy
To(X) = max |[Fy(z) — Fo(z)] 2 v
Hy
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x(n) x(n-1) x(1)

Figure 190: Kolmogorov-Smirnov test statistic

4n -

3n

2in 1

()
[

1

Figure 191: Kolmogorov-Smirnov test statistic in transformed domain
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NOTE: by Strong LLN’s

* T, — 0 (w.p.1) under Hy

*T, — 0 >0 (w.p.l) under H;

REMARKABLE CFAR PROPERTY:

Distribution of T,, under Hy does not depend on Fy if Fy cts!
Proof

Define the inverse Fy, ' (u), u € [0,1]

Fy'(u) = {o: F(a) = u}

Then, as mapping Fy(z) = u is 1-1

T, = max|F,(x)— Fo(z)]

= max B (£ () = Fo( £y (u))]

= Fo( Fyt(u) ) —
J?[%fi]’ (Fy (uw)) —ul

Now, under Hy

nFn( Fg'(w)) ~ B(n,p)

with

p=Po(Xi < Fy '(u)) = Fo( Fy () ) = u

so that distribution of T;, is independent of Fjy under Hy. o

The Hy distribution K, of T, is tabulated [3, Table IX]. Therefore level a double sided test of
F = F() is

Hi
max [Fo(z) — Fo(z)] 2 K,'(1-a)
Hy

13.2.1 CONFIDENCE BAND FOR CDF

From double sided level « test we have

Py (m§x|ﬁn(m‘) — Fo(2)] > K,; ' (1 — a)) =«
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This is equivalent to

Il
¥
—
=
o
sl

>

3
2

|
i
2

IN

s
_

|
£

~~

— Pr (|f7’n(3:) CF(2)| < KZ'(1—a), al x)

which gives simultaneous confidence intervals for CDF F(z) over x

n

Folz) — K7Y(1 - a) < F(z)| < By(z) + K711 - a)] , alla

1, FAn
+ 4, bttt
-+ am
BAIINN 2K (1- a)
+

Figure 192: Simultaneous confidence intervals give confidence band for CDF

NOTE: This confidence band is not as useful near tails of distribution F' since the band will always
include values less than 0 or greater than 1.

The Kolmogorov-Smirnov test can be extended to test equality of the CDF’s of two populations
(two sample test of equal distribution) [15]
o=, w]"
* Y= [y1,...,ym]T
A A Hl
Tn(§7y) :mg?*X‘Fm(x) _Fnz(x” z Knl,nz(l _a)
Hy

where Ky, n,(p) is the p-th quantile the Hy distribution of T;,.
DEFICIENCIES OF KS APPROACH
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Figure 193: Theoretical histogram
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ical histogram

theoret

Step 3. Test the following hypotheses on

APPROACH: use

where p_ is a known reference

empirical histogram

where

DISTRIBUTION OF HISTOGRAM

13.3.1

# X, falling in k-th cell

N, =
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|
n: na

P(lenl,...,NM:nM;p): ...pM

ni
P
S P

13.3.2 GLRT AND KL DISTANCE

GLR test statistic is simply

Ny Nnr
AN) = max{pl'”pM}

N N
72y | Por -+ Poar
M NN
- 11 <Pk) '
i1 \POk

where p is the MLE of p for a multinomial sample derived in Exercise 21 of Chapter 4

N N,
p= [1 p] ,  Empirical Histogram!

)

n’ n

An equivalent GLR test statistic is

T(N) =2InA(N) = 2§:N1 (”)
N)=2InA(N) = L 1n

1 Dok
M .
= 2n2ﬁk In <pk> ,
el Dok

where the factor 2 is introduced in anticipation of invoking the large n sample theory (recall (88))
for the GLRT log likihood ratio. This gives final form for our GLRT

Hy
T(N) = KLy ) > 7 (108)
Hop

¥y = X311 (1 — ) gives level « test (large n)
* KL(p,, p) is the Kullback Liebler information

Properties of KL: for p, ¢ two discrete distributions of a r.v. X;

KL(p,q) > 0, p#

<)

KL(p, q) = 0,

S
Il
S

KL(p, q) = convex in both arguments
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Note: KL is not a true distance measure between p and ¢ as it is not symmetric,

13.3.3 GLRT FOR CLOSE ALTERNATIVES

Assume that under Hy: p — p, is small

Then for large n: p; — P, is small under Hy and H;

= use In(1 +u) = u — u?/2 + o(u?) on

M
KL(p, p) = —> peln |1+ [];Ok - 1}
== k

where A = P — pok.

Thus our GLRT (108) is asymptotically equivalent to Pearson’s Chi-square test

LB —por | n
n) (PP g 2 G- a)

el Pok Hy

In practice the Pearson Chi-square test is much more frequently used than the exact GLRT.

134 CONFIDENCE BAND FOR CDF

From double sided GLRT test we know that the following holds for large n

P <2n KL(py, §) < Xy (1 - a)) —1-a

We thus have 100(1 — o) % confidence region for theoretical histogram p

. 1
{p: K20 ) < 5 w0 - )
n
Note:
* Smallest size region occurs when cells are chosen to have approximately equal probability

* The region is better than KS confidence region (e.g. py < 0 and py > 1 are excluded )
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)
O -

Figure 197: L? distance between two densities fi, fo.
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Figure 198: KL information between two densities f1, fo.

13.5 TESTING FOR GAUSSIAN DISTRIBUTION

Consider the case where fo(z) = N (i1, %) where p, 02 are unknown. For cell boundaries ag, ay, . . ., apr,
ag = —oo and ap; = oo, define the u,o%-dependent theoretical histogram p, = [Pot, - - s Port] T
where

(2= 1)2/(20?) gy

2 w1
Pok = Pok (14, 07) =/ e
ap_1 V2mo

The objective is to test:

Hy :
H,y 'p 7é BO(N,,U2)7 for any M7U2

py(p,0%), for any p,0?

kS
Il

We easily find the GLRT by maximizing numerator and denominator of the likelihood ratio over

the two unknown parameters j, o2

N1 Nar
maxg?ggo%gg{pl o}

AN) =
max,, o2 {poy' (1, 02) - .. ot (14, 0%)}
M .
_ H(I%)Nk
1 pok(ﬂ7&2)
or equivalently
H;y
2InA(N) = 2nKL(pr, poe(,6%) 2 v
Hyp

where
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* Py is histogram as before

* [1, 62 are MLEs based on empirical and theoretical histograms
M
71,62 = argmax, ,2 {Z Ny In pog (e, 02)}
k=1

oy = X]TJI_3(1 — «) for large n.

End of chapter
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