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ABSTRACT

THREE DIMENSIONAL SHAPE MODELING: SEGMENTATION,
RECONSTRUCTION AND REGISTRATION

by
Jia Li

Chairperson: Alfred O. Hero 1l

Accounting for uncertainty in three-dimensional (3D) shapes is important in a large
number of scientific and engineering areas, such as biometrics, biomedical imaging, and
data mining. It is well known that 3D polar shaped objects can be represented by Fourier
descriptors such as spherical harmonics and double Fourier series. However, the statistics
of these spectral shape models have not been widely explored. This thesis studies several
areas involved in 3D shape modeling, including random field models for statistical shape
modeling, optimal shape filtering, parametric active contours for object segmentation and
surface reconstruction. It also investigates multi-modal image registration with respect to
tumor activity quantification.

Spherical harmonic expansions over the unit sphere not only provide a low dimensional
polarimetric parameterization of stochastic shape, but also correspond to the Karhunen-
Loéve (K-L) expansion of any isotropic random field on the unit sphere. Spherical har-
monic expansions permit estimation and detection tasks, such as optimal shape filtering,

object registration, and shape classification, to be performed directly in the spectral do-



main with low complexities. An issue which we address is the effect of center estimation
accuracy on the accuracy of polar shape models. A lower bound is derived for the variance
of ellipsoid fitting center estimator. Simulation shows that the performance of a maximum
likelihood center estimator can approach the bound in low noise situations.

Due to the large number of voxels in 3D images, 3D parametric active contour tech-
niques have very high computational complexity. A novel parametric active contour method
with lower computational complexity is proposed in this thesis. A spectral method using
double Fourier series as an orthogonal basis is applied to solving elliptic partial differen-
tial equations over the unit sphere, which control surface evolution. The complexity of
the spectral method i9(N?log N) for a grid size ofN x N as compared t®(N?) for
finite element methods and finite difference methods. A volumetric penalization term is
introduced in the energy function of the active contour to prevent the contour from leaking
through blurred boundaries.

Multi-modal medical image registration is widely used to quantify tumor activity in
radiation therapy patients. Rigid global registration sometimes cannot perfectly overlay
the tumor volume of interest (VOI), e.g. segmented from a CT anatomical image, with
the apparent position of a tumor in a SPECT functional image. We investigate a new local
registration method which aligns the CT and SPECT tumor volumes by maximizing the

SPECT intensity within the CT-segmented tumor VOI.
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CHAPTER |

INTRODUCTION

1.1 Motivation

Enabled by the fast development of imaging techniques and computer hardware, there
has been an explosive growth of three-dimensional (3D) image data collected from all
kinds of physical sensors. The ability of a computer to properly understand and process
these image data has permitted many applications to problems in computer vision and
computer graphics. To achieve this ability, the first step is to extract object information
from the image data, which can be characterized as an object learning procedure in ma-
chine intelligence. Examples of useful object information include: shape; color; texture;
size; and its relative location to other objects in the scene. Such object information is
widely used in many image processing applications including: 3D cartoon animations;
video image processing; target detection in radar images; face recognition in security sys-
tems; and tumor dosimetry in nuclear medicine. For tasks geared toward object recognition
and reconstruction, shape models are widely studied and used due to their insensitivity to

changes in object color and surface texture, and their invariance to translation and scaling.



1.1.1 Statistical Shape Modeling

In the past two decades many shape modeling techniques have been developed for a
large variety of applications. The goal of shape modeling is to use as few parameters as
possible to describe as many shape details as possible. These two potentially conflicting
requirements arise in two of the primary tasks of shape modeling: 1) object recognition;
and 2) shape reconstruction. On the one hand, shape modeling should be parsimonious;
one should use as few model parameters as possible so that the 3D objects can be efficiently
stored and retrieved in object databases of manageable size for object matching and recog-
nition. On the other hand, for the purpose of visual reconstruction, shape modeling should
capture finer details, e.g., the high spatial frequencies in the shape. Development of classes
of shape models that can bridge the gap between recognition and reconstruction has been
an active research area in computer vision and computer graphics [34, 35, 54, 96, 99].

Although deterministic models are successfully employed in many applications, these
models are incapable of reflecting any noise or other random variations within a class of
shapes. In medical imaging, for instance, anatomical shape can change significantly dur-
ing a treatment. It is highly desirable to have reliable statistical shape models that can
characterize typical ranges of shape variation and capture meaningful statistical informa-
tion. This information can be used to develop optimal algorithms for noise removal, object

registration and segmentation, and establish tight bounds on achievable performance.

1.1.2 Image Segmentation and Registration in Medical Image Analysis

Heavily influenced by the fast development of image acquisition equipment, medi-
cal image analysis has evolved in the last twenty years from a multiplicity of directions.
Among all the techniques, image segmentation and multi-modal image registration are of

special interests to us because they are intensively used to quantify tumor activity in pa-



tients being treated by radiopharmaceutical therapy. Our research was partially supported
by a grant awarded by National Cancer Institute. The broad, long-term objectives of the
grant research are: 1l)accurate tumor dosimetry from external imaging, and 2) effective-
and-resource-conserving treatment of patients with malignant follicular lymphoma by the
infusion of 1-131 labeled anti-B1 monoclonal antibody (MADb) following infusion of a
predose of non-radioactive anti-B1 MADb.

Image segmentation is a fundamental task in medical image analysis. In segmentation,
objects of interest in the image are extracted so that we can analyze their properties. Such
properties can include pixel (voxel) intensities; centroid location; shape and orientation.
The information from object segmentations is routinely used in many different applica-
tions, such as: diagnosis [95]; treatment planning [65]; study of anatomical structure [33];
organ motion tracking [53]; and computer-aided surgery [5]. Object segmentation and
statistical shape modeling serve and rely on each other. Figure 1.1 illustrates such a rela-
tionship. On the one hand, object segmentation generates noisy surface data which can be
used to identify a shape model. On the other hand, statistical shape information acquired
through estimated parameters in a statistical shape model can guide the segmentation pro-
cedure. Other applications, such as object registration, shape denoising and shape classi-

fication, can be enhanced by accurate object segmentation and statistical shape modeling.

Due to noise and sampling artifacts in medical images, conventional edge detection
and thresholding techniques either fail to locate the object boundary or generate invalid
boundaries that must be removed in a post-processing step. Deformable models have been
developed to address these difficulties [27, 63, 77, 78]. Deformable models are curves and
surfaces defined within an image domain that can deform under different forces to locate

object boundaries. A more detailed description of deformable models will be given in
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Figure 1.1: Relationship between image segmentation and shape modeling

Section 1.2.2. Although the existing deformable models can achieve satisfying results in
2D images, all of them have met difficulties in 3D imaging. The large number of voxels

in 3D images causes significant growth of computational complexity, which is intolerable

in most practical applications. This motivates us to find fast algorithms for 3D image

segmentation.

Image registration is a classical procedure in image processing and analysis. It aligns
two set of images so that corresponding coordinate points in the two images reflect the
same physical location of the scene or 3D volume being imaged. Usually, the two set of
images are obtained at different times, through different sensing systems, or from different
viewpoints, so matching the two images allows us to compare or integrate the information
contained in them. Due to the large diversity of data types in different applications, a
wide range of techniques has been developed for different applications. These techniques
can be classified either by the addressed registration problems or by the adopted method-
ologies. A good survey of these techniques is given in [17]. The focal application in
this research is multi-modal medical image registration for tumor activity quantification.

In this application, we must integrate structural information from computed tomography



images (CT) or magnetic resonance images (MRI) with functional information from radio-
nucleic scanners such as positron emission tomography (PET) or single photon emission
computed tomographys (SPECT). Such integration is necessary for anatomically locating
and quantifying radioisotope uptake. Rigid registration methods that are driven by global
measures, such as mutual information between two image sets, may have to sacrifice local
fitting accuracy to achieve an optimal global volume registration. Such registrations may
not yield an optimal estimate of the location of small tumors. This motivates us to find a
local measure of fitting goodness to adjust global registration so that tumor volumes in CT

and SPECT are aligned accurately.

1.2 Related Works

1.2.1 Shape Modeling: A General Review

To model a 3D object, we can use either a constructive solid geometry (CSG) represen-
tation or a surface boundary representation. Simple CSG descriptions can be specified in
terms of a set of 3D volumetric primitives, such as blocks, cylinders, ellipsoids, cones etc.,
and a set of Boolean operators, such as union, intersection and difference. An advantage
of CSG models is that they can accurately represent a simple shape with few parame-
ters. Surface boundary representations, especially the mesh representation [10, 12, 47],
use a larger number of parameters and therefore are better suited for reconstruction of
complicated shapes. Hybrid modeling which combines the power of the above two mod-
eling approaches has emerged in many applications. In [96], Terzopoulos introduced a
hybrid deformable superquadrics model which incorporates the global shape parameters
of a conventional superellipsoid with the local degrees of freedom of a spline. Cohen and
Han [26, 54] have developed a hybrid hyperquadric by adding an exponential term to the

hyperquadric equation which allows synthesis of an arbitrary number of concavities. How-



ever, these hybrid models rely on strong assumptions on the form of the object and need
considerable human interaction for computation of the special parameters to characterize
the local detail.

Fourier descriptors of surface boundaries have emerged as powerful alternatives to
the above models. This kind of model represents the shape of polar surfaces in a linear
combination of orthonormal basis functions and provides a radial surface description with
respect to a selected origin inside the object. The basis functions are not limited to si-
nusoids; other orthogonal polynomials, such as spherical harmonics, are possible too. In
[86], Persoon and Fu introduced Fourier descriptors for 2D curve representation. Staib
and Duncan [92, 93] extended the technique of [86] to deformable templates in both 2D
and 3D, and applied them to boundary localization. In [76], Matheny compared the er-
rors of fitting various surface harmonics to an assortment of synthetic data and real range
data obtained from laser scan of surfaces. In [53], anatomical shapes were studied and
modeled by spherical harmonics. Fourier descriptors are attractive because they have the
following features. First, the sets of Fourier basis functions are complete over the space
of polar surfaces. Therefore any continuous and finite surface can be expanded as a linear
combination of the countably infinite Fourier basis functions. Second, the basis functions
are linear independent, which makes the corresponding parameters in the decomposition
unique. Third, the basis functions are ordered in spatial frequency. This facilitates hierar-
chical “multi-resolution” shape decomposition where the truncation of the series controls
the smoothness of the reconstruction. These properties make Fourier descriptors very use-
ful both in object recognition and shape reconstruction. In object recognition, low order
coefficients can be kept. The objects can be easily stored and retrieved in the databases
because of the small size and hierarchical organization of the data structure. In the shape

reconstruction problem, we can easily determine the truncation points according to a user-



specified accuracy requirement. There are two disadvantages of Fourier descriptors. One
is that object center has to be estimated in advance. Another is that a large number of
parameters must be employed to recover very fine details of the object because Fourier
descriptors use global basis functions.

Many researchers have explored the area of statistical shape modeling [30, 45, 93,
103, 115]. The common procedure of these approaches is as follows: First extract shape
features or shape parameters from training data sets. These features may include labeled
“landmark” points [30, 45]; coefficients of the Fourier series [93]; or distance map [71].
Next, compute the mean and variance of the shape or shape parameters from the features
extracted in the first step. Usually principle component analysis (PCA) is used to compute
variance and characterize typical variations of the shape. Finally, the statistical properties
of the shape are incorporated into a image processing algorithm to accomplish registration
and segmentation.

Our approach is related to Staib’s deformation model [93, 103] since we also use
Fourier series as basis functions to model 3-D shapes. The novelty of our approach lies
in treating the coarse segmentation result as a random field over the unit sphere and us-
ing the spectral theory of random fields over the sphere to obtain statistically uncorrelated
shape parameters. Since 1950’s, mathematicians have studied random field models for
applications in earth science, astrophysics and electrical field theory [1]. Image process-
ing researchers have used random field models for texture synthesis and classification
[116, 40], and image segmentation [115]. Curiously, in shape modeling and analysis, ran-
dom field models have not been widely studied. In this thesis, we propose an isotropic
random field model for randomly oriented 3D star-shaped objects using spherical harmon-
ics as the eigen-functions in a Karhunenelie ‘expansion of the random field. Based on

the spectral theory of isotropic random fields, we address two problems. The first one



is optimal shape filtering: given noisy samples of surface boundary points, e.g. coarsely
segmented from an object, find an optimal estimate of the true surface boundary. Using
Wiener filtering theory, an orthogonal representation of random fields is applied to find
the linear minimum mean square error surface estimator. The second problem is the 3D
object registration problem. In [19] and [20], Burel proposed that spherical harmonics can
be used to decompose 3D shapes to get invariants for object orientation estimation. Based
on Burel's method and the statistical shape model developed in this thesis, we design a
maximum likelihood estimator which can simultaneously estimate the spherical harmonic
coefficients and register two 3D objects of different orientations.

We next turn to the problem of selecting the origin in the polar object representation.
The accuracy and efficiency of Fourier descriptors are highly dependent on the choice of
origin in the coordinate system. In [76], an ellipsoid fitting method was shown to be a good
center estimation method for convex shapes. To link the accuracy of center estimation with
the accuracy of shape modeling, we study the statistical properties of the center estimator.
Both our theoretical derivation and our experimental results show that this center estimator

is an efficient maximum likelihood estimator under low power Gaussian noise condition.

1.2.2 Image Segmentation and Registration

As pointed out in a survey by Mclnerney [77], deformable models (active contours)
offer a unique and powerful approach to image analysis that combines geometry, physics,
and approximation theory. Furthermore, the application of deformable contour models to
segment structures in 2D and 3D images have recently enabled many advances in medical
image analysis [22, 21, 27, 26, 52, 63, 75, 78, 108].

There are basically two types of deformable models (active contours): parametric de-

formable models [27, 26, 52, 63, 78, 108] and geometric deformable models [22, 21, 75].



The class of parametric deformable models originates from the “snake” introduced by
Kass [63] which uses an energy-minimizing curve to locate boundaries in 2D imagery.
The curve is obtained by solving an optimization problem to minimize the sum of an inter-
nal energy function, which penalizes curve roughness in the model, and an external energy
function which attracts the curve to object boundary. Any modeling approach applied to
this class must deal with sensitivities to initialization and noise. Different approaches
adopt different internal and external energy functions. Chapter V will discuss the internal
and external functions in detail for both 2D and 3D images. The geometric deformable
models were proposed independently by Caselles in [21] and by Malladi in [75]. These
methods are based on iterative optimization via the theory of curve evolution and are im-
plemented via level set techniques. Unlike parametric active contours, which represent the
contour explicitly as parameterized curves or surfaces, geometric active contours repre-
sent the evolving contour implicitly by a special level set function. This kind of evolving
contour can split and merge freely without previous knowledge of the number of objects
in the scene. In other words, such an evolving contour can handle the topology change
automatically. The disadvantage of geometric active contours is that their computational
complexity is much higher than that of parametric active contours. The level set function
used by geometric active contour is defined over a 2D (3D) grid in the image plain (vol-
ume). In every evolution iteration, the geometric active contour method has to update the
level set function at every grid point or at least at the grid points in a narrow band near the
propagating front, which causes a heavy computational burden. This technique is espe-
cially burdensome for 3D images. Table 1.2.2 is taken from [36], which summarizes the
advantages and disadvantages of parametric deformable models and geometric deformable
models.

Although parametric deformable models usually have lower computational complexity
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Table 1.1: Properties of parametric and geometric active contours. (From [36])

Parametric Contours Geometric Contours
Efficiency * % *
Ease of Implementation * *x ok
Topology Change No Yes
Open Contours Yes No
Interactivity Good Poor

than geometric deformable models, they are still not very efficient in solving 3D segmen-
tation problems. Parametric deformable models are implemented through minimizing an
energy function via variational principles, which often leads to solving partial differen-
tial equations (PDE) for the surface function. Iterative methods, such as finite element
methods (FEM) [27] and finite difference methods (FDM) [108] have been used to solve
PDE’s involved in this optimization problem. However, FEM/FDM have met difficulties
for 3D imaging applications. The large number of voxels in 3D images causes significant
growth of computation time which is intolerable in most practical applications. It is well
known that spectral methods have a faster rate of convergence than that of FDM and FEM
in solving PDE'’s [50]. This motivates us to explore the application of spectral methods to
reduce the computation time for 3D deformable models. Based on the spherical geometry
of star-shaped surfaces, we propose to use double Fourier series to solve the PDE defined
over the unit sphere. The method is applied to segment both synthesized 3D images and
X-ray CT images. It is shown that the new method preserves the merits of other paramet-
ric active contour methods while significantly reducing the computation time. Due to the
generality of our mathematical formulation, the method can be easily applied to solve the
surface reconstruction problem.

Over the past three decades, the very active research in the area of image registration

has produced several different registration methods. The fundamental task of image reg-
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istration is to find the spatial transformation needed to properly overlay two images. As
explained in [17], this task can be decomposed into four major steps. The first step is
to decide on the feature space to use for matching the images. Examples of commonly
used features include: image intensities; extracted edges; corners; line intersections and
centroids. The second step is to choose a similarity measure which evaluates the closeness
of the feature set extracted from each image. The third step is to parameterize the spatial
transformation. And the fourth step is to specify the searching strategies over these pa-
rameters in order to maximize the similarity measure. Two broad categories of registration
techniques can be identified. First are those techniques that are based on salient features or
surface, such as control-point matching or surface correlation. Here some form of anatom-
ical structures has to be identified or segmented before registration. Salient features refer
to specific pixels in the image which contain information indicating the presence of an eas-
ily distinguished meaningful characteristic in the image. The second category is based on
matching image pixel (voxel) intensities. This category includes mutual information (Ml)
based registration techniques [100], which minimize the entropy of the joint histogram of
grey level values of the two images. Both control-point matching [18, 49, 69, 74, 79] and
pixel intensity techniques [28, 80, 100] are in common use for clinical applications.

For applications of radiotherapy treatment planning and response monitoring, it is of-
ten necessary to fuse SPECT and CT data sets so that the functional information and
anatomical information can be integrated. Due to the low spatial resolution of SPECT, the
ultimate accuracy of the estimate of tumor activity in therapy patients using CT-SPECT
fusion is difficult to establish. Inaccuracy can be caused by “registration error” which in
turn comes from several factors. Depending on the type of registration used, these factors
include: 1) a non-rigid change in the body habitus between CT and SPECT, 2) a change

in the tumor location relative to the large organs or relative to the skin markers, 3) a poor
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choice of the control points that initialize a mutual information (MI) based registration, 4)
a non-optimum choice of other parameters in Ml registration, 5) a failure of maximum Mi
to yield a good registration even with the optimal choice of input parameters. In our appli-
cation, we have noticed that a tumor volume of interest (VOI) from CT sometimes does not
perfectly overlay the true position of the tumor in the SPECT image set. Furthermore, the
magnitude of the difference between the activity estimate from the Ml registration proce-
dure and that from a perfect overlay is uncertain. As alternative, we explore the possibility
of optimizing the estimate of tumor location and orientation with respect to within-VOI
activity quantification. Control points matching or mutual information based registration
is used to obtain an initial rigid transformation between CT and SPECT. A local opti-
mization is then performed to fine tune the initial global registration, with the criterion of
maximizing counts in VOIs of known tumors. The local optimization appears to be more

resistant to overlay errors.

1.3 Thesis Contributions

The original contributions made by this dissertation are summarized as follows.

e \We have compared two Fourier descriptors of 3D polar shapes and studied the re-

lated computational issues.

e \We have developed a statistical shape model using the spectral theory of isotropic
random field. We have proved that if the orientation of a 3D polar object is uniformly
distributed inSO(3), the observed radial function of this 3D object is an isotropic

random field over the unit sphefs.

e For center estimation problem, we have established that the estimator of the ellipsoid

parameter vector proposed by Bookstein is a maximum likelihood estimator when



13

the segmentation noise is Gaussian with low variance. A lower bound has also been
derived for the variance of the center estimator under a Gaussian segmentation noise

model.

e \We have proposed a statistical shape model and a Wiener filtering strategy for opti-

mal shape filtering.

e We have developed a maximum likelihood method to jointly estimate shape param-

eters and 3D rotation angles based on an isotropic Gaussian noise model.

e We have developed a fast algorithm for 3D object segmentation and surface recon-
struction by applying spectral methods to solve elliptic PDE’s over the unit sphere.
We have introduced volumetric penalization to prevent contour leaking at broken

boundaries or spurious edges.

e We have proposed a refinement of Ml-based rigid CT-SPECT registration which

enhances robustness by maximizing counts in segmented volumes of interest.

1.4 Organization of Thesis

This thesis is organized as follows. In Chapter II, we study spherical harmonics and
double Fourier series on the sphere as two Fourier descriptors of surface boundaries. Re-
lated computational issues are discussed. The two descriptors are compared in terms of
convergence rate and shape modeling accuracy. Chapter Il also studies the statistical prop-
erties of the segmentation error and develops an orthogonal representation of isotropic
random field over the unit sphere. The detailed proof of the Karhunend.eXpansion
formula is also given in this chapter. In Chapter Ill, we investigate the center estimation

problem for 3D shape. The ellipsoid fitting method proposed by Bookstein is described
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and shown to be a maximum likelihood estimator of ellipsoid parameters when the seg-
mentation noise level is low. A lower bound is derived to evaluate the performance of
the ellipsoid fitting center estimator. In Chapter 1V, two applications of statistical shape
models are presented. The first application is Wiener filtering of a noisy surface boundary.
The second application is joint estimation of shape parameters and 3D rotation angles by
maximum likelihood. In Chapter V, a fast algorithm for 3D surface reconstruction and
object segmentation is developed based on our shape modeling approach and solving PDE
by double Fourier series expansion methods. A volumetric penalization term is introduced
in the PDE to prevent contour leakage at broken or blurred boundaries. The segmentation
is evaluated for both real medical images and synthesized images. Chapter VI proposes an
adjustment to rigid CT-SPECT registration so as to better quantify tumor uptakes. Finally,

Chapter VII contains conclusions and directions of future work related to this research.



CHAPTER I

STATISTICAL POLAR SHAPE MODELING BY
FOURIER DESCRIPTORS

2.1 Introduction

Techniques of three dimensional shape modeling have been widely studied over the
past two decades [9][30][93] [115][103]. Generally speaking, shape modeling is a funda-
mental process of combining physical measurement of objects with a mathematical model.
In many computer vision related areas, such as pattern recognition, deformation and mo-
tion analysis, image registration and image retrieval, shape modeling techniques have been
integrated with other techniques to achieve different goals. Models widely used in these
applications include constructive solid geometry and surface boundary representations. In
the rest of this thesis, “shape modeling” refers to surface boundary representations. De-
terministic surface descriptions, such as polygons, B-splines and Fourier descriptors, have
been well established [9]. Among these descriptions, the parametric representations that
are object-centered and use a linear combination of basis functions, are of special interest
to us. These mappings from spatial object space to parameter space provide a compact
representation of the object and are useful for shape storage and reconstruction, noise fil-
tering, and pattern recognition.

In this chapter, we investigate the properties of spherical harmonics and double Fourier

15
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series as two Fourier descriptors for 3D polar shape modeling. We investigate both deter-
ministic and statistic formulations of polar surface approximation. This chapter is orga-
nized as follows. Section 2.2 discusses the theoretical expression and computational issue
of spherical harmonics and double Fourier Series. These two descriptors are compared
in terms of convergence rate and shape modeling accuracy. Section 2.3 studies the sta-
tistical properties of the segmentation error and develops the orthogonal representation of
isotropic random fields for statistical shape modeling. The detailed proof of the spectral
theory is also given in this section. As it will be shown in Chapter 1V, the spectral rep-
resentation of isotropic random field can be applied to several tasks in image processing

such as: Wiener filtering; shape classification; and object registration.

2.2 Deterministic Polar Shape Modeling by Fourier Descriptors

The main process of 3D deterministic shape modeling includes the following steps:
1) find the proper basis functions; 2) sample the 3D object surface; 3) compute the shape
parameters through sampling data. The surface of a polar shape (star shape) object can be
represented by its radial coordinat&vith respect to a selected origin inside the object.
is a single value function af and¢, where(6, ¢) is a direction vector on the unit sphere.
The unit sphere is defined as the sphere of radius 1 and centered at origin. Hereafter the
unit sphere will be denoted h§?, and coordinates 062 will be described by, ¢) or
z,i.e. (0,¢) € S? orx € S2. To be accurate, 3D polar shapes are defined as shapes that
have a boundary function in the form ¢f: S? — [0, co|. Figure 2.1 illustrates polar and
non-polar shapes in 2D.

Fourier descriptors represent polar shape objects as a linear combination of orthonor-
mal basis functions. In the following, we will study shape modeling by spherical harmon-

ics and double Fourier series over the unit sphere.
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(a) polar shape (b) non-polar shape

Figure 2.1: Surface boundaries of star shape and non-star shape objects.
2.2.1 Spherical Harmonics

Spherical harmonicgY;™ (0, ¢)} are special functions defined on the unit sphere [3] as

Y6, 6) = (—1)"’\/ 2ha Eﬁ - Z;iﬂm(cos )em 2.1)

wheref € [0, ] is the polar anglep € [0,2x] is the azimuthal angleP(z) is the
associated Legendre function [Appendix A.2is a non-negative integer is an integer

in [—[,1], and the normalization is chosen such that

27 m
/ / Y™, 0) Y40, ¢) sin 0dB dd = 61,6y - (2.2)
0 0

HereY * is the complex conjugate af, andé,, s is the Kronecker delta function defined

as the following

1 ifm=m";
5 = (2.3)
0 otherwise.

Figure 2.2 shows the polar anglend the azimuthal angl2on the unit sphere.
Spherical harmonics are the angular portion of the solution to the Laplace equation
in spherical coordinates, where azimuthal symmetry is not present [3] [Appendix A.1].

They are orthonormal and ordered in spatial frequency as a functibarafm. The set
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X

Figure 2.2: Direction vectofd, ¢) on the unit spheref is the polar angle and is the
azimuthal angle.

of spherical harmonics is also complete in the space of continuous function$oeér
finite energy. Therefore, any radial functign: S> — IR, of polar shape object, can be
expanded as a linear combination of spherical harmonics:

00 I
F6,8)=> > Crym(8,9) (2.4)

=0 m=-—1

where the coefficient§]” are uniquely determined by

T 2
cr= [ [ vir(6.0116,0)sinbds as. (2.5)

The right hand side of (2.4) is called the Laplace series, which converges uniformly. The

sufficient conditions for the spherical harmonic expansion are given by Hobson in [59].

The corresponding series coefficie@s are the shape model parameters. Since the values

of surface functions are always real, the real and imaginary parts of shape parameters are

constrained by the following relations:

_R{C™ dd
R{CI"} = RGTy mo (2.6)

R{C,™} meven
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. ${C;/™} modd
S{C"} = (2.7)
—-3{C, ™} meven

2.2.2 Computing Laplace Series

As well known by all practitioners, computational complexity is always a big concern
in 3D shape modeling. In this subsection, we discuss the computational complexity and the
accuracy of modeling 3D polar shapes by spherical harmonics. Two different algorithms
to compute the Laplace series, SVD and FFT, are compared in terms of complexity and

accuracy.

2221 SVD

Using singular value decomposition (SVD) to find the coefficients of spherical har-
monics in the sense of least squared error was proposed in [41] and [76}:(A.eb
denote the sample value of the radial coordinate in the dire(fiof) andR(6, ¢) denote
the radial function of the reconstructed shape using spherical harmonics. The least squared

error approach requires the minimization of the following error function:

e= Y [r(6,6)— R, ) (2.8)

(07¢)€SO
whereS, C S?is the sample set.

The functionR(6, ¢) is a Laplace series with complex coefficients. Sit¢e(6, ¢)
is a complex function and; ™(0, ¢) = (—1)"Y;™ (6, ¢), the real and imaginary parts
of Y;™(6, ¢), i.e. R{Y™(0,¢)} andS3{Y;™(6,¢)}, are often used as basis functions in
place ofY;™(0, ¢) andY;”™ (0, ¢) to simplify the computation. The functio§” (¢, ¢) 2
R{Y,™(6, ¢)} andV;™ (0, ¢) 2 S{Y," (6, ¢)} are also called Tesseral harmonics. Then, the

reconstructed shape can be represented as

K !
R(O,6)=>_ > AP UM®6,¢)+ B V/™(6,9). (2.9)

[=0 m=0
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where A" and B;" are the coefficients of real values, aRdis the highest order of basis
functions in the shape modeling, which controls the fineness of surface detail that can be
handled. The choice ok affects not only the modeling accuracy, but also the compu-
tational complexity for estimating the coefficiens]*} and { B]"}. The total number
of coefficients is(K + 1)? in equation (2.9). If the maximum likelihood method is em-
ployed to estimate the coefficients, which is essentially a nonlinear iterative optimization
procedure, the computational complexity will be too high for large valu& ofUsers
have to properly balance the accuracy of shape modeling and the amount of computation
according to necessities in their applications.

A group of linear equations can be obtained if we write the equation (2.9) for every
sampling direction(6;, ¢;), wherei is the index of the sample set. Write them in matrix
format, we have

r = Ua+ Vb. (2.10)

wherer = (r(6y, ¢1),...,7(6;,¢),...,7(0n, on))T, (6;, #;) € So is a vector representing
sampled surface values= (A9, A9, A}, A3 AL A2, ..., AK)T andb = (BY, BY, B}, BY, B3, B, ...
are coefficients vectors to be estimat&oandV are matrices witl;"(6;, ¢;) andV;™(6;, ¢;)

as their entries. For instandg, has the form as following:

Up(01,61)  UP(61,¢1) Ui(br,61) -+ Ug(br,61)
U= U(?(e% ¢)2) U{)(e% ¢)2) U11(927 ¢)2) U UII({(QZ, ¢)2) ‘ (211)
\ U0, ) Ub(Bw, én) Ul(On,6w) - Ui (w,n) )

LetX = (U, V) andc = (a,b)”, we can rewrite equation ( 2.10) in the form:
r = Xc. (2.12)

In this way, all shape parameters are put into a single vector and can be solved simulta-
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neously by SVD method. In case where the number of sample points is greater than the
number of parameters, the system is cabe@r-determined For over-determined sys-
tems, SVD provides a solution for the parameters that is the best approximation in the
least square error sense. We can coarsely analyze the computational complexity of SVD
method. LetN be the number of sampling points ov&f. To set up the matrixX, the
spherical harmonics have to be computed attheampling points, which has a complex-

ity of at leastO(N?) for non-uniformly distributed sampling points. The SVD procedure
usually hasN? arithmetic operations. Therefore the computational complexity of this

method should be arour@(N?).

2222 FFT

The spherical harmonic expansion is an extension of the special Fourier transform on
unit sphere. Some researchers have explored fast algorithms similar to the 2D FFT for this
expansion [37, 55, 89]. Although spherical harmonics comprise an orthogonal set in the
continuous space, they are not orthogonal in discrete cases, such as for the sampled data.
To approximate them by an orthogonal set on a discrete domain, we must associate them
with weight functions. The difference and analogy of spherical harmonics orthogonal on
a discrete set of points on the sphere were studied in [82]. This work makes it possible to
adapt FFT analysis to spherical harmonics. It is desirable to sample a band-limited radial
function in such a way that the original shape can be exactly recovered from the samples.
In [39], Driscoll and Healy developed a sampling theorem and a fast algorithm to reduce
the computational complexity of spherical harmonics for band-limited functions on unit
sphere. The bandwidth was defined in terms of the highest order of spherical harmonics

which have a non-zero coefficient.

Theorem 1 (Sampling Theorem overS? [39]) Let f(f, ¢) be a band-limited function on
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S? such thatf/™ = 0 for [ > b. Then

2b 12b—1

= 2b ZZ £ (8, 61)Y™ (65, b1, (2.13)

7=0 k=0

for i < band|m| < . Here f/™ is the spherical harmonic coefficient 6f 6, = 75 /2b,

¢, = mk/b, and the coefficienrzsg.b) are determined by the equation
a((]b)Pl(cos 6o) + agb)Pl(cos 0)+---+ ag;,)flPl(cos O 1) = \/55170. (2.14)

The fast algorithm was named as “FFT” ov&' and has a computational complexity of

O(N(log N)?). We will compare its performance with SVD method in the next section.

2.2.2.3 Experimental Results

As aforementioned, both the SVD method and the FFT method can be employed to
compute the coefficients in the spherical harmonic expansion. We compare their charac-
ters and performance by some experiments. All the computation in the experiment was
completed on a Sun Ultra-10 workstation via MATLAB. Four different shapes are mod-
eled by spherical harmonics basis in our experiments. Three of them have global implicit
expressions ag:Z)? + (4)2 + (2> = Lz + y* + 2t = land (L) + (4)5 + 26 = 1.

The last one is the surface of a 3D medical organ, a liver manually segmented from X-ray
CT image. Figure 2.3 shows these shapes. Notice that some sharp corners of the liver are
missing in the shape of liver due to the finite number of spherical harmonic functions used

in the model. The normalized residual error of shape modeling is defined as following

@ Y (6:, 65) — Ric(6:, 67)]2/ (N M)
z zj”olrwz,as])/( M) |

whereK is the highest order of spherical harmonics employeé; i %, ¢; = 737, r(6, ¢)

err

(2.15)

andRx (6, ¢) represent the original shape and the reconstructed shape respectivély. err

is solely caused by the truncation of the Laplace series. For shapes with limited spatial
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frequency, such as the unit sphere,( &y vanishes wherk is greater than the radial

function bandwidth.

(@) (b) (€) (d)

Figure 2.3: 3D shapes used in the shape modeling experiments: (&) (£)>+(%)* = 1;
(b) z* +y* + 2* =1, (c) (H)® + (4)° + 2° = 1, (d) Segmented liver modeled
by spherical harmonicdy = 14

First, we test modeling accuracies for different shapes. Figure 2.4 shows the residual
error of shape modeling versus the highest order of spherical harmonics employed in the
SVD method. It can be seen that the residual errors decrease exponentially witie
highest order of spherical harmonics used. As expected, the decreasing speed is shape
dependent. The more irregular the shape is, the slower is the decreasing speed of the
residual modeling error. Using spherical harmonics with the highest ordér-ad4, the
residual error i4.37 - 107 for the ellipsoidal surface,.45 - 10~* for the shape defined by
ot +y* + 2* = 1, 3.74 - 1072 for the medical organ liver, antl95 - 10~2 for the shape
defined by(&)° + (£)° + 2° = 1. One can expect the representation order needed for
relevant 3D polar medical objects to be in the rah@e< K < 20, and the corresponding
magnitudes of residual error be in the range fradim* to 10~2.

In the second experiment, we compared the accuracies of FFT method and SVD
method. The same surface sampling data was used by these two methods. Figure 2.5

plot the residual error of shape modeling versus the highest order of spherical harmonics
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Figure 2.4: Error versus the order of the spherical harmonics for the four different surfaces
shown in Figure 2.3.
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Figure 2.5: Accuracy comparison between the FFT method and the SVD method.

for both the FFT method and the SVD method. (a) is the modeling result of the ellipsoidal

surface, and (b) is the modeling result of the surface definggfhy + ()% + 2% = 1. It
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Figure 2.6: CPU time comparison for the SVD method and the FFT method.

can be seen that for the same valugsgfthe errors of SVD and FFT have the same order
of magnitude, although the one for the SVD method is slightly smaller. This is because
the FFT method requires the function to be band-limited which may not be true for an
arbitrary polar surface function. When a shape contains spatial frequencies that have to be
modeled by spherical harmonics higher tifiénthere will be aliasing phenomenon in the
FFT method.

Finally, we compare the computation time of the two methods. Figure 2.6 plots the
CPU time required by the SVD method and the FFT method vekSube highest order
of spherical harmonics in modeling. The slope of the circled line is very close to that of
K?(log K)? (especially forK > 10), which suggests that the complexity BT method
is O(N(log N)?) whereN is the total number of sampling points. The slope of starred
line is in between of the slopes @&° and K°. This means the complexity of SVD is

approximatelyO(N?). Through the above comparison of CPU time, we can say that the
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computational complexity of SVD method is much higher than that of FFT method.
The following conclusions can be drawn for shape modeling by spherical harmonic

functions:

0 For normal 3D polar shape objects, i.e., not as irreguldeza8 + ()% + 2% =1,
the highest order of spherical harmonics needed for modeling is in the tange

K < 20, and the magnitude of modeling error will be in the rag&*, 1073).

0 The SVD method and the FFT method give similar modeling accuracy if the surface

sampling data sets used by two methods are same.

0 The FFT method requires the sampling points to be uniformly distributetiaom

¢. It has very low computational complexity.

0 The SVD method has the advantage that the sampling points can be arbitrarily dis-
tributed on the sphere. This allows to apply a higher sampling rate in surface areas
of large Gaussian curvatures, and a lower sampling rate for relatively flat areas.

However, its computational complexity is much higher than that of the FFT method.

2.2.3 Double Fourier Series

The simplest form of double Fourier series (DFS) arises in an expansion of scalar
functions of two variables over a rectangular domjairb] x [c,d]. The basis functions
of such a DFS are separable, i.e. a product of two sets of 1-D basis functidashpn
and[c, d], respectively. When these two sets of basis functions are complex trigonometric

systems, an arbitrary functiof(z, y) defined in this rectangle can be decomposed into a
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double trigonometric series, i.e.,

[M]¢
]38
[M]#
]38

flz,y) = aye. cos(ma) cos(ny) + ags cos(mz) sin(ny) (2.16)
m=0 n=0 m=0 n=0
o9} o0 o9} o0
Z Z as sin(mz) cos(ny) + Z Z ass sin(mz) sin(ny).
m=0 n=0 m=0 n=0
whereass, , ass , ai< anda;’ are the corresponding coefficients. Following traditional

nomenclature, we use double Fourier series to denote double trigonometric series through-
out this thesis. In the context of 3D shape modeling, the radial function of any 3D polar
surfaceR(6, ¢) is a function of two variables defined over the rectarigler] x [0, 27).
ThereforeR(0, ¢) can be expanded by double Fourier series. Notice that the spherical
geometry of unit sphere is different from the geometry of rectangle, which imposes some
conditions on the double Fourier series expansion of radial functions. We will discuss this

immediately in the next section.

2.2.4 Computing Double Fourier Series

In this section, we discuss how to compute the double Fourier series of radial func-
tion R(#, ¢) to avoid the pole problem which often accompanies computation in spherical

geometry. Topologically, the unit sphere is a two-dimensional manifold. However, the

s

¢

Figure 2.7: The rectangle, 27) x [0, 7).
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geometry of sphere is fundamentally different from that of the rectangle shown in Fig-
ure 2.7. For example, the surface of a torus is also defined[@vel x [0, 2x] and can
be unwrapped into a cylinder, then into a rectangle, but the surface of sphere can not be
unwrapped in such a way into a rectangle [14].

The difficulty in applying DFS to polar shapes is due to the boundary conditions im-
posed at the two pole®, ¢) € {(0, ¢), (7, #)}. First, the radial functiorR(9, ¢) is ex-

panded by a 1-D Fourier series in longitude with truncafion
M
R(,¢)= > Rn(0)e™, (2.17)
m=—M

whereR,,(0) = + S8 R(6, ¢x)e ™%, ¢y, = 2rk/K andK = 2M. Next, we expand
R,.(#) in a Fourier series that accounts for the pole boundary conditighs-dt, 7. These

boundary conditions are [14]:

finite, m =0,
R,.(0) = (2.18)
0, m # 0,
d finite, oddm,
— R (0) = (2.19)
de
0, evenm.

The condition onR,, () is to ensure that the approximaté(b, ¢) is continuous at poles,
while the condition orzl%Rm(e) is to avoid second-order poles in applying spectral method

to solve Laplace equation over the unit sphere [83]. If we use sine or cosine series alone
as basis functions to expari,,(#), they will not meet the above boundary conditions.
For example, letR,,(#) = >, Rn,mcosnd. Whenm is odd, R, (6)sin(m¢) will be
discontinue at the poles unless some additional constraints are imposggd,of8, 111,

112].
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In [25] Cheong proposed the following expansion

R, (0) = Z‘] ! R, cosnb, m =0,
Rn(®)= )  Rymsinnd,  oddm, (2.20)

Rn(0) = Y)_, Rnmsinfsinnd, evenm # 0.

Cheong’s expansion at,, () does not make explicit use of the cosine series for exen
and avoids the imposition of a constraint that the sum of expansion coefficients should
vanish. We adopt this expansion in our approach.
To avoid possible singularities arising from dividing kivi(¢) on poles in the case
of evenm(# 0), we use interior grids in the latitude variable, efty..= (j + 0.5)7/J,
j =20,1,2,...,J — 1. The spectral coefficient®, ,,, can be calculated by fast sine or

cosine transforms on these interior grids:

Rym = JZ‘I " Rin(6;) cos(nb;), m =0

Rym = JZJ ' R, (6))sin(nd;), oddm (2.21)

Rym = JZ (sm0 )sin(né;), evenm # 0
whereb=1forn=0andb=2forn > 0,c=1forn = J andc=2forn < J.

2.2.5 Comparison of Spherical Harmonics and Double Fourier Series

In the last few sections, we have shown that both spherical harmonics and double
Fourier series can be applied to expand radial functions of polar shape objects. In [13, 14],
Boyd has made a good comparison of three orthogonal basis functions for general prob-
lems related to spherical geometry, which includes spherical harmonics, double Fourier
series and Chebyshev polynomials.

Spherical harmonics and double Fourier series have some common characteristics.

They both use Fourier series to represent the longitudinal dependence of the radial de-
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scriptorR(6, ¢), i.e.,
R(,¢)= > Rm(6)e™ (2.22)

m=-—00

wherem is the zonal wavenumber and must be an integer. They differ in their choices of
expansion functions in latitude. Spherical harmonics use associated Legendre functions
P™(cos#), while double Fourier series use the modified Fourier series to exRaié).
Both spherical harmonics and double Fourier series are complete on the unit Sphere

To illustrate the accuracies of shape modeling by spherical harmonics and DFS, we
apply these expansions to an ellipsoid surface and a metasphere surface. The metasphere

surface is defined aX = (z(0, ¢), y(6, ¢), (8, ¢)), where

z(0,9) = (ap+ by cos(m,0)cos(n,¢))sin(f) cos(¢p),
y(0,¢) = (a, + b, cos(myB) cos(ny¢)) sin(f) sin(¢), (2.23)

z(0,¢) = (a,+0b,cos(m,0)cos(n,p))cos(f).

Here(a,, ay, a.) is the metasphere radius in the directions of three gkeg,, b.) is the
ripple amplitude of harmonic components on the metaspberem,, m,) and(n,, n,, n,)
are the ripple frequencies [102, 107].

Figure 2.8 and Figure 2.9 show multi-resolution representations of the ellipsoid and
the metasphere, separately. We can see that when spherical harmonics model and the dou-
ble Fourier series model use same number of coefficients, the difference between these
models is very small. A numerical comparison of modeling accuracy is plotted in Figure
2.10. For the regular ellipsoidal shape, truncated spherical harmonics and double Fourier
series show exactly the same rate of convergence in their order. Note that double Fourier
series has a small advantage in accuracy for the regular ellipsoid. For the metasphere,
which contains higher spatial frequencies, double Fourier series also has a faster conver-

gent rate and better accuracy. Here the SVD method was used to compute the coefficients
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Figure 2.10: Shape modeling error vs. highest order of modeling basis.
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Figure 2.11: CPU time comparison for the computation of double Fourier series and spher-
ical harmonics coefficients.

monics coefficients. Figure 2.11 plots the CPU time consumed by computing double
Fourier series and spherical harmonics coefficients. It shows that when the basis func-
tions used by these methods have the same highest ordértbe CPU time of comput-

ing spherical harmonics coefficients is ab@lit times greater than that of by computing

double Fourier series. In this experiment, the FFT algorithm was used to compute the
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spherical harmonic coefficients.

2.3 Statistical Shape Modeling

We discuss random field models for statistical shape modeling in this section. The
rest of this section is organized as follows: First, a few important definitions of random
fields are given in Section 2.3.1. In Section 2.3.2, we show that radial functions of ran-
domly oriented polar objects are isotropic random fields over the unit sphere and propose
a procedure to test the hypothesis that a sampled data set over the unit sphere is isotropic.
In Section 2.3.3, the spectral theorem that spherical harmonics comprise the orthogonal
representation of isotropic random field over the unit sphere is proved. Yadrenko gave an
outline of this theorem’s proof in [110]. However, he did not provide the proof of Funk-
Hecke theorem which is a key to proving the spectral theorem. Funk-Hecke theorem was
originally proved and published in 1916 [46] and 1918 [56] by Funk and Hecke in Ger-
man. The proof of Funk-Hecke theorem is not widely available. Thus for completeness,
we provide a detailed proof of the spectral theorem and Funk-Hecke theorem. A brief
discussion of how to corporate the random field model with statistical shape modeling will
end this section. It will be shown in Chapter IV that the statistical uncorrelation of the

shape parameters can be applied to optimal shape filtering and object registration.

2.3.1 Random Field on Unit Sphere

Random fields are stochastic processes whose arguments vary continuously over some
subset ofR", n-dimensional Euclidean space. They can be strictly defined on a measure
space(Q2, F, P), wheref is a set with generic elemeat F is ac-algebra of subsets of
2, andP is a probability measure af satisfying the following axioms [1]:

(1)0 < P(A)<1landP(Q) =1,

(2)P(AUB)=P(A)+ P(B),if AnB =10, A, B € Fand0 is the empty set.
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The radial functions of 3-D polar objects are examples of random field3 in R?.

Definition 1 ([57]) A second order random field ové? C RR? is a functionZ : S? —

L2(Qa-’F7 P)

A second order random field has been specified 6¥éf a random variableZ (z) has
been specified for each € S2, with E{|Z(z)|*} < co. We can say that a second order
random field ovefS is a family{Z(z), = € S?} of square integrable random variables.

A random fieldZ (z) is wide-sense stationafgpr wide-sense homogeneous) if it satis-
fies the following conditions:

(1) E{Z(x)} = m, wherem is constant;

(2) E{(Z(s) — m)(Z(t) — m)*} is a function of(s — ¢) only.

A wide-sense stationary random field is callsdtropicif
R(||s — t|]) = E{(Z(s) — m)(Z(t) —m)"}.

The correlation function of an isotropic random field depends only on the distance be-
tweens andt. The correlation function of such a random field can be thought as invariant
to any rotation around the origin. L& (3) denote the group of rotations IR* around

the origin. An isotropic random field can also be defined as satisfying
E{(Z(s) =m)(Z(t) —m)"} = E{(9Z(s) —m)(9Z(t) —m)"}

whereg € SO(3).
Let 2y, z,, . .. be a sequence of points amtibe a fixed point inR?* for which ||z;, —

z*|| — 0 ask — oo. Then if
| Z(zy) — Z(z")]| = 0 ask — oo

we sayZ is continuous in mean squaagx*.



36

Theorem 2 ([1]) A random fieldZ(x) is continuous in mean square at the paiitc R*

iff its correlation functionR(s, ¢) is continuous at the point=t = z*.

Theorem 3 (Mercer Theorem [114]) Let R(s, t) be a continuous and non-negative defi-

nite function on the compactintervaix T ¢ R**, with eigenvalues; and eigenfunctions

¢; satisfying
/ R(s,0)p(t)dt = A(s)  forseT (2.24)
T
and
| advssterar=s; (2.25)
Then
R(s,t) = > Ai;(s)9;(¢) (2.26)

where the series converges absolutely and uniformly onT'.

2.3.2 Isotropic Random Field onS?

Let (6, ¢1) and(fs, ¢-) denote two directions separated by the anglethe spherical
coordinate system, as shown in Figure 2.12. These angles satisfy the following trigono-

metric identity [3],

cosy = cos b cos By + sin 6; sin O3 cos(P; — ¢2). (2.27)

The valuecos v is called theangular distancéetween the two direction®,, ¢;) and

(62, ¢2).

Definition 2 ([110]) A random fieldX (6, ¢) on the unit sphereS? is called isotropic in

the wide sense if its mean is constant

E{X(0,$)} = constant (2.28)
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Figure 2.12: Two directiongf;, ¢1) and(62, ¢-), and the angle between them.

and its correlation depends only on the angular distangey between the two directions

E{X (01, ¢1)X" (62, 62)} = R(y) = ¥(cos ) (2.29)
where~ is the angle between the two directigifs, ¢1) and (02, @).

Without loss of generality, hereafter we assub¥eX (6, ¢)} = 0.

Isotropic random field models have been widely studied in many research areas, such
as earth science, astrophysics and electrical field theory. In computer vision community,
random field models have been applied to texture synthesis [116], texture classification
[40] and image segmentation [115]. However, to the best of our knowledge, no study of
statistical isotropic property has been reported for 3D shape modeling. In fact, this prop-
erty is satisfied by a large class of 3D shapes. For example, in biological shape analysis,
the orientation of virus particles in the electron microscope can be completely disordered

[38] and the radial function segmented from such a case forms an isotropic random field.
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Theorem 4 Let f(6, ¢) : S — R be the radial function of a polar shaped object which
center has been aligned with the originhof the coordinate system. If the object center
is fixed atO and the orientation of the object is uniformly distributed, i.e., there is no
preferred orientation, then the observed radial functibr¥, ¢) is an isotropic random
field over the unit sphere. Its meai{, ¢) and covariance functio®g((6;, ¢, ), (fa, #2))

are determined by

F(9,¢) = constant

1 27 ™

= - 9 £(0',¢')sin0'd6'd¢’ (2.30)
¢'=0Jo'=0

and

Rp((61,¢1), (02, 62)) = Rr(v)

oo Jor—oLfs £(0',8) (6", ¢")dS] sin 0'de'de’ a1
B 47 - (2w sin-y) (23D

where~ is the angle betweef#,, ¢;) and (6, ¢2) (see Figure 2.12), an§ := {(¢", ¢") :
L[(¢,¢),(0",¢")] = ~} is the curve containing the points that have same angular dis-

tancecos vy to the point(¢’, ¢') (see Figure 2.13).

Figure 2.13: An arbitrary point?’, ¢') on S? and the curveS containing points that have
same angular distance (@, ¢')
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Proof:
Let ¢ be a random rotation operator #0(3) which has uniform distribution over

SO(3). The observed radial functiafl can be expressed as

F(6,9)=9f(0,0) = f(0,¢). (2.32)
Sinceg is uniformly distributed inSO(3), (¢, ¢') is uniformly distributed oves?. There-
fore,
1 2w ™
BIFO0) = Ef0.6)) =4 [ [ 1@.¢)smoaeas  @33)
T Jg=0Jo=0

This yields equation (2.30). For the correlation functi®g,

Rp((01,¢1), (02, ¢2)) = E[F(61,01)F (02, ¢o)]
= Elgf(61,61)9f (62, ¢2)] (2.34)
= E[f(#,¢)f(0",¢")]
The uniform distribution ofy again, makest’, ¢’') have a uniform distribution ove$?.
Due to the rigidity of the object#”, ") must be in a fixed angular distance(#, ¢').
This relation cause@”, ¢”) to be uniformly distributed over a cuné&that has an angular
distancecos vy to the point(#', ¢'). The length ofS is 27 sin y. Therefore equation (2.31)
gives the proper correlation function 6t
End of proof.

To design an optimal test for the isotropic hypothesis, we need to compute the like-
lihood function of the random field under isotropic and non-isotropic assumption. Let
F(z) be areal-value random field ov&f that is a combination of signa(z) and a white
Gaussian noise field(z), i.e. F(z) = s(z) + n(z), € S%. The correlation function
of F is defined askp(z,y) = E[F(z)F(y)]. LetF = [F\F,--- Fy]" be the random
vector obtained through samplidgatx = [z,z5 - - - 2n]7, z; € S?, i.e., F; = F(z;), the

correlation function? can be estimated from the covariance maRix = E[FF7].



40

If we assume the random fieldz) is isotropic, the correlation function d@f will be
in the form of Rr(z,y) = Rr(|lz — y||) = Rs(||lz — y||) + d(z — y) - o2, whereo? is
the variance of the noise field. We propose a sub-optimal isotropic test of how close the
estimated correlation function is to the form®%(||z — y||) and classify the random field

into isotropic or non-isotropic categories accordingly:
1. Compute covariance matR g

2. EstimateR,(d) (d € [0, n]), the correlation function of(z). It is determined by

Rs = arg min Zi,j HRFij — Ry(£ (s, 5’31))H2

3. Lete = 3, ; IRFi; — Rs(L(xi,z;))|>. If e > threshold,F' is non-isotropic, oth-
erwise,F' is isotropic. The threshold is determined by the variance of ngjsand

the sampling statistics of the estimafy.

2.3.3 Orthogonal Representation of Isotropic Random Field or?

Theorem 5 ([110]) A mean-square continuous homogeneous isotropic randonifigidy)

of zero mean irb? can be represented as:

) l

X(0,0)=>Y_ Y AlmY"(6,9) (2.35)

=0 m=—1

with Y;(6, ¢) denoting the spherical harmonics of degiesnd orderm, and

Al m) = / ' / "X (0, 6)Y7™ (8, )d% (2.36)

such that

E{A(l,m)} =0 (2.37)

and

E{A(lL,m)A*(',m)} = N 8,y 6y (2.38)
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where
1
- / W(E)Py(t) dt (2.39)
-1

is the coefficient in the Legendre series of the correlation functionydnas v) = R(v)

is the correlation function ok (6, ¢).

Proof:
By Theorem 2 in Section 2.3.1, we know that the correlation funckdf) of the
mean-square continuous homogeneous isotropic randonifiglds) on S? is continuous

on[—1, 1]. By Funk-Hecke theorem, we have

P(cosy)Y,™ (02, ¢2) dSpy,9, = MY, (01, ¢1) (2.40)

S2
which means the seft\;, Y;"(0, ¢)} is a complete set of eigenvalues and orthonormal
eigenvectors for the correlation functidi(y). By Mercer theorem [114], the following

expansion holds for alb;, ¢1) and(62, ¢2):

) l

Ycosy) =D > MY(01,61) Y™ (6, 6). (2.41)

=0 m=-1
This expansion converges absolutely and uniformly [114].

Notice

E{X(0,9)A"(I',m)}
= E{X(Q, ¢) 52 X*(927 ¢2)le'm’ (927 ¢2)dQ927¢2}

= / E{X (0, $) X" (62, ¢2)Y/n’ (02, 92)d, 4, }
S2

!

— P(cosy)Y" (62, ¢2)dQp, 4,

SZ

— N Y (6, 9)
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where the fact (2.40) is used to reach the last step. So, we have

E{A(l,mA(I',m)} = E{ /S X (6,0)Y," (8, $)du pA* (I, m)}
_ /S B{X(0,0)A4"(0,m ) Y™ (6, 6)d %,
= /52 MY (6,6)Y;™ (8, 6)d%,

= N0, ;0

ll mm

which is (2.38).

Let X,(6,¢) = S, S0, A(l, m)Y;™(8, ¢). We need to show that
Jim E{1X(6, ¢) — X.(6,8)]°} = 0. (2.42)
Note

E{|X(6,¢) — X.(6,¢)"}

= B{X(0,9)(X"(6,9)} — E{X(6,9)X(6,¢)}
—E{X1(6,6)(X*(8,9)} + E{X1(6,9) X7 (6, ¢))}

= Y(cos)|y=o — i i E{X (6, $)A"(1,m)}Y™ (6, 6) -

=0 m=—1

X7(0,0)1Y/(0,0) +

Z Z E{A(l,m)A*(I',m) }Y,™(8, ¢) Y™ (6, ¢)

m'=—1'

||| M~ 1 M~

x

= P(c087)|y=0 — Z Z A Y™ (0, )Y, (6, ¢) (2.43)

=0 m=—1

By (2.41), the limit of the above equation equalwhenL — co.

End of proof.

Theorem 6 (Funk-Hecke Theorem)Let ¢(v) be a continuous function or-1,1]. Let

Y™ (02, ) be any surface spherical harmonic of degiead orderm. Then for any unit
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vector (6, ¢1) € S?, we have

¢(COS ’7)Yzm(92, ¢2) dQez,(bz = )\lYlm(91, ¢1) (2.44)
52

wherey is the angular distance (2.27) betwe@h, ¢1) and (6., ¢2), dQg, 4, = sin 0y df> dos,
and

A =2 / 1 »(t)Py(t)dt (2.45)

with P,(z) denoting the Legendre polynomfabf degred.

Proof?:

The Legendre polynomials are orthogonal and constitute a complete set of functions
on the interval—1, 1]. By the Sturm-Liouville Theory [3, 59], any functiaf(z) contin-
uous on[—1, 1] can be written as its Legendre series, which converges uniformly. More

precisely, we have
Y(@) =) arPi(z) (2.46)
k=0

whered" 2 a; Py (z) is Legendre serieof the functiom)(z), and

a = Qk; ! /lw(x)Pk(x)dx. (2.47)

We also have

2
dz = 0. (2.48)

1

lim /_1 [w(x) - Zizakpk(l’)

By the Holder’s inequality, we have

/S 2 li/)(cos ¥) =) apPy(cos)
/S 2 [w(cos ¥) =Y apPi(cos )

k=0
The Legendre polynomidh, () is defined in Appendix A.2.
2This proof is included for completeness.
3In fact, the equation (2.46) holdsﬁil |¢(z)|2dz < oo [59].

2

Yim(92v ¢)2) d992,¢2 <

2

s [ Y700, Y™ (1, 62) 0. (2:49)




44

Since
1 n 2
/ [ cos7y) Zakpk cos7y) dﬂgmz = 27r/ lw(x) — ZakPk(a:) dx
52 —1 k=0
(2.50)
and
[ Y6 62)Y7™ 63, 03) S =1, 251)
S2
the inequality in (2.49) can be written as
n 2
/ [w(cos v) — Z arPr(cosy) | Y™ (02, ¢2) dQ, 0| <
52 k=0
1 n 2
47r2/ [1/)(1’) - ZakPk(x) dx. (2.52)
-1 k=0
Taking limit to both sides of this inequality and using ( 2.48), we have
n 2
lim / [w@om) — > axPi(cosy) | Y™ (62, 2) dQp,y5,| =0 (2.53)
n—00 S2 —0
which means
le lw(cos v) — Z ai Py (cosy)| Y™ (02, ¢2) dQ%, 4, = 0. (2.54)
n—oo 52 —0

¢(COS 7) (927 ¢2) dQGz 2 = hm Z ak/ Pk COS 7 927 ¢2) dQGz P2 (255)
g2

By Addition Theorem for spherical harmonics (Appendix A.1B)cos ) can be written

as

Pi(cosy) =

21 + 1 o (91’ ¢1)lem*(927 ¢2) (256)

Using the orthogonality of the spherical harmonics, we have

47

ST 15k,lem(917 $1). (2.57)

/ Pi(cos7)Y;™ (6, én) A%, 4, =
5’2
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Applying (2.57) and (2.47) to the RHS of ( 2.55), we have

¢(COS ’Y)Ylm(e% ¢2) dQez,(bz =N\ Yzm(gla ¢1) (2.58)
S2

whereas
1
A= 27T/ Y(z)Py(z)dz. (2.59)
-1
End of proof.

2.3.4 Discussion

We have shown that an isotropic random field over the unit sphere can be orthogonally
represented by spherical harmonics in the last section. It is also proved that the radial
function of an arbitrary rotated 3-D object is an isotropic random field. To interweave
these properties into a useful statistical shape modeling technology, we still have to deal
with some details. One of them is the test of isotropism, which was discussed in Section
2.3.2. We have also simulated an arbitrarily rotated object to verify Theorem 4. The object
used in the simulation is 3D star-shaped. The rotation angles are randomly generated in
such a way that they have a uniform distributionS@(3). Figure 2.14 shows a triangle
in different orientations ifR>. The observed radial function is then decomposed to obtain
spherical harmonics coefficients. The simulation result shows that the covariance matrix in
the spatial domain can easily pass the isotropic test and the covariance matrix of the shape
parameters has non-zero entries only in diagonal. When white Gaussian noise is added to
the radial function in the simulation described above, more samples of the random field
are needed to accurately estimate the correlation funét{dm, y||) wherez andy belong
to 52,

This simulation can be generalized to obtain a statistical model of shapes within the
same class. For example, the shapes of a particular kind of virus could vary significantly

with the change of time and space. After getting sufficient amount of shapes in this virus
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Figure 2.14: A triangle with random orientationsIi¥.

class, these shapes can be used as a training set to extract the covariance matrix of the ran-
dom field shape model. If this covariance matrix passes the isotropic test, the isotropic ran-
dom field model can then be regarded as a statistical shape model of this class of viruses.
Our random field model of 3D shapes is different from other statistical shape modeling
technologies in the following two aspects: First, it integrates the global shape variations
into a single correlation function of the isotropic random field. The isotropism is primarily
caused by arbitrary rotations of the object. But other reasons, such as shape variations,
are not banned. As we stated in the introduction, the published statistical shape model-
ing technologies usually only compute the covariance matrices of shape parameters and
have contributed very little effort to generating correlation function in the spatial domain
due to the complicated expression and high computational complexities; Second, in the
frequency domain, the random shape parameters in our model are uncorrelated. This
property is important in shape filtering. Other statistical shape models usually achieves
this uncorrelation through principle component analysis. This PCA step is not necessary

for our shape models.



CHAPTER I

CENTER ESTIMATION

3.1 Introduction

We depicted the statistic polar shape modeling techniques in Chapter Il. These meth-
ods highly depend on the object position relative to the origin and coordinate axes. A
proper choice of origin and coordinate axes is important to use shape modeling basis func-
tions efficiently and to estimate the shape parameters accurately. For different assumptions
and objectives, the optimum center for shape representation may be different. For exam-
ple, Piramuthu pointed out that to maximize the average confidence in shape estimation,
the optimum center may not coincide with the object centroid [87]. It was also conjectured
that the optimum center may be the center for which the minimum radius of boundary is
maximized [87]. However, to simplify the computation, the object centroid is a natural
choice as the center for shape representation. This choice has been verified to be reliable
in most practical cases [76, 92].

When an object has symmetry relative to a center, its centroid coincides with the object
symmetric center. Aligning the origin with the object symmetric center is an optimum
choice because the basis functions in many shape modelings are defined to be symmetric
to the origin. For the shape modeling of a specific object, if the origin is not properly

chosen, e.g., to be too close to the object boundary or even outside the object, the resulted

47
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shape representation can be very inefficient, because it can not take advantage of any
object symmetry and may have to contain high spatial frequencies that do not exist if the
optimum center is in use. The following example illustrates how center estimation error
can deteriorate the efficiency of shape modeling.

A solid sphere is contained in a three dimensional image and coarsely segmented to
obtain the boundary of this sphere. We want to use spherical harmonics to model this
shape. Since a sphere is the object with the most symmetry, aligning the origin with its
symmetric center which is also its centroid is certainly the appropriate method. This can be
verified by the property of the first degree spherical harmonics function which is a sphere
of radiusy/4r. If the object center and the origin are perfectly aligned, one parameter will
be sufficient to describe the entire object. However, the error in center estimation can make
it very difficult to use the symmetry of the sphere. Table 3.1 and Figure 3.1 show how
the efficiency and accuracy of shape representation decrease with the increasing center

estimation error. The first column in Table 3.1 lists the amount of center shift, which can

Table 3.1: Shape modeling error vs. center shift for unit sphere

Center Spherical Harmonics Degree
Shift L=0 | L=2| L=4 L=6 L=28 L =10
e=0 0 0 0 0 0 0
e =0.2r | 5.04e-2| 9.19e-7| 1.15e-9| 1.81e-12| 3.87e-15| 2.19e-15
e =0.4r | 1.03e-1| 1.48e-5| 7.57e-8| 4.86e-10| 3.51e-12| 2.74e-14
e=0.6r | 1.61e-1| 7.75e-5| 9.33e-7| 1.41e-8 | 2.36e-10| 4.23e-12
e=0.8r | 2.26e-1| 2.63e-4| 6.01e-6| 1.66e-7 | 5.05e-9 | 1.62e-10

be caused by inaccurate center estimation. The center shift is normalized with respect
to the radius of the sphere. The paramdias the highest order of spherical harmonics
used in modeling. This table shows that when the center shift is increasing, we need more
and more spherical harmonics basis functions to get an accurate shape representation of

the unit sphere. When the estimated center is shifted.&y, we need to usé, = 10
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Figure 3.1: Shape modeling error vs. center shift for unit sphere

components in the spherical harmonic expansion in order to approximate a sphere with
the error magnitude in the order t§—1°. Furthermore, the computational complexity for

L = 10is much higher than that fdr = 0, with which we can exactly represent a centered
sphere.

The above example shows the importance of aligning the origin with the center of the
object. However, unless the measurement system defines a natural geometry of the object,
the true center of the object is not well defined. Furthermore, if the surface sample data
is obtained through segmentation, the segmentation noise makes it impossible to find the
true center of the object. Given a set of surface sample data, the following two methods

are often used to estimate the center of the object [76]:

0 Assuming that the sample data is evenly distributed over the surface of the object,

the center of gravity of the sample data should provide a good estimate for the center.
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O Spherical fitting. A least-square optimization method can be used to fit a sphere to
the sample data (See Section 3.2 for details of the method). Then, the center of the

sphere of best fit is used as the center.

In many cases of pattern recognition and image registration, it is also necessary to ex-
tract information of an object orientation. The most common method is based on principal

axes [31, 73]. In [76], the following two methods are compared:

0 Second Moments. The matrix of second moments of the sample is diagonalized to

generate principal axes.

O Ellipsoid fitting. An ellipsoid can be fit to the scattered data. The symmetry axes of

the ellipsoid are then used as principal axes.

Here the matrix of second moments has similar meaning as inertia tensor of a rigid object.

Let{(z;,yi, 2:),i = 1--- N} be the set of surface sample data. The mdtisin the form:

(3.1)

wherel, = 35,7 + 27), Iy = (2 + 20), Lo = 2,00 + 7)), Ly = Ipe =
=T Iy = Ly = = >, mizyandl,, = I, = — > . y;z. After diagonalization of

I, we will obtain principal moments of inertia and principal axes of the object, which are
the corresponding eigenvalues and eigenvectois &hen a rigid body rotates around

one of its principal axes, the angular momentum vector has the same direction as the
angular velocity vector. It is known that the second moments method work well for evenly
distributed samples, but will skew the axes if the surface is better sampled on only one side

of the object. In the latter case, the ellipsoid fitting method has much better performance
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[76]. However, it is also observed that some samples may yield other types of quadratic
surface, instead of an ellipsoidal surface. For those rare cases, the more robust method of
moments must be used.

In this study, we use the method of ellipsoid fitting because it can jointly estimate the
centroid and principal axes of 3D objects. The rest of this chapter shows how this method
works. A lower bound is derived for center estimation by ellipsoid fitting and compared

with the simulation results.

3.2 Ellipsoid Fitting

This section studies the reconstruction of a three dimensional ellipsoid from scattered
surface sample data. The ellipse and ellipsoid are often used in the fields of medical
imaging and computer vision to model object shapes. In medical imaging, the coronary
arteries may be represented and visualized efficiently by a generalized cylinder model with
elliptical cross-sections [44, 64], and the shape or volume of anatomical organs such as
heart and spine can be modeled as ellipsoids [7, 16]. In computer vision, simple patterns,
such as ellipses, are important to recognize and position curved three-dimensional objects
from image contours [58, 70, 106, 113].

As we discussed in the introduction, the ellipsoid fitting method is preferred when
the sample data is not evenly distributed over the surface. We adopt this method because
the object center and principal axes can be jointly estimated straightforwardly, so that the
origin and axes of shape modeling coordinate system can be aligned with them.

The ellipsoid is a special case of quadratic surface which has a general expression as:
{(z,y,2): A2* + By? + C2* + Dey + Exz + Fyz + Gr + Hy + 1z +J =0} (3.2)

where(z, y, z) are the coordinates of the point on the ellipsoid surfédeB, C, ..., J) are

the parameters which describe the location, size and orientation of the ellipsoid. There are
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nine degrees of freedom in the description of an ellipsoid, which include three coordinates
of the centroid, the lengths of three symmetry axes and three orientation angles. Since the
above expression has ten parameters, they must be constrained by some relations.
Several algorithms have been proposed independently by Paton [85], Albano [2], Cooper
and Yalabik [29] and Gnanadesikan [48] to reconstruct quadratic curves. These algorithms
fit conic sections to scattered data in {hey)-plane by minimizing the sum of squares
of Q(zi,yi) = ax? + bxyy; + cy? + dx; + ey; + f, where{(z;, y;)} are curve samples,
and(a, b, c,d, e, f) are the parameters to be estimated (See Figure 3.3 for such a set of
{(z;,y;)}). But the constraints used by these algorithms lead to solutions that are vari-
ant under equiform transformations in Euclidean space. In [11], Bookstein proposed to
use the constraint of? + b?/2 + ¢ = constant, so that the fitting result is invariant
under equiform transformations. This method also simplifies the estimation problem to
the problem of solving eigenvectors of a generalized symmetric matrix. We extend Book-
stein's method to 3D ellipsoid fitting and us€ + B> + C* + (D*> + E* + F?) =1 as
constraint here.

Let{(z;, vi, 2i),i = 1--- K} be the set of scattered surface samples to be fitted. Define
Q(zi, v, 2) = Ax? + By? + C2? + Dayy; + Exizi + Fy;zi + Goy+ Hy; + Iz, + J (3.3)

as the error function, the ellipsoid fitting method searches B, C, - - - , J) that can
minimize Y, [Q(z:, i, z)]” with the constrainti? + B? + C? + 1(D? + E? + F?) = 1.
LetV = (A,B,C,D,E,F,G,H,1,J)be the parameter vector to be estimated Ane-
(22,97, 22, TYi, Tiziy Yizin Tiy Yi, 7, 1). Define the matrix§ = Y, LT L;, we have

Z [Q(i, s, Zz)]2 =VSvT. (3.4)

LetVy = (A,B,C,D,E,F), Vo = (G,H,I,J), Ly = (22,9, 2%, ©;y;, Tizi, yizi) and
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Li» = (z4,v;, 2z, 1). The matrixS can be written as

Sll 512
S = (3.5)
521 522
WhereSH — Zz inLili S]_Q — Zz Lg;_Li21 SQ]_ — Zz Lz;Li]J and5'22 — Zz LZ;LQ
Substitution of (3.5) into (3.4) yields

r St Sz v . T .
VSVE = (V) = ViSu Vi +2ViS1Vy + VaSx Vs .

Sa1 Sa2 VQT

To minimizeVSVT, we let the derivativé?(fi’(ST;’)T) to be zero, i.e.,

d(VSvT)
——————2 =2V1512 + 2V559 = 0.
d(‘/z) 1212 222
This leads to

Vo = V1515, (3.6)
Substitutingl, = —V; 515555 into VSV, we have
VSVT = Vi(S11 — S12555-821)ViE = Vi(S)VE (3.7)

whereS = S1; — 51255, 901

Let us defineD; = diag(1,1,1,3,1 1) the constraint4® + B> + C* + }(D? +
E? + F?) = 0 can be described in the forii D, Vil = 1. Therefore, the constrained
minimization ofVV SV’ has been converted to minimizationmﬁmT— AViD, VT, Taking

the derivative ovel; and setting it to zero, we obtain
25V,T — 20D, VT = 0. (3.8)

This indicates that the vectdi’ should be the eigenvector 6f Inthe implementation, the
eigenvector of best geometric fit is chosen to be the final solution of parameter estimation.
The center and principal axes of an ellipsoid are completely determined by the parameter

vectorV.
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3.3 Lower Bound for Center Estimation by Ellipsoid Fitting

To evaluate the performance of ellipsoid fitting, we develop a lower bound for the
variance of unbiased center estimators under a Gaussian segmentation noise model. It is
also shown that when the segmentation noise level is low and has a Gaussian distribution,
the ellipsoid fitting method studied in section 3.2 is a maximum likelihood estimator of the
ellipsoid parameter vector, and its performance can approach the developed lower bound.
Our derivation of the lower bound follows similar steps as the derivation of a €r&ab
bound.

The effectiveness of an unbiased estimator can be characterized by its variancer-Cram”
Rao bound, the inverse of Fisher information matrix, describes the minimum obtainable
mean square error associated with a given estimate of a set of parametersefuetsent
observed data antl = [6,,6,,-- - ,6,]" be the parameter vector to be estimated fram

The Fisher information matri¥ is defined as [91]:

B 01lnp(z|f) 01np(z|0)
Jij = E{ 20, 20, (3.9)

_ _g 9% 1n p(z|6)
00,00;

whereJ;; is (7, j)-entry of then x n matrixJ. Let ¥ = J!. The Craner-Rao bound on

the covariance of the estimation error is given by
E [éi(z)éj(z)] > Wy (3.10)

whered;(z) and#d;(z) are the unbiased estimatorséfandd;, and¥;; is (i, j)-entry of
. The derivation of such a bound for the ellipsoid parameter vactar described as
follows.

First, let us set up the segmentation noise model. Write equation (3.2) in the spherical
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coordinate system as:

Ar?(sin 6 cos )* + Br?(sin #sin ¢)* + Cr*(cos 6)*
+% [Dr?(sin®  sin 2¢) + Er?(sin 20 cos ¢) + Fr*(sin 26 sin ¢)]

+Grsinfcos¢ + Hrsinfsin¢ + Ircosf + J = 0, (3.11)

where(r, 6, ¢) are spherical coordinates of poiat, y, z) on the surface. To arrange equa-

tion (3.11) into a quadratic form of, we define

A, = A(sinfcos ¢)® + B(sinfsin ¢)* + C(cos §)* +

%[D(sin2 6 sin 2¢) + E(sin 26 cos ¢) + F(sin 26 sin ¢)]

By = Gsinflcos¢ + Hsinfsing + I cosf

c, = J (3.12)
Substitute (3.12) into (3.11), we have
Ay + Bir+C, =0 (3.13)

If we assume the origin of the spherical coordinate system is inside the ellipsoid, the true

radial value in each directiof#, ¢) is:

ro(6, ¢) = ~ Bi — 4G - By (3.14)

24,

In ellipsoid fitting, >, Q*(z;, vi, 2;) is minimized to estimate the parameter vector. It

is proved in [11] thaQ(x;, y;, z;) = Q(r4, 6;, ¢;) (T‘O(gii¢i))2 —1, wherer, is determined

by (3.14). Therefore the ellipsoid fitting method implements a maximum likelihood esti-
mation of the parameter vector, when it is assumed that the noise in each difégtign

is uncorrelated and the segmentation data follows the probability density function

r? 9
( 7"(2),,-(92'7@) N 1)
2

f(r) = a; - exp[— ], r; >0 (3.15)

o
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wherer, ; is the true radius in the sample directi@h, ¢;) determined by (3.14) and; is

the normalization factor. If; — ro; < 79;, we have(

1) & 4(TET04)2 and f(r;)
0,z

r Troq
can be approximated by

Ti —Tos

f1(r;) = a; - exp[—4( )3, r; >0 (3.16)

OTo,;

Notice thatf;(r;) is not a probability density function with respectitoc (oo, 00). To
force f1(r;) to become a probability density function, the normalization faetohas to

modified as

X

2
2
dxr = .
0'7’071') ] v 7’071'0'\/%

ani=1/ [ expla

This approximation is illustrated in Figure 3.2.

0.22

0.2r

0.18

0.16

f(n)

0.14r

0.12f

_ f(n=a exp(-(P12-1)?)
f,(N=a exp(-4(t/r~1)?)

0.1}

0.08 . . . . . . .
3 35 4 4.5 5 55 6 6.5 7
r

Figure 3.2: Approximation of (r) by f;(r) under the condition — ry < 7. Herer, =5
ando = 1.
During the derivation of lower bound and the simulation of the ellipsoid fitting perfor-
mance, we adopf; (r) as the probability density function of segmentation data. This is
equivalent to a Gaussian noise model. In the following, we derive the Fisher information

for parameterd with the above noise model.
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Taking the logarithm in both side of (3.16), we have

T —To T —To

)2 +1Ina; = —4(
oTo oTo

In fi(r) = —4( )2 —Inrg — In(oy/7/2). (3.17)

The partial derivative on f; (r) with respect to4 is

Oln fi(r)  9ln fi(r) S Org 0A

0A Orp  0A; 0A° (3.18)
where
Al o 319
VB —4A,C; —
c‘?—gl:_(,ax“/B%Ci A0 & 32%01 ) (820
% — (sin # cos ¢)2. (3.21)

The second order partial derivativelaff;(r) to A is

02 In fl (7’) . 3A1 3 In fl (7’) 827'0 0141 07’0 82 In fl (7’) 37‘0 3A1

gAz = 9a drg  0A2 QA ' 9A,  or2  0A, 94
0A1., ., 0lnfi(r) 0%r Jro | 0%*In fi(r)
_ (041, : : 22
where
In fi(r) r? r 1
B R L (3.23)
The mean o% is:
32 llflfl(T) . 8 2 87’0 2 3141 9
E[w] = _(a2r§ + r_g)(@—Al) : (8—A) : (3.24)

Let the total number of points in the segmentation data set be denoféd\A&th the
assumption that noise are independent over different dire@jog; ), the joint probability
density function for the set of sample dateHéi1 f1(r;), wheref;(r;) is the probability
density function of the segmentation data in direc{ién¢;). Therefore, the Fisher infor-
mation for the parametet is:

82 llfl fl,i (7",)

], (3.25)

Iy=> -E
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Similarly, we can compute the other entries in the Fisher information matrix of the ellip-
soid parameter vectdr. The computation was completed through symbolic computation

in MAPLE.

For an arbitrary quadratic surface like (3.2), its center can equivalently be defined as

the crossing point of the following three surfaces [98]:

2Az+ Dy + Ez+ G =0,
Dx+2By+ Fz+ H =0, (3.26)

Ex+Fy+2Cz+1=0.

Once we have estimated the parameter vettor (A, B,C, D, E, F,G, H, I) through

ellipsoid fitting, the coordinates of the centér, §, 2) can be determined by:

-1
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(3.27)
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>
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where(4, B,C, D, E, F,G, H, 1) is the estimate of V. Based on the inverse of the Fisher

information matrix ofV, we can obtain a lower bound on the covarianc€®fj, 2).
-1

24 D E
Definex = (&,3,2)". K= | D 2B F andb = (G,H,I)". We rewrite
E F 2C

equation (3.27) in the form of = —Kb = —(K + K.)(b + b,), whereK andb are the

mean values oK andb, andK, andb, represent errors iK andb. The lower bound for
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the covariance of the center estimator can be obtained from following computation:

cov(x) = E[(x—%)(x—x)]
- E [(KB — Kb)(Kb — KB)T]
= cov(Kb,) + cov(K.b) + cov(K,b,)
> cov(Kb,) + cov(K,b)

> KF '(b)K” + cov(K.b) (3.28)

whereF~!(b) denotes the inverse of Fisher information matrix of the parameter vector
(G, H,I). In the above derivation, we have assumed thatkKoh,. ) is much smaller than
cov(Kb,) and coyK.b). KF~!(b)K” is an approximation of cdKb,). The accuracy

of this approximation improves as \(ﬁij) — 0. To further simplify the computation of
lower bound, we leb equal zero in our experiment so that the term(&yb) in (3.28)

can be ignored.

3.4 Simulation Results

To evaluate the performance of center estimation by the proposed ellipsoid fitting
method, we have simulated noisy segmentation data sets and applied ellipsoid fitting
method to estimate the object center. In the simulation, segmentation data in each sam-
ple direction(6;, ¢;) was generated independently with Gaussian distribufidn;) =
a; - exp[—4(%§2}")2], wherer,; is the true radial value. Sampling directi¢@, ¢) is
evenly distributed over a grid df, 7| x [0, 27). The true surface used in the simulation is
an eIIipsoid”;—; + g—j + g—j = 1. One such simulated segmentation in a 2D cross section of
the ellipsoid is shown in Figure 3.3. We think that these simulated errors are representa-

tive of errors incurred by coarse hand segmentation or automatic segmentation of a noisy

boundary. It is shown in Appendix B that the segmentation error can be modeled by a
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Figure 3.3: Segmentation data on a cross section of the ellipseid).2.

Gaussian random variable in 1D edge detection. If we regard the 3D surface segmentation
as implemented through 1D edge detection along each sampling direction and assume that
surface curvature has no significant influence over the detection, our noise model will sim-
ulate the segmentation error very well. However, if the sampling density is relatively high
as compared to the object size, the segmentation noise in neighborhood will be correlated
[72].

For each noise leve200 sets of simulated segmentation data were generated. Figure
3.4(a) shows the bias of the center coordinate estimatdfigure 3.4(b) compares the
variance oft with the developed lower bound. When the noise level is low, the variance
of z is very close to the lower bound. This proves that this center estimator is an efficient
maximum likelihood estimator when the noise level is low. We have also simulated the
segmentation data with larger thar0.5 with the same ellipsoid used above. The results
show that the performances of the ellipsoid fitting center estimator is not stable because of

the outliers in the segmentation data.
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3.5 Conclusion

We established that the estimator of the ellipsoid parameter vector proposed by Book-
stein is a maximum likelihood estimator when the segmentation noise level is low. A lower
bound has been derived for the variance of center estimator with Gaussian noise model of
the segmentation data. The simulated results show that the center estimator by ellipsoid

fitting method is efficient when the noise level is low.
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Figure 3.4: Performance of the ellipsoid fitting center estimator



CHAPTER IV

APPLICATIONS OF STATISTICAL POLAR SHAPE
MODELING

The statistical polar shape models have been introduced in Chapter 1. We will look
at two applications of statistical shape modeling in this chapter. The first application of
Wiener filtering intends to show how the orthogonal representation of a random field can
be applied to optimal shape filtering and estimation. The second application to 3D ob-
ject registration demonstrates that linear transform method is still a very effective tool in
pattern recognition. In particular, the independence of the random shape parameters can

efficiently reduce the computational complexity of optimization procedure.
4.1 Wiener Filtering on Unit Sphere

Shape extraction is a noisy process that introduces boundary approximation errors. If
we can model the extracted shape as an isotropic random fieldS8yasis discussed in
Section 2.3, Wiener filtering can yield an optimal shape estimator in terms of the least

mean square error.

4.1.1 Wiener filtering by spherical harmonics

It has been shown that spherical harmonics are eigenfunctions in the Karhueea-Lo"

expansion of an isotropic random field over the unit sph&te It is well known that

63
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Wiener filtering can be implemented in the original or K-L expansion domains. Based on
the spectral theory of isotropic random field and the spherical geometry of polar objects,
one can also in principle use this theory to decompose the radial function and estimate
independent noisy shape parameters. The detailed procedure is described in the text fol-
lowing.

Let F(z) : S* — (0,+00) represent the radial function of a polar object acquired
through some segmentation process. It is assumeditkatE[F| and that the zero mean

random fieldF — F' can be decomposed as:
F(z) — F(z) = S(z) + W(x) (4.1)

where S is an isotropic zero mean Gaussian random field Hhdepresents a white
Gaussian noise field. The correlation functiontan be represented ys(z,y) =
Ys(cos(£L(x,y))). Strictly speaking, for consistenéyandW’ must be such thef + W >

—F w.p.1. We will sidestep this issue by assuming that the standard deviatiSreslfi}’

are much smaller thaf. By spectral theory of isotropic random field, the K-L expansion
of S is a linear combination of spherical harmonics,

S =YY arY"(x) (4.2)

=0 m=-—1

wherea" is independent random variable (for glin) with zero mean and variance
Ela™al] = N61pOmm - (4.3)

Here), is determined by, = 27 fjl Ys(z)P(z)dz. Let o, be the variance of the white
Gaussian noise anff™ = [,,(F — F)Y,™(z)dQ2s: be the spherical harmonic coefficients
of F — F. By Wiener filtering theory, the optimal estimator of the paramefeis the

conditional meart[a}"|F;™] which can be written as:

~m

n_ JoF = )Y (@)d -
m _ .

>‘l+012/[/

(4.4)
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The optimal estimation of is a linear combination of spherical harmonics weighted by
a:
. ) l
S(e)=>_ > 4"y (x) (4.5)
[=0 m=—1

For the theory of Wiener filtering, readers are referred to [94] for details.

4.1.2 Double Fourier Series Approximation

To reduce the computational complexity of spherical harmonics, double Fourier series
can be introduced in place of spherical harmonics in the estimation procedure.

The Legendre polynomid?,(cos #) can be written as

! 1\ / -1
_ _1\n 2 2 _
Py(cosh) = kgzo( 1) ( . ) (l B k:> cos(l — 2k)6. (4.6)
And the associated Legendre functiBft () has the following relationship witF, ()
m _ m 2\m/2 dr
(@) = (~)"(1 = &)™ T Pi(a) (4.7)

Therefore the spherical harmonics functigit (6, ¢) = c* P/"(cos §)e'™? has an inherent
relationship with double Fourier series and can be rewritten as a linear combination of
double Fourier series. We relate double Fourier series to spherical harmonics by repre-
senting a finite number of discretized spherical harmonics and double Fourier series basis
elements in two matriceB and¥, respectively. LeK represent the constant matrix which
maps the DFS basib onto the SH basi®: ® = K¥. The rank ofK only depends on the
highest order of SH used in the application. It can be showrihiata very sparse matrix
and therefore has a fast inverse algorithm [104]. Table 4.1.2 shows the total number of
nonzero elements KK for different highest order of spherical harmonics. Here the double
Fourier series are in the format as 2.21.

This motivates the following algorithm for Wiener filtering over the unit sphere. First,

compute the double Fourier series of the radial functionSecond, the coefficients of
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Table 4.1: The total number of nonzero entries in sparse mapping matrsx the highest
oder of spherical harmonics basis.

Highest order of basis 2 3 4 5 6
Size of K 9x36 |16 x64 | 25x100 | 36 x 144 | 49 x 196
# of nonzero entry 10 22 41 70 110

double Fourier series are converted to the coefficients of spherical harmonics through the
transformatiorkK. After the optimal estimation of spherical harmonics coefficients is ob-

tained through Wiener filtering, they can be mapped back to double Fourier serl€s via

4.1.3 Experiment Results

o
[N

=}
[
o

Bias
Variance

o

=

=4
o
a

(a) Bias (b) Variance

Figure 4.1: Comparison of linear filtering and Wiener filtering result§tnRed surfaces
represent the results of linear filtering and blue surfaces represent the results
of Wiener filtering.

Applying the spectral theory of isotropic random field, we simulated an isotropic ran-
dom field over the unit sphere through following steps: First, the covariance function of
the random field)(cos y) is decomposed to obtain the value\pf Second, the set of inde-
pendent random coefficien{st]” } is simulated by multiplying\; with i.i.d Gaussian ran-
dom variables. Finally, the isotropic random fiefd#, ¢) is obtained by combining finite

number of spherical harmonic basis functions, (4, ¢) = S S°0 | A™Y™(6, ¢).

m=—1
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White Gaussian noise is addedXo

To evaluate the performance of Wiener filtering, we compared it with the linear filtering
result. The linear filtering is implemented through a convolution with an average filter.
5000 samples of the random field were generated in the experiment. Figure 4.1(a) shows
the bias of Wiener filtering and linear filtering results of the same random field. The red
rough surface represents the bias of the linear filtering result, while the relatively flat blue
surface represents the bias of Wiener filtering result. It can be seen that the result of Wiener
filtering is biased since the blue surface is a little bit below the zero-plane. This is because
Wiener filtering tends to shrink the object to a sphere. Alternatives would require a “non-
isotropic” filter. In Figure 4.1(b), the variances of the two filtering results are plotted. It
can be seen that the Wiener filtering result (blue surface) has a much smaller variance than

the linear filtering result(red surface).

4.2 Estimation of 3D Rotation in Image Registration

4.2.1 Review

Finding the rotation of a 3D object is a common problem. A 3D rigid motion maps

a 3D image data set to another set. This registration procedure is to align 3D images in
a common coordinate system. By computing the centroid of each set, one can translate
them in space so that their centroids come to a common coordinate origin. A remaining
problem is to determine the 3D rotation between the sets of data. Most techniques for fit-
ting 3D rotation to 3D data estimate the 3D rotation in the spatial domain [62], and usually
are of very high computational complexity. Considering the registration of a single 3-D
object, Burel [19] proposed to use spherical harmonics as orthogonal basis to decompose
the 3D shapes and get the invariants for object recognition. We here develop a maximum

likelihood (ML) method to jointly estimate the spherical harmonics coefficients and the
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Euler angles of 3D rotation based on Burel's method. The novelty of our method lies on
its use of the assumption that the noise field is isotropic Gaussian and thus the decom-
posed noise coefficients are statistically independent. Since the 3D objects are registered
in the frequency domain via low order spherical harmonic coefficients, the registration

automatically filters out high frequency noise and has low computational complexity.

4.2.2 Representation ofSO(3) by Spherical Harmonics

The degree of freedom of any rotatignin SO(3) is three andy can be defined in
terms of Euler anglesa, 3,~. In other words, a rotatiog which carries the axis, v, z
to new positions’, 3/, 2/, can be accomplished by three successive rotations around the
coordinate axes, namely a rotation aroundzlais through an angle, a rotation around
the new direction of thg axis through an angl@ and a rotation around the new direction

of z axis through an angle. Thus,g has the matrix product representation:
Rg = R:(a) Ry(8) R:(7). (4.8)

In terms of group theory, the spherical harmonics expand an irreducible representation
space of the rotatiog [105]. This means the representation space of the rotagtien
SO(3) can be decomposed into a direct sum of orthogonal subspaces which are globally

invariant by rotation, i.e.,
t =DO e DVgeDPaeD®g... DO g ... (4.9)

where t is the linear representation space of the grogmd D) denotes g21 + 1)-
dimensional invariant subspace of £. The basisB? is Y;™(4, ¢),m = —1 .. .1.

Let the global shape function of a 3D object have a spherical harmonic representation:

K l

RO,4)=>_ Y "Y™(6,9). (4.10)

=0 m=—1
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Applying the 3D rotation operataj to the objectR(6, ¢) gives a new radial function
R(8,¢) = g(R(6, $)), which can also be decomposed by spherical harmonics:

K l
=)D FY"0,9) (4.11)

=0 m=—1

The spherical harmonic coefficient$ in (4.11) and:}" in (4.10) have the following rela-

tionship [105]:

& D) c
&t et
& D) ¢
& ci
&2 B cy”
&t eyt
& D®) cs
& c3
s \ Ca

which can also be written as

an = Z D! (a3, 7)™ (4.12)

m/=—I

where,
Dinm’(aa 5) 7) = exp(—imoz) : dinm’ (5) . exp(_im,f}/) (413)

and

d. . (8) = (=)™ +m)(l—m){+m)(—m)

(Cos é)m+m’+2k(sin §)2lfmfm’72k

XZ k'l—m N —m — k)l(m +m + k)

(4.14)
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In (4.14), the summation is carried out over all values:giroducing positive integers
under the factorial symbol.

Example: The matrixd! ,(3) for0 <1 < 2. Letc = cos 3 ands = sin 3. Then,

d°(B) =1
Ite s 1—c
2 N
1 _
d (B) = 5 ¢~
1—c s 1+c
2 2 2
1+c)?2 (1+c) V6 (1—¢) 1-c)2
(%) —2 ¢ s’ — 2 ¢ (T)
(11;)3 (I;C)(2c—1) —\/gsc (lgc)(2c+1) —(lgc)s
d*(8) = V6 52 Ssc 132 —1)  —y/3sc V5 g2
(1;)8 (lgc)(2c+1) Ssc (1;0)(20—1) —(I;C)s
e\2 (1) /8 (140) 1ic)?
\ (59) 7S s 7S (59)

4.2.3 Estimation of 3D Rotation

In section 4.2.2, itis shown that the relationship between two sets of spherical harmon-
ics coefficients describing the surface functions of a 3D object in different orientations can
be uniquely determined by a rotatigne SO(3). In fact, the rotatiory € SO(3) maps
the vector space of the spherical harmonic coefficients to the same space, and the mapping
is one-to-one and onto. However, different sets of Euler angles may lead to the same ro-
tationg, which means the solution to the inverse problem of Euler angle estimation is not
unigue. We can either arbitrarily pick one solution or obtain a unique solution by adding
some constraints. The rest of this section discusses the rotation estimation using spher-
ical harmonics for objects whose noise fields are isotropic Gaussian random fields (See

Appendix B).
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The spherical harmonic coefficients before and after rotation can be written as
o' = a" +n" (4.15)

and

ZD (a, B,7)a} + 7™ (4.16)

n=-—1

where{a*,l =1... K,m = —[...l} is the set of true coefficients of spherical harmonics
describing the 3D shape before rotatigft,ands™ are the zero mean Gaussian noise with
variances? andg?. By Theorem 5 in Section 2.3.4 and#™ are independent Gaussian

random variables for differeritandm, and the variance? ands; are determined by:
1
o2 = o / W(0) Py (t)dt (4.17)
-1
1
5 =2m / D(t)Pi(t)dt (4.18)
-1

whereq(t) and<)(t) are the covariance functions of the respective isotropic noise fields,
andP,(t) is a Legendre polynomial.

Therefore, the likelihood functions fef* andé;* are:

(" —ap)”
and
~-m l l n\2
- D
Lé'm — eXp _ (Cl anfl ~mn(a7 /87 V)al ) . (4.20)
! 257

Using the fac{»;" } and#” are independent for differehindm, we propose to jointly

estimaten, 3, v, and{a]*} via maximum likelihood:

=a a Lem L
' o Aovdar 11 mH it (4.21)

_ ,m\2 amo_ l, D! a, B, a2
—ag win 3 30 (T R D@D
l

2
20
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Note that the maximum likelihood estimate is equivalent to a weighted least squares
fitting problem, which is a nonlinear optimization here. As is the case with many such
implicitly defined estimators, the minimum can not be found analytically and iterative

minimization of the objective should be employed.

4.2.4 Cramér-Rao Bound for Joint Estimation

To evaluate the performance of joint estimation of spherical harmonics coefficients and

rotation angle, we derive the Cr@mRao lower bound for the variance of the estimator.

Let L = —InT[\ __, p(c¢™ai)p(&r|{{a}, o, B,7}). Take derivative ofL overaf,
we get
OL _ (cdh—af) o (@ =3 Dhnt) - Di
=— — — = : (4.22)
dal o} o

And the second order derivative bfoveray is

L1 S (Dh)?
= y=m== W (4.23)
d(af)*>  of o
The Fisher information of the coefficients is:
2 L E[(D!.)?
daf j Ul

The second term in the above equation demonstrates the profit of joint estimation. The
Cramér-Rao bound which is just the inverse of the Fisher information matrix is thus ob-
tained. Similarly, we can derive the lower bound for the rotation angle estimator. We will

compare the variance of the estimators with these lower bounds in the next section.

4.2.5 Experimental Results

The proposed estimation method has been implemented to jointly estimate the 3D
rotation and spherical harmonic coefficients of the noise contaminated objects. The inputs

to the joint estimator are two sets of noisy spherical harmonic coefficients which can be
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modeled by (4.15) and (4.16). For each given noise I&@8ljndependent realizations of

the Gaussian noise field were generated for each set of the spherical harmonic coefficients.
The mean values of the second set of spherical harmonic coefficients are determined by
the product of the mean values of the spherical harmonic coefficients in the first set and
the 3-D rotation matrix. For computation convenience, wesget 57 . Only the first

order of spherical harmonics coefficierits ', c?, c¢!) and (é;*, &, &) have been used in

the optimization procedure. Higher order coefficients can, of course, be used for the fine
tuning, but it will correspondingly increase the computation burden of optimization. The
Levenberg-Marquardt algorithm with a mixed quadratic and cubic line search procedure
was used via MATLAB functiordsgnonlin() to find the estimates of Euler angles and

shape parameters.

05 . . 05
é of+ = ¥ ¥ ¥ ¥ ¥ 1 % } _é o+ = = ¥ f 1 I 1 I {
035 0.1 0.2 03 %% 0.1 0.2 0.3
o o
(a) Coefficienti? (b) Rotation Angle3

Figure 4.2: Biases of a shape parameter estimator and a rotation angle estimator.

The measured biases of the estimatfrand 3 are plotted versus the standard devi-
ation of the Gaussian noise in Figure 4.2. From the observed data, we can say that the
estimator is basically unbiased. The fact that measured bias deviates from zero, is due to
insufficient number of Gaussian noise processes generated in the simulation.

In Figure 4.3, the standard deviationsa@fand[-} are compared to the corresponding
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Figure 4.3: Comparison between the estimators’ standard deviations and ther&am’

bounds.

Cramér-Rao lower bounds. It can be seen that the standard deviation of the estimators is

less than the standard deviation of the noise process. Therefore, the joint estimation has

improved the performance of the shape parameter estimator. Since the boundary informa-

tion in the two sets of images is correlated, this is an expected result. The performances

of the two estimators are close to the lower bounds, which shows they are near efficient

estimators.



CHAPTER YV

SPECTRAL METHOD TO SOLVE ELLIPTIC
EQUATIONS IN SURFACE RECONSTRUCTION AND
3D ACTIVE CONTOURS

5.1 Introduction

Automatic recovery of 3D object shapes from various image modalities is an important
research area in computer vision and image processing. This task can be accomplished
in two steps. First, the object is segmented from the 3D image. Segmentation data is
usually stored in the form of coordinates of sampled surface points. Second, a surface
reconstruction algorithm is applied to filter the noise in segmentation data and achieve
a shape representation of the object. In the last two decades, active contour methods
(deformable models) have been developed to solve the segmentation and reconstruction
problems simultaneously. Active contours can evolve towards the object boundary under
some regularizations. The evolution is controlled by a partial differential equation, where
segmentation and reconstruction functions are represented by two different terms in the
equation. The existing active contour approaches can be classified into two categories:
parametric active contours and geometric active contours.

The class of parametric active contour originates from the “snake” introduced by Kass

[63] which uses energy-minimizing curve to locate boundaries in 2D imagery. The dif-

75
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ferent approaches in this class usually intend to deal with some limitations, such as its
sensitivities to initialization and noise. The major differences between them lie in the
adopted internal and external energy functions. A detailed discussion about the differ-
ences can be found in Section 5.3. The geometric active contour methods were proposed
independently by Caselles in [21] and by Malladi in [75]. These methods are based on
the theory of curve evolution and implemented via level set techniques. Unlike parametric
active contours which represent the contour explicitly as parameterized curves or surfaces,
the geometric active contours represent the evolving contour implicitly by a special level
set function of zero value. This kind of evolving contour can split and merge freely with-
out previous knowledge of the number of objects in the scene. In other words, they can
handle the topology change automatically. The disadvantage of geometric active contours
is that their computational complexity is much higher than that of parametric active con-
tours. The level set function used by geometric active contour is defined over a 2D or 3D
grid in the image domain. In every evolution iteration, the level set method has to update
the function at every grid point or at least at the grid points in a narrow band near the
propagating front, which causes a heavy burden of computation.

Although these two kinds of active contours have yielded satisfactory results for 2D
imagery, their extension to 3D imagery presents major difficulties due to the significant
growth of computation. A common step in active contour methods is to solve an associated
partial differential equations (PDE). If the grid sizeNs x N, the computation time of
finite difference method (FDM) or finite element method (FEM) is usually in the order
of O(N*), or at leastO(N?), which is intolerable for many practical applications. It is
well known that spectral methods have faster rate of convergence than FDM and FEM
in solving PDE [50]. This motivates us to explore applying spectral method to solve

PDE’s in 3D active contours to reduce the computation time. Based on the spherical
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geometry of star-shaped object, we propose a new parametric active contour method which
uses double Fourier series as the orthogonal basis to solve the PDE defined on the unit
sphere. The method is applied to segment both synthesized 3D images and X-ray CT
images. It is shown that the new method preserves the merits of other parametric active
contour methods while significantly reducing the computation time. Due to the generality
of our mathematical formulation, the method can be easily applied to solve the surface
reconstruction problem.

Throughout this chapter, the following notations are used:
I(z,y, z), 3D grey-level image;
x(u, v), surface function in Cartesian coordinates;
f (8, ¢), admissible surface function in spherical coordinates;
g(8, ), noisy radial function obtained from segmentation;
g = x4, Yy, %4, @ Set of coordinates of detected edge points;
g7(0, ¢), segmentation data detected by propagating contpur
d(), Euclidean distance function;

u anda, parameters controlling tradeoft.

5.2 Surface Reconstruction of Star-Shaped Object

Let g(0, ¢) be a noisy radial function obtained from the segmentation of a star-shaped
object. The surface reconstruction problem is to use some form of regularization to ap-
proximate the noisy functiog(f, ¢) by a smooth reconstruction functigitd, ¢). Usually
[27], the solutionf is a critical point which minimizes the energy functional defined in the

form:

B9 =u [ Y(o0+ [ 2(pa0s 51
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whereY measures the distance between the funcfi@md the coarse segmentation data

g, Z is a measure of reconstruction smoothness, andntrols the tradeoff between the
faithfulness to the segmentation data and the smoothness. The two tefirepnesent

the faithfulness to the segmentation data and the regularization penalty, respectively. If
we define the data fidelity metric(f, g) = (f(6,¢) — g(6, #))?, the approach becomes
least squares fitting which is a classic reconstruction method. The regularization term
frequently contains the derivative of the functipmo enforce smoothness. For instange,

can be defined to h&(f) = ||V f||?, whereV is the gradient operator. With these choices,

the energy functional is completely defined,

B(f.0) = [ wlf6.0)=96.0)d00 + [ VSO0 (52

The reconstruction objective is to minimiZ& f, g) over f. Using the calculus of varia-
tions [32], the critical point of the above energy functional can be found by solving the

associated Euler-Lagrange equation (See Appendix C):

V2f—u(f—g)=0. (5.3)

This is an elliptic equation of Helmholtz type on the sphere [6]. Although finite differ-

ence methods (FDM) and finite element methods (FEM) can be employed to solve this
equation, their computational complexities are higher than the spectral method that will
be introduced in Section 5.4. For this surface reconstruction problem, elliptic PDE can be
solved by spectral method in only one iteration. In the next section, we will show that a
PDE similar to (5.3) has to be solved to control the evolution of parametric active contour.

It can be solved by the fast spectral method sequentially.
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5.3 Parametric Active Contours

As mentioned in the introduction of this chapter, parametric active contour methods
can solve the segmentation problem and the reconstruction problem simultaneously. A
surfacex in R? is a mappingx(u,v) = (z1(u,v), r2(u,v), r3(u,v)), i.e. x : @ — R?,
whereQ is a subset oR? [51]. If x represents a propagating surface in a parametric active

contour approach, an energy functiofabssociated witkk can be defined:
B(x) = / (VX2 + BIIV]?] + Pray(x)) €2 (5.4)
Q

wherea and g are the parameters controlling the smoothness ahd Py represents a
potential function. Itis clear that two kinds of energy constitute the energy functional. The
term [, || Vx||* + B]|V?x]|%dS2, which is computed from the contouritself, is called
internal energy. The ternfi, P..;(x)dQ2, which is computed from the image and current
location ofx, is called external energy. The force generated by the internal energy dis-
encourages the stretching and bending of the contour, in other words, has regularization
effect on the contour, while the force generated by the external energy attracts the contour
towards the object boundary. Therefore, the external energy represents the segmentation
function of the active contour, and the internal energy represents the reconstruction func-
tion of the active contour. The contoxrdeforms under these two kinds of forces to find a

minimizer of the energy functiondl.

5.3.1 External Force Field

The external force field plays an important role in active contour methods. Typically,
active contours are drawn towards the desired boundary by the external force which could
include one or more of the following components: a traditional potential force, obtained by

computing the negative gradient of an attraction potential defined over the image domain
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Figure 5.1: An grey level imagé, the set of edge pointg detected in/, a propagating
contourf, andd(g,x) ord(g, f), the distance between the propagating contour
and its nearest edge point.

[27, 63]; a pressure force, used by Cohen in his balloon model [27], which could be either
expanding or contracting depends on whether the contour is initialized from inside or
outside; or a gradient vector flow, used by Xu [108] and obtained by diffusion of edge-

map’s gradient. The role of the external force is such that it must contain the information
of boundary and must have sufficient capture range.

Let I(z,y, z) represent the image to be segmenigd= z,,y,, 2, be the set of all
edge points detected ih andd(g, (=, y, z)) be the distance from a poift, y, z) in the
evolving surfacex to its nearest edge point, i.€,(z, y, z) 2 min(g, y, 2)eq |12, Y, 2) —
(z4,Yq, 24)||]- Figure 5.1 illustrates the relation between these denotations. Potential func-
tions designed to deform the active contour usually have a global minimum at the object

boundary. Two common types of potential functions are:
Puy(x) = ha(VI(x)) (5.5)

Pa)(x) = ha(d(g, %)) (5.6)
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whereh; andh, are functions making?;) and P, convex in at the location of object
boundary. For instance?(z,y,2) = —|VI(z,y,2)|?, P(z,y,2) = —|VG,(x,y,2) *
I(z,y,2)|? and P(z,y, 2) = m belong to the type ofy. In fact, |VI| serves as

an edge detector which locates sharp intensity changes in imagkhough the use of
Gaussian filtet7,, can blur boundaries, it is often necessary to use it to increase the capture
range of the external force or to deal with the disconnected edges. Figure 5.2 illustrates the

attraction force generated by a potential functiorihcase. Potential functions of type

(a) The imagd (b) Smoothed imagé x G, (c) P = —||VI G| and
external forcef” = -V P

Figure 5.2: Interpretation of attraction potential

P,y have the disadvantage that the resulting external force has very small capture range
because’;) =~ 0 in intensity homogeneous areas. Potential functions of fpesolve

this problem by incorporating the use of edge points extracted by local edge detectors.

The common choices df5) are P(z,y, z) = d*(g, (z,y,2)), P(2,y,2) = lez)) and
P(z,y,z) = —e ©@@¥2)  The boundary location has been broadcasted to many of

their neighbors through the value @f In our experiment, we chos&(g, x), a Py type
potential function, to generate the external force for the active contour. This external force

will evolve the active contour towards the boundary along a path of minimal distance.
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5.3.2 Regularization of Active Contour

In (5.4),a]|Vx||? and3||V?x||? control the active contour’s elasticity and rigidity sep-
arately. The regularization effect coming fram{ Vx||* can be interpreted as a curvature
based flow which has very satisfactory geometric smoothing properties [66, 84]. Figure

5.3 shows the motion of a curve under curvature. The curve moves perpendicular to the

Figure 5.3: Motion of curve under curvature. The blue arrows represent negative curva-
tures, while the red arrows represent the positive curvatures.

curve with speed proportional to the curvature. The curve motion is outward (inward)
where the curvature is negative (positive). A theorem in differential geometry states that
any simple closed curve moving under its curvature collapses to a circle and then disap-
pears. Therefore, a biggerimplies a bigger stretching force, so that the active contour
resists more the stretching, tends to shrink and have an intrinsic bias toward solutions that
reduce the active contour curve length or surface area. On the other hand, asigger

plies a larger resistance to tensile stress and bending. Thergfmeften set to zero to

allow the active contour to become second-order discontinuous. The equation (5.4) is then
reduced to

E(x) = / o[ Vx| + d*(g, x)d92 (5.7)
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For polar shape contours, it will be convenient to convert the sus@s@ressed iiR?,
into a radial functionf (8, ¢) which expresses the surface in the object-centered spherical
coordinate system. This conversion not only simplifies the contour expression, but also
speeds up the contour evolution by allowing spectral method to solve PDES&v&he

distance function then takes the form of

d(g,x) = d(g, f) =~ ||£(6,¢) — g5(0, 9] (5.8)

whereg; is defined as

g5(0,9) 2 argmin  ||(z4,y,,24) — (fsin@cos ¢, fsinfsin ¢, f cos0)|| — (20, Yo, 20)

(zg,yg,29)E€G
(5.9)

and(z,, y,, z,) represents the coordinates of object center (see Figure 5.1). The equation

(5.7) can then be rewritten as:

B() = [ allVIIF +(f =~ gp°d0se (5.10)

Although equation (5.10) is analogous to equation (5.2), its associated Euler-Lagrange
equation is a little different as compared to equation (5.3). Sjpéea non-linear function

of f, the calculus of variations leads to a more complicated Euler-Lagrange equation:

oV’ f — (f — gp)( —%—?) 0 (5.11)

There is no analytical expression f%ﬂfi, so we approximated this by difference method

in our experiment. To apply the fast spectral method to solve this elliptic PDE, it has
to be manipulated so that it becomes a Helmholtz type PDE. We will describe such a
manipulation in Section 5.3.4 after we introduce another penalization term into this PDE

to deal with a “boundary leakage” problem.
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5.3.3 Volumetric Penalization

Traditional parametric and geometric active contours solely rely on the local edge
detector to stop the curve propagation. These methods do not use any region-based or
volume-based information in the image. Such active contours can only segment and re-
construct objects which boundaries are well defined by gradWent of the image. For
objects with very smooth or even broken boundaries, traditional active contour may pass
through the boundary. In [23], Chan proposed to use Mumford-Shah energy functional
[81] to deal with this “boundary leakage” problem. Similar approaches to include region-
based information can also be found in [61] and [97]. We use the same method as in [23]
to incorporate the volume information into the energy functional of 3D active contour. The

volume information is introduced as an additional penalty function

Ewl(f) = ~ (/ (I — ugp)?dV +/ (I — uout)de> (5.12)
inside( f) outsidg f)

£(6,9) B(I)
= 7 / / (I — um)zrzdr—l—/ (I — Uout)?r2dr | dQge
S2 r=0 £(6,9)

wherel = I(r,6,¢) is the gray level intensity of the 3D imag®(I) represents the
boundary of the imagé, andu;, andu,,; are the mean intensities in the interior of the

evolving surfacef and respectively outsidé

A finside(f) 1dv ” . foutside(f) 1dv
™~ vol(insidg(f))’ ™ vol(outsidé f))’

(5.13)

Here the denominators are the volume inside and outside the evolving surface. The energy
function (5.13) can be adjoined to the Lagrangian (5.10) by aggregating the integrals over

52
B) = [ {alvsp+ -

f B(I)
v [/ (I — ugp)*ridr + / (I — uout)2r2dr] }dﬂsz (5.14)
0 f
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Now calculus of variations can be applied to obtain the necessary condition for minimiza-

tion of this volumetrically penalized Lagrangian

aV2 S~ (f = gp)(1 = 0 = 93(1.1) =0 (5.15)

where

Su.  [f
Af,1) = £ A1) = win)* = (I(f) = vout)’] + 2 5}")/0 (I — wgn)dr

B(1)
+2(5;‘}“t) /f P2 (I = Ugus)dr (5.16)

and

5uin fsz f2I(f)dQSQ — Uin Surf(f)

5f vol(inside(f)) (.17
5uout . f 2 f2I(f)dQS2 — Uout Surf(f)
sf ) vol(outsidé f)) (-18)

where surff) = fsz f2dQs- is the surface area of the evolving contour.

5.3.4 Evolution Algorithm

Comparing equation (5.15) with (5.3), it is clear the Euler-Lagrange equation (5.15)
is no longer a Helmholtz PDE. First, the functional dependence; afn f makes the
eqguation non-linear irf. Second, the additive volumetric penalization terms not linear
in f and is not “instantaneous” ifP, ). The same issue was encountered in [61] and
the authors got around it by linearization ofwith f,.; = f, and update propagation
over (6, ¢). “Update propagation” means that for iterationt- 1, we updatef,, in terms
of past iteratef,,(¢', ¢') if f,.1 for (¢',¢') has not yet been computed, and partial update
o1 (8,0 if fnyq for (¢, ¢') has been computed. This idea can be similarly applied to
linearize equation (5.15) so that it has a Helmholtz format which can be solved by the fast

spectral method. Combining all the non-linear terms into a single bundle and move it to
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the right side of the equation, (5.15) is rewritten as:

aVEf = f =10 D) = (F ~ ) B~ gy (5.19)

Due to the non-linearity of equation (5.19), it has to solved iteratively. Imthéiteration,

the right hand side of (5.19) will be updated with the valuefpfso that the equation

becomes a new Helmholtz PDE, i.e.

AV fri1 = fas1 = Y2(far I) = (fa — gfn)aaif” — 9+, (5.20)

The details of the evolution algorithm is as following:
1. Initialize the evolution withfy = ¢, c is determined by the object size;
2. Computeyy, (6, ¢) and update the RHS of (5.20) wifh andgy,;

3. Solve PDExV2f, 1 — frni1 = v2(fn, I)—(fn —gfn)ag’]{: — gy, With spectral method

to get the new contouf,, ;1;

4. Compute the erroe,, ,; = \/zfﬁglz;-vgol(fn](;,-]\,quj)ffnﬂ(e,-,¢,—)2

5. if e, > threshold, go back to 2,

else end.
In the above algorithmy and~y are chosen in advance to control the tradeoff.

5.4 Spectral Methods for Solving PDE

As we have discussed in the last section, the implementation of active contours in-
volves solving partial differential equations. Finite difference [108] and finite element
[27] methods have been used to solve the associated Euler-Lagrange equations. However,

all of these methods have difficulties in 3D images due to the large grid size used in 3D
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images. Spectral and pseudo-spectral methods have emerged as a viable alternative to fi-
nite difference and finite element methods for the numerical solutions of partial differential
equations. They are now widely used in the numerical simulation of turbulence and phase
transition, numerical weather prediction and the study of ocean dynamics where high ac-
curacy is desired for complicated solutions [8, 50, 101, 14, 111]. Since our problem is
in spherical geometry, basis functions such as spherical harmonics, double Fourier series
and Chebyshev polynomials, all have attractive features. A good comparison of these
functions is given by Boyd in [13]. The spherical harmonics are best with regard to the
pole problems (recall discussion in Chapter IlI) because of the property of the associated
Legendre functions, but the Legendre functions also make spherical harmonics the most
complicated to program and use among the three basis sets. On the other hand, double
Fourier series can give comparable accuracy and are significantly easier to program. Most
of all, the existing FFT makes double Fourier series the most efficient transform method.
Yee first applied truncated double Fourier series to solve Poisson-type equations on a
sphere [112]. Recently, Cheong proposed a new method which is similar to Yee’s method,
but removes the constraint that is imposed on the spectral coefficients and lead to increased
accuracy and stability in a time-stepping procedure [25]. We adopt this new method to

solve the associated Euler-Lagrange equation in the active contour evolution.

5.4.1 The Spectral Method

We describe the spectral method proposed by Cheong in this section. The elliptic
equation (5.3V2f — u(f — g) = 0 is a Helmholtz equation. The Laplacian opera¥gr

on the unit sphere is of form:

1 0 0 1 92

9 (sinf) 4 —— 2
sin939(sm )+sin2932¢)

2 _
V= 06

(5.21)
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We assume the value of functigrandg are given on the grit¥;, ¢;), 6, = 7(j +0.5)/J
and¢, = 27k/K, whereJ and K are the number of data points along the latitude and
longitude, separately. We can expand the functipand similarly for f, with a Fourier

series in longitude with a truncatiav, e.g.,
M
9(6,8) = D gm(f)em* (5.22)
m=—M
whereg,, (9) is the complex Fourier coefficient given by, (6) = L 3" g(6, ¢x)e =%,
o, = 2rk/K and K = 2M. The equation (5.3) can then be written as an ordinary differ-

ential equation:

s (O nl)) = T fal®) = @) - @] (629

The latitude functiory,, () andg,,(8) can be further approximated by the truncated sine

or cosine functions,

gm(0;) = Zi;é Gn,o COS Nb;, m=0
gm(0;) = 25:1 Gn,m SinNB;, oddm (5.24)

gm(0;) = 37, gnmsinb;sinnb;, evenm # 0

The procedure of calculating spectral coefficiepts, was shown in Chapter Il. After the

substitution of (5.25) into (5.23), we get an algebraic system of equations in Fourier space:

(n—1)(n—2)+p n? +2m® + p (n+1)(n+2)+p
4 fn—2,m - ffn,m 4 fn+2,m

1 1 1
= 1l70n2m = 39nm + 79ns2m,m =0, 0rodd (5.25)

and
nn—1)+p n? +2m? + p nn+1)+p
anflm - —fn,m + ¥fn+2,m
4 2 4
1 1 1
= M[Zgn—z,m — 39nm+ Zgn+2,m], m evens 0 (5.26)
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wheren = 1,3,---,J — 1 foroddn, n = 2,4,---,J for evenn if m # 0 andn =
0,2,---,J —2forevenn,n = 1,3,---,J — 1 for oddn if m = 0. This says the
components of even and oddare uncoupled for a givem. The equations (5.25) and

(5.26) can be rewritten in matrix format,

Bf = Ag (5.27)

whereB and A are matrices of sizé/2 x J/2 with tridiagonal components onlf,andg
are column vectors whose components are the expansion coefficight&ofandg,, (6).

For example, the subsystem for oddboks like this:

bl,m C1 f 1,m
as b3,m C3 f 3,m
aj—3 beS,m Cj-3 fJfB,m

ayj—1 bJ—l,m / fJ—1,m

2 -1 gl,m
-1 2 -1 93,m
-1 2 -1 91-3,m
-1 2 gi—1m

The procedure to solve the equation (5.3) is as follows: First, we,ggtthe spectral
components ofy(#, ¢) by double Fourier series expansion. Then the right hand side of
(5.27) is calculated to obtain the column vegger= Ag. Finally, the tridiagonal matrix
equationBf = g; is solved andf (6, ¢) is obtained by inverse transform @f ,,,. Notice
that the Poisson equatidv?f = g is just a special case of Helmholtz equation, a slight

modification in the above algorithm will give the solution to Poisson equation. Other
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simple elliptic equations, such as biharmonic equations can also be solved by this spectral

method.

5.4.2 Complexity Analysis

Let us consider an elliptic equation with a grid sizeNdofx N on unit sphere. If FEM
were used, there would be a totaléf variables with matrix sizé/? x N2. A crude Gauss
elimination method will requirg)(N°®) operations and the Gauss-Siedel relaxation will
requireO(N*) operations to converge. If the algorithms can use the fact that the matrix
is sparse, it may reduce the number of operatior@(td*). However the computational
complexity of the spectral method described above is 6nliy?log N) (see [25]). The
complexity of the spectral method on the unit sphere is in the same order as that of FEM

method applied on a grid over a rectangle.

5.5 Experimental Results

We now present the results of applying the spectral method to solve the elliptic equa-

tions involved in the problems of surface reconstruction and 3D active contours.

5.5.1 Surface Reconstruction

For the surface reconstruction problem, we apply the algorithm to some synthesized
segmentation data to show how to choose the regularization paranfetetifferent noise
levels and for different shapes. The object center is assumed to be known or to have been
estimated in advance.

In the first experiment, we investigate the optimum valug tr different shapes. The
reconstructions of a sphere and an ellipsoid are compared to illustrate the fol&bé
Gaussian segmentation noise has been introduced and the standard deviation of the noise

in each sample direction is the same. In Figure 5.4, the reconstruction error is plotted
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versus the value qi for two shapes. The straight line represents the standard deviation of
the segmentation noise. The figure shows that for a simple shape which only contains low
spatial frequency, such as the sphere, the valuestiould be as small as possible in order

to filter out segmentation noise, while for a shape containing higher spatial frequencies,
such as the ellipsoid, should be optimized to control the tradeoff between denoising and
matching high spatial frequencies. The optimum valug isfbetweeri0! and10? for the
ellipsoid shape. If: is too small, we will lose the high frequencies contained in ellipsoid
shape. Ilfu is too high, the segmentation noise can not be get rid of efficiently. This is due
to the fact that unweighted Laplace operator is adopted for roughness penalty. Therefore
it acts as the prior shape is a sphere. Possible improvement is to induce other priors via

weighted Laplacian.
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Figure 5.4: Standard deviation of reconstruction errops@r different shapes

The optimum value of: not only changes with different shapes, but also with different

noise levels. In the second experiment, the choice tdr different segmentation noise
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levels is investigated. Different levels of Gaussian noise are added to the ellipsoidal shape.
Figure 5.5 shows that should be smaller for lov$ N R segmentation data than for high
SN R segmentation data, which is as expected. The knowledg®bfained in the recon-
struction problem can guide us to choose the value of active contour method which

has an inverse role as

10° : : : : :
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Standard Deviation of Reconstruction Error

Figure 5.5: Standard deviation of reconstruction error usfor different segmentation
noise levels
Three reconstructions of the same segmented ellipsoid are presented in Figure 5.6. The
smoothness of the reconstructed surfaces is determined by the value of
Surface reconstruction can be accomplished in one iteration by the spectral method,
while a single-grid relaxation algorithm may need more thé iterations to reach the

converged result.
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(a) segmentation data (b) o = 10*

€)p =10 (d) u = 10

Figure 5.6: Reconstruction of an ellipsoid.

5.5.2 3D Parametric Active Contours

5.5.2.1 Liver Shape Extraction

In this experiment, we want to extract the shape of liver from X-ray CT images. Double
Fourier series were used to expand the radial function of the 3D contour. First, a set of
edge maps was derived from th&6 x 256 CT slices by MATLAB functionedge(). It
is the input to our 3D active contour method. The CT slices and the corresponding edge

maps are shown in Figure 5.7.
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Figure 5.7: CT slices and the corresponding edge maps

As in the surface reconstruction problem, the center of liver was estimated in advance.
Although it was not implemented in our experiment, iterative center estimation along the
contour evolution could in principle be applied here. The contour was initialized as a
sphere inside the liver. A2 x 32 grid was used in the 3D active contour. lgatepresents
the set of edge points contained in the edge mapstHiiteration,g;, is determined from
f» andg. The elliptic equation is then solved to propagate the active contour to the new
positionf, ;. Because the boundary information extracted by local edge detector has been
integrated in the PDE, the average distance from the evolving contour to its convergent
limit is within one pixel after onlys iterations.

Figure 5.8 shows in that particular CT slice, contours solved with different value of
a converge at different positions. When= 10-3, the contour is over regularized and
trapped by wrong edge points. Whan= 109, the regularization effect is so weak that
the converged contour is the almost the same as that without any regularization. When
a = 1074, we observe a pretty satisfying segmentation result. This further explains the

importance of optimizingv.
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(a) Initialization (b)a =103 (C)a=10"* (d)a=10"°
Figure 5.8: Contours solved with differemtconverge at different positions.
Figure 5.9(a) shows a coarse liver surface which was segmented by local edge detector

without any regularization. The liver surface segmented by the active contounwith

10~*is shown in 5.9(b). The second surface is smoother than the first one.

(a) Local edge detector (b)a=10"*

Figure 5.9: Comparison of shape extraction results. (a) Local edge detector; (b) Active
contour.

5.5.2.2 Active Contour with Volumetric Penalization

The active contour with volumetric penalization is applied to synthesized image to
show the effect of leakage prevention. An ellipsoid is contained 128&x 128 x 64

image. One side of the ellipsoid boundary has been blurred with a linear filter, which
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is shown in Figure 5.10(a). This blurred image and its edgemap are the inputs to the
new algorithm. Figure 5.10(b) shows that the traditional algorithm can not prevent the
contour from leaking at the blurred boundary. Figure 5.10(c) illustrates that the contour
with volumetric penalization can stop at the right place. The small fluctuation of the
converged active contour boundary is caused by the constant vatuénahis experiment,

we choser = 10° andy = 5. The penalization in each direction is proportionaftand
generates the bias in the converged contour. How to automatically choose the parameters

a andvy is a topic worth of additional study.

(a) Edge-blurred Ellipsoid (b) No Volumetric Penaliza-  (c) With Volumetric Penal-
tion ization

Figure 5.10: Segmentation results comparison between the active contours with and with-
out volumetric penalization for edge blurred image

5.6 Conclusions

In this Chapter, we have discussed the formulation of surface reconstruction and 3D
active contours in the context of variational principles. It is shown that these problems
lead to solve elliptic equations on the unit sphere. A spectral method using double Fourier
series as orthogonal basis functions has been applied to solve the elliptic equations. Com-
pared to the complexity aP(N?) for iterative methods, the complexity 6f( N% log N)

for spectral method is much lower. Some experimental results for surface reconstruction
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and 3D active contours were presented to illustrate the algorithms. To improve the seg-
mentation result, we incorporate the volume information obtained from imag® the

segmentation procedure via volumetric penalization term in the energy function of the
active contour. The new algorithm can prevent the contour from leaking at blurred bound-

aries. The optimization of the regularization parameters requires further study.



CHAPTER VI

ADJUSTMENT OF RIGID CT-SPECT REGISTRATION
THROUGH MAXIMIZING COUNTS IN TUMOR VOI

6.1 Introduction

Accurate estimation of tumor activity is of great importance in therapy planning and
response monitoring in nuclear medicine. Single photon emission computed tomography
(SPECT) is widely used as the functional image. The goal of SPECT is to determine the
regional concentration of radionuclide within a specific organ as a function of time [60].
The radioisotope, such as Tc-99 or 1-131, emits single gamma ray photons that are easily
detected by a gamma camera. After gamma rays pass through the collimator, they interact
with Nal crystal. The light signals generated in the interaction are collected and analyzed
to yield projection images. Producing a SPECT image from a set of projections is a rather
complicated procedure. The issues that must be considered include [90]: compensation
for attenuation and scatter, spatial resolution, energy resolution, image slice thickness,
reconstruction matrix size and filter, statistical variations in detected counts, changes in
camera field of view with distance from the source, and system deadtime.

To better quantify tumor activity, CT and SPECT can be fused to enhance the infor-
mation provided by either single modality through precise anatomical-functional correla-

tion. Historically, Krameret al [69] used CT-SPECT fusion to identify anatomic sites in

98
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the SPECT image set. The fusion process depends on an accurate registration of the CT
and SPECT images, which matches CT and SPECT coordinates. After two image sets are
properly registered, comparative slices can be created and overlayed for any arbitrary point
and orientation through re-sampling and interpolation. This step is called fusion. Image
analysis techniques discussed in previous chapters, such as image segmentation and shape
modeling, are also involved in the activity quantification procedure. They identify VOI's

in CT images.

Our activity quantification procedure for lymphoma patients has been characterized
in print [67, 68]. First, filtered backprojection produced an initial SPECT reconstruc-
tion without attenuation correction. A patient CT image set was then registered with this
SPECT image set. Ldt represent the transformation matrix which maps CT to the coor-
dinate system of SPECT. The matfikxusually was obtained from a mutual information
based registration [100] of the two image sets (6 of the 7 patients discussed here). In rare
cases, we also used control points matching method [17] which minimizes mean square
error between pairs of markers. The “MIAMI fuse” software developed by Meyeait
was used to accomplish both types of registration and fusion [80]. Although warping
can be helpful in dealing with non-rigid transformation between two image sets, the re-
sults of warping are not as reliable as rigid registration results. So the registration in our
study was restricted to a rigid rotate-translate transformation. However, the radius for the
multi-dimensional vector which defined the limits for a new set of control points for a new
iteration, as well as the stopping criterion, was varied by the author in a search for the
“best overall” fusion.

The final reconstruction of SPECT that included deadtime, attenuation and scatter
correction was implemented by the iterative space-alternating generalized expectation-

maximization algorithm (SAGE) [43]. Here, the attenuation map was obtained through
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down-sampling CT after it was registered with SPECT. Finally, the inverse of the transfor-
mation7 obtained in the previous registration was used to map SPECT into the CT space
where the tumor volumes of interest (VOI's) were segmented. However, the ultimate ac-
curacy of the estimate of tumor activity based on this procedure was difficult to establish.
Inaccuracy can be caused by “registration error” which in turn comes from several fac-
tors. Depending on the type of registration, these factors include: 1) a non-rigid change
in the body habitus between CT and SPECT; 2) a change in the tumor location relative to
the large organs or relative to the skin markers; 3) poor choice of the control points that
initialize a mutual information (MI) based registration; 4) non-optimum choice of other
parameters in Ml registration; 5) failure of maximum Ml to yield a good registration even
with the optimal choice of input parameters.

In this chapter, we explore the possibility of optimizing the estimate of tumor location
in SPECT for the purpose of activity quantification. Rigid registrations driven by global
measures, such as mutual information between two image sets, may have to sacrifice local
fitting accuracy to achieve optimal global volume registration, and so may not yield an
optimal estimate of a small tumor’s location. Total counts in tumor VOI is a local measure
of goodness-of-fit as opposed to a global measure. This criterion is proposed because we
assume the soft tissue, organs or any other objects adjacent to the tumors have a lower
activity concentration than that in the tumors (however, see the results section 6.3). A
local variation on the inverse @f, with the criterion of maximizing counts in the VOIs
of known tumors, is applied to the second registration of CT and SPECT in our activity
guantification procedure. The tumor activity estimated from the new location of the tumor
VOls in the SPECT image set is then compared to the activity found from the fusion based
on global registration. The latter method has up to this time been adopted for activity

quantification of patient data in our research group at the University of Michigan.
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6.2 Methods

6.2.1 |Initial CT-SPECT Registration, Final SPECT Reconstruction

We describe an initial rigid 3D registration by a transformation mafrixLet x, =
(20, Y0, 20) @ndx; = (x1,41,21) be the coordinates of the CT image before and after
the registration, respectively. The transformation equatiorxis= T - x,. After the
initial rigid registration and calculation of the attenuation map, the next step was to input
the attenuation map, the raw projection data corrected for deadtime, and projection images
that estimated scatter into the iterative SAGE algorithm [43]. This algorithm reconstructed
the final SPECT image set while compensating for attenuation and scattefs A2l
represent the final SAGE-reconstructed SPECT image. The last step in the old procedure
involved using the inverse of the transformatibmo transform/spzc7 into the CT space.
The new step introduced here involves extracting tumor position information from both the
registered CT image and the reconstructed SPECT image as opposed to a simple inverse of
the transformatioff’. This is equivalent to changing the basis for the registration objective

function from mutual information to mean uptake intensity over the tumor volume.

6.2.2 Local Optimization by Maximizing Counts in Tumor VOI
First, we generate a 3D binary imafie,;, which is an indicator function, i.e.

0 (z,9,2) ¢ VOIs,
IVOI('Taya Z) = (61)
1 (z,y,2) € VOIs.

The new iterative registration is then carried out: the imagg is registered witHspgcr
so that the net counts inside the VOIs for tumors are maximized. The objective fuhction
can be written as:

L= Y Ispecr(T(x,y,2)) - Ivor(z,y, 2). (6.2)

(z,y,2)€Q
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where(} is the image domain of CT, anfl is the new transformation matrix sought by
the optimization algorithm. We use the Nelder-Mead simplex algorithm [88] tofind
which can maximize the above objective function, ife= arg maxr Loy;. There are six
degrees of freedom in the matrix. Three of them are rotation angles and the other three
are translation distances. The initial guess for the new iterative registration is always the
inverse ofT’, i.e. 7o = T !, whereT was obtained in the first registration by MIAMI fuse

or other global volume registration method. The search of optirfilnvas also limited to

a neighborhood of 1.

6.2.3 Patient Image Sets Involved

We have implemented the algorithm described above and tested it on three groups of
patients with lymphoma [68]. These patients had known tumors that were located either
in the abdomen or the pelvis or in both.

The patient with ID#7 had two abdominal tumors and two pelvic tumors that were cap-
tured in a single camera field of view. We investigate a number of registration variations
for him in order to obtain a satisfactory result. Included among the variations is maximiz-
ing the counts in the abdominal tumors separately from those in the pelvic tumors and vice
versa, as well as maximizing the counts in single tumors.

The starting point for the new count-maximization registration method was the previ-
ously accepted total volume registration. Some characteristics of the previously accepted
registrations were as follows. For abdominal scans, 1) the locations of the liver and spleen,
which both had considerable uptake, were taken into account in judging the fusion quality,
and 2) the location of the kidneys, which usually had some reduced uptake, was taken into
account as well. The approximate location of abdominal tumors was not considered at the

beginning of the research, in order to not bias the result, but it was used more as the pro-
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cessing of patients continued and the difficulty of judging what constituted a good fusion
became more apparent. For the pelvis, the scanning of which came after considerable ex-
perience with scanning the abdomen, usually only the location of the tumors could provide
guidance as to the quality of the fusion. For both regions of the body, the tumor outlines
were applied to the final result as a check on the fusion quality. If results were felt to be
poor, another cycle of seeking a registration was initiated. At most, two final results with
tumor outlines placed on the images were generated, and a selection was made between

them based on the visual check of the fusion result.

6.3 Results

Figure 6.1(a) shows one transverse slice from the x-ray CT image set for a patient with
ID#62. A contour which was manually drawn by a radiologist outlines the right pelvic
tumor, called “rpel,” in white. To the left of Figure 6.1(b), the contour is shown on the
final reconstructed SPECT which has been registered with the CT image by the inverse
of the initial mutual-information-based registration. The location of the contour shows a
mismatch between the VOI and what would appear to be the tumor location (that is, the
location having high activity shown in red). To the right of Figure 6.1(b), the location of
tumor VOI has been locally optimized based on the net max-counts criterion. The new
registration of the VOI appears to be better than the initial result. Notice that although
the figure only shows the result for a single 2-D slice, the optimization is performed in
3-D. The new count total for the entire tumor is shown in Table 6.1. The activity estimate
for this tumor is proportional to this count total. The table also gives the tumor volume,
the count total from the original fusion based on the inverse of the transforniatiand
the percent difference. The table shows that for patient #62 there is a substantial count

increase for one of her two tumors. For the other patient, there is only a moderate increase
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in his one tumor.

(a) CT image

(b) old and new fusion results

Figure 6.1: CT-SPECT fusion results comparison for patients 62

Table 6.1: Results from net-counts maximization for patients with pelvic tumors

Patient| Tumors| Volume | Original Counts| New Counts| Change
ID# cm? x 1012 x 1012 %
62 “rpel” 330 1.07 1.28 +19.6

“Ipel” 316 1.11 1.15 +3.87
53 “big” 281 1.38 1.43 +3.62

The results from the patients with abdominal scans are given in Table 6.2. The net
count for their tumors is maximized in each case. For two patients with ID#14 and #47,
the percent increases are small. For one patient with ID#2, the percent increases for his
two tumors are more substantia8(1% and7.5%). For the last patient #66, the increase in
his large tumor is moderat8%) and there is actually a large decrease in his small tumor
(30%). But the overall counts in the two tumors of patient 66 still increase. Visually, the
new result for the patient with ID#2 appears to be an improvement, although the images
are not shown here.

Figure 6.2 shows one 2-D slice from the fusion that maximizes the net count for the

two abdominal and the two pelvic tumors in the patient with7D@ne sees that the “big”
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Table 6.2: Results from net-counts maximization for patients with abdominal tumors

Patient| Tumors| Volume | Original Counts| New Counts| Change
ID# cm? %102 x 102 %
2 “inf” 68.9 0.210 0.248 +18.1
“sup” 33.8 0.160 0.172 +7.50
14 “kid” 53.6 0.804 0.804 +0.00
“ant” 40.2 0.546 0.547 +0.183
47 “laor” 13.2 0.0439 0.0440 +0.228
66 “big” 299 3.00 3.09 +3.00
“post” 17.2 0.128 0.0902 -30.0

Figure 6.2: The net-count-maximization result for the patient with7ilDReconstructed
SPECT slice corresponds to CT IM 41.

tumor and the “If” tumor, which are the two abdominal tumors, both seem correctly posi-
tioned next to the aorta which separates them and which probably has considerable activity
remaining in the blood it contains. The kidney VOIs appear positioned in approximately
the correct place, although they give the impression that the horizontal scale, which is set
by a camera calibration and not adjusted by the fusion, may have changed from when it
was measured and is slightly incorrect. The tumors do not appear to have a completely

uniform activity distribution (some regions are red or orange, but others are green denoting
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lesser activity), but that is not surprising. The count totals fot &limors from this fusion
are shown in Table 6.3. The count changes for the abdominal tumors are encouraging. For

“big”, the increase in counts %5.1% and for “If" it is 8.94%.

Table 6.3: Results for patient (ID¥ with tumors in both the abdomen and pelvis from

net-count maximization of af of his tumors.
Tumors| Volume | Original Counts| New Counts| Change
cm? x 1012 x 1012 %
“big” 455 2.19 2.74 +25.1
“If” 135 0.770 0.839 +8.94
“Ifpel” 111 0.449 0.663 +47.3
“rtpel” 6.8 0.0419 0.0327 -22.1

However, the count changes for the pelvic tumors are not as encouraging as those for
the abdominal tumors. That is, the “Ifpel” tumor count goes ughg% but the “rtpel”
tumor count goes down b82.1%. Since the pelvic tumors have less counts by about an
order of magnitude than the abdominal tumors, itis likely their count is not influencing the
fusion very much and so their result is less reliable. Also, due to the good possibility of
a body flexion at the boundary between the abdomen and pelvis that was different for the
SPECT scan compared to the CT scan, it makes sense to consider a fusion that maximizes
the counts in the lower part of the abdomen independently of those in the upper part of the

pelvis, and vice versa. Such count-maximization fusions were carried out for this patient.

Table 6.4: Results for counts in abdominal tumors for patient (ID#7) using different tu-
mors, or different tumor combinations, for the count maximization.

Tumors used in “big” “If”
maximizing counts % change| % change
“big” +31.7 -11.6
“If” -5.08 +14.9
“big” and “If” +23.5 +4.79
all 4 tumors +25.1 +8.94

When a maximization of only the counts for the two abdominal tumors is performed, a
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slightly different fusion is obtained, but the count increases are almost as great as with the
fusion based on maximizing the counts in all four tuma@s{ compared t@5.1 for “big”
and4.79 compared t®.94 for “If” as shown in Table 6.4). For our summary statistics

given in a paragraph below, we use the higher values.

Table 6.5: Results for counts in pelvic tumors for patient (ID#7) using different tumor

combinations for the count maximization.
Tumorsusedin | “rtpel” “Ifpel”

maximizing counts % change| % change
“rtpel” and “Ifpel” +6.24 +26.7
all 4 tumors -22.1 +47.3

A separate fusion for the pelvis appears to provide a better result thanttimeor-
count-maximization fusion. The count results for the pelvic tumors with this technique

are shown in Table 6.5. This time, there is an increase for both pelvic tumors.

Figure 6.3: The net-count-maximization result for the patient with ID#7. Reconstructed
SPECT slice corresponds to CT IM 43. left) Result for fusion that maximized
counts in2 abdominal tumors. right) Result for fusion that maximized counts
in “big” which is unacceptable.

Figure 6.3 and Table 6.4 show the danger of accepting a fusion that maximizes the
counts in a single tumor. The patient is the same as in Figure 6.2, but the SPECT slice is

2cm more towards the feet. The left of Figure 6.3 shows the result from the fusion that

maximized the counts in the two abdominal tumors that was discussed above. The right
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of Figure 6.3 shows the result from a fusion that maximized the counts in an individual
tumor, namely “big”. In the left part of the figure, the outlines for “big,” “If” and “aorta”
appear reasonable. In the right part of the figure, the SPECT image seems to be shifted up
and to the left compared to the VOI. The VOI for “big” gets more counts incorrectly by
being placed partly over the aorta. So, the potential increase in couditsréf listed in
Table 6.4 probably represents an increase that isn’t consistent with reality and is a result
that should not be accepted. The fact that the counts in the nearby tumor go down is added
proof. Such a mixed result also occurred when the counts in the “If” tumor was used as
the basis of the maximization. This suggests that such a procedure should be used with
care even when the search range from iteration to iteration is fairly small, since there are
many failure modes by which the single tumor intensity can be over-estimated when its
max counts is the sole criterion for the fusion.

When the “best” values as described above are used fadalimors in all seven
patients, the positive % change ranges fr@mto 26.7. There is one negative % change
equal to—30%. The average value over th8 tumors with positive changes 947% and

over all14 tumors is6.65%.

6.4 Discussion

We have chosen to maximize net counts in one or more tumors to carry out the inverse
registration (from SPECT space into CT space) in the tests above. Another possibility
would be to maximize net counts in one or more tumors combined with one or more
organs, such as liver and kidney. Alternatively, one could choose to maximize the net
percent increase in counts in the tumors involved. When there are at least two tumors
with different count levels, this procedure would tend to prevent the high uptake tumor

from dominating the registration. Another approach would be to use mutual information
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as the criterion for the inverse transformation instead of the criteria we have investigated.
If the tumor VOIs were present in the color-wash display (which is basically possible)
it would be easier to choose a good inverse fusion. Still another approach would be to
combine the max-counts criterion with the max-mutual-information criterion to produce a
joint objective function. With such a joint objective function, a weighting factor relating
the two parts of the objective function would have to be chosen. This variation might
be more stable, but it is less straightforward because it is not clear what weight might
be appropriate. In all cases, evaluating the results will probably require some subjective
judgments.

The count-maximization approach has a problem when a single tumor lies immediately
next to a highly active object, like the bladder. However, the algorithm can be used in the
pelvis when there are tumors on opposite sides of bladder. Then, for example, a simple
translation to the left increases counts in the tumor to the right of bladder, but at the same

time decreases counts in the tumor to the left of the bladder, precluding such a translation.



CHAPTER VII

CONCLUSIONS AND FUTURE WORK

7.1 Conclusions

In this thesis, an isotropic random field model was developed for statistical shape mod-
eling. This model regards radial functions of segmented polar objects as random fields
over the unit spheré? and characterizes the shape information by the mean and covari-
ance functions of the random fields. It was proved that radial functions of 3D polar objects
with uniformly distributed orientation are isotropic random fields a¥&rThe covariance
functions of isotropic random fields over the unit sphere can be orthogonally decomposed
by spherical harmonics. Thus a Karhunerelze expansion of the random field model was
obtained. A test of the isotropic hypothesis was also proposed for randomly oriented 3D
shapes. Segmentation data sets can be categorized as isotropic and non-isotropic according
to the outcome of the test.

To link the accuracy of center estimation with the accuracy of shape modeling, we
investigated the statistical properties of different center estimators. We established that
the ellipsoid fitting method proposed by Bookstein is a maximum likelihood estimator of
ellipsoid parameters when the segmentation noise level is low. A lower bound has been
derived for the variance of ellipsoid fitting center estimator with Gaussian segmentation

noise model. The simulated results show that the variance of the ellipsoid fitting center
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estimator is much lower than that of linear average method.

Based on the spectral theory of random field, the proposed statistical shape model was
applied to address two problems in this thesis. The first one was shape denoising: given
noisy samples of surface boundary points, e.g. coarsely segmented from an object, find
an optimal estimate of the true surface boundary. Using Wiener filter theory, an orthog-
onal representation of random fields was applied to solve this problem. The simulation
results show that our optimal shape estimator has a much lower variance than the linear
filtering result. To reduce the computational complexity of spherical harmonics, double
Fourier series was introduced in place of spherical harmonics in the estimation procedure.
The second problem was the 3-D object registration problem. In terms of group the-
ory, spherical harmonics comprise an irreducible representatiS®¢$) rotation, which
makes it possible to decompose the radial surface function into a direct sum of orthog-
onal subspaces which are globally invariant to rotation. With a Gaussian segmentation
noise model, a maximum likelihood estimator was designed to register 3D objects in the
frequency domain through joint estimation of spherical harmonic coefficients and Euler
angles of 3D rotation. The novelty of this method lies on its use of the assumption that the
noise field is isotropic and thus the decomposed noise coefficients are statistically indepen-
dent. Since the 3D objects are registered in the frequency domain via low order spherical
harmonic coefficients, the registration automatically filters out high frequency noise and
has low computational complexity. This method may be very useful not only in medical
image registration but also in shape-based retrieval of similar objects in image databases.

In Chapter V, a novel active contour was proposed to segment 3D objects. A spectral
method using double Fourier series as orthogonal basis functions was applied to solve el-
liptic partial differential equations in the contour evolution. The computational complexity

of the spectral method i9(N?log N) for a grid size of N x N, which is lower than the
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complexity of iterative methods, such as finite element method or finite difference method.
A volumetric penalization term was introduced in the energy function of the active contour
to prevent the contour from leaking at blurred boundaries. We applied the active contour
to segment both medical images and synthesized images. Our results show that the new
method preserves the merits of other parametric active contours and has a faster conver-
gence rate. Due to the generality of our mathematical formulation, the spectral method
can be easily applied to solve the surface reconstruction problem too.

In Chapter VI, we investigated how much the tumor activity estimate increases if a
local optimization is performed to adjust the rigid CT-SPECT registration to maximize
mean SPECT intensity within tumor VOI segmented from CT. The results show that the
proposed algorithm can be effective in registering tumors in CT and SPECT locally. In
particular, based on a study o# tumors in7 patients, the increases in tumor counts

averages.65%. The max increases 26.7%.

7.2 Future Work

7.2.1 Statistical Shape Modeling and Its Applications

In this thesis, we used scalar radial functions to represent star-shaped 3D surfaces.
However, 3D biomedical shapes are not likely limited to this kind of topology. To over-
come our shape model’s limitation to star-shaped surface topology, a key step is to find
a one-to-one map of any simply connected (no hole) surtaicethe unit spheres?, i.e.,

f : x — S2. The mapping must be continuous, i.e. neighboring points in one space must
map to neighbors in the other space. It is desirable and possible to construct a map that
preserves areas. However, it is not possible in general to map the whole surface without
distortions. A good map should minimize the distortions. Therefore, the embedding of an

arbitrary simply connected surface into the unit sphg&tés a constrained optimization
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problem. We would like to modify the method proposed by Bredtér to get the map

[15]. The objective is to minimize the distortion of the surface net in the mapping. This
will force the shape of all the mapped faces to be as similar to their original form as pos-
sible. For example, a square facet should map to a 'spherical square’. This can in general
not be reached for all patches, and we will need to achieve a trade off between the distor-
tions made at different vertices. The measure of distortion can be designed according to
the requirements of applications.

We have applied our statistical shape model to shape denoising and orientation estima-
tion. We want to further investigate whether the random field model could be applied to
more general problems in pattern recognition. An example of a pattern recognition system
relevant to medical imaging is the storage and retrieval of different biomedical organs in
medical databases. We have discussed the Fourier descriptors to represent 3D biomedical
organs in this thesis. Their coefficients comprise a pattern vector which represents the dis-
tinctive features of an organ’s shape. If the number of feature is large, the computational
requirements for correct classification (retrieval of organs) of given shape or morphology
become significant. If mean square error measure is a good measure of segmentation error,
the Karhunen-Leve expansion of random field can be applied to achieve compression of
the pattern vector. LeX (0, ¢) represent the random field model of the 3D organ. Its K-L

expansion can be represented by:

1=0
whereb; (6, #) are orthonormal basis functions defined ogérand the coefficients; are
random variables given by, = [,, X (8, ¢)b;(#, $)dQ2s2. We want to seek a represen-

tation X (6, ¢) expanded by finite number of basis functionsvhich can minimize the

mean-square erraE{| X (0, ) — X (8, $)|?}. Since the mean square error of the repre-
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sentation equals the sum of the coefficients corresponding to the basis functions not used
in the representation, the optimum off-line technique is to orgder descending order of
magnitude and retain only the firstcoefficients.

To build databases of medical organs, we can obtain random field models for each
VOI, such as liver, kidney, spleen, etc., through segmentation of a large training set of
images. After computing the Karhunen-éw® expansions of these shapes in the training
set, we can apply feature selection procedure discussed above. To compare a segmented
organ to others in the database, its noisy pattern vector can be correlated with the pattern
vectors stored in the database. The decision boundaries that separate the organ patterns

can be determined in advance.

7.2.2 Image Segmentation by Parametric Active Contours

7.2.2.1 Non-Smooth Evolution via Semi-Quadratic Programming

In the 3D active contours method, the parametén the Lagrangian (5.10)(f) =
Jo2 @l VI + (f — g7)*dQ2s= controls the tradeoff between denoising and matching high
spatial frequencies. In the current implementation of the active contosra constant
chosen in advance and the valuexak fixed during the contour evolution. However, it is
desirable that is a function of the contour and can be modified in the evolution so that
non-smooth solutions are allowed to accommodate singularities.

The idea of using semi-quadratic programming for image segmentation was proposed
by Charbonnier in [24]. Following this idea for our 3D active contour, we would replace

the term||V f||? in the Lagrangian with a smooth total variation type of norm which be-

haves like the|Vf|| = [Z5%| + | %[ It is well known that such weaker smoothness

“constraints” allow non-smoothness solutions. The Lagrangian (5.10) would then take the
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modified form:

B() = [, QUIVSID+(f - 99%ds (7.1)
whereQ(y) is a sublinear function. Sinc@(y) is non-linear inf, the idea of semi-
guadratic programming is to use the “conditionally quadratic” representation

Q(y) = min{by” + ¥ (b)} (7.2)

where the minimizeb(y) is analytical: b(y) = %@3/@. This representation suggests

minimizing the quadratic Lagrangian

E(f) = /Sz bUIVEIDIV A + (f = g7)*dQse. (7.3)

whereb(||V f]|) is the minimizer ofQ(||V f||). For example, if we sele@(y) = -2

1_y2’

this yieldsb(||V f|) = ( . Notice that the Lagrangian (7.3) no longer generates a

1
1+ V£]))?
Helmholtz type Euler-Lagrange condition. It might therefore be better to use FEM/FDM

methods to solve the new partial differential equation.

7.2.2.2 Hybrid Spline-Fourier Descriptors

As mentioned above and in Chapter V, Fourier descriptors have difficulties in fitting
sharp corners due to the high spatial frequency components there. Here we describe a
hybrid spline-Fourier descriptor approach that is under development.

Multivariate spline models are well known for their capability of efficiently handling
local deformations. Using a spline representation, a contour can be split into segments.
Each segment is defined by a few control points (node points or knots). Altering the
position of control points only locally modifies the curve or surface without affecting other
portions. Local control makes it possible to track local shape deformation using a small
number of parameters, unlike Fourier descriptors which require many parameters and can

have spurious oscillations.
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We want to combine the local deformational capability of splines with Fourier descrip-
tors to cover diverse shapes. The following hybrid spline-Fourier descriptors is proposed.
First, a Fourier descriptor is applied to estimate the global low frequency parameters of the
shape. Then, splines are used to refine the contour at necessary local places. Similar ideas
can be implemented to evolve active contours, i.e., after the Fourier descriptor active con-
tour roughly converges to the object boundary, a few spline active contours can be added
to the existing contour to fit some singular points on the boundary. This new deformable
model is expected to be able to deform both globally like the Fourier contours and locally

like spline approximations.

7.2.2.3 Relation With Geometric Active Contours

Since both the parametric and geometric active contour methods have been widely
studied in the last few years, the relation between them has recently become a research
focus [4, 109]. Both parametric active contour methods and geometric active contour
methods involve optimization problems. The parametric active contours are driven by
minimizing its associated energy functional, while the geometric active contours are driven
by finding the path of minimal length or areas. It is shown in [4] that the two minimization
problems are equivalent if the direction which locally most decreases one of the criterion
is also a decreasing direction for the other criterion and vice versa.

We are motivated by the preliminary results of the relation between these two active
contours. Further exploration in this direction, especially in the fast algorithm to solve

PDE'’s derived from these two problems, is of great interest to us.
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APPENDIX A

Spherical Harmonics

A.1 Spherical Harmonics

A.1.1 Definition of Spherical Harmonics

Thespherical harmonics™ (0, ¢) are the angular portion of the solution to the Laplace
equation in spherical coordinates where azimuthal symmetry is not present.

The Laplace equation in the Cartesian coordinates system is
Vp = 0. (A.1)

In the spherical coordinates system, Laplace equation is written as

d , ,00 1 9,. 0y 1 32<,0_
o o) T smeas %) T e ars

0. (A.2)

The angular portion of its solution, which is called gmherical harmoni¢gan be written

as

Y0, 6) = (—1)’"\/ L P (cos0)e™ (a.3)

whered is the polar angleg is the azimuthal anglel’”(z) is the associated Legendre

function (see A.2)} > 0, —I < m < [, and the normalization is chosen such that

27 ™
/ / V™0, $)Y™* (8, ¢) sin 0dOde = 8,y b1 (A.4)
0 0
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whereY * is the complex conjugate of andé,, ,,v is the Kronecker delta function. By the

property of the associated Legendre function, it is easy to derive the relation that
Y™ (6,6) = ()" ™. (A.5)

Figure A.1? plots some of the spherical harmonics.

||tl| a-
L
1 .il 1 .:. t g L'_
. t L‘_ t !}ﬁ Te 'E: o
PV, T Firi i %
S L | % %o FE™
1 T Tive @ i %

€Y (b)

Figure A.1: Spherical harmonics. (&)™ (6, ¢)|, (b) R[Y;™(6, ¢)] andS3[Y;™(6, ¢)].

A.1.2 Completeness of Spherical Harmonics

Spherical harmonics are orthonormal as can be seen from (A.4). The function set
{Y™(0,9)}, 1 > 0, |m| <1, is complete. It is well known that the function sef™?},

wherem is an integer, is complete. Its elements satisfies
2w ) o
/ e e e A = 276 - (A.6)
0

The function se{ P/"(cos 8)}, m fixed andl > |m|, is also complete [Appendix B]. The

completeness of the s&{™(6,¢), I > 0, |/m| < [, can be proved using the following

theorem.

These figures were copied from the website http://mathworld.wolfram.com.
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Theorem 7 Let {p,(s)} (n = 1,2,---) be a complete set of orthonormal functions on
[a,b]. If for any n, there exists a complete s¢f,,(t)} (m = 1,2,---) of orthonormal

functions ort € [c,d]. Then

Winn (8,t) = ©n(8)Ymn(t) (m,n=1,2,---) (A7)

is complete set of orthonormal functions 0, t)|a < s < b,¢ < t < d}, such that for
any continuous functiofi(s, t) on{(s,t)|a < s < b,c <t < d}, the following is true

[ [1s0rasa= 31 [ [erc.omenmar. @9

m,n=1

A.1.3 Addition Theorem

Theorem 8 (Spherical Harmonic Addition Theorem) Let (6, ¢;) and (6., ¢2) denote
two different directions separated by the anglén the spherical coordinate system, as

shown in Figure 2.12. These angles satisfy the trigonometric identity, i.e.,
cosy = cos b cos By + sin 6 sin O3 cos(P; — ¢2). (A.9)

The addition theorem asserts that

l

> Y01, 61) Y™ (62, ). (A.10)

m=—1

47

Picos) = 577
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A.2 Legendre Polynomial and Associated Legendre Function

A.2.1 Legendre Polynomial
The Legendre polynomial of the degrkis defined as [59]

1 L
Pla)=2") (-1 Ezlr)!(? _)!2r)!‘””lzr (A1)

r=0

where[t] = L if I even, off{] = 5! whenl odd. The Legendre polynomial is the solution

to the Legendre equation, which is

d?y dy
(1-— 322)@ — 2xd— +I(l+1)y=0 (A.12)

wherel is an integer] € [0, c0).

The Legendre polynomials are orthogonal, i.e.,

1
2

whered,,,, is the Kronecker delta function.

The set{ P(z)} of Legendre polynomials is complete [59]. Any functigte) satis-
fying

/11 1 (2)[2dz < oo (A.14)
can be expanded by itsegendre series.e.,
r) = zoo:alP,(x) (A.15)
=0
where
2l+1/ () (A16)

The right hand side of (A.15) is called theegendre seriesof the function f(z) and

converges uniformly of-1, 1] [59].
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A.2.2 Associated Legendre Function

The associated Legendre functifff (z) is defined as [59]

1— .’132)% dl-l—m
2! dzltm

() = (-1 (& — 1) (A17)

wherel is an integer] € [0, c0), m is also an integetyn| < [, andz is a real number in
[—1,1].
The associated Legendre functifff(z) can also be written as

m d™
El

P() = (—1)"(1 - ) F

P(x) (A.18)

for! > m > 0, whereP,(z) is the Legendre polynomial of the degried-or—! < m < 0,

the functions can be obtained from

(Il —m)!

P (z) = (—1)mm

P (z). (A.19)

The associated Legendre functions have the following orthogonal relationship:

! m m 2 (I+m)!
/1 PP(@)PP ()ds = g (A.20)
and
L. m' dx 1 (I4+m)!
/lpl @ P (€)1 = et (A.21)
wherem, m’ > 0.
It can be shown that
1 2
and
' m -m' dr (_1)m
[ Er@r @ = (A23)

For fixedm,{P/"(z)} (I > m) is a complete set of orthogonal functions [erl, 1].

Any function f(z), which is continuous ofi-1, 1] and hasf(—1) = f(1) = 0, can be
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expanded by the associated Legendre functions of any atderthe sense of uniform

convergence as the following

f@) =Y aP"(z) (A.24)

I>m

where

2l+1 —m)
)P™(x A.2
a; = (xm) / f(z (A.25)



124

APPENDIX B

Statistics of Surface Function Extracted By Edge Filtering

This section shows that a 3D surface function extracted by edge filtering can be re-
garded as an isotropic random field on unit sphere.

Let the edge model to be step edges. In one dimension, it is the following [42]:
e(z) = AY (z) + n(z) (B.1)

whereA is the contrast given b¢'ror — Csg, Y (2) is the step function defined as

andn(z) is a stationary white noise process with zero mean and varighnce

Let h(z) to be the unknown edge filter to convolve withe), ando(z) the output
signal. Since we want to detect edges as extrema in the oipytmust be “derivation”
operator and therefore odd. Also we assuitie) is nonzero only in an interva+W, W1.
Then

ow) = [ ew—hwidy = A [ wwiy+ [ nle-phe)dy @2
Let zy denotes the random variables which is defined as the amount of displacement of the

position of the maximum in the outpufz) with respect to the true positian= 0 of the
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edge. The random variabtg depends on both the edge and the noise. A maximum in the

outputo(z) corresponds to’(zy) = 0. We can compute’(z) as following:

d@) = L7 ew—yhw)dy (B.3)

de |_o
oo

= A- /Oo Y(z —y)h'(y)dy + / n(z —y)h'(y)dy

—00
oo

=J+h@»y/ n(z — g (g)d y

o0

= S(z)+ N(z)

whereS(z) denotes4 - h(z) as the signal part andl (=) denotes[”_n(z —y)h/(y)d y as
the noise part. From the assumption of our noise model, we knowwhatis a Gaussian

random variable such th&t[ N (z)] = 0 and

EINGY) = of [ 1°)dy
Assuming thatz, is close ta0, S(z,) can be approximated up to the second order, as

S(zg) ~ A-h(0) + zo- AR'(0) = =z - AR'(0) (B.4)

Note thath(z) is odd so thak(0) = 0. Sincez, satisfies'(zy) = 0, we can write

o' (zg) = S(wg) + N(zp) =~ - AW (0) + N(zg) = 0 (B.5)
Therefore
Ty ~ _ivh('aét()))) (B.6)

Soz, can be regarded as a Gaussian random variable with zero mean and it's variance is
given by

= 1 0)
From the above derivation, we can see that the displacement of the edge position is

a Gaussian random variable in the one dimension edge detection. If we regard the 3D
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surface functiorR(0, ¢) is obtained by one dimension edge detection along each sampling
direction(6, ¢) and assume the surface curvature does not influent the detection, we can
say thatR(6, ¢) is a Gaussian random field on the unit sphere. In the continuous case,

noise in different directions are uncorrelated, the covariand® 6f¢) can be written as

P(cosy) = E(x5)d(y) (B.8)

whered(y) is the delta function.

In the discrete case)(cos y) is not equal to zero at small value of This is because
many common voxels intensity values could be used for the edge detections of two di-
rections very close to each other. Ignoring the geometry of the object, it can be assumed
Y(cos~y) is isotropic. The larger the object size (relative to the voxel size) is, the quicker

the value ofy)(cos y) decreases to zero adncreases.
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APPENDIX C

Derivation of Euler-Lagrange Equation

In this section, we provide a detailed derivation of the associated Euler-Lagrange equa-

tion (5.3) for the energy functional (5.2).

Let S? denote the unit sphere andd, ¢) be a scalar function defined ovéf. The

energy functional is

B() = [ ur@0)-g6.0)%0+ [ [Vf6.0Fa (@)

In spherical coordinates system, the gradient is

3 18A 1 0 -

And on the unit sphere, it reduces to

0 » 1 0
V—%G s1n98_gz5

6. (C.3)

So the equation (C.1) can be rewritten as:

_ 8f 1 of .
E(f) = /90/¢ ) )? + sm29(8—¢)2+u(f—g)2]sm9d9d¢

_ of of
N /9:0 /MF 26" 9 W% (C.4)

whereF(f, 5, 55) = [(55)% + 55(35)% + w(f — 9)*|sin 6. We will denote3’ and 52

by f¢ and f, from now on. From calculus of variations [32], we know that functional
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E is stationary if and only if its first variatiohE vanishes. We introduce an arbitrary
functionn(d, ¢), which possesses a continuous second derivative and vanishes outside the

boundary. Let be a parameter,

d
0E =¢ —E(f +en) (C.5)
de e=0
This is equivalent to equation
2w
sE=c [ [ B+ B+ Fyng)asas ()
0=0 J ¢=

By Gauss’s integral theorem and imposing the conditjoa 0 on the boundary, we

0,
SE = 6/00/(# {f 280~ 54T }d@dgb (C.7)

The equatiod £ = 0 must be valid for any arbitrary continuously differentiable func-

obtain

tion n. Therefore we can concludg#, ¢) must satisfy the Euler-Lagrange differential

equation
0 0
Substitution ofF (£, fo, f5) = [(55)° + 5275 (35)*+ u(f — 9)*] sin § into equation (C.8)
yields
0 0
Fy—2pF8 — 8_¢Ff

o of 1 o%f

= 2us1n9(f—g)—2%(sm989) RRVEYO

L 1 of 1 0%f

= 260 [u(f ~ )~ Gpanne G ~ S

= 2sinf [u(f —g) — V2f]

~ 0 (C.9)

And this gives out the Euler-Lagrange equation (5.3),

Vif—u(f—g)=0 (C.10)
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