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Abstract

Motivated by Chernoff’'s bound on asymptotic probability of error we propose the alpha-divergence measure and a
surrogate, the alpha-Jensen difference, for indexing and retrieval in image and other databases. The alpha-divergence,
also known as Renyi divergence, is a generalization of the Kullback-Liebler divergence and the Hellinger/Battacharya
distance between the probability density characterizing image features of the query and the density characterizing fea-
tures of candidates in the database. As in any divergence-based classification problem, the alpha-divergence must be
estimated from the query or reference object and the objects in the database. The surrogate for the alpha-divergence,
called the alpha-Jensen difference, can be simply estimated using non-parametric estimation of the joint alpha-entropy
of the merged pairs of feature vectors. Two methods of alpha-entropy estimation are investigated: (1) indirect meth-
ods based on parametric or non-parametric density estimation over feature space; and (2) direct methods based on
combinatorial optimization of minimal spanning trees or other continuous quasi-additive graphs over feature space.
We analyze convergence rates and establish that the bias convergence rates of the MST entropy estimator can be
better than that of an indirect estimator implemented with minimax adaptive kernel density estimation. We illustrate
the MST estimator for geo-registration of images.

1 Indexing and Retrieval

A database of image¥ = {X;}X, is queried for content which is closely related to a reference in¥geThe

answer to the query is a partial re-indexing of the database in decreasing order of similarity to the reference image
using an index function. This content-based retrieval problem arises in geographical information systems, digital
libraries , medical information processing, video indexing, multi-sensor fusion, and multimedia information retrieval
[1, 2, 3, 4]. Common methods for image indexing and retrieval are color histogram matching and texture matching
using cross correlation. While these methods are computationally simple they often lack accuracy and discriminatory
power.

There are three key ingredients to image retrieval and indexing which impact the accuracy and computation effi-
ciency:

1. selection of image features which discriminate between different image classes yet posess invariances to unim-
portant attributes of the images, e.g. rigid translation, rotation and scale;
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2. application of anindex function that measures feature similarity and is capable of resolving important differences
between images;

3. query processing and search optimization which allow fast implementation.

While these ingredients are all closely linked, this paper is primarily concerned with the appropriate choice of
the feature similarity measure and its optimization. We consider the classdvergences, also known aseiyi
divergences, and a surrogate function calleddhiensen difference. The-divergences can be roughly viewed as
distances between the probability models underlying the query and the database of imagesemben difference
is a function of the jointv-entropy of pairs of feature vectors derived from the query and images in the database. We
motivate thea-divergence for indexing by decision theoretic considerations and large deviation theory of detection
and classification. A special case @fdivergence is the Kullback-Liebler (KL) divergence which has been applied
to indexing and image retrieval [4, 5]. A result of this paper is that use of the KL divergence can be suboptimal
relative to the more generatdivergence. In particular, we establish that when the feature densities are difficult to
discriminate (close together in a weighted sup-norm metric) the optimal choicesef = 1/2 which corresponds to
the Hellinger-Battacharya distance as contrasted to the KL divergence.

The a-divergence must be estimated from the query and the database. When a parametric model for the feature
densities exists the-divergence is a non-linear function of these parameters and parametric estimation techniques such
as maximum likelihood can be applied [3, 4]. On the other hand, when one usegdéresen difference minimal graph
estimation techniques can be directly applied. We analyze the convergence of hon-parametric indirect methods based
on minimax density estimation and direct methods based on graph entropy estimation via the MST. A comparison of
the asymptotic rates of convergence of the bias of each one of these estimates suggests that the graph entropy methods
will outperform the density estimation methods when the feature density are not smooth functions.

2 Statistical Framework

Let X, be a reference image, called the query, and consider a datAdhase= 1,..., K of images to be indexed
relative to the query. LeZ; be a feature vectors extracted frofip. We assume that image;’s feature vectorZ; is
realizationZ generated by a j.p.d.ff(Z|¢) which depends on a vector of unknown paramefidysng in a specified
parameter spac®. Under this probabilistic model thie-th observed image feature vectdy is assumed to have
been generated from modg(Z|4,,), whereg,, is called the “true parameter” underlyig,, ¥ = 1,..., K. Under
this statistical framework the similarity between imagés X; is reduced to similarity between feature probability
modelsf (Z16,), f(Z16,).

2.1 Divergence Measures of Dissimilarity

Define the densitieg; = f(Z16;),7 =0,..., K. Thea-divergence betweef} andf, of fractional orderx € [0, 1] is

defined as [6, 7, 8]
Do(fillfo) = ail ln/ fo (;;Z;) dz

L / () fi (2)de 1)

a—1

Note thatD, (f:|| fo) = D« (6:]|60) is indexed byd; and6y.

a-Divergence: Special cases



When specialized to various valuescothe a-divergence can be related to other well known divergence measures.
Two of the most important examples are the Hellinger-Battacharya distance squared, obtained=whg

Duvaimger (Fl10) = [ (VE® - V) ds

= 21— (1035 | 1))
and the Kullback-Liebler (KL) divergence [9], obtained when- 1,

fo(2)
20 dz.

Only whena = 1/2 does the divergence become a true distance metric between two densities.

g}_}nllDa(fi:fO):/fo(z)ln

When the densityf, dominatesf; and is uniform over a compact domath O support{f;} the a-divergence
reduces to the-entropy, also known as theeRyi entropy:

1 0%
ln/zfi (2)dz (2)

l1—-«

Ha(fi) =

3 a-divergence as an Index Function
The ordered sequence of increasimglivergence measure,, (f(1)[lfo), - - -, Da(f(x)llfo), induces an indexing,

which we call the “true indexing,” of the images

Xi < X; & Dalfillfo) < Da(fllfo)

This indexing is unimplementable given only thg’s since it requires the underlying probability modg¢jde known

to the query processor. The non-statistical indexing problem can now be stated as: given a sequence of divergences

{D,(0:]160)}E, find the sequence of indices, .. .,ix Which minimize D, (6;, ||6o) over the set{1,...,K} —
{ir, .. igerh k=1,...,K.

Special cases of the indexing problem are

1. Content-based retrieval: the query is the density of an image object and the database consists of image densities

which may “contain” the object in the sense that the object may only be found as a scaled, rotated or ortho-
projected version of the query in the database. An invariant feature set is very important for this application.

2. Image registration: the database consist& afopies ofZ, which are rotated, translated and possibly locally
deformed. The index, finds the pose/orientation in the database closest to that of the query. An invariant
feature set is not desirable in this application. When the feature vB&gtigrdefined as the set of pixel pair
gray levels associated with each pair of imaggsX, and the mutual information criterion is applied to the
pixel pair histogram one obtains the method of Viola and Wells [10]. The Ml criterion is equivalent to the KL
divergence between the joint distribution of the pixel-pair gray levels and the product of the marginal feature
distributions.

3. Target detection: the query is the distribution of the observations and the database is partitioned into of a family
of densitiesf; = f(Z|6;) part of which corresponds to the “target-absent” hypothesis and the rest to “target-
present.” Target detection is declared if the closest density in the database is in the latter set.

4. Performing parameter estimation by minimizing the Hellinger-Battacharya distance is known as minimum-
Hellinger-distance-estimation (MHDE) introduced by Beran [11]. While there are obvious similarities, relations
of MHDE to indexing will not be explored in this paper.



3.1 Un-normalizeda-Divergence and the Chernoff Error Exponent

Here we argue appropriateness of theivergence on the basis of large deviations theory results on the exponential
rate of decay of the Bayes-optimal classifier between two densities. Note that the Bayes classification error probability
below is different from that defined by Vasconcelos [12, 2] in that here the decision error is averaged over an ensemble
of image models. Define the un-normalizedlivergence as the -log integral in the definition (2) of thdivergence:

DE(fillfo) = —In / (218, *°(Z18,) dZ = (1 — @) Da (f111fo)

Assume that from an i.i.d. sequence of imag&d), ..., X (™) we extract feature vecto = [Z(1), ..., Z(")] each
having densityf (Z|8) for somef € ©. Consider testing the hypotheses

HO : Q € 60

H1 : Q S 61

where®, and©; partition the parameter spaée In the context of image retrieval the parameter raBgecould

cover theK densities of the images in the database while parameter @gngevers densities outside of the database.

In this case testingl, vs. H, is tantamount to testing whether the query lies in the datalf&gedr not (Hy). If H;

is decided then sequential hypothesis testing could subsequently be performed to completely search the database for
specific query matches by successive refinement of the parametet&pacer a depthog, (K) binary tree.

Let f(#) be a prior ovel©® and assume thd?(H;) fe 0)de and P(Hy) = 1 — P(H,) are both positive.
Then for any test oH, vs. H, define the average probab|I|ty of error
Pe(n) = B(n)P(H)+ a(n)P(Ho)

wheres(n) anda(n) are Type Il and Type | errors of the test, respectively, which depertilinrgeneral. Thex-
divergence measure can be related to the minimum attainable probability of error through the Chernoff bound of large
deviations theory [13]:

lim 1nf InP.(n) = — sup Di(fillfo), 3)
n—oo M aE[O,l]
wheref,(Z = Jo, F(Z10)f(0)d8 andf,(Z = Jo, f(Z|0)f(€)df. The quantitysup,co1; Dy “(f1llfo) in (3)is

called theChernoff exponervt/h|ch gives the asymptotlcally optimal rate of exponential decay of the error probability
for testingHy vs Hy. The optimala = a, which attains the maximum in (3) is obtained by finding the value of
which maximizesD%(f,||fo)-

0, = argma o / (27 (2) dz @)

3.2 Selection oty

We have empirically determined that for an image indexing problem arising in georegistration (see Section 5) the value
of a leading to highest resolution seems to cluster around eitbet /2 corresponding to the KL divergence and the
Hellinger-Battacharya distance respectively [14]. The determining factor appears to be the degree of differentiation
between the densitigsf; } £ . If the densities are very similar, i.e. difficult to discriminate, then the indexing perfor-
mance of the Helllnger—Battacharya distanae=t 1/2) was observed to be better that the KL divergence=( 1).

This is consistent with the asymptotic local analysis below.

A locally optimume can be explored by asymptotic analysis of the Chernoff exponent. Specifically, the following
is a direct result of Proposition 6 in Appendix B.



Proposition 1

Dyals) = 2 [UEZBOP 4oy o), ©)
whereA € [0,1] is
A =2sup |f1(z) — fo(z)]

e fi@)+ fo(z)

Recall that the detection error probability decreases exponentially with Chernoff expapgaf, 1 DY(fillfo)- A
consequence of (5) is that to ord&f the optimum value ofv in the Chernoff exponent ik/4.

As an illustrative example consider the case whfgrand f; are multivariate Gaussian densities. The KL infor-
mation for such a Gaussian feature model was adopted in [3, 4] for performing image indexinf(xLetA) be
a reald-dimensional normal density with mean vectoand non-singular covariance matrix The un-normalized
a-divergenceD¥( f1||fo) = De(f(x; n1, A1) f(x; 1o, Ao)) Of ordera is given by (see Proposition 7 in Appendix C).

[Ao|* Ay~ N a(l —a)
|OéA0 + (]. — Oé)A1| N 2

v

ApT (ko + (1 —a)A1) ™ Ap (6)

DY(f(w;pa, M) f (w50, M) = —3ln

Ter‘l; A Term B
whereAu = p1 — po-

The divergence consists of two terrAsand B. A is equal to zero wheA, = A; and B is equal to zero when
o = p1. TermA is the log of the ratio of the determinants of the geometric mean and the arithmetic megrenaf
Ao with mean weightsr and1 — «. Term B is the quadratic difference of mean vectors normalized by the arithmetic
mean ofA; andA, with mean weighte andl — a.

An asymptotic expansion yields the following expression for the case\that 0, i.e. equal means,

_ a(l —a)
4

so that locally the Chernoff exponent increases in the trace norm of the differences between the feature covariances
and, as expected, = 1/4 is optimal.

Dy (fillfo) tr(A; — Ag)? + o(tr(A; — Ag)?).

4 Divergence and Entropy Estimation

In practice the image model parametéiss are unknown so that the actual relative orderingaeflivergences
{D(8,]18,)}K_, is also unknown. The statistical problem of indexing can be stated as follows: based on a sin-

gle realizationX;, = X,gl) of the k-th image,k = 0,..., K, estimate the actual rank ordering @fdivergences
{D(8,18,)}K_, between feature distributions. Divergence estimation is closely related to entropy estimation which
has a long history in the statistics and information theory communities. Three general classes of methods can be iden-
tified: parametric estimators, non-parametric estimators based on density estimation, and non-parametric estimators
based on direct estimation. The first two methods can be classifdehagy plug-irtechniques where parametric or
non-parametric density estimates are simply plugged into the divergence formula.

When an accurate parametric model and good parameter estimates are available parametric plug-in estimates of
divergence are attractive since an analytical form of the divergence can often be derived over the parametric class
of densities considered for which maximum likelihood or other parameter estimates can be substituted into to the
divergence formula. This approach was adopted under a multivariate Gaussian image model bgt&tpitdor



image retrieval. For Gaussigh and f, the KL divergenceD; (f1||fo) has a simple closed form expression, which
can be derived as the limit of (31) as — 1, and the authors in [4] proposed using maximum likelihood or least
squares estimates of the mean and covariance parameters of each image.

Non-parametric plug-in divergence estimates do not benefit from closed form parametric expressions for diver-
gence but avoid pitfalls of model dependent estimates. For example, when the non-parametric plug-in technique is
applied to estimate-entropy it yields the estimate

1
l—«

Ha(f) = = In [ fo()ds ™

Wheref is an empirical estimate of the density. For the special case of estimation of Shannon BniropyH, (f) =

— [ f(2)1n f(2z)d= recent non-parametric estimation proposals have included: histogram estimation plug-in [15]; ker-
nel density estimation plug-in [16]; and sample-spacing density estimator plug-in [17]. The reader is referred to [18]
for a comprehensive overview of work in non-parametric estimation of Shannon entropy. The main difficulties with
non-parametric methods are due to the infinite dimension of the spaces in which the unconstrained densities lie. Specif-
ically: density estimator performance is poor without stringent smoothness conditions; no unbiased density estimators
generally exist; density estimators have high variance and are sensitive to outliers; the high dimensional integration in
(7) might be difficult.

The problems with the above methods can be summarized by the basic observation: on the one hand parame-
terizing the divergence and entropy functionals with infinite dimensional density function models is a costly over-
parameterization, while on the other hand artificially enforcing lower dimensional density parametrizations can pro-
duce significant bias in the estimates. This observation has motivated us to develop direct methods which accurately
estimate the entropy without the need for performing artificial low dimensional parameterizations or non-parametric
density estimation [19, 20, 21]. These methods are based on constructing minimal graphs spanning the feature vec-
tors in the feature space. The overlall length of these minimal graphs can be used to construct a strongly consis-
tent estimator of entropy for Lebesgue continuous densities. In particuleg(let= {Z() ... Z(™} and define
L = L(ZM™) = min.c¢e 3, |e|” the overall length of a graph spanning.i.d. vectorsZ(®) in R? each with density
f. Herey € (0,d) is real,e are edges in a graph connecting pairsZéf’s and the minimization is over some suit-
able subset§ of the (g) edges of the complete graph. Examples include the minimal spanning tree (MST), Steiner
tree (ST), minimal matching bipartite graph, and traveling salesman tour. The asymptotic behdvarerfrandom
points Z(" asn — oo has been studied for over half a decade [22, 23, 24] and, based on these studies, in [20] we
gave conditions under which

Ho(Z™W) =InL(Z2™) /n® —In B, (8)

is an asymptotically unbiased and almost surely consistent estimator of the un-normaéimépy of f where
a = (d—+)/d andf, is a constant bias correction depending on the graph minimality criteriorfdugrindependent

of f.

As shown in [20], optimal pruning of greedy implementations of the minimal graph can robustify the entropy
estimator against outliers from contaminating distributions. Divergdncgf: || fo) between the observed feature
density f and a reference feature densfty can be estimated similarly via performing a preprocessing step before
implementing the minimal-graph entropy estimator. In this preprocessing step one applies a measure transformation
on the feature space which converts the reference density to a uniform density over the unit cube [21].

As contrasted with density-based estimates of entropy, minimal graph entropy estimators enjoy the following prop-
erties: they can have faster asymptotic convergence rates (see next sub-section), especially for non-smooth densities
and for low dimensional feature spaces; they completely bypass the complication of chosing and fine tuning parameters
such as histogram bin size, density kernel width, complexity, and adaptation speadydreemeter in thex-entropy
function is varied by varying the interpoint distance measure used to compute the weight of the minimal graph. On
the other hand, the need for combinatorial optimization is a bottleneck for a large number of feature samples.



Whenf, is known then-divergence can be estimated by minimal graph methods using the measure transformation
method outlined [21]. For unknowyy and unknownf; the existence of consistent minimal-graph estimators of
D, (f1]|fo) is an open problem. The sequel of this paper will be concerned with an alternative index function, called
the a-Jensen difference, which is a function of the joint entropy of the query and candidate image feature sets. This
function can be estimated using the entropy estimation techniques discussed above.

4.1 Entropy Estimator Convergence Comparisons

It can be shown that whefi is a density supported on the unit cupel]? the bias and variance of direct minimal-

graph entropy estimators (8) and indirect density plug-in entropy estimators (7) converge to zero as a function of the
numbern of i.i.d. observations [20, 16]. Here we attack a harder problem: comparing the asymptotic convergence
rates of the bias. It is likely that this analysis can be extended to estimator variance and mean-square error but we do
not explore this extension here.

Define the integral

1) = [ 1*(@)ds

and define the indirect and direct estimatord off) based on the i.i.d. observationg Z;} with common marginal
densityf supported o0, 1]¢

I.(f)

A

[ #as (©)
L(Zy,..., Zy)[nl* /4 (10)

o =

where(d — v)/d = a. The asymptotic bias of the entropy estimators can be expressed in terms of the bias of the
density integral estimators via a standard perturbation analysis

Ha_HOé(f) = 1—a Ia(f) +0(A)7

whereA = I, — I.(f)]. Thus as a function af the asymptotic rate of convergence of the bi2d, — H,(f) of
H, will be identical to that of the bia&1, — I,(f) of I,. We will therefore focus on the latter integral estimators.

We first deal with the density plug-in estimatbff). Define the clas€q(x, ¢) of Holder continuous density
functions ovef0, 1]¢

Salr,0) = {£(@): |f(@) = pk ()| < el - 2| |

wherepk () is the Taylor polynomial (multinomial) of of orderk expanded about the point As k becomes large
the class¥,(k, ¢) contains functions which are increasingly smooth. For exanilé€), ¢) contains all uniformly
bounded functions with boundandX; (oo, ¢) contains all infinitely differentiable functions.

For the density plug-in estimator (9) it makes sense to consider a minimax optimal density estimation strategy
which minimizes the worst case estimator mean integrated square error (MISE) over the densitiesYyi(xg i
[25]. The minimax estimator can be implemented as an adaptive kernel density estimator, e.g. a piecewise multinomial
with bin size that decreases inat a specified optimal rate. The resultant MISE has the fastest possible rate of
convergence over all;(x, ¢) and the rates of convergence of the squared bias and the variance of the density estimate
are identical. The following proposition is established in Appendix A.



Proposition 2 Assume that the Lebesgue dengity in the Hlder classZ;(x, ¢) and that[ f*~'(z)dz < co. Then,
if fis a minimax MISE density estimator

sup  |E[Io(f)] = Ia(f)| = n™"/CrHD O (14 0(1)) (11)
fE€Xa(k,c)

whereC,, . is a constant depending o) c.

For the direct minimal-graph estimator (10) exact convergence rates are more difficult to establish. Even in the
relatively simple case of a uniform densify exact rates are presently known only tbe= 2 [24, 23]. it has been
shown [23] that whery is a uniform density the MST length function&l, converges to the integrd),(f) with rate
upper bounded by (n~—1/d), which is exact fod = 2. In Appendix D we establish that the convergence rate of
the MST length function is upper bounded by'/(?+1) for arbitrary densityf satisfying certain bounded variation
constraints. More specifically, the following follows directly from Proposition 9

Proposition 3 Assume that the Lebesgue dengitgupported onS C [0,1]¢ satisfies the property that” is of
bounded variation fov = (d —v)/d,v = (d — v —1)/dandv = 1 —~/d. Thenford > 2,1 < v < d andI, the
estimator ofl,, (f) based on the MST length function of order

‘E[fa] _ Ia(f)‘ < n V@) K (14 0(1)) (12)

d—~y—1

where ford > 2 the rate constank(;, ; is monotone increasing iff deT”(m)dm and [ f @ (x)dz. Ford =2,
1

. - - - 27
K1,y is also monotone increasing ify, 5 (z)da.

As the proof of Proposition 9 depends on the rate of convergence of means result of Yukich [23, Thm. 5.2], which
is restricted to the class of continuous quasi-additive functionals satisfying an “add-one bound,” it is unknown whether
a similar bound holds for graph estimators other than the MST. A faster rate of convergence bound, @hicHi€),
is available for piecewise constafitsee Proposition 8 in Appendix D.

Observe that as compared to Proposition 2 the convergence rate in Proposition 3 does not depend on stringent
Holder continuity conditions of Proposition 2. Also note that the bounded variations assumptions imply that the rate
constanti’y, ¢ is finite.On the other hand, while the rate in Proposition 2 is exact it is unknown whether the rate in
Proposition 3 is optimal, i.e. K in (12) is actually equality but we believe it is true e 2. By slight modification
of the proof of Proposition 9 in Appendix D, it can be shown that the greedy algorithm introduced in Hero and Michel
[20] attains this rate of convergence if the cell sizés selected as the following function of m = n!/[d(d+1)],

A comparison between the convergence rate (11) and the convergence rate bound (12) indicates that the direct
estimator has bias which converges with faster asymptotic ratenihen:

d
_— 1
I€<d_1 (3)

Thus, for arbitraryl > 2 the bias of direct estimatdf, converges faster fot < 1, i.e. whenf can be a non-smooth
function satisfying the bounded variation constraints of Proposition 3.

4.1.1 Extensions to Estimator Mean Square Error Rates

Using concentration inequalities and Borel-Cantelli in a similar manner as in [23, Sec. 6.2] it is likely that the asymp-
totic convergence rate of the MSE of the MST estimdtpof I( f) is identical to the convergence rate of the bias. It



is conjectured that, at least fdr= 2, this is also the minimax rate of MSE convergence of the MST estimator over the
class of density functions satisfying the assumptions of Proposition 3. Since the minimax density egtachteves
identical convergence rates for squared bias and variance, we also conjecture that the density plug-in E(sfhnator
has minimax MSE convergence rate identical to that of the bias. If these conjectures are true, our conclusion (13) will
extend to the MSE performance of the MST and plug-in estimators.

4.2 «-Jensen Difference Index Function

We here propose an alternative index function based on the Jensen entropy differerfgearicef; be two densities
andg € [0,1] be a mixture parameter. TheJensen difference is the difference betweendkentropies of the
mixture f = Bfy + (1 — 8) f1 and the mixture of the-entropies offy and f; [8]:

Ha(B, fo, 1) & Ha(Bfo + (1= B) f1) — [BHa(fo) + (1= H)Ha(f1)], @€ (0,1). (14)

Thea-Jensen difference is measure of dissimilarity betwgeand f, : as thea-entropyH,, (f) is concave inf it is
clear from Jensen’s inequality thatH , (3, fo, f1) = 0iff fo = f1 a.e.

Thea-Jensen difference can be motivated as an index function as follows. Assume that two sets of labeled feature
vectorsz, = {Z(()’)}i:L___,no andz, = {Zf’)}i:L___,m are extracted from images, and X, respectively. Assume
that each of these sets consist of independent realizations from derfigiiesl f;, respectively. Define the union
Z = Zy U Z; containingn = ng + n; unlabeled feature vectors. Any consistent entropy estimator constructed on
the unlabeled (Vs will converge toH,(Bfo + (1 — B) f1) asn — oo wheref = lim,,_,~, no/n. This motivates the
following consistent minimal-graph estimator of Jensen difference (14j ferng /n:

AH, (8, fo, 1) 2 Ha(Z0U 21) = [BHa(20) + (1 - B)Ha(21)], @€ (0,1).

where H, (Z0 U Zl) is the minimal-graph entropy estimator (8) constructed onrthmoint union of both sets of

feature vectors anfl, (Z,), H,(Z,) are constructed on the individual setssgfandn, feature vectors, respectively.

We can similarly define the density-based estimator of Jensen difference based on entropy estimates of the form (7)
constructed oy U Z1, Zy and Z;.

For some indexing problems the margmal entrodieh, (fi)}£, over the database are all identical so that the
indexing function{ H, (Bfo + (1 — B) fi)} X, is equivalent to{AH (B, fo, fi)}£,. The problem of registering a
guery image to a database of images WhICh are generated by rigid transformanons of areference image is an important
example of this simplifying situation.

4.3 Comparisons ofa-Jensen Difference andx-Divergence

The local discrimination capabilities of theJensen difference and thedivergence can easily be compared using
the results (Propositions 5 and 6) obtained in Appendix B:

Do(follfr) = +0(A%) (15)

2
ma@ g f) = PC N [(f‘)]jlﬁ) ] +1fa<Eﬁ,

+0(A?) (16)




- fi(=)
where Brlg(@)] = [ f(@)o(@) da, f{(@) 2 priGr

differencefy — fi..

is a “tilted” pdf, andAj is a term that decreases in the

There are a number of interesting propertie®af fo|| f1) andAH, (8, fo, f1):

e The divergence criterio®,, (fo|| f1) locally depends o only through a scale factor, while the Jensen differ-
ence criteriol\H, (8, fo, f1) is more strongly dependent en

1. Whena approaches 0, tail differences between the two dengftiesd f; are much more influential on
AHO((Ba f07 fl) than OnDa(fOHfl)'

2. Whena approaches 1, central differences between the two densities become highly pronoukéed ih fo, f1)-
Therefore, if the feature densities differ in regions where there is a lot of mass one should e¢lobose
to 1 for locally optimum discrimination.

e The ratio,s, of the numbers of feature vectors extracted from the two to-be-registered images does not influ-
enceD,(fol|f1), while this ratio does affech H, (5, fo, f1). Furthermore AH, (8, fo, f1) has the maximal
discriminative capability fog = % i.e., when two images yield the same number of feature vectors.

4.4 Estimation of Dependency in the Plane

One indexing application is to rank order images accoring to the degree of feature dependence. For example, if two
featuresX andY are horizontal and vertical changes over local neighborhoods of pixels one can search for evidence
of anisotropy by evaluating a measure of statistical dependendearfdY. One possible measure is the mutual

a-information )

MIo(X,Y) = —

1n/f“(X,Y)(f(X)f(Y))lfadXdY.

This quantity converges to the standard Shannon mutual information in the limitad and is equal to zero if and
only if X Y are independent. A related measure is the mutuahtropy difference

AOHa(X:Y) = Ha(Xay)_Ha(X)_Ha(Y)
L [ Y)dxay
[—a " T2 (X)dxX [ f2(V)ay

(17)

which also converges to the standard Shannon mutual information in the limitag.

Given an i.i.d. sampld(X;,Y;)}", the length of the MSTL({(X;,Y;)}1,)},)/n® converges w.p.1 to the
numerator of (17) times the scale facthr, « = (d — y)/d. Furthermore, le{= (i)}, be a permutation function,
selected at random. Thel({ (X, Yx(;))/n® converges w.p.1 to the denominator of (17) times the same scale
factor. It can be concluded that a consistent estimatdy( @, (X, Y") is given by the ratio

1 DX Y))
1—a " LH{Xra), Yagi) o)

which does not depend on the factir. By comparing this statistic to a threshold we obtain a simple test for depen-
dence of two random variableé§, Y based om i.i.d. observations. To reduce bias for finitét is suggested that the

denominatorl, def L({X (i), Yr(iy}7—,) be replaced by a sample averalge = 1/|I1| 3
of randomly selected permutation functions

AoH,(X,Y) =

~crt L= Wherell is a set
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5 Application to Geo-Registration

It is desired to register two images taken on different sensor planes by potentially different sensor modalities for geo-
registration applications. Our objective is to register two types of images — a set of electro-optical(EO) images and

a terrain height map. For this multisensor image registration problem, there usually exists distortions between the
two types of images. The distortions are due to difference acquisition conditions of the images such as shadowing,
diffraction, terrain changes over time, clouds blocking the illumination sources, seasonal variations, etc. Existence of
such differences between the images to be registered requires that the registration algorithms to be robust to noise and
other small perturbations in intensity values.

For this image registration problem the set of EO images are generated fraptluei digital elevation model
(DEM)! of a terrain patch (the terrain height map) at different look angles (determined by the sensor’s location) and
with different lighting positions. With different sensor and light locations, we can simulate the distortions mentioned
above. For example, shadows are generated by taking into account both the sensor location and the lighting location as
follows. The scene is first rendered using the lighting source as the viewing location. Depth values (distance from the
light source) are generated for all pixels in the scene and stored in a depth buffer. Next, the scene is rendered using the
sensor’s location as the viewpoint. Before drawing each pixel, its depth value as measured from the sensor is compared
to the transformed depth value as measured from the light source. This comparison determines if a particular pixel is
illuminated by the source. Shadows are placed on those pixels that fail this comparison.

Geo-registration of a EO reference image to DEM’s in an image database is accomplished by selecting a candidate
DEM image from the database and projecting it into the EO image plane of the reference image. The objective is to
find the correct viewing angle such that the corresponding EO image is the best match to the EO reference image.
Figure 1 shows an DEM projected into the EO image plane with viewing angles (290, -20, 130) and the reference EO
image. Clearly they are not aligned.

Image at 290,-20,130 rotation Reference image

50 100 150 200 250 300 50 100 150 200 250 300

(@) (b)

Figure 1: Misaligned EO and reference images

1DEM stores the terrain height information in a three dimensional array where each element of the array consists of the locations (x and y
coordinates) and the height of the terrain at that location.

11



For matching criterion we use the-Jensen difference, with chosen arbitrarily a9.5, applied to grey level
features extracted from the reference images and candidate EO images derived from the DEM database. For illustration
purposes we selected a very simple set of features via stratified sampling of the grey levels with centroid refinements.
This sampling method produces a setathree dimensional feature vectdls = (z;,yi, F(z;,y;)) whereF(z,y)
is a sample of the grey level at planar positiary. The points{(z;,y;)}_, approximate the centroids of Voronoi
cells and{ F'(z;,y;) }?_, correspond to the set afsamples of the image from which we could reconstruct the original
image with minimum mean square error. For more details see [14]. When the union of features from reference and

target images are rendered as points in three dimensions we obtain a point cloud of features over which the MST can
be constructed and the Jensen difference estimated.

Figure 2 illustrates the MST-based registration procedure over the union of the reference and candidate image
features for misaligned images, while Figure 3 shows the same for aligned images. In both Figures 2(a) and 3(a),
circle points denote the pixels from Imagg and cross points denote the pixels from Image From Figures 2(a)
and 3(a) we see that for misaligned images, the representation points have larger distances than those for aligned
images. Therefore the corresponding MST for the misaligned images has a longer length than that for the aligned
images (Figures 2(b) and 3(b)).

misaligned points MST demonstration

N

o
N
o

w

o
w
o

2 ° 2
220 " : . 220

[} o [}

= L e =
10 Yoo 10

009 8 6
0 X X Z X X 6 [e] 0
300 300
200 400 400
100 200

@ (b)

Figure 2: MST demonstration for misaligned images

We repeat this MST construction process over the union of reference features and features derived from each of the
images in the DEM database. The MST length can then be plotted in Figure 4. The x-axis stands for the image index,
which corresponds to the viewing angles from the aircraft. The minimum of MST length indicates the best matching
of the EO image and the reference image, which corresponds to the registered pair in Figure 5.
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Figure 3: MST demonstration for aligned images
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100 200 300 100 200 300

(a) Matching image (b) Reference image
Figure 5: Co-registered EO-terrain maps

6 Conclusion

In this paper we have introduced a new criterion,dhg&ensen difference for performing indexing and image retrieval.

This criterion was motivated by the-divergence which characterizes the rate of decay of the optimal Bayes decision
rule. We have investigated the estimatiomedensen difference using density plug-in estimators and the MST minimal
graph method. We demonstrated theoretical advantages of the latter method for indexing planar features or higher
dimensional features with non-smooth feature densities. It will be important to compare these estimates to estimators
of a-divergence which is more directly related to Bayes esimation performance and is less senaitardi then
thea-Jensen difference.

Appendix A

Here we establish Proposition 2.

First we recall relevant properties of minimax density estimation with respect to a mean integrated squared er-
ror (MISE) criterion [25]. As the class of kernel estimators known as the piecewise polynomial density estima-
tors (PPE) are MISE minimax over the cla8g(k, c) we specialize to the case of a P?ENith optimal bin-width
6, = an~/(25+d) for some positive constant The minimax MISE over Klder classS,(, c)

sup EU (F(2) — f(@))?da| = Cn2/C5+D(1 4 o(1)) (18)

fEX (K c)

for a positive constan®. The squared integrated bias and the integrated variance of the minimax esfrdetay at
identical minimax rates —2+/(25+d) Relation (18) implies that there exist positive constaitsCs» such that for all

f € Xa(k,c)

|f(@) = f(z)] < Crn =/ @etd 1 (y.p.1), (19)
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except possibly on a subset[6f 1]? of measure zero, and for sonfiec ¥ 4(x, c)
£ (@) = f(@)] > Con /D (wp.1) (20)
over some subset ¢, 1] of positive measure.

We now turn to the plug-in estimatdg(f) defined in (9). Under the assumption tHaf* ! (z)dz < oo,
Ello() - Ta(h) = [(Bf*@) - fe)ds = o [ 127 @EF@)] - fe)ds +o(A)
whereA = Efsup, |f(z) — f(z)|]. Using relations (19) and (20), there exists a finite congfarsuch that

/ F2 @) (BLf () - f(2))de

forall f € X4(k, ¢). Furthermore, there exists a densftg ¥,(k, ¢) such that

/ Fo N @) (B (@)] - f(e))de

< C3n7n/(2n+d)’

> C4n7n/(2n+d)

Therefore,
Cyn#/2retd) < gup /fafl(a:)(E[fA(;r)] — f(x))dz| < Cyn=r/(2r+d)
fE€Sq(k,c)
which finishes the proof of Proposition 2. O
Appendix B
Proposition 4 Letf1 def, 5 (fo 4+ f1). The following local representation of the fractionadii entropy of a convex

mixturef fo + (1 — B)fl holds foralla, B3 € [0,1]:
H,(Bfo+ (1—p)f1)

2
. [f5@ <7f°‘”” (f;“”)) L 2f<f°(”,i1 ﬁ“””) 15 (@)dz
(*-3) 5 ()

=Q

= Ha(fl) 1o fftll ff;
fo(z)—fi(x) f1(96 >
o (-1 (175 —(m)dm
i (5 ) ( [P @) ol >
whereA € [0,1]is
A def |fo(@) — fi(@)] (22)

proof

Let f1_g(z) = Bfo(z) + (1 — 5) fr(z). It can be written as
fiople) = %[fo(w) + (1 =B)(fi(@) = folx))] + 5 [ o(z) + B(fo(z) — fi(x))]
= @)+ 508~ V(@) ~ i)

fi(z) <1+72f%(x) >

15



whereA, = (fo(z) — f1 (m))/f% (z). A Taylor series expansion ¢f*_;(z) yields

s = @ (1+ 25 )

e (1 2D, 20D (B olp ) o(Ai>>

2 2
(23)
Taking the logarithm of both sides of (23) and dividingby «
= ln/ffiﬁ(m)dw
= 1 i - ln/ [ g(x) +ozfg(a:) (2’8—2_1Am>
2
+2e e (Po.) + fg‘(w)O(Ai)] s
1 . af fi(z) (262_1Az) dz
= —aln{/fé (z)dw [” [fe@)ds
20 [ fo(z) (ZBT*lAdea: v
[T )de Holad
1 . 1 af fi(z) (22—71%) dx
= 1_aln/f%(:r)dm+1_aln[1+ ffg(a:da:
a(az—l) ffa (26 1A ) . A2)
J 18 (@)
Sinceln(l + z) = = — “”2—2 + o(x?), we have
Ho(Bfo + (1 - ) o [ 0
_ a QB—IfA fi(z) a (28 —1\2 JDif(w)de
N Ha(f%)+ l—-a 2 ffg(a:)da: +§< 2 > ffg(a:)da:
2
2 _ J D fe (=
_2(1a— @) (252 > ((ff (2 )) +o(8). (24)
This completes the proof of Proposition 4. O

Proposition 5 The following asymptotic representation of the fractional Jensen difference of two defishied f;
holds for alle, 5 € [0, 1]:

AHa(B:vafl)
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2
osi-p) |1 (f“”};‘(i;“”) 18 (@)de I(%ﬁ)”) 5 (w)d

= +

2 ffg(a:)da: 1—a ffg(a:)da:
+o(A?)

wheref% and A are as defined in Proposition 4.

proof

Specializing tg3 = 0 and = 1 in (21) of Proposition 4 we obtain

Ho(fo) = Ha(fy)+ 71— Tfiwdr 2 [fiode
@ (I30uf@dnt
2(1-a) 18 (w)dw Hol&y
i o JE0Lf@)d o [ (30.)° f5(@)da

Ho(f1) = Ha(fy) - l—a [f3(z)dz * 2 [ f(z)dz

o? (f %Azfg(a:)da:

T\ R )“’(AQ)

(25)

(26)

(27)

whereA, = (fo(z) — fi(x))/f(z). Substituting (21), (26) and (27) into (14), we obtain the expression (25) for the

Jensen difference. This compfetes the proof of Proposition 5

O

Proposition 6 Thea-divergence of fractional order € (0,1) between two densities and f; has the local repre-

sentation
2
a(follfr) = /f ( i ()> dr + o(A?)

wheref, and A are as defined in Proposition 4.

proof

Rewrite the density, as

fole) = S(@) + @) + 5 (o(e) = i) = fy @)1+ 384),

-

whereA; = (fo(z) — fi(z))/ fL(z). Similarly,

A = f@0 - 50

=

17

(28)

(29)

(30)



Thus, by Taylor series expansion, we have

£ = f@-afo(F)+ e (%)2+0<A3>

2 2
S = s ra-af e () L e (5) o
Therefore
F@A@ = £ [1 - a- D5 —a-a) (52) + o(Ai>]
and
Dalfollfi) = 1 [ fr(a
- Lou / (fé (#) - Ca—1)fs <x>% —a(l—a)f (@) (%) s <x>o(A§>) dz
= ln<1—a l—a/fl <%> dl’+0(A2)>
= /f (—I> dz + o(A?)
— fi(z) 2
/f ( e > dx + o(A*).
This completes the proof of Prop. 6. O

Appendix C

Proposition 7 Let fi(z) = f(x; u1, A1) and fo(z) = f(x; no, Ao) be multivariated-dimensional Gaussian densities
with vector meang , uo and positive definite covariance matricks, Ay. The Fenyi divergence of ordet between
frandfyis

1/2 [Ao|*[As|'

Da(fillfo) = a_11n|aA0+(1_a)A1|+%AMT(QA0+(1—Q)A1)—1AN (31)

whereAp = uy — po.

Proof

Start from the definition

Dao(f1lfo)

1
pn [ e A o, Ao)de

1
and make a change of variahle= A, 2 (x — po) in the integral to obtain

1 1 R
/fa(mQ,Ul,Al)flia(m;,UO,AO)dl' = |A0|5/f“(y;/\o 2Ap, Ay 2 A A7) (30, La)dy,  (32)
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wherel, is thed x d identity matrix.

By completion of the square and elementary matrix manipulations it is straightforward to show that 6+ any
element vectom and positive definite x d covariance matrixd

/ £ (s, A) 0 (50, I)dy

B <|(1 —|21)|Aj‘ Oéfd|> 2 exp (—3a(l —a) m"[(1 - a)A + aly 'm)

1 _1 _1
Finally, identifyingm = A, 2Ap andA = A, 2A A, 2, substitution of the above into (32) and performing some
matrix algebra we obtain (31).

This completes the proof of Prop. 7. O
Appendix D

Here we establish convergence rates for continuous quasi-additive power-weighted edge functionals which sat-
isfy the “add-one bound” of Steele [24]. This class includes the minimal spanning tree (MST) through i.i.d. points
X1, Xs, ..., X, in[0,1]%. We first provide background on quasi-additive power-weighted edge functionals. heet
a finite subset of points ift), 1], d > 2, and letL be a real-valued function defined @hof the form

L(F) =min Y [e(F)| (33)

ee&

wheref is a suitably constrained set of graphs, e.g. spanning trees, over the pdihtsi;an edge in the grapkle|
is the euclidean length @f and- is the power weighting constant. We assume thaty < d.

We state the following technical conditions fbrto be aquasi-additive power-weighted edge functional of order
v [26, 23].

¢ Null condition L(¢) = 0, where¢ is the null set.

e Subadditivity There exists a consta@t, with the following property: IfQ™ = {Qi}g’fl is a uniform partition
of [0, 1]¢ into m? subcubes); with edge parallel to the axes and with edge lengtht and volumen—¢ and

if {qi}g’;dl is the set of points if0, 1]¢ that translate eacf); back to the origin such th&; — ¢; has the form
m 1[0, 1]¢, then for every finite subsét of [0, 1]¢,

md

L(F) <m™ Y L(m[F N Qi — q]) + Cim?™ (34)

i=1

e Superadditivity For the same conditions as above@n m, andg;, there exists a consta@it with the following
property:

L(F) >m™7 g: L (m[F NQ; — ql]) - Cde_’Y (35)
i=1

e Continuity There exists a consta@y such that for all finite subsef§ andG of [0, 1]¢,
IL(FUG) — L(F)| < Cs(card@))+=7/4 (36)

where cardG) is the cardinality of the subséf.
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The functionalL is said to be aontinuous subadditive functionaf order~ if it satisfies the null condition,
sudadditivity and continuityZ is said to be aontinuous superadditive functionalf order~y if it satisfies the null
condition, superadditivity and continuity.

For many continuous subadditive functionalsn |0, 1]%, e.g. the MST power weighted length, there existisial
superadditive functiondl*. The dual functional satisfies two propertiesZ{}F') + 1 > L*(F’) for every finite subset
F; and, 2) for i.i.d. uniform random vectots, . . ., U, in [0, 1]¢,

| E[L(Uy,...,Un)] — E[L*(Uy,...,Un)] | < Cynld=7—1/d (37)
with C4 a finite constant.

A continuous subadditive functiondl is said to be aguasi-additive continuous functiondl L is continuous
subadditive and there exists a continuous superadditive dual functidgnalWe point out that the dual* is not
uniquely defined. It has been shown [27, 26] that the boundary-rooted versiamaimely, one where points may
be connected to the boundary of the unit cube, usually has the requisite property (37) of the dual. These authors have
displayed duals and shown continuous quasi-additivity for power weighted MST, Steiner tree, traveling salesman tour,
and other length functionals.

In [23, 26] almost sure limits and convergence rates were obtained for continuous quasi-additive functionals
L(Xy,...,X,) under the assumption of uniformly distributed poiifs, . . ., X,, and an additional assumption that
L satisfies the add-one bound

e Add-one bound

| EIL(Uy, ..., Uny1)] — E[L(Uy, ..., Un)] | < Csn™/2. (38)

This condition is satisfied by the MST length functional of orgerHere we analyze convergence rates for general
density f(z). Our method of extension follows the standard practice [28, 24, 23]: we first establish convergence for
piecewise constant densities and then extend to arbitrary densities.

D.1 Convergence Rates of MST Length Functionals for Block Densities
We will need the following result for the sequel.

Lemma 1 Defineg,(z) = z*, where0 < u < 1 andz > 0. Then

gu(T) > gulwo) — g;(xo)|A|

whereA = z — z, andg, (z) = dg,(z)/dz.

Proof

The Taylor expansion agf,, with remainder is

9u(T) = gu(w,) + g;(C)A

where( lies betweenz, andz. The functiong, (z) = uz“"! is positive and monotone decreasing ovep 0.
Therefore .
g.(x)A, A>0

9u(O8 2 { gu(2)A, A <O
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This implies:g,, (()A > —g.,(z,)| A% 0

A density f(z) over R! is said to be a block density with? levels if for some probabilitieés; ;’;dl

2) =3 dilo (@)

where{Q;}” 1 is a uniform partition of the unit cubj®, 1]¢ with partition cell edge lengths —!.

Proposition 8 Let X7, ..., X,, bei.i.d. sample points ové&? whose marginal is a block densifyx) with m? levels.
LetS be the support of (z). Assumel > 2,1 < v < d. Then for any continuous quasi-additive functiohaif order
~ which satisfies the add-one bound (38)

‘L(Xl, o X)) /nlEm/d / FAD/4() dz| < O(n=1/9),
s

wherep; is a constant independent f A more explicit form for the bound on the right hand side is

O(n—l/d) — (nm 1/d fS dJZ + 0( 1/d) . d>2
W[Klfg ‘71 ()dﬁf'f‘ﬂld fgfi a(z )dm] +o(n 71/d): d=2

Proof

Letn; denote the number of samplgX;, ..., X, } falling into the partition cel);. By subadditivity, we have

L(Xy,...,X,) <m~ 'VZL (X1, .., XN Qi — qi]) + Cymd=

=m ZLUl, nl —l—Clm -7

since the samples in each partition a@ll are drawn independently from a conditionally uniform distribution. Note
thatn; has a BinomiaB(n, ¢;m~¢) distribution.

Taking expectations on both sides of the above inequality,

md
EL(Xy,...,X,)  <m Y E[EL(U:,...,Us,)|ni]+ Cim? 7. (39)
i=1
For uniform sample#/,,. .., U, in [0, 1]%, the following rate of convergence for quasi-additive edge functionals

L satisfying the add-one bound (38) has been established [23, Ch. 5],

d—1—~

|[EL(Uy,...,Uy) — Blnd | < Kin @, (40)

whereK; is a function ofC, C3 andCs5.

Using the result (40) and subadditivity (39) én

EL(Xy,...,Xp)
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<m~ Z [Bln ¢ + Kin,; = }%—C’lm -
i=1
o _ d*T‘Y n 1z %’Y *d 7}71 d—
. ;;;((g) )+ w7 K ZE<( ) ) st
(41)
and similarly for the dual.* it follows by superadditivity
EL*(Xy,...,X,)

>m d‘T”de AN YKy e de A Comd=7 42
Zm 51” ; <(g) >—m 1n ; <(g) >— 2m ( )

We next develop lower and upper bounds on the expected values in (41) and (42). From Lemma 1

() 2 [+ (G -n)]
n n
u w1 | T

= Py —up; E_pi

Y%

; (43)

wherep; = ¢;m~%. In order to bound the expectation of the above inequality we use the following bound

n; n; 2 1 VDi
E[|= - p; B[l —pi| 1= —=Vpi(1—p;) < Y=.
|, —pifl < Bl —pi| ] NG pi( p)_\/ﬁ
Therefore, from (43),
E w uw u—%
E[(n)] > pi —up; */[vVn. (44)

By concavity, Jensen’s inequality yields the upper bound
B[() ] <[] - @)

The upper bound (45) with = (d —vy)/d andu = (d — y — 1) /d can be substituted into expression (41) to obtain
EL(Xy,...,X,)/nld=0/d

d
— K 4ol C
= —d 1 —d —d 1
< 51;@ m +7(nm*d)1/d ;@ m~¢ + (=07

_ K, —— Ch
zgl/sf(d ’Y)/d(x)dx—f-m/sf(d y 1)/d(x)dm+m. (46)

Applying the bounds (45) and (44) to (42) we obtain an analogous lower bound for the mean of the dual functional
L*

EL*(X1,...,X,)
d 1_ o
>51/f ( mﬂld)uz( dv)/sfi_i(x)dx
C
nm—d o _dyi/d x)dr — (nm—d)?d—’v)/d (47)
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By definition of the dual,

EL(Xy,.., Xp)  BL* (X1, X)) _acs (48)

d—~v - d—~
n d n d

which when combined with (47) and (46) yields the result

EL(Xl,---, / el (d—v)/ 1y
*d < x)d d
/81 f d X — 1/d 1‘+ ( 7d)1/2 d sz d(l.) €z
m +n= T (49)
whereK, = max{C;, C>}. This establishes Proposition 8. a

D.2 Convergence Rates for Arbitrary Density Functions

The total variatior/ (Q) over a rectanglé) C [0, 1]¢ of a functiong on R? is defined as [29]

V(Q) = hmsupz lg(z:) — g(zi—1)| = V(Q), (50)
{ZZ}GQ
where the limsup is taken over all countable subgetsz.,...,} of points in@Q). The functiong is said to have

bounded variation ovep if V(@) < co. By convention}) (¢) = 0 for ¢ the empty set.

In [20] the following lemma was established.

Lemma 2 For v € [0, 1] let f be of bounded variation ové®, 1]¢ and denote by’ its total variation over(0, 1]¢.
d
Define the resolutioit /m block density approximation(z) = >, ¢; 1o, (z) whereg; = m? fQ x)dz. Then

0</|¢V — fY(@)lde <m~ 1D V(Q). (51)
i=1

Proposition 9 Assume thaf is a Lebesgue density and thét is of bounded variation ové6, 1]¢ for v = (d—)/d,
v=(d—~vy—1)/dandv = 1/2 — v/d. Assume also that > 2,1 < v < d. Then for any continuous quasi-additive
functional L satisfying the “add-one bound” (38)

‘EL(Xl;—';"X”)_gl/f‘ﬁT"(w)dx < C Y@ 4 =1/ (d1)y),
n-4a S
where
_ Klfsfd T (@)dz + BV, d>2
o d=n-1 1 v ]
Klfsfd ¢ (w)d$+51V0+51(d 7) Js f2 2(x)de, d=2

wherelj is the total variation off (“=7)/¢ over[0, 1]%.

Proof
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Denote the total variation of “=*  and f%‘% over a subset! of [0,1]¢ asVy(4), V1 (A) and V> (A),
respectively. Also, for givem let ¢(x) be the block density approximation fodefined in Lemma 2.

Using Schwartz inequality on (49) and (51)

‘EL(Xl,..., s /f )
- | R B/¢> Do+ [ 6T @de =y [ 1T
EL(Xl,..., amy
n < (z)d x)dx — d d
g‘ 61/(;5 x+/31/¢ x/sf (2)de
nm—dl/d[ x)dxr +m~ dz;%
d— L, -
+(nm/6_)1d)1/2( d’Y) [/Sf5_3(x)dx+m_dzv2(62)
i—1
+(nm_£ﬁ +n T+ Bim™ > Vo (Qi), (53)

By the bounded variation assumptions the teﬁﬁg‘:1 V;(Q;) are finite for allm, j = 0,1, 2. These terms are upper

bounded by the corresponding total variationsf&f="/4, f*== andfz‘% over [0, 1]¢ which we denotéj, 1}
andVs.
The bound (53) is actually a family of bounds for different valuesroft= 1,2,.... The rates inm,n which

dominate in the bound argun—¢)~/? andm %, which are respectively due to the first and last terms in the sum
(53). We obtain amn-independent bound on the bias term (52) by selecting m(n) to be the increasing function
of n which minimizes the maximum of these two rates

m(n) = argmir),, max {(nm*d)*l/d,m*d} .

The solutionm = m(n) satisfies(nm~?)Y? = m~?, orm = n'/l¢+D] (integer part) and, correspondingly,
nm~? = n?/ @+ andm ¢ = n*l/(d“) Therefore

EL(X,. ..
‘ ( 17 7 /31 / f d d.Z’
= 1/(d+1> = (z)de + 51‘/0]
B1 (d—") 1y b1 (d—~)
+nd/i2(d+1)] d / i@+ a2
K, K, . T
toam Nt @ T T
This establishes Proposition 9. a.
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