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Abstract

Calculation of the differential entropy of the limiting density of a sequence of probability density functions is
important in the field of entropy estimation. In such cases it would be of interest to know if the limit of the differential
entropies corresponding to the sequence of probability density function is equal to the differential entropy of the limiting
probability density function. In this paper, we establish sufficient conditions under which the above is true.
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1 Introduction

The concept of convergence of differential entropy can be traced to the problem of entropy estimation [1, 2, 3, 8, 9,
10, 11, 12]. The problem of entropy estimation finds application in independent component analysis and projection
pursuit. For more applications see [3].

In [2, 10] the authors use either the Gram Charlier expansion or expansions based on moments to approximate
the density and hence the entropy. The drawback in these works is that the approximation to a density function f(x)
is of the form (1 — €)f(z) where e — 0 as the estimate gets better. Most of the approximations [1, 3, 8, 11, 12] are
not of this form.

In [1, 3, 8, 11, 12] the density is estimated from a finite number of realizations, Xi,..., X, of the source X and
the estimate is refined as n — co. An estimate of the entropy, H, is obtained from this estimate of the density f, and
is required to converge to H(f) as f, — f. The convergence of the estimate to the actual value happens provided the
underlying probability density function f(z), and the corresponding entropy H(f), satisfy some stringent conditions
[3]. The conditions posed in [3] are as follows

f is continuous.

f is k times differentiable.

H(|X]) < oo where | X | is the integer part of X.
inf )50 f(x) > 0.

[ f(@)(log f(2))*dz < co.
f is bounded.

A e A

Some weaker conditions known for the convergence of differential entropies is that f,(z) be bounded from above
and below for all n over the support of f,(z) [4]. This means that |log f.(z)| < A for z in the support of f,(z) Sfn,
for all n. Let Sf denote the support of f(z) and let Sf\Sf, denote the set of all z such that x € Sf and = ¢ Sf,.
Then

lim [ fu(2)log fo(o)de — / f@)log f(z)de| < |lim [ f)log L® ag|+
nooo fop sf n=oo Jar, fn(m)
| lim f(z)log f(z)dz| +
" JSf\Sfn
| lim (f(x) = fn(x))log fo(x)dz]
n— oo an
. f(z)
< [ lim . f(z)log @) dz| +
| lim (@) o f(x)da] +

"0 JS\Sfn
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Sfn
— 0.

The concept of convergence of entropy can also be found in the area of asymptotic analysis of communication
systems [5, 6, 7, 13]. The convergence results are for specific density functions and are not useful for the general
problem where a sequence of random variables are converging to a final random variable and we are interested in the
convergence of the corresponding differential entropies. In this paper, we tackle the more general problem and we
show convergence under fairly weak conditions on the final density function. We start with the following examples:

Example 1 Consider the sequence of probability density functions fn(x) defined over the real line as follows

1 when x € (1,1 + L")

nLm™

0 elsewhere

1—21 whenz€0,1]
fn () Z{



where L is a positive number not equal to 1. Then fn(x) converges to f(x) pointwise everywhere where f(x) is the
uniform distribution over the interval [0,1]. However, the differential entropy from fn(x), called Hn, is given by

1 1 1 1 n_ 1 1 1
H”__(l_ﬁ)l()g(l_ﬁ)_n[,n [lOgnL”]L =—-(1 n)log(l n)+nlogn+logL

and therefore, lim, oo Hn =log L #0 = H;.

Example 2 Consider the sequence of probability density functions fn(z) defined over the real line as follows

1—21 whenz€0,1]
fn () Z{

Lz when z € (1,1 + 7]

n
0 elsewhere

where L is a positive number not equal to 1. Then fn(x) converges to f(x) pointwise almost everywhere where f(x)
is the uniform distribution over the interval [0,1]. The differential entropy from fn(x), Hn is given by

L” L™ 1

1 1
n=—(1=)log(l— =)= = log =—
H ( n)og( n) —log

1 1. 1
— = (1= )log(1= =)+ =logn —log L
. ( n) og( n)+n ogn — log

and therefore, lim, oo = —log L # 0 = H;.

In both the examples given above we see that convergence of probability density functions doesn’t lead to the
convergence of the corresponding differential entropies. In Example 1, we see that the second moment f |z|? fo(2)d
is unbounded whereas in Example 2, we see that the pdf f,(z) itself is unbounded. It is possible to ask the question
if we ensure that the above two quantities are bounded then do we obtain convergence of the differential entropies?
The answer is indeed yes and is proved in the following section.

2 Main Results

The main results in this section are Theorems 1, 2 and 3. Lemma 1 is only useful in establishing the proof of Theorem
1 and is not significant otherwise.

Let xp(z) denote the characteristic function over a set P defined as xp(z) =0if x ¢ P and xp(z) =1if z € P.
Lemma 1 Let g: @F = R be a positive bounded function whose region of support, Sg, is compact. If there ezists a

constant L such that [ g(x)dz < L < 1/e then | [ g(x)log g(x)dz| < max{|Llog L| + |Llogvol(Sg)|, |Llog A|} where
A =supyg(z).

Proof: First, [ g(z)logg(x)dz < [ g(z)log Ade < Llog A. Let [ g(z)dz = I,. Consider the probability density
function g(x)/I,. We know that [ % log ~2)_dz > 0 for all probability density functions f(z). If

Igf(m)
__Xsg
@) = Sy

then

/ g(x)log g(x)dz > / 9(x)log(I f(x)) = Iy log voljf’sw'

This implies

1
< Llog Al, |I; log —%—
= ma‘X{| 0og |7| g 108 VOl(Sg)|}
< max{|Llog Al I, log I,] + |, log vol(Sg)|}
<

max{|Llog A|,|Llog L| + | Llog vol(Sg)|}.

| / 9(a) log g(o)

The last inequality follows from the fact that for < 1/e, |z log z| is an increasing function of z. O

Theorem 1 Let {X; € @' T} be a sequence of continuous random variables with probability density functions, {f;}
and X € @'T be a continuous random variable with probability density function f such that f; — f pointwise. If 1)
max{f;(z), f(z)} < A < oo for all i and 2) max{ [ ||z||" fi(z)dz, [ ||z||* f(x)dz} < L < oo for some k > 1 and all i

then H(X;) = H(X). ||z|| = Vztz denotes the Euclidean norm of x.



Proof: The proof is based on showing that given an € > 0 there exists an R such that for all ¢
| fi(z)log fi(x)dx| <e.
llzl|>R

This R also works for f(x).

Since ylogy — 0 as y — 0 we have maxy, <4 |f(z)log f(z)| < max{Alog A,e} dlef K. Therefore, f;(z)log fi(z)
is bounded above by an L' function (g = Kx|z)<r) and by the dominated convergence theorem we have

- / Fi() log fi(a)de — — £ (&) log f(x)de
lz|[<R

llzll<R

Now, to show that the integral outside of ||z|| < R is uniformly bounded for all f; and f. Let g denote either f;
or f. We have [ ||z||"g(z)dz < L. Therefore, by Markov’s inequality fR<Hac||<R+1 g(z)dx = I" < L/R*. Choose R

large enough so that for all [ > R: I' < 1/e. Now

[ someg< [ jgogeta |dm—Z ) log g(x)ldz

llzl|>R llzlI>R
where By = {z: I < ||z]| <1+ 1}.

Consider the term fBz lg(z)log g(z)|dx = G;. Also, define A} = {z : —logg(z) >0} and A_ = {z: —logg(z) <
0} Now,

o - | ., lteogateis + [ ltaosgtaiaa

A_NB;
= | g(x)log g(x)dx| + | g(x)log g(x)dx|.
A NB, A_NB,

From Lemma 1, we have
Gy < 2max{|I"log I'| + [I' log vol({ B;})], |T' log Al}.
We know vol({z : B;}) = o(I*"). Therefore,

l9(e)tog g ()| dar < 12 log

B
where @) is some sufficiently large constant. Therefore, we have

(oo}

| l@osataii < 3 i togt = 0t 5/
llz]|>R I=R
Finally, as x > 1 we can choose R sufficiently large to have |f‘|x”>Rg(x)log g(z)dz| < e. O

Theorem 2 Let {X; € (l'P} be a sequence of continuous random variables with probability density functions, fi; and
X € @% be a continuous random variable with probability density function f. Let X; I x. If 1) [ ||z||* fa(z)dz < L
and [ ||lz||* f(z)dz < L for some k> 1 and L < oo 2) f(x) is bounded then limsup,_, , H(X;) < H(X).

Proof: We will prove this by constructing a density function g; corresponding to fi such that H(X;) < Hg, and
lim sup;_, o, Hg; < H(X) thus concluding lim sup H(X;) < H(X) where Hgl = — [ gi(z)log gi(z)dz.

First we will show that for all g; defined above there exists a single real number R > 0 such that — fllz\|>R gi(z)log gi(z)dx <
e. Note that this is different from the condition in Theorem 1 where we show |me”>R gi(z)log gi(x)dz| < e. Asin
Theorem 1 choose R large enough so that I' < 1/e. Also define the two sets A4 and A_ as in Theorem 1 then

— (z)logg(x)dx = z)log g(z)dx — (z)log g(z)dx
/”szg g9 / gg(z /A_g g9

—2/ ) g(m)logg(x)dm—/A g(x)log g(z)dzx
BiNAy -

=R



where By is as defined in Theorem 1. The last line follows from the Monotone Convergence Theorem. From the proof
of Lemma 1 we have — fBz“A+ g(x)log g(x)dz < —I'log I' + I'log vol(B;) Therefore

- / g(@)log g()dz <
[|z]|>R

<

[—I'log I' + I'log vol(By)] — / g(z)log g(x)dz
A

M 10

[—I'log I' + I' log vol(B;)]

0
£

and the sum in the last line is bounded above by Y~ . £ log! = O(log R/R""!). Therefore,

max{— g(x)log g(x)dxr } < O(log R/R" ™).

g llzl|>R

From the proof of Theorem 1, |f| >R f(z)log f(x)dz| = O(log R/R"™").

Now let’s concentrate on upperbounding _f\ImIISR fi(x)log fi(x)dx. Let A = sup f(z). For each n partition
the region {||z|| < R} into n regions Pn,m = 1,...,n such that A™=L < f(z) < A2 for ¢ € Ppn, m < n and
AL < f(z) < A for z € P,. Now for each n, there exists a number M, such that max,, | me (fi(z) — f(x))dz| <
L ming, me f(z)dzx for all i > M,,. If M, < M,_1 set M, = M,_1 + 1. Now, define the function M (i) such that

1, 1<i<M
2, M2<iSM3

M) =< 3, Ms<i<M,

For each 4, divide the region {||z|| < R} into M (7) parts as defined in the previous paragraph: P,,n =1,..., M (i),

and define g;(z) over {||z]| < R} as
M (i)

Z XPn n,z/Vn
where I, ; = fp fi(z)dz, V, = vol(P,).

Now, it is easy to see that — f||z\|<R fi(z)log fi(x) < — Jzll<r Ji (z)log gi(x). Also, note that g;(x) — f(x) point-
wise. Since f(z) is bounded there exists a number N and a constant K such that gi(z) < K for all values of i > N, also
f(z) < K. Therefore, using Theorem 1 we conclude that lim — fo”<R gi(z)log gi(z)dx — — fllz\|<R f(z)log f(z)dz

Therefore, limsup H(X;) < limsup H,y, < H(X). O

Theorem 3 Let {X; € @ T} be a sequence of continuous random variables with probability density functions,

fi and X € @7 be a continuous random variable with probability density function f. Let X; 2 ox. Ifo <
max{ f(z), fi(z)} < A < oo then liminf; o H(X;) > H(X).

Proof: Proof is similar to the proof of Theorem 2. First, for every e > 0 there exists R > 0 such that
[ snoggr > uex) -
|z|<R

where g(x) is defined as
9(x) = f(2) Xje1<r(¥) + A XR<|2|<R+AR(T)
where AR is such that f ‘>R (z)dr = Avol({z : R < |z| < R+ AR}). Similarly, define g;(z) as
gi(z) = fi(2) Xjz1<r(¥) + A XR<[2|<R+AR(T)

where A;R is such that f >R fi(z)dz = Avol({z : R < |z| < R+ A;R}). Then from Theorem 1 we have

i— 00

lim — [ gi(x)loggi(r) = —/g(m)logg(m)dm



Since — f|z|zRfi($) log fi(z)dx > — ‘E‘ZRgi(x)log gi(z)dz,

lim inf — / fi(z)log fi(x)dz > lim inf —/gi(x) log g (z)dx
12— 00 12— 00
- / 6(2)log g(z)dz
> H(X)-—c¢
Since, € is arbitrary we are done. O

3 Discussion and Conclusion

We derived general sufficient conditions for the convergence of differential entropies. The conditions on the density
functions needed in this paper are weaker than the conditions assumed by the authors of [3] in the context of entropy
estimation. The conditions in this paper are as follows:

1. sup, max{sup, fa(z), f(2)} < o0
2. max{sup, [ |z|"fn(zx)dz, [ |z|" f(z)dz} < co for some k > 1

Our results find application in the field of entropy estimation for the purposes of independent component analysis
and projection pursuit; and calculation of capacity for communication systems in asymptotic regimes. Examples
include the capacity calculation of multi-antenna systems for high SNR [7, 13]. The results in this paper were
directly applied in [7]. In [13], because of the special nature of the density functions considered, the convergence of
the differential entropies could be proved directly. However, the same analysis could have been performed with the
results derived in this paper.
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