TO APPEAR - IEEE TRANS ON IT 1

Asymptotic theory of greedy approximations to
minimal K-point random graphs

Alfred O. Hero and Olivier J.J. Michel

Abstract

Let X, = {z1,...,z,}, be an i.i.d. sample having multivariate distribution P. We derive a.s. limits for the
power weighted edge weight function of greedy approximations to a class of minimal graphs spanning k& of the n
samples. The class includes minimal k-point graphs constructed by the partitioning method of Ravi, Sundaram,
Marathe, Rosenkrantz and Ravi [43] where the edge weight function satisfies the quasi-additive property of Redmond
and Yukich [45]. In particular this includes greedy approximations to the k-point minimal spanning tree (k-MST),
Steiner tree (k-ST), and the traveling salesman problem (k-TSP). An expression for the influence function of the
minimal weight function is given which characterizes the asymptotic sensitivity of the graph weight to perturbations
in the underlying distribution. The influence function takes a form which indicates that the k-point minimal graph
in d > 1 dimensions has robustness properties in R? which are analogous to those of rank order statistics in one
dimension. A direct result of our theory is that the log-weight of the k-point minimal graph is a consistent non-
parametric estimate of the Rényi entropy of the distribution P. Possible applications of this work include: analysis of
random communication network topologies, estimation of the mixing coefficient in e-contaminated mixture models,
outlier discrimination and rejection, clustering and pattern recognition, robust non-parametric regression, two
sample matching and image registration.
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Figure List

1. A sample of 75 points from the mixture density f(z) = 0.25f1(xz) + 0.75f,(z) where f, is a uniform density
over [0,1]? and f; is a bivariate Gaussian density with mean (1/2,1/2) and diagonal covariance diag(0.01). A
smallest subset B} is the union of the two cross hatched cells shown for the case of m =5 and k = 17.

2. Another smallest subset B}* containing at least & = 17 points for the mixture sample shown in Fig 1.

3. Water pouring construction of f(z|A,). Region of support of f(z|A4,) is A, = {z : f(x) > n} where A,,n are
selected such that [, f(z)dr = a.

4. Trimmed mean influence curves for one dimensional observations and various trimming proportions 1 — a.
The trimmed mean estimator is a rank order statistic which robustifies the sample mean estimate by rejecting
all samples whose values exceed either of the sample quantiles 1 — «/2 and «/2.

5. MST and k-MST influence functions for bivariate Gaussian density on the plane. MST influence function is
unbounded.

6. Graphical illustration of the three constants { = (s, £ =&, and 7 = 75 for the case d = 1. (s + &+ 75 =1
and (s is proportional to the area of the region SN A; = {z € S: (1 — s)f(z) > n} and & is proportional to
the area of the region {z € S: (1 —s)f(z) <n < (1 —8)f(x)+ sz, (z)}.

7. Graphical illustration of the region {z € S : 0 < ns — (1 — s)f(x) < sdy, (z)} which is the intersection of
the slab of width A, and the spheroidal support of the uniform density d,, shown in (a) for the case d = 2.
Slab is at a distance p from the center x, of the spheroid. The width A, of the slab is determined by the
intersection of the horizontal plane at level 7y and the two parallel tangent hyperplanes to the surfaces (1—s)f
and (1 —s)f + sdg,. In Figure (b) these are shown along with the normal vector (V f, 1) to these hyperplanes
(shown as two parallel lines in (b)).
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I. INTRODUCTION

Assume that one is given a set X, = {z1,...,z,} of n points in R%. Fix k and denote by Xy ) a k-point
subset of &}, 0 < k < n. The elements of the subset A},  are distinct and there are (Z) possible k-point subsets
of A,. The minimal k-point Euclidean graph problem is to find the subset of points A}, ; and the set of edges
connecting these points such that the resultant graph has minimum total weight L(AX), ;). This problem arises in
competitive bidding for network routing contracts when some nodes may be left out of the connected network, the
prize-collecting traveling salesman and Steiner tree problems for visiting at least k out of n cities, the minimum

latency problem, and other combinatorial optimization problems [62], [12], [6], [44], [28].

For example, the Euclidean minimal k-point spanning tree (k-MST) is the minimum weight tree spanning any
k of the n points. The planar k-MST problem was shown to be NP-complete by Zelikovsky and Lozevanu [62]
and Ravi, Sundaram, Marathe, Rosenkrantz and Ravi [43]. Ravi etal proposed a polynomial time approximation
algorithm for the planar k-MST (d = 2) with approximation ratio O(k'/*) which has been successively improved
to O(log(k)) by Garg and Hochbaum [28], O(log(k)/loglog(n)) by Eppstein [23], O(1) by Blum, Chalasani and
Vempala [13], 2v/2 by Mitchell [40], 3 by Garg [27], and 1 + € by Arora [3], [4].

While it is difficult to establish general and useful properties of optimal graphs for a fixed set of points X,
interesting properties of many classes of optimal graphs can be obtained by assuming that the n points are random
samples from a distribution P. In particular, the asymptotic behavior of the TSP, MST and Steiner trees (k = n)
as n tends to oo is now well understood in this stochastic setting. The recent books by Steele [54] and Yukich [60]
provide excellent introductions to this subject. The main result of this paper is the derivation of a.s. limits for
a class of greedy approximations to Euclidean minimal k-point graphs over a random set of n points. This class
of greedy approximations is the set of minimal k-point graphs constructed by the generalized method of Ravi etal
[43] and where the edge weight function satisfies the quasi-additive property of Redmond and Yukich [45].

It directly follows from the asymptotic analysis that the log of the minimum graph weight is a strongly consistent
and robust estimator of the order-v Rényi entropy [47] of the multivariate distribution P, where v € (0,1) is a
function of the sample space dimension and the edge weight power exponent. Alternatively, although we do not
develop this extension here due to space limitations, by performing an appropriate measure transformation on
the data space one obtains a robust non-parametric estimate of the Rényi divergence (a.k.a. relative entropy
or Chernoff distance) between P and a prespecified reference measure P,. It is remarkable that the weight
function of the minimal k-point graph provides a direct estimate of entropy which completely bypasses the difficult
intermediate step of multivariate density estimation required by previous estimators.

The problem of entropy estimation has long been of interest to the engineering, physics, and statistics commu-
nities, e.g. see the recent paper by Beirlant etal [11] for a thorough overview of the topic of Shannon entropy
estimation. The general entropy estimation problem is relevant to pattern analysis, process complexity assessment,
model identification, tests of distributions, and other applications where invariance to scale, translation and other
invertible transformations is desired in the discriminant [1], [36], [30]. The Rényi entropy estimation problem
arises in adaptive vector quantizer design, where the entropy is more commonly called the the Panter-Dite factor
and is related to the asymptotically optimal quantization cell density [29], [41]. Estimates of Rényi entropy have
also been proposed for characterizing complexity of time-frequency distributions [58], [25], [39], [51], [9]. Other
relevant entropy estimation applications are: estimation of Lyapounov exponents in non-linear dynamical models
[22], [24], multi-modality image registration using mutual information matching criteria [57], stopping criteria for
regression and classification trees [14], and testing for normality of a random data sample [56].
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In addition to the aforementioned entropy estimation applications the greedy algorithm, and associated theory,
presented here can be applied to robustification of existing minimal graph approaches to pattern recognition [61],
[55]; clustering [32], [19]; non-parametric regression [7], [8]; testing for randomness of a data sample [33]; and testing
particle distributions in electron photomicrographs [21]. Finally, in addition to the combinatorial optimization
problems mentioned in the first paragraph, our results may be useful for asymptotic analysis of k-point minimal
graph techniques proposed for optimizing communications subnetwork topologies and network provisioning [15],
[52], [42], [35]; minimum area routing in VLSI circuits [16]; minimum cost pipeline interconnections for subnetworks
of oil wells [44]; and minimum cost interconnections for cable TV subnetworks [20].

The principal theoretical results presented here are:

1. A polynomial time greedy algorithm for constructing an approximation to the minimal k-point graph and its
edge weight function is presented which is a direct generalization of the algorithm of Ravi, Sundaram, Marathe,
Rosenkrantz and Ravi [43] developed therein for minimal k-point minimum spanning tree approximation on
the plane.

2. A tight a.s. asymptotic bound on the entropy estimation error is given which can be used to determine
the required partition resolution to obtain a prescribed estimator error when a bound on the total variation
(roughness) of the density function is known.

3. Zero asymptotic error is achieved when the density function is piecewise constant over the resolution 1/m
partition cells of the greedy algorithm.

4. We give a condition, called a tightly coverable graph property, which holds when & + o(k) of the vertices of
the k-point graph can be covered by a resolution 1/m partition set (a.s.) as k — oo. This condition is satisfied
for the greedy approximation by construction. If the exact minimal k-point graph satisfies this condition then
the weight of the minimal k-point graph converges to the same asymptotic limit as the greedy approximation,
i.e. the greedy approximation is asymptotically optimal.

5. A robust Rényi entropy estimator is proposed based on the log of the weight of the minimal k-point graph
with edge weight exponent . This estimator is shown to converge a.s. to a conditional Rényi entropy of
order v = (d —7)/d € (0,1), where d > «y is the sample space dimension. Inspired by the convergence rates
established in [46], for 1/d < v < 1 we predict that the rate of convergence of the non-parametric Rényi
entropy estimator is O(n~"/4%).

6. Influence function studies are presented which quantitatively establish that the greedy minimal k-point graph
construction generates a robust estimator of distribution entropy.

7. The asymptotic results presented hold for a very general class of graphs constructed by minimizing a total
edge weight function which is a quasi-additive functional. This class includes the optimal Euclidean traveling
salesman tour, the minimal spanning tree, the Steiner tree, and the two population minimal matching graph.

The outline of the paper is as follows. In Section II-A we review Euclidean minimal spanning graphs. In Section
II-B we review the theory of quasi-additive functionals which were used by Redmond and Yukich to prove a
general asymptotic theorem on the edge weight function of minimal spanning graphs. A minimal k-point graph is
defined in Section IIT and in Section ITI-A we give a lemma which specifies a partition approximation under when
the graph satisfies a tightly coverable assumption. Then in Section IV we treat the asymptotic theory of greedy
approximations with a series of lemmas and convergence results. This is followed in Section VII by a study of
quantitative robustness of the greedy approximation via the influence function.
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II. BACKGROUND

Assume that X, = {z1,...,2,} is a realization of n i.i.d. random vectors where each x; takes values in R?
and has distribution P with Lebesgue density f. Additional smoothness assumptions on f will be required and
will be given in the sequel. To simplify certain mathematical technicalities we will assume that the distribution is
supported on the unit cube [0, 1]?. Any finitely supported distribution can be mapped to this domain by invertible
linear transformation. Although we do not prove it, the restriction to finite support can undoubtedly be relaxed
for densities satisfying the tail decay bounds of [49].

A. Minimal Fuclidean Graphs

An n-point (Euclidean) undirected graph G is defined by a set of vertices X = {z1,...,z,} and a set of edges
& = {e;;}, where each edge e;; = (z;,x;) connects a pair of vertices z;, z;. If for two vertices  and y a graph G
has a sequence of edges (z,z;,), (zj,,%),),...,(2j,,y) then G is said to contain a path from x to y. A graph is
said to be connected if there exists a path between any pair of its vertices. If there exists a sequence of distinct
edges which provide a path from any vertex back to itself the graph is said to contain a cycle. A graph which
contains no cycles is an acyclic graph called a tree. By the span of a graph we mean the set of vertices which are
connected by edges. The degree of a graph is the maximum number of edges which can be incident on any single
vertex. The complete graph over X, = {x1,...,z,} is a graph for which each pair of vertices are connected by an

edge; such a graph has (g) edges, is connected, has cycles, and is of degree n.

Different graphs can be compared based on their weights which are defined as follows. If z = [[z]1,...,[z]]"
and y = [[y]1, ..., [y]4]" are two vertices connected by an edge e we denote by |e| the Euclidean length ||z — y|| =

\/Egzl([x]k — [y]k)? of the edge. Let 9 be an edge weight function which satisfies 9(|e|]) > 0. The total weight
La(X) of a graph G with edges {e} and vertices X is defined as the sum of the edge weights

La(X) =Y (le)). (1)

eeG

While as in [53] the results of this paper might be extended to general weight functions which satisfy ¢ (Je|) ~
O (le|”) as |e| approaches 0, we will restrict our attention to the case of “power weighted edges” of exponential
order y

p(lel) = lel”, 0<y<d (2)

A.1 Euclidean Traveling Salesman Problem

In the Euclidean traveling salesman (TSP) problem the objective is to find a graph of minimum weight among
those that visit each point in &), = {z1,...,2,} exactly once. The resultant graph is called the minimal TSP
tour. This problem is NP-hard and arises in many different areas of operations research [38]. Let 7(X,) denote
the possible sets of edges in the class of graphs of degree 2 which span X,,. The weight of the minimal TSP tour
is specified by

Lrep(X,) = mi 7.
TSP (Xn) %%%%%M
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A .2 Euclidean Minimal Spanning Tree Problem

In the Euclidean minimal spanning tree (MST) problem the objective is to find a graph of minimum weight
which spans nodes X,, = {z1,...,2,}. This problem admits exact solutions which run in polynomial time and
arises for d = 2 in VLSI circuit layout and network provisioning [35], [42], two sample matching [26],pattern
recognition [55], clustering [61], nonparametric regression [8] and testing for randomness [33]. Let M(&},) denote
the possible sets of edges in the class of acyclic graphs which span A},. The weight of the MST is specified by

Lniar(X,) = mi v,
MST () err(lgi)eeg(;)lel

A.3 Euclidean Steiner Tree Problem

In the Euclidean Steiner tree (ST) problem a set of additional nodes ), called Steiner nodes, can be inserted
into the MST problem to reduce the weight required to span the nodes X, = {z1,...,z,}. The first formulation
of this problem seems to be attributed to Gauss in the context of connecting 3 towns with a network of roads
of minimum overall length [3]. Steiner tree problems are NP-hard but have been of interest for minimum area
routing problems, e.g. in VLSI layout [16]. Let S(X,, U)) denote the possible sets of edges in the class of acyclic
graphs which span X, U)), where the finite set ) is free. The weight of the minimal ST is specified by

Lg7(X,) = min Z le]”.

The asymptotic behavior of each of the weight functions L1gp, LyigT and Lgt can be studied using the more
general concept of quasi-additive Euclidean functionals introduced by Redmond and Yukich [45] and extended to
the case of power weighted edges in [46] and [59].

B. Quasiadditive Euclidean Functionals

Let I be a finite subset of [0,1]¢, i.e. a set of points. Define the following conditions on a real valued set
function L [45], [46]:

Null Condition: L(¢) = 0, where ¢ is the null set.

Subadditivity: There exists a constant C7 with the following property: If Q™ = {Qi}?fl is a uniform partition
of [0,1]¢ into m? cubes Q; each of edge length m~" and volume m~¢ and if {4i}i<ma is the set of points in
[0,1]¢ which translate each @Q; back to the origin such that Q; — ¢; = [0,m~']%, then

md

L(F) <m 'y L(m[(F N Qi) — ¢i]) + Cim®™"
=1

Superadditivity: There exists a constant Co with the following property:
md
L(F) > mfl Z L(m[(F N Qz) — qz]) — 027711177
i=1

Continuity: There exists a constant C3 such that for all finite subsets F' and G of [0, 1]

IL(F U G) — L(F)| < Cj (card(G)) 4~/



TO APPEAR - IEEE TRANS ON IT 7

L is said to be a continuous subadditive functional if it satisfies the null condition, subadditivity and continuity.
L is said to be a continuous superadditive functional if it satisfies the null condition, superadditivity and continuity.

Definition 1: A continuous subadditive functional L is said to be a quasi-additive functional when there exists
a continuous superadditive functional L* which satisfies L(F) + 1 > L*(F) and the approximation property

\E[L(Uy,...,Un)] — E[L*(Uy,...,Uy)]| < Cynld—r—1/d 3)

where Uy,...,U, are i.i.d. uniform random vectors in [0, 1]¢.

When such a functional L* exists it is called the dual of L. As shown in Redmond and Yukich [45, Thm. 1.3]
and [46, Thm 2.3] duals can frequently be constructed by identifying a related boundary rooted graph over Aj,.
In [46, Thm 2.3] it is shown that L is quasi-additive for the following minimal graph problems: the minimal TSP
tour, the MST, and the two population minimal matching problem. The following theorem is proven? in [46].

Theorem 1: Let L be a quasi-additive Euclidean functional with power-exponent v, and let X, = {z1,...,2,} be
an i.i.d. sample drawn from a distribution on [0, 1]? with an absolutely continuous component having (Lebesgue)
density f(z). Then

(4)

n—o0

lim L(X,)/n /4 = g, / F@) @4z, (a.s)

In Theorem 1 fz, , is a constant which only depends on 7 and the definition of the functional L, i.e. the graph
optimality criterion (TSP, MST, or Steiner tree). In particular, fz,, is independent of the distribution of the z;’s.
Theorem 1 is a generalization of Steele’s work [53] which itself is a generalization of the well known Beardwood,
Halton and Hammersley Theorem [10].

III. MINIMAL k-POINT EUCLIDEAN (GRAPHS

We denote by &), ;. a k-point subset of &}, 0 <k < n. The minimal k-point Euclidean graph problem is to find
the subset of points A, ; = A}, and the set of edges connecting these points such that the resultant graph has
minimum total weight L(X,; ;)

LX) = winL(Xy).

n,k

Define k = |an| as the integer part of an. For the purposes of asymptotic analysis we will fix « € (0,1) and
study the behavior of L(AX), |an|) as n — co. More generally define the weight functional L, (F) as the k-minimal
graph which spans k = |acard(F)] of the points in the finite set F. Then L(X}; ;) = La(AX,). It is not difficult
to see that L, (F) neither satisfies the subadditivity property nor the continuity property. Hence, the elegant
methods of Steele [53], Redmond and Yukich [45], and Rhee [48] cannot be directly applied.

A. A Tight Cover Property

Let Q™ be a uniform partition of [0,1]? into m? cubes Q; of edge length 1/m. The quantity 1/m is called the
resolution of the partition. The following definition of a tightly coverable graph specifies a class of k-point graph

’In [46] Redmond and Yukich actually prove even stronger convergence (complete convergence) of the functional L, = L(X,) and
give an asymptotic convergence rate.
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algorithms for which the vertices of the minimal graph can be covered by a small number of partition cells Q;.

Definition 2 (Tightly Coverable Graphs) Let Q™, m = 1,2,..., be a sequence of uniform partitions of [0, 1]
of resolution 1/m and let 0(Q™) denote the sigma-algebra generated by the partition cells in Q™. Let &), be n i.i.d.
uniform samples from [0, 1]% and define G, as the complete graph spanning X},. For « € [0, 1] let G be an algorithm
which constructs a subgraph of G, with k = |an] vertices &,y C A, Define DI = Niceq(om).x, ccy C the
minimum volume partition set which covers A, ;. The algorithm G is said to generate tightly coverable subgraphs
if for any € > 0 there exists an M such that for all m > M

card(X, N Dan) — |an]

lim sup <e  (as)

n—00 n

Tightly coverable subgraphs have the property that the vertices X}, ; can be dissected from the rest of the points

in A, using a scalpel of resolution 1/m. For an arbitrary distribution of vertices A,,, this property would allow us

to index A&, j, over the (Z) possible combinations of k-point sets of X,, by indexing the sets of vertices D N A}, over

the partition-generated subsets D € o(Q™) of [0, 1]%.

B. A Covering Lemma

Consider the class (sigma algebra) o(Q™) of sets of resolution 1/m. Out of this class we define C' to be a set
of probability at least o for which L(C N A};) is minimized
C&n = argminCEg(gm):P(C)ZaL(C N Xn)

where P(C) = P(z; € C). As in the tight cover definition, define D} as the minimum volume set in o(Q™)
containing X*
Di' = Neegomy:conz, C-

Note that X, is contained in set D} but may not be contained in C7}'.
With these definitions we have:

Lemma 1: Let L be a quasi-additive functional with power exponent y as in Theorem 1. If card(X, N CJ') > k

[L( 1) = L& 0 O =0/ < (5)
Cs l(cafd(?fn 202”) — ’f) e P (Card(Xn ZDZ’) - k) (M)/d] |

A proof of the lemma is given in Appendix A. When k = |an] the first additive term on the right side of the
inequality of Lemma 1 can be shown to converge a.s. to a term of order O(m?~%) using Lemma 6 and arguments
similar to those used to prove Lemma 7 in the sequel. Thus if the minimal k-point graph can be shown to be
tightly coverable, for any € > 0 there exists an M such that: limsup,_, [L(&,) ;) — L(X, N Cm™)|/nld=7/d < ¢
(a.s.) for all m > M. It would then be possible to show that L(X;;,k)/n(d_”/d would converge to the same a.s.
limit as that of the greedy minimal k-point approximation given in the next section. Conversely, if the greedy
approximation given below is not asymptotically equivalent to the exact minimal k-point graph then the latter
graph does not satisfy the tightly coverable condition. The question whether the tightly coverable condition holds
or not for the minimal k-point graph is an open problem.
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IV. LiMIT THEOREM FOR k-POINT GREEDY APPROXIMATION

Since the computation of the exact minimal k-point graph A7, has complexity which is exponential in the
number of points n, the asymptotics of polynomial-time approximations are also of interest. Here we obtain
asymptotic results for a greedy algorithm originally introduced by Ravi, Sundaram, Marathe, Rosenkrantz and
Ravi [43] for constructing approximations to the k-MST on the plane. Their algorithm produces graphs which
by construction satisfy the tightly coverable property introduced in the last section. Here we define a generalized
version of their algorithm which constructs graphs in d dimensions, d > 1, using arbitrary quasi-additive edge
weight functions.

The algorithm is implemented in three steps: 1) the user specifies a uniform partition Q™ of [0,1]¢ having m?
cells Q; of resolution 1/m; 2) the algorithm finds the smallest subset B} = U;Q; of partition elements containing
at least k points; 3) out of this smallest subset the algorithm selects the k points X}, ; which minimize L(&X}, ;).
Stage 3 requires finding a k-point minimal graph on a much reduced set of points, that is typically only slightly
larger than k if m is suitably chosen, which can be performed in polynomial time.

The smallest subset mentioned in Stage 2 of the algorithm is not unique. Figures 1 and 2 show an example with
m = 5, k = 17 for which there are two possible smallest subsets, in this case both contain 18 points.

Similarly to [44], [43] we specify a small subset by the following greedy algorithm: i) find a reindexing {Q; }?fl
of the cells in [0,1]? ranked in decreasing order of the number of contained points, card(X;, N Q) > ... >

card(AXy, N Q(,a)) (if there are equalities arrange these in lexicographical order); ii) select the subset specified in
Stage 2 by the recursion:

Greedy Subset Selection Algorithm

Initialize: B=¢, j =1
Do until card{X,, N B} > k

B:BUQ(J-)
End j=j5+1

At termination of the algorithm j = § < m? and we have a minimal subset B’{’ém | def B = UleQ(i) containing
at least k points. Below we will use the notation er}c” to denote the k vertices of the graph found by the greedy

algorithm.

It should not be surprising that as n — oo the greedy subset selection algorithm should produce the smallest
resolution-1/m set A of probability close to a = k/n. Indeed, this is the basis for the asymptotic theorems stated
below. Therefore we next specify a class of minimal subsets in the sigma-algebra o(Q™) which have coverage
probability of at least «.

Define the cell probabilities ; = [, f(z)dz, i =1,... ,m®. If for any C € o(Q™) satisfying P(C) > « the set
A € 0(Q™) satisfies

P(C) > P(4) > a,

then A is called a minimal resolution-1/m set of probability at least . The class of all such sets is denoted A}’
and, as shown in the following construction, all sets in A7’ have identical coverage probabilities p4m > a.
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The class AJ' can be generated by the following greedy algorithm: i) find a reindexing {Q(i)}?;dl of the cells
in Q™ ranked in decreasing order of cell probabilities, ¢(1) > ... > @pay; ii) select a subset A using the Greedy
Subset Selection Algorithm applied to the modified cell ordering prescribed in i). Assume the greedy algorithm
terminates at iteration j = q. If () > ¢(¢41) then A is the only set in the class Ag'. Otherwise, let there be K —1
identical values of ¢; satisfying p(;_1) > @) = ... = pq) = --- = ¢(K) > ¢(x+1) where I < g and K > g. Then
A™ contains S = ( qI—(I_-1{1) sets {A;} constructed by taking the last ¢ — I + 1 cells that the greedy algorithm added
to A and exchanging them with any of the ¢ — I + 1 possible combinations of cells in the set {Q(p),. .., Qk)}-
Each of these sets A; is composed of an identical number ¢ of dissecting cells {in };1:1 in Q™ having identical

sets of coverage probabilities {P(Qf") i1 ={v@ =1, and satisfying P(A;) =pap > a,i=1,...,85.
Before developing the main result of this section we define some additional notation.

We will be interested in two special subsets generated by A™. The interior A7 defined as the intersection of all
S sets in AT

A—Zl = ﬂAiEAglAi (6)
and the associated residual set
OAY = UneanAi —NaeanA; (7)
= U, a;edm AiAj.

Am is the “core” of the set A™ and dAT is the “crust” of the set.

The total variation v(Q) over a rectangle @ C [0,1]¢ of a function g on R? is defined as [50]

v(Q) = limsup ) |g(zi) — g(zi—1)]; (8)
{z:}e@
where the limsup is taken over all countable subsets {z1,z2,...,} of points in ). The function ¢ is said to have

bounded variation over @ if v(Q) < oo. By convention, v(¢) = 0 for ¢ the empty set.

To simplify the presentation we assume throughout that the distribution P of each of the i.i.d. points in
Xn ={x1,...,z,} is absolutely continuous with respect to Lebesgue measure and has a density f(z). The results
of [53] and [45] assert that the addition of singular components, e.g. delta functions, to the density does not
change the asymptotics of L(X,,). Here it does change the asymptotics since the points of support of singular
components entail zero edge weights and are therefore more attractive to include in the minimum k-point graph.
However, the effect of singular components will only be to change the value of a threshold n on f(z) (see remark
below). The main result of this section is the following asymptotic theorem.

Theorem 2: Let X, be an ii.d. sample from a distribution having Lebesgue density f(z). Fix a € [0,1],
v € (0,d). Let f{@=1/d be of bounded variation over [0,1]¢ and denote by v(A) its total variation over a subset
A C [0,1]%. Let L be a quasi-additive functional with power exponent -y as in Theorem 1. Then, the total edge
weight L(Xg,’c") of a k-point graph constructed by the resolution-1/m greedy algorithm satisfies

n— 00 n,am]

lim sup |L(X%m ) /nld=7/d _ BL,v/ FAN/d (1) dg
Ap

<6, (as.), (9)
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where A7 € A7 is any minimal resolution-1/m set of probability at least «,

mé

5 = 2m7BLy Y v(QiNIAT) + Cs(pag — )/
1=1
= O(m"9), (10)

and p4m is the coverage probability of sets in A7'. Furthermore, the bound (9) holds pointwise when L(&X’ Gm

n,|lan|
is replaced by E[L(erf&nj )]

We prove Theorem 2 in Section V. It is of interest here to relate the integral in (9) to the Rényi entropy of the
density f(z). The key to this relation is the following lemma which relates the integral over a set A in A" in (9)
to a constrained minimum over A € o(Q™).

Lemma 2: Under the assumptions of Theorem 2

(d=1)/d( 3\ dp — ; / (d=1)/d ()4
Amf (v)dz AEU(QI”?)I:I}D(A)ZOA Af (w)da

«

+0(m~%). (11)
Proof of Lemma 2

First recall that by construction of A7’ the coverage probability of any set in A7 satisfies for some ¢: 23;11 ) <
a, >, @) = PAp = o, and 0 < pym —a < p(g), where (1) > ... > ¢(,4), are the rank ordered cell probabilities.

In view of Lemma 4 it is sufficient to show that (11) holds for blocked densities of the form f(z) = f(z) =
3 ?;dl 0;1g,(x). Observe that for any A}’ € A7} and for any 7 satisfying mdtp(q_l) <n< mdw(q): it z € A} then
f(x) > n. Equivalently, f{4="/d(z) — X\f(x) < 0 where A = ~"/¢. With I4m (z) the indicator function of A7 this
implies that for any A € o(Q™)

Lag () (F4 (@) = Af () < Ta(a)(F /(@) = Af(2)),
for all . Therefore, integrating this inequality over z € [0, 1]¢

[, (F4 @) = A @) do < [ (£ ) = Af(a)) do

or

f(d_"’)/d(x)d:p—/Af(d_"’)/d(x)dx (12)

<A ( " f(z)dx — /Af(ac)dac> .

Now, as P(A') = pam, if P(A) > « then the right side of this inequality is upper bounded by A(pam — a) <
Pg) = m_dO(q). Hence, minimizing both sides of the inequality (12) over A we obtain

A

F(d—y)/d < : / F(d—)/d
Am / (z)dz < {AGU(QIT’I})I:r}l)(A)Za} A / (w)da

@

+0(m™9).

Since, obviously,

#(d—v)/d > : / #(d—)/d
| i @de> o[ (PO @)

(o3
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the lemma is established. O

We can now show how Theorem 2 can be related to estimation of Rényi entropy. Using Lemma 2 and the fact
that o(A™) converges to the class of Borel subsets B of [0,1]%, it is an easy exercise to show that

i (d=v)/d = i f(d—v)/d
mhm . f (z)dx . :1n(f )>a/ (x)dx
= i (d=)/d
. :1n(f) a/ f (z)dz. (13)

Now for any Borel set A in [0,1]? having P(A) > 0 define the conditional density f(z|A) = f(z)/P(A)I4(z)
where I4(z) is the indicator function of A. For a continous density f(z|A) the (differential) Rényi entropy of
order v € (0,1) is defined as

1
1—v

Ru(f14) = 7= log [ f*(alA)do. (14)
This is also called the conditional Rényi entropy given A. The Renyi entropy shares a number of properties with
the Shannon entropy such as: it is concave as a function of the density (for 0 < v < 1), it is maximized (over all
densities with bounded support) for a uniform density.

As 1 — v > 0 minimization of R, (f|A) over A is equivalent to minimization of the integral in (14). Let A, be
the probability-at-least-o Borel subset of [0, 1]¢ which minimizes R, (f|A)

R, (f]40) inf  R,(f|A4). (15)

- {AeB:P(A)>a}

For v = (d — ) /d define the following function of L(Xfm )

sLan]

R, = 1 L (logL(Xg@nJ)/(LanJ)” —logﬂLﬁ) (16)

— UV

An immediate consequence of Theorem 2 is the following.

Theorem 3: Under the assumptions of Theorem 2 R, is a strongly consistent estimator of the minimum condi-
tional Rényi entropy R, (f|A,) of order v € (0,1) as m,n — oo.

Before developing the proof of Theorem 2 in the next section, we make the following remarks.

1. The bound § in Theorem 2 is tight since it reduces to zero for the case a = 1, yielding the classical a.s. BHH
limit theorem, Theorem 1, for minimal graphs spanning all n points X,,. Indeed, in this case, for arbitrary
m > 0 the class A7 of resolution-1/m probability-at-least-a sets contains the support set of f and therefore
satisfies p4m —a = 0, v(0A}') = 0, and v(Q; N OA}') = 0 as required.

2. Theorems 2 and 3 are easily extended to the case where the density of P contains singular components, e.g.
delta functions. Specifically, let P have the mixed density f(z)dz + us where dx is Lebesgue measure, f(z)
is the absolutely continuous component and s is the singular component of P relative to Lebesgue measure.
Let the support of the singular measure be A and let as = us([0,1]¢) = P(As) < a. Then, we know from
Lemma 6 that lim,_, L(X, N As) = 0 and hence points falling in the singular part A of [0,1]? contribute
negligible weight. Thus, by the strong law of large numbers, asn of the n points can be included in the
graph at negligible cost leaving only (@ — a)n points in [0, 1] — A; whose edge weights are asymptotically
significant. Therefore, in the case of a singular component with a; < «, Theorem 2 holds with the class A}
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m
a—aQs

then A}’ is replaced by the empty set and L(XL% ’;zJ) converges to zero a.s. as m,n — oco. Likewise, it can
be shown that when there is a singular component Lemma 2 holds with the minimization over the class
{A €0(Q™): P(A) > a} replaced by a minimization over the smaller class

replaced by the class A of resolution 1/m subsets with coverage probability at least a — a. If a5 > «

{A €o(Qm): /Af(ac)dac > max{a — aS,O}} .

3. As can be seen from Lemma 7, Theorem 2 holds for any method of selection of k = |an| points from the
minimal subset B} of 0(Q™) covering at least k points. It does not depend on the precise way that a few
points are eliminated from the set B;" to form Xg;j. This implies that for large n all methods of elimination
are equivalent, including simply randomly rejecting points from B;" until exactly k points remain.

4. In smooth estimation problems the normalization factor required to ensure convergence of a parameter
estimator to a finite non-zero constant is typically 1/n. In contrast Theorem 2 says that the stabilization factor
for L(qu@nj) is the larger quantity 1/n(4=7)/4 je., L(qu@nj) is less explosive as a function of n. On the other
hand, inspired by [46, Thm. 2.5] which gives the tight convergence rate |E[Lars7(Xn)] — BLyror '@ 7/4| =
@) (max(l, nld=7=1)/ d)) for the MST under the uniform distribution, we conjecture that the rate of convergence

in the limsup of Theorem 2 is at best O(1/n'/?) and this rate can be attained only when v < d — 1. This leads
us to believe that the entropy estimator (16) will have fastest convergence when the Rényi order parameter v
is in the range 1/d < v < 1.

5. The bound d of Theorem 2 decays to zero as a function of resolution 1/m at overall rate O(m?~%). The
first term 2m~98y, , ?;dl v(Q; N OA™) < 281,m~%([0,1]) decays as m~? and is due to non-uniqueness
of the resolution-1/m subsets A7’ € A7’ all of which have identical coverage probability but over which f
may have different amounts of variation. When f is, in the terminology of [53], a “blocked distribution,”
f(z) =m~< Z?;dl ©ilg,(z), over the resolution-1/m cells this term is equal to zero. The second additive term
C3(pam — @)(@=7/d is due to the overshoot of coverage probability by the subsets A™ € A™. This term is
zero when it so happens that the « chosen in the greedy algorithm is exactly attainable by a 1/m resolution
subset. However, this term decays to zero only as m?~% and dominates the resolution convergence rate. Note
that this implies that the rate of convergence in m of the bound § in Theorem 2 is fastest for small +.

6. Since sup,cq Fl=/d(z) < v([0,1]%) and Z?;dl v(Q; NOAT) < v([0,1]%) we can weaken the a.s. bound in
Theorem 2 by using the result (33), which was shown in the proof of Theorem 2. This results in the following

5 < [28p,ym~" + Cym =) w([0,1)%). (17)

This a.s. bound holds uniformly over the class of all density functions such that f(@=7/4 hag total variation
less than or equal to v([0,1]%). Thus if an upper bound 7 on the total variation of an unknown density is
available and a consistent estimate of conditional Rényi entropy R, = R, (f|A,) is desired such that

L&, )/ (Lan])” = By exp{—(1 = v)R,)| < e
the weakened bound (17) can be used to give a selection rule for the required partition resolution 1/m

€
1 < ——r—.
fm < (24 C3)v

7. The Borel set A, of probability-at-least-a: defined in (15) which minimizes Rényi entropy of order v is
independent of v and can be constructed by a simple water filling procedure. To see this define the Lagrangian

p(A, ) dlef /A FUAN/(g)dx — A (/A f(z)dr — a>
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for A > 0. Consider an arbitrary Borel subset AA C [0,1]? outside of A,, A,NAA = ¢. By Kuhn-Tucker, 4,
must satisfy p(A, + AA,\) — p(A,, A) <0 for A, to minimize p(A, \) and hence minimize entropy. Here

p(Ao + AAN) — p(Ag, ) = / (1= Aprd) o=,

AA

which is negative when A, is defined by

A, = {o: fla) =0} (18)

where, if possible, n = A~%7 > 0 is selected to satisfy P (A,) = a. Hence, in this case, the conditional density
f(z]A,) in (16) is obtained by truncating f(x) wherever it falls below 7 and renormalizing to obtain a valid
probability density integrating to 1 over [0,1]¢. See Fig. 3 for illustration.

When for any a > 0 the set {z : f(z) = a} has (Lebesgue) measure zero f(z) has no flat spots and it is always
possible to select 1 in (18) to satisfy P(A,) = . Otherwise, we need to slightly modify the definition (18)
of A,. Let n be such that the set {z : f(z) < n} has probability «_, the set {z : f(z) = n} has probability
ay —a_ >0 and assume that o € (a_, ). Then defining

Ao =A{z: f(z) >n}UC, (19)

where C' is an arbitrary Borel subset of {z : f(z) = n} having P(C) = o — a_, is an entropy minimizing
subset of probability a.

8. The minimum entropy set A, in (15) is not unique. For example any arbitrary probability zero set can be
added to A, without affecting the entropy. A more interesting example occurs when f is a uniform density
for which case any set A of area « minimizes entropy. In this case the assertion of Theorem 2 may come as a
surprise since the largest distance between points in A should be smallest for connected sets of small diameter,
e.g., a sphere. However, let A = U2, A; be a countable union of disjoint sets A; and having vol(4) = a. Note
that only a single edge is needed between A; and A; to form a connected graph over any two sets. Thus in
the limit of large n the total edge weight of the graph is dominated by connections between points within
each A; and not connections between different A;. This is because the total edge weight depends more on the
average edge weight than the maximum edge weight.

9. In the Rényi entropy estimator (16) the constant fr,, is a bias offset which can in principle be computed
offline as it does not depend on f. However, while upper and lower bounds are available, see e.g.[5] for MST
bounds, analytic expressions for 3; , are not available. Alternatively, for some estimation or classification
problems only relative entropy may be needed, e.g. testing for different entropy rates between two populations
via the ratio of k-point graph weight functionals, for which the bias offset need not be known.

10. Consider the case that f = (1 — €)f; + €f, is a mixture of a nominal density f; of interest and a uniform
contaminating density fo. In order that e be identifiable we assume that min,cgj¢ fi(z) = 0; this simply
ensures that fi(z) have no uniform component. Then, since f; increasingly dominates f, as e decreases, for
small € a suitable threshold 1 («) exists for which: f(z|4,) =~ fi(z). Thus (16) can be viewed as a robust
estimator of the Rényi entropy of the nominal density f;.

V. PROOF OF THEOREM 2

Here we present a set of lemmas that are needed to prove Theorem 2. First we establish by Lemma 3 that any
set B)" obtained by the greedy algorithm belongs to class A7} with probability close to one. Then it is shown
in Lemma 4 that replacing f(z) by its piecewise constant approximation leads to an approximation error to the
integral in (9) that goes like O(m~%). This allows us to establish in Lemma 5 that the length of a MST spanning
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all points in B]* provides an estimate of [ f(z)dz. This result is then refined in Lemma 7 where it is shown
that asymptotically the length of this MST increases at the same rate as the length of the k-MST spanning only
k = |an] of these points. It is then a simple matter to put Lemmas 5 and 7 together to prove Theorem 2.

Lemma 3: For given a € [0,1] and a set of n i.i.d. points &, = [z1,...,7,]7 let B™ be the minimal cover of
|an| points with resolution-1/m produced by the greedy subset selection algorithm. Then

P (liminf {X, : B € AT}) = 1.
Proof of Lemma 8

Define the m? independent random variables N; = card(X, N Q;) of points in cell Q;, i = 1,...,m% By

definition, the greedy algorithm gives a minimal cover an | containing at least an points which satisfies the two

conditions:
i1
n 'Y Ny < « (20)
i=1
q
n_IZN(i) > . (21)
i=1

Define (i), the index function which establishes a correspondence between rank ordered probabilities ;) >
s 2 P(ma) and the cells Q; which support each of these probabilities: i.e. with this notation P(z; € Q(i)ﬁ = ¥()-
For arbitrary € > 0 define the events E,(¢) and F,

g—1
E.(e) = {Xn ! ZN@W <a-— e} (22)
=1

q
F, = {Xn:n_lzN(i)pZa}. (23)
=1

Comparing these equations to (20) and (21) it will suffice to show P(liminf £, N F;,) = 1. Equivalently, since
P(limsup Ef U Ff) < P(limsup Ef) + P(limsup Ff) we show that the latter two quantities are zero.

Define i.i.d. Bernouilli sequences Y,, = {y1,...,yn} and Z,, = {z1,...,2,} as

Yy = IA&”(xj)_IQ(q)W(xj)v j:]-a"'an
zj = Iam(zj), j=1,...,n.
def m q—1 def m q
and p, = P(y; =1)=P(z; € A)) — P(z; € Q(q)w) =i ¢u and p, = P(z; =1) = P(z; € AT') = X1, ()
Then we have the equivalent form for (22) and (23)

(23
E.(e) = {Yn n_lzn:nga—e} (24)
j=1

n
F, = Zn:n_Iszza}. (25)
j=1

Let § be defined as the smallest non-zero value of ¢;, i = 1,...,m? Then by definition of A™ we have

py <a and p, > a+0. (26)
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From Sanov’s theorem [17], [18]

P(Eg(€))
P(FY)

(n+1)? exp{—nK(a — €,Dy)}

<
< (n+1)? exp{—nK(a,p.)}

where K (p1,p2) = p2lnpi/pa + (1 — p2)In(l — pa2)/(1 — p1) > 0 is the Kullback-Liebler distance between two
Bernoulli probability distributions {pi,1 — p1} and {p2,1 — p2}, p1,p2 € [0,1]. Furthermore, from (26) and the
fact that K (p1,po) is increasing in [p1 — ps|, we have for € < (oo — py)/2

P(Eg(e)) < (n+1)?exp{—nK(a—¢a)}
P(FY) < (n+1)?exp{-nK(a,a+4)}.
It is easily verified that for any p > 0
0 o0
Y (n+1)%e ™ < / (u+2)%e "Pdu = C,,
n=1 0

where C, = 2(2p? + p +1)/p>. Hence,
o0
Z P(Eg(e)) < CK(ozfe,a) <00
n=1

S P(F) < Cramis) < o,
n=1
and by Borel-Cantelli we have P(limsup Ef(e)) = 0, P(limsup F%) = 0 and the lemma follows. O

While B@m | does not necessarily converge to any fixed set as n — oo, the preceeding lemma establishes that it
converges to the equivalence class of sets defined by A7

The next result relates the error of a blocked distribution approximation of [ f(4=7)/d(z)dz to the total variation
of f.

Lemma 4: For v € [0,1] let f“ be of bounded variation over [0,1]¢ and denote by v(A) its total variation
over any subset A € [0,1]%. Define the resolution 1/m block density approximation f(z) = Z?;dl 0;1g,(x) where
6; = m? Jo, f(z)dz. Then for any A € o(Q™)

mé
0< / [F7(z) = £*(@)ldz < m~ S u(Q; N A).
A

=1

Proof of Lemma 4

First note that as ¢ is a convex cap function, by Jensen’s inequality |C|~! [ f*(z)dz < (|C|7" [, f(z)dz)” for
any Borel set C of positive volume |C|. The left side inequality of Lemma 4 now follows from the relation

[ 17 @) = @) (27)
=m¢ § Kmd /@f(ac)dx)y —md/Qi f”(x)dm] .

1:Q;NA#¢
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We next deal with the right side of the inequality in Lemma 4. As functions of bounded variation are continuous
except at possibly a countable number of points [50], by the mean value theorem for each @; there exist points
§i € Q; and 9; € Q; such that [, f(z)dr = f(&)m~¢ and Jo, [V (z)dz = f¥(1;)m~?. Hence, using (27) and the
definition (8) of v

[ 1[F @) = @)ds
A

=m~ Y (&) — ()
i:QiNA#
<m™ ST (&) — ()]
1:Q;NA#¢
md
<m™¢ Z :deUer‘lA
i:QiﬁA#q& =1
This establishes the Lemma. O

Lemma 5: Assume f is of bounded total variation v(Q;) in each partition cell @); € Q™. Let A be any set in

the class A7'. Then for any quasi-additive functional L, (B" lon J) defL(Xn N B[, J)

limsup | Ly, (B, )/nd "/ —ﬁLﬁ/f(d_"’)/d(ac)dac
A

n—0o0

m
< 2m_dﬁL,7 Z v(Q; NOAY), (a.s).
i=1
Furthermore, this same bound holds when Ln(an J) is replaced by E[Ln(an J)]
The following follows directly from Theorem 1

Lemma 6: Assume the conditions of Theorem 1 and let A be an arbitrary Borel subset of [0,1]?. Then for any
quasi-additive functional L,(A) = L(X, N A)

lim Ly (A)/nld=/d = ﬁLﬁ/ FAN N d,  (a.s.)
A

n—o0

Furthermore, the above (a.s.) limit is the pointwise limit of E[L, (A)]/n(* /4 as n — oco.
Proof of Lemma 5

Let f(z) = Z@dl 0;1g,(z) be the blocked distribution approximation to f(z) of Lemma 4. Now for any sets
A A" e AT and v = (d — «y)/d, we have by the definitions (6), (7) of A%, JAY, and the triangle inequality

o fu / fl/_/ fu
/ ' ANDAm A'NOAm
< / - / Vi

ANdAm ANdAm

e

/A'naAgy A'NDAm
+/ fu_/ fl/

ANDAm A'NOA™

+
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By construction of A7, the cell probabilities {¢; }i.0,c4 and {¢;}i.0,car are identical so that the last term on the
right side of the inequality is equal to zero. We therefore obtain by application of Lemma 4

d

v vl o« —d . m
/Af /A'f < 21{2%;771 iZIU(QzﬂAﬂaAQ)
md
< 2m 4> w(Qin0AY). (28)
=1

Next by Lemma 6 for any of the finite number of sets A € A" and any € > 0 there exists an integer ng = ng(A)
such that for all n > ng

(29)
Lo (A) 0 =y [ 70/ )] <

e, (a.s.)

Let n; be defined as the largest of the {ng(A)}sc4n». By Lemma 3 there exists an integer ny such that for all
n > no

m
nin, Ln n(A) < Ly (Boy,)) < Joax Ln n(4), (a.s). (30)

Now choosing n3 = max(ns,n1) it follows from (29) and (30) that for all n > ns

Br, mln/f(d_7)/d(x)dx—e

T Acam
< Ln (B|_cmj )/n(div)/d

<PBry jg%g/ FUIY BV dr + €, (a.s.).

Applying the bound (28) we have for arbitrary A € A7 and all n > ng

L (B0 V= By [ 14 w)do
A
m

<2m B, > 0(QiNOAY) +e, (as.).

=1

Since € is arbitrary the a.s. limit of Lemma 5 follows.

It remains to show that the same bound also holds for the limit £ [Ln(B’[;m | )]/n{d=N/2_ Tt follows from Lemmas
3 and 6 that for any € > 0 there exists n, such that for n > n,, P(B’[;mj € A) > e and

B[L,(A)]/n 0/ — g, /A FaD/(3) | < €

for any A € A7'. Furthermore, as L,, is continuous it is bounded:
Ln(A) < Cy (card(X, N A))40/4 < Cypld=n/d
and therefore for n > n,

d—v)/d m
Arg}é(r}ﬂ E[Ln(A)] — C3nld/de < BE[Ln(B{gn))]

< jrel%(n E[Lyn(A)] + Csnl4=/de,  (a.s).
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Combining the above and again applying (28) yields for n > n,

BLLa(Blu) /01 = gy [ 500 5)a
d

< (14 Cs)e+2m “Bry D> v(Qi NOAY).

=1

Since € is arbitrary we obtain the desired bound. O

We next extend Lemma 5 to a minimal graph constructed over any k points &, x, e.g. Xg;j, drawn from an I

Lemma 7: Let X, |4, be any [an] points selected from B, - Then, for any quasi-additive functional Ly ( Bfgmj) def Ly,
Blan))
ligsgp Ln(Bf;mJ) — L(Xn,LanJ)‘ /n(d—’Y)/d
< Cs3(pam — )81 (g.5.)
and

lim sup | E[Ln (B[, ) — E[L(Xn,mm)]\ /nld-M/d

lan
n—o00

< C3(pap — )40/,

where p4m = P(A}}) is the coverage probability of sets A7 in A7
Proof of Lemma 7

Firstly, note that from continuity of L and the fact that an —1 < |[an] < an

‘Ln(Bf;mJ) — L(Xn,LanJ)‘ /n(dfv)/d N
<o | (BEy) — Long ]
n

< Cs [n_lcard (anJ) - a} (=7 + Cyn~ =/,

Next we establish an a.s. limit for the first additive term on the right side. Lemma 3 guarantees that there exists
an ng such that B | € A7 with probability arbitrarily close to one. Therefore, for n > n, and for any € > 0, by

|
Sanov’s theorem we have

P (nflcard(é\,’n NBlgn)) —a > e)

=P (n_lizi Ze-i—a)
i=1
< (n+1)?exp{-nK(e+a,pam)}
where z;’s are i.i.d. Bernoulli random variables with P(z; = 1) = pan = Y31, ©(i), as defined in the proof of
Lemma 3. Now p def K(e + a,parn) > 0 for any € > pam — o and therefore, since Y-, (n + 1)%exp™™ <
2(2p? + p+1)/p® < oo, by Borel-Cantelli we have
(32)
P (limsup {Xn :n"Leard(X, N Blon)) —a > pap — a}) =0.
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Since C3n~(¢=7)/4 converges pointwise to zero as n — oo, the a.s. limit in the Lemma follows directly from (32)
and (31).

Finally, as in the proof of 5, it can be shown that since L(&}, |_cmj) L(&X,,|an)) is bounded, EL(&X, ﬂBLanJ)
EL(Xn, lan] ] satisfies the same asymptotic properties. O

We now have all the ingredients for the proof of Theorem 2.
Proof of Theorem 2

Combining Lemmas 5 and 7 and applying the triangle inequality we see that there exists an integer n, such
that for all n > n,

Ly jan) 1 = iy [ )
m

<2m B, Y 0(Qi NOAT) + Cy(pam — )/ (a.s.)

=1

where A7 is any set in the class A7

It remains to show that § = O(m?~%). For this we recall as in the proof of Lemma 3 that the coverage probability
of any set A € A7} is a sum of the rank ordered cell probabilities P(Q;)) = ¢y, ¢ = 1,...,q, where 23;11 i <«
and Y7, ¢y = «, and therefore

0<PAY)—a = D ¢u—a<gqg = 0 fl@)dz =m™f ()
i=1 (a)

where, by the mean value theorem, { is a point in Q). This gives the order m?~¢ bound on the second additive
term in ¢ of Theorem 2

0 < Cy(pap — )/ < Cym?~4 sup FlDl (), (33)
reQ);

Since supmeQif(d_V)/d(m) < v([0,1]%) and 37 lv(Qz NOA™) < 0([0,1]%) and v([0,1]¢) < oo, Theorem 2 is
established. O

|

VI. EXAMPLES

We first assume that f is a uniform density over the d-dimensional unit sphere S(0,1)¢. It is obvious that for
a € [0,1] a Borel subset A, which minimizes Rényi entropy is

i {:1: o] < (deﬂ}

and the associated minimum entropy conditional density is

l, T € A,
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By Theorem 2 L(XE@HJ)/n(d*V)/d converges a.s. to a linear function of «

5L,7/f<d—7>/d(x|Ao)dx =a- B,

Next assume that f is a multivariate Gaussian density with mean p and covariance ¢2I on R?. Note that, unlike
the previous example, the support of f is R? which is not compact and cannot be mapped into [0, 1]¢. However,
in practice the range is finite and we can approximate by a truncated Gaussian density with compact support.
The minimum entropy set for this case is

Ao ={z:lle] < 0y/Q 2 (s d) }

where Q;;(-;d) is the quantile function of a Chi-squared density with d degrees of freedom. The associated
conditional density is

1
Fz|Ay) = { a@rayme 75 TEA
07 o0.Ww.

and L(XGm) /n(d7/4 converges a.s. to the non-linear function of o

B [ 140wl A0)de = Qe (vQ (@sd) - (2207 B,

where v = (d —v)/d.

These two examples suggest that the greedy k-point graph can be effectively used to discriminate between
uniform and non-uniform densities based on plots of L(X™)/n(@=7/? a5 a function of a.

VII. INFLUENCE FUNCTIONS

Influence functions have been used to study quantitative robustness of estimators to outliers and other contam-
inating densities for over thirty years [31]. These functions provide a quantitative measure of outlier sensitivity of
an estimator. An unbounded influence functions implies that the effect of an outlier on the estimator can be very
severe. Robust estimators, such as the trimmed mean estimator which rejects observations which exceed a given
sample quantile, have bounded influence functions (see Figure 4).

Here we give the influence function for the normalized greedy minimal k-point graph weight L(Xg,’c") /(lan]) e
described in Section IV. The form of this influence function motivates the use of the Renyi estimator (16) as a
robust estimator of the entropy of a nominal density f; in the mixture model f = (1 —€) + fie. It also establishes
a kind of outlier robustness which is similar to that of rank order statistics for one dimensional observations.
Finally, it gives an asymptotic approximation to the variance of L(Xim J) /(lan])4=7/d which can be used to

lan
construct confidence intervals on finite sample accuracy.

Let P, be the empirical distribution function of the n samples X, = {z1,...,z,}

1
def © /Ixi(x)dx
n JA

for arbitrary Borel set A. For any statistic T,, = T'(P,) converging a.s. to T' = T'(P) the influence function (called
an influence curve for one dimensional samples z;) is defined as [34]

T((L-$)P+s6,,) ~ T(P)

s—0 S

Pa(4)

(34)
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where J,, is a concentrated distribution centered at z, € R? and s € [0,1]. For small s, (1 — s)P + s6,, is
interpreted as a perturbed distribution resulting from exchanging sn of the n samples z; from distribution P with
sn samples from the concentrated distribution d,,. Thus IF(z,) can be used to probe the asymptotic sensitivity
of the estimator T}, to localized perturbations of P.

If the distribution of the estimator T, satisfies certain asymptotic conditions, not explored here, then the
influence function can also be used to approximate asymptotic estimator variance [34] via the formula

nvar(T,) — /IF2(£E)f((L‘)d(II

Now identifying T}, = Lgm /(lan])4=7)/4 we have by Theorem 3 that T}, converges a.s. to the integral (13)

Lon]

which we thus identify as T'(P).

In Appendix B (Lemma 8) we derive the influence function IF(z,) for differentiable densities f having no flat
spots (cf Remark 2 of Section IV). The influence function specializes to the following form when one ignores
behavior at the boundary of A,

(35)
r(o1
g (g (@) + ol Sl @) 2o & Ay
_ a 91(91 (a))
IF((I;O)/BL,’Y - gl (g—l(a))
_Lugu (971 (a)) + Oé_u1 = 171 + fyil(flf'o)iua Zo € A,
2 EACRC)) o

where A, = {z : f(x) > n} is the entropy minimizing set of probability o and gi, g, are monotone functions
defined in Appendix B.

The function IF(z,) may take on positive or negative values for z, inside of A, while it takes on positive values
outside of A, (observe that f*~! = f —Iv=1l increases without bound if the tails of f decreases to zero). This can be
explained as follows. By the theory developed in the Section IV we know that asymptotically the minimal k-point
graph spans all points within A, and none of the points outside of A,. Therefore exchanging a small number
of vertices of the k-point graph within A, with a small number of points outside of A, necessarily increases the
overall weight of the graph. On the other hand, the value of IF on the interior of A, corresponds to the effect
on the weight due to perturbing the locations of a small number of vertices. Thus, depending on the direction of
these perturbations the weight of the graph can either increase or decrease.

We illustrate these phenomena in Figure 5 where IF is plotted as a function of z, € R? for the case of the
bivariate Gaussian distribution considered in the previous subsection. Two cases are shown, the figure on the
left is the influence function for @ = 1, i.e., for the minimal graph spanning all points (labeled MST), and the
figure on the right is for « = 0.8, i.e. for the minimal k-point graph (labeled k-MST) spanning only 80% of the
n points. Note that, as expected, the influence function is bounded for the k-point graph but unbounded for the
graph spanning all n points. This suggests that the greedy k-point minimal graph is a natural multi-dimensional
extension of rank order statistical methods such as the trimmed mean. This complements the comments of
Friedman and Rafsky [26] in which they proposed the MST as a natural generalization of the one-dimensional
rank order Smirnov test statistic for testing equality of two multivariate distributions.
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VIII. CONCLUSION

We have given strong asymptotic convergence results for greedy approximations to minimal k-point graphs.
These convergence results indicate that the weight function of minimal k-point graphs provide natural extensions
of one dimensional rank order statistics to multiple dimensions. Our results also provide an interesting alternative
to kernel or histogram methods of entropy estimation. An open problem is whether or not the exact k-point
minimal graph satisfies the tight cover property stated in Definition 2 of Section III. Another open problem is
the determination of the asymptotic distribution of the greedy k-point minimal graph weight and its rate of
convergence. While percolation theory methods [2] and martingale convergence methods [37] can be used to
establish CLT’s for the MST their application to k-point minimal graphs, in particular the k-MST, appears more
difficult. Resolution of this issue will be especially important for statistically significant utilisation of k-point
minimal graphs for estimation, detection and discrimination applications.
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Appendix A

Proof of Lemma 1

Let chg be any k-points in A}, N C7*. Due to continuity of L we have
L, nCm) - L )| < s (card (&, 0 C) — )@/

Hence, since X" . are the vertices of the minimal k-point graph

36
L(X,NCP) > L(X5%) — Cs (card(X, N CY) — k)@ *
> LX) — O3 (card(X, N OT) — k)(@=0/4
Furthermore, again by continuity,
|L(X 0 DY) = ()| < Cs (card(X, N D) — k)44, (37)
so that
L(X, N D) < L(X% ) + Cs (card(X, N DY) — k)07 (38)
Hence, combining (36) and (38)
L(X, N D) — L(X, N C™) (39)

< Cs [(card(é\,’n N D]T’) — k)(d—’Y)/d 4 (card(Xn N ng) - k)(d—'y)/d]
On the other hand, by definition of Cj" the left side of inequality (39) is greater than zero so that

|L(X, N D}?) — L(X, N C)|
< Cs [(card(é\,’n N D]T) — k)(d—’Y)/d 4 (card(Xn N C&n) - k)(d—'y)/d]
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which when combined with (37) gives

\L( k) — L(Xn N cgl)‘
< |L(X N DY) = L(%, N )| + | L(X ) — L(%, 1 DY)
< 03 {(card(z\,’n N C&n) — k)(d—’)’)/d +92 (card(Xn N D;Cn) - k)(d—'y)/d:| .

Dividing both sides by n(*~7)/? establishes the lemma. O
Appendix B

For v € (0, 1] define the function

o =[ s (40)
{z:f(x)=n}
Note that when A, is the minimum entropy subset of probability « defined in (18) then g, (1) = [, f"(z)dz and
g1(n) = P(A,) = . Under the assumption that the set {z : f(z) = ¢} has measure zero, g,(n) is differentiable
(a.e.) and monotone decreasing in n > 0. It therefore has an inverse function g, *(a) which is differentiable (a.e.)
and monotone decreasing in a > 0.

Let Bgy(x,,7) denote the open d-dimensional ball with center z, radius r. For given ¢ > 0 the smoothness of a
function f can be quantified through its e-coefficient of variation defined as 7,.(¢) = sup,.{r : sup,, v(B(z,,7)) < €}
where v(Q) is the total variation of f over the set (). A less stringent measure of smoothness is the e-modulus of
continuity ¢ (e) which will be sufficient for the lemma below. rf(€) is defined as the maximum value (supremum)
of r such that sup, yc (s, ry |f(z) — f(z')| < € uniformly for all z,, in the support set of f. Note that ry(e) > 7r(e).

Lemma 8: Let f be a Lebesgue density over R? and assume that for any @ > 0 the set {z : f(x) = a} has measure
zero. As in Theorem let «, 7 satisfy the relation o = g;(n) and let v = (d — v)/d € (0,1). For fixed € > 0 let d,
denote the uniform distribution over the spheroid S = By(z,, A) having center z, and radius A, where A is smaller
than the e-modulus of continuity of f and f“~!. The influence function (34) of T}, = L(nyf&n | )/(Lan])(@7)/4 has
the form

(= Co + f(z0)o) 90 (97" (@)

1C(z0) /Loy = = =590 (9" (a)) + o (o ) (41)
1\ @
) 4 () 2+ a0(0)

where, as defined in (46), (o = (s|s=0 is the proportion of the d-dimensional spheroid By(x,, A) lying inside the
entropy minimizing set A,, and ¢y = favol{S } where &; is as defined in (48). When f is continuously differentiable
and V f(z,) # 0, ¢p has the explict form

Va1 1_(M)2 42 1 ($ 8A)<A
o =1 Va A VT@o)> PlTor0fo) = (42)

)
0, 0.w.

where Vj is the volume of the d-dimensional unit spheroid, p(z,,0A,) is the Euclidean distance between z, and
the boundary 04, of 4,, and ||V f(z)|| is the norm of the gradient of f.

Proof of Lemma 8
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First we define an entropy minimizing set A of probability v analogously to the definition (18) of A,
As:{x:fszns} (43)

where 7, satisfies

/As fsdr =« (44)

Using fs = (1 — s)f + sdy, relation (44) implies

o = (1—3)/A f(x)dx+s/A 5, (2)d (45)

Let S = By(z,,A) denote the support set of d;, and let (s, &5, 75 be the proportional volumes in S defined by:

vo{z € S:ns < (1 —s)f(x)}

Gs = VOI{_S} (46)
_vol{z € S:0< s — (1 —s)f(z) < 80z, ()}

“o= vol{5} “n
_ vol{(1 = s)f(x) + 80, (2) <ms} _

Ts = VOI{S} =1-(—&s.

Observe that (s, £ and 7, are functions of z,, lims_,o (s = vol{ A,NS}/vol{S}, lims_,0&s = 0, and (+E&s+7s = 1
(see figure VIII, for a graphical representation in the case d = 1). Due to the assumption that for any ¢ > 0 the set
{z : f(z) = ¢} has measure zero it can be shown that (for vol{S} > 0) the derivatives ; = d(/ds and &, = d&,/ds
are finite for s € [0,6), 6 > 0. Furthermore the two integrals in (44) have the representations

/ Sy (@)da = (Cs + €5 (48)
As

and

[ f@da= [ f(@)da+Evol{S}H/ (@) + O(0) (49)
As (1=s)f>ns

Equation (49) uses the fact that the radius of the support S of d,, is less than the e-modulus of continuity of f
which implies that over z € S: f(x) = f(z,) + O(e). Therefore, using (48) and (49) in the relation (44), along
with the definition (40) of g,

o= (1= s)gn (72) + (1= )0l{S)F (o) + (¢ + €5+ Evol{5)0(¢ (50)
Eq. (50) specifies, to order O(e), the threshold ns; which guarantees (44)
no= (1= g (TG o)1) ) + Eval{5100 1)

where to obtain (51) we have used continuity of the inverse function g; *.

Next we express [, f(z)dz to order o(s)

/A fla)de = (1 - ) /A )+ s /A S £ (@)6, (2)da + ofs), (52)
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using the assumption on the e-modulus of continuity of f¥~!, and combining equations (51) and (52), we obtain

[ fr@ds = =s) [ e (L= )l {SH (o) + svlés + G w) Fols)  (5)
Ag (1=5)f>ns
= (- (5" (TS coifs)i o)) + 0 - sEvol{S} )+ (69

svf'"Hwo) (€5 + Cs) + 0(s) + €5vol{S}O(e)

To compute IC(z,) it remains to evaluate the limit

IC(z,)/Br,, = lim~ [/fs”(ac|As)dac—/f”(x|Ao)dx

510 8
- o], e [ o]

Applying the chain rule to the identity g;(g; *(¢(s))) = q(s), for any differentiable function ¢(s) we have the
relation

Lo as)) =4 ()i a(s)). (56)

Identifying ¢(s) = (a — (& + C)s)/(1 — s) + vol{S}¢,f(x,) and observing that & = s&, + o(s), s(€, + C,) =

(& 4 Cg) + o(s), it is seen that ¢ (0) = o — ¢y + &yvol{S}. Therefore, after some algebra it can be verified that
the limit (55) takes the form

(0= Co + f(zo)ebvol{S}) 9v (97" (@)
o g (97" (@)

+ £yvol{S}O(e)

1C(0) /Loy = = =500 (9" (a)) + (57)

Cov

OV | o (g, S0VOUS}
«

al/

+fy_1($o)

It remains to establish that f(’)vol{S} is given by ¢ specified by expression (42). First, recall that £ is the
relative volume of the region {x € S: 0 < ns — (1 — s)f(x) < sds,(x)} (recall Figure VIII). This volume is zero
when S N A is empty, i.e. J, is entirely outside or entirely inside the region A;. Therefore, in what follows we
assume that SN A, is non-empty. Second, as A is less than the e-modulus of continuity and f is differentiable, in S
the functions (1 —s)f(z) and fs(z) = (1—s)f(z)+ sdz, (z) can be approximated to order € by two parallel tangent
hyperplanes since for any point z,, € S: sup,cg|f(z) — f(z,) — Vf(z,)(z — )| < 2¢. Let these hyperplanes
be specified by the normal vector Vf(m;) for a point m; € S for which Vf(m;) # 0. Existence of such a point
:1:’0 is guaranteed by the hypothesis that for any constant ¢ > 0 the set {z : f(z) = ¢} has measure zero. The
region {z € S:0 <ns — (1 —s)f(x) < s, (z)} is therefore the intersection of a hyperslab of width A, and the
d-dimensional sphere S = B,(z,,A). A, is specified by the intersection of the region sandwiched between the
two tangent hyperplanes and the horizontal plane at level 75 (see Figures VIIL.a and VIILb). By similarity of the
two right triangles, having common edge along the ray (Vf(z,),1), shown in Figure VIILb, it is evident that the
inner products < (0, s/vol{S}), (Vf(z,),1) > and < (A,Vf(z,)/|Vf(z})],0), (Vf(zx,),1) > are equal. Hence we

have the relation:
s

B0 = STV T )]
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As we will be taking the limit as s — 0, we may assume that s is sufficiently small to ensure that A, <
A. TIn this case the volume of the intersection of the hyperslab and S = By(z,, A) is to order o(s) equal to
vol{ Bg_1(z1,V/A? — p2)} - A, where ps = ps(zo, VAs) = p(x,21) is the perpendicular distance between z, and
the nearest face of the hyperslab (the point 1 on the hyperslab is immaterial to the volume calculation), see Figure
VIIL. Therefore, defining V; as the volume of the d-dimensional unit sphere and noting that vol{S} = V;A%:

¢vol{S} = Vy, (A2— pi)d/2

. Vdfl Ps 2\ /? 1
a7 (“(z)) NiCAlR (59)

It can be shown that the derivative dp,/ds is uniformly bounded in the neighborhood of s = 0. Therefore, we
readily obtain that the limiting value of the derivative limy o d¢,/dsvol{S} = £yvol{S} is equal to the expression
(42). O

A, (58)
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Fig. 1. A sample of 75 points from the mizture density f(x) = 0.25f1(x) + 0.75f,(x) where f, is a uniform density over
[0,1]? and fi is a bivariate Gaussian density with mean (1/2,1/2) and diagonal covariance diag(0.01). A smallest subset
By is the union of the two cross hatched cells shown for the case of m =5 and k = 17.
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Fig. 2. Another smallest subset B}* containing at least k = 17 points for the mizture sample shown in Fig 1.
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Fig. 3. Water filling construction of f(z|A,). Region of support of f(x|A,) is A, = {x : f(x) > n} where A,,n are selected
such that [, f(z)dz = a.
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Influence Curves for alpha-Trimmed Mean
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Fig. 4. Trimmed mean influence curves for one dimensional observations and various trimming proportions 1 — a. The
trimmed mean estimator is a rank order statistic which robustifies the sample mean estimate by rejecting all samples

whose values exceed either of the sample quantiles 1 — o /2 and a/2.
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IC for MST IC for kK-MST: alpha =0.8
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Fig. 5.  MST and k-MST influence functions for bivariate Gaussian density on the plane. MST influence function is
unbounded.
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Fig. 6. Graphical illustration of the three constants ( = (5, £ = &, and 7 = 75 for the case d = 1. (s + &+ 75 = 1 and (;
is proportional to the area of the region SN A; = {x € S : (1 — s)f(z) > n} and & is proportional to the area of the
region {x € S: (1 —s)f(x) <n<(1—s)f(x)+ sd,(z)}.
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(@) (b)

Fig. 7. Graphical illustration of the region {z € S : 0 < n; — (1 — s)f(z) < sd,,(x)} which is the intersection of the slab of
width A, and the spheroidal support of the uniform density d,, shown in (a) for the case d = 2. Slab is at a distance p
from the center z, of the spheroid. The width A, of the slab is determined by the intersection of the horizontal plane
at level n; and the two parallel tangent hyperplanes to the surfaces (1 —s)f and (1 — s)f + sd,,. In Figure (b) these are
shown along with the normal vector (V f,1) to these hyperplanes (shown as two parallel lines in (b)).



