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Figure 1. X-SAR image of Raco, Michigan (DARA/ESA database)



Figure 2. EO image of CCGS Des Groselilliers (98m long) (NSIDC
- SHEBA database)



Figure 3. EO image of arctic swath (aprrox 7km wide) (SHEBA

database). 4



Figure 4. Blowup of EO image of arctic swath (SHEBA database).
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LINEAR MULTIVARIATE IMAGE MODEL

X =[Xq,-.-, Xp]

X, =mx 1 lexicographic orderek-th sub-image

X=SAB+N

e S=1s,...,S,] =anmx p matrix of target signaturesiowr)

3
e A =diag(a) = ap x pdiagonal matrix gnknown

e B ap x nmatrix of target locations



Spatially scanned radar B =[1,0,...,0] (p=1)







Multispectral radar :




Multivariate Gaussian Noise Model

N : (mx n) multivariate Gaussian matrix
w/ i.i.d. columns(mx 1) each having covariance matfi(mx m).

covvec{N}] = RX)In = (mnx mn)

Note :
ANB ~ Niun (0, ARAT Q) BB )

(A:mxm,B:nxn)
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l1l. Detection Criteria

e Statistical model for observations

X ~ f(X; 0)

e Parameter spac@ = OgU Q1

¢ two hypotheses:

Ho XNf(X; eo), 0o € O

Hi XNf(X; 91), 0, € O
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Likelihood Ratio Test (LRT)

f91 (X)
foy (X)

Hy

2 n
Ho

n selected such th&a = a, a € [0,1]

Note: LRT is MP test for©g = {6p} and®; = {0}

Difficulties:
e LRT is not usually CFAR
e LRT is not usually unbiased

e LRT is not usually UMP
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GLR test

GLRT between hypothes®sc ©gvs.0 € O,

Hj

maxgeo, fo(X) S ,
maxgee, fo(X) 5

1. GLRT is a function of MLE&@O andél

2. GLRT is not asymptotically CFAR or UMP unless MLEs are
consistent

3. GLRT optimization may be intractible

4. GLRT performance can be very poor (not even unbiased) in finite
sample regime

= GLRT decision region overinfluenced by ML estimates, erodigg
vs. Hp discrimination ability
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Statistical Reduction via Sufficiency

Minimal Sufficient Statistic

Moo (X) BT L — g(T(X).01.80)
{X Ao, (X) =Ahaso = {X:T(X) =t}

o T(X) specifies orbi{ X : Ag, p,(X) = A} (depends oy and6,).

e T(X) achieves maximal data reduction while preserving information
necessary to estimafg and0, and discriminate betwedfy andH;.

e Distribution of T (X) depends on particular values@f € ©¢ and
01 € O1.
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Statistical Reduction via Invariance

Maximal invariant statistic

. def [ f(X;01)
Ao

= {F\(X) 100 € Og,01 € @1}

Zeo c 60,91 c @1}

e Z =Z(X) specifies orbit of X : A(X) = 7\} (depends oy and
O1).

e Maximal invariants can be found whé&y and©; have simple
topological group structure.
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Group characterization of ©g, ©1

Let G be a group of transformatioms. X — X acting onX.

Assumethat for eacld € © there exists a uniqueé= g(0) such that

fo(9(X)) = f5(X), J(©0) =0Op, §(O1) =0

gis called the induced group action @Gn

Z = Z(X) is a maximal invarianiff
1. (invariant propertyx[g(X)] = Z(X) for allg € G and
2. (maximal propertyZ(X) =Z(Y) = Y = g(X) for someg € G.
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Example: detection of scalar signala, 6% unknown

x" =a[1,0,...,0]+N, N ~ Nn(0,021).

@y ={a=0,0°>0}, ©;={a+#0,0°>0}

2 _ g2
0f—0O
1 X+ ———> X' X+ const
07 20507

1. Sufficiency orbits: [e] x,x" x] = [t1,to] (circle in R®)

2. Invariance orbits: |e] x|?/x"x = z (cone inR3)
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Figure 5. Sufficiency orbit
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Figure 6. Invariance orbit
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Unknown Target in Unknown Clutter

=s'b" +N ~ N(§'97R®|n)

sunknownmx 1, R unknownmx m, b knownn x 1.

Define:Qp = ﬁp,gﬁ, ...,bF| = X — XQp, gives canonical form
o
X = . | -[1,0,...,0] =N
- ST] —
— [)_(17 XZ]

primary secondary
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min = -3.9515, max= 4.1686

| 5 100 " 15 OO 20 | 300 3 400
Figure 7. Target in unknown clutter
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min=0, max=1
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Figure 8. Target alone
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min =0, max=1

10f

20F

30f

40F

SOF

60F

70F

80F

90

100 1 1 1 1 r |
20 40 60 80 100

Figure 9. Transformed Target
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©o = {s=0,R > 0}, O1={s#£0,R >0}

Group of transformations leaving decision problem invariant:

= G has group actiong(X) = FXH,

F invertiblem x mandH unitary of form:H = (3
Note: _ _
1. g(X) remains multivariate Normal
2. Underqg:
Eg[X] = sb' »Fs-b'H=5sb'
cowX] = R In—FRF'QHHT =R In

3. (s R) = {Fs,FRF'}
= 0(0o) = ©p andg(0,) = O.
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Maximal Invariant andinduced Ml are scalar :

Z(X) = x{ [X2X2]71xq, 5(8)=s"R™1s,  whereX = [x{, X]

Using reduced data X ) we have equivalent hypotheses:

O = {5=0}, O1={3>0}

Density function ofz(X) is non-central F:

n—m

2X)- m(n—1)

~ Fm)n_m(z, (n ‘|‘ 1)6)

Most powerful invariant (MPI) test of level for knownod:

H1
n—1)m
z Z (n_r?n -Fmn_m(1—0a), (UMPI—CFAR
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Known Target Unknown Clutter

X =as-b" +N
sknown mx 1, R unknownm x m, b known.

Map to canonical form vixX — QI XQy:

®o = {a=0,R > 0}, ©1={a#£0,R >0}
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Group of transformations leaving decision problem invariant:
= G has group actiong(X) = FXH,

F invertiblem x mandH unitaryn x n of forms

T T
1 O
F— Pr B | o 0

0 M

[
C
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Note:

1. g(X) remains multivariate Normal

2. §(a,R) = {B1a,FRF'} = g(0p) = Oy andg(0,) = Ox.

Let

X — [)_(17X2:| —

X11  Xq2

Xo1 X22

Maximal Invariant is two dimensional:

21(X) = x1[XoX3] 1%

2(X) = %51[X22X%0] %01

multiple correlation factor

Induced Maximal Invariant : &= a?s"R~1s
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Given invariant data(X) we have equivalent hypotheses:

O = {5=0}, O1={3>0}

Decision region of MPI test depends on unknadw no UMPI exists.

Some CFAR alternatives:

H1
z Z N, (Robey’s AMF)
Ho
Z T
L -, (Kelly’'s GLRT)
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Two Unknown Clutter Regions

min = -10.5409, max= 9.9303

Figure 10. Deep hide target on clutter boundary
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min=0, max=1
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Figure 11. Transformed target matrix
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Multivariate model :

S N
X=a- | 2|+ °
Ss Np
= canonical form:
_ . i}
0 N
X=al|  |[10,..,0+] "
1 Ng
| 0

@o:{a:O,RA>O,RB>O},
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@1:{6[750,RA>0,RB>0}



Group of transformations leaving decision problem invariant:
G has group actiong(X) = FXH,

e F invertiblem x m of form:

la Ca
0 TIa

O

e H unitaryn x n of form:

(@)
C
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Let

XA1

XB1
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XA11
Xp21
XB11

XB21

Xa12

XB12

XB22




Maximal Invariant consists of seven terms

217(X) = ULDx Up, 218(X) = uf D5 "ug
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Partially Known ( Structured Clutter

R =

e Casel. Rn>0,Rg>0

Ra O
O Rg

e Case2. Ra>0,Rg=0%l,0%2>0

e Case3. Rp>0,Rg =1

e +

37




GLR Test Statistics

Ra | Rg | Log GLR : 2 InA = maxa{-}

1+ p(0,50,XA) [ 1+p(0,53.X8) |
2 2 SA
217 M Trsasw | TN Tpas Xe)
) 2 l+p<07§A7XA) ) m
' ocl | In | 1+p(a,sa,.Xa) | e ln{Q(aéB,XB)]
[ 14+p(05a.Xp) | | 1
2 | 1| In| EERSA 4 L0 Xe)-a(ass Xe)]

wheremg = number of rows inXg, n = number of columns iXg, and

p(a,sp, Xa) = (Xar—as)" (Xa2Xho) " (Xa1 — aSa)

q(a, S, X8) tr {(Xg—asze)" (Xe —aser )}
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MI Test Statistics

Ka O X
[§E 55} Al
O Kg XB1
Ra | Rg | MITest: T = -
Ka O Sh
[5/'1 sﬂ
O Kg S |
?2 | 2?2 | Ka=aaXaXh,, Kg=0gsXg2Xh,
? | 0%l | Ka=0aXaXhs, Kg=wval
? | | Ka=0gaXaXh,, Kg=vsl
where
_1 1 H
da = 14+ Xa1 (Xa2Xp) " Xa1 , Vo= m—Btr{XBXB}
O = 1+ x5 (Xg2Xhy) 'Xgy , Va=n
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Ra | Rg | MI Tests in the Maximal Invariant Form
2 2 — ZA1 781 _ :

: : T1 T 7 1250 + Ti7a, 175, —coupling

2 2 _ Zp1 _Igpal® :

: ol | To T2 70 +mg wpixg) coupling

2 _ ZNI 1, 2_ -

: | T3 = T2 70 + = -|xg11/°—coupling

e Case 1. : Structured Kelly’s test

Zp1 + 71 — coupling
1+Zp1+2Za2 + 251 + 22

TKs —

e Case 2. : Bose and Steinhardt Ml test

(mBn— 1)|X|311|2
tl’{XEl)(B} — ‘X|311|2

Tes= (N—mMa)Za1(1+ za2) + — coupling
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Simulation : ROC performanceRp vs. Pea)
e Case l.: GLRT 1, Ml Test 1, Structured Kelly
e Case 2. : GLRT 2, MI Test 2, Bose—Steinhardt
e Case 3. : GLRT 3, Ml Test 3

1 2 3 n
e . B R
n
|
mA
— il M= +m
mB
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P Structured Kelly
8L '='= Bose-Steinhardt
AP — MI Test 1
== MlTest2
““““ MI Test 3
GLRT 1
GLRT 2
GLRT 3

0 0.2 0.4 0.6 0.8 1
FA

Case 1.

SNR=22dB (SNR, = 11dB / SNR; = 22dB)
ma =50/ mg =50, n=>51
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200 400 600 800 1000

SAR Clutter image with a target in the boundary at column 300

Target image at azimuth = 16and elevation = 39
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Ml test values 47 GLR test values



Typical Realizations

20 40 60 80 100

] |

SNR =26 dB SNR = 32dB
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CONCLUSION

e Detection algorithms for inhomogeneous clutter
— GLR extended to case of block structured covariance

— Ml test proposed as an alternative

e GLR/MI significantly outperform existing tests (Kelly’s test, Bose
and Steinhardt’s test)

e GLR and Ml tests are complementary:
1. GLRT is asymptotically optimal (UMP) for large
2. Ml test ensures robust detection.
3. For smalin and low SNR: Ml outperforms GLRT for loWxa

e Suggests hybrid GLR/MI for optimal performance

e Sensitivity to boundary errors- need reliable boundary estimates.
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