
Rényi Information Divergence via Measure
Transformations on Minimal Spanning Trees

Alfred Hero
Dept. of EECS,

The University of Michigan,

Olivier J.J. Michel
École Normale Suṕerieure de Lyon,
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1. Rényi Entropy and Rényi Divergence

� X � f(x) ad-dimensional random vector.

� Rényi Entropy of order�

H�(f) =

1
1� �
ln
Z

f�(x)dx (1)

� Rényi Divergence of order�

I�(f; fo) =

1
� � 1
ln
Z �

f(x)

fo(x)
��

fo(x)dx (2)

� fo a dominating Lebesgue density
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Examples:

� Hellinger distance squared
I 1

2

(f; fo) = � ln
�Z p

f(x)fo(x)dx
�2

� Kullback-Liebler divergence

lim
�!1
I�(f; fo) =
Z

fo(x) ln
fo(x)

f(x)
dx:
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Current non-parametric entropy/divergence estimation methods are based
on density estimation

^H� =

1
1� �
ln
Z

IRd

^f�(x)dx

Difficulties

� Histogram estimate of cts. entropy requires discretization correction
factor

� kernel or histogram estimation is unstable esp. for larged

� d-dimensional integration inH� can be impractical

� convergence is slow esp. in highd and asymptotic analysis is
complicated

� unclear how to robustify^f against outliers

� ) functionff(x) : x 2 IRdg over-parameterizes entropy functional
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2. Minimal Euclidean graphs

A graph G of degreel consists of vertices and edges

� vertices are subset ofXn = fxig
n

i=1: n points in IRd

� edges are denotedfeijg

� for anyi: cardfeijgj � l

Weight (with power exponent
) of G

LG(Xn) =
X

e2G

kek
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Example:

n-point Minimal Spanning Tree (MST)

LetM(Xn) denote the possible sets of edges in the class of acyclic

graphs spanningXn (spanning trees).

The Euclidean Power Weighted MST achieves

LMST(Xn) = min

M(Xn)

X
e2M(Xn)
kek
 :

Other examples: TSP, Steiner Tree, K-means
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Figure 1. A data set and the MST
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2.1. Asymptotics: the BHH Theorem and entropy

estimation

Theorem 1 [Redmond&Yukich:96] LetL be a quasi-additive Euclidean

functional with power-exponent
, and letXn = fx1; : : : ; xng be an i.i.d.

sample drawn from a distribution on[0; 1]d with an absolutely continuous

component having (Lebesgue) densityf(x). Then

(3)

lim
n!1

L(Xn)=n
(d�
)=d = �L;

Z

f(x)(d�
)=ddx; (a:s:)

Or, letting� = (d� 
)=d

lim
n!1

L(Xn)=n
� = �L;
 exp ((1� �)H�(f)) ; (a:s:)
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Figure 2. 2D Triangular vs. Uniform sample study for MST.

10



0 500 1000 1500
0

5

10

15

20

25

N, o=unif, *=triang

M
S

T
 le

ng
th

0 500 1000 1500
−1.5

−1.4

−1.3

−1.2

−1.1

−1

−0.9

−0.8

−0.7

number of points, o=unif, *=triang

2*
Lo

g(
Ln

/s
qr

t(
n)

)

Figure 3. MST and log MST weights as function of number of sam-

ples for 2D uniform vs. triangular study.
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2.2. I-Divergence and Quasi-additive functions

� g(x): a reference density on IRd

� Assumef � g, i.e. for allx such thatg(x) = 0 we havef(x) = 0.

� Make measure transformationdx! g(x)dx on [0; 1]d. Then forYn

= transformed data

lim
n!1

L(Yn)=n
� = �L;
 exp ((� � 1)I�(f; g)) ; (a:s:)
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Proof

1. Make transformation of variables
x = [x1; : : : ; xd]T ! y = [y1; : : : ; yd]T

y1 = G(x1) (4)

y2 = G(x2jx1)

...
...

yd = G(xdjxd�1; : : : ; x1)

whereG(xkjxk�1; : : : ; x1) =
R xk

�1

g(~xkjxk�1; : : : ; x1)d~xk

2. Induced densityh(y), of the vectory, takes the form:

h(y) =
f(G�1(y1); : : : ; G�1(ydjyd�1; : : : ; y1))

g(G�1(y1); : : : ; G�1(ydjyd�1; : : : ; y1))

(5)

whereG�1 is inverse CDF andxk = G�1(ykjxk�1; : : : ; x1).
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3. Then we know

^H�(Yn)!

1
1� �
ln
Z

h�(y)dy (a:s:)

4. By Jacobian formula:dy =
��� dydx
��� dx = g(x)dx and

1
1� �
ln
Z

h�(y)dy =

1
1� �
ln
Z �

f(x)

g(x)
��

g(x)dx = I(f; g)

14



3. Outlier Sensitivity of minimal n-point graphs

Assumef is a mixture density of the form

f = (1� �)f1 + �fo; (6)

where

� fo is a known outlier density

� f1 is an unknown target density

� � 2 [0; 1] is unknown mixture parameter
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Figure 4. 1st row: 2D torus density with and without the addition

of uniform “outliers.” 2nd row: corresponding MST’s.
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3.1. k-Minimal Euclidean Graphs

Fix k, 1 � k � n.

Let Tn;k = T(xi1 ; : : : ; xik) be a minimal graph connectingk distinct

verticesxi1 ; : : : ; xik .

The power weightedk-minimalgraph T�n;k = T�(xi�1 ; : : : ; xi�k) is the

overall minimum weightk-point graph

L�n;k = L�(Xn;k) = min

i1;:::;ik

min
Tn;k

X
e2Tn;k
kek
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4. Extended BHH Thm for k-Minimal Graphs

Fix � 2 [0; 1] and assume that thek-minimal graph istightly coverable. If

k = b�nc, asn!1 we have (Hero&Michel:IT99)

L(X �n;k)=(b�nc)
� ! �L;
 min

A:P (A)��
Z

f�(xjx 2 A)dx (a:s:)

or, alternatively, with

H�(f jx 2 A) =

1
1� �
ln
Z

f�(xjx 2 A)dx

L(X �n;k)=(b�nc)
� ! �L;
 exp
�

(1� �) min

A:P (A)��
H�(f jx 2 A)
�

(a:s:)
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Figure 6. A sample of75 points from the mixture densityf(x) = 0:25f1(x)+0:75fo(x)wherefo is a uniform

density over[0; 1]2 andf1 is a bivariate Gaussian density with mean(1=2; 1=2) and diagonal covariancediag(0:01). A

smallest subsetBm
k

is the union of the two cross hatched cells shown for the case ofm = 5 andk = 17.
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4.1. Application: Robust Density

Estimation/Classi�cation

Estimation Problem:Estimatef1(x) given sample from mixture

f(x) = (1� �)f1(x) + �f0(x)

� f0(x)= known contaminating density

Classification problem:decide between

H0 : f(x) = f0(x)

H1 : f(x) = (1� �)f1(x) + �f0(x); � 2 [0; 1]
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Step 1: induce change of measuredy = f0(x)dx by transformation

y1 = F0(x
1) (7)

y2 = F0(x
2jx1)

...
...

yd = F0(x
djxd�1; : : : ; x1)

Step 2: buildk-MST on transformed variablesfYigni=1

L�n;b�nc(Y )=(b�nc)� ! �L;d min

A:P (A)��
Z

A
�

f(x)

f0(x)
��

f0(x)dx

Robust Density Estimator:kernel estimator applied toXi1 ; : : : ; Xib�nc

Classification rule:L�n(Y )=n�

H1
>

<
H0

�
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4.2. Application: Nonuniform Outlier Rejection

� f(x) = (1� �)f1(x) + �f0(x): mixture density

� f1(x) is 2D unknown density on[0; 1]2

� f0(x) is known 2D pyramid density on[0; 1]2
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Figure 7. Left: A scatterplot of a 256 point sample from triangle-uniform mixture density with� = 0:1. Labels ’o’ and ’*’

mark those realizations from the uniform and pyramid densities, respectively. Right: superimposed is thek-MST implemented directly

on the scatterplotXn withk = 230.
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Figure 9. Left: thek-MST implemented on the transformed scatterplotYn withk = 230. Right: samek-MST displayed
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4.3. Application: Pattern Matching and Registration

Two independent data samples to be matched

� X = [X1; : : : ; Xn] � f(x)

� Y = [Y1; : : : ; Ym] � g(x)
Suppose:g(x) = f(Ax+ b), ATA = I

Objective: find rigid transformationA; b to minimize Ŕenyi divergence

I�(f; g) =

1
� � 1
ln
Z

IRd

�
g(x)

f(x)
��

f(x)dx
27



Conclusions

� Random quasi-additive graph weight converges to Rényi-Divergence

of order� after measure transformation

� Greedy polynomial implementations ofk-MST have been developed

for robust estimation, discrimination and pattern matching

applications

� Decision threshold depends on difficult quantity�d;
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