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Sparse images?

Astronomy image

FISH HER2 Image

Map image

Protein molecules

NYC Image

MRI scan image
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1. Sparse signals and images

Sparsity has been exploited in signal/image processing, deconvolution, and
statistics for decades.

S. Mallat, A theory for multiresolution signal decomposition, IEEE PAMI, 1989
H.L. Taylor, S.C. Banks, and J.F. McCoy. Deconvolution with the 1 norm, Geophysics 1979

R. Tibshirani, Regression shrinkage and selection via the lasso. JRSS B, 1996

Applications of sparsity

Representation: some data is naturally and intrinsically sparse

Regularization: sparsity narrows down the solution space in inverse
problems

Visualization: dimensionality reduction, compression
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Mathematical definition of sparsity

Define the counting measure (support function or ”l0 norm”) of a vector
y = [y1, . . . , yn]T ∈ IRn

‖y‖0 = nnz(y) =
n∑

i=1

(yi )
0

Sparsity: a vector y ∈ IRn is sparse if most of its elements are zero:

‖y‖0 = d � n

Compressibility: A discrete signal x ∈ IRn is compressible with respect to a
basis Q ∈ IRn,n if x̃ = Qx is sparse:

‖Qx‖0 = d � n

A basis Q is an invertible matrix mapping IRn to IRn.
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Examples of bases

Q = I: natural basis

I =

 1 0 0
...

. . .
...

0 0 1

 , Qx = x

Q = R, Rx = x− z−1x: differencing basis

R =



1 −1 0 . . . 0

0
. . .

. . . . . .
...

...
. . .

. . .
. . . 0

0
. . .

. . . 1 −1
0 0 . . . 0 1


, Qx =


x1 − x2

...
xn−1 − xn

xn


Q = E: Fourier basis

Q = W: Wavelet basis

A. Hero (Univ. Michigan) QNDE 2014 07/21/14 8 / 68



Examples of sparse signals and images: Q = I

Sparse signal in Q = I
Sparse image in Q = I
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Examples of sparse signals and images: Q = R

Sparse signal in Q = R
Sparse image in Q = R
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Examples of sparse signals and images: Q = E

Sparse signal in Q = E
Sparse image in Q = E
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2. Image reconstruction

Blurring and point spread is intrinsic to image formation

Deblurring is an inverse problem
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Inverse problem: mathematical formulation

The observation equation is:

y = Hx + v,

y: m × 1 output of instrument (blurred image, projections, . . . )

x: n × 1 lexicographically vectorized source or image

v: m × 1 dimensional noise vector.

H: m × n matrix (forward operator, psf, . . . )

Sum of squared errors (SSE) prescribes goodness of data fit
‖y −Hx‖2 = (y −Hx)T (y −Hx)

Solving the inverse problem

Estimation of x under positivity, sparsity or smoothness constraints.
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Solving the constrained inverse problem

The observation equation is:

y = Hx + v,

The constraints are:
x ∈ C

C is a constraint set, e.g.,

C =


‖Qx‖0 ≤ k , sparsity in basis Q
‖Px‖2

2 ≤ β, smoothness in basis P
x ≥ 0 non-negativity

Reconstruction is solution to constrained optimization problem

min
x
‖y −Hx‖2

2, x ∈ C

May also be written more compactly as

min
x∈C
‖y −Hx‖2

2
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Solving the inverse problem: unconstrained case

First consider unconstrained least squares (LS):

min
x
‖y −Hx‖2

2

Direct solution

If m > n and H is full rank then complete the square

‖y −Hx‖2
2 = (y −Hx)T (y −Hx)

= (x− x̂)THTH(x− x̂) + yT (I−H[HTH]−1HT )y

where
x̂ = [HTH]−1HTy

Hence, unconstrained LS soln is:

argminx‖y −Hx‖2
2 = x̂
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Unconstrained LS as minimum over SSE surface (n = 2)
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Solving the inverse problem: Landweber iterations

Direct soln of unconstrained LS

min
x
‖y −Hx‖2

2

requires inversion of n × n matrix HTH

Landweber iterations

Apply gradient descent to unconstrained LS problem

x(t+1) = x(t) +
λ

2
∇x(t)‖y −Hx(t)‖2

2

= x(t) − λHT (y −Hx(t))

where λ > 0 is a user selectable parameter
Properties of Landweber iterations

Iteration does not involve any matrix inversions

Convergent as long as mineig(HTH) > 0 and λ < 1/maxeig(HTH)

Speed of convergence depends on condition number κ(HTH)
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Solving the inverse problem: sparsity constrained

Next consider sparsity constrained problem (no loss in assuming Q = I)

min
x
‖y −Hx‖2

2, ‖x‖0 ≤ k

Direct (variable selection) solution

Given n and k ≤ m, consider ‖x‖0 = k with k = ρn.
There are

(n
k

)
possible patterns of n − k zero entries of x.

x = [0, . . . , 0, xn−k+1, . . . , xn], . . . x = [x1, . . . , xk , 0, . . . , 0]

Fix one of these patterns (the i-th zero pattern).
Then: Hx = Hiz, where z ∈ IRk and Hi ∈ IRm×k .
The optimal reconstruction for this pattern is

ẑi = argminz‖y −Hiz‖2
2 = [HT

i Hi ]
−1HT

i y
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Solving the inverse problem

Sparsity constrained problem

min
x
‖y −Hx‖2

2, ‖x‖0 ≤ k

Exhaustive variable selection strategy

1 Generate all possible solutions ẑi , i = 1, . . . ,
(n
k

)
2 Expand ẑi into non-zero entries of x̂i
3 Evaluate SSEi = ‖y −Hx̂i‖2

2 for each solution

4 The global soln x̂ is the x̂i with minimum SSE

Issue: This variable selection solution strategy is impractical
Number of patterns that need to be considered for any k(

n

k

)
=

(
n

ρn

)
≈ e−nh(ρ)√

2πρ(1− ρ)n

Exponential complexity :(
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Sparsity regularized reconstruction

Sparse reconstruction algorithms fall into three categories

Post-reconstruction thresholding
I heuristic approach prevalent before 1990
I simple and fast algorithms
I no performance guarantees

Non-smooth optimization methods
I became prevalent in this millenium
I iterative algorithms with tuning parameters
I often have convergence guarantees

Bayesian methods of inverse probability
I became prevalent in 1980’s
I Monte Carlo algorithms based on statistical models
I quantify uncertainty in addition to reconstructing images
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3. Variational sparsity regularized reconstruction
approaches

Original sparsity constrained problem

min
x
‖y −Hx‖2

2, ‖x‖0 ≤ k (1)

⇒ Consider `1 relaxation of `0 constraint

min
x
‖y −Hx‖2

2, ‖x‖1 ≤ δ (2)

where δ > 0 and ‖x‖1 =
∑n

j=1 |xj | is the `1 norm.
Advantages

Minimization (2) is a convex optimization that can be solved by linear
programming

The solutions to (1) and (2) are identical if

HTH = I and n→∞

The solutions are close under a uniform uncertainty principle (UUP):
HTH ≈ I and n is large [Candes and Tao, 2006], [Donoho, 2006]
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The `1 constraint region
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PLS sparsifies in `1 constraint region
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PLS sparsifies in `1 constraint region
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PLS does not sparsify in `1 constraint region
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The `1 PLS sparsification region
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Non-smooth optimization: IST

Relaxed sparsity constrained problem

min
x
‖y −Hx‖2

2, ‖x‖1 ≤ δ (2)

Iterative Soft Thresholding (IST) [Bruck 1977]

x(t+1) = shrinkλ/2

(
x(t) − λHT (y −Hx(t))

)
where shrinkτ is shrinkage operator

shrinkτ (u) = sign(u)�max{|u| − τ, 0}

and λ is selected to ensure that ‖x‖1 ≈ δ. Properties

IST is equivalent to projected gradient algorithm with proximity
operator shrinkτ (u)

Here the proximity operator projects onto `1-ball

Generalizes to different constraint sets and data fitting terms

A. Hero (Univ. Michigan) QNDE 2014 07/21/14 28 / 68



Shrinkage operator

D(x) =shrinkλ/2(x)

Called soft thresholding operator in engineering and proximal operator
in mathematical optimization

Truncates small values to zero and shrinks large values

Used in wavelet compression (JPEG) and statistics (lasso, Stein)
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General projected gradient algorithm

min
x

F (x), c(x) ≤ δ (3)

where c(x) is constraint function and F (x) is smooth. Examples:

Previous quadratic `1-constrained case

F (x) = ‖y −Hx‖2
2, c(x) = ‖x‖1

Non-linear transport phenomena (backscatter distribution)
Photon-limited measurements (Poisson likelihood)
Non-gaussian heavy-tailed noise (Laplacian or Student-t likelihood)

Projected gradient algorithm [Combettes, Pesquet 10]

x(t+1) = Pλ/2,c

(
x(t) +

λ

2
∇xF (x)

)
where Pτ,c is proximity operator [Moreau 62]

Pτ,c(u) = argminx
1

2
‖u− x‖2

2 + τc(x)
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Illustration of IST: nuclear spin imaging

Atomic Force and Nuclear Magnetic Resonance Modalities

AFM: reads out deflection of cantilever scanning sample surface.

NMR: reads out bulk spin density in a sample volume.

NMR is volumetric, chemically selective, non-destructive but requires
1014 − 1018 spins/voxel.

AFM NMR-MRI
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Illustration: nuclear spin imaging

Magnetic Resonance Force Microscopy (MRFM)

chemically selective 3D volumetric single spin resolution.

non-destructive imaging method introduced by Sidles (APL 1992),

refined by Rugar (Nature 1992, Nature 2004, PNAS 2009).

Dan Rugar’s IBM single-spin MRFM instrument
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The MRFM image reconstruction problem
IBM single-spin MRFM instrument

Point spread function (PSF) of the magnetic tip

Reference: C. L. Degen et al., Proc. Nat. Academy of Science, 2009.
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The MRFM image reconstruction problem

3D volumetric imaging = inverse problem

Smoothness constraints: Zügar and Rugar, J. App. Physics 1994
Complexity constraints: Hammel,. . . Rourkes, Proc. IEEE 2003
Sparsity constraints: Ting, Raich, H, IEEE TIP 2009
Sparsity priors: Dobigeon, Tourneret, H, IEEE TIP 2009
Blind sparse reconstruction: Park, Dobigeon, H, IEEE TIP 2012 and
Park, Dobigeon, H IEEE TSP 2013.
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Quantitative comparisons: 2D slice [Ting, Raich, H 09]

Relative performance of IST (Lasso-Sure) vs Landweber (LS)
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3D comparison [Ting, Raich, H 2009

Bext = 2.88 · 104G ,Bres = 2 · 104G ,Gmax = 407G/nm,R0 = d =
3nm, xpk = 0.05nm

3D image formation for DNA molecule

Hydrogen atom locations of 103D MRFM projections
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IST vs Landweber reconstruction [Ting, Raich, H 2009

Landweber Reconstruction IST Reconstruction

Grey Scale Histogram: LW (left) and IST (right)
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Application: Bilinear inverse problem - blind deconvolution

Blind deconvolution problem

Both x and H are unknown

Can one recover both simultaneously?

With sufficient constraints minx,H ‖y −Hx‖2
2 is well posed

First must identify suitable basis on which image is sparse
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Blind image deconvolution [Shearer, Gilbert, Hero 13])

Edge decomposition gives sparse coefficients

[
y1

y2

]
=

[
Hx1

Hx2

]
+

[
n1

n2

]
⇔ Y = HX + N
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Alternating projective gradient [Shearer, Gilbert, H 13]

Consider the minimization problem

min
X,H
‖Y −HX‖2

2, ‖X‖1 ≤ δ︸ ︷︷ ︸
`1 ball

, H ≥ 0,
∑
ij

[H]ij = 1

︸ ︷︷ ︸
simplex set

Alternating projective gradient minimization

Define F (X,H) = ‖Y −HX‖2
2.

X̂(t+1) = shrinkλ

(
X̂(t) + λ∇X (t)F (X(t),H(t))

)
Ĥ(t+1) = simpλ

(
Ĥ(t) + λ∇H(t)F (X(t),H(t))

)
shrinkλ and simpλ are respective proximity operators

A. Hero (Univ. Michigan) QNDE 2014 07/21/14 40 / 68



Application: camera jitter [Shearer, Gilbert, H 13])

Levin’s corpus of jitter photographs [Levin 2009]
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Application: camera jitter [Shearer, Gilbert, H 13])

Alternating projected gradient iterations

PSF and deblurred image are recovered at iteration t = 150

Additional acceleration achieved by multiscale seeding [Krishnan, . . . ,
2009]

Start with downsampled y,H, x and gradually increase resolution over
iterations
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Performance comparisons [Shearer, Gilbert, H 13])

Compare to state-of-the-art methods [Levin 2009] and [Barbacan 2012]
that:

I Solve inner H-step exactly via quadratic programming
I Use heavy-tailed Bayesian edge priors on x

Computation speed
Performance
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Visual comparisons [Shearer, Gilbert, H 13])

Visual dejitter comparisons
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Alternative optimization perspective: variable splitting

Original IST can be sped-up

Two-step IST (TwISTA) [Boucas-Dias, Figueriedo 07]

Fast IST (FISTA) [Beck, Teboulle 09]

SPaRSA [Wright, Nowak, Figueriedo 08]

However, splitting methods can provide additional improvements

Alternating directions method of multipliers (ADMM) [Growinski, Morrocco
75][Gabay 83], [Ekstein, Bertsekas 92]

Split-Bregman iterations [Goldstein, Osher 08]

Optimization transfer [Ortega, Rheinbolt 70], [Lange 00]

Many engineering, CS and statistics applications

Image restoration and reconstruction [Alfonso, Boucas-Dias, Figueriedo 11],
[Ramani Fessler 11]

Signal processing and vision [Combettes, Pesquet 10], [Goldfarb, Ma 10]

Machine learning [Banerjee . . . 12], [Ng 10], [Liu, . . . , H 12]
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Splitting methods: MM and ADMM [Figueriedo 2012]

There are three forms for the original optimization problem
1. Ivanov form: constrain sparsity, optimize fit to data

min
‖x‖1≤δ

‖y −Hx‖2
2 (2)

2. Morozov form: constrain fit to data, optimize sparsity

min
‖y−Hx‖2

2≤ε
‖x‖1 (2)

3. Tikhonov form: Method of Multipliers (MM)

min
x
‖y −Hx‖2

2 + λ‖x‖1

where λ is an undetermined (Lagrange) multiplier.
Properties

There exist δ, γ, λ such that 1,2,3 are equivalent [Lorenz, 12]
Can lead to accelerated computation and memory savings [Ramani and
Fessler 2012].
Especially useful for non-quadratic data fit and mixed constraints
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Non-smooth optimization: Method of Multipliers (MM)

min
x
‖y −Hx‖2

2 + λ‖Qx‖1

MM implementation [Ramani and Fessler 2012]

Introduce auxiliary variables u, v and rewrite Tikhonov form in Ivanov form

min
x,u,v
‖y − u‖2

2 + λ‖v‖1, v = Qx, u = Hx

Defining g(u, v) = ‖y − u‖2
2 + λ‖v‖1 and z = [u, v], equivalent problem:

min
x,z

g(z), z = Cx, C =

[
H
Q

]
Convert back to Tikhonov form using MM

min
x,z

g(z) + γT (z− Cx) +
µ

2
‖z− Cx‖2

2
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Non-smooth optimization: Alternating Directions MM

min
x,z

g(z) + γT (z− Cx) +
µ

2
‖z− Cx‖2

2

Alternating Directions Method of Multipliers (ADMM)

Complete square

min
x,z

g(z) +
µ

2
‖z− η − Cx‖2

2 (3)

where η = − 1
µγ.

ADMM implements (3) by block coordinate descent over each of x and z

x(t+1) = argminx

∥∥∥z(t) − Cx− η(t)
∥∥∥2

2

z(t+1) = argminzg(z) +
∥∥∥z− Cx(t) − η(t)

∥∥∥2

2

η(t+1) = η(t) − (z(t+1) − Cx(t))
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Non-smooth optimization: ADMM

High level view: ADMM alternates between

min
x

g(z(t)) +
µ

2
‖z(t) − η(t) − Cx‖2

2, min
z

g(z) +
µ

2
‖z− η(t) − Cx(t)‖2

2

Properties of ADMM

General ADMM approach introduced by [Glowinski and Marrocco
1975].

Can significantly outperform IST and its variants [Figueriedo 2012]

ADMM will converge under conditions on µ, H and Q [Eckstein and
Bertsekas, 1992]

Convergence holds even if minimizations are approximate

ADMM decouples the integrated problem into easier sub-problems
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Illustration: low dose X-ray CT reconstruction
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Advantage of iterative statistical reconstruction [Fessler
2012]
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Illustration: X-ray CT reconstruction [Ramani and Fessler
2012]

Reconstruction
min
x
‖y −Hx‖2

W + λ‖Qx‖1

‖z‖W = zTWz where W = diag(y) (Poisson statistics)

Q is Haar wavelet basis

x: 512× 513× 800 ≈ 2 · 108 unknown image parameters

y: 888× 64× 7000 ≈ 4 · 108 projections (sinogram)

Projection Hx and back-projection HTy dominate computations

H is sparse matrix corresponding to GE X-ray scanner

Cone preconditioner applied to H to make HTH closer to diagonal

Ground truth x was obtained by 5000 iterations of NCG
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Illustration: low dose X-ray CT reconstruction
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Illustration: low dose X-ray CT reconstruction
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Illustration: low dose X-ray CT reconstruction
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4. Bayesian sparse reconstruction methods

Observation model is again

y = Hx + v, x ∈ C

Bayesian approach yields posterior distribution ⇔ inverse probability

Define:
• v: a random noise process with prior density fv (v)
• x: a random signal process with prior density fx(x)
Obtain:

fy |x(y|x) = fv (y −Hx), (Likelihood function)

fx |y (x|y) =
fy |x(y|x)fx(x)∫

X fy |x(y|x̃)fx(x̃)d x̃
, (Posterior density)

These characterize forward model and inverse model, respectively.
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Bayesian reconstruction methods

From posterior density fx |y can extract much information about x

minimum mean squared error (MSE) reconstruction:

x̂MSE = E [x|y] =

∫
X
xfx |y (x|y)dx

MAP reconstruction

x̂MAP = argmaxxfx |y (x|y)

Posterior MSE
σ̂2 = E [‖x− x̂MSE‖2

2|y]

Posterior confidence intervals and regions

P(x ∈ R|y) =

∫
R
fx |y (x|y)dx

No tuning parameters (k, δ, ε, λ, µ) once fx , fy |x are specified
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IST as special case of Bayesian reconstruction

Non-smooth optimization as MAP estimation

Reconsider Tikhonov’s form of `1-sparsity constrained optimization

x̂ = argminx‖y −Hx‖2
2 + λ‖x‖1

Bayesian MAP reconstruction

x̂ = argmaxx log f (x|y) = argmaxx log fv (y −Hx) + log fx(x)

Assume fv is Gaussian white noise and fx is i.i.d Laplacian

fv (y −Hx) =
1

(2π)n/2σn
exp

(
− 1

2σ2
(y −Hx)T (y −Hx)

)
fx(x) =

1

(2a)n
exp

(
−1

a
‖x‖1

)

A. Hero (Univ. Michigan) QNDE 2014 07/21/14 58 / 68



Graphical model: Laplace+zero (LAZE) prior

Synthesis: image and noise priors

f (y|x,w , a,H) = fN(y −Hx|σ)
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Hierarchical graphical model: hyperparameters γ, ω, α

Hierarchical Bayesian graphical model

f (y, x|H) =

∫
f (y, x|w , a,H)f (w , a|ω, α)dwda
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Constellation of Bayesian conjugate priors

Conjugate priors and their relations

f (y, x|H) =

∫
f (y, x|w , a,H)f (w , a|ω, α)dwda
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Important to make judicious choice of priors

Conjugate priors

Beta sparsity prior: w |ω ∼ B (ω1, ω0),

Inverse-gamma mean-intensity:
a|α ∼ IG (α0, α1),

Inverse-gamma variance prior:
σ|c , κ ∼ IG(c ; 1, κ/2)

Inverse gamma prior

Full posterior distribution f (x|y) is closed form

f (x|y) ∝ B (ω1 + n1, ω0 + n0)

‖y − T (κ, x)‖m
Γ (n1 + α0)

[‖x‖1 + α1]n1+α0
.

where n1 = ‖x‖0 and n0 = n − ‖x‖0.
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MRFM: Bayesian reconstruction of tobacco virus data

3D view of reconstruction

∆z = 4.3nm, pixel spacing is 8.3nm × 16.6nm in x × y ,

respectively. The size of (x, y) plane is 498nm × 531.2nm.

Views on x-y plane

x-z plane (cut in red line)
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Reconstruction
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Visual comparisons for Tobacco virus study

Observed vs Bayesian vs Landweber reprojections
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Posterior distributions [Dobigeon, Tourneret, H 09]

Posterior distribution of w

Posterior distribution of a
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Posterior distributions [Dobigeon, Tourneret, H 09]

Posterior distribution of non-zero pixels

Posterior distribution of σ2
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5. Conclusions

Sparse constraints are ubiquitous in imaging

The field of sparse reconstruction has considerably matured over the
past 10 years

I ADMM gives unprecedented accuracy and speed improvements
I Bayesian methods are slower but bring uncertainty quantification and

increased stability (no tuning)

Other relevant areas not covered here
I Markov spatial dependency: [Park, Dobigeon, H, 13]
I Semi-blind to PSF: [Park,Dobigeon, H 12&13]
I Dictionary-based methods: [Park,. . . , H 13], [Chen, . . . , H 14]
I Covariance inverse problems: [H, Rajaratnam 11&12], [Firouzi,

Rajaratnam, H 13]
I Streaming reconstruction (spatio-temporal): [Chen, H 11]
I Applications to materials science: [Park,. . . , H 2013]
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