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Abstract

Ragistrationof a refererce imageto a secondarymageextractedfrom a databasef transfomed
exempars constitutesanimportantimageretrieval andindexing application. Two important prablems
are: specificationof a geneal classof discriminatoy imagefeatues andan appopriate similarity
measurdo rankthe closenes®f the quer to the databaseln this paper we proposea solutionusing
highdimensioml imagefeatues, which canbeeithercontinwousor discretevalued anda geneal class
of featue similarity measurebaseddn Reéryi’s a-entrogy function. Thisclassof measuresontainghe
well knovn mutwal informationmeasue, its mutuala-information(a-Ml) variarts, andthe a-Jensen
difference. Whenthe featuresare discretevalued, the a-MI canbe estimatedrom the joint feature
histogramconstricted from the refelenceand the secondry imagesusing a datastructurecalled a
featurecoincidercetree. However, histogramestimatiortechnigqesbecane impractica for continuous
valuedfeaturesin high dimersion. For such featureswe proposean alternatve similarity measure:
the a-Jensendifferencewhich canbe accuately estimatedisingan entropc-gragh estimatorsuchas
the minimal spanniig tree (MST). A low time-menory compleity MST is usedto compae a variety
of continousanddiscrete featuesincluding singlepixel gray levels, tag subimags,andindegndent
compamentanalysis (ICA) coeficient vectas. The methodlogy is illustratedfor ultrasound breast
imageregistrationfor which we find that the bestsmall angleregistrationperformarce is attainedby
implemerting minimal gragh entrofy estimatorson asetof ICA featurevectos.
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1 Intr oduction

Theimageregistration problemfalls in the gereral areaof indexing andretrieval over datdbasesf images
X = {X;}K for thepumposef finding the bestmatchto areferenceimageX;. A comprénensiwe review

of mary tecmiques in imageretrieval andindexing is presentedin [50]. The bestmatchis expressedasa
partial re-indexing of the datédbasein decreasingorderof similarity to the referenceimageusing anindex
function. In the context of imageregistration the datalasecorrepondsto a setof transbrmedversians of
the secomlary image,e.qg. rotation andtranshtion, which arecompaedto the referenceimage. Thereare
threekey ingredierts to imageretrieval andindexing which impad accuacgy andcompuational efficiency
[12]:

1. Selection of imagefeatuesthat disciiminate betwee differentimageclasses yet posessinvarianceto
unimpatantattributesof theimagese.qg.rigid trandation, rotation andscale;

2. Application of anindex function that quantfies feature similarity, is capalte of resolving important dif-

ferercesbetweenimagesyetis robustto imagepertubations;

3. Queryprocessingandoptimizationtechngueswhich allow fastimplementéion of seart for bestmatch-
ing.

This paper is concenedwith the apprgoriate choice of featwesandthe selecton of the feature similarity

measue.

The focus apdication of this paperis the co-registraion of a pair of ultrasourd (US) imagesof the
breas. Successn this appication shodd leadto full 3D and4D registration: the fourth dimersion being
time. Accurateregistration of 3D breastUS imagevolumescould be the breakhrough to addressefficient
useof whole breas imagingto deted¢ andquantify chargesthat: areindicative of a breas lesion canaid
discimination of malignantfrom bengnlesiors [4, 53]; canbe usedto detectmultifocal secomary masse
[9] and can quartify resppnseto chemdherapy or radiaion thergy [21]. Breastlesions are missedby
communiy praditionersin up to 45%of womenwith densebreass [23]. Improvedimageregistration could
alsoimprove spatid compounding of USimages. In compounding, partly corrdatedviews of the region of
interest (ROI) are geneated by scaming the ROI at different tranglucertilt angles and then registering

pairs of sepaate views. Compounding canresultin animprovemer in the signd-to-speckleratio of US



imagesandleadto betier delineation of specuar reflectas [24]. Thefield of view of high resolution US
imagesis insufiicient for full useof 3D USin detecting asymptonaticlesionsin the breast andfor tracking
chargesin respaseto treament. To creat animageof the entire breast or a large fraction of it, thesmall
volume covered by a singe scancan be extendedby repeatedly scaming the breast in paralel, partially
overlagping sweepghat canthen be combired using registration tecmiques [25]. Finally, registration of
imagescollectedfrom different isondion andes canalsobe usedin Dopplerimaging wherethe color flow
acqusitions do not detect blood flow well whenits direcion of motion is normalto the directon of the

ultrasoundbeamandwhereaccuatetriangulation canmeasurdlow velocity.

To datethe mosteffective methodsor imageretrieval andimageregistration have beenpixel andvoxel
basa andinclude: color histogrammatchirg [19], texture matching [2], intensity cross corrdation [35],
optical flow matchirg [28] and mutualinformation (MI) registration[57]. MI registration maximizes the
MI maximizaton on pixel coinddence histogramsandis usedin the MIAMI-Fuse® registration algorithm
atthe Universty of MichiganMedicd Center[38]. A geneal suivey of medial imageregistrationmethod
is preentedin [35] andvoxel speific method arethefocus of [18]. Colorindexing wasfirst proposedby
Swain andBallard [54] andvariations of this tecmique have apparedin [10, 19, 51]. A histograminter-
secton formulawaspresntedwhich, unde mostcondtions, redwcestheinfluence of baclkgrourd pixelson
the sharpressof the registration peak This apprachallowsthe compaison of known objeds basedupon
thecolors of interest. The pattern matching techriqguesdescrbedin our pape areapplicableto multichanné
(color) imagery Texture-basedmageretrieval using statistcal methodq2, 45] work well for imageswith
uniform scak and orientation, while spectal imagefeatueslike Gaborfilters asusedin [29, 33, 7] and
DCT [55, 56] work well for natural imagey. However, US images are noisy and often showshaaw and
enhancementanddegradationeffects. Independe comporentanaysis coeficients, usedin this study are
tailoredto the US imagedomainandarethus morerobust to noise andother artifacts. Various otherimage
registration measurs, such assumof squaed differencesand corrdation coeficients (see[35, 18]), have
beenutilized for registration using sinde pixel featues. However, pixel-specfic method and measure
often succumb to various artifactslik e spuriaus large intensity differences non-wuniform illumination, satu
ration, occluson andrequire linear relationshpsbetweerntheintersitiesof referenceandsecomaryimages.

Themethodof mutud information (MI) registration haslargely overcomemary of thesedifficulties. Mutuad



informationprovidesan informationtheaetic apprachto imageregistration andhasbeen foundto bethe

mostrobust andaccuateimageregistration algorithm for awide variety of modalities[18].

Ultrasaic image registration presats spedal chalengesdue to the fad that rigid body registration
techniques developedinitially for magneic resorance(MR) andcompuedtomogiaphy(CT)imagege.g. of
thehumanbrain) camotbeapplieddiredly to thehigh noiseimagesrom non-linearly compresibleorgans,
suchasthe bladder, breast, heat, andin imagesthat contan speche, noninear (shea) distortions and
refractionartifacts.A manuaimetha which utilized correspormling points,linesandplaneswasinvestigatel
by Moskdik etal [40] in thefirst effort for 3D USimageregistration. Rohling [47], first usedvoxel intensity
basel technguesfor ultrasoundimageregistrationin 3D compounding. In histecmiquethecorrdationratio
wasusedin conjunction with a 3D gradient measurg36]. A similar bivariate appooachwasimplemeried
for crossmodality US-MR registraion by Rocheet al [46]. Both caseswvorked rea®nably well for clean
USimages Meyer et al [37] demonstatedthat their mutual information basedsoftware called “MIAMI
Fuse”developedfor multimoddity imagefusion [22, 38] is capable of registering reasmably difficult 3D
USimages MIAMI Fusewasalsousedin 3D US imagecompounding[24], for registration of multimode
andextenced-wlume US imagesandto track chargesof tissuestructureandvascuérity of serid US scars

obtaned monthsapat [25].

Despitetheinitial suacessepotedon USimagespixel- or voxel- basel registrationmethalshave been
disappointing in applicationto certan clinical cases Ultrasmic imagesare highly sengive to transduce
orientationduringscaniing, astheatteruationartifactsoften presemthemsebesdifferently in thesemnday
andreferenceimages [37]. Furthe inconsisterty in tissue structureandgeomety might arise from coher-
ent echos and shadowing effects Partial or complde shadws, caugd by objeds nearthe probe area
hindranceto registration during compaunding. Densetissie suchasribs (in breas imaging andmaligrant
calcificationcauseshaaws, which presentthemseVesin differentdiredionsin thereferenceandsemnday
images The problem is further complicated by intensity similarity of shadowsgcysts and tumorswhich
makesintensity-baseddisciimination difficult. Ultrasonc images typically showblurred boundariesarourd
anatanical featues. Thesebourdarieshave varying internsity dueto changesin surface curvatureandtrans
duce orientation ThiseffectoccuisbecaseUSimagesexhibit astronganguar dependermy of theappaent

brightnessof spealarreflectas. They alsohave asmalle signal-to-noisedynamic rangethanmagneic res-



onarce (MR) andcomputel tomogrghy (CT) images.Furthemore,a smallfield of view (FOV) andlarge
motion and defomation of the compliant breast tissue malesit difficult to obtain considgent image pairs
for registration undermanué scaming. Due to thesefactas developing robust registration algarithms is
extremely challengirg [25]. Without modification, sinde-pixel basel Ml registrationmethalsbasel areun-
likely to succed in USregistraion. Our experiencehasshavn thatMI sufferssevere misalignmenterrarsin
those imagevolumeswith major shadowsandobtaned at differentbeamorientations This pape descibes
amethodto improve upon theaccuray of single-pixel-basedMli registration usinghighe orderfeaturesand

bette featuie matchirg criteria.

A recern study by Shekharand Zagradsky [49] delvesinto 3D US imageregistration for the human
heartusing MI-basedregistration Thestudy is interestingbecaiseUS imagesof anontlinearly deformable
organareregistered.They shav that the MI criterion, onraw US images producesarippledsurfacefor 2D
trandations of theimageandemphage thatthe ripples confoundthe seart for the maximumcorrespond
ing to the soluion, andthat the removal of undesiredlocal maximain the Ml function is key to making
optimization robust andreliabe. Medianfiltering for spe&le removal leadsto marginal improvementin
registration accuacy, though smooting of the mutualinformationfunction is obseved. They alsosuggest
Partial Volumeinterpolation [34] andimagerequarization for smoothing. The methodproposedhereis an

altemative way to improve the behavior of the objedive function.

In this paperwe extend andimprove upon MI registration techrology. The key to our apprachis the
inclusion of highly spedfic imagefeaturesanduseof a genealizedinformationdivergencematching crite-
rion relatedto the Chernof bourd of detedion theay. An innovationis theintroducion of ageneal patten
matchirg criterion which canbe usedto regista high dimensonal imagefeaturessuchas curves edges,
texturesand spatal relations. The criterion canbe adaped to both discrete valued and continuousvalued
featue vectors selecedusingarepresenative training setof images In the caseof discretefeatureswe can
comput thejoint coinciderce histogramof featuesof a giventype occuring atthe samespatal location in
boththereferaenceandthe transbrmedexempla (semndar) images.This histogramis constuctedusing a
efficient hierarchicd databasewhich we call afeatue coinddence treg andits spread,asmeasurd by the

joint entropy, is anindicator of the degreeof misragistration.

As in stardardMI registration, to register the secomary to the referencea sequenceof transformatbons
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is apdied to the seonday until the spreadof the coincidencehistogramis minimized However, un-
like standard MI registration methals, we replae the Ml similarity function with the more gereral class
of a-entopy functions wherea is a parametein theinterval [0, 1]. This classincludesvarious informa-
tion divergene measues sud as: the mutual a-informaton (a-Ml), the o divergene, andthe a-Jersen
difference. The combindion of higher orde featules and the a-entropy similarity functions specfies a
large andflexible setof registration algorithms. As the purposeof this pager is to introducethis powerful
feature-similarity combindion we do not corsidertheimportantproblem of pracical implementation of the

sequenceof registration trangormationswhich will bethe subject of a future pager.

Our apprachspecalizesto the standad mutualinformationalgorithm (e.g. MIAMI-Fus€®) whenthe
featuesarethesetof single-pixel graylevelsanda — 1. Theadvantagsof our apprachare: 1) useof the
genealized mutual a-informationcanleadto a more stabie objedive function; and2) useof higher order
featues can capure nortlocal spatal informationwhich is ignored in the stardard singe pixel MIAMI-

Fusé® algorithm andcanleadto moreaccuateandrobustimageregistration.

We invesigatetwo typesof discretefeatures,calledtags to populatethe feature coincidercetree. One
of thew is basel on gray-scak adaptie thresiolding and the other on indepengnt compament analysis
(ICA). Gray scalethresolding is a fastand simple adaptive quanization schemeproposedby Gemanand
Koloydenko [8]. ICA is aniterative methal which is closelyrelatedto the projection purauit techique of
nondinear regres$on andhasbeenapplied to imageanalysis by Olshaugn, Hyvarinenandothes [30, 20].
ThecontinuousvaluedICA coeficients, obtanedby projecting theimageontoits ICA bass,aredisaetized
by vecta quantzation, implementel by partitioning the codficient vecta into afinite numberof (Voronoi)

cells.

When the numkber of dimengons of the featule spaceincreasesbeyond 10 or so histagram method
becane impradical dueto the curseof dimensonality: for fixed resdution per dimensiam the numbe of
histagram bins increasesgeometrcally in dimenson. As high dimersiond feature spaces canbe more
disciiminatory this creaesa barrie to perfoming histogram-ba&edregistration. We circumventthis barrier
by applying a novel technique for estimatirg the a-entropy using entropc graphs whosevertices are the
locations of the feature vectass in featue space As introducel in [16] and studied in [12, 13, 15, 17]

an entrgpic gragh is ary gragh whosenormalizd total weight (sum of the edgelenghs) is a corsistert
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estimaor of a-erntropy. An exampleof anentropic graphis the minimal spaming tree(MST) anddueto its
low computdional complexity it is thefocusof thisimageregistrationapplication TheMST is congructed
over the setof joint featue vectois from the secandaryandreferenceimageto yield anestmateof Jengn’s
entrqpy difference. We compae andcontrastthis approachwith histogrammethod for the US registration

appication.

All of the compaisonsareevaluaedthrough a combindion of simulaionsandreal dataacqured from
clinical studes. Thedatebaseusedin this paperwasasetof 3D ultrasourd scars of theleft or right breas of
21 femalesubjects,aged21-49 yeas, goingto biopsy for possble breas caner. Thelower agerangewas
choento provide a sampleof morecomplkex breass, which arealso somevhat more difficult to diagrose
thantypical breass of olderwomen.Fig 1 shavsslicesof breas ultrasoundimagevolumesrepresentaive of
thosefoundin clinical practice. Thewomenwereimagedontheirbadkswith thetransduce imaging through
thebreas towardtheches wall. Threetestcase chosa from thebreas datataseandreferredto asCasel51,
Casel42andCasel62arepresented Theimageslice choenfrom Casel51 exhibits significant conrective
tisswe strucureasthebright thin linesor edges. Casel42 wasdiagnosedasa malignanttumorin echogenc
fibroglandular tissues. The tumor characterstically shavs discantinuous edges with a darker center and
shaaws below the borders. The areaof enhancementelow the tumoris notcommon.Casel62 shovs an
uncanmondegree of degradation dueto shaswing. The bottomtwo-thirds of theimageinclude the cheg
wall andthe dark shadow andreverberatbns behind the acotstically imperetrabe boundary betweenthe
lung andchestwall. Someedgeinformation is evident, however shadwy streals areobseveddueto den®
tisste absabing the soundbeam,refraction and pha® corrdation at oblique boundary or poar acoustic
impedance match(air bubbles) betweenthe translucerandthe skin. For clarity of presntaton we focus
onregistration of 2D slices Theextenson to 3D voxel registrationis straghtforward but will be preseted

elsavhere.

The outline of this paperis asfoll ows. Section2 introduces a-mutual informationasa similarity mea-
sure. Sectin 3 presets feature coinddence treesfor discrete features. Methods of tag seledion using
adaptive thresholdng are preentedin Sectio 4, while discreteandcontinuous ICA featuesarediscused
in Sectionb. In Sectim 6 the a-Jensendifferenceis discussedandin Section7 the MST entropy estimate

is presenited alongwith method of accderation. A simple numertcal exampleis presatedin Section8



and Sectio 9 presetts registraion resuts for a ultrasonic breas imagedatébase. Conclusionsandfuture

diredionsaredescibedin Sectionl10.

2 Indexing with Mutual a-Information asa Similarity Measure

Let X, beareferenceimageandconsdderadatabae X;,: = 1,. .., K of imagesgereratedrom adatalase
of secadaryimagesto beindexedrelatve to thereference.Let 7, Z; befeaturevectas extradedfrom X;,
X; anddefinethejoint densty f(Z;, Z;) andthe maginal densties f(Z;), f(Z;). Thesimilarity betwee
featues Z, and Z; canbe gaugedby the differencebetweenf (7, Z,) andthe product f(Z;) f (Z) which

canbe measued by the mutualinformation(Ml).

Whenthe featuesaredisaetethe joint probability distributions f(Z, Z,) of referenceandse®nday
imagescanbe plotted on a two-dimersiond histogramof intensity values(Fig 2). Fig. 3 showsfour joint
histogramscater plots of a pair of reference (X;) andsecomnlary (X;) ultrasoundimagesextraded from a
breas US volume. It canbe seenthatwhenthe referenceandseconary images arethe same(X; = X;)
except for rotaion, thejoint histogramshaows perfed corrdation of intersity values in pixel coordinates]a].
Whenthereferenceandsecamdaryimagesaremis-aignedby 8 degrees,thejoint histogamis dispesed[b].
However, constlerthe casewherethe refererce andsecadaryimagesare extracted from two slices in the
samebreastUS volume wherethe slicesare sepaatedby 2mm away from eachothe. At this semratian
distance along the depth of the scan the specke in the imagesis decorelated but the anateny in the
imagesremairs largely unchanged Now, the histogramscater plot [c] shavs adispersian similarto theone
seenin [b], in spite of perfectalignment. In caseof perfedly comrelatedimageslicesa simpleregistration
objective function which might be appied is the spread of the two dimensiamal histogamin (b) abou a
fixed reference,suchasthe diagaal shawvn in [c]. However, ultrasoundimagesobtaired at different scan
angksshav different speche pattens. Henceplots [c] and[d] areobseved moreoften in practceandsud
a simplereference-lasedobjective function is not effective. A more effective objective function might be
the entrqoy of the joint histogramswhich measure the spreal of the joint distribution indepencent of any

fixed reference. The mutud informationis a gereralization of this entropy measurewvhich measuesthe



spreal relaive to the maximally spreadprodict of the maginal histogams:
> f(zi,20) log(f (2, 20) /[ (2:) f (20)]) (1)
24,20
which is usedby Viola andWells [57] andothe's for imageregistration. Note thatthis is a different usage
from the KL divergencebetweenf(Z;) and f(Z,) which hasbeenproposedasan indexing measureby

severd authas[52, 6, 55].

The mutud «a-information a genealization of (1), is definedasthe a-divergerce of fractional order

a € [0,1] betwee f(Z;, Zy) and f(Z;) f(Zy) [3]. For discree valued featuwesthe a-Ml is:

Do (f(Zi, 20) || £(Zi) f(Z0)) =

log » f*(zi,20) [~ *(z:) f1~*(20) (2)

a—1
2§,20

wherethe summationis over all valuesthat 4, and Z; cantake on. For continuous valuedfeatuesthe a-Ml

is:

Do (f(Zi, Zo) || £(Zi)f(Z0)) = — i 7 log £ (zin20) 1~ (20) f1(20) (3)

27,20

The a-divergene is equa to the Hellinger distancesquaredwhena = 1/2, andto the Kullback
Liebler (KL) divergene [27] whena — 1. Thecasea — 1 correponds to the stardard Shanna mutud

information(1).

The mutual a-informationcan be justified as an appr@riate registration function by large deviations
theay throughthe Cherroff bound. Definethe average probability of error R(n) assocatedwith decidng
whethe Z; and Z, aredependen or independat randan variales. i.e. decding betweendepemlentfea-
tures Hy : Z;, Zy ~ f(z,20) vs. depemlentfeatuesHy : Z;, Zy ~ f(z;)f(z0), baedonasetofi.i.d.

sample ZJ(-I), e ZJ(-”),j = 0, 4. Thiserrorprobability hasthe repregntaton:

Pe(n) = B(n)P(H1) + a(n)P(Ho),

wherefn) anda(n) areTypell (miss)and Typel (false alam) errors, respetively, of the testof H

vs. H;. Thenthe Cherndf boundimpliesthat[5]:



liminfllogPe(n) =— sup {(1—a)Do(f(Zi, Zo) || f(Zi)f(Zo))} 4)

n—moo m a€0,1]

Thusthe mutud a-information givesthe asymptaically optimal rate of exponentid decayof the error
probability for testng Hy vs H; asa function of n. While we do not invedigate this issuein this pape,
the appeaanceof the maximumover a suggeststhe existerce of anoptimal paranetera ensuing low error

registration
3 Feature CoincidenceTreesfor Discrete Features

To perform MI registration with disaretefeatureswe mustpopuatethebinsof thejoint histogam{ f (3, zo) }

for eachimagein the database First, a universalsetof featuesis seleted accoding to certan criteria dis-
cusedbelow Thesefeatuesareorganizedinto binson atreestrudureddatabasdor which the complexity
of the feature indexed at eachnodeincreasesastree dept increasesFigures 4 and5 illustratethe feature
tree datastructure whenthe featuresare definesas4 x 4 sub-imags. The two imagesare eachdropped
down a featue tree andincidence and coincidercesof features over all pixel locatons and at all of the
nodes of thetwo treesarecourted. The courteris incrementedfor every coinddence of a patticular featue
pair ocaurring at a commonposdtion within eachof the two images SeeFig 6 for illustration This resuls
in ahistogramcalledthefeature coinciderce histogramdendedf (Z,, Z,). Thehistogrammanginals f (Z,)

andf(ZQ) of the coinddence histogramareextraded by summingover oneof theargumentsof f (4, Z2).

Thesearethenusal in the mutual a-informatian formula (2) to comeup with a registration scoe for the

images

Our genaal feature selecton andorgarization schemes similar to therancomizedtreeclassifier struc
turesintroducel by Amit andGeman1] andusedfor shaperecaynition from binary transcripionsof hand
writing. A setof primitive local featues, called tags, are seled¢ed which provide a coar® desciption of
the topagrapty of the intersity surface in the vicinity of a pixel. Local imageconfiguatiors, e.g. 8 x 8
pixel neighborhoods arecaptuedby coding eachpixel with labds derivedfrom thetags.Non-local spatid

featuesarethencaptued by catalaying pairsof tagswhich arein particular relative spatid configuatiors.
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This allows usto sidesgeptheissue of rigidly definingnon{ocal imagecorfigurationsandclusterssuchas,
imagegradients,boundarydetecbrs,distinct points,disciiminating struduresor otherstaistical parameters.
For gray scaleimages the numbe of different tagtypescanbe extremelylarge. For example,if theimage
contins256grayvalues thentherewould exist (256 °* different8 x 8 tagtypes. Thesewould be uselessas
featue disaiminant sincetheir individud occurenceswould be extremely low. Methods for pruning the

tagtypesaredescibedbelow

4 Tag Selectionvia Adaptive Thresholding

Adaptive thresholdng is a quantzation schemedescibed by GemanandKoloydenlo [8] which wasintro-
ducel to study theinvariantchaacteisticsof naturd images.Let A beapositive grandarity paraneter The
quartized valueassgnedto a pixel within a8 x 8 subimagedependson the gray values of its neighbors.
Thedarkestpixel(s) areassighed0, the next brightestpixel(s) areassigiedO if the differenceis lessthanA
andlabel 1 otherwise,the next brightestpixel(s) areassgnedlabel 2 if the differenceis lessthanA, andso
on. Usingthis schane on our ultrasoundbreast imagedatébasetagsas®ciated with the relatively uniform
baclgrourd area (dark or bright) with smallspatid variarcesarecorrectly classfied asspedkle andcanbe
easily eliminated. Figure 6 shavs tag coinddencesin the refererte and secomary images. Coincidence
of tagtypesare calcuatedusing the feature tree. The exaggeatedtag patten is meantto capurethe edge
of thetumor. A similar tagtype will be obsewredin the secondaryimagealso. The tagscaptue the locd

intensity patten in theneighbothoodof the pixel.

As mentimedearier, the tagfeatue spaceis potertially large andrequirespruning. We select relevant
tagtypes by a processof randamizedtraining. Fromwithin the US breastimagedatabaea large numberof
pixel neighbortoodsare seleced andquantized After discarding repetiions, tag types that correpondto
spuiious speche patten areidenified andeliminated. Specke, after quartization using the abose scheme,
can easily be idenified. sinceit exhibits only one or two non-zero pixels amongt the 8 x 8 pixelsin
the tag. 300 differenttag typesareidentfied amongthe samples.The numkler of tag typesis controlled
by selectively traversingthe dedsion tree so that it is balarced, and by imposing constaints on the tag

types. Also, tagsarerequred to have atlead two different intensty typeswithin the centerpixels sothat
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processingis centeed nearthe edgesn theimage. Eachimageis thenblock-quantizedanddropped down
the partition tree. The pairwise coinciden@sof thetagtypesat the leavesarerecadedin a histagramaover
'tagspacé If animageblock doesnot correspoml to ary of the tagtypes, thenthe pixel is not used in the
imageregistrationalgorithm. While we do notexploreit here thesetagfeatuescanbeextendedto accaint

for spatid depeniendgesbetwea pairsof tagtypes[1].

5 Continuousand Discrete Feature Selectionvia ICA

5.1 ContinuousICA Features

Imagescanbe descibed in termsof their projection onto a basis repregntedasa linear sugerpostion of
base functions. Sucha projection featue setwasinvegigatedby Vasconelos[56, 55] for genegal image
indexing problemsusinga Gaborwavelet basis.Herewe take adifferentapprachadoptng abasisextracted
from anindependentcomponats analysis (ICA) of theimagedataase.The ICA bass canbe adaptel so
asto beg accaint for theimagestrudurein termsof a collectionof staisticaly independet comporents.
This is an alternative to adagive thresolding andis calledthe ICA appraachin [30]. In ICA, anoptimal
basisis foundwhich decanposegheultrasoundimageX; into asmallnumberof approiimately statigically

independet compaments{.S; }:
p
Xi= Y a;S; (5)
j=1

The basiselements {S;} are seleced from an over-completelinearly dependen basisusing randanized
seledion over the training set of ultrasourd imagesin a repregntative datédbase. The numbe of bass
elemerts are selet¢ed acmrding to the minimum descrption length (MDL) criterion. For image: the
featue vectors Z; are definedas the codficients {q;;} in 5 obtaired by projeding the image onto the
basis Here ICA wasimplemered using Hyvarinen and Oja’s [20] Fast | CA code (available from

http://ww. cis.hut.fi/projects/icalfastical)whichusesafixed-pantalgorithmto per-

form maximumlik elihoodestimationof the bask elemertsin the ICA datamodel(5). Figure7 shavs a set
of 408 x 8 bass vectois which werelearred from over 5000 8 x 8 training suimagesrandmly selected

from 10 consecutve imageslices of a single ultrasound volume scanof the breas (Casel51in Fig. 1).
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Giventhis ICA basisanda pair of to-betegistaed N x M images, coeficient vectas areextracted by pro-
jecting each8 x 8 neighborhaod in theimagesontothe bass set. For the 40 dimersional ICA bask shavn
in Fig. 7 thisyieldsa setof N M vectas in a 40 dimersional vector space which will be usedto define

featues.

5.2 DiscretelCA Features

Recallthatin the featue treemethodwe geneatehistogramin highe dimensonal spaceby labeling pixels
with tagtypes. To extend this labelingtecmiqueto ICA featue vectors, discretizaion of thelCA coeficient
vectas is essetial. We do this by vector quantizaion: we pattition the spaceof the multi-dimensiamal
ICA codficientsinto a finite numberof Vorona cells. The Voronoi partitions are create& using the K-
Meansclusteing algorithm [31] on featuesextraded from the imagetraining set. This algorithmscreates
a parttion which minimizes the meansquarederror of the Euclidian norm betweenthe centrad of the
Vororoi cell andthe featue vectasin thecell. If n Vorond cellsarecreatdthen,eachpixel p is givena
label0,1,...,n basedupon the ICA coeficient atthat pixel neighborhood. 512 cells werecreaedusing8
and16 dimensimal ICA bases Thesameparitioningis usel for thereferenceandthe secomaryimagesto

maintan congsteng in pixel labds.

6 «a-JensenDiffer enceFunction for ContinuousFeatures

With continuousfeatuesthe a-Ml canbe estmatedfrom cortinuous densties, e.g.,through histogramor
kerrel dersity estimabrs. However the performanceof such "plug-in” estimats becanesvery poa asthe
feature dimensonincreases[12]. An altermative, discussechereandin thenext secton, is adirect estimato
of another entrqoy-basedindex function: the a-Jersendifference. This function hasbeen independently
proposedby Ma [14] andHe et al [11] for imageregistration problems. Let f and f; betwo denstiesand
let 5 € [0, 1] be a mixture paramegr. It wasalsousedby Michel etal in [39] for time-frequency images.

The a-Jensendifferencewasdefinedin [3] is the differencebetweenx-entropy of the mixture:

f=Bf+(1-pf (6)
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andthe mixture of the a-entropiesof f and f;:

AHW(B, fo, f1) = Ha(Bfo + (1 — B) f1) — [BHa(fo) + (1 — B)Ha(f1)] (7)

wherea € [0, 1]. Thea-Jersendifferenceis ameasue of dissimilarity betwee f andf; : asthea-entropy

H,(f)isconavein f it is clearfrom Jersensinequality tha AH, (5, fo, f1) = 0iff fo = f1 a.e.

The a-Jensendifferencecanbe motivated asanindex function asfoll ows. Assumetwo setsof featuie
vectas Zy = {Zéi)}izl,___,no andZz; = {Zfi)}izl,___,m areextractedfrom imagesX, and X1, respetively.
Assumethateachof thes setsconsig of independet realizatiors from densties f andf; resgectively. De-
finetheunion Z = Z, U Z; contaning n. = ng + n1 unorceredfeaturevectors. Any consstententropy estk
matorconstuctedonthe Z()’swill corvegeto H, (8 fo+ (1—f)f1) asn — co wheref = lim,_,o0 ng/n.

This motivatesthe following condstentminimal-graphestimatorof Jense differencefor 5 = ny/n :

AHo (B, fo, f1) = Ha(Z0 U Z1) — [BHa(Z0) + (1 = B)Ha(Z1))] (8)

A~

wherea € (0,1), H,(Zy U Z7) is the minimal graphentrqoy estimatorcongructed on the n point union
of both setsof featue vectors andea(Zo), FIa(Zl) are constuctedon the individual setsof ny andn,
featue vectas, respetively. We cansimilarly definethe dersity-basedestmatorof Jersendifferencebasel
on the entrqoy estimages of the form constuctedon 4 U Z;, Zy and Z;. For rigid registration prob-
lemsthe mamginal entrgpies {Ha(fi)}fil over the datataseareall identical so that the indexing function

{Ha(Bfo + (1 - B)fi)}i<, is equivalentto {AHq (8, fo, fi) iy
7 Minimum Spanning Treeand Rényi Entr opy

Implemeration of the a-Jensenregistration criterion canbe accanplishead by plugging in the densty esti
matedo (7) butit is betterto usedirect methalsbasdon entropic graphssuchasthe Minimal Spannng Tree
(MST). The MST methodis a graph-theoretictechnique which deteminesthe dominant skeletal patiern of
apoint setby mappirg the shatestpathof nearet neighbor comectims. Givenasetz, = {z1, z2, ..., zn }
of n, i.i.d vectorsZ; in R4 eachwith densty f, a spaming treeis a conrectedagyclic gragh which passe
through all coardinatesassoatedwith Z,. In thisgraph all » pointsareconrectedby n — 1 edges{e }. For

agivenrealweightexponenty € (0,1)theminimumspaniing treeis the spannng treewhich minimizesthe
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total edge weight:
= 1 ,Y
L(Zn) = min Ee el ©)

where||e|| dendesEuclidean (L2) norm of the edge. SeeFig 8 for illustration. The overal lengh of the

MST canbe usedto congruct a strorgly consstentestimabr of entropy.

TheMST length L,, = L(Z,) is plotted asa function of » in Fig. 9 for the caseof i.i.d uniformly and
non-uniformly distributed pointsin the planefor v=1. It is intuitive that the length of the MST spaniing
the more concentrated non-uniform setof points increasesat a slowerrate thandoes the MST’s spanrfing
the uniformly distributed points. This fact motivates the apgdication of MST to testrandannessof a setof
points. It canbe shavn [12] thelengthfunction whennormalizdby./n prodwcessequacesthatcorverge
within a constantfactor to the alphaentrgpieswith a=1/2, asillustratedin Fig. 9 . More geneally, for i.i.d.
pointsin R¢, by charging the valueof v in (9), onecanchargethe corvergentlimit to the a-entropy where
a = (d —v/d). TheMST is called anentrgic spaming graph asits nomalizedlog-lengt corverges (a.s.)

within acongantto analphaentrgy. Specificaly, the Réryi entrqpy estimato

A~

Ha(Z) = 1/ — )InL(Zy)/n* — Infy,] (10)

is anasympoticaly unbiasedandalmostsurely consstentestmatorof the a-entropy of f whereg, ,is
a condant bias criterion independent of f [12, 17]. In imageregistration, whentwo imagesare properly
matchel unde a sequenceof transformatbns, correppondng regions of interest shauld overlap and the
resuting joint probability distribution will be highly concentraed. ThustheRéryi entropy of theoverlagped
imagesshauld achiewe the minimum value over all of the transformatons. This would bereflectal asthe
smalles length of the MST [32]. A trandormation that minimizesReéryi entrqy canbe calaulated since

misregistration would increasethe dispersim of thejoint probability distribution.

As contrastedwith densty basel estimats of entrqoy, the MST estimate enjoys the foll owing proper-
ties: it hasafaste asymptoticcorvergercerate,espe@lly for nonsmoothdenstiesandfor low dimensiomal
featue spaes[13, 15]; it compldely by-passeghe compication of choosng andfine-tuning paraneters
suchashistogam bin size,dersity kernd width, compleity andadatation speed the o parameterin the

a-entropy function is varied by varying the inter-poirt distancemeasuraisedto comptue the weight of the
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MST. Furthemore,for large dimensimsthe MST canbeimplemened whenhistogramscamot, dueto the
“curse of dimensonality”. For example,for a 32 dimensonal space,only 10 cells perdimenson gives1(?

binsin the histogram,an unworkableandimpracically large burdenfor any computer. On the otherhard
the needfor combimatorid optimization may be a bottlened for a large numberof feature samplesand

accekratedMST algaithmsarenecesary.

7.1 Computational Acceleration of the Kruskal MST Algorithm

The Kruskal Algorithm [26] is widely believed to be the fastest gener purposealgaithm to solve the
MST proddem for spasegrapls. A setof given edges, sortedby their weights,is maintanedin alist and
Kruskd's algorithm growsthe tree an edge at a time. Cyclesare avoided within the tree by discarding
edgesthat comecttwo subtreesalrealy joinedthrough a prior estalished path. Thetime compkxity of the
algoarithmis of O(ElogE) whereE is theinitial numberof edgesn the graph Thememoryrequrements

O(E).

In the preent application the mostsimple-mindediniti al estmateof the MST includesall the posst
ble edgeswithin the point set. This resutsin N? edges for N points atime requirementof O(N?) anda
memoryrequrementof O(N?logN). Thenumberof pointsin thegraphis thetota numberof pixelspartic-
ipating in theregistration from the two images.If eachimagehasM x P pixels, thetotal numbe of points
in thegraphis 2 x M x P = 150,0® for ultrasoundimages of size256 x 256. Desktopprocessos cannd
fulfill memoryrequrementsof the standad Kruskal algarithm in this case.Evenwith larger machine, the

algarithm hasaforbidding time requrementfor treecongruction.

A significant acceleation can be obtaned however by a process of spasification of the initial gragh
before treecondruction. A seledion criterion is imposed on the edgeswhich ensuesthatonly thos edges
likely to occur in thefinal MST areincludedin the original graph While constucting the ede list, adisc
is placed on eat pointunde consiceratian. As seenin Fig. 11, only thoseedgeswith lengths smalle than
discradiusareaccepedinto thelist. Theedge-lengh sortalgarithm, within Kruskd’ s algoiithm, now hasto
sortO(N) numbe of edges. For approximatdy uniform distributions, a constant discradiusis optimal for

all area within the distribution. Moreover, for non uniform distributions, the disc radius may be charged
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to adaptaccoding to the underlying distribution. This can be achieved by seleding the distanceof the
k*"-nearestneigtbor (kNN) asthe disc radiusfor a given point. Furthe reduwction in time and memory
requrementscanbe obtaned by first rank-ordering vertex coardinatesalong an arbitrary dimenson. It is
not necesaryto computeall N? edge-engtrs. Only thoseedges thathave lengths lessthanthe disc radius
in the dimersion of ordering needto be consideral (Fig. 11). Thus i’ edgelengthcomputtions canalso
be avoided. If during tree constuction the algoiithm runsout of edges, expandng the radius of the disc
reapsin additonal edges. Fig. 10 shows biasof the modified MST algorithm asa function of the radius

paraméer.

It is straightforward to prove that, if the radiusis suitebly specfied, the disc based tree constuction
descibedabove is a minimumspaniing tree. Recallthatthe Kruskal algorithm ensure congruction of the
exactMST [26].

(1) If point p; isincludedin thetree thenthe pathof its conrectionto thetreehasthelowestweightamongs
all possible non-gyclic comectians. To prove thisis trivial. The disc criterion includeslower weightedge
befare consdering anedgewith a higherweight Hence,if a pathis found by imposng the disc, that path
is the smallest possble non-gyclic path. The nontcyclicity of the pathis ensued in the Kruskal algorithm
through a standird Union-Find dataset.

(2) If apoint p; is notin thetree,it is becaseall the edgesbetweery; andits neighbors consderedusing
the disc criterion of edgeinclusionhave totd edgeweight greder thandisc radiusor have led to a cyclic

path Exparding thediscradius would thenprovide the pathwhichis lowestin weightandnon-cyclic.

If the disc radiusis undeestimatel the tree camot be compldged without first adding more edges to
the list. If it is overesimateda surplus of edgeswill resut in the edgelist, however the final tree will
have therequred N — 1 edgesonly. It hasbeen obsewed empirically thatthe optimal disc radiusincludes
roughly betweenl0-20 edges from neighboring points. This numbervarieswith the dimensimality and
the underlying densiy of the data. The numbe of edges E thus redwcesfrom M to rougHy N x 10.
The memoryrequrementof the modified algorithm is of O(E). The time requrementnow optimizesto
O(ElogE), whereE is afraction of N? for large N. Figure 11 compaesthe performanceof the stancard
Kruskd algorithm with our modified algorithm. The time and memoryrequremens are tremerdously

redwed. To obtan the optimal trade-off betweenbias of the MST length and time-memoy compkexity,

17



the disc radiusshould be seleded at the kneeof the curve seenin Fig 10. For uniform distributions, the
distanceof the k*-NN alongthe dimersion of ordeing, remairs roughly the same.The real advantagef
the KNN tecmiquelies in adaptng the disc radius on a point-by point basisfor non-uniform distributions
(Fig 12). However, oneof the pronemsundetying nonruniform distribution canbe seenthere. The MST
length estimae from the disc basedalgorithm cornvergesslowly to thetrue lengh, requiring examination of
alarge numberof neighborsin the proces. The numberof neaestneighbors requiling examimation grows
in higher dimersionsandthe searchnow appoactesa full seart, thuslosing someof its scalaility (Fig
12 b). To addessthis isswe, we utilize a kNN apprachto detemine the radii of the disks following a
list intersecton approachsimilar to [44]. Variarts of the tectique descibed above have beenexamined
andarede<ribedin [42]; wherewe alsopresntresuts andmethod to dealwith dimersionalty issuesfor

non-uniform distributions.

8 Numerical lllustration

In this simple example we compae the MST-basedestimae of «-Jensendifferencewith ICA features
agains the stardard histogram-tasedestimae of Ml using singe pixel features. The backgounds in the
imagesin Fig 13 have beenconstuctedusinga random mixture of 15 ICA base elemens. Theaim is to
register the dominantpatternseenin the foregroundasit translatesacrasstheimageon afixed baclkgrourd.
Theproblemis similar to tracking prominent featuresasthey movein theimage Themutud a-information
basel on single pixels,for a = 0.5andthe a-Jersendivergencebasal onthe 15 ICA featuesarecalaulated
for eadh integertrandation for the pair of images Usingthe ICA tectmiquewe cansystaenatically eliminaie
featuesarisng from thebaclground andcompuetheMST-basedentropy estimae solelyonthedistribution
of the prominentfeature of interest. This is not possble with the single pixel method. Profilesin Fig. 13
shawv thatascontrastedto the featue basedrJensendivergence the aMI hasalower discrimination ability
evident from the curvature of the pe& arourd perfed alignment (0 pixel translation). Theexamplesuggests
that significantimprovemert in resoltion canbe achieed through the useof imagespedfic featuesand

entrqpic graphestimators.
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9 Ultrasonic Breastimage Registration

Figure14 shav therepresentaive profilesof the registraion objective function for registaing aslice of US
breasimagevolume,labded Casel42in Fig. (1), to aslice2mmdeeperin the sameimagevolume. At this
sepaationdistance,thespeche noisedecarelates. Howevertheunderlying angomy remainsapproaimately
unchanged As the aim of this study is to quantitatively compae different feature selecion andregistration
similarity indiceswe resticted our investigaton to rotation transformatons over a small range (—8 to

+8°) of anglkes. The panelon far left of Fig. 14 indicatesthat, for singe pixel features,entrgic-graph
(MST) estimate of a-Jersendifferenceandhistogramplug-in estimatesof a-MI give similarity functions
with virtually identical profiles with a unique globd minimumat (¢ rotation. The profile of the histogram
plug-in estmateof the a-Jersendifferencefor singe pixels (not shown)is very similar to the a-MI profile.
For 8 dimersional ICA featue vectas, chosenby training on Casel51, we obserwe that the profile of
the histogramplug-in estmateof a-Jensendegrades,with the apperanceof severalloca minima(middle
pand). Thisis expectedsincehistogramestimaton becanesunstdle in high dimensonalfeatuie spaceln
a 64 dimersional ICA featue spaceagainchosn by training on Casel51, we obseve that the entric-
graph maintairs a smoothprofile with a singleglobd minimum (right parel) while the histogramestimae

of a-MI is notimplemeriable

We next invedigatedthe effect of additive noiseon small-angle registration performance. We testel
registration accuray for single-pixels, tags, and discrée and coninuous ICA features using the a-Ml,
entrgpic-graph, and a-Jersendisaiminating criteria unde increasimg noise condtions. Figures(15 and
16) showplots of registration root meansquae (rms) error versis increasinglevels of additve (truncated
Gaussia noise in theimages Shavn on the plots are stardarderror bars. The resutant registration pe&
shifts from the perfect alignmentposiion ((’ relative rotation), to somearbitrary value dependirg on the
SNR,theregistraion featues,andentropy/MI estimaion teciquesimplemened. Thelack of smoothress
in the plotsis likely dueto theimage-sgcific natue of the simulation - averagingresuts from registering

differenttypesof breastimages would undaubtedy producesmoothe grapts.

Figure 15 shavs a comparsonof the histogramandfeatue coinciderce tree method for tag featuies.

We seethattag featureshave lower MSE thanthe stardardsingle pixel features.Also highe order ICA fea-
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turesperfarm betterthansinge pixels. Notice alsothatincreasingthe dimensonality of thelCA coeficient
makestheregistration morerobust, by further lowering misregistrationerrar. Figure16 showsacomparson
of the a-MI anda-Jersendiscaimination criteria. The a-Jengndifferencefunction is calaulatedfor single
pixelsand8D ICA coeficientsusing higherorderhistogramsandthe MST entrofc-graph estimae. It also
shaws the sinde pixel Ml criterion unde arange of SNR condtions similar to the onesexplainedabove.
The performanceof higherordercontinuousICA featuesestimatel from the MST is seen to bebeter than
those of singe pixel featulesestimate from histograms.More extensve experimentsarenecessarybut thus
far our resuls indicate thatthe MST methodof entrqoy estimaton hassignificantly greaer robustnes to

addtive noise thanhistogrambase& methods.

10 Conclusions

In this paperwe demongratedthathighe orde featuresoffer distinct advaniagesover standad single pixels
for entrqpy-basedUS imageregistration. They canaccount for locd spatal information betwea image
featureswhich is ignored by single-pixel featuwes. We presntedtwo techiquesfor geneatingimagede-
pendenthigher orderfeatue vectors. Discretefeaturessuchastags anddiscretelCA coeficientswereusel
for imageregistration using agenealizeda-MI matchirg criteria. Featurecoinadence treeswerepreseted
to genente histogamsin higher dimensonal featue space. We condudedthattagsand ICA featuresare

morerobugt to noise artifactsandgive lower misreggistration errars thansinge-pixel basel Ml methods

The a-Jersendifferencefunction canbe useal to obtan a consstentestimateof entropy of continuous
feature vectors using minimal graghs suchasthe MST. Computing the histogramestimateof a-Ml is expo-
nenfally comple in higherdimensons, since thebiasof the estimageincreasesin thenumbe of dimensons
of the featule spa®. The directgraphbasedMST estimateof a-Jensendifferenceavoids other problems
thatplague plug-in histogramestmateswhichinclude ided bin sizeanddensty kernd width selecion and
it alsohasa faste asymptotic corvergenceratefor non-snoothdensties. Combindorial optimizationis a
bottleneckin MST computaion in large feature setsin high dimersions. We have preseteda techiqueto
accekrateMST computtion andredwceits memorycompleity soasto be ableto usedeski processiry

for large datasets.Using the disc-tasedalgarithm it was possble to rapidy compue the MST lengh for
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datasetsup to 1 million pointsin 8 dimensiomal spa@. The MST-basedestimateof a-Jersengave lower
misregistration errorsthan discree featue vectas compuedusing a-Ml, andboth techriqguesoutperformed

singe-pixel Ml methas.

Applying these retrieval andregistrationtecmiques to colorimages suchasregistration of US Doppler
blood flow color imageswith othercolor flow or gray scak imagesis a direction of future study Anothe
natural extengon of this work is to incorporde spatid relaiions amongstpairs of spatidly sepaatedtags
to eliminate the effect of shadowsand othe nonlinear artifactswhich poseprobdems during compound-
ing registration of ultrasonic images We are actively pursung othertechnquesto further acceleate the
MST algoiithm using paralel machnesandlist intersction Optimaldisc-radiusselection hasbeen found
critical to complexity redwction in the disc-tasedMST constuction algarithm. We areinvedigating other
techriquesto judge the optimaldiscradiusfor MST congruction. To increasethe classification capaliitie s
of thefeature trees, differentmethodsof randamizedtreesarebeing studied. Finally, the bestvalue of « in

the a-entropy similarity criteriais anopen issuetha needdurtherinvestigaton.
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Figure2: Single-pixel graylevel coincidercesarerecoidedby courting numberof co-occurencesof a pair
of graylevel acrasstherefererte(left) andsecomlary(right) imagesata pairof homolayouspixel locations
(u,v). Herethe secomlaryimage(right) is rotated by & relaive to thereferenceimage(left).
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Figure3: Jointcoincidercehistogramsfor singe-pixel graylevel featues.Bothhorizontalandvertical axes
of eachparel areindexed overthegraylevel rangeof 0 to 255. Topleft: joint histogamscater plot for the
casethatreferenceimage(X;) andsecomlaryimage(X;) arethesamesliceof theUSimagevolume(Case
142)at perfect0° alignmern (X; = X;). Top right: sameastop left exceptthatreference andseonday

aremisaligred by 8° relative rotaion asin Fig. 2. Bottomleft: sameastop right exceptthatthe reference
andsecomaryimagesarefrom adjecent(2mmsepaation) slicesof theimagevolume.Bottomright: same
asbottom right except thatimages aremisaligred by & relative rotation.
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Figure4: Part of feature treedatastructure.
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Figure5: Leavesf featue treedatastruciure.
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Figure 6: Tags: Eachpixel is labekd by a tagtype. Occurrecesand coinddenaes of tag labek are then
plottedon ajoint histogramof tagfeatues.

Figure7: ICA Basis: estimaed40-dimensioml ICA basissetobtainedfromtraining onrandanly selected
8 x 8 blodks in 10 ultrasoundbread images.
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100 uniformly distributed points

MST through 100 uniformly distributed points
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Figure8: A setof n points {Z;} in the plare (left) andthe corresporling Minimal Spannig Tree (MST)

(right).

Effect of entropy on MST Length
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Figure 9: Lengthfunctions L, of MST (left) and L, /+/n (right) asa function of n for the uniform and

normaldistributed pointsin figure.
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Effect of disc radius on MST Length 20 Automatic disc radius selection using kNN
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Figure10: Biasof thenlogn MST algoiithm asafunction of radius paraneter(left) andasa function of the
numberof nearst neighbors(right)
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Figure 11: Accelerdion of Kruskak MST algaithm from n?lognto nlogn (left) and Comparisa of
Kruskd' s MST to our nlogn MST algorithm (right)
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The Curse of Dimensionality in MST construction
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Figure12: [a] Construting the MST basedon kNN baseddiscradiusestimae could beaprodemion non
uniform distributions dueto the slow corvergenceof thelength function (left). [b] As thedimersiondity of
thedatagtincreaseghis probem aggraatesandthe partial seart now appracheshefull seach (right).

Norm. MST Length & Shannon MI for example image
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Figure 13: Imagebaclgrourds have beensynttresizedusingl5 ICA base elemens each. The promirent
featue seenin the images (right) is trandated acros the image (certer) (exaggeratedfor effect). The
backgrourd remains unchangel. Curvesfor singlepixel basedaMI andICA basedaxJengn (right)
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Norm. MST Length & alphaJensen, 8D ICA coeff., case142

MST Length profile for 64D ICA feature vector, vol. 142

NorT.‘lMST Length & alphaMI, Single Pixel Domain, case142
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Figurel14: For registration of two slicestaken from Casel42: MST andhistogrambasecdentrqoy estimdion
for sinde pixel features(left). MST andhistogrambasedentropy estmationfor 8D ICA features(certer)

and64D ICA feature vectors(right)

Effect of Additive Noise on peak of objective function

Effect of Additive Noise on peak of objective function
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Figure 15: Effect of additive Gaussia noise on the rms of the pe& posgtion of the alpha- M| objective
function estimatedusing histogams on single-pixel andfeature coincidencetreesof 8 x 8 tagfeatures (left)
andfeature coincidercetrees on discretelCA (8D and16D) features (right). Theseplots arebasedon 20
repeded experimentsfor the Casel42imageandits rotated cousn (maximum rotaion anglewas16’).
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Effect of Additive Noise on peak of objective function

15 =¥ alphaJensen Diff MST on 8D-ICA

-©- alphaMI on single pixels w/ Hitograms
-A- alphaJensen on 8D-ICA using Histograms
—»~ alphaJensen on single pixels w/ MST

[EY
o

U1

Position of Peak (registration Error)

0 5 10 15 20 25
Standard Deviation of Noise

Figurel6: Effectof additive noiseonthepeakof thea- MI objective function estimaedusing histogamson
singe pixels,a- Jengnfunction estimaedusinghistogramson singe-pixelsand8D discrde andcontinuous
ICA features.
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