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Motivation: Image Registraion

(b) Imagel T

Figure 1: Single Pixel Coincidences (Left and right: reference ini8ge
0° and rotated imagk" at &)




Single-Pixel Scatterplot(ZF,Z[)P_,

F|g ure 2 : Grey level scatterplots. 1st Col: target=reference slice. 2nd Col: target = reference+1 slice.




Renyi a-Divergence

The Renyia-divergence of fractional order € |0, 1] [Rényi:61,70 ]

1 f1\° 1 o eld
Da(f || fo) = a—1'”/ i dx:a_lln/flfo dx

e a-Divergence vsx-Entropy

1
Huo(f1) = 1 g In/ fidx= —Da(f1 fo)lt,—u 0.1

e a-Divergence vs. Batthacharyya-Hellinger distance
2
DZu(full fo) = [ (Vii—v/To) dx=2(1-exp(4D; (12 fo))
e a-Divergence vs. Kullback-Liebler divergence (Shannon MlI)

lim Do (f1]| fo) =

a—1




Réenyi a-divergence and Error Exponents

Observe i.i.d. samph/ = W, ..., W]

Wi ~ fo(w)
Hi VVJ ~ fl(W)

Bayes probability of error
Pe(n) = B(n)P(H1) +a(n)P(Ho)
LDP gives Chernoff bound [Dembo&Zeitouni:98]

Iiminf}IogPe(n) = — sup {(1—a)Dqy(f1|/fo)}.

N—e N ael0,1]

Special case: image registration
Ho : {ZR,Z"}independent vs. Hy : {ZR,Z"} dependent

Error exponent isi-Ml.




a-DIVERGENCE v/s a CURVES FOR a 0 [0,1] FOR SINGLE PIXEL INTENSITY CURVATURE OF: a-MI v/s a CURVE FOR SINGLE PIXEL INTENSITY
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Figure 3. Left: a-Divergence as function of angle. Right: Resolutionoof
Divergence as function of alpha




Higher Level Features

Disadvantages of single-pixel features:
e Only depends on histogram of single pixel pairs

¢ Insensitive to spatial reording of pixels in each image

¢ Difficult to select out grey level anomalies (shadows, speckle)

e Spatial discriminants fall outside of single pixel domain

e Alternative: Aggregate spatial features




Local Tags

(b) Imagel T

Figure 4: Local Tag Coincidences




Spatial Relations Between Local Tags

(a) Imagel R (b) Imagel T

Figure 5: Spatial Relation Coincidences




US Registration Comparisons

151 142 162
pixel 0.6/0.9 | 0.6/0.3 | 0.6/0.3
tag 0.5/36 | 05/3.8 | 04/14
spatial-tag| 0.99/14.6 | 0.99/8.4 | 0.6/8.3

Table 1: Numerator =optimal values afand Denominator = maximum
resolution of mutuabi-information for registering various images (Casqs
151, 142, 162) using various features (pixel, tag, spatial-tag, ICA).

10



Alternative: Projection-coefficient vector wrt ICA basis

™
ki
]
'
i
W
-
W

NEEEH -
1S 2 e T A
[ 3% & 5 B R i

-
SR
2 L
o
=2 5
Y

IVl il S
RY.GISPE

Figure 6:Estimated ICA basis set for ultrasound breast image databage
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Feature-based Indexing: Challenges

e How to best select discriminating features?
— Require training database of images to learn feature set
— Apply cross-validation...

— ...bagging, boosting, or randomized selection?

e How to computex-MI for multi-dimensional features?

— Tag space is of high cardinality256'° > 1032

— ICA projection-coefficient space is multi-dimensional continuu
— Soln 1: partition feature space and count coincidences...

— Soln 2: apply density estimation and ...

— ... plug into thea-MI

— Soln 3: estimate-MI directly




Methods of Entropy/Divergence Estimation

o Z=(ZR,Z"): a statistic (feature pair)
e {Z}: ni.i.d. realizations fromf (2)

Objective: Estimate

Ho (f :—In/fo‘

1. Parametric density estimation methods

2. Non-parametric density estimation “plug-in” methods

3. Non-parametric minimal-graph estimation methods




Minimal Graphs: Minimal Spanning Tree (MST)

128 random samples MST

Figure 7:




Convergence of MST

MST length, Unif. dist. (red), Triang. dist (blue) MST normalized compensated length
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Figure 8:




Asymptotics: the BHH Theorem and entropy estimation

Define the MST length functional

Ly(Xe) =min 5 [l

neen

Theorem 1
(Beardwood&etal:Camb59,Steele:95,Redmond&Yukich:SPA96)

lim Ly(Xg)/n(d-v)/d BL.g | f(x)@V/ddx a.s.)
Y Z

nN—o0

Or, lettinga = (d —vy)/d

lim Ly(Xn)/n" = Br,a exp((1-a)Ha(F)), (a.s.)

N—o00




Asymptotics of estimators ofHq ()

DefineBp", the Besov space cﬁt,(Rd) functions with smoothness given
by parameters anda.

Proposition 1 Let p>d>2anda=(d—vy)/de[1/2,(d—1)/d]

SUp El/K[/f X)dX— /f“ x)dx ] > o( —1/<2+d>)

fC(

while,

sup El/K[ LV(Xla---axn) BLy,d/fa(X)dX K] §O<

- —
f“eB%)’l n

whereA(p) =d+1—-d/p.

Note: minimal-graph estimator converges faster foroalt 1/2




Application of MST to Image Registration

1. Extract features from reference and transformed target images:
Xm={X}il; and Yn={Yi},

2. Construct following MST function oKX, andY

n

JR— a_
AL =InLy(XnUYn)/(n+m) n+m

InLy(Xpm)/m" — InLy(Yy)/n®

N+ m

3. Minimize AL, over transformations producing,.

(1—a) AL — Hg(efx+ (1—g)fy) —eHq (fx) — (1 —€)Hq (fy)

whereg =




lllustration for US Image Resgistration

MST Length, alphaMlI profiles. Single Pixel domain, vol. 142 MST & alphaJensen profile for 8D ICA feature vector, vol. 142 Norm. MST Length profile for 64D ICA feature vector, vol. 142
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Figure 9: Objective function profiles for histogram (L,M) and MST (L,M,R) es
timators ofa-Jensen difference vs histogram plug-in estimatoe=(1/2): Single-
pixel (L), 8D ICA (M), 64D ICA (R).




Quantitative Performance Comparisons

Effect of Additive Noise on peak of objective function

—¥— alphaJensen Diff MST on 8D-ICA

-©~ alphaMI on single pixels w/ Hitograms
-A- alphaJensen on 8D-ICA using Histograms
—¢ alphaJensen on single pixels w/ MST
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Figure 10: Quantitative registration MSE comparisons.




Extension: divergence estimation

Original data exact inverse transform
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Figure 11.:




Extension: outlier resistance via optimal pruning

k-MST (k=99): 1 outlier rejection (k=98): 2 outlier rejection
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k-MST (k=62): 38 outlier rejection (k=25): 75 outlier rejection
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Figure 12: k-MST for 2D annulus density.




k-MST Influence Function for Gaussian Feature Density

MST for planar Gaussian k—MST for planar Gaussian
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F|g ure 13:MST and k-MST influence curves for Gaussian density on the plane.




K-MST Stopping Rule

k—=MST length as function of k selection criterion

k—-MST length
criterion(k)
= N N
(6)] o (€]
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o

F|gure 14 Left: k-MST curve for 2D annulus density with addition of uniform “outliers” has a knee in the vicinity-dt & 35. This

knee can be detected using residual analysis from a linear regression line fitted to the left-most part of the curve. Right: error residual of gnear
regression line.




Computational Acceleration of MST

Selection of nearest neighbors for MST using disc

1

0.9

0.8

F|g ure 15 -Acceleration of Kruskal's MST algorithm fron?llngn to nlogn.




Linearization of Kruskals MST Algorithm for N 2 edges
200

—¥— Standard Kruskal Algorithm O(N )
-©- Intermediate: Disc imposed, no rank ordering
-A- Modified algorithm: Disc imposed, rank ordered
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F|g ure 16 :Comparison of Kruskal's MST to oudeagn MST algorithm.




Conclusions

. a-divergence for indexing can be justified via decision theory

. Applicable to feature-based image registration

. Non-parametric estimation is possible without density estimation
MST

. MST outperforms plug-in estimation when latter is feasible

. Robustified MST can be defined via optimal pruning of MST: k-MS




