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(B
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H
)
theorem
for
M
S
T

4.
M
inim
al
k
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oint
spanning
trees
and
greedy
approxim
ations

5.
E
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B
H
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theorem
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k
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6.
Q
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k
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S
T
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1
.
E
n
tro
p
y
E
stim
a
tio
n

L
etf
X
i g
ni=

1
b
e
a
poin
t
clou
d
in
IR
d,
d�
1.

�fX
i g
ni=

1
are
i.i.d.random
vectors
w
ith
u
n
k
n
o
w
n
p.d.f.
f
(x
),
x2
IR
d.

D
e�
ne
R
enyi
E
ntropy
of
fractional
order
�2
(0;1)

H
� (X
)
=

1
1�
�
ln Z

IR
d
f
�(x
)d
x

�
�
=
1=2:

H
12 (X
)
=
2
ln Z

IR
d rf
(x
)d
x

(H
ellin
g
er)

�
�
=
1:lim

�
!
1 H
� (X
)
=
�

Z
IR
d

f
(x
)
ln
f
(x
)d
x

(S
h
a
n
n
on
)
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O
bjective:
N
on-param
etric
estim
ation
of
R
enyi
entropy
of
f
(x
)
based
on

realizationfx
i g
ni=

1 .

E
ntropy
estim
ation
applications:

�
L
yap
ounov
exp
onents
of
fractal
and
other
non-linear
processes
(T
akens)

�
pattern
recognition
and
pattern
m
atching
(D
.
G
em
an)

�
im
age
registration
for
m
ultiple
M
R
I
studies
(C
ollignon,
M
eyer)

�
determ
ining
optim
al
cell
density
for
adaptive
V
Q
(G
ersho,
N
euho�
)

�
quadtree
term
ination
rules
for
non-linear
regression
trees
(B
reim
an,

H
astie)

�
stopping
rules
for
projection
pursuit
regression
(F
reidm
an)

�
E
rror
exp
onent
estim
ation
from
em
pirical
m
easurem
ents
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C
urrent
non-param
etric
entropy
estim
ation
m
ethods
are
based
on
density

estim
ation

^H
�
=

1
1�
�
ln Z

IR
d

^f
�(x
)d
x

D
i�
culties

�
kernel
or
histogram
estim
ation
is
unstable
esp.
for
large
d

�
d
-dim
ensional
integration
in
H
�
can
b
e
im
practical

�
asym
ptotic
analysis
is
com
plicated

�
unclear
how
to
robustify
^f
against
outliers

�)
functionff
(x
)
:
x2
IR
dg
over-param
eterizes
entropy
functional
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2
.
M
in
im
a
l
S
p
a
n
n
in
g
T
re
e
s
(M
S
T
)

F
or
n
p
oints
x
i 2
IR
d
de�
ne
the
com
plete
graphG
by

�
n
vertices
x
i

� �
n2 �
edge
w
eights
e
=
e
ij

T
otal
w
eight
of
graph:

L
n
=
X

e
ij

A
spa
n
n
in
g
tree
T
n
=
T
(x
1 ;:::;x
n )
is
an
acyclic
subgraph
ofG
.
It
has

w
eight

L
n
=

Xe2T
n
e

T
he
m
in
im
al
span
n
in
g
tree
(M
S
T
)
T
�n
=
T
�(x

1 ;:::;x
n )
is
the
spanning

tree
having
m
inim
um
w
eightL

�n

=
m
in

T
n

Xe2T
n
e
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P
revious
statistical
applications
of
M
S
T
techniques

�
C
lustering:
Z
ahn
(1971),
T
oussaint
(1980)

�
Invariant
pattern
recognition:
D
uda&
H
art
(1973)

�
T
esting
for
random
ness:
H
o�
m
an&
Jain
(1983)

�
N
on-param
etric
regression:
B
anks
(1993)
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Figure 1: 2D Uniform sample study.



Isaac Newton Institute: k-MST 9

0 0.5 1

0

0.5

1

triangular 2−d distribution (n=100)

x

y

0 0.5 1

0

0.5

1

MST

x

y

0 500 1000 1500
0

5

10

15

20

25
Mean MST length as function of n

n, triangular 2−d distribution on [0,1]

M
S

T
 le

ng
th

Figure 2: 2D Triangular sample study.
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3
.
A
sy
m
p
to
tic
th
e
o
ry
o
f
M
S
T
e
n
tro
p
y
e
stim
a
to
r

L
et
e
ij
=
kx
i �
x
j k
and
sp
ecialize
L
n
to
w
eighted
norm

L
n
=
X

e

ij ;


2
(0;d
)

S
teele's
(1988)
version
of
the
B
eardw
ood,
H
alton,
H
am
m
ersley
(1959)

T
heorem

L
etfX
i g
ni=

1
b
e
an
i.i.d
sequence
of
random
variables
w
ith
p.d.f.

f
(x
)
having
com
pact
supp
ort
in
IR
d,
d
>


>
0.
T
hen

L
�n =n
(d
�


)=d

!
�
L
;
 Z
IR
d
f
(d
�


)=d(x
)d
x

(w
:p:1)
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T
hus,
as
n!
1

dH
� (X
)
=

1
1�
�
(ln
L
�n =n
��
ln
�
L
;
 )
!
H
� (X
);

(w
:p:1)

w
here:

�
=
(d�


)=d
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Ingredients
b
ehind
proof

F
irst
assum
e


=
1
and
f
(x
)
=
uniform
over
unit
cub
e
[0;1] d

1.
S
phere
packing
b
ound
on
m
in
nearest
neighb
or
distances:

e
n
n

j

=
m
in
i e
ij �
c

n
1=d

c
=
2 p
d
=
const

2.
B
y
chaining
nearest
neighb
ors
this
gives
b
ound
on
M
S
T
length

L
n
=
n
�
1
Xij=

1
e
ij �

nXj=
1
e
n
n

j

�
n

c
n
1=d
=
c
n
(d
�
1)=d

3.
N
ext
use
fact
that
L
�n
is
"quasi-additive"
and
continuous
(R
edm
ond
and

Y
ukich
(1996)):

F
or
any
partition
of
[0;1] d
into
cub
es
Q
j
of
side
1=m



I
s
a
a
c
N
e
w
t
o
n

I
n
s
t
it
u
t
e
:
k
-M
S
T

14

L
�n (F
)
=
m
d

Xj=
1
L
�n (F
\
Q
j )
+
o  m
d
�
1 !

4.
T
he
ab
ove
can
b
e
used
to
show
that
for
uniform
f
(x
)

L
�n =n
(d
�
1)=d

!
�
L
;


T
his
last
result
generalizes
to
blocked
densities

f
(x
)
=

1m
d P
m
d

i=
1
�
i I
Q
i (x
)

via
quasi-additivity:L

�n ([0;1] d)
=

m
d

Xj=
1
L
�n (Q

j )
+
o  m
d
�
1 !

Indeed

M
S
T
over
�
i n
p
ts
in
[0;m
�
d]

z
}|
{

L
�n (Q

j )

=(n
�
i )
(d
�
1)=d

!
1m

�
L
;
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and
therefore:

L
�n ([0;1] d)=n
(d
�
1)=d

!
1m

d
m
d

Xj=
1 0@

�
i

m
d 1A

(d
�
1)=d

=
Z[0;1] d [f

(x
)] (d
�
1)=dd
x
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Illu
stra
tio
n
o
f
n
o
n
-R
o
b
u
stn
e
ss
o
f
M
S
T

S
am
ple
from
2D
m
ixture
density

f
(x
)
=
(1�
�)f
1 (x
)
+
�f
0 (x
);

0
<
��
1

f
1
-
annular
G
aussian
density:
the
target

f
0
-
spatially
hom
ogeneous
noise
density
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aussian annular density

(b)
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ples of uniform
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�
=
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�
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MST for annulus plus uniform
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B
a
n
k
s'
M
S
T
P
ru
n
in
g
A
lg
o
rith
m

in
2
D
(1
9
9
3
)

F
ix
k
=
b�
nc,
0
<
�
<
1.

1.
G
row
a
full
M
S
T
on
x
1 ;:::;x
n

2.
R
an
k
order
edges:
e
�(1)
<
:::
<
e
�(n

)
in
L
�n

3.
T
rim
M
S
T
and
L
�n
by
elim
inating
n�
k
largest
edges

4.
E
lim
in
ate
isolated
trees
resulting
from
trim
m
ed
M
S
T

5.
U
se
rem
aining
T
ru
n
k
of
tree
as
partial
spanning
tree

D
i�
culties:

�
unclear
how
to
choose
�

�
�
nal
tree
is
not
an
M
S
T

�
A
sym
ptotic
statistics
of
\�
-trim
m
ed"
L
�n
are
intractible

�
cannot
analyse
theoretical
robustness
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4
.
k
-M
in
im
a
l
S
p
a
n
n
in
g
T
re
e
(k
-M
S
T
)

F
ix
k
,
1�
n
.

L
et
T
n
;k
=
T
(x
i1 ;:::;x
ik )
b
e
a
spanning
tree
connecting
k
distinct
vertices

x
i1 ;:::;x
ik
of
com
plete
graphG
.

T
he
k-m
in
im
al
span
n
in
g
tree
(k-M
S
T
)
T
�n

;k
=
T
�(x

i �1 ;:::;x
i �k )
is
the

m
inim
um
w
eight
M
S
T
am
ong
the �
nk �
M
S
T
's
connecting
subsets
of
k

vertices
ofG
:

L
�n

;k

=

m
in

i1 ;:::;ik
m
in

T
n
;k

Xe2T
n
;k
e
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P
ro
p
o
se
d
k
-M
S
T
p
ru
n
in
g
a
lg
o
rith
m

1.
G
row
sequence
of
n�
k
+
1
k-M
S
T
's
on
x
1 ;:::;x
n :

L
�n

;n
>
:::
>
L
�n

;k

2.
D
etect
breakp
oint
i
=
ibk
in
L
�n

;i
curve

3.
use
k-M
S
T
w
ith
k
=
ibk
as
partial
spanning
tree

A
ttractive
P
rop
erties

�
breakp
oint
detection
is
natural
�
selection
rule

�
k-M
S
T
is
a
M
S
T

�
asym
ptotics
of
L
�n

;k
can
b
e
studied

�
can
analyse
theoretical
robustness
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Figure 6: MST for 2D torus density with and without the addition of uniform \outliers".
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Figure 7: Annulus density examples.
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Figure 8: Prediction criterion for threshold determination of optimal pruned k-MST
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Figure 9: Renyi entropy of various orders for annulus example.
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B
rie
f
h
isto
ry

E
xact
M
S
T
and
k-M
S
T
algorithm
s

�
M
S
T
for
general
undirected
graphs

O
(n
2)
ops:
K
ruskal
(1956),
D
ijkstra
(1959)
(d
=
2)

�
M
S
T
for
undirected
graphs
on
IR
d

O
(n
(n
log
n
)
(1�
2
�
(d
+
1)))

ops:
Y
ao
(1982)

�
k-m
inim
um
M
S
T
algorithm

O
(n
n
�
k)
ops:
Z
elikovsky
and
L
ozevanu
(1993)

�-optim
al
M
S
T
and
k-M
S
T
algorithm
s

�
L
��n
=L
�n
=
1
+
�,
O
(�
�
k
n
log
n
)
ops:
V
aidya
(1984,
1988)

�
L
��n

;k =L
�n

;k
=
O
(log
k
),
O
(n
2k
4
+
n
3)
ops:
G
arg&
H
ochbaum
(1994)
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�
L
��n

;k =L
�n

;k
=
O
(k
1=4):
R
avi,
S
undaram
,
M
arathe,
R
osenkrantz,
R
avi

(1994)

�
L
��n

;k =L
�n

;k �
3,
O
(n
2k
4
+
n
3)
ops:
H
ochbaum
(1996)

�
L
��n

;k =L
�n

;k
=
1
+
�,
n
O
(1=�)
ops:
M
itchell
(1996)

�
L
��n

;k =L
�n

;k
=
1
+
�,
O
(n
k
(log(k
))
O
(1=�)
ops:
A
rora
(1997)
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G
re
e
d
y
A
p
p
ro
x
im
a
tio
n
to
k
-M
S
T

4
steps
to
approxim
ation

1.
user
sp
eci�
es
a
p
ositive
integer
m

2.
user
sp
eci�
es
a
uniform
partitionQ
m

of
[0;1] d
having
m
d
cells
Q
i
of

resolution
1=m
;

3.
user
runs
algorithm
to
�
nd
the
sm
allest
subset
B
mk

=
[
i Q
i
of
partition

elem
ents
containing
at
least
k
p
oints;

4.
on
this
reduced
subset
the
algorithm
runs
k
-M
S
T
.



I
s
a
a
c
N
e
w
t
o
n

I
n
s
t
it
u
t
e
:
k
-M
S
T

31

R
a
v
i's
G
re
e
d
y
S
u
b
se
t
S
e
le
ctio
n
A
lg
o
rith
m

In
tia
lize
:
B
=
�
,
j
=
1

S
ort
Q
i
in
decreasing
order
of
cardf
Q
i g

D
o
until
cardfX
n \
Bg�
k

B
=
B
[
Q
(j)

E
n
d
j
=
j
+
1

N
ote:
sm
allest
subset
found
by
algorithm
is
not
unique!
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Figure 11: A sample of 75 points from the mixture density f(x) = 0:25f1(x) + 0:75fo(x) where fo is a uniform density over

[0; 1]2 and f1 is a bivariate Gaussian density with mean (1=2; 1=2) and diagonal covariance diag(0:01). A smallest subset Bm
k

is the union of the two cross hatched cells shown for the case of m = 5 and k = 17.
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Figure 12: Another smallest subset Bm
k

containing at least k = 17 points for the mixture sample shown in previous Fig
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5
.
A
B
H
H

T
h
e
o
re
m

fo
r
k
-M
S
T

F
ix
�
and
let
k
=
b�
nc
b
e
num
b
er
of
retained
p
oints
in
k
-M
S
T

W
e
w
ill
let
n!
1
and
investigate
b
ehavior
of
L
�n

;b�
n
c

T
w
o
b
a
sic
ste
p
s

S
te
p
1
:
Index
the �
n

b�
n
c �
vertices
by
unions
B
of
the
m
d
partition
cells

T
hen
for
large
n

m
in

i1 ;:::;ib�
n
c L

�(X
i1 ;:::;X
ib�
n
c )

|

{z

}

k
-M
S
T
len
gth

�

m
in

B
:P
(B
)�
�

L
�(fX

1 ;:::;X
n g\
B
)

|

{z

}

M
S
T
len
gth
over
B

T
hus
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L
�n

;b�
n
c =(b�
nc)
�

!
�
L
;


m
in

A
:P
(A
)�
� Z
IR
d
f
�(xjA
)d
x

(w
:p:1)

w
here

f
(xjA
)
=

8>><>>:
f
(x
)=P
(A
);
x2
A

0;

o:w
:
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S
te
p
2
:
�
nd
explicit
form
for
constrained
m
inim
um

R
ew
rite
lim
iting
form
as:

L
�n

;b�
n
c =(n
)
�

!
�
L
;


m
in

A
:P
(A
)�
� ZA
f
�(x
)d
x

(w
:p:1)

=
�
L
;


m
in

A
:P
(A
)�
�
�
(A
)

W
rite
objective
function
�
(A
)
as
(unconstrained)
L
agrangian:

�
(A
)
=

ZA
f
�(x
)d
x�
� �ZA
f
(x
)d
x�
� �

=
ZA �1�

�
f
1�
�(x
) �
f
�(x
)d
x
+
�
�

w
here
�
>
0
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M
inim
izer
A
=
A
�
is
now
obvious

A
�
=
f
x
:
f
(x
)�
�g

w
here
�
=
�
1=(�
�
1)�
0
selected
s.t.

P
(A
� )
=
�

F
urtherm
ore
the
m
inim
um
can
b
e
w
ritten

�
(A
� )
=

Z
IR
d
f
�(xjA

� )d
x

)
f
(xjA
� )
obtained
by
\w
ater
p
ouring"
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T
his
gives
the
result:

L
�n

;b�
n
c =(b�
nc)
�

!
�
L
;
 Z
IR
d
f
�(xjA

� )d
x

(w
:p:1)

w
here

f
(xjA
� )
=

8>>><>>>:
f
(x
)

P
(A
) ;
x2
A
�

0;

o:w
:

and
A
�
is
a
subset
of
su
ppff
(x
)g
de�
ned
by
the
pair
of
conditions

A
�
=
fx
:
f
(x
)�
�g;

ZA
�
f
(x
)d
x
=
�
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E
x
te
n
d
e
d
B
H
H

th
e
o
re
m

in
te
rm
s
o
f
R
e
n
y
i
e
n
tro
p
y

^R
�;�
=

1
1�
�  ln
L
�n

;b�
n
c =(b�
nc)
��
ln
�
L
;
 !
!
R
� (X
jA
� )

(w
:p:1)

w
hereR

� (X
jA
� )
=

m
in

A
:P
(A
)=
�
R
� (X
jA
)
=

1
1�
� Z
IR
d
f
�(xjA

� )d
x
;

T
h
e
o
r
e
m

1

^R
�
is
a
stro
n
g
ly
co
n
sisten
t
estim
ator
o
f
th
e
m
a
xim
u
m

co
n
d
itio
n
al
R
�en
yi
en
tro
p
y
R
� (fjA
� )
o
f
ord
er
�2
(0;1)
a
s
m
;n!
1
.
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Im
plications

1.
k
-M
S
T
estim
ator
^R

�
is
unbiased
and
has
vanishing
variance.

2.
k
-M
S
T
entropy
estim
ator
is
robust
to
outliers.
C
onditional
entropy
of

m
ixture
f
=
(1�
�)f
1
+
�f
0
equals
unconditional
entropy
of
f
1
for
sm
all

�.

3.
�
L
;

need
not
b
e
com
puted
if
only
relative
entropy
is
of
interest

4.
G
iven
m
axim
um
tolerated
approxim
ation
error
�,
and
an
upp
er
b
ound
v

on
the
total
variation
of
f
,
w
e
can
sp
ecify
selection
rule
for
required

partition
resolution

1=m
�

�

(2
+
C
3 )v
:

5.
estim
ates
of
R
�enyi
entropy
of
low
er
orders
(�
<
1=d
)
converge
faster

than
estim
ates
of
higher
orders.
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E
x
a
m
p
le
s

1.
X
i �
uniform
on
unit
sphere
S
(0;1)
d

F
ind

A
�
=

8>>>><>>>>: x
:k
xk�

0BB@
�

jS
(0;1)
dj 1CCA

1d 9>>>>=>>>>;

and

f
(xjA
� )
=

8>><>>:
1� ;
x2
A
�

0;

o:w
:

Im
plication:
L
n
;b�
n
c
is
linear
in
�

L
n
;�
n

=

���
(d
;

)n
(d
�


)=d;

(n
large)
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2.
X
i �
N
d (0;�
2I)
on
IR
d

F
ind

A
�
=

(x
:kxk�
� sQ
�
1

�
2 (�
;d
) )

and

f
(xjA
� )
=

8>>>>><>>>>>:
1

�
(2�
�
) d
=2 e
�
x
T
x

2�
2;
x2
A
�

0;

o:w
:

so
that
L
n
;b�
n
c
is
non-linear
in
�

L
n
;b�
n
c

�
Q
�
2 (�
Q
�
1

�
2 (�
;d
))�
(2�
�
)


2d
�
(d
;

)n
(d
�


)=d

�
=
(d�


)=d
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5
.
In
v
e
stig
a
tio
n
o
f
ro
b
u
stn
e
ss
v
ia
in


u
e
n
ce
fu
n
ctio
n

L
et
F
n
b
e
the
em
pirical
distribution
function
of
the
sam
plesfx
i g
ni=

1 .

F
n (A
)
d
ef

=

1n
ZA

�
x
i (x
)d
x

F
or
any
statistic
T
n
=
T
(F
n )
converging
w
.p.1.
to
T
=
T
(F
)
the
in

uence

curve
is
(H
am
p
el
1968)

I
C
(x
o ;F
;T
)
=
lim

s!
0

T
(
(1�
s)F
+
s�
x
o )

s

�
quantitative
m
easure
of
outlier
sensitivity

�
gives
asym
ptotic
estim
ator
variance
(H
ub
er
1981)

n
var(T
n )
!

Z
I
C
2(x
;F
;T
)f
(x
)d
x
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IC
fo
r
k
-M
S
T

U
sing
T
n
=
L
�n

;b�
n
c =(b�
nc)
�
w
e
�
nd

I
C
(x
o ;F
;L
)
=
�
L
;
 0B@
dd

s Z
IR
d
f
�s
(xjA
� )d
x ����s=

0 1CA

w
here

f
s (x
)
=
(1�
s)f
(x
)
+
s�
x
o (x
)

I
C
(x
o ;F
;L
)
=

�
(d
;

)

�
�

� 8>>>>>><>>>>>>:
��f
�
�
1(x

o jA
� )�
(1�
�
)�e
R
� (X
jA
�
);
x
o 2
A
�

�
(1�
�
)�e
R
� (X
jA
�
);

x
o
=2
A
�



Isaac Newton Institute: k-MST 47

alpha = 1  

alpha = 0.6

alpha = 0.8

−50 0 50
−50

−40

−30

−20

−10

0

10

20

30

40

50

x

IC
(x

,F
,T

)

Influence Curves for alpha−Trimmed Mean
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O
bservations:

�
M
S
T
(�
=
1)
has
unb
ounded
in

uence
curve
askx
o k!
1
for

non-com
pactly
supp
orted
f
(e.g.
exp
onential
fam
ily)

�
k-M
S
T
has
b
ounded
in

uence
curve
for
all
f

�
IC
has
sim
ilar
form
to
IC
for
1-D
rank-order
statistics



Isaac Newton Institute: k-MST 49

−20

0

20

−20

0

20
−100

0

100

200

300

MST for planar Gaussian

IC
(x

,F
,L

)

−20

0

20

−20

0

20
−40

−20

0

20

40

60

k−MST for planar Gaussian

IC
(x

,F
,L

)



I
s
a
a
c
N
e
w
t
o
n

I
n
s
t
it
u
t
e
:
k
-M
S
T

50

C
o
n
clu
sio
n
s

�
k�
M
S
T
generalizes
rank
order
statistics
(trim
m
ed
m
ean)
to
IR
d

�
com
putational
com
plexity
app
ears
com
p
etitive
w
ith
density
estim
ation

techniques,
esp.
for
large
d

�
ln
k�
M
S
T
length
gives
consistent
entropy
estim
ator
w
ith
provable

robustness

�
asym
ptotics
apply
to
quasiadditive
w
eight
functionals:
k-T
S
P
,
k-S
teiner

trees,
m
inim
al
m
atching

�
Y
ukich's
ergodic
theory
of
M
S
T
's
m
ay
provide
useful
extension
for

correlated
data


