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ABSTRACT

The advent of distributed and agile sensing systems that collect data in multiple
locations and through a variety of sensing modalities has brought about new and
exciting challenges to the field of signal processing. Motivated by problems that
arise in the development of these systems, the thesis makes contributions in three
domains: (1) distributed optimization for inference in sensor networks, (2) statistical
tests for optimality that mitigate the problem of sensitivity to local maxima, and (3)
development and analysis of reinforcement learning solutions to stochastic decision
problems for resource allocation in agile sensing.

A novel incremental gradient method, called incremental aggregated gradient
(IAG), that can be used by wireless sensor networks to perform inference in a dis-
tributed manner, is proposed and analyzed. A gradient aggregation concept relaxes
the common requirement of incremental methods for a diminishing step size for con-
vergence, and a fast convergence rate is established.

The convergence of TAG is established under a certain unimodality assumption.
For non-convex problems however, for example when IAG is applied to find the
maximum likelihood estimator, the method might stagnate at a local maximum. To
mitigate this weakness, the following question is addressed: Given the location of
a relative maximum of the log-likelihood function, how to assess whether it is the
global maximum? We analyze and improve an existing statistical tool, called A

Test for Global Maximum, that answers this question by posing it as a hypothesis
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testing problem. Tests that are insensitive to model mismatch are proposed, thereby
overcoming a fundamental weakness of this tool.

Finding optimal policies for controlling an agile sensing system is formulated as
a reinforcement learning problem and solved via a novel approximate dynamic pro-
gramming algorithm that approximates the solution of the associated multi-stage
non-convex optimization problem by solving a sequence of single-stage convex prob-
lems. Via this approximation a plethora of off-the-shelf classification methods can
be applied to approximate the solution of the more complicated reinforcement learn-
ing problem. The consequences of the approximation are investigated by deriving
finite sample upper bounds on the performance of the estimated policy relative to

the performance of the optimal one.



CHAPTER 1

Introduction

1.1 Overview

The advent of distributed and agile sensing systems that collect data in multiple
locations and through a variety of sensing modalities has brought about new and
exciting challenges to the field of signal processing. This phrase ”distributed and
agile sensing systems” ties together the emerging technologies of wireless sensor net-
works [35,69] and multi-modal sensing systems [60,68]. A wireless sensor network is a
system of partially connected data acquisition elements that are spatially distributed
to sample a random field. Wireless sensor networks were introduced to accomplish
monitoring tasks such as measuring power consumption over the electric power grid
to prevent overloads, collecting traffic volumes over the internet to identify abnor-
malities, environmental monitoring, and surveillance. Agile, or multi-modal, sensing
is the capability of controlling the data collection process. Examples of agile sensing
systems include a radar that can control its beam direction, a land mine detector
that can deploy several types of sensors, and a monitoring satellite that can control
the frequency band of its radar. The key element that differentiates agile sensing

systems from other data collection systems is a resource allocation constraint that



precludes using all sensor modalities at all times. In its operation, an agile sensing
system must select the best sensing modality based on past observations to maxi-
mize a given objective. These two technologies are clearly linked in the following
way. If, due to power and bandwidth constraints, a sensor network must activate
only a portion of its elements, then the resulting system can be analyzed as an agile
sensing system. If an agile sensing system is composed of several platforms that are
connected though noisy channels, then we encounter similar design problems as we
do in sensor networks.

The contribution of the thesis to the development of distributed and agile sensing
systems will be described as we review various aspects of an intrusion detection sys-
tem. Consider a wireless network of acoustic sensors that is distributed to monitor
a field. When a vehicle enters the field, the network should track its position. Given
the sensors’ measurements, it is easy to derive an estimator of the source location.
However, the fact that wireless sensors are powered by batteries limits the amount
of information that can be transmitted by the sensors, and hence, a central design
problem is how to compute this estimator from data that are distributed across the
network elements. Solutions to this problem divide into centralized and distributed
methods (see Fig. 1.1). In the centralized approach, the data collected by the sensors
are communicated to a central point (sometimes called a fusion center) for process-
ing [117]. Distributed methods relax the requirement for complete data sharing.
They solve the optimization problem via iterative partial information sharing be-
tween the network elements. Distributed methods are especially advantageous when
the data collected by the sensors are only the means for performing inference, as in
the application described above. In this case, transmitting the data from each sensor
to a fusion center may be unnecessary [90]. Several contributions have been made

to distributed optimization for sensor networks. In Chapter 2 a novel incremental
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Figure 1.1: Centralized and Distributed methods.

gradient method, called incremental aggregated gradient (IAG), that can be used
by wireless sensor networks to perform inference in a distributed manner, is pro-
posed and analyzed. As explained in more details in Section 1.2 below, a gradient
aggregation concept relaxes the common requirement of incremental methods for a
diminishing step size for convergence [18,48,51,64,76,77,79,108]. Sensor network
acoustic source localization, which was traditionally solved via the maximum likeli-
hood estimator [75,94,95,105], is formulated as a convex feasibility problem in [J1]
and solved via a distributed version of the projection onto convex sets (POCS) algo-
rithm. In [C2], the gradient aggregation approach of Chapter 2 is applied to derive a
convergent variation of POCS. The gradient aggregation approach was also applied
outside of the domain of wireless sensor networks. In [J2] the approach is applied to
derive a convergent incremental optimization transfer algorithm for tomography.

In Chapter 2, convergence of IAG is established under a certain unimodality
assumption. For non-convex problems however, for example when TAG is applied
to find the maximum likelihood estimator of the source location, the method might
stagnate at a local maximum. The sensitivity to local maxima is common to other
methods for computing the maximum likelihood estimator, such as the expectation
maximization algorithm [38] or Fisher scoring [81]. To mitigate this weakness, the

following question is addressed: Given a location of a relative maximum of the log-



likelihood function, how to assess whether this is the global maximum? As detailed
in Section 1.3, Chapter 3 analyzes an existing statistical tool [21,39,49], called A Test
for Global Maximum, that answers this question by posing it as a hypothesis testing
problem. Furthermore, tests that are insensitive to model mismatch are proposed,
thereby overcoming a fundamental weakness of this tool.

As part of the analysis in Chapter 3, the asymptotic characterization of the lo-
cal maxima of the likelihood function is derived. This result was used to propose
a method for solving the global optimization problem of maximum likelihood in
wireless sensor networks. Suppose that each sensor finds a local maximum of the
likelihood function and transmits its location, rather than the collected data, to the
fusion center. It is shown in [C3] that the problem of finding the maximum likeli-
hood estimator from the sub-optimal local estimates is a Gaussian mixture clustering
problem, and that it is possible to identify the cluster that is associated with esti-
mates that converged to the global maximum by comparing the covariance of the
clusters to the inverse of the Fisher Information Matrix. Once the right cluster is
identified, its mean is the final estimator.

A common approach for saving battery power in wireless sensor networks is to
adaptively switch the sensors on and off, in accordance with the task and the state
of the network. For example, in the intrusion detection system described above, one
might activate a small portion of the sensors at first, and once an initial estimate of
the source location is obtained, more sensors in the vicinity of the source are turned
on while distant sensors are switched off. A closely related problem is that of finding
policies to control an agile sensing system [60,68], which we formulate as a sequential
choice of experiment problem [37]. In the sequential choice of experiment problem,
a system performs inference based on information that can be acquired through a

number of sensors or sensor modalities, each with a different observation distribution



and deployment cost (see Fig. 1.2). The goal is to find a policy for controlling the
agile sensing system that achieves optimal inference performance with a minimal
number of sensor dwells. In this thesis, we consider the more general problem of
finding optimal policies for controlling an arbitrary finite horizon stochastic decision
process, which includes the sequential choice of experiment problem as a special case,
and treat the problem of finding the optimal policy without explicit knowledge of
the underlying model, but rather from experimental or simulated data. This model
free instance of the stochastic control problem is called reinforcement learning [112].
In [J3], the reinforcement learning algorithm Q-learning [112] was applied to find
near-optimal policies for a multi-modal radar to detect maneuvering targets. It is
well known, however, that applying reinforcement learning methods to real life ap-
plications requires a great deal of expertise and experimentation [102]. In [C1], a
Gauss-Seidel algorithm is used to break a multistage reinforcement learning prob-
lem into a sequence of single-stage reinforcement learning subproblems, which are
then converted to supervised learning problems that can be solved using off-the-shelf
methods. The goal was to leverage techniques and theoretical results from supervised
learning for solving the more complex problem of reinforcement learning, as advo-
cated in [9]. In Chapter 4, we build on the ideas in [C1] and propose an approximate
dynamic programming algorithm to solve the reinforcement learning problem. The
algorithm approximates the multi-stage non-convex optimization problem, required
for finding the optimal policy, by a sequence of single-stage convex problems. Via
this approximation a plethora of off-the-shelf classification methods can be applied to
approximate the solution of the more complicated reinforcement learning problem.
The consequences of the approximation are investigated by deriving finite sample
upper bounds on the performance of the estimated policy relative to the optimal

one. In Chapter 5 we return to the sequential choice of experiment problem and the
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approximate dynamic programming algorithm is successfully applied to the problems
of finding an optimal policy for controlling a land mine detection system from sim-
ulated data and finding an optimal policy for controlling a land monitoring satellite
from real data.

In Figure 1.3, the different elements of the presented work and the relations
between them is presented.

The thesis is organized as follows. This chapter reviews the results in the thesis:
Sections 1.2, 1.3, and 1.4 summarize the results on the IAG method, the tests for
global maximum, and the work on reinforcement learning, respectively. In Chapters 2
and 3 two self-contained manuscripts based on the results on the IAG method and
the tests for global maximum are given. In Chapter 4 the approximate dynamic
algorithm and its analysis are presented. The application of the algorithm to the

sequential choice of experiment problem is presented in Chapter 5.
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1.2 Distributed Optimization for Sensor Networks

This section describes the results presented in a paper that is under second review

at SIAM Journal on Optimization.

1.2.1 Introduction

The emerging technology of wireless sensor networks provides means of efficiently
collecting data that are distributed over a large area [69]. The collection of the data,
however, is often not the end goal but rather the means for solving an associated
optimization problem, e.g., inference [90]. Solutions to the optimization problems
that arise in sensor networks divide into centralized and distributed methods. In the
centralized approach, the data collected by the sensors are communicated to a central
point (sometimes called a fusion center) for processing. Distributed methods relax
the requirement for complete data sharing by solving the optimization problem via
iterative partial information sharing between the network elements. A comparison
between the centralized and distributed frameworks shows that, when the monitored
area is fixed, transmitting data to a fusion center requires the transmission of O(L)
bits over a distance of O(1) per bit, whereas sharing information in a distributed
manner requires O(L) bits over a distance of O(y/log® L/L) per bit, where L is
the number of sensors [96]. Hence, distributed implementation is advantageous for
dense networks. Furthermore, when the data collected by the sensors are only the
means for performing inference, transmitting the data from each sensor to a fusion
center may be unnecessary and distributed schemes can be used to perform the same
inference task in a distributed manner while reducing the communication and energy

requirements [90]. In particular, under the assumption that data collected at different



sensors are independent, inference optimization problems often take the form

L

minimize  f(x) =Y _ fi(z), z€R?, (1.1)

=1

where f; : RP — R are indexed by the data at sensor [, [ = 1,..., L. For example,
in maximum likelihood estimation fj(x) is the log-likelihood of the measurements of
sensor [ given the parameter vector z, and in least squares estimation f;(x) corre-
sponds to the sum of squared distances between the measurements of sensor [ to the
assumed parametric model parameterized by x.

To solve (1.1) in a distributed manner, Rabbat and Nowak [95] proposed the
incremental gradient algorithm that has been studied extensively in the literature [18,
48,51,52,64,76,77,79,108]. To describe the incremental gradient method, the steepest
descent method is first reviewed. Given an initial point !, the steepest descent

method generates a sequence {z*};>; according to

L
P =k — V(™) =2 - Y VAEY),
=1

where p is a positive constant step size chosen small enough to ensure convergence.
Hence, every update requires the computation of each of the gradients V f;(z*),

k

l=1,...,L. In contrast, the incremental gradient method updates z” according to

= 2 u(R)V i, (2, (1.2)

where p(k) is a positive step size, possibly depending on k, and (k) denotes k mod-
ulo L. Hence, the incremental gradient method requires a single gradient evaluation
per iteration. When this algorithm is implemented in a sensor network, (1.1) is solved

via several communication cycles across the network. Sensor 1 generates z! arbitrar-
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ily, computes x? according to (1.2) and transmits z? to sensor 2. Upon receiving

k+1

2® and from sensor (k — 1)1, processor (k) computes z*™! according to (1.2) and

transmits the new estimate !

to sensor (k + 1);. Incremental gradient methods
are motivated by the observation that when the iterates are far from the eventual
limit, the evaluation of a single gradient component is sufficient for generating an
approximate descent direction. Hence, these methods lead to a significant reduction
in the amount of required computations per iteration (see e.g. [16] section 1.5.2 and
the discussion in [15]). When implemented in a sensor network, these methods relax
the requirement for transmitting the data from all the sensors to a fusion center [95].
The drawback of these methods, when using a constant step size, is that the iterates
converge to a limit cycle and oscillate around a stationary point [76], unless restric-
tions of the type Vfi(x) = 0,1 =1,...,L whenever V f(x) = 0 are imposed [108].
In a sensor network application, this amounts to having each sensor converge to a
different limit. Convergence for a diminishing step size has been established by a
number of authors under different conditions [18,48,51,64,76,77,79,108]. However,
a diminishing step size usually leads to slow convergence near the eventual limit and
requires exhaustive experimentation to determine how rapidly the step size must
decrease in order to prevent scenarios in which the step size becomes too small when
the iterates are far from the eventual limit (e.g. determining the constants a and b
in step sizes of the form u(k) = a/(k +b)).

Chapter 2 proposes and analyzes a novel incremental gradient method called
incremental aggregated gradient (IAG) for solving (1.1), which requires a single gra-
dient computation per iteration and converges with a constant step size. The TAG
method generates a sequence {2*};>; as follows. Given L arbitrary initial points

' 2%, ..., 2", an aggregated gradient, denoted by d*, is defined as Zle V fi(2h).

11



For k > L,

o* = ok p—d, (1.3)

" = dF - Vf(k+1)L(£CkH*L) + Vf(k+1)L(37k+l)a (1.4)

where g is a positive constant step size chosen small enough to ensure convergence,
and the factor 1/L is explicitly included to make the approximate descent direction
%dk comparable in magnitude to the one used in the standard incremental gradient

k+1 s generated according to the

method (1.2). Thus, at every iteration a new point
direction of the aggregated gradient d*. Then, only one of the gradient summands
V fk+1), (2¥) is computed to replace the previously computed V f(i1), (zF175).

Note that for k > L the IAG iteration (1.3)—(1.4) is equivalent to

L-1
1
K+l _ ok k1
A lg_o V fk—py, (2"). (1.5)

It is seen that the principal difference between the standard incremental gradient
method (1.2) and the IAG method is that the standard incremental gradient method
uses only one of the components in order to generate an approximate descent di-
rection, whereas the IAG method uses the average of the L previously computed
gradients. This property leads to convergence of the TAG method for fixed and
sufficiently small positive step size pu. This is as contrasted to the standard incre-
mental gradient method, whose convergence requires that the step size sequence u(k)
converge to zero.

A hybrid between the steepest descent method and the incremental gradient
method was studied in [15]. The hybrid method starts as an incremental gradient
method and gradually becomes the steepest descent. This method requires a tun-

ing parameter, which controls the transition between the two methods, to gradually
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increase with k to ensure convergence. When the tuning parameter increases suffi-
ciently fast with the number of iterations, it is shown that the rate of convergence
is linear. However, the question of determining the rate of transition between the
two methods still remains. For any fixed value of the tuning parameter, the hybrid
method converges to a limit cycle, unless a diminishing step size is used, similar to
the standard incremental gradient method.

The choice of the aggregated gradient d® (1.4) for generating an approximate
descent direction was mentioned in [51] in the context of adaptive step size methods,
which require repeated evaluations of either the complete objective function f(x) or
its gradient. This requirement renders the methods proposed in [51] inapplicable to
problems in sensor networks of interest to us or any other applications which require
decentralized implementation. In addition, as noted in [116], if V fi(z), = 1,... L,
are not necessarily zero whenever V f(z) = 0, the step size tends to zero, resulting
in slow convergence.

The TAG method is closely related to Tseng’s incremental gradient with mo-
mentum term [116], which is an incremental generalization of Polyak’s heavy-ball
method [91, p. 65] (also called the steepest descent with momentum term [17, p.

104]). Rewriting Tseng’s method’s update rule as

k

aF T =gk — (k) Z ¢V fepy, (2770,

=0

we see from (1.5) that the IAG method is a variation of this method with a truncated
sum, ¢ = 1, and a constant step size. Similar to [51], the step size adaptation rule that
leads to convergence in [116] requires repeated evaluations of the complete objective
function f(z) and its gradient. Hence, this method cannot be implemented in a

distributed manner either. Furthermore, a linear convergence rate is established
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only under a certain growth property on the functions’ gradients, which requires
Vfi(r)=0,1=1,...,L, whenever Vf(z)=0.

In contrast to the available methods, the IAG method has all four of the following
properties: (a) it evaluates a single gradient per iteration, (b) it uses a constant step
size, (c) it is convergent, and (d) it has global linear convergence rate for quadratic

objective f(x).

1.2.2 Convergence Analysis

The convergence analysis is done for several function classes. Under the assump-
tion that Vfj(z), l = 1,..., L are bounded and satisfy a Lipschitz condition it is

shown that

i
11— CZM,

liminf ||V ()] <

where C and Cy are given constants. To prove this result the IAG method is first

written in a form known as the “gradient method with errors” [18]:

L-1 L-1 L—1

1 J—

okl = ok NZ Z Vf(kfl)LCEk) + Z Vf(kfl)L(-Tk l) _ Z vf(kfl)L(xk)

1=0 1=0 1=0

1

= oF— b [Vf(*)+ R, (1.6)
where
L1
=" [V fpny, (25 = Y fyy, (24)]

=1

is the error term in the calculation of the gradient at z*. Then it is shown that
the process {h*};>1 can be upper bounded by the output of an autoregressive linear
system that is driven by a bounded process. Then a standard analysis of a gradient
method with bounded errors leads to the result.

Next, it is assumed in addition that f(z) has a unique global minimum at z*,
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that the Hessian of f(x) is continuous and positive definite at z*, and that for any
sequence {t*}2°, in RP, if limy o f(tF) = f(a*) or limy_ ||VF(t*)|| = 0, then
limy,_. t* = 2*. Under these assumptions, pointwise convergence of the method is
established. The proof follows the following argument. As long as the the gradient of
f(x) at o¥ is larger than the maximal contribution of the error term in (1.6), d* is a
descent direction and the iterates reduce the value of the function. When the iterates
enter a region of small gradient, the method slows down, i.e., the distance between
subsequent iterations reduces, and a new bound on the contribution of the error term
h¥ can be established. The convergence result follows by iteratively applying these
two arguments.

It is shown that the assumptions required for the convergence result are weaker
than strict convexity, which is usually assumed to establish global convergence. In
particular, two examples of functions that satisfy all the assumptions are given.
These are an objective function associated with a robust estimator [55] and the
objective function associated with the LogitBoost algorithm [46]. The case when
f(z) and f;(x) are quadratic functions, however, is not covered by the above analysis.
For this important case, a completely different convergence proof is given and it is
shown in addition that the convergence rate is globally linear.

In the quadratic case, the functions f;, [l = 1,..., L, have the following form
1 / /
filz) = % Qr—cx, l=1,...,L, (1.7)

where (); are given symmetric matrices, ¢; are given vectors, and Zle Q; is positive
definite. Under this assumption, the function f(z) = 3.1, fi(z) is strictly convex,

has its minimum point at
L

=0 a, (1.8)

=1
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and z* is the only stationary point of f(z). In Chapter 2, it is shown that for
sufficiently small p, limy_.. ¥ = * and the rate of convergence of the IAG method
is linear. To prove the convergence result in this case, the iterates are first written

explicitly

L-1

— L—-1
af = — 2 Z Q(M)Lﬁk_l — Ck—l) | = b — MZ Q(kfz)ﬂk_l + pe,
=0 =0

where ¢ = Zlel ¢, and the factor % was absorbed into p to simplify the notation.
Subtracting x* (1.8) from both sides and adding and subtracting z* inside the paren-

theses, we obtain
L—1
xk—i—l = CL’k N MZ Q(k—l)L (C(]k_l — 4 ZE*) + pc.
1=0

Denoting the error at the kth iteration by e® = z¥ — 2* and the substitution of (1.8)

for x* lead to the following error form

L-1
k+1 _ k k—l
= — 1> Qe
=0

This relation between a new error and the previous errors can be seen as a periodically
time varying linear system. To analyze its stability, which will lead to the convergence
result, it is useful to consider L iterations as one iteration [82]. This can be seen as

down-sampling the original system by a factor of L, which leads to a time invariant
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system of a lower sampling rate. Specifically, by defining

it is shown by induction that

ék—l—L — M(M)Ek,

where M (p) is a matrix function of . Therefore, to establish convergence (and a
linear rate), we need to prove that the eigenvalues of M (u) are inside the unit circle
for sufficiently small p. It is easy to see that if 4 = 0, M () has multiple eigenvalues
at zero and one. By continuity, the eigenvalue at zero will remain inside the unit
circle for small enough u. As for the eigenvalues at one, it is shown that they enter
the unit circle as p increases from zero by showing that the derivative of the function

that expresses the dependency of the eigenvalues on p is negative at u = 07.

1.2.3 Application to Sensor Networks

In Chapter 2, it is shown how the TAG method is implemented in a sensor network
in a distributed manner, i.e, applied to solve optimization problems without sending
the data to a fusion center. For two sensor network applications, numerical experi-
ments compare the IAG method with other incremental gradient methods, showing

the advantages of the new method.
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1.3 Tests for Global Maximum of the Likelihood
Function

This section describes the results presented in a paper that has been accepted

after revision to the IEEE Transactions on Information Theory.

1.3.1 Introduction

Chapter 3 tackles a question that is fundamental to Maximum Likelihood estima-
tion: Given a location of a relative maximum of the likelihood function, how to assess
whether this is the global maximum? The problem of distinguishing between local
and global maxima arises whenever the Maximum Likelihood method is applied to
nonlinear problems and local search methods, such as the Expectation Maximization
algorithm [38], Fisher scoring [81], or the IAG method of Chapter 2, are applied. In
Chapter 3, a statistical tool, called A Test for Global Maximum [21, 39, 49|, that
answers this question by posing it as a hypothesis testing problem is analyzed. The
analysis quantifies the sensitivity of the tests to model mismatch in terms of the Renyi
divergence and the Kullback-Leibler distance between the true underlying distribu-
tion and the assumed parametric class. The analysis also leads to a simple threshold
correction method that accounts for possible deviations from the model as long as
these deviations are bounded in terms of the mentioned distances. When deviations
from the model are defined in terms of an embedding in a larger parametric class,
insensitivity to a Pitman drift is established by constructing tests based on a vector
valued validation function that is orthogonal to the elements of the gradient of the
log-likelihood function of the larger class. This construction leads to tests that are
locally robust to deviations from the assumed model. Finally, the tests are applied to

three problems that are known to suffer from local maxima: (1) passive localization
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using an array of sensors, (2) clustering by estimating the parameters of a Gaus-
sian mixture model, and (3) time series analysis though estimation of superimposed

exponentials in noise.

1.3.2 Preliminaries

Let y;, t =1,...,n be a collection of n independent observations drawn from an
unknown distribution G with density g(y), ¥y € RY. The information we want to
extract from the data is encoded in a K x 1 parameter vector €, through which we

define a parametric family of densities {f(y,0) : 0 € ©}. Denote by

n (Yo 0) = Zlogf yi; 0

the normalized log-likelihood function of the measurements, where Y,, = [y; y2 . .. yn].
The MLE! is defined as
0, = argmax Ly (Y, 6). (1.9)

0cO

Denote by E {-} the expectation with respect to the true underlying distribution

G, and by 6* the minimizer of the Kullback-Leibler information, i.e.,

. . 9y) | _
0" = arg ropelélE {log f(y;@)} arg rgleegm(ﬁ)

where a(f) is the ambiguity function, defined as

a(0) = E{log f(y; 0)} (1.10)

and assume that 6* is unique.

ISometimes called quasi-MLE when the model is incorrect.
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Denote by én one of the relative maxima of the log-likelihood function. Then the
problem addressed in this paper can be formulated as a hypothesis testing problem.

Given 5717 decide between

Hy: 6,=0, (1.11)

A statistical test which gives a solution to this problem is called a test for global
MazTImum.

M-Tests for Global Maximum
M-tests were proposed in an econometric context by Newey [88], Tauchen [114], and
White [123] as a general way of testing the validity of parametric models (see [124, Ch.

9] as well). The tests are based on a vector valued test function
e(y,0) - RF x © — RY (1.12)
which is chosen to satisfy

/e(y,@)f(y,@)dy =0, VHeo. (1.13)

Hence, given the MLE @L, large values (relative to a threshold to be defined be-

-~

low) of 1/n 3"} | e(y, 6,) indicate that a model mismatch is likely. Small values of

~

1/n>"0  e(y,0,) indicate that the model is correctly specified or alternatively that

the type of model mismatch is such that g(y) ¢ {f(y,0) : 0 € ©} but

E{e(y,07)} = /e(y, 0*)g(y)dy = 0. (1.14)
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The same framework can be used to construct tests for (1.11). First suppose that
the model is correctly specified and that e(y,6) is chosen to satisfy (1.13). Then,
given a location of a relative maximum of the log-likelihood function 571, large values
of 1/n 37 e(y, 6,) indicate that it is not likely that 6, is the MLE. This directly
extends to the case of model mismatch, if it is known that (1.14) holds.

To constructed a test for global maximum choose a function e(y,#) that satis-
fies (1.14). The function e(y, 8) will be called the global mazimum validation function.

Define the vector

ha(0) = %Ze(yt,e) (1.15)

~

and assume that V,,(6,) is a given consistent estimator for the asymptotic covariance
matrix of hn(é\n) In Chapter 3, several possibilities for such a consistent estimator
that are available in the literature are reviewed. It is possible to show that under H
the statistic

S, = nhl(0,)V. 1 (0,)h,(0,) (1.16)

is asymptotically Chi-Squared distributed with () degrees of freedom, denoted by XQQ-
Denote by szQ (+) the ng cumulative distribution function. Therefore, a false alarm
level « test of the hypotheses (1.11) is made by comparing S,, to F;z?l(l — ), which is
the critical value of the ng distribution for the desired false alarm level. If S,, exceeds
the critical value, Hy is rejected and one concludes that the iterative local search
should be re-initiated in the hope of convergence to a different maximum. Otherwise,
the null hypothesis cannot be rejected and gn is declared the final estimate.

In Chapter 3 it is shown that two tests for global maximum that are available
in the literature fall into this framework and that it is easy to construct other tests,

e.g., from global maximum validation functions that are based on the moments of
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the underlying distribution.

1.3.3 Power Analysis

The power function of a test is the probability of correctly rejecting the null
hypothesis as a function of the specified level. In order to derive the power func-
tion, the asymptotic distribution of §n under H; needs to be determined. Therefore,
assumptions on the structure of the ambiguity function (1.10) at different local max-
ima are required. Assume that the system of equations Va(f) = 0, has a finite
number of solutions in © and each one of these solutions is an interior point of ©.
In addition, at each of these points, the matrix V2a(#) is either negative definite or
positive definite. The ambiguity function a(f) has its global maximum at 6*; denote
by 0™, m = 1,..., M, the other M local maxima of a(f). In Chapter 3 it is proven
that for sufficiently large n, L,(Y,;0) has M + 1 local maxima for almost every se-
quence {y:}+>1 and that the location of these relative maxima are strongly consistent
estimates for #* and 0™, m = 1,..., M. This result ensures that as n increases the
relative maxima of the log-likelihood function occur close to the relative maxima of
the ambiguity function and only at these locations.

Based on this result, it is shown that the test statistic S, (1.16) is asymptotically
distributed as a non-central x? random variable and the consistency of the tests is
established, i.e., it is shown that the power function converges to one as n increases to
infinity for every choice of level a € (0,1). In addition, the non-centrality parameter
of the non-central x? distribution is derived and, based on it, a finite n approximation
to the power function is given. This result extends the results of [49] and [21], which

established under a correctly specified model (each for their own global maximum
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validation function) that if the only solution to the set of equations

/ Vo log £(y,0)f(y,6°)dy = 0
[ etw0) 10,05 = 0

is 6°, then

-~

Viha(0) 2 N(0,V(6°) iff 6, =0,.

1.3.4 Misspecified Models

When g(y) € {f(y,0) : 0 € ©} we say that the model is correctly specified. When
there exists no @ for which g(y) = f(y,0) we say that the model is misspecified. In
general, it is difficult to discriminate between the cases of: (a) 0, a local maximum
in a correctly specified model; and (b) gn a global maximum in a misspecified model.
Under model mismatch, the probability of mistakenly rejecting 5n as the global
maximum, increases with the number of samples.

If the test statistic is designed under the assumption that the model is correctly
specified but the actual underlying distribution g(y) is outside the assumed para-
metric family {f(y,0) : @ € ©}, then (1.14) may be violated. In this case, even when
Op = 0, ha(0,) “5 E{e(y,0%)} = h(6*) # 0 and, similar to the discussion in the
previous section, S, is approximately distributed as non-central x?2, instead of the
assumed central chi-squared. In this case, as n tends to infinity, the probability of

mistakenly rejecting gn as the global maximum increases to one regardless of the test

threshold. In Chapter 3 two ways to overcome this weakness are given.
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A Bound on the Non-Centrality Parameter

It is possible to bound the non-centrality parameter that is associated with the
model mismatch in terms of the Renyi divergence between f(y;6*) and true under-
lying density g(y). Furthermore, if the true underlying distribution is restricted to
a larger parametric class which contains the assumed model as a subspace, then a
bound in terms of the Kullback-Leibler distance can be easily computed. Based on
the bounds, a threshold correction method is given, which leads to tests that are
robust to small deviations from the model as long as these deviations are bounded in
terms of the mentioned distances. For example, in array signal processing it is often
assumed for simplicity that the noise terms at the array antenna elements are uncor-
related. In practice, however, the antennas are mounted on the same platform and
electro-magnetic interference cause correlation between the noise terms. In Chapter
3 it is shown that if the noise terms are modelled as a spacial autoregressive process
then it is possible to bound the effect of this model mismatch on the test and to

correct the test’s threshold accordingly so as to obtain a robust test.

Tests Insensitive to a Pitman Drift

Assume that the parametric class {f(y;0) : 6 € ©} is embedded in a larger class
{f(y;0,7) : 6 € ©,v € I' ¢ RX'} such that f(y;0) = f(y:0,7°) for all 6 € O,
Furthermore, assume that the true underlying distribution depends on n, hence

denoted by g,(y), and is given by

gn(y) = F(y;6°,7° +~v/v/n) (1.17)

for some fixed v € I, and denote the limiting distribution by ¢g(y). In the context

of model specification tests, this type of local alternative is called a Pitman drift.
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Newey [88] investigated the performance of M-tests in this scenario and used the
result to maximize the power of the tests against such local alternatives. Here, our
goal is reversed; we would like the tests to be insensitive to small deviations from
the assumed model. By considering the space of zero-mean Ly functions of y with

inner product

(), faly)) = / £1(0) foly) f (y: 0)dy

it is shown that our objective is to construct a global maximum validation function

e(y, 0), with elements orthogonal to the space spanned by the set of functions

Vslog f(y; )| (1.18)

y=°

where 8 = [07,47]T is the concatenated parameter vector. Given any global max-
imum validation function e(y,#), it is shown in Chapter 3 how to construct the
component e (y,6), which is orthogonal to the functions in (1.18). By this con-
struction, we obtain a test which is insensitive to the Pitman drift regardless of the
vector 7. Denoting the classes of log-likelihood functions {log f(y;0) : € ©} and
{log f(y; 0,7):0 € ©,v €'} by F and G, respectively, Fig. 1.4 gives a geometrical
interpretation of the construction of e*(y,8). For the array signal processing mis-

match model example, it is shown that this construction indeed leads to tests that

are robust to small deviations from the assumed model.

1.3.5 Applications

The asymptotic regime adopted in the analysis, raises the question of small sample
performance. In Chapter 3, tests for global maximum are derived and evaluated
through simulations for several parameter estimation problems. In the simulations

the following aspects were studied. First, the accuracy of setting the test threshold
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Figure 1.4: Geometrical interpretation of the construction of tests insensitive to
Pitman drift.

to F):QQl(l — «a) for a level « test was evaluated. Second, we evaluated how fast
the power of the test approaches 1, as the number of samples increases, and the
accuracy of the finite sample power approximation. Finally, the sensitivity of the
tests to a misspecified model is examined and the threshold adjustment procedure
and the construction of tests that are orthogonal to deviations from the model are

demonstrated.
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1.4 Reinforcement Learning

This section describes results that were presented at the eighteenth annual confer-
ence on neural information processing systems (NIPS) 2005 and more recent results
that have not been published yet. These results are given in Chapters 4 and 5. As
mentioned earlier the research is motivated by the sequential choice of experiment
problem that arise in agile sensing systems. However, the algorithm and analysis
are more general and apply to the larger class of finite horizon stochastic decision
processes, which contain the sequential choice of experiment problem as a special
case. Hence, in Chapter 4 we consider the finite horizon stochastic control problem,
and in particular, its model free case — the reinforcement learning problem. Then,
in Chapter 5, we apply the results to the special case of the sequential choice of

experiment problem.

1.4.1 Introduction

The field of reinforcement learning is centered around the challenge of designing
agents that learn to act in a stochastic environment by interacting with it [112].
As the agent interacts with the environment it receives rewards, and the goal is to
eventually learn through these rewards which actions maximize the future sum of
rewards. There are a number of mathematical model for reinforcement learning. In
this thesis we treat the problem of finding the optimal policy for controlling a finite
horizon partially observable stochastic decision process. Such a process consists of

several elements:

e The decision epochs determine the times in which the agent must take an
action. In the discrete model adopted here, decision epochs occur at t =

0,1,...,T, where we consider the case in which 7" is finite.
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e At every decision epoch, prior to taking an action, the agent collects an obser-
vation of the system’s state, denoted O, € Oy, t = 0,1,...,T. In general, Oy is
a combination of observable system state variables and noisy measurements of
partially observable system variables, and, in general, contains discrete-valued

and continuous-valued elements.

e At every decision epoch the agent chooses an action A;, based on the previous
observations, from a set of possible actions called the action space A. We
assume that A is a finite set. When T is finite, the action at time 7" is the final

action.

e Upon taking action A, at time ¢, the agent observes the next observation Oy,
and receives a reward, denoted by r(Oy, A4, Oyy1), whose value depends on the
past observations O; = (Og, Oq, ..., 0;) and actions A; = (A, Ay, ..., A;), and

on the new observation Oy ;.

e A deterministic policy 7 is a sequence of mappings from all possible obser-
vations and actions histories to A, which specifies the action to take at each
decision epoch, given the history. When T is finite, the policy is composed of

T + 1 mappings © = (7, 71, ..., 7).

e A random policy m = (mp,, T, ..., Tp,) is a sequence of conditional distri-
bution functions over the action space A given all possible observations and
actions histories. That is, p:(-|os, a;—1) is a distribution over A for any real-
ization (04, a, 1) of the past observations and actions. When the system is
controlled using a random policy, the actions are chosen at random according

to these conditional distributions.

e A policy induces a distribution over the vector Oqy, Ay, O1,...,Op, Ap, Or;.
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One common objective in stochastic control is to find the policy that maximizes the

expected sum of rewards:

V(r) =E; {ZT(OtaAtaOH—l)} , (1.19)

t=0

where the expectation is taken with respect to the distribution induced by the policy
7, hence the symbol E is subscript by 7. The expected sum of rewards under policy
m, V (), is called the averaged value function of the policy 7. The optimal policy 7*

is the policy that maximizes V().

1.4.2 The Generative Model Assumption

A center problem in reinforcement learning is to find a policy that maximizes (1.19)
by merely observing the controlled system, without knowledge of the transition prob-
abilities. For example, under the generative model assumption [62] the initial dis-
tribution of Oy and the distribution of O; given past observations and actions are
unknown but it is possible to generate realizations of the initial observations and gen-
erate a realization of O; conditioned on arbitrary observations and actions histories.
Chapter 4 considers the problem of estimating the optimal policy for controlling a
finite horizon stochastic decision process based on n trajectory trees generated by a
generative model. Each trajectory tree is generated as follows: The root of the tree
is a random realization of Oy. Given the realization of the initial state, realizations
of the next observation O; given all possible actions, denoted by Of, a € A, are
randomly generated. Each of the realizations of O; is now the root of the subtree.
Denote by O;*™", where a; = (ag, ay, .. .,a;), the random variable generated at the
node that follows the sequence of actions ag,aq,...,a;—1. This random variable is a

realization of O, conditioned on the sequence of actions and the sequence of observa-
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tions that appear on the path of the tree that leads to it. These iterations continue

to generate a depth 7'+ 1 tree (See Fig. 1.5).

é l
9 !
9 :

N

000

Figure 1.5: A binary trajectory tree of depth 7'+ 1 = 3.

Consider a class of deterministic policies II, i.e., each element of II is a sequence
of T'+ 1 mappings from histories to A. It is possible to estimate the average value
function value of any policy in the class from the set of trajectory trees by averaging
the collection of the sum of rewards along the path of actions that agrees with the
policy on each tree [62]. A policy specifies the action to take at each decision epoch
and so there is exactly one path on every tree that agrees with a given policy. Denote
by \71(7r) the observed sum of rewards on the 7'th tree along the path that corresponds

to the policy w. Then the value of the policy 7 is estimated by

Vo(m) =n"" Z Vi(n). (1.20)

A~

In [62], the authors show that with high probability (over the data set) V,,(7) con-

verges uniformly over the policy class to V(m) with rates that depend on the VC-
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dimension [5] of the policy class. This result motivates the use of policies © with

high V, (), since with high probability these policies have high values of V(7).

1.4.3 An Approximate Dynamic Programming Algorithm

In Chapter 4, we consider the problem of estimating the optimal policy from
a restricted class of policies of the form IT = {(my,m,...,71p) : o € Iog,m €
Iy,...,mp € Ir}. It is shown that while the task of finding the global opti-
mum within a class of non-stationary policies may be overwhelming, an approximate
dynamic programming algorithm leads to a sequence of single-stage reinforcement
learning subproblems, which can be reduced to a sequence of weighted classification
problems. Thus the algorithm converts a reinforcement learning problem into simpler
supervised learning subproblems and the implication is that a plethora of classifica-
tion methods can be applied to find policies in the reinforcement learning problem,
which will enable tackling more complicated reinforcement learning problems in large
state spaces using existing methods. The proposed algorithm first estimates the opti-
mal policy for time T" by considering the single-stage reinforcement learning problem
following a randomly selected leaf at stage T. Given 7p, the actions following time
T that do not agree with 77 are removed from the tree. To find 7p_; given 7,
a random leaf is selected on every tree at stage T'— 1. Then 7y_; is the solution
to the single-stage reinforcement learning problem for the sum of the two rewards
following time 7" — 1. Note that due to the tree pruning the reward at time T are
deterministic functions of the previous history. This procedure continuous until the
root of the tree. To solve each of the single-stage reinforcement learning problems,
we propose a reduction to a weighted classification problems which leads the way
to a convex approximation to a combinatorial optimization problem. Together with

this reduction, the approximate dynamic programming algorithm is a link between
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the reinforcement learning problem and existing tools for solving the simper classifi-
cation problem. In other words, a plethora of off-the-shelf classification method can

be applied to approximate the solution to the reinforcement learning problem.

1.4.4 Generalization Error Bounds

To support the proposed algorithm, we derive finite sample upper bounds of the
type derived in [84] on the generalization error of the resulting estimated policy. The
approach we take is similar to the one in [84]. Namely, we first write the general-
ization error in terms whose empirical counterparts are minimized by the algorithm,
and then invoke uniform convergence results to bound these terms. However, the
rates we establish are faster than the one in [84], except for the case in which the
approximation class is a linear space, for which we establish the same rates. The
rate improvement supports the use of weighted classification based methods over Q-
learning methods that are based on regression. The bounds provide estimates for the
number of trajectory trees required to achieve a given performance guarantee. But
more importantly, the bounds establish a link between algorithms and analysis tools

from the supervised learning literature and the reinforcement learning problem.

1.4.5 Application to the Sequential Choice of Experiment

Problem

In Chapter 5, we return to the sequential choice of experiment problem that
arises in sensor scheduling application and formulate it as a finite horizon partially

observable stochastic decision problem. When formulated as a sequential choice?

2The key difference from the related sequential design of experiment problem is that instead
of adapting a set of continuous experiment parameters, here we choose from a finite set of fixed
experiments.
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of experiments problem [37], the agile sensing problem consists of an episodic task
that is divided into a sequence of decision epochs. Each episode begins as the first
observation is collected. Then, at each subsequent decision epoch two decisions
are made. The first one is to decide if the amount of information collected thus
far is sufficient for making inference (detection or estimation) on the data with a
desired accuracy or whether more observations are required. This first decision also
determines the choices available at the second decision. If more observations are
required, the next best sensor modality needs to be determined. If the information
is deemed sufficient for inference, the final estimation or detection decision is made.
Every sensor modality has an associated deployment cost and a decision rule must
balance the expected information gain from a sensor deployment, which results in
improved inference capabilities, with the deployment cost. The collection of decision
rules, i.e., the sequence of mappings from past observations to the decision space, is
called a policy and the goal is to find a policy that optimally balances the overall
average sensor deployment costs and the estimation or detection performance, e.g.,
mean squared estimation error or classification error rate.

In the sequential choice of experiment problem we model the sensors outputs as
a collection X1, Xs,..., Xg of K random variables. Let Y be a discrete random
variable that represent the state of nature whose value we try to predict. A policy 7
specifies which sensor to deploy first, say sensor k. Then, based of the value of Xy,
the policy determines if an accurate prediction of Y is possible, and if so, what is
the best prediction, or, otherwise, which is the next best sensor to deploy to collect
additional data. This process continues until either a prediction of Y is made or all
available sensors are deployed. We assume that each sensor can be applied at most
once and hence, the total number observations is bounded by K. Therefore, a policy

7 is sequence of K + 1 decision rules m = [my, 7o, ..., T 11].
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When represented as a finite horizon partially observable stochastic decision pro-
cess, the initial observation Oy is a constant that indicated that an episode begins
but contains no information regarding the state of nature, Y. The first decision
rule specifies the best sensor to deploy first. The result of deploying a sensor is an
observation O; which corresponds to the sensor’s output. The reward for taking this
action is minus the deployment cost associated with the chosen sensor. The sensor
selection process continues until it is decided that the information that was collected
by the sequence of sensors is sufficient for predicting Y, and so the last decision of
every episode is a prediction Y. The reward following this action is one if Y=Y
and zero otherwise.

We assume that deploying a sensor does not effect Y and so it is possible to
populate an entire trajectory tree from a single realization of the random variables
X1, Xo,..., Xk, Y. In particular, given this realization, it is possible to construct
the path specified by any policy. In general, only a subset of the observation random
variables and Y will appear on the path, unless it so happen that, for the specific
realization of the observation random variables, the policy specifies taking all possible
observations prior to making a prediction of Y. Therefore, the approximate dynamic
programming algorithm of Chapter 4 can be directly applied to estimate the optimal
policy for the sequential design of experiment problem based on a set of realizations
of the random variables X, X5, ..., Xg, Y.

In Chapter 5, we apply the approximate dynamic programming algorithm to esti-
mate the optimal policy for controlling a land mine detection system from simulated
data and finding an optimal policy for controlling a land monitoring satellite from

real data.
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CHAPTER 2

A Convergent Incremental Gradient Method

with a Constant Step Size

2.1 Introduction

Consider the unconstrained optimization problem

L
minimize  f(z) =) fi(z), x€R?, (2.1)
=1

where R? is the p-dimensional Euclidean space, and f; : RP — R are continuously
differentiable scalar functions on RP. Our interest in this problem stems from op-
timization problems arising in wireless sensor networks (see e.g. [24,90,94-96]), in
which f;(x) corresponds to the data collected by the [th sensor in the network. This
problem also arises in neural network training, in which f;(x) corresponds to the Ith
training data set (see e.g. [17,48,51,77-79]).

The iterative method proposed and analyzed in this paper for solving (2.1), which
we call the incremental aggregated gradient (IAG) method, generates a sequence

L

{2*}1>1 as follows. Given L arbitrary initial points zt,22,... 2% an aggregated

gradient, denoted by d”, is defined as Zle V fi(z!). Possible initializations are dis-
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cussed in §3. For k > L,

1
k+1 _ kT gk 2.2
T T uLd , (2.2)
I = A =V frn, (3R 4 Y e, (27, (2.3)

where g is a positive constant step size chosen small enough to ensure convergence,
(k) denotes k modulo L with representative class {1,2,..., L}, and the factor 1/L
is explicitly included to make the approximate descent direction %dk comparable
in magnitude to the one used in the standard incremental gradient method to be
discussed below. Thus, at every iteration a new point z**! is generated according to

the direction of the aggregated gradient d*. Then, only one of the gradient summands

V fk+1), () is computed to replace the previously computed V f(i1), (z*T175).
Note that for £ > L the IAG iteration (2.2)—(2.3) is equivalent to
=
ot =gk — HT Z V f-n, (2"7h). (2.4)
1=0

The TAG method is related to the large class of incremental gradient methods
that has been studied extensively in the literature [18,48,51,52, 64,76, 77,79, 108]
(see also [65,87] and references therein for incremental subgradient methods for
nondifferentiable convex optimization). The standard incremental gradient method

k

updates =% according to

2" = 2P — (k)Y fiay, (2), (2.5)

where p(k) is a positive step size, possibly depending on k. Therefore, it is seen that
the principal difference between the two methods is that the standard incremental

gradient method uses only one of the components in order to generate an approximate
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descent direction, whereas the IAG method uses the average of the L previously
computed gradients. This property leads to convergence of the IAG method for
fixed and sufficiently small positive step size . This is as contrasted to the standard
incremental gradient method, whose convergence requires that the step size sequence
w(k) converge to zero.

Incremental gradient methods can be motivated by the observation that when the
iterates are far from the eventual limit, the evaluation of a single gradient component
is sufficient for generating an approximate descent direction. Hence, these methods
lead to a significant reduction in the amount of required computations per iteration
(see e.g. [16] section 1.5.2 and the discussion in [15]). The drawback of these methods,
when using a constant step size, is that the iterates converge to a limit cycle and
oscillate around a stationary point [76], unless restrictions of the type V fi(z) =0, [ =
1,..., L whenever Vf(z) = 0 are imposed [108]. Convergence for a diminishing step
size has been established by a number of authors under different conditions [18,48,51,
64,76,77,79,108]. However, a diminishing step size usually leads to slow convergence
near the eventual limit and requires exhaustive experimentation to determine how
rapidly the step size must decrease in order to prevent scenarios in which the step size
becomes too small when the iterates are far from the eventual limit (e.g. determining
the constants a and b in step sizes of the form p(k) = a/(k +b)).

A hybrid between the steepest descent method and the incremental gradient
method was studied in [15]. The hybrid method starts as an incremental gradient
method and gradually becomes the steepest descent. This method requires a tun-
ing parameter, which controls the transition between the two methods, to gradually
increase with k to ensure convergence. When the tuning parameter increases suffi-
ciently fast with the number of iterations, it is shown that the rate of convergence

is linear. However, the question of determining the rate of transition between the
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two methods still remains. For any fixed value of the tuning parameter, the hybrid
method converges to a limit cycle, unless a diminishing step size is used, similar to
the standard incremental gradient method.

The choice of the aggregated gradient d* (2.3) for generating an approximate
descent direction was mentioned in [51] in the context of adaptive step size methods,
which require repeated evaluations of either the complete objective function f(x)
or its gradient. This requirement renders the methods proposed in [51] inapplicable
to problems in sensor networks of interest to us or any other applications which
require decentralized implementation, as will be explained in §3. In addition, as
noted in [116], if V fi(x), l =1,..., L, are not necessarily zero whenever V f(x) = 0,
the step size tends to zero, resulting in slow convergence.

The TAG method is closely related to Tseng’s incremental gradient with mo-
mentum term [116], which is an incremental generalization of Polyak’s heavy-ball
method [91, p. 65] (also called the steepest descent with momentum term [17, p.

104]). Rewriting Tseng’s method’s update rule as

k
xk-i—l _ xkz o u(k) Z Clvf(kfl)L(-Tk_l%
=0

we see from (2.4) that the IAG method is a variation of this method with a truncated
sum, ¢ = 1, and a constant step size. Similar to [51], the step size adaptation rule that
leads to convergence in [116] requires repeated evaluations of the complete objective
function f(z) and its gradient. Hence, this method cannot be implemented in a
distributed manner either. Furthermore, a linear convergence rate is established
only under a certain growth property on the functions’ gradients, which requires
Vfi(z)=0,l=1,...,L, whenever Vf(x) = 0.

In contrast to the available methods, the IAG method has all four of the following
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properties: (a) it evaluates a single gradient per iteration, (b) it uses a constant step
size, (¢) it is convergent (Proposition 2), and (d) it has global linear convergence rate
for quadratic objective f(z) (Proposition 3).

Finally, we note that the IAG method is reminiscent of other methods in various
optimization problems, such as the incremental version of the Gauss-Newton method
or the extended Kalman filter [10,14,36,83], the distributed EM algorithm for maxi-
mum likelihood estimation [86,90], the ordered subset and incremental optimization
transfer for image reconstruction [2,13,28], and iterative methods for the convex

feasibility problem [29,30].

2.2 Convergence Analysis

In this section we present convergence proofs for two different function classes: (I)
restricted Lipschitz and (IT) quadratic. Under a Lipschitz condition and a bounded
gradient assumption on fi(x), ! =1,..., L (Assumptions A.1 and A.2), we obtain an
upper bound on the limit inferior of ||V f(z*)||, which depends linearly on the step
size p. By imposing additional restrictions on the function f(z) (Assumptions A.3
and A.4), we prove pointwise convergence of the method. There are many functions
that satisfy Assumptions A.1-A.4. However, one important case does not satisfy
these assumptions. This is the case when f(z) and fj(x) are quadratic functions on
RP. For this important case we provide a completely different convergence proof and
show in addition that the convergence rate is globally linear.

For later reference, it will be useful to write (2.4) in a form known as the “gradient
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method with errors” [18]:

L—1 L—1 L—-1

1

=R | YV e, () 4 YV e, (0 = D Vi, (@

=0 =0 =0

1

= " - 57 [V (") + R, (2.6)
where
L—-1

vf(k n (@ ) - vf(k—l)L(xk)}
1=1

is the error term in the calculation of the gradient at z*. Also note that for all k& > 2L
and 1 <[ <L,

gh=l gk —

L(d’“ Ydf P+ dY).

2.2.1 Casel

Assumptions A.1. Vfi(x), | = 1,..., L, satisfy a Lipschitz condition in RP, i.e.
there is a positive number My such that for all z,T € RP, ||V fi(z) — VA(T)| <
MlHZE—TH, = 1,...,L.

Assumption A.1 implies that V f(z) also satisfies a Lipschitz condition, that is,
for all z, 7 € R?, ||V f(z) — Vf(T)|| < Ms||x — Z||, where My = LM,.

Assumptions A.2. There exists a positive number Ms such that for all x € RP,

IVfi(x)]| < Ms, l=1,...,L.
Assumption A.2 implies that for all x € RP, ||V f(z)|| < My, where My = LMs;.

Lemma 1. Let {s;}r>1 be a sequence of non-negative real numbers satisfying for

some fized integer L > 1 and all k > L

Sk < cQ(Sk—1, k-2, - -, Sk—141) + M,
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where 0 < ¢ < 1, M is nonnegative, and Q(Sk—_1,Sk—2,--,Sk—r+1) 1S a linear form in

the variables sg_1, Sk_o,...,Sk_r+1, whose coefficients are non-negative and the sum
. . M
of the coefficients equals one. Then, limsup, . sy < 1.

Proof. Define the sequence {wy}g>1 by wy = s for 1 <k < L —1 and

wy, = cQ(Wy—1, Wg—2, - . ., Wy—r4+1) + M,

for k > L. Since s, < wy, for all k, if limy_ . wy = 1& then

—C

limsup s < limsupw, = lim w =
k—o00 k—o0 k—o0

1—¢c

M

i, define the sequence {vi}r>1 by vp = s — % for

To show that limy_,. wi =
1<k<L-—1and

Vg = CQ<U/€—17 Vg—2y - - - 7vk—L+1>7
for £ > L. By this construction,

M
- - oy, —— M
Wy, CQ(1—0+UL 1,1_C+UL 2, ’1—C+U1)+
M
+ cQ(vp_1,vp-2,...,v1) + M = 1——c+vL’

= C

1—c¢

and, by induction, wy = 1&_6 + vy, for all £ > L. Therefore, if lim;_ ., vy = 0 then

M

. To show that limy_.. vx = 0, set A = max{|vi], [va|,...,|vL-1]}.

limkﬂoo Wy =

Hence,

|UL\ = C’Q(UL—MUL—% s »Ul)\ < CQ(|UL—1’, \UL—2’7 S |Ul|) < cA.

Similarly, |vp11] < cA, and in general |v;| < cA for all £ > L. Consider now vy,
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Since max{|ver_1], [var—2l,-- ., |vr+1|} < cA, we have

lvar| = c|Q(var—1,var—2; - -, vr11)| < cQ|var—1], [var—al, ..., |vr11]) < PA,

and in general |v,| < ¢®A for all k& > 2L. Similarly, we obtain |vg| < ¢"L for all

k> nL. Since 0 < ¢ < 1, we have lim,,_, ¢ = 0, and therefore limy_,,, vy =0. [

Remark 1. Lemma 1 can also be proven using concepts from dynamical systems.

The sequence wy, is the output of an autoregressive linear system

L1
wy = cZakwk_l + Mu(k — L),

=1

where u(k) is the unit step function which equals one when k > 0 and zero otherwise,
with nitial condition wy = si for 1 < k < L — 1. Since the coefficients of the linear
form are all positive and sum to one, and 0 < ¢ < 1, it is possible to show that
the system is stable (bounded input bounded output) and the steady state response is

M , : M
= [92], ice., limy oo wi = 77

Lemma 2. Under Assumption A.1, if ||V f(z%)|| > BMLgnd 0 < 1 — 2uMy < 1,

1-2uM;
then f(a*) > f(z*t1).
Proof. Assume that ||V f(z*)|| > % Then
1d"]* = IIVF@") +RE[2 < 20V £ (@M)]1? + 2/[n8]?
k(12 [12*]1? k(2
< 2vshir+ 2 s

By [16, Prop. A.24], if Assumption A.1 holds, then
1
Fla+9) = (@) YV (@) + Ml
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Hence

F*) — ) = Fa) — fab - ped®)

L
Lok ky L Lk
> ppd V(") - §M2M2ﬁHd Ik
1 , 1 |
> Mz(vf(fk) + )V f(a) — §M2M2ﬁ4||vf($k)||2

1 1 ., 1
= VIR + RV F () — 20— |9 5 ()2

1 1 1
> pp VAP = g M 97 )] = 20— 9 7 ()P

= IV =200 (1971~ )

> 0.

Lemma 3. Set 69 = uMsMsz. Under Assumptions A.1 and A.2, if uMs < 1, there

exists K such that for all k > K, ||h*|| < d.

Proof.

L-1
IBH] < D NV fmnys (57) = V7 fapy, ()|
=1

L-1
< MY [l =t

=1

1L—1
— = k—1 k—2 k—1
= ﬂMlL;Hd +d L dM|

1L—l
< pdig )y (I 2] 4+ (1)

=1

1 - - f—
= ndhg (L —D)|[d* ] + (L =2)[|d* 2|+ ...+ ||d* =]
_ o YL =) [ = DN + (L= 2)[[d* ]+ [l
- T LL—1)/2

L—1 B B B
= pbMy QUIA™MI a1, -, [l =1,

2
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where Q(||d*Y||,||d*2]|,...,||d* E*1||) is a linear form in the variables ||d*~],

k—2 k—L+1 : L-1 L—2
e
||d"2| ||d || whose coefficients

1
s T2’ L)/ > L-nyz: Sum to

one. Next we use ||d*|| = ||V f(z*) + h*|| < ||V f(z")]| + ||h*|] to obtain

WAL < = QU LIRS, )
s QU SV A 97 )
< pM IS QUIR LIS A1) 4 e = 0
< p QU LIRS, ) + A,

where Assumption A.2 was used in the second to last inequality. Hence, by Lemma 1,

M:

since 0 < p2 < 1/2, limsup,_, ., ||¥|| < ’IT:J]V\I? By using 22 < 1/2, we obtain
—h

lim sup,,_,., ||h*|| < uMyMj3 and the lemma follows. O

Proposition 1. Under Assumptions A.1 and A.2, if f(z) is bounded from below and
pmax{2M,, My} < 1 then,

2Ms5 M.
. k < 24V13 '
liminf [[Vf(2")[| < 7— =+ s
Proof. Similar to the proof of Theorem 2.1 in [108]. O

Next, by imposing two additional assumptions, we prove that the IAG method

converges with a constant step size to the minimum point of f(x).

Assumptions A.3. f(z) has a unique global minimum at x*. The Hessian YV f(x)

s continuous and positive definite at x*.

Assumptions A.4. For any sequence {tF}3°, in RP, if limy_o f(tF) = f(z*) or
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There is an equivalent form of Assumption A.4: For each neighborhood U of x*

there exists > 0 such that if f(z) — f(z*) <nor ||Vf(z)|| <n, then z € U.

Remark 2. Assumptions A.3 and A.4 are stronger than the assumptions usually
made on f(x) in the literature (see [18] for a summary of the available convergence
proofs and the assumptions they require). However, our results hold for a constant
step size and do not require that Vfi(x) =0, 1 = 1,..., L, whenever Vf(z) = 0.
In addition, note that there are non-convex functions that satisfy Assumption A.4.
However, if f(z) is strictly convex and takes a minimum in the interior of its domain
(RP), then Assumption A.4 is automatically satisfied. In particular, if f(x) satisfies
Assumption 3 and is strictly convex, then Assumption 4 is satisfied. In fact, the
implication limy_o f(t*) = f(2*) = limy_o t* = 2* is the statement of Corollary
27.2.2 from [101]. The implication limy_ ., ||V f(t*)|| = 0 = limj_ t* = 2* can be
obtained as follows: Consider the function Vf : RP — RP. The derivative (Vf)'
of this function is the Hessian V2f. Since f(x) is strictly conver, det(V f) # 0.
Therefore, by the Inverse Function Theorem, there are open neighborhoods V' of x* €
R? and W of 0 € R? such that Vf :V — W has a continuous inverse v : W — V.
Let {tk}22 | be a sequence such that limy .o, ||V f(t*)|| = 0. Then there exists ko such
that Vf(t*) € W for all k > ko. By Theorem B on page 99 in [100], since f(x) is
strictly convex, V f is one-to-one, i.e. if x £y, then V f(x) # V f(y). It follows that

th €V for all k > ky. Now we have

lim t* = lim v (Vf("))

k—oo k—oo

= y(lim Vf(tk)>

k—oo

= 7(0) =a".
Remark 3. Unimodal functions which are convex in the neighborhood of their mini-
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mum and have bounded gradient are common in robust estimation [55]. An example
of a robust estimation objective function that satisfies Assumptions 1-4 is given in
84.1. Another important function which satisfies Assumptions 1-4 is the objective
function minimized by the LogitBoost algorithm [46] (or adaptive logistic regression,).
To explain the components which are used to construct this objective function we in-
clude a short description (taken from [32]) of the supervised learning problem, and in
particular, the problem of combining weak features. Let {z,y,}-, be a set of training
examples, where each instance z; takes values in an instance domain Z, and each y;,
called the label, takes values in {—1,+1}. Given a set of p real-valued functions on
Z, hi,ha, ..., h, called features, the goal is to find a vector x € RP for which the sign
of g.(z1) = > b, w;ihi(z) is a good predictor of y;, for l = 1,..., L. Let M be the
L x p matriz whose (1,1) element is h;i(z). The objective function f(x) : R? — R

minimized by the LogitBoost algorithm [32] is given by

L

fz) = log L+ exp (—y[Ma]))]. (2.7)

=1

where [Mx]; is the [’th element of the vector Mx. It can be motivated as being a

convex surrogate to the non-conver and non-differentiable 0 — 1 loss function

L

fla) =Y Hga(z)m < 0),

=1

which is the number of labels that are not predicted correctly by the sign of g.(z), or
through the mazimum likelihood method for estimating the conditional probability of
Yy giwen z;. It 1s shown below that in the non-separable case, i.e., when there exists
no value of x for which sign(g.(z)) =y, for L =1,..., L, and when the features are

linearly independent on the training set, i.e., rankM = p, the function f(z) (2.7)
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satisfies Assumptions 1-4.

0 exp (—y[Mx],)
- _ = —uh. < . )
g 081 e (M) = T8 s (s () < ()
Hence Assumption 2 holds.
? exp (—yi[Ma]))

log [1 + exp (—y[Mz];)] = hj(z1)hi(21)

0,011 [1+ exp (—y[Mx],))*

< |hy(z) ha(21)]-

Hence Assumption 1 holds. Let di(x) = exp (—y[Mx]) / [1 + exp (—y[Mz],)]* > 0.

Then,

Pl) ¥
Ox;0xy ;dl(m)Mlem.

To show that V f(z) is positive definite for all x, consider TV f(x)( for some vector
¢ e Rr:

P L

(V)¢ = dy(x) My MGGy = > dy() ([MCJ1)* > 0

Gk=1 I=

with equality if and only if ( = 0, by the assumption that rankM = p. Hence the
function f(x) is strictly convex. Assume the training set {z;,y, Yt | is non-separable
with respect to the features hy, ha, ..., h,, i.e., for every x there ewists at least one
[ for which y[Mz], < 0. For any given x # 0 let I(x) = {l : y[Mz], < 0},
L(x) = {l : y[Mz], = 0}, and I3(x) = {l : y[M=z], > 0}, and note that I,(x) is

nonempty by assumption. For a positive scalar ¢, we can write f(cz) as the sum of
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three summations:

_Cylg xih Zl

b

_%zﬁﬂ1}

Z log{l + exp

lEIl x)

Z log{l ~+ exp

lelz(x)

When ¢ — oo,

_Cylle ) Zl]}ﬁoo

Z log{l—i—exp

l€I1

and

—cylzgvZ 2 ] } — 0.

Therefore, lim,_,«, f(cx) = oo, for all z # 0. This implies that f(x) has no directions

Z log{l—i—exp

lelz(x)

of recession. A direction of recession is a non-zero vector x' such that f(x* + cx!)

2

is a non-increasing function of the scalar ¢ for every choice of vector x*. Hence

by Theorem 27.1(d) in [101, p.265] the minimum set of f(x) is non-empty. The
minimum is unique by the strict convexity of f(x). Therefore, Assumption 3 is also
satisfied, and the strict convexity together with Assumption 3 imply Assumption 4 as

well.
The following lemma is well known.

Lemma 4. Under Assumption A.3, there exists a neighborhood U of x* and positive

constants Ay, As, By, By such that for all x € U,
Ayllz —2*|]* < f(x) = f(z*) < Billx — 2|, (2.8)
Aslle —2*[[* < [|[VF(2)[]* < Boflz — 7| (2.9)
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Let U be a neighborhood of z* for which inequalities (2.8) and (2.9) hold. By

assumption A.4 there exists 7 > 0 such that z € U if f(z)— f(z*) <nor||Vf(z)]| <

n.

Lemma 5. Set M5 = max{3 fﬁ;, 1_21M1} and N\ = puMyMs. Under Assump-
tions A.1, A.3, and A.4, if there exist positive numbers ny and & such that ||h¥|| < §

for every k > nq, 36 <mn, %52 <n, and YulM; < 1, then

1. there exists a number ki such that ||V f(x®)|| < Msd and ||d¥|| < 2M38 for

every k > ky, and

2. there exists a number ny such that ||h*|| < \§ for every k > ny.

Proof. First we show that there exists k such that k& > n; and ||V f(z")|| < 17223%.

In fact, if ||V (z")|| > —2— for all k > ny, then ||V f(z¥)|| > 2L > "l

1—2uM; I—2uM; = T1—2upM;

for all & > ny. By Lemma 2, the sequence {f(z*)}32, is decreasing. Since it is
bounded from below by f(x*), there exists lim;_.o, f(2*). By replacing d, with § and
max{ K, Ko} with n; at the last argument of the proof of Proposition 1, we obtain
a contradiction.

Let k; be the smallest natural number such that k; > n; and ||V f(zF)|] <

1_223M1. Without loss of generality, assume there exists ky, the smallest natural
number such that ky > ki and ||V f(2*2)|] > 17223%. Let k3 be the smallest natural
number such that k3 > ky and ||V f(2%3)|| < 1—2231\/11' Let k4 be the smallest natural
number such that ks > ks and ||V f(2")|| > =325 We define ks, kg, . . . in a similar
manner.
For every natural m,
20 30
[ld" M < |V (a2 [[RFY| < T o TS T
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3u/L

kom __ kgm—l _ dem_l 5
Iz I = ppllan =t < T2
and
[V f(zm)]] < [V f(a*r) = VD] + ||V "]
20
< M. kom __ pkom—1 0
< M|z T \|+1_2ﬂM1
3u/L 2
< M, W §+ )
= ———0<30
1-— Q'l,LMl ’
where we used g < oir to obtain the last inequality.

Since ||Vf(xk2’”)\| <30 <n, 2% € U and we can use Lemma 4. We obtain

Biose

.. _B
flakem) = f(a) < By[z¥em — 2] < ||V f(™m)])” <
A, A,

Let k be such that ks, < k < koji1. Then, by Lemma 2,

fa®) = fla®) < fla®m) - flo )<%£$

Since f(zF) — f(a*) < 9%52 <n, ¥ € U, and we can use Lemma 4. We obtain

IV < Bolleh = oI < 2 [£a*) - fa)] < 972

2
A1A25 :

Thus, if k satisfies kop < k < kopmy1, we have ||V f(2%)]] < 3 BlB?é If k satisfies

kom—1 < k < kom, we have ||V f(2F)|| < —=20. Therefore for each k > ky,

- QMM

|V f(2®)|| < M56 and therefore:

18| < IV £ @)+ [IRF]] < Msd + 6 < 2M50.
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Thus, if £ > ki, we have

IV f(2M)| < Mso
(2.10)
||d¥|| < 2M356.

This proves the first part of the Lemma.
To prove the second part, we take ny = ky+ L —1. If k > ny, then not only 2* but
also L — 1 previous terms of the sequence {z*} satisfy inequalities (2.10). Therefore,

by following the steps in the proof of Proposition 1, we have for k > ny

L-1
1 . _ .
IR0 < by Y (™ML 20+ (1)
=1

L-1 1
1 1 L(L-1)
My —2M50 1 = puM;—2Ms0 ———=
< p 17« Ms ;; plia 2 Ms 5
< puMyMsd = Ao
Thus ||h*|| < Ad. This proves the second part of Lemma 5. O

Remark 4. A direct result of Lemma 5 is that under Assumptions A.1-A.4, ||h¥|| —
0 is a sufficient condition for the convergence of ¥, generated by any gradient method

with errors (2.6), to z*.

Proposition 2. Under Assumptions A.1, A2, A3, and A.4,

; 3 1 1 n 1 Aan : k _ %
if p< mm{ng, LG SHah LG B }, then limy_,o 2 = 2.

Proof. We prove Proposition 2 by repeated use of Lemma 5. We start with 6 = dy.
By applying Lemma 3, there exists K such that for all k > K, ||h*|| < §. After

applying Lemma 5 r times we get a number n, such that ||h*|| < o7, ||V f(zF)]| <

M;56\", and ||d¥|| < 2M3500)\", for k > n,. The inequality p < M21M5 is equivalent to
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0 < A < 1. Hence, limy,_.o ||h*|] = 0, limg_o ||d¥|| = 0, and limy_. ||V f(z¥)|| = 0,
and by Assumption A4, limy_.. % = z*.
Note that the inequality p < i~ was used in the proof of Lemma 5, and the

9M;

inequalities p < m and p < m@ / ‘%7 are equivalent to 36y < n and %6& <mn,

respectively. [l
2.2.2 Case II: Quadratic Case

In [76] it is shown that when applied to the objective function

fo) = 5o —a) + 5 - )

the standard incremental gradient method with a constant step size
karl — xk o MVf(k)L(LL’k)

converges to a limit cycle with limit points

. (1 —p)er + e . (1—p)er+
ri(p) = ———, ry(p) = ——"—0,

2—p 2—p

whenever 0 < p < 1. When implementing the IAG method one obtains

k+1 k

M= b = S = e,) + (2 = ey,

k [2" + 2" — (a1 + )]

= Tr —

R NIE

Subtracting z* = (¢1 + ¢2)/2, the unique minimum of f(x), from both sides and

k

denoting the error at the kth iteration by e¥ = z¥ — 2*, leads to the following error
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form

okl — ok _g [ek _|_ek—1} '

The characteristic polynomial of this linear system is A\* — (1 — p/2)\ + u/2 and it
is easy to show that the roots of this polynomial are inside the unit circle whenever

0 < pu < 2. Hence, when 0 < p < 2, e& — 0, ie., 2*

converges to the unique
minimum, in contrast to the standard incremental gradient method.
More generally, suppose that the functions f;, [ = 1,..., L, have the following
form
1

filx) = §x'Q1x—cga7, l=1,...,L, (2.11)

where (); are given symmetric matrices, ¢; are given vectors, and Zle Q; is positive
definite. Under this assumption, the function f(x) = Y1, fi(x) is strictly convex,

has its minimum point at
L L
=0 a, (2.12)
=1 =1

and z* is the only stationary point of f(x).

Proposition 3. For sufficiently small p, limy_o % = 2* and the rate of convergence

of the IAG method (1.4) is linear.

Proof. Plugging (2.11) in (2.4), the IAG method becomes

L-1 L—1
aF =gk — H Z Q(k—nﬂk_l —Ck=l), | = - MZ Q(k—z)ﬂk_l + pc,
1=0 1=0

where ¢ = Zle ¢;, and the factor % was absorbed into p to simplify the notation.

Subtracting z* (2.12) from both sides and adding and subtracting x* inside the
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parentheses, we obtain

L1
P =gk gt Z Qu—ny, ("1 — 2 + 2*) + pe.
=0

Denoting the error at the kth iteration by e = 2* —z* and the substitution of (2.12)

for z* lead to the following error form

L-1

k+1 _ _k k-l

€ =€ —/~L§ Q(k—l)Le .
1=0

This relation between a new error and the previous errors can be seen as a periodically
time varying linear system. To analyze its stability, which will lead to the convergence
result, it is useful to consider L iterations as one iteration [82]. This can be seen as
down-sampling the original system by a factor of L, which leads to a time invariant
system of a lower sampling rate. Without loss of generality, consider the case where
k = NL for some integer N, i.e. k+ 1 corresponds to the first iteration of a new

cycle. In this case we have

k+1

L—1

k k—1 k —k

= e )y Qe = —M[QL Qi1 Qo ... Ql}e
=0

{IP—MQL —Qp1 —pQra .. —u@]é’i

where I, is the p x p identity matrix and
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Similarly,

L-1
k+2  _ _k+1 k41—l
€ = ¢ —/JE Q(k—l—l—l)L@

1=0

- ekH_M{Ql Qr QL1 ... Qz}élﬁrl

_ —k+1
= [ Ly —pQr —pQr —pQr1 ... —pQ } e,
and finally
L-1
oFtL kL1 _ MZQ(k_H:_I_l)LekJrLflfl

=0

k+L— ket L—
= 6+L1_N|:QL1 Qr—2 Qr-s ... QL}eJrLl

= [Ip_MQL—l —uQr—2 —pQr—3 ... _NQL}EIH_L_I'

This leads to the relation

ék-f—L — MLEk-l-L—l 7

where ) -
I, —pQr1 —pQr—2 ... —pQ1 —pQr
I, 0, .0, 0,

M, = 0, I, .0, 0, ;

I 0, 0, U & 0p |

where 0, denotes the p X p zero matrix. Taking another step we have

ék-‘rL — ]\411]\4[]_16191—[/—27

95



where

I, — PQr—2 —pQr—3 —uQr —pQr—1
I, 0p 0p Op
My, = 0p I, .. 0p 0p )
L 0p Op I, 0p ]

and finally, by induction,

e*E = M, M, ... M,

where i i
L —pQr —pQra ... —pQ —pQ
I, 0, ... 0, 0
M, = 0, I, . 0, 0,
o, 0, ... L 0, |

Denoting M = M;M;_, ... M;, we have et = Me* and in general e**"f = Mmek.
Therefore, if for sufficiently small ¢ > 0 the eigenvalues of M are inside the unit
circle, then lim,,_ . e**t"l = Oprx1, Where Op1x1 is a pL x 1 zero vector, i.e. the
method converges to the minimum of the function f(z) and the convergence rate is

linear.
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To prove that the eigenvalues of M are inside the unit circle, set

[p Op Op Op
I, 0, ... 0, 0,
A=10, I, 0, 0, |-
(0, 0, ... T, 0, ]
and ) )
Q(k:—l)L Q(kﬁ—?)L Q(k+1)L Qk
0, 0, 0, 0,
Bk— Op Op Op Op ) k= 17 JLJ
| 0p 0p 0p 0p ]

so that My = A — uBy and M = (A — uBr)(A—uBr_1)...(A— uBy). Hence,

M=A"—p  (BLA" '+ AB; AV + A’Bp A" P 4

—|—AL72BQA + ALilBl) + ,UQC(ILL),

where C'(u) is a Lp X Lp matrix whose elements are polynomials in p.

Note that pre-multiplying a matrix by A will duplicate the first row of p x p
matrices and will shift the rest of the rows down, discarding the last p rows. Post-
multiplying by A will add the second column of p X p matrices to the first one and

will shift the rest of the columns to the left, inserting a block of p X p zero matrices
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to the last column. It follows that

I, 0, ... 0, 0,
[P Op Op OP
L_
AY=11, 0, 0, 0, |-
I, 0, ... 0, 0,
and
Wi (k) O(L—k+1)px (k—1)p

ALkakAkfl —
Ok—1)px(L—k+1)p  Ok—1)px(k—1)p

where Wi (k) isa (L — k+ 1)p x (L — k + 1)p matrix whose elements are

0 Qo Qoo oo Qu
Wl(k): : : :

b
lzolQ(z)L Qr-1 .. Q

Therefore, the characteristic polynomial F'(u, \) of M is

L
F(p, \) = det (M — \p,) = det (AL —u Y AFEBEART AL, ;ﬂo(@) .
k=1
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The first p columns of (AL — ,uZizl ALk B AR=L _\Tp, + ,uQC'(M)> are
(L =N —p[LQr + (L —1)Q1 + ... + Qra] + p*Chy
L= p[(L=1)Qr+ (L —=2)Q1+ ...+ Qra] + 1?Cx
L= pl(L—=2)Qr+ (L —=3)Q1+...+ Q]+ 1°Cy

L, — u(2Qr + Q1) + 11*Cr_11

I, — pQr + 11*Cra

the second p columns are

—(L = 1)uQr—1 + p?Ciy
—(L — 1),U,QL,1 — )\Ip + M2022
—(L —2)pQr—1 + p*Cs

—2pQr-1 + 11*Cr_12

—pQr—1 + M20L2

the next (L — 3)p columns are

—(L = 2)pQr—2 + pi*Cis e —201Q2 + p1*Cy 1
—(L = 2)pQp—2 + 11*Cs ces —20Q32 + 11*C
—(L = 2)uQp—2 — N, + 1i*Cs3 ... —20Qs + p*Cs 1
—20Qr-2+ 11*Cr_13 coe —2uQ0 — A, + 1*Cro1 1
—pQr o+ 11*Crs e —pQ2 + p*Cr
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and the last p columns are

—uQy + p*Chyr
—p@r + MZCQL
—pQ1 + 12Csp

—pQr + p*Croa
—puQ1 — M, + p*Crp,

where Cj;, 4,7 = 1,... L are p X p matrices whose entrees are polynomials in .

It is easy to see that if y = 0, then F(0,\) = (—1)¥PAFP=P(\ — 1)?. Hence,
if 4 = 0, we have an eigenvalue 0 of multiplicity Lp — p and an eigenvalue 1 of
multiplicity p. If p is close enough to zero, the 0-eigenvalues will be close to the
origin and therefore inside the unit circle. We need to prove that for sufficiently
small positive p, all the 1-eigenvalues will be inside the unit circle. Let A = A(u) be
a smooth function expressing the dependence of one of the 1-eigenvalues on p. We
will prove that %(O*) < 0. It will be enough for our purposes since it will show that
the trajectory A = A(u) is entering the unit circle, and hence A(p) is inside the unit
circle for sufficiently small positive .

By the definition of A(u), A(0+) = 1 and F(u, A(1)) = 0 for all p. It follows that

dPF(p, Mp))

" (2.13)

To calculate the left side of (2.13), we use the formula for the derivative of a deter-
minant [66]. Note that substituting 1 = 0 and A = 1 into each of the first p rows of

the matrix M — Ay, leads to a row in which all of the entrees are zeros and therefore

dPE(p,A (1))

the determinant has a zero value. Therefore the only non-zero terms in A

60



after substituting p = 0 and A = 1 (more precisely, taking ;1 — 07) are the terms
with the first derivatives in the first p rows (there are p! such terms). Hence taking
the pth derivative is reduced to taking the first derivative of each of the first p rows.

Substituting A = 1 and g — 0T we obtain

dPF(u, A W W.
—((';Zp () = pldet ? ’ =0,
Wy —=Iin—vpx(z-1)p

where Wy = =N (0%) 1, — Sk (L — k) Qi »

W3 = —(L-1)Qr—1 —(L—=2)Qr—2 ... =202 —Q1 |

and W, = [I,1, ... I,]". Add all columns of p x p matrices to the first column of

p X p matrices to obtain

1% W
det ° ’ —0,

0(Lfl)JDX;D _[(Lfl)pX(Lfl)p

where W5 = =X(07)1, — LYr_, Q). Calculating the last determinant gives

det

L
LY Qi+t x(owp] =0.
k=1

The last equation shows that —X\(07) is an eigenvalue of the matrix LY 5 | Q.
Since LY r | Qy is positive definite, —\(0%) > 0 and therefore X'(07) < 0. This
proves that for sufficiently small ;2 > 0 the eigenvalues of the matrix M are strictly

k

inside the unit circle and hence the sequence z* converges to x* and the convergence

rate is linear. O
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2.3 Initialization and Distributed Implementation

As mentioned in §1, the IAG method is initiated with L points, z!, 22, ..., 2L

L or generating the

Possible initialization strategies include setting ' = 2? = ... =2
initial points using a single cycle of the standard incremental gradient method (2.5).
Another possibility is the following. Given z', compute d' = Vf;(z!). Then, for

1<k<L-1,

1
k+1 k J
x = T —u w4

(2.14)
A = d" 4V g, ().

Therefore, after L — 1 iterations we obtain z, ...,z and d* = 31, V fi(z!).

The key feature of the TAG method that makes it suitable for wireless sensor net-
works applications is that it can be implemented in a distributed manner. Consider
a distributed system of L processors enumerated over 1,2, ..., L, each of which has
access to one of the functions f;(xz). The initialization (2.14) begins with z' at pro-
cessor 1. Then, processor 1 sets d' = V fi(x!) and transmits z' and d' to processor

U and d*! from processor k — 1, processor k calculates z*

2. Upon receiving x*~
and d* according to (2.14) and transmits them to processor k + 1. The initialization
phase is completed when processor L, upon receiving 2°~! and d*~! from processor
L — 1, computes 2 and d* according to (2.14) and transmits them to processor 1.
Once the initialization phase is completed, the algorithm progresses in a cyclic

I and d*! from processor (k — 1)z, processor (k)

manner. Upon receiving x*~
computes z* and d* according to (2.2) and (2.3), respectively, and transmits them to
processor (k+1),. Note that V f), (") in (2.3) is available at processor (k)y, since

it was the last gradient computed at that processor. Therefore, the only gradient
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computation at processor (k) is V f(), (z¥). At no phase of the algorithm do the

processors share information regarding the complete function f(x) or its gradient

2.4 Application to Wireless Sensor Networks

There are two motivations to use the IAG method: (a) reduced computational
burden due to the evaluation of a single gradient per iteration compared to L gra-
dients required for the steepest descent method; and (b) the possibility of a dis-
tributed implementation of the method in which each component has access to one
of the functions f;(z). The second item has been shown to be very useful in the
context of wireless sensor networks [96]. Wireless sensor networks provide means for
efficient large scale monitoring of large areas [113]. Often the ultimate goal is to
estimate certain parameters based on measurements that the sensors collect, giving
rise to an optimization problem. If measurements from distinct sensors are modelled
as statistically independent, the estimation problem takes the form of (2.1), where
fi(z) is indexed by the measurements available at sensor [ (see e.g. [24,90,94, 95]
and references therein). When transmitting the complete set of data to a central
processor is impractical due to bandwidth and power constraints, the IAG method
can be implemented in a distributed manner as described in §3. In the following

sections we consider two such estimation problems.

2.4.1 Robust Estimation

One of the benefits of a wireless sensor network is the ability to deploy a large
number of low cost sensors to densely monitor a certain area [113]. Because low

cost sensors have limited reliability, the system must be designed to be robust to the
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possibility of individual sensor failures. In estimation tasks, this means that some
of the sensors will contribute unreliable measurements, namely outliers. In [94] the
authors suggest the use of robust statistics to alleviate the influence of outliers in the
data (see [55] or, specifically in the context of optimization, see [91, p. 347]). The
robust statistics framework uses objective functions that give less weight to outliers.
A common objective function used to this end is the function “Fair” [99, p. 110],

given by

g(x) =¢? Pﬁc' —log (1 - @)} : (2.15)

We use the function “Fair” rather than the more common Huber [55] since the later
is not strictly convex.

Following [94] we simulate a sensor network for measuring pollution levels and
assume that a certain percentage of the sensors are damaged and provide unreliable
measurements. FKach sensor collects a single noisy measurement of the pollution level
and the estimate of the average pollution level is found by minimizing the objective

function defined by

fla)=>" filx), (2.16)

where x € R, and

1

fl(ﬂf) = Zg(l" — ),

where y; is the measurement collected by sensor [. There were L = 50 sensors in
the simulation. To reflect the possibility of faulty sensors, half of the samples were
generated according to a Gaussian distribution with mean m; = 10 and unit variance

(02 = 1) and the other half were generated according to a Gaussian distribution with

mean my = 10 and ten times higher variance (05 = 10). The coefficient ¢ in (2.15)

was chosen to be 10.

and for negative z it is ——

For positive z, the first derivative of g(z) is yrs

_T
1+x/c’
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Hence, ¢'(0+) = ¢’(0—) = 0. The continuity of g(z) implies then that it is differen-
tiable at zero despite the term |x|. Therefore, the first derivative of g(x) is e 1S
continuous, and it is bounded by c. Considering positive and negative x’s separately,
also shows that ¢”(0+) = ¢”(0—) = 1, and that in general, the second derivative
of g(x) is W which is bounded by 1. Hence both Assumptions A.1 and A.2
hold. In addition, since m is strictly positive, g(x) is strictly convex, and
therefore f(z) is strictly convex as well. Since both lim, ., f(z) and lim,_,_ f(z)
diverge to oo, f(z) has no directions of recession, and therefore, by Theorem 27.1(d)
in [101, p.265], the minimum set of f(z) is non-empty. The minimum is unique by
the strict convexity of f(z). Since ¢”(z) is continuous and positive everywhere As-
sumption A.3 is satisfied. The strict convexity of f(x) implies that Assumption A.4
holds as well (see Remark 2).

Both the standard incremental gradient method (2.5) with a constant step size
u(k) = p (abbreviated as “IG” in the figures) and the IAG method with the ini-
tialization (2.14) were implemented with several choices of step size p. The initial
point 2! was set to 0. In Fig. 2.1 the trajectories of the two methods are presented.
The solid straight line corresponds to the minimum point x*. It is seen that when
the step size is sufficiently small, TAG increases more rapidly towards z* than the
standard incremental gradient in the early iterations. Furthermore, as predicted by
the theory, IAG converges to the true limit, whereas incremental gradient method
converges to a limit cycle. For a larger step size the IAG method overshots due to
its heavy ball characteristic (2.4). When the step size is too large, the IAG method
no longer converges but the incremental gradient method still converges to a limit
cycle. We have observed this behavior for other values of the parameters my, mao,

2 2

o1, 05, c as well.

We also compared the IAG method with the incremental gradient method with
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Figure 2.1: Trajectories taken by the IG and TAG methods for the robust “Fair”
estimation problem.
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a diminishing step size, with Bertsekas’ hybrid method [15], and with Tseng’s in-
cremental gradient with momentum [116] in terms of number of iterations to con-
vergence. To optimize the performance of the incremental gradient method with
a diminishing step size, a relatively large constant step size p = 0.2 is used un-
til convergence to a limit cycle is detected, and then the diminishing step size is
w(k) = 2u/ (E — k), where k is the first iteration in which a limit cycle is detected.
Convergence to a limit cycle is declared when |z% — 2*F| < .01 for k a multiple of
L. To describe the parameters used in the hybrid method, we switch to the notation
in [15]. We set v = 0.05 and «(p) as defined in Eq. (47) in [15], with ¢(u) = ((1—p),
where ( = 2.5. The transition parameter pu is kept at zero, i.e., the iterates are identi-
cal to the incremental gradient method until convergence to a limit cycle is detected
as described above. Once a limit cycle is detected, p is updated after every cycle
according to p := 1.5 4 0.3, i.e., n = 1. These parameters seemed to optimize the
performance of the hybrid method. The parameters of the incremental gradient with
momentum term where set according to the recommendation in [116], which seemed
to optimize the performance of the method in our application as well. In particular,
we set €g = 1, € = e = 0.00001, €3 = 1000, n = 1.5f(2?) + 100, p = oo, w = 0.5,
¢ =0.8,and \{+Xo+...+)\,, = 1. For the TAG method we set ;x = 0.05. The conver-
gence point was specified to be the first iteration for which all subsequent iterations
satisfy |z% — 2*| < €. Since the TAG and the hybrid methods outperform the incre-
mental gradient method with a diminishing step size and the incremental gradient
with momentum term by a large margin, ¢ was specified to be 0.01 for the IAG and
the hybrid method and 0.1 for the incremental gradient method with a diminishing
step size and the incremental gradient with momentum term. The average number
of iterations until convergence and its standard deviation were estimated from 100

Monte Carlo simulations and are summarized in Table 2.1. The trajectory taken by
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IAG Hybrid | IG Diminishing Stepsize | IG Momentum Term
e=0.01|e=0.01 e=0.1 e=0.1
mean 290 289 601 2063
std 23 135 258 919

Table 2.1: Number of iterations to convergence.

the different methods in one of these simulations is presented in Fig. 2.2. It is seen
that for this application, the IAG method performs best. Further experimentation

is required to make more general conclusions.

2.4.2 Source Localization

This section presents a simulation of a sensor network for localizing a source that
emits acoustic waves. L sensors are distributed on the perimeter of a field at known
spatial locations, denoted 7, | = 1,..., L, where r; € R2. Each sensor collects a
noisy measurement of the acoustic signal transmitted by the source, denoted y;, at
an unknown location x. Based on a far-field assumption and an isotropic acoustic
wave propagation model [31, 75,94, 104, 105], the problem of estimation of source
location can be formulated as a non-linear least squares problem. The objective

function is again of the form (2.16), but now

fil@) = (w = g(||r — 2|[%)?, (2.17)

x € R?, and

Az oz > Afe
9(z) = : (2.18)
2¢ —e22/A 2z < Afe

In (2.17) g(-) models the received signal strength as a function of the squared distance.
In (2.18) A is a known constant characterizing the source’s signal strength. For

z > AJe (far-field source), the source’s signal strength has isotropic attenuation as
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Figure 2.2: TAG compared to IG with diminishing step size, to the hybrid method,
and to IG with momentum term.
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an inverse function of the squared distance, while for z < A/e (near-field source), the
attenuation is linear in the squared distance. It is easy to see that Assumptions A.1
and A.2 are satisfied and therefore, Proposition 1 holds. Clearly, since f(x) is multi-
modal in this case, Assumptions A.3 and A.4 cannot hold. However, it was observed
in our experiments that when the source is sufficiently distant from the sensors, the
objective function has a single minimum inside the observed field (See Fig. 2.4 for
a contour plot of the objective function) and, when initiated not too far from the
minimum point, the TAG method has good convergence properties. This suggests
the possible application of the IAG method under weaker assumptions than those
considered in this paper, and motivates further investigation into its properties.

In the numerical experiment, L = 32 sensors are distributed equidistantly on
the perimeter of a 100 x 100 field. The source is located at the point [60,60] and
emits a signal with strength A = 1000. The sensors’ noisy measurements were
generated according to a Gaussian distribution with a mean equal to the true signal
power and unit variance. Both the incremental gradient method with a constant
step size and the IAG method with the initialization (2.14) were initiated at the
point [40,40]. The error term ||z* — z*|| as a function of the iteration number is
presented in Fig. 2.3 for two choices of step size. The actual path taken by the
methods for step size p = 10 is presented in Fig. 2.4, where the asterisk denotes
the true minimum point of the objective function. It is seen that, as the theory
predicts, the incremental gradient method exhibits oscillations near the eventual
limit, whereas the IAG method converges to the minimum. In this scenario, the IAG

method outperforms the IG method at early iterations as well.
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Figure 2.3: Distance of I1G
localization problem.

Figure 2.4: Path taken by the IG and TAG methods for source localization problem.
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CHAPTER 3

On Tests for Global Maximum

3.1 Introduction

The maximum likelihood (ML) estimation method is one of the standard tools for
parameter estimation. Among its appealing properties are consistency and asymp-
totic efficiency [55,61, 115]. However, a major drawback of this method when ap-
plied to non-linear estimation problems is the fact that the associated likelihood
equations required for the derivation of the estimator rarely have a closed form an-
alytic solution. This shortcoming poses a global optimization problem. Solving this
problem by applying numerical methods is usually computationally prohibitive. To
date, there have been few global optimization methods applied to ML estimation
(e.g. [4,26,106,127,128]) because of the computational complexity involved. More
commonly, initiate and converge methods are applied. These methods are based on
an initial guess (often found by a simpler method) which is followed by a local, often
iterative, optimization procedure (e.g. the expectation maximization algorithm [38]
and its variations [81], Fisher scoring [81], the Gauss-Newton method [110], and
majorizing or minorizing algorithms [40], [56]). As a consequence, the performance

of these methods highly depends on the starting point. In particular, if the log-
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likelihood function is not strictly convex and there is no available method that is
guaranteed to provide an initial guess within the attraction region of the global max-
imum, then there is a risk that a local search will stagnate at a local maximum. This
phenomenon leads to large-scale estimation errors.

The maximum likelihood framework would benefit from an answer to the following
question: Given a location of a relative maximum of the log-likelihood function, how
to assess whether this is the global maximum? One approach to this question is
the Kronecker-Picard integral framework [106]. However, the computation of this
multi-dimensional integral is difficult, indeed equivalent to the complexity involved
in finding the global maximum, rendering this approach impractical. Instead, in this
paper we take a statistical approach to answering this question.

The first statistical solutions for discriminating between local and global maxima
were based on sampling the domain of the log-likelihood function. Given a sequence
of random starting points and the corresponding set of relative maxima found by a
local search method, Finch et. al. [44] proposed a statistical method to assess the
probability that the global maximum has not yet been found based on an asymptotic
(in the number of starting points) result on the total probability of unobserved
outcomes due to Bickel and Yahav [19]. Veall [118] used an order statistic result due
to de Haan [53] that characterizes the distribution of the ordered values of a smooth
function, sampled at random points. Given a relative maximum, the log-likelihood
function is evaluated at a large number of randomly selected points. If a point with
a value larger than the value of the candidate maximum is found, then clearly it is
not the global maximum. If no such point is found, de Haan’s result is used to assess
the probability that the relative maximum is the global one. Since these methods are
based on sampling the domain of the log-likelihood function, they suffers from the

curse of dimensionality and do not generalize well to high dimensional problems. Yet
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high dimensional problems are exactly those in which global optimization methods
are computationally demanding.

Dorsey and Mayer [39] reported poor performance of Veall’s method and, as an
alternative, proposed to use the available methods for testing parametric models
to answer the question at hand. They observed that a local maximum of the log-
likelihood function is in fact a global maximum of a particular misspecified model
- a model in which the parameters are restricted to a region that does not contain
the true parameter. For scenarios in which the model is known to be correctly
specified, these authors tested whether a relative maximum is the global one by
applying a test that detects model mismatch. If the result of the test leads to
the conclusion that a model mismatch is likely, the hypothesis that the relative
maximum is the global one is rejected. Otherwise, the relative maximum is declared
the final estimate. Independently, Gan and Jiang [49] made the same observation and
proposed White’s information matrix test [122] as a test for global maximum. More
recently, Biernacki [20,21] proposed a new test, which is closely related to Cox’s tests
for separate families of hypotheses [33,34], and showed through simulations that his
new test outperforms White’s information matrix test.

A drawback of the methods of [39], [49], and [21] is that they are sensitive to
model mismatch. In particular, when the model is not specified correctly, the tests
lose their power to distinguish between local and global maxima. In some engi-
neering applications the statistical model is derived from the underlying physical
phenomenon and deviations from this model are unlikely. In these cases, the meth-
ods can be directly applied. However, when there are uncertainties about the model,
the methods [39], [49], and [21] need to be modified so as to not classify a global
maximum of a misspecified model as a local maximum.

In this paper, the tests are derived under possible model mismatch. The sensitiv-

74



ity of the tests to model mismatch is analyzed in terms of the Renyi divergence and
the Kullback-Leibler distance between the true underlying distribution and the as-
sumed parametric class. The analysis leads to a simple threshold correction method
that accounts for possible deviations from the model as long as these deviations are
bounded in terms of the mentioned distances. When deviations from the model are
defined in terms of an embedding in a larger parametric class, insensitivity to a Pit-
man drift is established by constructing tests based on a vector valued validation
function that is orthogonal to the elements of the gradient of the log-likelihood func-
tion of the larger class. This construction leads to tests that are locally robust to
deviations from the assumed model.

An exhaustive catalogue of all the available methods for model specification test-
ing that might be considered as candidates for tests for global maximum is beyond
the scope of this paper. Rather, this paper focuses on the class of M-tests, which
includes the tests of [49] and [21] as special cases, and investigates their performance
as tests for global maximum.

The problem of testing a relative maximum is related to the problem of eliminat-
ing spurious maxima in scenarios in which the ML estimator (MLE) is not necessarily
consistent or may not even exist (see [107] and references therein). Although some
of the results apply to that problem as well, we do not pursue this connection here.

In Sec. 3.2, we review the properties of the MLE under a possible model mis-
match and pose the problem of discriminating between local and global maxima as
a statistical hypothesis testing problem. The general framework for constructing
M-tests [88,114,123] is presented, and it is shown that two of the available tests
in the literature are special cases of M-tests. In Sec. 3.3, the consistency of the
tests is established and an approximation of the finite sample power of the tests

is derived, which is useful for predicting performance and provides a measure for
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comparing between tests. The problem of model mismatch is treated in Sec. 3.4.
The effect of model mismatch is characterized in terms of the Renyi divergence and
the Kullback-Leibler distance and two methods for making the tests robust to small
deviations from the underlying model are given. Finally, to show the applicability of
this framework, in Sec. 3.5 a Monte-Carlo evaluation of the performance of the tests

is presented in terms of level and power under both correct and mismatched model.

3.2 Preliminaries

Let 3, t = 1,...,n be a collection of n independent observations drawn from
an unknown distribution G' with density ¢g(y), ¥ € RY. The information we want
to extract from the data is encoded in a K x 1 parameter vector 6, through which
we define a parametric family of densities {f(y,0) : § € O} that are twice contin-
uously differentiable in 6 for all y. For scalar functions denote by Vy(-) and V3(-)
the column vector of partial derivatives and the Hessian matrix with respect to 6,
respectively. For vector valued functions let VZ(+) be the matrix whose (k, 1) element
is the partial derivative of the k’th element of the function with respect to the I’th
element of 6. Assume that the elements of the matrices Vylog f(y, 0)V] log f(y,0)
and V3log f(y,0) are dominated by functions integrable with respect to G, for all
0 € O, a compact subspace of R¥.

Denote by
Yn7 9 Z 1Og f yta

the normalized log-likelihood function of the measurements, where Y,, = [y; y2 . .. yn].
The MLE! is defined as
0, = arg max L,(Yy;0). (3.1)

!Sometimes called quasi-MLE when the model is incorrect.
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Denote by E {-} the expectation with respect to the true underlying distribution

G, and by 6* the minimizer of the Kullback-Leibler information, i.e.,

. . 9y) | _
0" = arg ropelélE {log f(y;@)} = arg rgleeg(a(ﬁ)

where a(f) is the ambiguity function, defined as

a(0) = E{log f(y; 0)} (3-2)

and assume that 6* is a well defined unique interior point of ©. Define the matrices

A(0) = E{Vjlog f(y:0)} (3-3)
B(0) = E{Vylog f(y;0)V§ log f(y;6) }

C0) = A1) B(9) A1 ()

and assume that A(f*) and B(6*) are non-singular. Under these assumptions, The-

orems 2.1, 2.2, and 3.2 of White [122] assert that

0, “% o (3.4)
as n — 0o, and /Q\n is asymptotically Gaussian in the sense that

Jn (é} - 9*) LN (0,C(6%)). (3.5)

When g(y) = f(y,0°) almost everywhere for some unique §° € ©, we say that the
model is correctly specified and this result becomes the standard consistency, and

asymptotic Normality result for the MLE. More specifically, if the elements of the
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matrix V§ [Vaf(y,0) - f(y,0)] are dominated by functions integrable with respect to
v, for all § € ©, where v is the dominating measure such that ¢g(y) = dG(y)/dv, and
the support of f(y,#) does not depend on 6, then C(6°) = —A~1(0°) = B~1(0°) is
the inverse of the Fisher information matrix (FIM) [115, p. 80].

Denote by ﬁn one of the relative maxima of the log-likelihood function. Then the
problem addressed in this paper can be formulated as a hypothesis testing problem.

Given gn, decide between

Ho: 6,=0, (3.6)

A statistical test which gives a solution to this problem is called a test for global

MaTImum.

3.2.1 M-Tests for Global Maximum

M-tests were proposed in an econometric context by Newey [88], Tauchen [114],
and White [123] as a general way of testing the validity of parametric models (see [124,

Ch. 9] as well). The tests are based on a vector valued test function
e(y,0) R x © — RY (3.7)
which is chosen to satisfy
/ e(y,0)f(y,0)dy — 0, ¥ € ©. (3.9)

Hence, given the MLE 6, large values of 1 /n> 0 e(yr, @\n) indicate that a model

~

mismatch is likely. Small values of 1/n )"}  e(y,0,) indicate that the model is
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correctly specified or alternatively that the type of model mismatch is such that

g(y) ¢ {f(y,0) : 0 € O} but
/e(y, 0*)g(y)dy = 0. (3.9)

The same framework can be used to construct tests for (3.6). First suppose that
the model is correctly specified and that e(y,#) is chosen to satisfy (3.8). Then,
given a location of a relative maximum of the log-likelihood function 5717 large values
of 1/n 3" e(y, 6,) indicate that it is not likely that 6, is the MLE. This directly
extends to the case of model mismatch, if it is known that (3.9) holds.

The tests are constructed as follows. Assume that the elements of e(y,f) are
twice differentiable with respect to # for every y, and that the elements of the vector
Voe(y, 0) and the matrices e(y, ) V3 log f(y, 0) and e(y,0)e’ (y,0) are dominated by

functions integrable with respect to G for all § € ©. Define the vectors

ha(0) = = e(u,0) (3.10)

and the @) x K matrices

- %sze@t,m (3.11)

Define the @ x @ matrix V() by

E{[e(y.0) — h(0) — H(0)A™(0) Vi log f(y: 0)] x (3.12)

[e(y. 6) — h(6) — H(0)A™(6)Valog f(4:0)]" }
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and its empirical estimate by

Vo) ==>" (3.13)

t=1

[e(ye: 0) — ha(0) — Hu(0)A, " (0) Vg log f (11 0)] %

[e(y, 8) — ha(0) — H,(0)A, (0)Vglog f(yi;6)]"

where
n

A, (0) = % S V2 log £y 0) (3.14)
t=1

and assume that e(y,d) is such that V(6*) in (3.12) is nonsingular. Under the

assumptions made above,
Vi [ ha()) — h(e*)] LN (0,V(0%) (3.15)
Vo (6,) %5 V(67) (3.16)
element by element, Vn(gn) is nonsingular for sufficiently large n, and as a result,
n | fn(B) = h(67)] Vi Bn) [ha(B) = h(67)] (3.17)

is asymptotically Chi-Squared distributed with @ degrees of freedom [88,114, 123].
An elementary proof of this result is included in the Appendix for completeness.
Based on this result, tests for global maximum can be constructed as follows.

Choose a function e(y, ) having mean zero at the point 6*, that is
h(0*) = E{e(y,0")} = 0. (3.18)

The function e(y, 0) will be called the global mazimum validation function. Under
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Hy and when (3.18) is satisfied, the statistic

S, = nhT(0,)V.(6,) 7 (6,) (3.19)

n

with V,71(6,,) computed by (3.13) is asymptotically Chi-Squared distributed with @
degrees of freedom, denoted by x3. Denote by Fia () the x3 cumulative distribution
function. Therefore, a false alarm level « test of the hypotheses (3.6) is made by
comparing S, to F)}Ql(l — «), which is the critical value of the ng distribution for
the desired false alarm level. If S, exceeds the critical value, Hy is rejected and one
concludes that the iterative local search should be re-initiated in the hope of con-
vergence to a different maximum. Otherwise, the null hypothesis cannot be rejected
and gn is declared the final estimate.

When the model is correctly specified, 0* = 0 and Eq. (3.18) becomes

h(6°) = E {e(y, 6’0)} = /e(y, 0°) f(y,0°)dy = 0. (3.20)

A global maximum validation function e(y, ) satisfying (3.20) can be constructed
from any random function, e.g. call it €(y,#), by replacing it with the centered

statistic:

(y.6) = 2(y.6) - / o(y,0)f(y: 6)dy. (3.21)

This construction ensures that the mean of the validation function at the true pa-

rameter is zero. Under this construction, h,(6,) (3.10) becomes

n

(@) = 5 > el ) ~ [ 20087 0: )y (3.22)

and the property h(0°) = E{e(y,6°)} = 0 holds. This manipulation requires an

analytical solution of the integral in (3.22) or its approximation via numerical inte-
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gration.
Two tests for global maximum that are available in the literature fall into this

framework. Taking e(y, @) to be the vector valued function defined as

e(4.0)] _ 0%log f(y;0) | Olog f(y;0) dlog f(y; )
P70 = 00, 00, 00, 00;,

(3.23)

where [-], denotes the vector’s ¢'th element, and the indices i, and j,, ¢ =1,...,Q,
are chosen so that V(0*) is nonsingular, we obtain White’s information matrix
test [122] which was used by Gan and Jiang as their test for global maximum [49].
This test is motivated by the fact that when the model is correctly specified, An(é\n)

defined in (3.14), and Bn(é\n), defined by

Bu(0) = 3" Vylog Fu: 0)V log f(u1:0) (324)

converge a.s. as n — oo to the -FIM and FIM, respectively; an idea that was
originally used by White in his test for model mismatch [122]. Hence, when the
model is correctly specified, (3.18) is satisfied since the expected value of the sum at
6° vanishes. Gan and Jiang noted that White’s test suffers from slow convergence
rates to unit power, i.e., it requires a large number of samples to detect local maxima
with high probability. A test with better convergence rates was recently proposed by
Biernacki [21]. The cost of this improvement is increased complexity due to the need
to evaluate an integral of the type (3.22). The validation function e(y, #) associated

with Biernacki’s test is the scalar function

(. 0) = log f(y:0) — / log £ (; 6)  (y: 6)dy (3.25)
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which is a special case of (3.21). Hence,

@) = > log f(wif) — [log fysB)f By, (320)

This test is closely related to Cox’s tests of separate families of hypotheses [33], [34].
The choice (3.25) of e(y,#) leads to a test that compares the log-likelihood eval-
uated at 5n to its expected value, which is calculated as if gn is the true param-
eter. The test requires the evaluation of an integral (3.26) of dimension P - the
dimension of y. This might be prohibitive in real time applications, although in
Sec. 3.5.1 below, a closed form expression for the case of Gaussian distributed y; is
given. In [20,21] the variance estimator required for the construction of S, (3.19)
is consistent for E {e(y,0%)e” (y,6°)} rather than for V(6°) (3.12). From (3.28) be-
low, it can be seen that under the null hypothesis Hy and when the model is cor-
rectly specified, E {e(y, 6% e (y, 90)} is an upper bound on the asymptotic variance
of \/ﬁhn(gn) (3.26). The bound is tight when either B(6°) is large, e.g., at high signal
to noise ratio, or when H(6°) is small, i.e., the expectation of the gradient of e(y, 0)

is small, but in general the variance estimator of [20,21] leads to a test with a false

alarm level smaller than the specified value.

3.2.2 Moments Matching Tests

Moments matching tests were previously proposed as tests for model mismatch
(see e.g. [114]) but were not applied to the problem of discrimination of local maxima.
The tests are based on the property that the moments of the distribution induced by
the estimated parameter should be in good agreement with the empirical moments of
the data. Therefore, these tests are especially suited for cases in which the underlying

physical model specifies a simple parametrization of one of the moments of the data.
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For example, assume that the mean of y is modelled by p(0), i.e. u(0) = [y f(y;0)dy,
where p(-) is a pre-specified non-linear function, then to construct a test, which is

based on the first moment, e(y, #) is taken to be

e(y,0) =y — ().

This choice of e(y, 6) leads to the empirical estimate
~ 1 <& ~
b (0n) = n Z Yr — p(On).-
t=1

It is clear that under a correctly specified model, equation (3.18) is satisfied. If
the model is not correctly specified but the specification of the mean is correct, the

condition

he") = E{y} — p(07) =0 (3.27)

will still hold if the parametric class {f(y;0) : § € O} belongs to the linear expo-
nential family [124].

If the mean of the data does not depend on # or is weakly dependent, one can
improve the test by including higher order moments. For example, one can spec-
ify e(y,0) as one or more elements of the difference between sample and ensemble

covariance matrices:

le(y, O], = i, W) — [RO)];, 5, ¢=1...,Q

where for matrices []; denotes the (g, k) element, and [R(0)], ; = S Wi, s, f(y; 0)dy

is pre-specified from the underlying model.
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3.2.3 Covariance Matrix Estimation

It is possible to exploit properties of the null hypothesis Hy (3.6) in order simplify
and improve the estimator (3.13) of the covariance matrix of \/nh,(6,) (see e.g. [49,
88,114,122, 124]). Under Hy /nh,(6,) equals \/ﬁhn(@b), and since by construction
h(6*) = 0, it is possible to drop the term h,(6,), which appears in (3.13) after
substituting 5 . Furthermore, when the model is correctly specified, under Hy, the

asymptotic covariance matrix of \/nh,(6,) simplifies to
E {e(y,0")e" (y,0")} — H(6°)B~(6°)H" (") (3.28)

where B(f) and H(f) are given in (3.3) and (3.11), respectively, and since a correct
model specification is assumed, expectations are taken with respect to the density
f(y,0°). Using this property, the following covariance estimators can be considered.

The first is based on the data and the form (3.28):

Vall) = = 37 e D) (1, (3:29)

where B, (0) and H,(0) are defined in (3.24) and (3.11), respectively. In the cor-
rect model case, under Hy the estimator (3.29) converges a.s. to the covariance
matrix (3.28) [121, Lemma 3.1], and hence it is positive definite a.s. for sufficiently

large n. The second estimator is given by

0,) f(y, ) dy — (3.30)

—_ _T~

B (0.)H (6,)

m\
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where

B(0) = /Ve log f(y; 0)Vy log f(y; 0) f (y; 0)dy

and

H(6) = / VT e(y,0)f(y: 6)dy.

It should be noted that under H; or under model mismatch, these estimates are
not necessarily consistent and the estimator (3.29) is not necessarily positive definite.
A number of authors investigated ways of estimating the covariance matrix in
scenarios in which unexpected dependencies between the measurements may occur
(see e.g. [124], [89] and references therein). Methods for eliminating the requirement
for covariance matrix estimation altogether were recently proposed in [27] for the

problem of model testing in non-linear regression.

3.3 Power Analysis

In order to derive the power function, the asymptotic distribution of 571 under Hy
needs to be determined. Therefore, assumptions on the structure of the ambiguity
function (3.2) at different local maxima are required. Assume that the system of
equations Va(f) = 0, has a finite number of solutions in © and each one of these
solutions is an interior point of ©. In addition, at each of these points, the matrix
V2a(#) is either negative definite or positive definite. The ambiguity function a(f)
has its global maximum at 6*; denote by 6™, m = 1,..., M, the other M local

maxima of a(0).

Theorem 1. For sufficiently large n, L, (Y,;0) has M+1 local mazima for almost ev-
ery sequence {y; }1>1. Furthermore, the location of these relative mazima are strongly

consistent estimates for * and 0™, m=1,..., M.
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Proof. The outline of the proof goes as follows. First we prove that, for sufficiently
large n, the norm of the first derivative vector of L, (Y,;#) is strictly positive outside
of arbitrary small neighborhoods of the local maxima and local minima of a(¢). Then,
we prove that when restricted to these neighborhoods, L, (Y;;6) is either strictly
convex or strictly concave and hence has a single minimum or a single maximum,
respectively.

Under the assumptions made, [57, Thm. 2] gives the following uniform strong

law of large numbers:

Ln(Yn;0) — E{log f(y:0)} (3.31)
VoLn(Yn;0) — E{Vglog f(y;0)}

VoLa(Yn;0) — E{Vilog f(y:0)}

as n — oo uniformly in © for almost every sequence {y;}i>1.

Denote the relative minimum points for the ambiguity function by ¢/ € 6, j =
1,...,J, J > 0. By the assumption, Vya(f) = 0 at the points 6%, 0™, m =1,..., M
and ¢/, = 1,...,J and only at these points. In addition, the matrix V2a() is
negative definite at the points 0*, 0™, m = 1, ..., M and positive definite at the points
®,j=1,...,J. Denote the eigenvalues of the matrix V2a(6) by \y(0),k =1,..., K.

Therefore,

mélx{/\k(é’*)} <0

ml?x{/\k(ﬁm)} <0, Ym=1,...,.M

and

mkin{)\k(qﬁj)} >0, Vi=1,...,J
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The eigenvalues are continuous functions of the matrix element and the operations
max and min are also continuous in their arguments. Therefore, there are disjoint
open neighborhoods N*, N™, and M’ around 6*, 0™ and ¢/, respectively, m =

1,....,M, j=1,...J, that satisfy the following conditions:

sup max{\,(0)} <6 <0 (3.32)
geN= K

sup max{\,(0)} <5 <0, Vm=1,...,.M
geNm k

inf min{\,(0)} >8>0, Vj=1,...,J
Jnf min{\(6)} 28>0, ¥j=1,...,

Denote

0=0\

M J
m=1 j=1
Since © is also compact, and |9a(f)/06,| is bounded and continuous for all k, we

have

K K
inf S 10a(0) /96, ] = mi 9a(60) /00, = 6.
;gé;I a() /96| I;lelé;;‘ a(0) /06|

Since by the assumption all the stationary points of a(f) are outside of O, s strictly
positive.

Next, we prove that there exist Ny such that Vn > Ny,

K
> 0L (Ya;0)/06 > 6/2, VO €O, w.p.1
k=1

i.e., for sufficiently large n, the function L,(Y,;#) has no stationary points in O for

almost every sequence {y;}+>1. To this end, choose N; such that for all n > Ny,

)
|aa(€)/agk - aLn(Yna 6))/aekl < ﬁa

Vk=1,...,K,Y0 €0, wp. 1
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which can always be found by (3.31). Therefore,

K

> " 10a(6) /96, — 0Ly (Y,:60) /06| < g

k=1
Vo€ ©, wp. 1

and hence, Vn > Ny,

K
> 0L (Y;0; 6)/00k] > g V9eO, wp.l

k=1

and the claim is proved.

Next, we prove that there exist Ny such that Vn > Ny, L, (Y,;0) is concave over
./T/*, JTfm,m = 1,...,M and convex over mj,j =1,...,J, where N/ denotes the
closure of the set . Denote the eigenvalues of V2L, (Y,,;60) by \¢(0),k =1,..., L.

We consider one specific neighborhood N *, and prove that

J
maxmax{A\;(0)} < = <0, Vn>Ny, wp. 1 (3.33)
0eN" K 2

where § was defined in (3.32), i.e., L, (Y,;0) is concave over N .
By the construction, the maximal eigenvalue is uniformly continuous over A/ "
Therefore,

m’?X{)\Z(é’)} — m’?X{/\k(G)}, VOeN', wp. 1

and (3.33) follows. The same argument holds for the proof of concavity of L, (Y,;0)
over the rest of the neighborhoods N7, m = 1,2,..., M and the convexity of
Lo(Yy;0) over M, j=1,...,J.

For each set N, by (3.31) as n increases Ly (Y,;#) will eventually be greater

at 6™ than at any point on the boundary of N, w.p. 1. Therefore, L,(Y,;6) will
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attain a single local maximum at an interior point of N, w.p. 1 (not necessarily at
™). A similar argument holds for N~ and for a minimum point in M/ and the first
part of the theorem is proved.

Finally, since the sets N*, N™ m = 1,..., M can be taken arbitrarily small,
the maximum points of L,(Y,;60) are strongly consistent estimates of *, 6™ m =

1,..., M. O

Theorem 1 ensures that as n increases the relative maxima of the log-likelihood
function occur close to the relative maxima of the ambiguity function and only at
these locations. This implies that the relative maxima of the log-likelihood function
are asymptotically Gaussian distributed. More specifically, let ©™ be a closed neigh-
borhood of #™, in which 6™ is the highest relative maximum of a(6). Define the m’th
local-MLE by

-~

ngarggggﬁ L,(Yn;:0), m=1,..., M. (3.34)

If the optimization method used to solve (3.1) is certain to find a relative maximum
of L,(Y,;0), then Theorem 1 asserts that for sufficiently large n, 0, will be equal to

one of the local-MLEs g™ w.p. 1. The local-MLE (/9\;” is the MLE associated with

n

the model {f(y,0) : 0 € ©™} and therefore falls into the mismatch model framework

of White [122]. Hence we have the following.

Corollary 1. For all m:

)

a.s.
= 0™ as n — oo, and

1.

)

m
n

AN (A;y - em) DN (0,0(6m).

In addition, by (3.15)-(3.17) we obtain the following:
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Corollary 2. For all m:

n

N [hn@m) —h(6™)| 2 N (0,V(6™))

Vn(@f) Y2 V(0™) element by element. In addition, assuming that V (0™) is nonsin-

qular,
~ T ~ ~
n 1a@2) = RO VI B (@) — (0™ (3.35)
15 asymptotically distributed as ng-

From Corollary 2 it is clear that for the test to have power against @T, h(6™) must
not equal 0. Otherwise the statistic has the same asymptotic ng distribution under
both hypotheses Hy and H;y (3.6). On the other hand, if A(0™) # 0 the consistency

of the test can be established.

Corollary 3. Assume 6, = @T If h(0™) # 0 then
Pr{S, > FX_QQl(l —a)} —1

for every choice of level o € (0,1).

Proof. Under the assumption, h,,(6,) =3 h(6™) by [121, Lemma 3.1]. Therefore, since

Vn(@f) % V(0™) element by element and we assumed that V' (6™) is nonsingular,

Pr{S, >¢} —1

for all € > 0, by [124, Thm. 8.13]. O

Implied from corollary 3 is the consistency of the test: If h(6™) # 0 for all
m=1,..., M, then
Pr{S, > F3'(1 - a)[Hi} — 1 (3.36)
Q
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for every choice of level a € (0, 1), i.e., the test is consistent. This result extends the
results of [49] and [21], which established under a correctly specified model (each for
their own global maximum validation function) that if the only solution to the set

of equations

/ Vo log (y,0) f(y,0°)dy = 0
[ etw.0) 10,05 0

is 6°, then

Viha(0,) 2 N0,V (6°) iff 6, =0,.

Furthermore, Corollary 2 implies that under H;, and particularly when gn = @T,
the distribution of the test statistic S,, is approximately non-central ng with non-

centrality parameter

nd™ = nhT(0™)V L (0™ h(O™)

denoted by x3(nd™) [58]. We denote the x3(nd™) cumulative distribution function
by szQ (nsm) (). The finite sample power of the test against a local maximum at 6™

can be approximated by [58, p. 468]
1= g |[Fal(1—a)] . (3.37)

Therefore, the power of a given test against a local maximum at #™ is characterized
by
§™ = R (O™)V O™ h(O™) (3.38)

which will be called the power characteristic of the test as a function of 8™. The

power characteristic is a basis of comparison between tests.
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3.4 Misspecified Models

In general, it is difficult to discriminate between the cases of: (a) 0, a local max-
imum in a correctly specified model; and (b) 0, a global maximum in a misspecified
model. Under model mismatch, the probability of mistakenly rejecting gn as the
global maximum, increases with the number of samples.

If the test statistic is designed under the assumption that the model is correctly
specified but the actual underlying distribution is outside the assumed parametric
family, then (3.18) may be violated. In this case, even when 6771 = é\n, hn(gn) %
h(6*) # 0 and, similar to the discussion in the previous section, S, is approximately
distributed as x3(ne€) with non-centrality parameter ne = nh*(6*)V~1(6*)h(#*), in-
stead of the assumed central chi-squared. In this case, as n tends to infinity, the
probability of mistakenly rejecting 5n as the global maximum increases to one re-
gardless of the test threshold, and is approximately given by

3.4.1 A Bound on the Non-Centrality Parameter

It is possible to bound the non-centrality parameter e, induced by the model
mismatch, in terms of the Renyi divergence between f(y;60*) and true underlying

density g(y). Consider the case in which e(y, #) is a scalar function and satisfies

/e(y,@)f(y,@)dy =0, VOeoO.

In this case the non-centrality parameter simplifies to
ne = nh*(6*)/V (0%).
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Since #* minimizes D (g(y)||f(y,6)) with respect to 6,

/ Volog f(y,0)lg—y- 9(y)dy = 0.
Therefore, denoting
d(y,0) = e(y,0) — H(O)A™ (0)V log f(y,0)
we obtain

W) = Efe(y, 0")} = E{d(y,0")}

— [ 15,6 = 6" [o(0) — .6

By the Cauchy-Schwartz inequality
#(67) < [ d.0%) ~ ") )y x
12
/[g(y) £y, 07)] dy

9(y)
2y, 0%)
o) Y 1)

—vier) (

implying that

where
1
a—1

Dalfs ()] faly)) = —— log / o) )y

is the Renyi divergence between fi(y) and fo(y) with parameter a.
Therefore, when a bound on Ds (f(y,0%)||g(y)) is available, say B, it is possible

to set the threshold of the test according to a x3(n [exp(B.) — 1]) distribution, i.e.,
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reject the null hypothesis if

S, > F3

@ lexp()-1p (-~ - (3.39)

This choice of threshold leads to a test, the level of which decreases to zero, instead
of increasing to one. Since

-1 -1
Fa iespso-y (L~ @) > Fa (1 —a)

for all v [58], this adjustment decreases the power of the test. However, as long as
the the power characteristic of the test at a local maximum ¢™ (3.38) is larger than
exp(B,) — 1, the test will detect such a local maximum with probability approaching
one as n tends to infinity.

Often it is difficult to compute a bound on D5 (f(y,0%)||g(y)), especially due to
the computation required for 8*. When the true underlying distribution and the
assumed parametric model are both embedded in a larger parametric class and are
sufficiently close to one another, it is possible to approximate the Renyi divergence by
the Kullback-Leibler distance defined below. This leads to a simple approximation
of B..

Suppose that the parametric class {f(y;0) : 0 € ©} is embedded in a larger class
{f(y:0,7) : 6 € ©,v € I' ¢ RX'} such that f(y:0) = f(y:0,7°) for all 6 € O,
and that the true underlying density is g(y) = f(y;6°, '), with ' close to 6°. This
setting was recently treated in [126], where the parameter vector v was referred to

as the background parameter.

In this case, the local equivalence and symmetry of f-divergence measures [3, p.
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85| can be used to approximate the Renyi divergence

Dy (£(3,0%)lg(w)) = Do (Fls 07,101 F(w:6°,7)

2D, (f(y;eoml)llf(yﬂ*ﬁo))

up to terms of order O (||6* — 6°|]> + ||7° — +!|]?), where

Dy (£l f2(y)) = lim Do (f1(y)[1£2())
e (5 i

is the Kullback-Leibler distance between f;(y) and fo(y).

Furthermore, §* minimizes D, (f(y; 6%, || f(y; 0, 'yo)> over f € ©. Hence,

D, (f(y;ﬁoml)llf(y;ﬁ*,voﬁ <

D, <f(y;9°7vl)|!f(y;90,7°)> :

Therefore, Dy (f(y,0)|lg(y)) can be bounded by 2D, (f(y;ﬁo,vl)llf(y; 9°,vo)> up
to terms of order O (||0* — 6°|]> + ||7° — ~+!||*). The advantage of the bound is that

it does not require the difficult evaluation of 6*.

3.4.2 Tests Insensitive to a Pitman Drift

Assume again that the parametric class {f(y;0) : 6 € ©} is embedded in a larger
class {f(y:60,7) : 0 € ©, v € T C RX'} such that f(y;6) = f(y;6,7°) for all € ©.
Denote by 3 = [07,~4T]" the concatenated parameter vector and assume that there

exist integrable functions a(y) and b(y) such that a(y)b(y) is integrable as well with
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respect to v, and for almost all y, f(%ﬁ) < a(y) and [log f(ya B, [Vglog f(% A%,

V3 1og f(y; B)], le(y,0)[?, and [Vge(y,0)| are each less than b(y) for all § € © x T,
where for matrices | - | denotes the maximum valued element. Furthermore, assume

that the support of f(y;3) in independent of 5. Assume that the true underlying

distribution depends on n, hence denoted by ¢,(y), and is given by

gn(y) = f(y;0°,7° +~/v/n) (3.40)

for some fixed v € I', and denote the limiting distribution by g(y). In the context
of model specification tests, this type of local alternative is called a Pitman drift.
Newey [88] investigated the power of M-tests to such local alternatives. Applying

Newey’s result to our setting we obtain that if e(y, 0) satisfies

[ewoswon=o. wee

then under Hy,

Vnha(6,) 2 N (D, V(6%) (3.41)

where in the definition of V' (#) (3.12), the expectation is taken with respect to the

density f(y,6°) and the term h(6°) vanishes. The term D in (3.41) is

DZ/S(?J,HO) V2 og f(y; 6°,7) o w80y

— H(0°)A™1(6") Bo,(8°)

=

where the expectations in the definition of A(#) and H(#), (3.3) and (3.11), respec-
tively, are taken with respect to the density f(y,0°) as well. 8% = [#°T +%T]T and

the matrix E(M) () is the upper right K x K’ block of the FIM associated with the
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density f(y; ), that is,

B(g) = / Vs log Fly: /)Y log F(y; B)F (y: B)dy, (3.42)

and it is assumed that B () is non-singular for all 5 € © x I'. Hence, S,,, defined
in (3.19), is asymptotically non-central chi-squared distributed with ¢ degrees of

freedom and non-centrality parameter
§=~'D'V0")Dr.

In [88] this result is used to assess and optimize the power of M-tests against local
alternatives. Here, our goal is reversed; we would like the tests to be insensitive to

small deviations from the assumed model. Specifically, note that

H(0°) = / Vo ey, 0)lg_go £ (y; 6°)dy

= —/6(%9) VeTlng(y;O,vo)) f(y:0%)dy.

0=0

Therefore, considering the space of zero-mean Ly functions of y with inner product

(), foly) = / £1(0) f2) f (y; 0)dy

our objective is to construct a global maximum validation function e(y,#), with

elements orthogonal to the space spanned by the K + K’ set of functions

Vslog f(y; 5)

y=

(3.43)

o .

By this construction, both terms of the matrix D are zeroed out, i.e., the test is
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insensitive to the Pitman drift regardless of the vector . Denoting the classes of
log-likelihood functions {log f(y;6) : 6 € ©} and {log f(y, 0,v):0€0,veT} by F
and G, respectively, Fig. 3.1 gives a geometrical interpretation of the construction of

et (y,0).

Given any global maximum validation function e(y, #) that satisfies

/ e(y, 0) (y:0)dy = 0, Y0 € ©,

its orthogonal component with respect to the vector (3.43), denoted by et (y, ), is

e (y,0) = e(y,0) — [E(B) B (9)Vslog J(y: ) (3.44)

y=°

where E(() is the K x (K + K’) matrix of inner products between the elements of

e(y,0) and the functions in (3.43), given by

E(8) = / (. 6)V log Fly: ) (y; 6)dy. (3.45)

This can be verified by computing the matrix

/ et (y,0) V¥ log f(y; B) o Jwib)dy.

=y

At any local maximum 6, Yoy Volog f(ys; 6,) = 0 and therefore, computing h-(6,,) =

Sor et (yt, 0,) reduces to

T (0n) =Y ey, 0n) —

t=1

E(3) Ez(ﬁ) Z V, log f(yt; B3)
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where ég(ﬁ) is the (K + K') x K’ matrix composed of the right K’ columns of é‘l(ﬂ)
defined in (3.42). Furthermore, under the null hypothesis Hy, a consistent estimator

for the covariance matrix of /nh(6,) is

1 e (i)
t=1

since the term H(6) (3.11), which appears in (3.28), is zero by construction of e*(y, ).
When closed form expressions for E(3) and B(f3) are available, the covariance matrix

can also be consistently estimated under Hy by

Va(0,) = /e(y,5n)6T(y,5n)f(y,5n)dy—

E(0n,7") B~ (00, 7") E" (62,7°). (3.46)

In summary, tests for global maximum which are based on e*(y,6) are locally
insensitive to model mismatch of the type defined in (3.40) for any v € I'.

Another motivation for using et (y, #) can be obtained from the Taylor expansion
of h(6*) around ~°. Assuming the derivatives can be taken inside the integrals, we
obtain that the zeroth order (constant) term is identically zero and the first order
(linear) term is zeroed by the construction of e (y, 6).

In practice, we expect these tests to be less sensitive to small deviations from the

model. An example in which this is the case is given in Sec. 3.5.1.

3.5 Applications

The asymptotic regime adopted throughout the paper, raises the question of
small sample performance. In this section, tests for global maximum will be derived

and evaluated through simulations for several parameter estimation problems. In the
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Figure 3.1: Geometrical interpretation of the construction of tests insensitive to
Pitman drift.

simulations the following aspects were studied. First, the accuracy of setting the test
threshold to FX_QQI(l — a) for a level « test was evaluated. Second, we evaluated how
fast the power of the test approaches 1, as the number of samples increases, and the
accuracy of the finite sample power approximation (3.37). Finally, the sensitivity of
the tests to a misspecified model is examined. The threshold adjustment procedure

and the construction of tests that are orthogonal to deviations from the model are
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demonstrated.

3.5.1 Direction Finding in Array Signal Processing

For a review of the problem of direction finding using antenna arrays see e.g. [41]
or [67]. The characterization of the MLE under possible model mismatch has been
recently addressed in [47] and [126].

Here we adopt the standard narrow band model of [111]. We consider the esti-
mation of the directions of two uncorrelated narrow band Gaussian sources using a
uniform linear array of P = 4 sensors with \/2 spacing between elements () is the
wavelength of wavefronts propagating across the array). The received signal model
is given by

Yy = D(H)St + Wt

where y, € C? is the noisy data vector at the array elements,
D(0) = [d(61) d(62)]

where [d(0)], = exp{jpmcos(f)}, p = 0,1,2,3 is the steering vector, s; contains
the two signal components, and w, is a temporally and spatially complex white
circular Gaussian noise. This signal model corresponds to the so called stochastic
signal model in which the received signal at the array is distributed as a temporally
white zero-mean complex circular Gaussian random vector with covariance matrix
C(0) = D(0)K,D"(0) + o*I, where, due to an uncorrelated sources assumption,
K, = diag(c?,0%), 0% and o2, are the two source variances, and o2 is the noise

variance. Hence, the density of y is given by

1

f(yﬁ):W(C(e))

exp [—y"C7(0)y] . (3.47)
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The variances o2, o7, and o5 are assumed known. The only unknowns are the
sources directions, 6 = [0, 6,]7. In the simulations the true unknown parameters
were taken to be 8 = [1/2, 7/2 + 0.4]" and the other known parameters were set to
02 =02, =1, and 0® = 2. In Fig 3.2, the log-likelihood surface calculated from 200
samples is shown and it is seen that it has two relative maxima.

Recall that the global maximum validation function of Biernacki’s test is given

by

e(y,0) =log f(y;0) — /10g f(y;0)f(y; 0)dy
= —log (7") — log (det (C(0))) — y"C ' (O)y
+ log (7) + log (det (C(6)))
+ /yHC‘l(H)yf(y;H)dy

=P —y"C(0)y.

Hence

where

C =

S|

Z vyl
t=1

Under the null hypothesis and assuming the model is correctly specified, a closed
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Figure 3.2: The log-likelihood function of the direction finding problem.
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form expression for the variance can be computed through (3.30), where

[70),,~ [ 06(s.0)/06.50.0)dy

E(@)}m:tr o) %, C~0) 20, | (3.48)

Hence

and the test statistic is given by

Su=n[P—u(c7@)0)] C V(6. (3.49)

The threshold is set according to a x? distribution with one degree of freedom.

We compare Biernacki’s test to a test which is based on the real part of the
first off-diagonal element of the covariance matrix. To compare the first off-diagonal
element of the covariance matrix at the candidate relative maximum to its uncon-

strained estimate from the data, the global maximum validation function is taken to
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be
e(y,0) = y" My — tr (MC(9))
where M is the symmetric Toeplitz matrix whose first row is [0, 1,0, 0], and hence

hn<§n) = % Z e(?/ta 571)

t=1

—tr (Mé) ~tr (Mc@)) .

For this choice of e(y, #) we have

[H(0)],, = —tr (Mﬁo@> , i=1,2 (3.50)

and by [61, p. 564]

/ (y,0)f(y. 6)dy =

/ [y My — tr (MC(0))]” f(y,0)dy

= tr (MC(0)MC(0)).

Hence

V(0,) = tr (MC(én)MC(én)) —HG)BO)H (6,

the test statistic is given by
Su=n [tr (MO) —tx (MC(@,)] C V@) (3.51)

and, again, the threshold is set according to a x? distribution with one degree of
freedom.

The power performance of Biernacki’s test and a Covariance based test were
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evaluated for increasing n for levels that were set to 0.01 and 0.001. 1000 Monte
Carlo iterations were used. At each iteration the global maximum and the local
maximum were found and the tests were applied to both maxima to evaluate the
performance. When the number of samples is very small (e.g. n = 20), the likelihood
function my be distorted and the two relative maxima may collapse into one. Such
cases were eliminated from the analysis. The results are summarized in Fig. 3.3.
While not presented here, we observed that the empirical levels of both tests were in

good agreement with the specified values.

Model Mismatch

In this section the performance of the tests (3.49) and (3.51) under model mis-
match is evaluated. The assumed model used for the estimation is the same as in the
previous section (3.47). The samples were generated according to the model (3.47)

but with covariance matrix

C(0,7) = D(0)K,D"(0) + o*R(7), (3.52)

where R(7y) is a symmetric Toeplitz matrix whose first row is [1,7,7?,73], which
corresponds to a first order AR spatial noise covariance [85], and in the simulation
v =0.1.

For both Biernacki’s test and the covariance based test the effect of model mis-
match on the level was evaluated for three cases: (a) The increase in level due to
model mismatch when the tests are performed without any adjustment, (b) The
threshold correction described in Sec. 3.4.1, and (c) The performance of the orthog-
onal counterparts given in Sec. 3.4.2.

To perform the threshold correction described in Sec. 3.4.1, the Kullback-Leibler

distance needs to be estimated. In the simulation, it was assumed that it is known
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Figure 3.3: Direction finding: power when the model is correctly specified.
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that the parameter v, which controls the deviation from the model, ranges between
zero (correct model) and 0.1. At every Monte Carlo iteration, given a relative max-
imum gn,

e = max D1 (F(y: 0,711 (v:1))

v€[0,1]
was computed, using the known formula for the Kullback-Leibler distance between
two Gaussian densities (e.g. [74]), where f(y; ) is given in (3.47) and f(y;0,~) is the
same density but with covariance matrix C(6,v) (3.52). Then, the null hypothesis
was rejected if

Sy, > FX;Ql

(nfexpze)—1) (1 = @)-

The simulation results show that, as anticipated, the level decreases rather than
increases with the number of samples (see Fig. 3.4, where CT is a shorthand notation
for ’corrected threshold’).

To construct the orthogonal counterparts of the two tests, et(y,0) is found
through (3.44). For Biernacki’s test the elements of E(3) (3.45), which is a 1 x 3

vector is this case, are given by

B =-u ()5 0) -2

where, as defined earlier, 3 = [#7,~]T. For the covariance based test the elements of

E(B) are given by

[E(B)); = tr (M%ﬁfﬁ)) . i=1,2,3.

The FIM B(f) is also available in closed form as given in (3.48). Using the closed
forms for E(3) and B(f), the variance for the two tests was computed through (3.46).

In Fig. 3.4 it is seen that while the original tests suffer from increased level as the
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number of samples increase, the orthogonal counterparts are unaffected by this type

of model mismatch.

3.5.2 Estimation of Gaussian Mixture Parameters

The problem of estimation of Gaussian mixture parameters arises in both non-
parametric density estimation (see e.g. [90] and references therein) and a variety of
clustering problems (see e.g. [43] and references therein). The MLE for this problem
is usually found by using the EM algorithm [81]. In [43], the authors describe a
method that finds the global maximum with good performance. However, even this
state of the art method is not certain to find the global maximum, and therefore,
tests for global maximum are useful.

Here we consider the univariate case, in which the independent scalar measure-

ments are generated by the following two component univariate Gaussian mixture

density
b (y —m)?
;0) = —— 3.53
F(y:9) ; oo eXp{ 707 } (3.53)
where the parameter vector consists of the two means 6 = [n; 72]”. The number

of components, the variances, and the mixing probabilities are assumed known. In
the simulation, the true parameter is § = [0, 3|7, the variances are o7 = 1 and
0? = 0.5, the mixing probabilities are p; = 1 — p, = 0.35 and it is known that
© = [—1, 4] x [—1, 4]. The likelihood surface over © of a realization of 200 samples
generated according to this model is presented in Fig. 3.5 and two relative maxima
appear.

The performance of the global maximum tests was evaluated as the number of
samples n increases. 1000 Monte Carlo iterations were generated. At each iteration,

Biernacki’s test and a mean based test were performed on both the global and the
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Figure 3.4: Direction finding: level under model mismatch.
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Figure 3.5: The likelihood function of the Gaussian mixture distribution.

local maxima. As in the previous section, Biernacki’s global maximum validation

function is given by

(. 0) = log f(y:0) — / log £(y:6) f(4:0)dy (3.54)
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and therefore,

(@) = > log £ (i) — [ log f(358,)5 (w8 )dy:
t=1

A closed form expression to the integral in (3.54) is not available. Hence, in the

simulations, numerical integration is used. The variance V,,(6,) required for the

construction of the test statistic S, (3.19) was calculated through (3.13). Note

that H,(0), required for calculating V;,(6,), simplifies under the null hypothesis,

ie. 6, = é\n, to

- 1 <
Hy(0) = — > Viely, )
t=1

0=0,

- %Z%Tlogf(y;@)
t=1
— /VeTlogf(y; 0)f(y;6)dy
— /1ogf(y;9)V§f(y;9)dy

0=0,

= —/logf(y;H)ng(y;G)dy

0=0,,

which was calculated in the simulation by numerical integration.

The global maximum validation function of the mean based test is given by

e(y,0) =y — [pm + (1 — p)ns]

which leads to

B =+ >y~ (i + (1= i) (3.59)

Similar to the previous test, the variance required for the test statistic was calculated
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through (3.13), where, for this test, the vector H,(6,) is given by

H,(0,) = —[p, (1 —-p)].

The level of the tests was set to 0.01 and the empirical power was estimated from
10,000 Monte Carlo iterations and compared to the analytic approximation (3.37).
The results are summarized in Fig. 3.6 and it can be seen that the analytical power
approximation predicts the empirical power well. It can be seen that the power
of the mean based test is better than that of Biernacki’s test. For other choices of
parameters different results may be obtained. While not reported here, the empirical

level of both tests was in good agreement with its specified value.

3.5.3 Estimation of Superimposed Exponentials in Noise

For a review of the problem of estimating the parameters of superimposed expo-

nentials in noise see, e.g., [111]. Consider the following model

K
Yy = Zakexp{ijt}+wt, t=1,...,n
k=1

where w; is a white circular Gaussian noise with unknown variance ¢?. The un-
known parameters are the frequencies of the exponentials [€, ..., Qk], their complex
valued amplitudes [a1, ..., ak| and the noise variance. The number K of compo-
nents is assumed known and was set to 3, hence there are 10 unknown parameters.
The unknown parameters were set to [y, s, Q3] = [0.4, 0.5, 0.6], [, e, 3] =
lexp(72), 0.8 exp(j3), 1.2exp(j5)], and 0% = 1.

Under this generating model, the data are independent but not identically dis-

tributed. They are distributed as non-zero time-varying mean circular Gaussian pro-
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Figure 3.6: Gaussian mixture: empirical power vs. its analytic prediction, when the
level is set to 0.01.
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cess. Hence, the treatment in Sec. 3.2.1 does not cover this problem. Furthermore,
since the MLE for this problem is super efficient [98], the more general framework of
White [124] for constructing tests in dynamical models does not cover this problem
either. However, a detailed statistical asymptotic analysis for this problem is avail-
able in the literature and can be used to construct a test for global maximum. In
particular, in [98] it was shown that the MLE is asymptotically normal distributed
under an appropriate normalization. Based on this analysis, we propose a test which
is based on the autocorrelation function. In particular, our test is based on the fact

that at the true parameter,

E { [yt - Z y eXP(ijt)] X

k=1

[yt—l — Z o exp(7Qu(t — 1))] } -

k=1

E{ee; ,} =0,

and hence, given the local maximum 5,“ we construct a test from the real part of the

statistic

~ 1 n

K
hn(0,)= [yt — ag exp(jQut)| x
k=1

n—1
t=2

[yt—l = > dexp(jQ(t — 1))] -

k=1

It is shown in the Appendix that under the null hypothesis, the real part of this

statistic is asymptotically distributed as a zero-mean Gaussian random variable with

2

variance ¢2/2. Hence, since under the null hypothesis 2 is a consistent estimator
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for 02, the statistic

(R G})

A=Y

is asymptotically x? distributed with one degree of freedom, and can be used to
discriminate between local and global maxima. In Fig. 3.7 the performance of this
test is presented when the level is set to 0.01. The empirical level and power of the
test were estimated from 1000 Monte Carlo iterations. It is seen that the asymptotic
approximation to the level « is accurate for n greater then 300 and the power of the

test approaches 1 when n is greater then 100.

3.6 Concluding Remarks

This paper has investigated a method for detecting a case in which a local search
for the maximum likelihood has stagnated at a local maximum. This is a useful
tool for exploring solutions of the global optimization problem associated with the
ML method. Because existing tests are sensitive to model mismatch, the general
treatment given here is necessary for practical implementation of this tool. The
framework given for the construction of tests and the power analysis enable us to
pose fundamental questions of optimality: Given a statistical model, what is the
best choice of e(y,0) in terms of achieving maximum power for a given level with
minimum sensitivity to model mismatch? This remains an open question.

It is possible to generalize the above concept to non-i.i.d. measurements. A
unified treatment of the MLE under a possible model mismatch and the construction
of model mismatch tests for dynamic models is given in [124] and an example is

which the measurements are i.n.i.d. was treated in Sec. 3.5.3. The concept of using a
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Figure 3.7: Exponentials in noise: performance when the model is correctly specified.

statistical test for discriminating between global and local maxima can be generalized
to other M-estimators [55], or any other optimization problem in which a statistical

characterization of the global maximum is available.
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3.7 Asymptotic Distribution of M-tests

The proof follows White’s methodology [124]. Given the assumptions that the ele-
ments of e(y, 0) are twice differentiable with respect to 6 for every y, and that the ele-
ments of the vector Vye(y, §) and the matrices e(y, 0)V] log f(y,0) and e(y, 0)e” (y, )
are dominated by functions integrable with respect to G for all 6 € ©, the mean value
theorem for random functions, given as Lemma 3 in [57], guarantees the existence of

measurable ©-valued functions 6,, such that

itha(0,) = /o (07) + Hy(8,)vn (”e‘n - 9*) (3.7.56)

where each 6, lies on the segment joining 0, and 6*. Each row of H, depends on
a different 6,,, but since it makes no difference asymptotically, the above shorthand
notation is used. From (3.5) /n (é\n — 0*) converges in distribution. Furthermore,
0, “3 6* and therefore 0, “% 6* as well. From Theorem 2 in [57], applied on the
elements of H,,(6), we have H, (0) “> H(#) uniformly in 6, and therefore using Lemma
3.1 of White [121], H,,(6,)) — H(6*) “> 0. Using these intermediate results we obtain

from 2c.4(xza) of Rao [97] that
n * 7 * P
[H,(8,) — H(6")] v (en .y ) 2. (3.7.57)
Equation (A.2) of [122] asserts that

Al(e*)% S Viog f(u.0%) + v (B, 6°) Lo,
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Therefore, by the finiteness of H(6*), we have

H(0") x

Al(e*)% >~ Viog £y, 67) + v/ (6, — 0>]

0.

1

Adding and subtracting H,(0,)v/n (é\n — «9*) and rearranging terms, we obtain
[H(") = H,0,)] v/ (6, - 07) +
H,(0,)v/n (5n - 9*) +

1 & P
H(6) A (0)—= > Viog f(y,0") 2> 0.
v ; t
But from (3.7.57) the first term converges to zero in probability, and hence,

H,(0,)v/n <§n - 9*) +

H(H*)A‘l(e*)% > " Viog f(y:.,07) = 0.

Substituting H, (8,)v/n (én - 9*) = /rhn(0,) = /7hn (6%) from (3.7.56), adding and

subtracting /nh(0*), and rearranging terms, we obtain

Vi [mnBo) = 0] = = 3 el 0) = h(0") -

H(6*)A~Y(0")V log f (1, 6%)] 2 0.

From the Lindeberg-Lévy central limit theorem the second term converges in proba-
bility to a zero mean multivariate normal density, with covariance matrix V(6*) and

therefore, from 2c.4(xd) of Rao [97], so does the first term, and the first part of the
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theorem is proved. The consistency of Vn(gn) for V(6*) follows from Lemma 3.1 of
White [121] given the assumptions, and the consistency guarantees that V,-1(6,,) ex-
ists for sufficiently large n, since the determinant of a matrix is a continuous function
of its elements. The last part of the theorem follows from Lemma 3.3 of White [120]

and the proof is completed.

3.8 Asymptotic Distribution of the Test Statistic
for Exponentials in Noise

The derivation is given under the null hypothesis, hence gn = é\n Using the mean

value theorem we obtain
ha(0,) = ho(6°) + VT 1, (0)(6,, — 6°)  a.s..
Using the martingale central limit theorem [22] with the filtration

{Fi=o0(e1,...,e))},

we obtain that h,(6°) converges in distribution to a zero-mean Gaussian random
variable with variance 02/2, since E {h,(6°)|F,_1} = 0 and E{h2(6°)} = o%/2.
Next, we show that the second term is op(1). First split the second term into two

components

V' (8) (B — 6°)=n""*V 1 ()02 (Q, — Q°) +

n V2T h, (0)n'* (@, — ).

121



It is possible to show that both n=3/2V1h, () and n~=Y/2VTh, () converge to zero
in probability. Therefore, since it was shown in [98] that both n3/ Q(Qn — Q% and
n'/?(a, — a) converge in distribution, we have that this term converges to zero in
probability. This establishes the asymptotic normality of hn(é\n) In [98] it was also

shown that 52 converges to the true value of o2 a.s.. Therefore, by Lemma 3.3 of

White [120], we obtain that the test statistic is asymptotically x? distributed.
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CHAPTER 4

Classification Reduction of Policy Search

4.1 Introduction

There has been increased interest in applying tools from supervised learning to
problems in reinforcement learning. The goal is to leverage techniques and theo-
retical results from supervised learning for solving the more complex problem of
reinforcement learning [9]. In [70] and [42], classification is incorporated into ap-
proximate policy iterations. In [7], regression and classification are used to perform
dynamic programming. In [84] nonlinear regression is coupled with Q-learning [112]
to construct an approximate dynamic programming algorithm, and regression-type
generalization errors are derived for the resulting estimated policy. Bounds on the
performance of a policy that is built from a sequence of classifiers are derived in [72]
and [73].

A common theme of these methods is viewing the multi-stage decision process as
a sequence of single-stage decision processes and applying techniques from supervised
learning to handle the computational complexity of the solution. This approach is
reminiscent of Bellman’s celebrated dynamic programming method [11] for finding

the optimal policy for controlling a Markov decision process. The challenge in ap-
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plying this approach to the RL problem is in controlling three sources of error: (1)
without knowing the optimal policy, one cannot sample from the distribution that it
induces on the stochastic system’s state space, as a result is it difficult to determine
how to allocate the approximation resources over the state space, (2) finding the
optimal decision rule at a certain stage hinges on knowing the optimal decision rule
for future stages, this is never available when approximate solutions are involved,
and (3) without a model, ensemble expectations must be replaced by empirical av-
erages, which leads to estimation errors. For example, in [7] the first source of error
is handled by assuming that it is possible to sample from a distribution that is at
least close to the one induced by taking optimal actions. In [84], the fact that the
distribution induced by random action selection supports the one induced by the
optimal policy, is used to bound the effect of model mismatch. The second source of
error can be controlled by investigating the effect of using an approximate policy for
future stages [7] [84]. Another approach is to bound from above the return from the
optimal policy by the return from hindsight selection rules that maximizes the sum
of reward on every trajectory and not just on the average [72], [125]. Finite sample
upper bounds were used to bound the third source of errors in, e.g., [62], and [84].
Similar to [72], we adopt the generative model assumption of [62] and tackle
the problem of estimating competitive policies for controlling a T-step stochastic
decision process, within an infinite class of policies, from a set of trajectory trees
of the decision process. Under the generative model assumption, it is possible to
generate realizations of the system’s evolution for arbitrary histories. In [72] the T-
step reinforcement learning problem was converted to a set of weighted classification
problems by trying to fit a set of classifiers, one per each decision epoch, to the
collection of the maximal reward paths on the trajectory trees. A bound relates

the performance of these classifiers, for the task of fitting the maximal paths, to
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the performance of the policy constructed by combining the single stage classifiers.
When the process is stochastic, the actions that maximize the instantaneous sum of
rewards are often not the actions that maximize the expected sum of reward. This
mismatch leads to an inherent error that does not approach zero as the number of
trajectory trees grows.

In this paper we take a different approach. Through an approximate dynamic
programming algorithm we estimate a competitive policy by solving a sequence of
single-stage reinforcement learning subproblems that are further reduced to super-
vised learning problems. Our single-stage reduction is exact and is different from
the one proposed in [72]; it gives more weight to regions of the state space in which
the difference between the possible actions in terms of future reward is large, rather
than giving more weight to regions in which the maximal future reward is large.
Since minimizing the empirical 0 — 1 loss associated with the supervised learning
problems is often intractable, a common strategy of many off-the-self methods is to
instead minimize a surrogate loss function. Using a recent result from the classifica-
tion literature [8], we analyze the effect of this type of surrogate approximation on
our estimated policy.

Finally, we derive finite sample generalization error bounds of the type given
in [84] for the policy estimated by the proposed algorithm. The approach we take
is similar to the one in [84]. Namely, we first write the generalization error in terms
of measures whose empirical counterparts are minimized by the algorithm, and then
invoke uniform convergence results to bound these terms. However, the rates we
establish are faster than the ones in [84], except for the case in which the approxima-
tion class is a linear space, for which we establish the same rates. Our finite sample
bounds are also closely related to the convergence rate analysis in [62]. While in [62]

it is assumed that all decision rules are optimized simultaneously, which poses an
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intractable optimization problem, it is shown here that the same convergence rates
apply for the case in which the decision rules are estimated sequentially and the
estimated decision rules for later stages define the optimization problem for earlier

stages.

4.2 Preliminaries

We consider a discrete finite horizon stochastic (but not necessarily Markovian)
decision process and adopt the notation in [84]. In a stochastic decision process an
agent collects observations of a system’s state and takes actions which effect the sys-
tem’s future states. Each observation is, in general, a composition of state variables
and noisy measurements of partially observable state variables. The actions belong
to a finite set of actions called the action space A = {0, 1, ..., L}. We assume for sim-
plicity and without loss of generality, that A is the same for all decision epochs. A tra-
jectory though the decision processes is the sequence Oy, Ag, O1, A1, ...,Op, A7, Oy
of random variables, where O; € O; and A; € A are the observation and action at
time ¢, t = 0,1,...,7, and Op,; € Opryq is the final observation after which the
agent does not take an action. Uppercase letters denote random variables and low-
ercase letters denote their realizations. Denote (Og, Oy, ...,0;) and (Ag, Ay, ..., Ay)
by O; and A, respectively. The decision process begins as the agent obtains its
first observation Oy. At every time ¢, t = 0,1,...,T, the agent takes an action A,
observes Oy, and receives a reward r;(Oy, Ay, Oy41) and we assume that the reward
takes values in [0, 1]. The goal of the agent is to select its action so that the expected
sum of rewards is maximized. A non-stationary policy is a sequence of action selec-
tion rules for each of the decision epochs and is denoted by = = (mg, 71,...,77). A

deterministic selection rule m; maps possible histories (o, a;_1) to the action space.
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When a deterministic policy is used to choose actions, the joint density function of

the sequence of random variables Og, Ag, O1, Ay, ...,Op, Ar, Oryq is given by

1~

fo(oo)I(ag = mo(00)) | | fi(ot|or—1,a¢—1)I(a; = m (0, ai—1)) fr(or41|or, ar), (4.2.1)

t=1

where [ is the indicator function, which equals one when its argument is true and
zero otherwise, fy(0p) is the density of the initial observation, and f;(o;|0;—1,a; 1)
is the density of O, given the past observations and actions. A random selection
rule ,, specifies a conditional distribution over the action space conditioned on past
observations and actions, p;(-|o;,a; 1), according which the actions are selected at
random. When a random policy is used to choose actions, the joint density function

of the sequence Oy, Ay, O1, Ay, ...,Orp, Ar, Or,q is instead given by

T
fo(00)po(ao|oo) H (ot]or—1, ay—1)pe(ai|os, ai—_1) fr(ors1|or, ar), (4.2.2)

where p, is the conditional action distribution associated with the random decision
rule mp,. In general a policy can be a mix of random and deterministic decision rules.

We denote an expectation of a function of Op,q, Ay under policy 7 by

E: {f(Ory1,A7)}.

Note that the subscript 7 specifies the density with which we integrate in the expec-
tation. For example, the expectation of f(Ory1, A7) under a policy which dictates
random action selection for times ¢t = 0,1,...,j according to the conditional distri-

butions pg, p1, ..., p;, and deterministic action selection for time j + 1,5 +2,...,T
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according to the mappings 711, 7jt2,..., 7 is denoted by

Efrpo,ﬂ’pl,..,,frpj TG 1,Tj 2,50, T {f(OTJrh AT)} .

It is seen from (4.2.1) and (4.2.2) that when computing the expectation of a function
f(Oj41,A;), which does not depend on actions and observations beyond time ¢ =
J + 1, the decision rules for actions A;i;,..., Ar can be specified arbitrarily, and

hence will sometimes be denoted by

E(Wo,wl,...,Wj,-) {f(0j+17 A])} .

Alternatively, when computing expectations of functions conditioned on O; = 04, A; =
a;, one can specify arbitrary action selection rules up to time ¢, and hence the ex-
pectation of a function f(Or. 1, A7) conditioned on Oy = o;, A; = a; will sometimes

be denoted by

E(-,ﬂt+1,7rt+2,...,TrT) {f(OT+17 AT)’Ot = Ot) At = at} .

The value function of a policy 7 for observation og is the expected sum of rewards
conditioned on the value of the initial observation, when actions are taken according

to the policy and it is denoted by

V(o) = Ex {Z 7(Oy, Ay, Or41)|0g = Oo} . (4.2.3)

t=0

The t-value function of a policy 7 is the expected sum of rewards under that policy
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from time t on, conditioned on the observations O; and actions A;_;:

T
Vei(op, 1) = E, {Zr(oj, A;,0,11)|0, =0, A = at_l} : (4.2.4)
j=t
Note that Vig(0p) = Vi(og). It is seen from (4.2.1) and (4.2.2) that due to the
conditioning on O; = o;, A;_1 = a;_1, only the last T" — t + 1 decision rules of =
define the underlying distribution that enters into the expectation in (4.2.4). Hence,
Vri(0r, a;1) will sometimes be denoted by Vi, x,. 1. 50).(0r, A1)

The optimal policy 7* = (7, 7},...,m5) is the policy that maximizes the value
function

Vs (00) = max Vi (00) (4.2.5)

simultaneously for all oy € Oq. It is well known that the optimal policy satisfies
VW*,t(0t7 at—l) - mEJX Vw,t(0t7 at—1)7

for every t and can be found through dynamic programming [11], [93]: starting from

Visry1 =0, s0lve for t =TT —1,...,0

Ve (o, ai1) = max E{r(Oy, Ay, Opp1) + Var 141(O0441, Ay) |0 = 04, Ay = a4},

at€A

7y (o, a4_1) € arg mai‘(E {r(O¢, Ay, Org1) 4+ Vi 141(Ory1, Ay)|Or = 0, Ay = a4},

at€

where, for time ¢, the expectation is computed with respect to the distribution of
Oy11 conditioned on (O; = o, Ay = a;), and hence, no policy needs to be specified.

Since 7* maximizes V. (0g) for every oy, it also maximizes the average value func-
tion

V() = E{Vz(Oo)} (4.2.6)
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where the expectation is taken with respect to the density fy(0p) (4.2.1). It is the
unique maximizer if the distribution of fy(0p) is positive for all og. In this case,
when optimizing over all possible policies, the maximization of (4.2.5) and (4.2.6)
are equivalent. When optimizing (4.2.6) over a restricted class of policies, which
does not contain the optimal policy, the distribution over the initial state specifies the
importance of different regions of the observation space in terms of the approximation
error. For example, assigning high probability to a certain region of the observation
space will favor policies that well approximate the optimal policy over that region.
Alternatively, maximizing (4.2.6) when the distribution of Oy is a point mass at og
is equivalent to maximizing (4.2.5) for that specific 0.

In the following sections, an algorithm is proposed, for fining a competitive policy
from within a restricted class of policies that may or may not contain the optimal
policy, from a limited amount of data. The algorithm uses a random policy to gener-
ate the distribution of the observations and, starting from the last stage, sequentially
estimates the best decision rules for each of the stages given the decision rules that
have already been obtained for the following stages. Here, we describe the procedure
in terms of ensemble expectations. This can be seen as characterizing the behavior
in the limit of an infinite data set. Consider a restricted class of policies of the form
II ={m = (mo,m1,...,77)|mg € Uy, m € Il,...,mp € Iz}, that is, the policy class
is a composition of 7"+ 1 classes of single stage decision rules. For every ¢, the class

I1; is a collection of decision rules that specify the action to take given any possible

history (o;,a;—1). Define the policy (7o, 71, ..., 7r) € Il recursively as follows,
/7'(\'7" € arg 7rITIIGELI_)I(T qu077rq1,...77qu7177rT {’I’(OT, AT, OT+1>} s (427)
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where ¢(alog,a;-1) = 1/(L + 1) Va € A, and

T € arg max Bry o me | wasr {Z r(0;, A, oj+1)} : (4.2.8)

m€lly

J=t
fort=T—1,T—2,...,0. Note that
T
Eﬂ'qo,ﬂ'ql,...,ﬂ'qt71,Wt,%t+1,...,?l"1" {Z T(Oja Aj7 O]+1)} =

J=t

Eﬂ'qoﬂﬁn»~~-v7"qt—177|'tﬁt+1:-~~ﬁT {T(Ob At? OtJrl) +

T
E('7%t+1:-~~7%T) { Z T(Oj>Ajv Oj+1)’0t+1aAt} } =
J

j=t+1

Eﬂ'qo,ﬂ'ql yees gy 1 STt Tt 1 ey BT {T(Ob At? Ot+1) + ‘/('7%t+1>"'7%T) (Ot+17 At)}

Hence, (4.2.8) is equivalent to

Ty € arg max Eﬂ-qozﬂ-q17"'17er_177Tt7%t+17"'7ﬁT {r<0t7 At7 Ot+1) + ‘/(~,%t+1,..‘,/ﬂ\'T),t(Ot+la At)} .

e €1l

The random action selection rules ¢;,t = 0,...,7T" assign a positive density to any
possible observations and actions history. Hence, if the policy class II contains 7*,

~

then 7™ = (%0,%1,...,71’71) ="

4.3 The Data Generating Process

Following the generative model assumption of [62], we assume that the initial
distribution of Oy and the conditional distribution of O;;1 given o, a; are unknown
but it is possible to generate realization of Oy and realizations of Oy, conditioned on

arbitrary histories o, a;. Furthermore, it is shown in [62] that a finite horizon stochas-
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tic decision process with a generative model can be reduced to an equivalent process
with a binary action space. Hence we assume hereafter that A = {—1,1}. Given the
generative model, n trajectory trees are constructed in the following manner. The
root of each tree is a realization of Oy. Given the realization of Oy, realizations of
the next observation O; given the two possible actions, denoted by Of, a € A, are
generated. Note that in order to avoid notational explosion, this notation omits the
dependence on the value of the initial observation O, but the likelihood of observing

of at the leaf following a root whose value is o is

fi(o%]og,a), a= =+1.

The two realizations of O are the roots of two subtrees. These iterations con-
tinue to generate a depth T'+ 1 tree. Denote by O}*™", where a; = (ag, a1, ..., a),
the random variable generated at the node that follows the sequence of actions
ag, a1, ...,a;—1. This random variable is a realization of O; conditioned on the se-

quence of actions and sequence of observations that appear on the path of the tree

that leads to it. Hence the likelihood of Of*~' taking value o;*"" is

fe(of oyt ay),  ag € {—1,1},

1 ao,a1

where o;'7" is a shorthand notation for (0g, 0%, 05>, ..., 0, "), i.e., the realizations
of the observations up to time ¢ — 1 on the path that leads to O}*"'. In Fig. 4.1 a
binary trajectory tree of depth T+ 1 = 3 is given. Let GG be the collection of random
variables that appear on the trajectory tree and denote by E the expectation with
respect to these random variables.

Since we consider the problem of estimating good policies from n trajectory trees,

it will be useful to express the average value function of a policy in terms of the
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Figure 4.1: A binary trajectory tree of depth 7"+ 1 = 3.

random variables that appear on the trajectory tree. For a deterministic policy m we

have
T
Ex {ZT (OtaAtaOt+1)} =
t=0
T T
E Z H I (m(Of ", a" ") = ay) Zr(O?t’l,at, )
ape{—1,1}T+1 t=0 t=0
To write the average value function of the policy (my,, ..., mq,_,, 7, ..., 7r) we define

the binary action variables By, By, ..., Bj_; independent identically distributed with
B; € {—1,1} and Pr{B = 1} = 1/2, which are independent of the other random

variables in the problem. These binary random variables represent the random action
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selection of the random policy m,. Then

t=0
Jj—1 T T
E Z H ] (Bt = CLt) H ] (Wt(otat_l, at_l) = (lt) Z T(O?t_l, ag, O?Jtrl)
ape{—1,1}7+1 1=0 t=j t=0

4.4 Problem Formulation

Consider a class of deterministic policies II, i.e., each element of II is a sequence
of T'4 1 deterministic decision rules. It is possible to estimate the average value
function V(7) (4.2.6) of any policy in the class from the set of trajectory trees by
simply averaging the sum of rewards on each tree along the path that agrees with
the policy [62]. Denote by Vi(w) the observed value on the i’th tree along the path
that corresponds to the policy m. Then, the average value function of the policy 7 is

estimated by its empirical average value function

Vo(m) =n"" Z Vi(r) =

T

T
E, Z HI (m(OF* ", a" ) = ay) Zr(Oft’l, a;, OfLy) p. (4.4.9)
ape{—1,1}T+1 t=0 t=0
In [62], the authors show that for policy classes with finite VC-dimension [5] (to be
discussed below), with high probability over the data set, ‘A/n(w) converges uniformly
over IT to V(m) (4.2.6) with rates that depend on the VC-dimension of II. This
result motivates the use of policies 7 with high Vn(ﬁ), since with high probability
these policies have high values of V(7). However, maximizing 17n(7r) over an infinite
class of policies is computationally prohibited [6], [62] [12].

In this paper, we consider policy classes of the form Il = {(mg, m1,...,77) : 7, €
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Iy, m € Iy,...,mp € lr}, where for each ¢, II; is a class of single-stage decision
rules, and tackle the problem of estimating the optimal policy based on a set of

trajectory trees.

4.5 Binary Single-Stage Reinforcement Learning
Problem

We begin with the single stage RL problem first, since it enables us to isolate
the effect of finite data (Theorem 2) and surrogate optimization (Theorem 3) from
the ones of distribution mismatch and error propagation that arise in multi-stage
problems. The results in this section are then used to establish our two main results
in the next section. Consider the following binary single-stage reinforcement learning
problem. An agent observes Oy € Oy and can choose between one of two actions,
A = {-1,1}. Upon choosing action Ay € A the agent observes Oy, which is also
the final observation, and a reward r(Og, Ap, O;) is received. Under the generative
model assumption, it is possible to generate O; given any value of (O, Ag). Denote
by (O, O7*, 01) the random variables generated by the generative model. That is,
Oy is generated according to the distribution of the initial observation, and given the
value of Oy, Oy is generated independently for the two possible actions, denoted by

O;' and O}. The likelihood of a realization (0y, 07", 0}) is given by

Jo(00) f1(01 oo, —1) fi(01]0o, 1).

Denote an expectation with respect to this density by E, and given n realizations of
(0o, 071, O}) denote by E, the corresponding empirical expectation.

Let II be a class of policies m : Oy — A. The average value function of a policy
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7 is given by (4.2.6)
V(ﬂ') = Err {T(Oo, 1407 01)} .

As a special case of (4.4.9), it is possible to write this expectation with respect to E:

E{r(0o, —1,07)I(7(Op) = —1) + (0o, 1,01)I(n(Oo) = 1)}

:/ / / (09, —1,07 ) (7(09) = —1) + (00,1, 01)I(7(00) = 1)] X
0, Jo,
fo(00) f1(01 0o, —1) f1(01]09, 1)dogdo; " doy

- /o /o (09, —1, 01 I(W(OO) = —1)fo(00) fr(07!| — 1)doydor?
+/OO/O T 1 01 00) == 1)f0(00)f1(01‘00’ )dODdO%

_/oo Uor 00, =1,01" ") fa(or " oo, —1)doy ' (m(00) = 1)
+ /01 (00,1, 01) fi(01]0g, 1)do1I(m(0g) = 1)} foloo)doo

/ 7(00, ag, 01°) f1(01°[00, ag)do* I (m(0g) = ao)] fo(oo)dog

A
/ 00, agp, Ol)fl (01 |007 CL())](’R'(O()) = ao)fo(O())dOldOO

Therefore, it is possible to consistently estimate V(7)) = E, {r(Oy, Ay, O1)} by
Va(m) = B, {r(Oo, —1,07 I (x(0y) = =1) + (0o, 1,0})I(m(Op) = 1)} .
Assuming that the sup is attainable, let ™ be any policy satisfying

V() = sup V().

mell
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As proposed in [62], let 7,, be any policy satisfying
Tn € arg max V,(m), (4.5.10)
TE

where the maximum exists since ‘7n(7'() can take a finite number of values.

To derive a finite sample upper bound on the performance of 7, relative to those
of 7, we need to restrict the size of the policy class II. As originally applied to Markov
decision processes in [62], we use the VC-dimension [5] to express this restriction. For
a class II of binary valued functions from space X to {—1,1} and a set {z'}, C X
denote by Hlgiyn  the set {[x(z'), n(2?),... w(2")]|r € T} C {~1,1}". We say
that a set {2'}}_; C X is shattered by IT if the cardinality of I|(iyn is 2", where

the cardinality of a set S, denoted by |S|, is the number of distinct elements.

Definition 1. The VC-dimension of a class 11 of binary valued functions from
space X to {—1,1} is the largest n, for which there exists a set {x'}, C X of
cardinality n that is shattered by I1. If no such number exists, we say that the VC-

dimension of Il is infinity.

Another interpretation is the following [5]. For any finite set S C X, every
function 7 in II defines a dichotomy: S; = {z € S : w(x) = 1} and S_; = {z €
S:m(x)=—-1} S.1US1 =8, S.1(S1 = 0. Then the VC-dimension of II is the
cardinality of the set with the largest number of elements for which members of II
can realize all possible dichotomies.

Given a collection of n realizations of the trajectory tree of the single-stage pro-
cess, {oh, 07", 01}, C Oy x O x Oy, there are 2" possible policy realizations,
which correspond to all the combinations of taking action —1 or action 1 on each
of the trees. When the policy class is a class of binary valued functions, that has a

finite VC-dimension d, then, by Sauer’s lemma [119], the number of possible policy
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realizations grows with n in a polynomial rate, rather than as 2". This property is
important for the uniform convergence results that we invoke below.

To account for the interaction between the binary functions that define the pol-
icy and the reward function we use the definition of the P-dimension [119], which
generalizes the VC-dimension to real valued functions. Consider a class F of real
valued functions from a space X to [0, R]. A set S = {x', 2% ..., 2"} C X is said to
be P-shattered by F if there exists a real vector ¢ € [0, R|", such that, for every
binary vector e € {—1,1}", there exists a corresponding function f, € F, such that
sgn (fo(z') —¢;) = e;, i = 1,2,...,n, where sgn(z) equals one if z > 0 and zero

otherwise.

Definition 2. The P-dimension of a class F of real valued functions from a space
X to [0, R] is the largest n for which there exists a set {x'}"_, C X of cardinality n

that is P-shattered by F. If no such n exists, we say the P-dimension of F is infinity.

In the following theorem and in the other theorems in this chapter, the number
of trajectory trees required to achieve a given performance guarantees is bounded
by the VC-dimension or the P-dimension of the policy class. One approximation
class for which bounds on the VC-dimension and the P-dimension exist is the class
of Neural Networks. In [5] and [119] bounds on the VC-dimension and P-dimension
a number of Neural Network architectures are given. The bounds depend on the

number of layers, the size of the weights, and the form of the activation function.

Theorem 2. Assume that 11 has a finite VC-dimension d. Then with probability

greater than 1 — § over the set of trajectory trees,

V(E) - V(F,) < 2
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for n satisfying

Proof. For every 7 € II, define the reward f: Oy x O; x O; — [0,1] by

fr(00,07", 01) = 7(00, —1,0; ) I(7(09) = —1) + (00, 1,07)I(7(09) = 1),

and let F = {f, : m € I1}. We first show that the P-dimension of F is less than or
equal to d and then invoke theorem 7.2 of [119]. Consider a set S = {0}, 07", 01}, C
Op x O1 x O1 of m realizations of the trajectory tree of the underlying single stage de-
cision process. For this set to be P-shattered by F, we must have that the cardinality

of the set

Fls ={[f(og, 01" 01"), f(0g,07%,01%),.., flog' o7 ™ 0y™)] : f € F} CR™

is at least 2™. Otherwise, comparing this set of vectors to a threshold vector
¢ € R™ cannot lead to the 2™ distinct binary vectors required for P-shattering.
However, the cardinality of F|s is bounded above by the cardinality of the set
Og = {[r(z'),m(2?),...,7(x™)] : 7 € I} C {—1,1}"™ since any distinct vector
[m(zh), w(x?), ..., 7(x™)] contributes at most one element to F|g corresponding to
the map defined by f,.. Note that we write 'at most’ one element, since the cardinal-
ity of F|g can actually be smaller than that of II|s due to cases in which the reward
is the same for both actions. For the cardinality of IIg to be 2™, m must be smaller
than or equal to the VC-dimension of II. Therefore the P-dimension of F is less than
or equal to d.

By [119, Theorem 7.2] we have that with probability greater than 1 — ¢ over the
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set of trajectory trees,

sup [E { (00,07 ", 01} — En {f(00,01",01}| <,
feF

which is equivalent to

sup [V () — Vo (m)| < e, (4.5.11)

mell o

(5 e (1€ <5 (4.5.12)
ed) P\ 32 ) =7 s

This result (4.5.11) and (4.5.12) is a special case of [62, Theorem 3.2], in which only

for n satisfying

convergence rates are provided.
Result (4.5.11) and (4.5.12) imply that for such an n, with probability greater

than 1 — 4,

where the first and third inequalities follow from (4.5.11), and the second inequality

holds since 7,, maximizes ‘A/n The statement of the theorem follows. ]

The theorem asserts that by minimizing the empirical value XA/R(W) one is guar-
anteed to find a policy whose performance are close to the best possible within the
restricted class. However, the empirical risk minimization (4.5.10) is computation-
ally demanding (see e.g. [6] and [12]) and can only be solved for small n and simple
policy classes. As an alternative, we propose to reduce the reinforcement learning

problem to a weighted classification problem and replace the problematic 0 — 1 loss
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with a convex smooth surrogate function.
Consider a class F of real valued functions f : Oy — [—1,1]. Each f € F
induces a policy mf(0g) = sgn [f(00)], 00 € Op. To formulate (4.5.10) as a weighted

classification problem, note that

V(mp)=E {r(O0o, 1,07 ") I(sgn [f(Oo)] = =1) +7(Oo, 1,01)I(sgn (f(Oo)) = 1) }
=E {max{r(Oo, —1,071),7(0p, 1, O})}} —

E {]r(Oo, —1,07) = r(0g, 1,07)|1 <sgn[f(00)] =+ arg mg\(r(Oo, a, O%)) } .

Therefore, (4.5.10) is equivalent to
f.ecarg anijrfl En{]r(Og, —1,071) — (00, 1,07)] x (4.5.13)
S

I <sgn[f(00)] # argmaxr(Oo, a, O?)) }

= argminE, {|r(O, =1, 01") = (0o, 1, O (sgu[f(O0)] # Y)}

where Y = argmax,e 4 7(Og, a, Of), which is a weighted classification problem with
examples o}, targets ¢, and weights |r(of, —1,0, ") — (0}, 1, 01%)|. Solving (4.5.13)
is just as difficult as solving (4.5.10). For many function classes F, however, it is

much easier to solve
foe arg min B, {1100, =1,071) = (00, 1,01)|¢ (F(O)Y)} (4.5.14)

where ¢ is a convex surrogate for the 0 — 1 loss. For example, one can minimize a
truncated squared error loss by using neural networks [23], an exponential loss by
using Boosting [45], the scaled deviance using logistic regression [46], and the hinge

loss by using support vector machines [103]
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Below we show that, for restricted classes F, a uniform convergence result can

guarantee that

IE {|r(O0, —1,07") = (00, 1,016 (f(O0)Y)} —

B, {|r(O0, ~1,0;") — (O, 1,oi>|¢<f<oo>y>}| 0 (4515)

almost surely, as n — oo, uniformly over F. This implies that with high probability,

for sufficiently large n, f;@‘ given by (4.5.14) is close to

f¢—argm1nE{| (09, —1,07") = 1(00,1,01)|¢ (f(O0)Y) }

where we assume that the minimum exists. Alternatively, this implies that

E{|r(0s,~1,0;") = (00, 1,0})l6 (3 (00)Y) |
is close to
E{|r(00, =1,07) = (00, 1,ODl6 (Fa(00)Y ) }

with high probability over the data set. First, we apply the result in [8] to show that
this also implies that V(7 fn) is close to V(7*) with high probability. Then we prove
uniform convergence of the type (4.5.15).

Note that minimizing
E{’T 007 70 )_T(00717O)|¢( ( )Y)}

is equivalent to minimizing

{ (0, =1,07") = (O, 1,0})]

E {|r(Op, —1,07") — 1(Op, 1, O%)|}¢ (f(Oo)Y)} ,
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since the constant
c=FE {\T(Oo, —1,071) = (0, 1, O%)|}
does not depend on f, and we assume that ¢ # 0. This is equivalent to minimizing

E{¢(f(00)Y)},

where E is the expectation with respect to the distribution induced by the change of

Ir(00,—1,07 1) —=7(00,1,0})|

E{|T(OO,*1,O;1)7T(OO71,O%)|} . NOte that

measure associated with the multiplication by

¢ <1 and that

mfmﬁ {I(sgn[f(O0)] # Y} =E{I (7"(0p) # Y)},

since the optimal policy 7* is invariant to change of measure.
Applying the result in [8] we obtain that if the surrogate loss ¢ is convex, differ-
entiable at 0, and ¢'(0) < 0, conditions that hold for all the algorithms mentioned

above, then, for any function f,

v (E{I(senlf (00)) # Y} = E{I(x*(00) £1})
<E{0(F(00)Y)} —E{6 (f;(00)Y)},

where 1) is a convex function that can be derived from ¢, invertible on [0, 1], ¢(0) = 0,

and, assuming the minimum exists, we let
f; = argmin E{|r(Op, ~1,07") = (00, 1,06 (F(O)Y)}
Furthermore, it is shown that this bound is the tightest possible without placing
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further restriction on the underlying distribution. For a convex function g : R — R
with ¢(0) = 0, it holds that for any A € [0,1] and = € R, g(Az) < Ag(x) (see [101]

or [8]). Therefore,

¥ (E{Ir(00,~1,07") = (00, 1, OD)I (senlf (O0)] # Y)} -
E{|r(Oo, —1,07") = 7(Op, 1,01)|I (7*(Oo) #Y)}) =

¥ (e [E4I (enlf (00)] # Y)} = E{I (r"(00) # Y)}] ) <

et (E41 (senlf(O0)) # Y)} = E{L (w*(00) # Y)}) <

¢ [E{6 (700)Y)} = E{o (£(007)}] =

E{Ir(0s, =1,07") = (00, 1,01)[6 (/(00)Y) } —
E{|r(Op,—1,01") = r(00,1,07)|¢ (f3(00)Y) }

The invertibility of ¢ on [0, 1] implies that

E {|r(Oo, —1,07") — (09, 1,07)[I(sgn[f (Oo)] # Y} —
E{|r(Oo, —1,07") = 1(0y, 1,0D)|1(7*(0y) # Y}
< w—l (E {’T(OO, —1, Ol_l) - T(O(J? 17 O%)‘QS (f(OO)Y)} B

E {|7°(Oo, ~1,07") = (0o, 1,01)| (f;(OO)Y)}) :
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This result implies that

V() = Ving) =
E {max{r(Oo, —1,07"),7(0o,1,01)} } —

B {|r(Oo, —1,07") = r(Op, 1, 0|1 (7*(Op) £ Y)} —

E {max{r(Og,—1,07"),7(00,1,0})}} +

E{Ir(00, =1,07") = (00,1, ODII (senlfz (00)) # Y) |

<47 (E{Ir(00, —1,07") = (00, 1,01)l6 (F(00)Y ) } -

E {|r(0o,—1,07") = (00, 1,07)|¢ (f3(00)Y) }) - (4.5.16)

Next rewrite the argument of ¢»~! in the upper bound as

EﬂMOm—LOf)_TO&LO W(@ )}
(

E{|r(Op, —1,07") = 1(00,1,01)|¢ (£3(00)Y) } =

B {|r(00, ~1,01") = #(0y, 1,0} w(@ )}
inE{|’I“(O(),—1,0l_ ) = 7(00,1,01)|6 (f(O0)Y) } +

}gjfrE{h“ Oy, —1,07 )—7“(00,170 No (f }_

E {|r(Oo, ~1,01") = r(0y,1,0})|¢ (f;f(Oo)Y)} (4.5.17)

The first term is called the estimation error and the second term is called the ap-

proximation error, which we denote by v(F). Assuming the inf is attainable, let

{IT(OO, 1,07 )—r(oo,170)|¢( (0 )y)}:
inf E {|r(Oo, ~1,01") = (00, 1,01)|¢ (f(O0)Y) }

feFr

for some ﬁ e F.
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Before stating the following theorem, which provides a finite sample upper bound
on the estimation error, we need to define the external covering number of a set.
Define the average 1-norm on R™ by [[v|[a = = 307 [v;]. A set v 0% ... 0" is an
external e-cover with respect to the average 1-norm of a set S C R" if for any u € S
there exists v/ such that ||u — v’||,1 < €. It is called an external e-cover since the
vectors v!, v2,...,v" need not be in S. The cardinality of the set with the smallest
number of elements that is an external e-cover of F |{xi}?:1 with respect to the average

I-norm is called the external e-covering number of F| {iyn_, With respect to the

average 1-norm and denoted by L(e, Fliyn || - [|a1)-

Theorem 3. Suppose F has finite P-dimension d, and that ¢ satisfies a Lipschitz

condition
(1) — d(w2)| < plwy — 2], @1, 22 € [-1,1] (4.5.18)
for some p. Then with probability greater than 1 — § over the set of trajectory trees,
V(r*) = Ving) <0 (2 +1(F))

for n satisfying

1 16eu "
8 ( Gep In 66”) exp(—me?/32) < 6.
€

€

Proof. The proof is based on a uniform convergence result which is very similar to
Theorem 7.5 of [119], where the only difference is in the form of the loss function.

Let Lz be the class of functions mapping Oy x O x O1 x {—1, 1} to [0, 1] defined by
Lr= {lf(o()? Oflv 0%7 y) = |T(007 -1, Ofl) - T(O(J? L, 0%>|¢(f(00>y> : f < f}
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To apply the proof of Theorem 7.5 in [119] we need to bound the external covering
number of Lz in terms of the covering number of F.

Given the set S = {0}, 07", 01", y}?", C Oy x O1 x O x {—1,1}, we show that

L6, Lol oap e, |- o) < D6/t Floggany -l (45.19)
Suppose (v!,v%, ..., v%), vI € R? is an external €/ cover for Fliopyzn,- We show

that the set of k vectors (w!,w?, ..., w*), w/ € R?" defined by
w] = |r(oh, =1,07") = (o0, 1,01)[o(v]y’), 1<i<2n, 1<j<Fk

is an external € cover for ,C]:|{06701—1i70iz‘7y7;}221, which implies (4.5.19). To see this

consider an arbitrary I; € Lz. Since (v',v%...,v%), v/ € R®™ is an external ¢/u

cover for F| {oi)2n , there exists an index j for which

2n

) 1 ; )
iz, = lls = 55 3 15060) = ol < e/

1=1
i=1
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where f|iy2n = [f(0p), f(05), .., f(05")]. The Lipschitz condition implies that

-1 lzy}Qn —w Ha]_ —

01
2n

1
2n 4
=1

¢<f(06)yl) - |7’(06, -1, 0;1 ) - T(Om Lo )W( )

|T(067 _]-7 Ol_li) - T<067 ]-7 O%Z)| X

Z [r(0g, =107 ) = r(0p, 1, 01')| x [6(f(0p)y’) — e(v]y")| <

Zlcb — o(vly')| <

where the first inequality holds since r € [0, 1], which is what we need to show. Hence

for any 2n-set we have

_[/(7 —11 lzy}2n,||'||a1)§L<€//’L7F

2ep . 2ep
ol <2 (2 22

where the second inequality follows from [119, Corollary 4.2] since F has P-dimension
d. Given this bound we follow the steps in [119] to obtain that with probability

greater than 1 — 9 over the set of trajectory trees,

?CleljglE{\r(Sf ) = r(SDI(F(S0)Y) } = En {Ir(S7) — r(SDI(f(S)Y) }| < e

for n satisfying

€

1 16ep)
8 ( Gep In 66”) exp(—me*/32) < §
€
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Next note that since fg is the minimizer of the empirical expectation,

Ea {1100, ~1,07) = 1(04,1,01)I9 (To(O0)Y ) } -
Ea {Ir(0s,=1,01") = (00, 1,01)l6 (F2(00)Y) |

is greater than or equal to zero. Therefore,

with probability greater than 1 — §, and the statement of the theorem follows
from (4.5.16) and (4.5.17). O

When comparing Theorem 3 with Theorem 2 it is seen that the computational
advantage of the surrogate optimization has a cost: we can no longer guarantee that
as the number of samples increase the estimated policy approaches the best within

the approximation class. Only when ~(F) = 0, this type of consistency holds.
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4.6 An Approximate Dynamic Programming Ap-
proach

This section generalize the results of the previous section to the multi-stage case.
We describe an approximate dynamic programming algorithm for approximating
7 (4.2.7), (4.2.8) from a set of n trajectory trees and derive finite sample upper bounds
on its generalization error. The algorithm estimates 7, Tr_1,..., Ty sequentially,

starting from

e (4.6.20)
T-1

arg max E, Z H I(B;=a;) X

mrellp
are{—1,1}T+1 t=

I (WT(OaTTfl, ar_1) = CLT) T(O;Tfl,aTa O?’TH)} )

which can be performed by randomly selecting a leaf at stage T from each trajectory
tree and solving the single stage reinforcement learning algorithm from time 7' to
T+ 1. Given 7}, 7f_y, ..., 7, we can form the empirical counter part of (4.2.8),
by choosing a random leaf at stage ¢ from each tree and considering the immedi-
ate reward following each of the actions plus the reward accumulated by following

. ~n  ~n ~n .
decision rules 77, |, 7o, . .., 7 for stages t 4+ 1 and on. That is,

7y € arg max (4.6.21)

t—1
E, > T B=a)I(m(0f " a) = ay) x

are{—1,1}T+1 t=0

T T
H I (%Z(OiT_la aT—l) = a‘r) ZT(O?T_17aT7 iz—i-l)} :

T=t+1 t=0
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Next a finite sample bound on the generalization error of 7" = (7, 77, ..., 7}) is
derived. The following lemmas will be useful in deriving the bound. For i < j, we
use the shorthand notation 7, . for (7,,...,7,,), m..; for m, ..., m;, and similarly
for 7* and 7. The lemma are derived first in terms of distribution over random
trajectories Op,1, A7 rather than in terms of random variables on the trajectory
tree since the notation is more manageable this way. Then, the results are translated
to expectations with respect to E, i.e., with respect to random variables on the
trajectory tree.

The following lemmas are used to relate the results of the previous section for
the single-stage problem to the multi-stage problem. The observation distribution
in (4.2.7), and (4.2.8) is induced by a random policy rather than by the optimal

policy. The following lemma relates the expectation of a positive function with

respect to these to distributions.

Lemma 6. Fiz 0 < j < T. For a random policy 7, = Tp,, Tp,,...,Tp, With

pi(alog,a;_1) > 1/L, for alla € A and 0 < t < T, a deterministic policy 7, and a

function f(ory1,ar) >0, we have

,,,,,

Proof. The integration in Er

,,,,,

sity

foloo)po(aoloo) | | filorlow-1, a-1)pilarlor, a 1) x

t=1
T

H ft(0t|0t—1aat—1)l(at = Wt(otaat—l))fT(0T+1|0TaaT>-

t=j+1
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The integration in E +{f(Ori1,Ar)} is with respect to the density

TP0,....j—1 G5

j—1

fo(Oo)Po(ao\Oo) H ft(otyotfla atfl)pt(at|0t7 a;_1) X
t=1

H ft(0t|0t—17 at—l)[(at = 7Tt(0ta at—l))fT(OT+1|OT7 aT)-
t=j

Hence

,,,,,,,,,,

) {I(a] = 7;(0;,aj-1))

pjlajloj, a; 1)

f(Or1, AT)} :

I(aj=m;(0j,2;-1))
pj(ajloj.a;—1)

The result follows since 0 < < L and f is non-negative. O]

The next lemma is helpful for analyzing the consequences of using 77, ,,..., 7}

rather than the optimal policy when estimating 7.

Lemma 7. For the random policy my = (g, . .., Ty ), the optimal policy 7, and the

policy T, we have for j =0,...,T —1,

T
—Eﬂqo ,,,,, j— 177T T4+, ZT OijmO]-i-l)}
t=]
T
+2E7rqo ,,,,, i T 41,...,T { Z T(Ot7At7Ot+1)}
t=j+1
T
_QE”qo ,,,,, i T+1,...,T { Z T(OtaAt»OtH)}
t=j+1

Proof. The proof follows from the previous lemma and the use of conditional expec-
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tations.

T
= Eﬂ'qo j,lﬂl'; T {T(Oj,Aj7Oj+1) + Z T(Ot,At’Ot+1)}

t=j+1

,,,,,

T
E“‘Io ..... 1T T{ Z T(OhAt?Ot-i-l)‘Oj-i-laAj} }

t=j+1

,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,

,,,,,

T
ﬂqoy,,,_ﬂ,pﬂ—Jﬂr]-ﬁ—l ..... T{ E T(Ot7At7Ot+1|Oj+1aAj}}
t=j+1
T
- E”Qo ,,,,, G TG, T E :T(OmAjvonrl) )
t=j
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where the first inequality holds since the function

,,,,,

does not depend on the actions and observations following O, and so the decision
rules for actions A; 1, ..., Ar can be specified arbitrarily. The second equality follows
from the definition of V(.7 ., y;41(O0j11,A;). The third inequality holds since,
due to the conditioning on O, and Aj, it is possible to specify the decision rules

for Ay, ..., A; arbitrarily. The fourth equality follows from the properties of the

conditional expectation. As for the second term:

.....

.....
.....

,,,,,

T
- E”Qo ..... j’W;Jrl ..... T {EWQO ,,,,, j’W;Jrl ,,,,, T{ Z T(Ot’At’Ot+1)|Oj+1’Aj}}

t=j+1
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and

,,,,,

,,,,,,,,,,

T
= Eﬂ'qo 77777 jﬁj+1 ,,,,, T {Eﬂ'qo ,,,,, jﬁj+1 ,,,,, T { Z T(OtaAta Ot+1)‘0j+1aAj}}
t=j+1
T
= Eﬂqo AAAAA jﬁjﬂ ..... T { Z T(OtaAtaOt+1)} .
t=j+1
Combining these together, we obtain the result. [l

In the following lemma the difference between the value of a given policy and
the value of the optimal policy is expresses in terms that are minimized by the

approximate dynamic programming algorithm (4.6.20), (4.6.21).

Lemma 8. For the policies m,, 7*, and T, we have

V(r*) = V(7) <

T T
ZQT EW@O ,,,,, =1 T+, T {ZT(OhAtaOt—H)} -
7=0 t=1
T
Eﬂ'qo AAAAA LT T {Zr<0t7At7Ot+1)}]
t=1
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Applying Lemma 7 on the first term once we get

T
— Bz Z T(Ot; Ay, Ot+1>

t=0

V(r*) = V(7) = Ep [Zr(ot, Ay, Opy)

t=0

T
< Erar [Z 7(O¢, Ay, Ogy1)

t=0

T
— Ez [Z T(On A, Ot+1>

t=0

t=1 t=1

T
Tpos M1, T [Z T(Oﬁ At7 Ot+1)

_ 2Eﬂp07%1 ,,,,, T [Z (O, At, Opy1)

Applying it again on the third term we get

T
< Emir [Z r(Os Ay, Opia) | — Ez
t=0 t=0
T T
+2E7r,,0 R, T [Z 7”(Ot, Ay, Ot+1) QE@O 1T [Z T(Ot, Ay, Ot+1)
t=1 t=1
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Applying it additional 7" — 2 times we get

T T
< Ewg T.,T [Z 7(Os;, Ay, Op) | — Bz Z 7(O¢; Ay, Ogy1)
t=0 =0
T T
+2E7rq0 w2, T [Z T(Otv At7 Ot+1) 2E7rq0 ..., T [Z T(Oh At7 Ot+1)
t=1 t=1

T
+22E7F(1071 373, [Z r Ot7 At7 Ot+1)

t

2T_1Eﬂ'q0 77777 79 "T—1,T [ Z T(ObAt?Ot-&-l)
t=T-1
+2TE7rqO """ 1T [ (OT; AT7 Ot-‘rl)] - 2 Eﬂqo 7777 T_1: 0T [T(OT, AT7 OT+1)] )

which is the result. O

Next, we tie the expectations to the empirical expectations used to estimate the

policy 7. First recall that for any j

t=0
T
B H] B, = a) Hz(moat—l,at-l) =) Y (0], a", 03
are{-1,1}7+1 t=0 =j t=j

157



which can be simplified to

T
E Z HI (ﬂ_t(OEijhaj,tfl}j [Bj—h aj,t—l]) _ at) x

[0, ar]€{—1,1}T+1-3 t=j

T
B;_1,a5¢-1 B;_1,a;,
ZT(OE ]7 [Bj*bajyt]?OL‘rl ])} )

t=j

where a;; = (a;,a;41,...,a;). Therefore, the previous lemma can be expressed in
terms of expectations with respect to the elements on the trajectory tree. Through

an abuse of notation we use the shorthand notation

/ywqo,j_1 TGy, T (OT+17 BT)

for the argument in the last expectation.

Lemma 9. For the policies 7y, ™, and m, we have

V(r®) = V() <

Now we relate the difference between the average value functions to the distance
between ensemble expectations and empirical expectations, using the trick in [84,

page 1087].

158



Lemma 10. For7=0,...,T,
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where (x)1 is the positive part of x.

Note that if 7* € II, and we replace 7 with 7" then the last term is zero since

77 is the maximizer of

,,,,,

over II..
The following lemma is a uniform convergence result that we then use to bound

the terms in Lemma 9.

Lemma 11. If the VC-dimension of the classes 11, 1L, 1,... Iy ared,,d;11,...,dr,

respectively, then, the probability over the set of trajectory trees that

sup
mr €llr,...,mp €l

,,,,,,,,,,

T(OT+1,BT)H > €

1s less then or equal to

8en(T — 7+ 1)\ v ne?
4 e
< €dsum. ) *Xp 32 )7

T
where dsym,r = >, dy.
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Remark 5. If 7* ¢ 11 but one wishes to include 7 in the above sup, then the bound

holds if we replace dgym, » with Esum,T = ZtT:T(dt +1).

Proof. The result follows from Theorem 7.2 of [119]. To apply the theorem we need

to compute a bound on the P-dimension of the associated function class. For any

mr €1l ... ,mp €Iy, let Ay . be
h71'1 ..... WT(G7 BO?"‘7BT—1) ==
T—1 T T
> I[1B=a)[[1m0; ™) =a) Y r(0F.a" 0f,)
are{—1,1}T+1 t=0 t—r P

and let

In order for ‘H to P-shatter a set of size m, functions from H must realize at least
2™ values when realized on this set. However, the number of possible realizations
is bounded by the product of the numbers of realizations of each of the indicator
functions on the same set. If m > max{dy,...,dr}, then by Sauer’s lemma [119] this
product is bounded by []/_,(em/d))% < (em/dmin)%*m, where dgym = S, d; and

dpmin = min{dy, ..., dr}. Hence,
m < dsum logs(em/d i)

Clearly, any m > d,,, does not satisfy this inequality. Therefore, m < dg,,, implying
that the P-dimension of H is less the or equal to dg,,,. Finally, note that functions in

H take values in [0,7 — 7+ 1]. The lemma now follows from [119, Theorem 7.2]. [

Using the union bound we can bound the probability of a large difference between
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ensemble and empirical means for some 0 < 7 < T

ar€ll,,.opellpy | L T T

T
Pr{ U sup E {%qoflm T(OT+1,BT)}

7=0

,,,,,

mr €l .., mp €l

T
< Z Pr{ sup
=0

T o dsum,‘r 2

6dsum,‘r

This is equivalent to the statement: with probability greater than 1 — ¢ over the set

of trajectory trees,

sup
mr €l ., mpEllp

simultaneously for all 7, for n satisfying

T d
8en(T — 7+ 1)\ ™" ne?
4 - . 4.6.22
E ( > ) exp ( 3 ) <46 (4.6.22)

sum,T
7=0 ’

This directly leads to the following theorem.

Theorem 4. Let 11 = {(mg,m1,...,77) : mo € UHp,...,mp € I} be a class of
deterministic policies with VC — dim(Il;) = dy, t = 0,1...,T. If * € 11 then with

probability greater than 1 — & over a set of random trajectory trees,

T
V(r® ) —V(E") <2e» 2
7=0
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for n satisfying (4.6.22).
If 7 ¢ 11 then with probability greater than 1 — 0 over a set of random trajectory

trees,

T
V(e ) = V(E") <2 > 2
7=0
T

,,,,,,,,,,

7=0
for n satisfying (4.6.22) with dsum.» replaced with dyyy, ;-

Remark 6. One can upper bound the term

.....

,,,,,

can be easily computed by averaging the cumulative reward resulting from taking the
mazximizing action at stage T on the randomly chosen leaf on every tree, given that

~

the actions at the following stages are taken according to T, \,Tr o, ..., Tp.

As mentioned earlier, when the policy class is large, it is difficult to solve

7' € arg max E, {%qoflm’%gﬂ T(OTH, BT)} ) (4.6.23)

mr€ll, U TR T T e

Next, it is shown that (4.6.23) can be solved via the reduction to classification ap-
proach presented in Sec. 4.5, i.e., by introducing a class of real valued functions
and solving a sequence of single stage reinforcement learning problems through a
weighted classification reduction and using a surrogate ¢ for the 0 — 1 loss. Then, a
finite sample upper bound for the performance of a policy estimated in this manner

is given.
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Consider the classes F;, t = 0,1,...,T of functions mapping possible histories
(o4,a,1) to [—1,1], t = 0,1,...,T, respectively. Assume each F; has a finite P-
dimension and denote these by dy,d,...,dr. Each of the function classes induces
a policy class; for f, € Fy, m(fi)(op, a-1) = sgn(f(og,a,.1)),t = 0,...,T. Let
O(F) = {m(fe) : fr € Fe},t = 0,1,...,T. Note that by [119, Lemma 10.1],
VC —dim (IL,(F)) <di, t =0,1,...,T.

We start with the last stage. First we write the optimization problem

Ji € arg max B, {%qO’T_MT(fT)(OTH, BT)} . (4.6.24)

as a weighted classification problem.

E{%qOT Lz (fr) OT+1>BT)}

{ Z I 7TT (fr)(O BT L Broy) —&T> r (O?T’l,[BT_l,aT],O,E{*““T}) =

are{-1,1}

E{ (WT £2)(0B™ By ) = )r(O?T”,[BT,l,—1],0&{*1’_”) n
(

1 (mr(fr)(OF " Bry) = 1) 7 (07", By, 1, O 1) | =

E {aTga}fl} ?Tﬂy [Br_1,ar], OE?WT]) }} -

E{ ( 07", [Br_1,— 1]7O§f—1’_u> —r (OBT L [Bro1,1], 051" 11])’

I (7r BT "' Br_1) #arg max {r (O?T_l,[BT_l,aT] ng wT])})}
are{—1,1}
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Therefore, (4.6.24) is equivalent to

fT € arg mlg E, {

freFr

(07 B 1. OFT ) —r (077 Byt 11 O ) |

are{-1,1}

I (WT(fT)( OB™' By_,) £arg max {r (O?T’l,[BT,I,aT] oPr- M)}) }

By defining the random variable

Y = arg max {r (O?T’l, [Br_1,ar], O,Efﬁl’aﬂ)} ;

are{-1,1}

we can write the optimization as a weighted classification problem

AfT € arg min E, {

freFr

(07 Broy 1,081 ) = (07" [Broy, 1, OFT ) |

I <7rT(fT)(O?T‘1, Br_) # Y> }

Finally, introducing the surrogate ¢ for the 0 — 1 loss we obtain

fo- € in E,
Ji € e iy, {
(07 Bror 1,08 ) < (077 [Broa 1], OF ) |

o (fr(OF™ ", By y)Y) }

which is often a more feasible optimization problem.
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Form=T—1,...,0, given fir, fir_1,-- -, firi1, We write

,,,,,

explicitly as

E > I (7 (f:)(021,B,1) = a,)

[armar]e{-11}TH -7

T
[T 7 (=(Fa) (OF ) By a]) = ar) %

T
> r(0f el B, a0 ) } _

t=1

E{ I (r,(f,))(0%,B,_,) = ~1)

T

Z H I <7Tt(f$t)(OEBPl’il’aTH’H], B,1,—1,a;414-1]) = at> X
[arg1,.ar]e{—1,1}T—7 t=T+1
T

§ : Bro1,—lLar41,6—1] [Br—1,—lar11,¢]
r <Ot 9 [BTfla _17 aT+1,t]7 Ot+1 +

t=r1

I (7 (f;)(OF*, B, 1) = 1)

T
Z H I (m(f;}t)(OEBH’I"”“’“”, Broi, Laryi1]) = at) X

[art1,.ar]e{-1,1}T -7 t=T+1

T
2 : Br_1,L,ar4+1,t-1] [Br—1,1,ar41,¢]
r (Ot ) [B’T—17 17 aT+1,t]7 Ot+1 .

t=1
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Let FT(fT+17 R fT7G7Bl7 sy B’T—l) be

max
aTe{_171}

T
2 [T 1 (m P B arar])) = )

[ar41,.ar]e{-1,1}T-7 t=T+1

T
[B‘rflva'rva‘erl,tfl] [Bfflyafyafﬁ»l,t]
X E r <Ot ) [B’T—17 ar, aT—i—l,t]a Ot+1 .
t=T1

Let GT(fT+17 . '7fT7G7 Bla cee >B‘r71) be

T
3 [T 7 (Ot By —t a1 = o) x
[@ri1,ar]€{—1,1}T-7 t=T+1

T

Z r <O,[5BT_17_17aT+1’t_1]> B,_1,—1,a,414), Oﬁ;_l’_l’aﬁl’tg -

t=1

T
Z H I (Wt(ft)(O£B771,1737—+1,t71}’ [BT—17 1, a7_+17t_1]) = at) X
[ars1,e-ar]€{-1,1}T—7 t="7+1

T

Br_1,l,ar41,t-1] Br_1,l,ar41,¢]
E r <Ot ) [BT—17 1a a7'+1,t]a Ot-‘,—l :

t=1

And let HT<f.,-+1, .. ~7fT7G7 Bla c. ,BTfl) S {—1, 1} be

ar max
& are{-1,1} {

T
Z H I (ﬂ-t<ft’,1)(OLBT—lya/T,aT"'l,t_l}’ I:BT*]J aT7 a7'+]-,t71:|) = a‘t) X
[@r41,.ar]e{-1,1}T-7 t=T+1

T

E : Br_1,ar,ar41,¢—1] Br—1,ar,8r41,¢)
r (Ot ) [B.,-,l, ar, aT+1,t]7 Ot+1 .

t=1
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Using this shorthand notation, we have

o () (P ) wT<ng><OT+1vBT>} -

AAAAA

T (£) (OB B, 1) # Ho(f 1o [ Gy B, BH))} .

Introducing the surrogate ¢ we let J?Q?T be

Fir=arg min B, {GT(ngH, o F3 G By, Br)x

& (OB B )V H(Fias o Jis G B B ) |

Hence, we obtain the policy W(ﬁl) = (WO(]/”;’}O), . ,WT(]/”:QT)), by solving T+1 weighted
classification problems with a surrogate ¢. Next we a derive finite sample upper

bound on

V(r*) = V(x(f2)).
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Start from Lemma 9:

{SHPE{ 7rq0777177r7(f7),7r7+1(f$T+1) _____ (fn (OT+1,BT)}

T

i s

{/yﬂ'qo 1 7T'7'(f¢7-+1) ----- FT(ng)(OT‘f’l? BT) }:| S
0 T

FT(J?gT) (OT+1’ BT) }] -

771-‘10,7——1 T (fT)7WT+1(fA$T+1) :::: 71'T(]?;LT) (OT+1’ BT)
T'—7+1

’yﬂqo 1> 7r'r(f¢7—+1) -----

ZLT(T—T—I—I) sup E —
=0 fr

E {WNQO,T—lvwf(f;LT-;_l) 77777 WT(.)?gT)(OT+1’ BT) }

T
S LT —7+1)"

7=0

¢ (ﬁLT(O?T—l, BT—l)-HT(-]/C:;LTJrla . 7.]/%LT7 G, Bl, e BT—I))} _
inf E { GT(f$T+17 o f(]ZLT7 G7 B17 Cey B’T—l) %

E GT(ng-i-l?‘"7f(gT’G7Bla-'-7BT_1>X
T—1+1

T'—7+1
é (fT(OP**,BT_l)HT(ﬁ;LH,...,ﬁ}T,G, Bl,...,BT_1)> H ,

where in the first inequality we assume that the sup is attainable and the second
inequality follows from [8] as in Sec. 4.5. As was done previously, we divide the

bound into an estimation error, which will be bounded with high probability, and an
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approximation error

’YT(fT’fgq—-i-la tee 7ng) =

GT(ng+17' . '7f$T7G7 B17 s >B‘r71)
T—74+1

X

(b <fT(O7]:)’T_17 BTfl)HT<f/:ZT+17 ) f/?;Ta G7 Bla cee 7B‘r71)> }] -
{GT(J?(;}TH, o 3G By, . By

inf E X
IJI}T T—7+1

¢ (fT(O‘?T—l, B, )H (fl i1, [i Gy By, ,BH)> }] .

Let 7,(F) = sup;s . cx ., ... frerr Vr(Fr, fri1, -+, fr). The estimation error can be

-----

bounded by distances from ensemble means to empirical means:

T'—7+1 %

E{GT(@TH,...,ﬁ}T,G,Bl,...,BT1)
& (J2 (OB Be VA Fir v Fi G Bry Brt)) | =

GT(ng-i-l?"‘?ng’G?Bl?"'7BT—1>X
T—717+1

6 (F(OP Be HFhrrr - Fi G By, Bon)) } <

By,...,B,_
2 sup E{GT(fT-I—h 7fT7Ga 1, y Pt l)x
fr€Fr o fr€Fr T'—71+1
¢ (fr(OF " Br_)Ho(fri1s-- o fr. G, By, ..., Bry)) } —
GT(fT-‘rl?"'?fT?G’Bl?“"BT—l)X
T'—7+1

¢ (fT(OE’Tfl, BT_l)HT(f7—+1, ce ,fT, G, Bl, ce 7B7-—1)) }| .

E,

Next, we bound the P-dimension of the associated function class to obtain a fi-
nite sample upper bound on this term. Let H = {H, : f, € Fr,..., fr € Fr}. Let
S be a set of 2n realizations of G and By, ..., B, ;. We now compute an upper

bound on |H|s|. The question is how many distinct collections of 2n pairs of paths
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following the two possible actions at stage 7 can the classes I, 1 (Fry1), ..., Hp(Fr)
realize on a set of 2n trajectory trees. Each such two collections of 2n paths (one
collection following action —1 and one following action 1) will result in a collection
of two cumulative rewards which then will be compared pair by pair on every tree
to generate an element in |H|g|. By Sauer’s lemma [119], on the collection of his-
tories {O[f[l‘l’_l]i, [B,_1, —1]"}?", the policy class II,,1(F,41) can realize at most
<d27—’i>d7+1 distinct policies. Each of these policies is generating a realization of the

T+2
2n next histories, on which the policy class m,42(F,42) can realize at most (;—’i)

distinct policies. Continuing until the policy class mr(Fr), we obtain that on the

B, 1,~1]i

collection of histories {O7 7 ,[Br_1,—1]"}?",, the composition of the decision

rules classes can realize at most

distinct policies. Another set of
ﬁ <2ne) &
t=r+1 dy
distinct policies can be realized on the set {Oﬁﬁ‘“”i, [B,_1,1]"}?",. Each of the
elements of these two sets define a set of cumulative rewards on the trees. Hence the
comparison of the two rewards on the paths defined by the two collections of distinct

policies can have at most

2
ﬁ ome\ B ﬁ 2ne 2%
dy B dy
t=741 t=7+1
distinct 2n-vectors when realized on the 2n trajectory trees.

Let G, = {G, : fr € Fr,..., fr € Fr}. As shown above, each element of the
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difference in the definition of GG, can realize at most

I ()

t=7+1

distinct 2n-vectors on the set of histories. Therefore |G|g| is bounded as well by

T 2ne 2%
(%)

t=r+1

Now let £ = {G,¢(f-H;): fr € Fr,..., fr € Fr}. Suppose {v},v% ... v*} is an

. 4dy
external €/p-cover for F,|g. For every v’ construct HtT:T +1 (%) vectors that take
all possible values of G,¢(v?' H,) (there is a slight abuse of notation, since G, and
H,, realized on the data, as well as v/ are 2n-vectors). Each one of these 2n-vectors

has entrees

Gr(frits ooy fr G B o B ) (W H (friny - fr, G BY, . BE))),

i=1,....2n

for some set of functions f;11,..., fr. Now consider a sequence f,,..., fr, which

define G, ¢(f.H,) an element of £. Then there must exist a vector v/, for which
IS i i i j
%Z |fT(G 7B17 ce 7B’T—1) - Uzj| < E/M
i=1

Assume that ¢ satisfies the Lipschitz condition (4.5.18). Then, multiplying this
vector, element-wise, with H, of f,, ..., fr realized on the trajectory trees, taking the
function ¢, and multiplying with G, of f., ..., fr, again, realized on the trajectory

trees is an external e-cover of L|g by the Lipschitz condition of ¢ and the argument
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in the proof of Theorem 3. Hence, we have

Lo s |- )= ] (2”) L/ s |- ll)

t=7+1
2ne 2ep . 2ep
<2
(%) ()
t=7+1

Given this bound [119, Theorem 7.5] asserts that the probability, over n trajectory

trees, that

Go(frsrs.- fr G By,... B,
sup E{ (fre1 fr 1 1)><
freFor freFr T—7+1

¢ (fT(O?T_l,BT—l)HT(fT+1, ey fT,G,Bl, e 7BT—1))} —
E {GT(,fT+1, .. .7fT,G, Bl, e 7B7'71) y

T'—7+1
¢ (fT(O?T_laBTfl)HT(fT+17 R fT7G>Bl7 s ,BT,1>)}‘ > €

is less then or equal to

T ad d
2 ol 1 T
4 _1_[ <dite) ( 6€e,u In 6:'“) exp(—ne®/32).

By the union bound, the probability, over n trajectory trees, that

T

U sup

=0 fr€Fr, o fre€FT
¢ (fT(O?Tfl, BT—l)HT(fT+17 ey fT7 G7 By, ..., BT_1>)} —

E GT(fTJFl’"'7fT7G7B17---,B7-71)X
T—-—717+1

¢ (fT(O?T_ly B )H(fry1,---5 [1,G, By, ... vBT—1>) }‘ > €

X

E G-(frs1,-- o, f1,G, By, ..., B;21)
T'—71+1
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is less than or equal to

T T 4dy d-
2ne 16ep . 16ep 9
g 4 H <d_t) ( ; In ; > exp(—ne”/32).

7=0 t=7+1

This leads to the following result

Theorem 5. With probability greater than 1 — § over a set n of trajectory trees,

V() = V() < 3 27(T — 7+ D)~ (2¢ + 7,(F))

7=0

for n satisfying

T T 4d d
2ne\ " [16ep . 16ep\ " 9
E 4 H (d—t) ( c In c ) exp(—ne /32) < (5

4.7 Concluding Remarks

Theorems 4 and 5 make no assumptions on the underlying distribution and are in
this sense worst case bounds. The drawback of deriving these worst case bounds is
that they are usually too loss to be of practical use. By imposing regularity conditions
on the underlying distribution, one can obtain faster uniform convergence rates of
the empirical means to their expectation (see e.g. [8, Sec. 3] and references therein),
which then lead to faster convergence rates of the average value functions. Another
handicap of the given bounds is their dependency on the complexity measures of the
approximation classes. For example, the bound [119, p. 412 on the P-dimension of
the feed forward neural network that is reported in the next chapter, is 1.78 x 10°.
When plugging this value in Theorem 5, for the 7" = 4 problem in the next chapter,
one obtains that for the case € = 6 = 0.01, n has to be of the order of 10 for

the bound to hold. In practice we obtained good results with n = 10,000 samples.
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Hence, to apply the Theorems 4 and 5 to the type of problems described in the next
chapter, tighter bounds on the VC-dimension of neural networks must be derived.
This is beyond the scope of this thesis.

Motivated by the reduction in [62] we focused on the binary action space case.
The approximate dynamic programming algorithm, however, can be applied directly,
without the requirement to first reduce the problem to a binary action problem.
In [25], we provide a reduction of a single-stage reinforcement learning problem to
weighted classification for an arbitrary number of actions. Multi-class weighted clas-
sification problems can be solved by applying weights-sensitive classifiers or by further
reducing the weighted classification problem to a standard classification problem us-
ing re-sampling methods (see [71], [1], and references therein for a description of both
approaches). Theorems 2 and 4 can be easily adapted to the multiple actions case,
while adapting Theorems 3 and 5 will require tailoring to the specific method used
to solve the multi-class weighted classification problems.

The algorithms in [62] and [72] require the construction of the entire trajectory
tree. This requires that an exponential, in the horizon 7', number of calls are made to
the random observation generator. It is possible to show that our algorithm requires
only a polynomial number of calls. Hence, our approximate dynamic programming
algorithm provides an additional saving compared to the available methods. We note
that [62] discusses ways to avoid constructing the entire tree. However, in the worst
case scenario, the entire tree construction is unavoidable.

Finally, we note that, while not investigated here, the algorithm and part of its
analysis apply to the case in which the data set is a collection of random trajectories

of the decision process (see [62] and [84]) rather than full trajectory trees.

174



CHAPTER 5

Optimal Sensor Scheduling via Classification

Reduction of Policy Search

5.1 Introduction

The advent of agile sensing systems that collect data through a variety of sensing
modalities has brought about new and exciting challenges to the field of signal pro-
cessing. Agile, multi-modal, sensing (see e.g. [68] and [60]) exploit the capability of
controlling the data collection process. Examples of agile sensing systems include a
radar that can control its beam direction, a land mine detector that can deploy radar
or seismic sensors, or a LANDSAT satellite that can control the frequency band of
its radar. The key element that differentiates agile sensing systems from other data
collection systems is a resource allocation constraint that precludes using all sensor
modalities at all times. We formulate agile sensing as an optimization in which the
system must automatically select the best sensing modality based on past observa-
tions to maximize a given objective function while minimizing the data collection
cost.

When formulated as a sequential choice! of experiments problem [37], the agile

IThe key difference from the related sequential design of experiment problem is that instead
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sensing problem consists of an episodic task that is divided into a sequence of decision
epochs. Each episode begins as the first observation is collected. Then, at each
subsequent decision epoch two decisions are made. The first one is to decide if the
amount of information collected thus far is sufficient for making inference (detection
or estimation) on the data with a desired accuracy or whether more observations
are required. This first decision also determines the choices available at the second
decision. If more observations are required, the next best sensor modality needs
to be determined. If the information is deemed sufficient for inference, the final
estimation or detection decision is made. Every sensor modality has an associated
deployment cost and a decision rule must balance the expected information gain
from a sensor deployment, which results in improved inference capabilities, with the
deployment cost. The collection of decision rules, i.e., the sequence of mappings
from past observations to the decision space, is called a policy and the goal is to
find a policy that optimally trades-offs the overall average sensor deployment costs
and the estimation or detection performance, e.g., mean squared estimation error or
classification error rate.

The problem of finding optimal policies for sequential choice of experiments suffers
from the curse-of-dimensionality [11] and scenarios in which a closed form solution
for the optimal policy exists are rare. Past research has focused on the asymptotic
regime in which one assumes a large number of data collection iterations (or sensor
dwells) and low sensor deployment cost (see [63] and references therein). Another
focus has been on “experiment sufficiency” — when is one experiment (or sensor
modality) always better than another experiment (see [50] and references therein).

Here, we take a different approach. We assume that the underlying model is un-

known and aim at finding approxzimate solutions to the optimal policy. In particular,

of adapting a set of continuous experiment parameters, here we choose from a finite set of fixed
experiments.
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in the absence of a model, optimal policies are approximated from data using a gener-
ative model, where data is generated by a simulator or collected in a field experiment.
It is shown that this problem formulation falls into the class of reinforcement learning
problems and the Classification Reduction of Policy Search (CROPS) methodology
of the previous chapter is applied. Two case studies are reported as well. The first
is the problem of finding sensor scheduling policies for land-mine detection. For this
problem a simulator is used to generate data which is then used for policy search.
The second problem is to perform optimal waveform selection for a multi-band radar
on a land classification satellite. In this application competitive policies are found

from experimental LANDSAT data.

5.2 Problem Formulation

Let X1 € X, Xy € A, ..., Xk € Xk be K random variables that correspond to
the outputs of K sensors or K sensor modalities. Note that each of these random
variables lies, in general, in a different space. We append each random variable with
its index so that a value of an observation also indicates which sensor was used to
collect it. Let Y € ) be a discrete random variable that represent the state of nature
whose value we try to predict. The presented results can also be applied when Y is
a continuous random variable, whose value we try to estimate, but we focus on the
detection problem for concreteness.

A policy 7 specifies which sensor to deploy first, say sensor k. Then, based of
the value of X}, the policy determines if an accurate prediction of Y is possible,
and if so, what is the best prediction, or, otherwise, which is the next best sensor
to deploy to collect additional data. This process continues until either a prediction

of Y is made or all available sensors are deployed. We assume that each sensor can
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be applied at most once and hence, the total number observations is bounded by
K. Therefore, a policy 7 is sequence of K + 1 decision rules m = [my, 7o, ..., Txgi1].
This assumption is valid when the randomness in the process, e.g. the observation
noise, is governed by clutter that cannot be averaged out by repeated measurements,
rather than by thermal noise. Note that 7 simply indexes the first sensor to deploy
(excluding the possibility of predicting Y without taking any observations), and
hence, m € {1,2,..., K}. Also note that 7 is used only if at all the decision
epochs the decision was to defer the prediction of Y and deploy another sensor. The
decision rule mx 1 is a map from X} x Xy x ... X Xk to V. If the objective is to try
to minimize the detection error, then it is well known that the optimal map is the

Bayes classifier [54]

*
T (21,22, ..., 2K) = arg Iileaf

PI'{Y:y’Xl :xl,ngxg,...,XK:xK}.

The domain and range of the decision rules for stages 2,..., K depend on the se-

quence of sensors deployed up to the decision time. For example, if m; = k, then
M X — ({12, K\ k)Y

If mo(zx) € ({1,2,..., K} \ k) then the decision is to take another observation using
sensor mo(z). Alternatively, if mo(zy) € Y, then the decision is that the amount of
information is sufficient and 7o () is the predictor of Y. Instead of explicitly defining
the policy through a sequence of mappings whose domains and ranges depend on past
decisions and observations, we let Z = [X7, ..., X] and define the policy 7 as a two-
dimensional function of Z. Given, the value of Z, its first argument [7(Z)]; is the

resulting sequence of sensors that were deployed prior to the final decision and its
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second argument [7(Z)]y is the prediction for Y. Note that in general, only a subset
of the elements of Z are observable at the time the final decision is made.

Denote by P.(m) = Pr{[n(Z)]» = Y} the probability of correctly predicting the
value of Y based on the data collected according to the policy m, by C([r(Z)];) the
cost associated with the sequence of sensor deployments [7(Z)]1, e.g., the number of
sensor dwells, and by E{C([7(Z)]1)} the expected cost. We assume that the cost of
the deployment of a sequence of sensors is the sum of the costs of deploying each of
the sensors, and hence, does not depend on the order of deployment. The optimal

policy 7* is the policy that maximizes

Fe(m) = AE{C([7(2)]1)}, (5.2.1)

where A is a tuning parameter that trades off the cost of data collection and the cost
of prediction error. Under certain regularity conditions, the optimal policy can be
defined though backward induction (see e.g. [93]). However, when X),..., Xk are
continuous or discrete and large, the solution becomes intractable. Furthermore, even
when X, ..., Xk are finite and relatively small, the backward induction iterations
require computing expectations with respect to the joint distribution of Z and Y.
Here, we allow A&7, ..., Xk to be continuous or discrete and large, and consider
the case in which the joint distribution of Z and Y is unknown. We assume that n
realizations of (Z,Y) are available and the goal is find a policy that maximizes (5.2.1)
based on this data set. Hence, this is a model free instance of the sequential choice
of experiments problem as formulated in [37], which, to the best of our knowledge,

has not been considered previously in the literature.
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5.3 Stochastic Decision Process Formulation

The formulation of our sequential choice of experiments problem as a finite-
horizon partially observable stochastic decision process discussed in the previous

chapter consists of several elements:

e The decision epochs determine the times at which an action is executed. In the
discrete model adopted here, decision epochs occur at t = 0,...,7. At every
decision epoch either another observation is collected, or a final prediction of Y’
is made. In the later case the processes terminates. Therefore, 7 is a random

variable that depends on the deployed policy and Z.
e The system’s state is the realization of Y which is fixed throughout the episode.
e The state at time zero is a random variable with distribution D over ).

e The state of the system cannot be directly observed but instead after every
decision epoch t = 0, ..., 7, in which the decision is to collect another obser-
vation, a noisy observation O; of the systems’ state is collected. The domain
and distribution of the observation depends on the underlying systems’ state
Y and the deployed sensor. Denote by O, = [Og, Oy, ..., O,] the observations

up to and including time ¢ < 7, and note that O, is a subset of Z.

e At every decision epoch 0 <t < 7 the agent chooses an action a;, based on the
past observations, from a set of possible actions — the action space A;. Though
not explicitly appearing in the notation, the set of available actions 4; may
depend on the past actions. In our application, only actions that correspond

to sensors that have not be previously deployed can be taken.

e The action of making the prediction of Y is a termination action that ends the

process.
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e We note that even though in our formulation the state of the system is fixed
throughout the episode, the results can be generalized to the case in which
upon taking action a at state y, the system makes a transition to state
according to a transition probability P,,. In other wards, it is possible to
generalize to the case in which the system’s states evolve as a Markov process.
This generalization is important for cases in which sensor deployment may be

sensed by the target and lead to changes in the target’s state as in [60].

e A reward r(Y, a) is received after each time an action is taken. When a sensor
is deployed to collect another observation, (Y, a) is minus the cost of deploying
sensor a regardless of the state of the system. In the application below, the
cost is the same for all sensor modalities, and it is denoted by c¢. When the
final prediction is made a reward of one unit is received only if the prediction

a = Y (0, 1) equals Y, ie., 7(Y,a) = I(a = Y), where I is the indicator

function that equals one when its argument is true and zero otherwise.

e A policy 7 is a sequence of decision rules, or mappings from past observations
to the action spaces, which specifies the action to take at each decision epoch.
The policy is composed of K + 1 decision rules (mg,7m,...,7k), however, if
the termination action is taken prior to decision epoch K then not all decision

rules are executed.

A typical episode is a sequence

ag — OO — al(Oo) — 01 — a2(51) c.

OT—I — CLT(ET_l) - ?(67—1)7
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where ag is the first decision to deploy a sensor before any observations were collected,
0y, 04, ...,0,_1 are the observations whose domains and distributions depend on Y
and the decisions ag,ay, ..., a,_1, respectively, and a,(O,_;) is a decision that the
past observations are sufficient for making a prediction on Y, and it specifies the

predictor }?(67_1). The objective is to find a policy 7 that maximizes the expected

sum of rewards:

V(r) = E; { r(Y, wt(al))} , (5.3.2)

where the expectation is taken with respect to the joint distribution of Z and Y,
which, through 7, induce a distribution on the observations Oy, Oy,...,0,_1. The
expected sum of rewards V() is called the value of the policy 7.

It is well known that when the underlying joint distribution of the system state
and the observations is known and the observations can take a finite number of pos-
sible values, it is possible to formulate the problems in terms of the information state
and solve for the optimal policy [59]. In our setting, however, the joint distribution is
unknown and the observations are, in general, continuous random variables. Approx-
imating the optimal policy in this case is a classic problem in reinforcement learning.
Here, we adopt the generative model assumption of [62]. Under this assumption,
the initial distribution D and the distribution of the observations conditioned on
the system state and the deployed sensor are unknown but it is possible to generate
realizations of the system state Y according to D and observations conditioned on
arbitrary state Y and deployed sensor. In particular, we assume that we have n re-
alizations of the pair (Z,Y") denoted by {(Z1,Y1),(Z2,Ys),...,(Zs, Yn)}. Note that
given a realization (Z7,Y)) it is possible to generate the entire decision tree associ-

ated with the sequential choice of experiment problem. Given a realization (Z;,Y7)
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and a policy 7, it is possible to follow the path that a system that uses 7 will follow
and compute the sum of rewards for this realization. Prior to the prediction of Y,
the rewards are minus the sensor deployment costs, and, at the prediction epoch, a
unit reward is received only if ?(57_1) =Y}, where ?(57_1) is chosen by following
the path induced by .

Now, consider a class of policies II, i.e., each element m € II is a sequence of
decision rules m = (m, 7, ..., k). It is possible to estimate the value V(7) (5.3.2)
of any policy in the class from the set of trajectory trees by simply averaging the
sum of rewards on each tree along the path that agrees with the policy [62]. A policy
specifies the action to take at each decision epoch and so there is exactly one path
in every tree that agrees with a given policy. Denote by VZ(W) the observed sum of
rewards on the i’'th tree along the path that corresponds to the policy 7. Then the

value of the policy 7 is estimated by
Vo(m) =n"" Z Vi(m). (5.3.3)
i=1

In [62], the authors show that with high probability (over the data set) V() con-
verges uniformly (over II) to V(m) with rates that depend on the VC-dimension of
the policy class. This result motivates the use of policies 7 with high ‘A/n(w), since
with high probability these policies have high values of V(7).

In the previous chapter it is shown that while the task of finding the global
optimum within a class of non-stationary policies may be overwhelming, the approx-
imate dynamic programming algorithm leads to a sequence of single step reinforce-
ment learning problems which can be reduced to a sequence of weighted classification

problems.
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If the action space is not binary, as in the problem described below, the reduc-
tion leads to a sequence of multi-class weighted classification problems. These can
be solved using re-sampling methods or heuristic extensions of methods for binary
weighted classification (see [1] for both approaches), as done with the application
of the k-nearest neighbor algorithm to be described below. Alternatively, one can
use the reduction of [62] that converts a multi-action RL problem into a binary RL
problem by introducing dummy decision epochs, as done for the application of the
weights-sensitive neural network in the problem below. The reduction is operated on
every stage at which more than two actions are available. Note that it is possible to
describe any action as the answer to at most [log,(L)]| ’yes or no‘ questions, where
L is the number of actions, and [z] is the smaller integer larger than or equal to .
Then, every stage with more than two actions is described by the decision tree asso-
ciated with these binary decision epochs. Once an intermediate decision is made, it
corresponds to a transition to the same state, i.e., the state does not evolve, but the
action space is halved. Only when the decision is between two actions, the chosen

action is executed and a state transition occurs.

5.4 Sensor Scheduling for Land-Mine Detection

This section reviews a sequential choice of experiment problem that arises in the
design of unmanned land-mine detection vehicle. The vehicle carries three sensors for
performing the detection: an EMI sensor, a ground penetrating radar (GPR), and
an acoustic sensor. As can be seen in Figure 5.1, the sensors have different responses
under different types of land-mines and clutter. In addition, deploying a sensor takes
time and energy and hence not all sensors are deployed at every potential land-mine

location. Upon reaching a new location, in which a land-mine is potentially present,
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a policy that trades of the cost of a sensor deployment and detection probability
determines the first sensor to deploy. Based on the collected measurement, either
a prediction regarding the presence of the land-mine is made or a second sensor
is deployed. Finally, based on the output of the first two deployed sensors, either
a prediction regarding the presence of the land-mine is made or a third sensor is
deployed followed by the final prediction based on all three measurements. The goal
is to maximize the probability of correct detection minus a constant ¢ > 0 (5.2.1)
times the number of sensor dwells.

Since there are a total of three sensors Z = [ X7, Xo, X;3]. The state space is binary
Y = {0,1}, where Y = 0 means no land-mine is present and Y = 1 indicates the
presence of a land-mine. The decision tree associated with this problem is presented

in Figure 5.2.

EMI GPR Seismic

Rock

Nail

Plastic Anti-personnel
Mine

Plastic Anti-tank Mine

Figure 5.1: Sensors signatures for several land-mine and clutter types.

Figure 5.4 summarizes the features extracted from each sensor and their expected
signatures under different scenarios. In the simulation, one of the possible eight

scenarios was first chosen randomly. Then, a realization of each of the features,
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New location

EMI GPR Seismic
EMI data GPR data Seismic data
m A/l\A
00O 000
EMI Seismic

EMI data @ Seismic data
/ O\

000
Seismic data

Final detection

Figure 5.2: The decision tree associated with the land-mine detection problem.

which together compose Z, is generated as a Gaussian random variable with means
0, 0.5, or 1, corresponding to low, medium, or high, respectively. The covariances
of sensors 1, 2, and 3, were 0.5/, 0.45] and 0.1, respectively, where [ is the 2-
dimensional identity matrix. These values of means and covariances were chosen in
correspondence with experiments that were conducted in a sand box [80]. Hence
the marginal distribution of the vector of sensor outputs is a five-dimensional eight-
component Gaussian mixture.

Before searching for the optimal sensor scheduling policy, the classifiers

Y (0,),Y(0y),Y (03)
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for all possible combinations of sensor selections

Xla X25 X37
<X17 XQ)) (Xla X3)7 <X27 X3)7

<X17 X27 X3)

were found by training two-layer feed-forward neural networks, each with ten input
and two output nodes, on 1000 samples of (Z,Y). By testing the performance of
these classifiers on a separate test set of 1000 samples, we found that the best single
sensor to use for detecting a land-mine is the EMI sensor, that the two best fixed
sensors are GPR plus the Seismic, and that in this scenario the classifier which is
based on the output of all three sensors has a probability of correct detection of
0.887. The search for the optimal sensor scheduling policy was conducted while
these classifiers remained fixed. In other words, only decisions regarding whether or
not to deploy a sensor, and which sensor to deploy next were considered. Since the
classifiers remained fixed during the policy search, once a decision to make prediction
is made, the reward is gained according to the classifier output, without trying to
further optimize its performance.

As explained above, the optimal policy was approximated by introducing dummy
decision epochs, so that all the decisions are binary. We then performed the nonlin-
ear Gauss-Seidel decomposition into a sequence of single-stage binary reinforcement
learning problems. Each subproblem was then converted to a weighted classification
problem that was solved by a weights-sensitive two-layer feed-forward neural network
with seven input and two output nodes.

Figure 5.3 summarizes the results. The horizonal axis is the average number of

sensor dwells and the vertical is the probability of correct detection. The three solid

187



circles correspond to the performance of the best single sensor, best two sensors,
and the performance when all three sensors are deployed, respectively. These points
are connected by a solid line that corresponds to performance that can be achieved
by randomly selecting one of these fixed sensor configurations. The crosses corre-
sponds to the performance (estimated from a 1000 trail test set) obtained by the
approximated optimal sensor scheduling policies. Each cross correspond to a differ-
ent choice of ¢ (5.2.1), ranging from ¢ = 0.2 at the left lower corner and ¢ = 0 at
the outmost upper right cross. When ¢ = 0.2 the price of taking more than a single
measurement is too dear compared to the improvement in the probability of correct
detection and the policy dictates making decision using only a single sensor. As ¢
decreases, more and more observations are allowed. It is interesting to see that when
c is zero, i.e, the sensor deployment cost is zero, the algorithm does not always deploy
all three sensors, but achieves better performance than when all three sensors are
always deployed. This happens since the classifiers used at the prediction stages are
not the Bayes classifiers (in which more information can never worsen performance)
but rather sub-optimal classifiers that were found by training neural networks.

It is encouraging that by training the neural networks we found a policy that
accounts for generalization errors at the predictor level and do not collect the third
observation when that observation might lead to a worse prediction. In summary, it
can be seen that through sensor scheduling it is possible to achieve better classifi-
cation performance with fewer average number of sensor dwells. The actual sensor
sequences taken under the possible eight scenarios when the policy whose perfor-
mance cross is circled is presented in Figure 5.4. It is seen that the optimal policy
dictates that the first deployed sensor is the GPR sensor even though the optimal
single sensor is the EMI sensor. This is not surprising since an optimal sensor schedul-

ing optimizes the future sum of rewards rather than choosing the sensor whose stand
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s == Performance
obtained by
=== randomized
sensor allocation

+ Performance

1 obtained by
optimal sensor
scheduling

Always deploy|
Always deploy best of two  three sensors
sensors: GRP + Seismic

Optimal sensor
scheduling improves

1) . 1 detection performance
Always deploy best single . .
sensor: EMI while reducing average
dwell time.
..7‘ Il Il Il Il Il Il Il Il Il
1 1.2 1.4 1.8 13 2 22 24 26 23 3

Average number of senser dwells

Figure 5.3: Performance of sensor-scheduling-based detection compared to detection
under optimal fixed sensor allocations.

Object Type
1 2 3 4 5 6 7 8 Feature
M-AT M-AP P-AT P-AP Cltr-1 Cltr-2 Cltr-3 Bkg Description
High High Medium | High High Low Low Low Conductivity
EMI
Sensor (1) High High High Medium | Medium | Low Low Low Size
High Medium | High Medium | Low Low Low Low Depth
GPR
2 High Medium | High Medum | High High High Low RCS
Seismic
3) High Medium | High Medium | Medium | Medium | Low Low Resonance
Optimal 2 2 2 2 2 2 2 2
sequence for 3 1 3 1 3 3 3 3
mean state D D D 3 D D D D

Figure 5.4: Sensor mean responses under various scenarios. M-Metal, P-Plastic, AP-
Anti personal, AT-Anti tank, Cltr-1-Hallow metal clutter, Cltr-2-Hallow non-metal
clutter, Cltr-3-Non-metal non-hallow clutter, Bkg-Background.
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alone performance are the best. Furthermore, only when the underlying system state
is a plastic anti-personal land-mine, which has the weakest signature, does the pol-
icy dictate using all three sensors. In other cases, two sensors are sufficient for the

land-mine detection.

5.5 Waveform Selection for Land Monitoring Satel-
lite

In this section, the optimal sensor scheduling algorithm is applied to real data for
the problem of waveform selection for a LANDSAT land monitoring satellite. The
satellite collects a radar backscatter on a patch of land and the goal is to classify the
land type based on the returned signal. Given a new probing location, the satellite
can transmit one of four possible waveforms. The different waveforms correspond to
different frequency bands. Therefore, Z = [X7, X5, X3, X4]. Each of the observations
Xi,..., X4 is a 9-dimensional vector taking values in [0,255]?, and hence, Z is a
36-dimensional vector. There are six land types, and hence Y = {1,2,...,6}. In the
public data set [109], there are 4435 points in the training set and 2000 in the test set.
For a more detailed explanation of the problem see [54] chapter 13. In this section we
explore, using sensor scheduling, reducing the number of waveform (frequency band)
transmissions. In particular, we find policies that select the first best two frequency
bands and based on the outcome determine if the remaining frequency bands are
required, or whether the first two bands provide sufficient information for classifying

the land type. Hence, at the first decision epoch there are six possible actions leading
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to six possible measured pairs of frequency bands:

{[X1, X5], [ X1, X3), [ X1, X4, ...

[X27 X3]7 [X27 X4]7 [X37 X4]}

The land type classifiers are the k-nearest neighbors algorithm with & set to
5, as recommended in [54] for the non-sequential problem. Two classifiers for the
policy search were considered. The first is a [7,5, 2] feed-forward weights-sensitive
neural network with sigmoid activation functions. The neural network is trained to
minimize the objective function (ref to multi stage with surrogate objective) with ¢
being the truncated squared error loss. The second is a weights-sensitive k-nearest
neighbor, where k& = 30, chosen using leave-one-out cross validation [54]. At every
given point, the k-nearest neighbor algorithm chooses the actions that minimizes
the weighted classification error averaged on the point’s k£ nearest neighbors in the
training set. The performance are summarized in Figure 5.5. The crosses correspond
to the performance of policies that were found by weights-sensitive k-nearest neighbor
classifiers as ¢ ranges from 0 to 0.18. The squares correspond to the performance of
policies that were found by weights-sensitive [7, 5, 2] feed-forward neural networks for
four values of ¢. To study the effect of the initial network weights distribution, for
each value of ¢, the neural networks training was initiated at four random weights
selections, leading to four resulting policies. As can be seen, under both learning
configurations it is possible to obtain a range of trade-offs between sensor deployment
cost and classification performance. Particularly, the policy learned by the k-nearest
neighbor classifier with ¢ = 0.02 almost achieves the same performance as when all
sensor modalities are used, but with a significant reduction in deployment cost. From

comparing the performance of the k-nearest neighbor classifier based policy with the
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Figure 5.5: Performance of sensor scheduling algorithm for the land monitoring
satellite problem.

one based on the neural networks it is seen that the performance achieved by the

two architectures are comparable.
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