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Introduction

Electromagnetic inverse scattering [1] continues to be an active research area with
applications ranging from environmental sensing to oil exploration and see-through-wall
(STW) imaging. Among the many available techniques, the Born iterative method and its
many descendants continue to be the most widely used [2]. The ill-posedness of Born
iterations has often been alleviated via Tikhonov regularization [1], which promotes
smoothness in the reconstruction. That said, in many applications including molecular
and STW imaging [3], sparseness of the scatterers can be used to regularize the inverse
scattering problem as well. Sparsity regularization was first proposed for linear inverse
problems in [4] and then extended for image processing applications in [5-6]. In this
paper, an inverse scattering technique that uses sparsity-regularized Born iterations is
proposed. Application of the proposed technique to the reconstruction of a sparse two-
dimensional (2D) dielectric profile shows that it produces images that are sharper than
those obtained using Tikhonov-regularized Born iterations.

Formulation
A. Discretization of Electromagnetic Equations

Consider a cylindrical (z—invariant) scatterer V' that resides in a background medium
with permittivity &, and permeability . Let £.(x,y) denote V ’s relative permittivity.
A finite set of receivers (Rs) and a line-source transmitter (7 ) are located around V
(Fig. 1). The transverse magnetic (TM) field

E™ (x, ) ==0.250p,] H (k= x7) + (y = 71, (1)

produced by the transmitter, which carries a current / and is located at (x;,y,), induces

volume polarization currents J_(x,y) in V. These currents satisfy the integral equation

E.(x,3) = EX(x,7) = 02501, [[ J.(<, ) H (b [(x =) + (= yNex'dy’.  (2)

Here, the total field E_(x,y) satisfies
J.(x,y) = jos,0e(x, y)E_(x, ), 3)

o is the frequency, k,=w./s,u, is the background medium’s wave number, and
oe(x,y)=¢,(x,y)—1 1is the scatterer’s contrast. To discretize (2) and (3), V is
approximated by square cells, and de(x,y) and J_(x,y) are approximated as



58(x,y)=depk(x,y), Jz(x,y)=ijpk(x,y), 4

where the basis function p, (x,y) is 1 for (x,y) e cell k, and zero elsewhere. Inserting
(4) into (2), and evaluating the resulting equation at cell centers (x,,y,), k=L...,N,
yields

EX =E, -E =G J. (5)
Here, EX*, E,

evaluated at (x,,»,), m=1..,N; J(k)=j, k=1,..,N, is a vector of current
coefficients (see (4)), and the entries of the matrix G, are [7]

~ou,ra, (2k)J, (ke ) Hy (kyyJ(x, = %)+ (3, = 3,)), m#k
—wuyra, 12k H\ (kya, )+ jou, | k2, m=k ’

and Eivnc are vectors of scattered, total, and incident field values

G, (m,k) ={ (6)

where @, is the radius of the circle that has the same area as k" cell. Inserting (4) into
(3) and evaluating the resulting equations at cell centers yields

J = jos,diagid}E,, %)

where d(m)=d,,,
also holds true at receiver locations (x;,yp), m=L,...,N,; inserting (4) into (2) and

m=1,...,N, is a vector of contrast coefficients (see (4)). Equation (2)

evaluating the resulting equation at (xg,yy ), m=1,..., Ny, yields
EX =E, —E} =G_J. (®)

Here, E;*, E, and Eil:" are vectors of scattered, total, and incident field values

m

evaluated at (xg,yy ), m=1,..., N, and the entries of the matrix G, are

G (m,k) = —wpyra, [(2ky)J, (koa, ) HE (kg (5 = x) + (Vi = 9,))- ©)

B. Sparsity Regularization

m

Consider a noisy scattered field E;“"“ measured (or synthetically created) at (xz,)g),
m=1,..,N;. We wish to find a vector of contrast coefficients, d(k)=d,, k=1,..,N,
that will minimize the difference of EX* and E™ in the least square sense:
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d, = argmin‘
‘ i (10)

2

E —Hd

=arg mdm‘ E —ja)goGRa’iag{d}EVH2 =arg rr}jm‘
where H = jwe Gydiag{E }. It should be noted here that E, (and hence H) is a
function of d (see (5)); and (10) is a nonlinear minimization in d. The reconstruction of
d can be improved assuming that it is sparse (i.e. many of contrast coefficients d,
k=1,...,N, are zero) [4]. With this assumption (10) should be minimized under a sparsity
promoting constraint, d||1 <y. Using optimization transfer to find a surrogate function
necessary to implement closed form iterations as described in [5, 6], the n™ update of the
iterative solution to (10) is formulated as




d(ﬂ+1) :d(") +lH(”)H (E;Cdt _H(")d("))
P (11)

d(n+l) — T(d(n+l) )'

Here, T'(.)is a soft-threshold function and parameter p satisfies p>s /2, where s__
is the maximum singular value of the matrix product H"H"", to guarantee non-
increasing iterations [5, 6]. It should be noted that setting p to a very large value results
in slower convergence; in other words, p trades-off stability with fast convergence.
Equation (11) is iterated in the same way as the Born iterative method inversion would be
[5, 6]: Before the first iteration, H" is computed using the Born approximation, i.e.
H" = jowe,G diag{E™}. Next, d? is updated using (11) assuming d"” =0. During the
second iteration, (5) is solved for J® to compute H"; then E¥ is computed using
E?(k)=J%(k)/(jwe,d? (k)) k=1,..,N; and finally H“” is computed using
H® = jwe,G,diag{E?}. This iterative procedure is repeated until d” converges. The
computational cost of these iterations is dominated by the cost of solving (5) for J. To
allow for the reconstruction of electrically large scatterers, solution of (5) is accelerated
using a 2D implementation of the adaptive integral method (AIM) [8]. It is noted that the
notion of sparsity-regularized Born iterations can easily be extended to allow for multiple
transmitters and frequencies.

Numerical Results

To demonstrate the benefits of the sparsity regularization, the proposed method is used to
determine the relative permittivity profile of a scatterer using synthetically created
scattered fields Esff‘“. The scatterer’s original profile and transmitter-receiver
configuration are shown in Fig. 2. The relative permittivities of the regions shown in
blue, yellow, and red are 1.0, 1.5, and 2.0, respectively. The 21 mx21 m scatterer is
discretized using N =19600 square cells with edge length 0.15 m. It is excited at five
frequencies f = {40, 80, 120, 160, 200} MHz using N, =72 line-source transmitters.
The scattered fields are computed at N, =72 receiver points. All transmitters and
receivers are located on a circle of radius 15.2 m centered at the midpoint of the
scatterer. Figs. 3(a) and (b) present the images of the relative permittivity profile
converged after 80 Born iterations regularized by sparsity and Tikhonov regularization
that uses conjugate gradient iterations [1]. It is clear from Fig. 4 that sparsity-regularized
Born iterations produce a sharper image.
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Figure 1: Description of the 2D
inverse scattering problem.
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Figure 2: Original profile and
transmitter-receiver configuration.
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Figure 3: Images of the relative permittivity profile converged after 80 Born
iterations regularized by (a) sparsity and (b) Tikhonov regularization that uses

conjugate gradient iterations.
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