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Partial Update LMS Algorithms

Mahesh Godavarti, Member, |EEE, and Alfred Hero, Fellow, |IEEE

Abstract— Partial updating of LMS filter coefficients is an referred to as the “Periodic LMS agorithm” and the “ Sequen-
effective method for reducing computational load and power con- tig LMS algorithm”. To reduce computation needed during the
sumption in adaptive filter implementations. This paper presents update part of the adaptive filter by a factor of P, the Periodic

an analysis of convergence of the class of Sequential Partial . . .
Update LMS algorithms (S-LMS) under various assumptions and LMS alg’orllthm. (P',LMS) updates "’?” thg filter coefﬁuernts
Pth jteration instead of every iteration. The Sequential

shows that divergence can be prevented by scheduling coefficientevery
updates at random, which we call the Stochastic Partial Update LMS (S-LMS) algorithm updates only a fraction of coeffi-
LMS algorithm (SPU-LMS). Specifically, under the standard cients every iteration. Another variant referred to as “Max
independence assumptions, for wide sense stationary signals thePartiaI Update LMS agorithm” (Max PU-LMS) has been pro-
S-LMS algorithm converges in the mean if the step size parameter . . “

w1 is in the convergent range of ordinary LMS. Relaxing the posed in [.1]' [9]', [10]. Yet another Var"'_“m known as the “set-
independence assumption it is shown that S-LMS and LMS Mmembership partial-update NLMS algorithm” (SMPU-NLMS)
algorithms have the same sufficient conditions for exponential based on data-selective updating appearsin [8]. The algorithm
stability. However, there exist non-stationary signals for which  combines the ideas of set-membership normalized algorithms
the existing algorithms, S-LMS included, are unstable and do with the ideas of partiad update algorithms. These variants

not converge for any value of u. On the other hand, under :
broad conditions the SPU-LMS algorithm remains stable for non- have data dependent updating schedules and therefore can

stationary signals. Expressions for convergence rate and steady have faster convergence, for stationary signas, than P-LMS
state mean-square error of SPU-LMS are derived. The theoretical and S-LMS algorithms that have data independent updating

results of this paper are validated and compared by simulation schedules. However, for non-stationary signals it is possible

through numerical examples.

Index Terms—partial update LMS algorithms, random up-
dates, sequential algorithm, periodic algorithm, set-membership,
max partial update, exponential stability.

I. INTRODUCTION

HE least mean-squares (LMS) agorithm is a popular

algorithm for adaptation of weights in adaptive beam-
formers using antenna arrays and for channel equalization to
combat intersymbol interference. Many other application areas
of LMS include interference cancellation, echo cancellation,
space time modulation and coding, signal copy in surveillance
and wireless communications. Although there exist algorithms
with faster convergence rates like RLS, LMS is popular
because of its ease of implementation and low computational
costs [18], [20], [25].

Partial updating of the LMS adaptive filter has been pro-
posed to reduce computational costs and power consump-
tion [13], [14], [22] which is quite attractive in the area of
mobile computing and communications. Many mobile com-
munication devices have applications like channel equalization
and echo cancellation that require the adaptive filter to have
a very large number of coefficients. Updating the entire
coefficient vector is costly in terms of power, memory, and
computation and is sometimes impractical for mobile units.

Two types of partial update LMS agorithms are prevalent
in the literature and have been described in [11]. They are
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that data dependent updating can lead to non-convergence.
This drawback is illustrated by comparing Max PU-LMS and
SMPU-NLMS to the regular LMS and proposed SPU-LMS
algorithms through a numerical example. SPU-LMS is similar
to P-LMS and S-.LMS algorithms in the sense that it also uses
data independent updating schedules. Thus, while analytical
comparison to Max PU-LMS and SMPU-NLMS agorithms
would be interesting, comparisons are limited to S.LMS and
P-LMS.

In [11], for stationary signals, convergence conditions were
derived for the convergence of S-LMS under the assumption of
small step-size parameter (1) which turned out to be the same
as those for the standard LMS algorithm. Here, bounds on
1 are obtained that hold for stationary signals and arbitrary
fixed sequence of partial updates. First, under the standard
independence assumptions, it is shown that for stationary
signals first order stability of LMS implies first order stability
of SLMS. However, the important characteristic of S-LMS,
which is shared by P-LMS as well, is that the coefficients
to be updated at an iteration are pre-determined. It is this
characteristic which renders P-LMS and S-LMS unstable
for certain signals and which makes an aternative random
coefficient updating approach attractive.

In this paper, we propose a new partial update algorithm
in which the subset of the filter coefficients that are updated
each iteration is selected at random. The algorithm, referred to
as the Stochastic Partial Update LMS agorithm (SPU-LMS),
involves selection of a subset of size % coefficients out of P
possible subsets from a fixed partition of the N coefficients
in the weight vector. For example, filter coefficients can be
partitioned into even and odd subsets and either even or
odd coefficients are randomly selected to be updated in each
iteration. Conditions on the step-size parameter are derived
that ensure convergence in the mean and the mean sguare



sense for stationary signals, for deterministic signals, and for
the general case of mixing signals.

Partial update algorithms can be contrasted against another
variant of LMS known as the Fast Exact LMS (FE-LMYS)
[4]. Here also the updates are done every P! instead of
every iteration (P has to be much smaller than N, the filter
length, to realize any computational savings [4]). However,
the updates after every P* iteration result in exactly the
same filter as obtained from LM S with P updates done every
iteration. Therefore, the algorithm suffers no degradation with
respect to convergence when compared to the regular LMS. A
generalized version of Fast Exact LMS appears in [5] where
the Newton transversal filter is used instead of LMS.

When convergence properties are considered the FE-LMS
algorithm is more attractive than the PU-LMS agorithm.
However, PU-LMS agorithms become more attractive when
the available program and data memory is limited. The com-
putational savings in FE-LMS come at the cost of increased
program memory, whereas PU-LMS algorithms require negli-
gible increase in program size and in some implementations
might reduce the data memory required. Moreover, in FE-LMS
the reduction in number of execution cycles is offset by the
additional cycles needed for storing the data in intermediate
steps. Finaly, the computational savings for the FE-LMS
algorithm are redlized for a time-series signal. If the signal
happens to be the output of an array, that is the output of an
individual antenna is the input to a filter tap, then the method
employed in [4] to reduce computations no longer holds.

The main contributions of this paper can be summarized as
follows:

« For stationary signals and arbitrary sequence of updates

it is shown without the independence assumption, that S-
LMS has the same stability and mean-square convergence
properties as LMS.

« Signal scenarios are demonstrated for which the prevalent
partial update algorithms do not converge.

« A new agorithm is proposed, called the Stochastic Partial
Update LMS Algorithm (SPU-LMS), that is based on
randomizing the updating schedule of filter coefficients
that ensures convergence.

« Stability conditions for SPU-LMS are derived for station-
ary signal scenarios and it is demonstrated that the steady
state performance of the new algorithm is as good as that
of the regular LMS algorithm.

« A persistence of excitation condition for the convergence
of SPU-LMS is derived for the case of deterministic
signals and it is shown that this condition is the same
as for the regular LMS algorithm.

o For the genera case of mixing signals it is shown that
the stability conditions for SPU-LMS are the same as
that of LMS. The method of successive approximation is
extended to SPU-LMS and the results used to show that
SPU-LMS does not suffer a degradation in steady state
performance.

o It is demonstrated through different examples that for
non-stationary signal scenarios, as might arise in echo
cancellation in telephone networks or digital commu-
nication systems, partial updating using P-LMS and S
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LMS might be undesirable as these are not guaranteed
to converge. SPU-LMS is a better choice because of its
guaranteed convergence properties.

The organization of the paper is as follows. First in Sec-
tion 1l, a brief description of the sequential partial update
algorithm is given. The algorithm is analyzed for the case of
stationary signals under independence assumptions in Section
[1-A. The rest of the paper deals with the new algorithm.
A brief description of the algorithm is given in Section Il
and its analysis in Sections IlI-A (uncorrelated input and
coefficient vectors), I11-B (deteriministic signals) and 111-C
(correlated input and coefficient vectors). It is shown that the
performance of SPU-LMS is very close to that of LMS in
terms of stability conditions and final mean sguared error.
Section IV discusses the performance of the new algorithm
through analytical comparisons with the existing partial udpate
algorithms and also through numerical examples (Section V-
A). In particular Section IV demonstrates, without the inde-
pendence assumption, the exponential stability and the mean-
square convergence analysis of S.LMS for stationary signals
and of P-LMS for the general case of mixing signals. Finally,
conclusions and directions for future work are indicated in
Section V.

Il. SEQUENTIAL PU-LMS ALGORITHM
Let {z;x} be the input sequence and let {w; ,} denote the

coefficients of an adaptive filter of odd length, N. Define

Wi, I

Xy =
where the terms defined above are for the instant £ and T’
denotes the transpose operator. In addition, Let d; denote the
desired response. In typical applications dy, isaknown training
signal which is transmitted over a noisy channel with unknown
FIR transfer function.

In the stationary signal setting the offline problem is to
choose an optimal W such that

¢ = B(dy — yr)(dr — )]
= E[(d — WIXy)(dp — WHXp)"]
is minimized, where a* denotes the complex conjugate of a

and W = (WT)* denotes the complex conjugate transpose
of W. The solution to this problem is given by

Wopt = R™'r (1)

where R = E[X; X}] and r = E[d}X}]. The minimum
attainable mean square error £W) is given by

Emin = Eldpd;] — r" R 1r.

For the following analysis, we assume that the desired
signd, d;, satisfies the following relation® [11]

de = WX+ ny, )

[wl,k wgvk wN,k
(%1, Tok Tag - TN

INote: the model assumed for dj, is same as assuming d;, and X}, are
jointly Gaussian sequences. Under this assumption dy, can be written as d, =
WH, Xy, +my, where Wop isasin (1) and my, = dj, — W2, X, Since
E[miXy] = E[Xpdi] — E[Xp X ]Wop: = 0 and my, and X, are jointly
Gaussian we conclude that mj, and X, are independent of each other which
is same as moddl (2).



SHELL et al.: BARE DEMO OF IEEETRAN.CLS FOR JOURNALS

where X, is a zero mean complex circular Gaussian? random
vector and ny, is a zero mean circular complex Gaussian (not
necessarily white) noise, with variance &,,,;,,, uncorrelated with
X

Assume that the filter length N is a multiple of P. For
convenience, define the index set S = {1,2,...,N}. Par-
tition S into P mutually exclusive subsets of equa size,
S1, So,...,Sp. Define Z; by zeroing out the j** row of
the identity matrix I if j ¢ S;. In that case, Z; X}, will have
precisely % non-zero entries. Let the sentence “choosing S;
at iteration k" stand to mean “choosing the weights with their
indices in S; for update at iteration k”.

The S-LMS agorithm is described as follows. At a given
iteration, k, one of the sets S;, i = 1,..., P, is chosen in a
pre-determined fashion and the update is performed. Without
loss of generdlity, it can be assumed that at iteration k&, the
set Spypy1 is chosen for update, where k%P denotes the
operation “k£ modulo P”.

Wk+1,5 = {

where e, = d, — W} X;.. The above update equation can be
written in a more compact form

if j € Skpi
otherwise

W, j + PELTE,j
Wk, j

Wig1 = Wi + perZroypr1 Xk- 3

In the specia case of odd and even updates, P = 2, S;
consists of all odd indices and S, of al even indices.
Define the coefficient error vector as

Vk = Wk - Wopt

which leads to the following coefficient error vector update
for SLMS when £ is even

Vipr = (= pL X X{Vi + pniTy X,

and the following when % is odd

Vipr = (I = pLXo XVie + pniZo X

A. Analysis. Sationary Sgnals, Independent Input and Coef-
ficient Veectors

Assuming that d; and X are jointly WSS random se-
guences, we analyze the convergence of the mean coefficient
error vector E [Vi]. We make the standard assumptions that
Vi and X, are independent of each other [3]. For regular full
update LMS algorithm the recursion for E [V;] is given by

(4)

where I is the N-dimensional identity matrix and R =
E [X,X'] is the input signal correlation matrix. The well
known necessary and sufficient condition for E[V;] to con-
verge in (4) is given by [18]

E Vi) = (I — pR)E[V]

p(I — pR) <1

2A complex circular Gaussian random vector consists of Gaussian random
variables whose marginal densities depend only on their magnitudes. For more
information see [24, p. 198] or [21]

where p(B) denotes the spectral radius of B (p(B) =
max |A;(B)[). This leads to

0 < st < 2/Amaz(R) )

where A\, (R) is the maximum eigen-value of the input
signal correlation matrix R. Note that this need not trandlate to
be the necessary and sufficient condition for the convergence
of E[Vi] in actudity as (4) has been obtained under the
independence assumption which is not true in general.

Taking expectations under the same assumptions as above,
using the independence assumption on the sequences Xy, ng,
the independence assumption on X and Vj, we obtain when
k is even

EVi] = (I = pIiR)E [Vi]
EViye] = (I = pZ2R)E [Viq 1]
and when k is odd
E Vi) = (I — pI2R)E [Vi]
EViye] = (I = pIiR)E [Viy1]

Simplifying the above two sets of eguations we obtain for
even-odd S-LMS when k is even

EVito] = (I — pI2R)(I — pI1 R)E[Vi] (6)
and when & is odd
EVito] = (I = pLiR)(I — pI2R)E[Vi]. (7

It can be shown that under the above assumptions on X, Vi
and dy,, the convergence conditions for even (p(( —uZ2R)(I—
uI1R)) < 1) and odd update equations (p((I — pZ;R)(I —
1IyR)) < 1) areidentical. We therefore focus on (6). It will be
shown that if p(7—pR) < 1then p((I—pZoR)(I—pZiR)) <
1.

Now, if instead of just two partitions of odd and even
coefficients (P = 2) there are any number of arbitrary
partitions (P > 2) then the update equations can be similarly
written as above with P > 2. Namely,

P
EVirr] = [ [U = 1Ziimy9p 1 R) EVA]-

i=1

(8)

Zi, i = 1,..., P is obtained from I, the identity matrix of
dimension N x N, by zeroing out some rows in I such that
S Li=1

We will show that for any arbitrary partition of any size
(P > 2); SLMS converges in the mean if LMS converges
in the mean. The case P = 2 follows as a special case.
The intuitive reason behind this fact is that both the mean
update equation for LMS, E[Vi4+1] = (I — pR)E[V}] and
the mean update equation for SLMS, E[Vii1] = (I —
wIpppi1R)E[VE], ¢ = 1,..., P try to minimize the mean
squared error E[V,|RE[V}]. This error term is a quadratic
bowl in the E[V}] co-ordinate system. Note that LMS moves
in the direction of the negative gradient — RE[V},] by retaining
al the components of this gradient in the E[V}] co-ordinate
system whereas S-LMS discards some of the components
a every iteration. The resulting direction, in which S-LMS



updates its weights, obtained from the remaining components
can be broken into two components, one in the direction of
—RE[V}] and one perpendicular to it. Hence, if LMS reduces
the mean squared error then so does S-LMS.

Theresult is stated formally in Theorem 2 and the following
theorem is used in proving the result.

Theorem 1: [19, Prob. 16, page 410] Let B be an arbitrary
N x N matrix. Then p(B) < 1 if and only if there exists some
positive definite N x N matrix A such that A — B AB is
positive definite. Here p(B) denotes the spectral radius of B
(p(B) = maxi . |\i(B)).

Theorem 2: Let R be a positive definite matrix of d| men-
sion N x N with p(R) = A\pnaz(R) < 2 then p(H (I =
Z;R)) < 1 whereZ;, i = 1,..., P are obtained by zeroing
out some rows in the identity matrix I such that Zf;l I, =1.
Thus if X, and d; are jointly wide sense stationary then S
LMS converges in the mean if LMS converges in the mean.
Proof: Let xo € @'V be an arbitrary non-zero vector of length
N.Letx; = (I - T;R)x,_,. Also, let P = [[_, (I — T, R).

First we will show that x7Rx; < xF Rx; 1 —

OéXlH_lRIiRXi_l, where a = %(2 - )\maw(R)) > 0.

x? (I = RT)R(I — T;R)x;_1
= Xfilei,l — axfilRIini,l —

Bx? RT;Rx; 1 +x" |RT;RT;Rx;

H
x;" Rx; =

where 6 = 2 — «. If we can show SRZ;R — RZ;RZ;R is
positive semi-definite then we are done. Now

1
BR)LR.

Since 5 = (1 + Anaz(R)/2) > Amasz(R) it is easy to see that
- %R is positive definite. Therefore, BRZ; R — RZ; RT;R is
positive semi-definite and

BRI;R — RT;RT;R = BRT;(I —

X; Rxlgx T Rxq — axf{lRL-in,l.

Combining the above inequdity for i = 1,..., P, we note
that x2 Rxp < x{'Rxo if x2RT;Rx;_1 > 0 for at least
onei, i =1,...,P. We will show by contradiction that is
indeed the case.

Suppose not, then x| RZ,Rx; 1 = 0 for al i, i =

., P. Since, xi' RT; Rx, = 0 this implies 7 Rxy = O.
Therefore, x; = (I — Z1R)xo = xp. Similally, x; =
xo for al 4, ¢« = 1,...,P. This in turn implies that
xtRT;Rxy = 0 for al i, i = 1,..., P which is a contra-
diction since R(ZZ 1Ii)R isa pos1t|ve—def|n|te meatrix and
O_ZfﬁfoRIRXO—Xo (Zz 1 Zi)Rxo # 0.

Finally, we conclude that

x'PH RPx, = x8 Rxp < x{' Rxo.

Since x, is arbitrary we have R — P RP to be positive
definite so that applying Theorem 1 we conclude that p(P) <
1.

Finally, if LMS converges in the mean we have p(I —uR) <
1 or Mgz (R) < 2. Which from the above proof is sufficient
for concluding that p(Hil(I — uZ;R)) < 1. Therefore, S
LMS also converges in the mean. B
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Remark 1: Note that it is sufficient for Z; to be such that
S 7,7, is positive definite. That means that the subsets
updated at each iteration need not be mutually exclusive.

Remark 2: It is interesting to note that in the proof above
if:

1) we choose o = 3(2—

for each i
2) wewrite SRT;R— RT;RI;R as BRZI;(Z;—
instead of as BRT;(I — %R)LR
then it can be shown that for stationary signals the sequential
algorithm enjoys a more lenient condition on x for conver-
genceinthemean: 0 < p < m This condition
is more lenient than that of regular LMS: 0 < i < Amx(R)

With a little extra effort a tighter bound on the spectra
radius of []/_, (I — uLR) can be demonstrated.

Theorem 3: FiX p* < 2/Ama(R) and let Z; be such that
Zl 1Z; = I. Then there exists a constant 0 < «,,~ dependent
only on p* such that p(HZ (I = pZ;R)) is contained within
acircle of radius (1 — pay,«) for al 0 < p < p*.

Proof: Let xo € @V be an arbitrary non-zero vector of
length N as before. Let x; = (I — pZ; R)x;—1. and P(u) =
[, (I - uTiR).

From the proof of Theorem 2, we have for i =1,..., P

)\max(IiRIi)) > 0 and ﬂ =2—«a

LT,RT)LR

H
x;" Rx;

>\maz (R)
2

S XiH_lRXi_l — ,U,(l 4 )XiF{lRIZ‘RXi_l

)\max (R)
2

=Xx; )xi}{lRl/ZRl/?'
Zle/QRl/QXi_l
)\maz R
%)XZH_1RX1'—1
)\ma;r R
ui( )) :
XﬁlRXi,1

1sz 1—p(l—p

< XﬁlRXi—l - /\mznu(l —H

< x Rxi—1 — aidmin(R)u(1 —

2

with \* =

mzn

min{\(R'/2Z;RY?) > 0} > Anm(R) and
O — (yl) yq
i = Y=

P;(RY?x;_1) where P;(x) denotes the
1
projection of x onto the non-zero eigenspace of R'/2Z; R'/2.
Next, consider x; = R'Y/?x;, i = 0,1,...,P. Then the
update equation for %; is%; = (I — RY/?T;R'/?)%;_,. Let y!
be as before and y; = P;(%0).

Let
z; = %; — %1 = —pRY*T,RY*%;_,
then
2z < PN (R) () yi = 4y
Also,

1

z;) + Pi(%Xi—1)
1

yi = Pi(%X0) = Pi(

J

ZP z;) +y;

for ¢ = 1,..., P. Next, denoting |z| for vzHz and making
use of the facts that )Acflfil = X{IRXZ' < XOHRXO = )A(gI)A(() and
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|P(z;)| < |z;| we obtain for i =1,...,P
i—1 i—1
yil < > Izl il <2 i+ 1yl
j=1 j=1
i—1
= QZ,/O[H}AQ;_H —|—\/Ozi|)A(i‘
j=1
P
< (22\/0@')|§<0|-
j=1

Therefore, atleast one of «; is greater than or equal

to L —’\"“”( Otherwise, Apin(R)X5' %0 < X{/R%Xo <

4P3 Xppan(R) "
)\mm(R) 21:1 vy < Apnin(R)%E %o which is a contradic-
tion. : ®
Amaz (R)\ A2, (R
Next, choosing a,» = gp5(1 — 1 T)A,W(R) and
noting that ;55 (1 — ’”“(R))A:;i(g > 2, foral 0 <

© < p* we obtain

xBRxp < (1-— uQO&M*)X;IRXj
< (1 — poy ) x Rx
This leads to
(1 — pey ) *x8 Rxp < x{T Rxg.

Finally, using Theorem 1, we conclude that p((1 —
pa) TP (p)) < 1or p(P(p)) < (1 — poy-). ®
Remark 3: If we assume that R is block diagonal such that
= S8 T,RT; with Y7 7, = I then an even tighter
bound on p(P(u)) can be obtained. In thiscase, Z; R = 7, RZ;
and P(u) turns out to be simply

P P

H(I —uL;R) = H(I — uI;RT,)
P

= I—pY TRL,=1-puR.

=1

I1l. STOCHASTIC PU-LMS ALGORITHM

The description of SPU-LMS is similar to that of SLMS
(section 11). The only difference is as as follows. At a given
iteration, k, for SLMSoneof thesets S;,i = 1,..., P ischo-
sen in a pre-determined fashion whereas for SPU-LMS, one
of the sets .S; is sampled at random from {S;, Ss,..., Sp}
with probability % and subsequently the update is performed.

i.e
Wg+1,5 = {

where e, = dj, — W,ff X.. The above update equation can be
written in a more compact form

if JjesS;
otherwise

Wy, j + UELTE,
Wi, j

©)

Wit1 = Wi + pep I Xy (10)

where I, now is a random matrix chosen with equal prob-
ability from Z;, ¢ = 1,..., P (Recall that Z; is obtained by
zeroing out the j*" row of the identity matrix I if j ¢ S,).

A. Analysis. Sationary Sochastic Sgnals, Independent Input
and Coefficient Vectors

For the stationary signal analysis of SPU-LMS the desired
signal dy, is assumed to satisfy the same conditions as in
Section Il namely dj, = W, X} + ny. In this section, we
make the usual assumptions used in the analysis of standard
LMS[3]: We assume that X}, is a Gaussian random vector and
that X and Vi, = W), — W,,: are independent. [, and X,
are independent of each other by definition. We also assume,
in this section for tractability, that R = E[X,X/] is block
diagonal such that > | Z,RZ; = R.

For convergence-in-mean analysis we abtain the following
update equation conditioned on a choice of S;.

E[Vk+1|5i} = (I - MIkR)E[Vk‘Sl]
= (I — uZ;R)E[Vy|Si]

which after averaging over al choices of S; gives
EVii1] = — *R) [Vi]-

To obtain the above equation we have made use of the fact
that the choice of S; is independent of V,, and X,. Therefore,
p has to satisfy 0 < p < 5=— to guarantee convergence in
mean.

For the convergence-in-mean square analysis of SPU-LMS
the convergence of the error variance Elexe;] is studied
as in [20]. Under the independence assumptions we obtain
Elerer] = &min + tr{RE[V,VH]} where &, is as defined
earlier.

First, conditioned on a choice of S;, the evolution equation
of interest for tr{ RE[V,,V,/]} is given by

RE[Vi1Viia|Si] = REVAVE(S] —
2uRT; RE[V,, VI |S;] +
WL RLE[X X AL X XS] +
12 Emin RT; RT,
where 4, = E[V,V]. Let U, = QV; where Q satisfies

11)

(12)

QRQY = A. Applying the definition of U, to (12) we obtain
the equation
Gror = (T— 2FA a2 “—2A211T)G + (13
k+1 P P P k
2

K 2

Y minA 1

Pé

where Gy, is a vector of diagonal elements of AE[UkU,f] and
1lisan N x 1 vector of ones.

It is easy to obtain the following necessary and sufficient
conditions (following the procedure of [20]) for convergence
of E[V,. V)] from (12)

(14)

def <1

n(p) = Zz 12— MA

which are independent of P and identical to that of LMS. As
pointed out in Section II-A the above conditions have been
obtained under the independence assumption that are not valid
in general.



The integrated MSE difference [20]

T = &k — &) (15)
k=0

introduced in [12] is used as a measure of the convergence

rate and M (p) = % as a measure of misadjustment. It

is easily established that the misadjustment takes the form

_ 1w
1—n(p)
which is the same as that of the standard LMS. Thus, we
conclude that random update of subsets has no effect on the
final excess mean-squared error.
Finaly, it is straightforward to show (following the proce-
dure of [12]) that the integrated M SE difference is

J = P tr{[2ul — A% — p2A%117 )71 (G — Go)} (A7)

which is P times the quantity obtained for standard LMS
algorithm. Therefore, we conclude that for block diagonal R,
random updating slows down convergence by a factor of P
without affecting the misadjustment. Furthermore, it can be
easily verified that a much simpler condition 0 < p < ﬁ,
provides a sufficient region for convergence of SPU-LMS and
the standard LMS agorithm.

M(p)

(16)

B. Analysis: Deterministic Sgnals

Here we follow the analysis for LMS, albeit extended to
complex signals, given in [25, pp. 140-143]. We assume that
the input signal X, is bounded, that is sup, (X X;) < B <
oo and that the desired signal dj. follows the model

de = WH, X,

which isdifferent from (2) in that dj, isassumed to be perfectly
predictable from Xj.

Define Vi =W, — Wopt and er = dy — WkHX}g.

Lemma 1: If u < 2/B then ¢} — 0 as k — oo. Here, {-}
indicates statistical expectation over al possible choices of S;,
where each S; is chosen randomly with equal probability from
{S1,...,5p}.

Proof: See Appendix |

For a positive definite matrix Ay, we say that A, converges
exponentialy fast to zero if there existsa~, 0 < v < 1 and a
positive integer K such that tr{ Ay} < (1 —v)tr{Ax} for
al k. tr{ A} denotes the trace of the matrix A.

Theorem 4: If 1 < 2/B and the signal satisfies the follow-
ing persistence of excitation condition:
for al k, there exist K < oo, a7 > 0 and a» > 0 such that

k+K
ol < Z XiXiH < ol
i=k

(18)

then WHW — 0 and V;'V}, — 0 exponentially fast.

Proof: See Appendix |

Condition (18) is identical to the persistence of excitation
condition for standard LM S [25]. Therefore, the sufficient con-
dition for exponential stability of LMS is enough to guarantee
exponentia stability of SPU-LMS.
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C. Analysis. Correlated Input and Coefficient Vectors

In this section, the performance of LMS and SPU-LMS is
analytically compared in terms of stability and misconvergence
when the uncorrelated input and coefficient signal vectors as-
sumption isinvalid. Unlike the analysisin Section I11-A where
the convergence analysis and the performance analysis could
be tackled with the same set of equations, here the stability and
performance analyses have to be done separately. For this we
employ the theory, extended here to circular complex random
variables, developed in [16] for stability analysis and [2] for
final mean-squared error analysis. Our analysis holds for the
broad class of signals which are ¢-mixing. Mixing conditions
provide a very general and powerful way to describe the
rate of decay of the dependence between pairs of samples
as the sample times are moved farther apart. Such conditions
are much weaker than conditions on the rate of decay of
the autocorrelation function, which are restricted to second
order analysis and Gaussian processes. For this reason general
mixing conditions, such as the ¢-mixing condition defined
in Appendix 111, have been widely used in adaptive signa
processing and adaptive detection [2], [7], [16], [17], [23] to
analyze convergence of algorithms for dependent processes.
We adopt this framework in this paper (see Appendices Il
and IV for detailed proofs and definitions) and summarize the
results in this section.

The analysis in Section I11-A is expected to hold for small
1 even when the uncorrelated input and coefficient vectors
assumption isviolated. It is, however, not clear for what values
of u the results from Section IlI-A are valid. The current
section makes the dependence of the value of . explicit and
concludes that stability and performance of SPU-LMS are
similar to that of LMS.

Result 1 (Sationary Gaussian Process): Let x; be a sta
tionary Gaussian random process such that Elxyz,—;] = r; —
0asl — oo and Xy = [xg Tg—1 ... Tk—n+1) then for any
p > 1, there exist constants p* > 0, M > 0, and a € (0, 1)
such that for all ;€ (0,u*] and foral ¢t > k>0

[E

if and only if the input correlation matrix E[XkX,f] = Rz,
is positive definite.
Proof: See Appendix II.

It is easily seen from the extension of [16] to complex sig-
nals that the LM S algorithm requires the same necessary and
sufficient conditions for convergence (Appendix I1). Therefore,
the necessary and sufficient conditions for convergence of
SPU-LMS are identical to those of LMS.

The analysisin Result 1 validates the analysisin Section I11-
A, for similar input signals, where the analysis was done under
the independence assumption. In both cases, we conclude that
necessary and sufficient condition for convergence is that the
covariance matrix be positive definite. Although, Section 111-
A also gives some bounds on the step-size parameter p, it is
known they are not very reliable as the analysis is valid only
for very small p.

t

[T (- ntx,x2)

pq1/p
< M(1— par)t ="
j=k+1
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The mean squared analysis on Vj, dgf Wi, — Wope is based
on the analysis in [2] which follows the method of successive
approximation. The details of the extension of this method to
SPU-LMS are provided in Appendix IV. The analysis in this
section is performed by assuming that

d, = XPWpi + .

The effectiveness of the method is illustrated in Results 2 and
3 where the steady state performance of the two agorithms
is compared for two simple scenarios where the independence
assumption is clearly violated.

Result 2 (i. i. d. Gaussian Process): Let Xk =
[Th Tr_1 rr-n+1]T where N is the length of th
vector X. {z1} is a sequence of zero mean i.i.d Gaussian
random variables. Let o2 denote the variance of z;, and o2
denote the variance of ny. It is assumed that n; is a white
i.i.d. Gaussian noise. Then for LMS, we have

2 2. 2
12 {ﬁl y Ny Cﬂ1/21:| (19)
21 4
and for SPU-LMS, assuming N to be a multiple of P and sets
S; to be mutualy exclusive, we have

N+1)P—1
2 (N+1) o202 ]

Jim B[V ViH] =

. Hy_ 2 |% P v 1/2
kILH;oE[Vka l=n 2MI+ ) I+Cu'?I

Note that the constant C' in the final mean square expression
for SPU-LMS is the same as that for LMS. Therefore, for
large N, it can be seen that SPU-LMS is marginally worse
than LMS in terms of misadjustment.

Proof: See Appendix IV-A.

It will be interesting to see how the results above compare
to the results obtained under the independence assumptions
analysis in Section Il1-A. From (13), we obtain the vector of
diagonal elements of limy, .., E[Vi V] Va4, to be

o2 N + 1)o?02
©? [ﬁl + %1} +0(u"

for both LMS and SPU-LMS where 1 isan N x 1 vector of
ones. The analysis in this section gives

2 2 2
2 |0y No Oy 3/2
—1 1
{2/1 +— }+0(u )

Vi=

Va=p

for LMS and

2 (N+1)P—10202 )
Vi =12 ﬁl 1 O(1*/?)1

for SPU-LMS.

Result 3 (Spatially Uncorrelated Temporally Correlated Process):

Let X} be given by

X = kXp—1+ V1= K2U,

where U, is a vector of circular Gaussian random variables
with unit variance. Here also, it is assumed that n;, is a white
i.i.d. Gaussian noise with variance o2. Then for LMS, we have

2 N 2
lim B[ViV] = 2 %H %I-FC}LI/ZI (20)
— 00 /,I,

and for SPU-LMS, assuming N to be a multiple of P and sets
S; to be mutually exclusive, we have
0,2 2

. Hy _ 2 v U_ _l 1/2
Jim ViV = p i+ [N +1- Sl +Cpt2r

4
Here also, for large NV, SPU-LMS is marginally worse than
LMS in terms of misadjustment.
Proof: See Appendix I1V-B.

Here also, the results obtained above can be compared to
the results obtained from the analysis in Section I11-A. From
(13), we obtain Vg, to be

2 2
5 o (N +1)o; 4
7] [_QMI t— 1| +0(p*)1

for both LMS and SPU-LMS. The analysisin this section gives

Vi =

2. No?
Vi =p? [;—Ll + Z” 1} + 0?1

for LMS and
2

2 Uv 2
Vi=p ﬂlHNJrl_

)%1] Lo

el

for SPU-LMS.

Therefore, the analysis in this section highlights differences
in the the convergence of LMS and SPU-LMS that would
not have been apparent from the analysis in Section I11-A.
It can be noted that for small N the penalty for assuming
independence is not insignificant (especially for SPU-LMS).
However, for large NV the independence assumption analysis
manages to yield reliable estimate even for larger values of 1
inspite of the assumption being clearly violated.

IV. DISCUSSION AND EXAMPLES

It is useful to compare the performance of the new algorithm
to those of the existing algorithms by performing the analyses
of Sections IlI-A, [11-B and 1II-C on the periodic Partial
Update LMS Algorithm (P-LMS) and the sequential Partial
Update LMS Algorithm (S-LMS). To do that, we first need
the update equation for P-LMS which is as follows

Wiep = Wi + ue;Xk.

We begin with comparing the convergence-in-mean analysis
of the partial update algorithms. Combining P-iterations we
obtain for LMS Vi, p = (I — pR)F'V;, for PLLMS Vi p =
(I—/LR)Vk, for SPU-LMS Vk+p = (I— %R)ka, and flnally
for SLMS (assuming R = Y7 | ,RT,) Viy p = (I—pR) V.
Therefore, the rate of decay of all the partial update algorithms
is P times slower than that of LMS.

For convergence-in-mean sguare analysis of Section [11-A
we will limit the comparison to P-LMS. The convergence of
Sequential LMS algorithm has been analyzed using the small
w1 assumption in [11]. Under this assumption for stationary
signals, using the independence assumption, the conditions for
convergence turn out to be the same as that of SPU-LMS. For
P-LMS using the method of analysis described in [20] it can
be inferred that the conditions for convergence are identical to
standard LMS. That is (14) holds aso for P-LMS. Also, the
misadjustment factor remains the same. The only difference



between LMS and P-LMS is that the integrated MSE 7 (15)
for P-LMS is P times larger than that of LMS. Therefore,
we again conclude that the behavior of SPU-LMS and P-LMS
algorithms is very similar for stationary signals.

However, for deterministic signals the difference between
P-LMS and SPU-LMS becomes evident from the persistence
of excitation condition. The persistence of excitation condition
for P-LMSis[11]: for dl k and for al j, 1 < j < N/P, there
exist K < oo, a1 > 0 and e > 0 such that

(k+K)N/P+j

>

i=kN/P+j

all < X, XH < aol. (21)

Since any deteriministic signal satisfying (21) also satisfies
(18) but not vice-versa, it can be inferred that (21) is stricter
than that for SPU-LMS (18).

Taking this further, using the analysis in Appendix Il, for
mixing signals, the persistence of excitation condition can
similarly be shown to be: there exists an integer K > 0
and a constant 6 > 0 such that for al £ > 0 and for all
j,1<j < N/P,

(k+K)N/P+j

D

i=kN/P+j

E[X; X > I

Here also, it can be seen that this condition is stricter than
that of SPU-LMS (25). In fact, in Section IV-A signals are
constructed, based on the persistence of excitation conditions
for SPU-LMS and P-LMS, for which P-LMS is guaranteed
not to converge whereas SPU-LMS will converge.

The analysis of Appendix Il can be extended to S-LMS if
an additiona requirement of stationarity is imposed on the
excitation signals. For such signals, it can be easily seen that
the necessary and sufficient conditions for statibility of LMS,
SPU-LMS and P-LMS are exactly the same and are sufficient
for exponential stability of S-LMS (details in Appendix 1l1).

Also, applying the analysis of Appendix IV used to derive
Results 2 and 3 it can be easily seen that the final error covari-
ance matrix for P-LMS is same as that of LMS (expressions
(19) and (20)). Exactly the same results can be obtained for
SLMS as well by combining the results of Appendix Il with
the analysis in Appendix 1V restricted to stationary ¢-mixing
signals.

For non-stationary signals, the convergence of S-LMS is
an open question although analysis for some limited cyclo-
stationary signals has been performed in [15]. In this paper,
we show through simulation examples that this algorithm
diverges for certain non-stationary signals and therefore should
be employed with caution.

In summary, for stationary signals al three agorithms P-
LMS, SLMS and SPU-LMS enjoy the same convergence
properties as LMS. It is for non-stationary signals that S LMS
and P-LMS might fail to converge and it is for such signals
that the advantage of SPU-LMS comes to the fore. SPU-LMS
enjoys the same convergence propertiesas LMS, even for non-
stationary signals, in the sense that it is guaranteed to converge
for al signals that LMS converges for.
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A. Numerical Examples

In the first two examples, we simulated an m-element
uniform linear antenna array operating in a multiple signal
environment. Let A; denote the response of the array to the
it" plane wave signal:

A, = [e_j(%_ﬁL)Wi e—i(F—1-Mw;
I (F—1-m)w; ej(%—ﬁl)wl]T
where i = (m + 1)/2 and w; = 222808 1 — 1 . M. 6;

is the broadside angle of the i!” signal, D is the inter-element
spacing between the antenna elements and X is the common
wavelength of the narrowband signals in the same units as D
and @ = 2. The array output at the k' snapshot is given
by Xp = S2M, A;sp.; + n, where M denotes the number of
signals, the sequence {sy,;} the amplitude of the i*" signal and
ny the noise present at the array output at the k** snapshot.
The objective, in both the examples, isto maximize the SNR at
the output of the beamformer. Since the signal amplitudes are
random the objective translates to obtaining the best estimate
of sj 1, the amplitude of the desired signal, in the MMSE
sense. Therefore, the desired signal is chosen as dy, = sy 1.

Example 1: In the first example (Figure 1), the array has 4
elements and a single planar waveform with amplitude, sy, 1
propagates across the array from direction angle, ¢; = 0. The
amplitude sequence {sx:1} is a binary phase shifty keying
(BPSK) signal with period four taking values on {—1,1} with
equal probability. The additive noise n;, is circular Gaussian
with variance 0.25 and mean 0. In al the simulations for SPU-

BPSK Signal, S
Broadside angle=0
Xc=A st ng
[<D=Ne= 0=
Y Y Y Y 4-glement Uniform Array
Xl,k X2,k X3,k X4’k

Fig. 1. Signal Scenario for Example 1

LMS, P-LMS, and S.LMS the number of subsets for partial
updating, P was chosen to be 4, that is a single coefficient is
updated at each iteration. It can be easily determined from (14)
that for Gaussian and independent signals the necessary and
sufficient condition for convergence of the update equations
for LMS and SPU-LMS under the independence assumptions
analysisis . < 0.225. Figure 2 shows representative trajecto-
ries of the empirical mean-squared error for LMS, SPU-LMS,
P-LMS and S-LMS agorithms averaged over 100 trials for
w = 0.01. All agorithms were found to be stable for the BPSK
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signals even for p values greater than 0.225. It was only as
1 approached 0.32 that divergent behavior was observed. As
expected, LMS and SPU-LMS were observed to have similar
1 regions of convergence. It is also clear from Figure 2, that,
as expected, SPU-LMS, P-LMS, and S.LMS take roughly 4
times longer to converge than LMS.

12 T

— LMS
SPU-LMS

— - P-LMs

- S-LMS

10 1

Mean-Squared Error

b b

400 500 600 700
Number of Iterations

300 800 900 1000

Fig. 2. Trajectories of MSE for Example 1

Example 2: In the second example, we consider an 8-
element uniform linear antenna array with one signal of
interest propagating at angle ¢, and 3 interferers propagating
at angles 0;, i = 2,3,4. The array noise ny, is again mean
0 circular Gaussian but with variance 0.001. Signals are

Cyclostationary BPSK type Interferer, Sz,k
Broadsideangle=mi6

Cyclostationary BPSK type Interferer, S &
Broadside angle =-mi/4 ’

BPSK Signal‘Slyk
Broadlside angle=r/4

K= Arst Ag ot Ag St i

<D=N 4-element Uniform Linear Array

Fig. 3. Signa Scenario for Example 2

generated, such that s, ; is stationary and s ;, i = 2,3,4
are cyclostationary with period four, which make both S
LMS and P-LMS non-convergent. All the signals were chosen
to be independent from time instant to time instant. First,
we found signals for which S-LMS doesn’'t converge by

the following procedure. Make the small p approximation
I-uXF LE[X, X[ ] to the transition matrix [/, (I -
uli B[ Xk Xy44]) and generate sequences sy ;, ¢ = 1,2,3,4
such that 37| I, E[ X, X ,] has roots in the negative left
half plane. This ensures that I — ;3" | I;E[ Xy X}, ;] hes
roots outside the unit circle. The sequences found in this
manner were then verified to cause the roots to lie outside
the unit circle for all p. One such set of signals found was:
sg,1 isequal to a BPSK signal with period one taking valuesin
{—1, 1} with equal probability. Theinterferers, s; ;, i = 2,3,4
are cyclostationary BPSK type signalstaking valuesin {—1, 1}
with the restriction that s o = 0if k& % 4 # 1, s 3 = 0 if
k%4#2and s,4=0if k% 4 # 3. Here a % b stands for
amodulob. 0;,i = 1,2, 3,4 are chosen such that §; = 1.0388,
0> = 0.0737, 83 = 1.0750 and 6, = 1.1410. These signals
render the S.LMS algorithm unstable for al .

The P-LMS algorithm also fails to converge for the signal
set described above irrespective of 1 and the choice of 6, 65,
65, and 6. Since P-LMS updates the coefficients every 4"
iteration it sees at most one of the three interfering signals
throughout all its updates and hence can place a null at atmost
one signal incidence angle 6;. Figure 4 shows the envelopes
of the e7 trajectories of SLMS and P-LMS for the signals
given above with the representative value . = 0.03. As can be
seen P-LM S fails to converge whereas S-LM S shows divergent
behavior. SPU-LMS and LMS were observed to converge for
the signal set described above when p = 0.03.

70

Mean Squared Error

L L L L
3000 4000 5000 6000

Number of Iterations

b e
[o] 1000 2000 7000

Fig. 4. Trajectories of MSE for Example 2

Example 3: In the third example, consider a 4-tap fil-
ter (N 4) with a time series input, that is X,
[vx 21 Tx_2 7x_3]T. The input, the filter coefficients and
the desired output are all real valued. In this example, the goal
is to reconstruct the transmitted BPSK signal sj, from the
received signal x;, at the receiver using a linear filter. z;, is a
distorted version of s, when s, passes through alinear channel
with transfer function given by 1+O.4z*170.2162*270.2z*3' The
receiver noise ny, is a zero mean Gaussian noise with variance
0.01. s is a signal with symbol duration of 4 samples. The
desired output dy, ishow simply given by dy = si. The update
is such that one coefficient is updated per iteration, i.e. P = 4.




Coefficient Error Variance

10

In this case, the coefficient error variance is plotted rather than
the mean squared error as this is a better indication of system
performance. Figure 5 shows the trajectories of coefficient-
error variance for LMS, SPU-LMS, P-LMS and S-LMS for
a representative value of p = 0.01, respectively. As can be
seen P-LMS and S-LMS fail to converge whereas LMS and
SPU-LMS do converge.

1.4 T

121

o
@
——F——T"
I

o
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o
a
I

I
2000
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4000 5000 6000
Number of Iterations

I
8000
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I I I I
o] 1000 3000 7000 9000 10000

Fig. 5. Trajectories of MSE for LMS, SPU-LMS, P-LMS and S-LMS for
Example 3

Example 4: In the fourth example, we show a non-stationary
signal for which Max PU-LMS and SMPU-NLMS algorithms
do not converge. For agorithmic details of these two algo-
rithms and their analysis refer to [8]. The two agorithms can
be made to not converge by first constructing deteriministic
signals for which their behavior is the same as that of S LMS
and then finding a candidate among such signals for which
SLMS diverges.

Consider a 4-tap filter with time series input X, = S,
[sk sk_1 Sk_2 sx_3]T . The god in this example is to obtain
the best estimate of W,,, = [1 0.4 — 0.26 — 0.204] from
dp = WL, Xy 4+ ni and X, where n, is a Gaussian random
variable with zero mean and variance of 0.01. The update is
such that one coefficient is updated per iteration, i.e. P = 4. s
is chosen to be a deteriministic sequence of the following form
sk = broa Where {bo, b1, ba, b3 } is afixed sequence satisfying
|bo| < |b1] < |b2| < |b3|. Such a restriction on s and by
ensures that SMPU-NLMS in updating only one coefficient
per iteration ends up updating the coefficients in a sequential
manner. For this signal, Max PU-LMS aso updates the coef-
ficients in a sequential manner and its behavior is exactly that
of SLMS. Thevaluesb,, k = 0,...,3 were chosen such that
S LiSuuk+i+2STyyiso fOr al k has eigenvaluesin the left
half plane. That means that the small i approximation of the
SLMS update matrix [T;_; (I — puliSustit2Styprivo) has
eigenvalues outside the unit circle. For such input signals there
is a good likelihood that SMPU-NLMS will diverge along
with SLMS and Max PU-LMS. A signal for which the three
algorithms have been observed to diverge has by = 0.1924,
by = —0.5364, by = —0.5521 and b3 = 0.6087.

Here also, the coefficient error variance is plotted rather
than the mean squared error. Figures 6 and 7 show the

Coefficient Error Variance

Coefficient Error Variance
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trajectory of coefficient-error variance for MAX PU-LMS for
a representative value of © = 0.01 and for SMPU-NLMS
for a representative value of v = 0.01 (for description of ~
refer to [8]), respectively. Figure 8 shows the corresponding
trgjectories for LMS and SPU-LMS again for a representative
value of 1 = 0.01. As can be seen Max PU-LMS and SMPU-
NLMS fail to converge while SPU-LMS and LMS do.

8 T
— Max PU-LMS

7

I I I I
2000 2500 3000 3500

Number of Iterations

I I
1000 1500 4000

Fig. 6. Trajectory of MSE for Max PU-LMS for Example 4

9 T T T T T T
—— SMPU-NLMS

| I I I
40 50 60 70
Number of Iterations

L
20 30 80

Fig. 7. Trajectory of MSE for SMPU-NLMS for Example 4

V. CONCLUSION AND FUTURE WORK

In this paper, the sequential partial update LMS algorithm
has been analyzed and a new algorithm based on randomiza-
tion of filter coefficient subsets for partial updating of filter
coefficients has been proposed.

For S'LMS, stability bounds on step-size parameter ;. for
wide sense stationary signals have been derived. It has been
shown that if the regular LMS algorithm converges in mean
then so does the sequentia LMS algorithm for the genera
case of arbitrary but fixed ordering of the sequence of partial
coefficient updates. Relaxing the assumption of independence,
for stationary signals, stability and second order (mean sguare
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Fig. 8. Trajectories of MSE for LMS and SPU-LMS for Example 4

convergence) analysis of S.LMS has been performed. The
analysis was used to establish that S-LMS has similar behavior
as LMS.

In the context of non-stationary signals the poor conver-
gence properties of SLMS and Periodic LMS have been
demonstrated and as a result a new agorithm SPU-LMS with
better performance has been designed. For SPU-LMS the
conditions on step-size for convergence-in-mean and mean-
square were shown to be equivalent to those of standard LMS.
It was verified by theory and by simulation that LMS and
SPU-LMS have similar regions of convergence. It was also
shown that the Stochastic Partial Update LMS algorithm has
the same performance as P-LMS and S-LMS for stationary
signals but, can have superior performance for some cyclo-
stationary and deterministic signals. It was also demonstrated
that the randomization of filter coefficient updates doesn’t
increase the final steady state error as compared to the regular
LMS agorithm.

The idea of random choice of subsets proposed in this paper
can be extended to include arbitrary subsets of size % and not
just subsets from a particular partition. No specia advantage
is immediately evident from this extension though.

In the future, tighter bounds on the convergence rate of the
mean update equation of S.LMS for stationary signals can be
established for the general case of input correlation matrix R.
Necessary and sufficient conditions for the convergence of the
algorithm for the general case of mixing-signals till need to
be derived. These can be addressed in the future.

In addition, it can be investigated whether performance
analysis of Max PU-LMS and SMPU-NLMS algorithms men-
tioned in Section | can be performed using the techniques
employed in this paper. Specia emphasis should be laid on
non-stationary signal performance because as has been shown
through a numerical example these algorithms can diverge for
such signals.

APPENDIX |
PROOFS OF LEMMA 1 AND THEOREM 4
Proof of Lemma 1: First note that e, = —V;” Xj. Next,

11

consider the Lyapunov function L1 = kaileH Whereﬁ
is as defined in Lemma 1. Averaging the following update
equation for V2, Vi1
VE Ve = VIV —ptr{(ViVIE X XP T} -
utr{(Vi VAL X X2} +
ptr{(Vi VA X XET, X XY
over al possible choices of S;, i = 1,..., P we obtain
Lis1 = Ly — %tr{VkaHXk(Q — X XXy

Since sup,, (X Xx) < B < oo the matrix (21 — uXp X&) —
(2I — uBI) is positive definite. Therefore,

Lii1 < Ly — %(2 — uB)te{ViVI X, X},
Since u < 2/B
Lir1 < Ly — tr{VkaHXkX,f}

Noting that €2 = tr{V;V; X}, X[’} we obtain

k
Lit1 + Z 6% < Ly
=0

since £y < oo we have e = O(1/k) and limy_.oc €2 =0 W
Before proving Theorem 4 we need Lemmas 2 and 3. We
reproduce the proof of Lemma 2 from [25] using our notation
because this enables us to understand the proof of Lemma 3
better.
Lemma 2. [25, Lemma 6.1 p. 143-144] Let X, satisfy the
persistence of excitation condition in Theorem 4. let

LX,XH) ifD>0
if D<O0

k+D
l=+k: (I

My k+p = { E

K
Gr = ZH;{H,;CH,leHX;ﬁlHk,qu
=0
where K is as defined in Theorem 4 then G, — I is a positive
definite matrix for some n > 0 and Vk.

Proof: Proof is by contradiction. Suppose not then for some
vector w such that wfw = 1 we have wHGw < ¢ where ¢
is any arbitrary positive number.

Then

K
oo W Xt X T g w < ¢ =
WHHkH7k+l_1Xk+lX]£HHk7k+l71W < 2 foro0 <I<K.

and

Choosing I = 0 we obtain w X}, X} w < ¢ or lwf X;|| <
C.
Choosing | = 1 we obtain

o (I = EX X)X | < c.

Therefore,
o Xiall < (= SXeX) X |
Sl X126 X |
< ot %Bc = c(1+2/P).



12

Choosing | = 2 we obtain

o (I = EX XN = 5 X X[ ) X < e

P
Therefore,
n
lw Xppoll < llw™ (1 - FXk-X;?)-
u
(I - ﬁXk-&-lXIg-l)Xk-&-Q”

+ 1o X X Ko

+ S0 X XEy X

2
1
+ﬁ||wHXkaXk+1Xxf+1Xk+2||
< O(c).

Proceeding along similar lines we obtain ||wf X} < Le
for I = 0,...,K where L is some constant. This implies
WH S HHE X XHw < (K + 1)L2c2. Since c is arbitrary we
obtain that w 75 X, XHw < ay which is a contradiction.
[ |

Lemma 3. Let X, satisfy the persistence of excitation con-
dition in Theorem 4. let

k+D H :

, _ =k (I—,uIleXl ) if D>0
Prkp { 1 if D<0
where I; is a random masking matrix chosen with equal

probability from {Z;,i =1,..., P} and let
K
Q= ZHkH,quXkHX;f{HHk,qu
1=0

where K is as defined in Theorem 4 and {-} is the average
over randomly chosen I; then ©Q; — ~I is a positive definite
matrix for some v > 0 and Vk.

Proof: Proof is by contradiction. Suppose not then for some
vector w such that w”w = 1 we have w” Qrw < ¢ where ¢
is any arbitrary positive humber.

Then

K H pH H 2
oW P11 X1 X4 Prpi—1 w < ¢ =
wt Plfk+l—1Xk+lXI£|-lkak+l*1 w<e® for0<I<K.

Choosing [ = 0 we obtain w X}, X w < % or |wH Xy|| <

C.
Choosing [ = 1 we obtain

W (I = pXp X L) Xpn X (1 — plp X XH) w < 2
Therefore,

WX X w — %wHXkX,f X X w

—%wHXkHX,EHXkaw—k

9 P

%wHXkX,f N LXen XL T Xuxfo < A
=0

Now
o Xp X X1 Xl ol < [l X[ Xl -
X X [l
S CB3/2
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and

| X XH

P
ZLXMX{’HL] X XHo| < *PB2.
1=0
Therefore, w”X; 1 X% ,w = O(c) which implies
lwf Xp1 1] = O(c'/?). Proceeding along the same lines we
obtain ||w” Xy 1| = O(c'/F) for I = 0,...,K for some
constant L. This implies w® 15 X, XHow = O(/F).
Since ¢ is arbitrary we obtain that w” "I 5 X, XHw < oy
which is a contradiction. m

Now, we are ready to Prove Theorem 4.

Proof of Theorem 4. First, we will prove the convergence
of Vka. We have Vi1 = (I — 45X, X})V. Proceeding
as before, we obtain the following update equation for VkaH

—H —
Virki1Virk+1 =
—H — W —H —
VisxkVierx — 2§Vk+KXk+KXI£I+KVk+K

2

K- H H H 7
+ﬁVk+KXk+KXk+KXk+KXk+KVk+K
—H — —H _

< Vigg Vit — FVkJrKXHKXﬂKVkJrK-

The last step follows from the fact that . < 2/B. Using the
update equation for V, repeatedly, we obtain

—H — —H— —H _, —
Vit Viekn < ViVi— EVIGV..

From Lemma 2 we have,
—H — 1% —H—
Vierr+1Verr+1 < (1 — Fn)vk Vi

which ensures exponential convergence of tr{Vka}.
Next, we prove the convergence of V,Vj. First, we have
the following update equation for tr{V;V;"}

tr{Vk+K+1VinK+1} < tr{Vk+KVinK}_ (22)

%tr{XHKXﬁKVkJrKVinK}-

Using (22) and also

Vi Vi, = (I = u X XV (T = p X X[TT,)
repeatedly, we obtain the following update equation
(Vi1 Vil 1} < eV} — {0V
From Lemma 3 we have
tr{Vayx Vi g b < (1 - MV)U{W}

which ensures the exponential convergence of tr{V,V,/’}. m

APPENDIX |1
STABILITY ANALYSIS FOR MIXING SIGNALS

The results in this section are an extension of analysis in
[16] to SPU-LMS with complex input signals. Notations are
the same as those used in [16]. Let |4 & {5, - [af2,}1/2 =
|A||= be the Frobenius norm of the matrix A. This is
identical to the definition used in [2]. Note that in [16],

1A % (nan(AAH)IV/2 = || A|ls is the spectral norm
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of A. Since for a m x n matrix A, ||Alls < |Allr <
max{m,n}||A||s the results in [16] could as well have been
stated with the definition used here.

A process ¢, is said to be ¢-mixing if there is a function
¢(1) such that ¢(l) — 0 asl — oo and

sup [P(BJ|A) = P(B)| < ¢(0),

AeME __(X),BEMZ, ()

Ym > 0,k € (—o0,00) where M (e), —oo <i < j < oo is
the o-algebra generated by {ex}, i <k < j.

Let X, be the input signal vector generated from the
following process

Xp= Y Ak, j)er—j + tx
j=—00
with 3272 supy [|A(k, 5)|| < oo. {4} is a d-dimensional
deterministic process, and {¢x} is a general m-dimensional
¢-mixing sequence. The weighting matrices A(k, j) € R¥>™
are assumed to be deterministic.

Define the index set S = {1,2,..., N} and Z; asin section
1. Let I; be asequence of i.i.d d x d masking matrices chosen
with equal probability from Z;, i =1,..., P.

Then, we have the following theorem which is similar to
Theorem 2 in [16].

Theorem 5: Let X}, be defined by (23) in Appendix 11 with
{er} a ¢-mixing sequence such that it satisfies for any n > 1
and any increasing integer sequence j; < jo < ... < jn

exp (ﬁz ||6ji|2>] < M exp(Kn)
i=1

where 8, M, and K are positive constants. Then for any p > 1,
there exist constants p* > 0, M > 0, and « € (0, 1) such that
foral pe (0,p*]and foral ¢t > k>0

1/p

< M(1 = pa) ="

(23)

E (24)

+ p

Bl [[ ¢ -px;x/)
Jj=k+1

if and only if there exists an integer ~ > 0 and a constant
0 > 0 such that for al k£ >0
k+h

> BX X[ >0l (25)

Proof. The prcl)ofkiié just a dlightly modified version of the
proof of Theorem 2 derived in Section IV of [16, pp. 763-
769]. The modification takes into account that Fj in [16] is
F, = Xp X} whereas it is F, = I, X, X in the present
context. |

Note that Theorem 2 in [16] can be stated as a corollary
to Theorem 5 by setting /; = [ for al j. Also, note that
Condition (25) has the same form as Condition (18).

For Result 1, which is just a special case of Theorem 5, it
is enough [16] to observe that

1) Gaussian X is obtained from (23) by choosing A, =0

and v, = 0 for all £ and ¢, to be Gaussian

2) Gaussian signa sequence as described in Result 1 is a

phi-mixing sequence

3) Gaussian signals satisfy the condition in (24).
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4) For stationary signas, E[X; X/ = R,, for al values
of ¢. Therefore, the following condition:
« there exists an integer h > 0 and a constant § > 0
such that for all £k > 0

k+h
> EXX[T] > 61 (26)
i=k+1
simply trandates to R, being positive definite.
APPENDIX 11
S-LMS STABILITY ANALYSIS FOR STATIONARY MIXING
SIGNALS

The results in this section are an extension of anaysis
in [16] to SLMS with stationary complex input signals.
Notations are the same as those used in Appendix Il. Let e,
Xk, v and A(k, j) be as defined in Appendix I1.

In this section, we will place an additional restriction of
stationarity on €. Define the index set S = {1,2,...,N}
and Z; as in section |ll. Then Theorem 3 means that F; =
Tinpi1 X; X satisfies the following property of averaged
exponential stability.

Lemma 4: Let F; = Zyupy 1 X; X then F; is averaged
exponentialy stable. That is, there exist constants p* > 0,
M > 0, and « > 0 such that for al p € (0, p*] and for all
t>k>0

t t

IT G=pelFD| = | II 0 - sZiwpaR)
j=k+1 j=k+1
< M(1 - pa)*
Proof: From Theorem 3, we know that there exist u* > 0,
My > 0 and v > 0 such that for al ¢,k > 0

k+tP

H (I = pZigps1 R)|| < Mo(1 — ).
j=k+1

Note that
I — pZjpia BRI < 11| + pllZioepa | R < M’

for some M’ > 0 and for al p € (O,p*] and j = 1,..., P.
Let A= (1 — uy)'/? then

kttPl
I = uZiepaR)|| < MoXFH (M) /N
=kt

Noting that 0 < uy < 1 we have

_ /P _ _ K 2

(1) (1= 57+ 0wm)™)
< (1-pa)

for some a > 0. This leads to

t

I ¢ - uZjmpiaR)|| < M1 - ap)'—*
j=k+1

where M = My max{1, (M'/X\*)P} and \* = (1 — p*v)V/ .
|
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Using Lemma 4 and following the analysis of [16] we have
the following theorem which is similar to Theorem 2 in [16].

Theorem 6: Let X, be defined by (23) with {¢;, } a station-
ary ¢-mixing sequence such that it satisfies for any n > 1

E [exp (Bnex||*)] < M exp(Kn) 27)

where 8, M, and K are positive constants. Then for any p > 1,
there exist constants p* > 0, M > 0 and « € (0, 1) such that
foral pe (0,p*] andforal ¢t >k >0

1/p
. p

E H (I — nZjpp1X;X]7)
j=k+1

if Ry = E[XjXJH] is positive definite.

The corresponding result for LM S obtained from the exten-
sion of the analysis in [16] to complex signas is:

Result 4 (LMS Stability: Sationary Process): Let X be
defined by (23) with {¢; } astationary ¢-mixing sequence such
that it satisfies for any n > 1

<M1 —ap)t=*

B [exp (Bnllexl|?)] < M exp(Kn) (28)

where 8, M, and K are positive constants. Then for any p > 1,
there exist constants p* > 0, M > 0 and « € (0, 1) such that
forall pe (0,p*] andforalt>k>0

1/p
. pq 1/

E| [ 0 -npx;x])
Jj=k+1

if and only if R,, = E[X,»XJH] is positive definite.

Therefore, exponential stability of LMS implies exponential
stability of S LMS.

The application of Theorem 6 to X, obtained from atime-
series signal is illustrated below.

Result 5 (Sationary Gaussian Process): Let x; be a sta
tionary Gaussian random process such that E[z,z,—;] = —
0asl — oo and Xy = [xg Tp—1 ... Tp—n+1] then for any
p > 1, there exist constants p* > 0, o € (0,1) and M > 0
such that for al € (0,u*] and foral t > k>0

<M(1—ap)*

1/p
. pq 1/

E| I (- uZjnp1X; X
j=k+1

< M(1—ap)*

if the input correlation matrix E[X,X{] = R,., is positive
definite.

APPENDIX IV
PERFORMANCE ANALY SIS FOR MIXING SIGNALS

The results in this section are an extension of analysis in
[2] to SPU-LMS with complex signals. The results enable us
to predict the steady state behaviour of SPU-LMS without the
standard uncorrelated input and coefficient vectors assumption
employed in Section IlI-A. Moreoever, the two lemmas in
this section state that the error terms for LMS and SPU-LMS
are bounded above by the same constants. These results are
very useful for comparison of steady state errors of SPU-LMS
and LMS in the sense that the error terms are of the same
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magnitude. A couple of examples using the analysis in this
section was presented in Section I11-C as Results 2 (details in
Appendix IV-A) and 3 (details in Appendix IV-B) where the
performance of SPU-LMS and LMS was compared for two
different scenarios.

We begin the mean square error analysis by assuming that

di, = XEWopt + .

Then we can write the evolution equation for the tracking error
Vi d:ef Wy — Wopt as

Vi1 = (I — pPe Xe XEVi + uXiny,

where P, = I for LMS and P, = I, for SPU-LMS.
In genera V}, obeys the following inhomogeneous equation

Opr1 = (I — puly)op + &, 60 =0
dr can be represent by a set of recursive equations as follows
o=+ I+ g+ HYY

where the processes J\"),0 < r < n and H\" are described
by

J,g(jr)l = (I- /LF]C)J}EO) + & J(()O) =0

I = (1= pF) I+ uze g
J=0,0<k<r

H,ETI = (I- ,qu.)ngn) + ;LZk.J,En);

H™ =0,0<k<n

where Z;, = F), — F}, and F}, is an appropriate deterministic
process, usualy chosen as Fy, = E[F}]. In [2] under appro-
priate conditions it was shown that there exists some constant
C < oo and pg > 0 such that for al 0 < pu < pg, we have

sup ||, < Cp™/2.
k>0

Now, we modify the definition of weak dependence as
givenin [2] for circular complex random variables. The theory
developed in [2] can be easily adapted for circular random
variables using this definition. Let ¢ > 1 and X = {X,,},,>0
be a (I x 1) matrix valued process. Let 5 = (5(r)),ecn be
a seguence of positive numbers decreasing to zero at infinity.
The complex process X = {X,, },>0 is said to be (¢, ¢)-weak
dependent if there exist finite constants C' = {C4,...,Cy},
such that for any 1 < m < s < ¢ and m-tuple kq,..., &k,
and any (s — m)-tuple kyq1,..., ks, With kg < ... <k, <
km + 1 < kpi < ... <k, it holds that

sup ’COV (fk-l it (Xnyi) o i (Kb i)

fk'rrz+1;i7rL+1 (Xk’ﬂl+1)i’NL+l) et fks;is (Xkbalb)) ‘ S Osﬁ(’r)
where the supremum is taken over the set
{1Si1""7i5 Sl7fk17il’fk27i2"'fknlinL} and Xnyi

denotes the i-th component of X, — E(X,). The set of
functions f,, ;() that the sup is being taken over are given by
fn,i(Xn,i) = an and fn,i(Xn,i) = X:;,L
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Define N (p) from [2] as follows

N(p) =

1/2
{e : HZZZS Dyey ’p < pp(e€) (ZZZS |Dk|2)
VO<s<tandVD = {Di}tren

(g x 1) deterministic matrices }

where p,(€) is a constant depending only on the process ¢ and
the number p.

F, can be written as Fj, = Py Xy X where P, = I for
LMS and P, = I, for SPU-LMS. It is assumed that the
following hold true for F},. For some r,q € N, pug > 0 and
O<a< 1//10

o FL(r,a, po): {Fk}i>o0 isis L,-exponentialy stable. That

is,

rq 1/r
. /

E|| [ (- uF)

j=k+1

< M1 — pa)t=*

o F2(cv, po): {Fr}r>o isis averaged exponentialy stable.
That is,

t

[T G -pEF)| <M - pa)=*
=kt 1

Conditions F3 and F4 stated below are trivially satisfied
for P, =1 and P, = I}.

° F3(q”u0) SUPrenN SUP e (0,u0] ||Pqu < oo and
SUPLe N SUP e (0,10] |E[Py]| < o0
o FA(q,110): SUDpen SUDLe(0,0) 4 2 IIP: — E[B]lly <

oo

The excitation sequence £ = {& /x>0 [2] IS assumed to be
decomposed as {, = Mye, where the process M = { M}, } >0
isad x { matrix valued process and € = {ex}r>0 isa(l x 1)
vector-valued process that verifies the following assumptions
o EXCL: {Mj}rez is ME(X)-adapted® and ME(e) and
ME(X) are independent.

o EXC2(r, po): SUD,, (0, 10] SUPE>0 Mgl < oo, (r >
0, o > 0)

o EXC3(p,uo): € = {ex}ren belongs to N(p), (p >
0, o > 0)

The following theorems from [2] are relevant.

Theorem 7 (Theorem 1in [2]): Letn € Nandletq > p >
2. Assume EXC1, EXC2(pq/(q — p), o) @and EXC3(p, o).
For a,b,a >0, a~' 4+ b~! = 1, and some yy > 0, assume in
addition F2(«, uo), F4(agn, ug) and

e {Gi}r>0is (B, (¢+2)n) weakly dependent and > (r +

1)((q+2)n/2)—15(7n) < 00

o SUPy> [|[Gillbgn < 00

Then, there exists a constant K < oo (depending on 3(k),
k > 0 and on the numerica constants p, ¢, n,q, b, o, « but

3A sequence of random variables, X; is called adapted with respect to a
sequence of o-fields F; if X; is F; measurable [6].
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not otherwise on {X}}, {ex} or on y), such that for al 0 <
<, foradlo<r<n

sup [Ty < K pp(€) sup | Ml -yt
s>1 k>0

Theorem 8 (Theorem 2 in [2]): Let p > 2 and let a,b,c >
0 such that 1/a+ 1/b+ 1/c = 1/p. Let n € N. Assume
Fl(a, o, o) and
o sup.sl|Zs ] < 0
n+1
o sup, s |1 e < oo

Then there exists a constant K/ < oo (depending on the
numerical constants a, b, ¢, a, po, n but not on the process {e; }
or on the stepsize parameter p), such that for all 0 < u < py,

sup 1l < K Sup [EA ™

We next show that if LMS sﬁlsﬁ& the assumptions above
(assumptions in section 3.2 in [2]) then so does SPU-LMS.
Conditions F1 and F2 follow directly from Theorem 5. It is
easy to seethat F3 and F4 hold easily for LMS and SPU-LMS.

Lemma 5: The constant K in Theorem 7 calculated for
LMS can aso be used for SPU-LMS.

Proof: Here all that is needed to be shown is that if LMS
satisfies the conditions (EXC1), (EXC2) and (EXC3) then so
does SPU-LMS. Moreover, the upper bounds on the norms for
LMS are also upper bounds for SPU-LMS. That easily follows
because M}M5 = X, whereas MTV~EMS = 1, X} and
|[Ix]] <1 forany norm | - ||. m

Lemma 6: The constant K’ in Theorem 8 calculated for
LMS can aso be used for SPU-LMS.

Proof: First we show that if for LMS sup,sq || Zs|p < o0
then so it is for SPU-LMS. Firgt, note that for LMS we can

write ZEMS = X, XH — B[ X, XH] whereas for SPU-LMS
1
ZSPU-LMS ILX.XH - FE[XSXf}
= LXXI-LEX, X"+
1
(I, = 5 DEX X
That means ||Z2PU~EMS], < |L 125l
I, =  SILIEX X2 Therefore, since

SUPs>g v E[X X H]||y < oo and SUPs>g [ZEMS ||y < 0o we

have

ZSPU—L]\VIS H

sup || Z; b < 00.
S

Since all conditions for Theorem 2 have been satisfied by SPU-
LMS in a similar manner the constant obtained is also the
same. |

A. 1.1.D Gaussian Input Segquence

In this section, we assume tha X =
[Tr Trp_1 rr_n+1]T where N is the length of the
vector X;. {z;} is a sequence of zero mean i.i.d Gaussian
random variables. We assume that w;, = 0 for all £ > 0. In
that case

(I — uPL Xp X )Vi + uXgny with

opt,0 — Wopt

Vier =
Vo =
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where for LMS we have P, = I and P, = I, in case of
SPU-LMS. We assume n;, is a white i.i.d. Gaussian noise
with variance o2. We see that since the conditions (24) and
(25) are satisfied for theorem 5 both LMS and SPU-LMS are
exponentialy stable. In fact both have the same o exponent
of decay. Therefore, conditions F1 and F2 are satisfied.
We rewrite V, = J(O) +J(1) +J(2) +H, (2) . Choosing F}, =
E[Fk} we have E[PkaXH} = 021 in the case of LMS and
+021 in the case of SPU-LMS. By Theorems 7 and 8 and
Lemmas 5 and 6 we can upperbound both [J{*| and |H?|
by exactly the same constants for LMS and SPU-LMS. In
particular, there exists some constant C' < oo such that for all
w € (0, po], we have

sup | B[V (I + H)| < CIXo oy o (o)

sup | BT H)| < Opr ()| Xollsresy '

Next, for LMS we concentrate on

J,g(jr)l = (1- ,an)J,gO) + uXpnyg
1 1 0
T = = po?) ) 4 (o = X X1

and for SPU-LMS we concentrate on

JO, = (1f%02)J,§0)+MIkank
2
g
= =SB G- 1 X XL

After tedious but straightforward calculations (follwing the

procedure in [2]), we obtain for LMS

(O\H] 2 Oy }
hm F J Ji = —
[ ( ) ] H [M(Q—MUQ)
lim BT ()M = 0
Jlim B[O = 0
2 2
W ey _ 2| NoToy
kli)n(}oE[J (Jy )] = [(2 ,ugz)z]
N 2.2
_ [ 2T oI }
4
which yields limy, 0 E[Vi V] =
2 g_;“_N" "v[+0( 1/2)1} and for SPU-LMS we
obtain
2
lim ELJ@gOyey — 2| % g
R
Jim EJOUMH = 0
Jim EJOUEHYH = 0

P v

(1) Oy H N R il
klggoE[Jk (Je )7l = ml
(N+1)P—10_20_2
= u? [%]4_0(”)]
which yields limy oo E[Vi V]
(N+1)P—1 2 2
w 41+4”I+0<”%ﬂ
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B. Temporally Correlated Spatially Uncorrelated Array Out-
put

In this section we consider X, given by

Xi = X1+ V1 - K2

where Uy, is a vector of circular Gaussian random variables
with unit variance. Similar to Appendix IV-A, werewrite V;, =
JO 47+ 5P 4 1 Since, we have chosen F}, = E[F}]
we have E[P, X}, X}] = I in the case of LMS and +1 in the
case of SPU-LMS. Again, conditions F1 and F2 are satisfied
because of Theorem 5. By [2] and Lemmas 1 and 2 we can
upperbound both J,f) and H ,f) by exactly the same constants
for LMS and SPU-LMS. By Theorems 7 and 8 and Lemmas
5 and 6 we have that there exists some constant C' < oo such
that for al 1 € (0, g, we have

sup [ B (I + HEY™| < ClXoll vy oo ()

sup | B HP| < Cor ()Xol /o' .

t>0
Next, for LMS we concentrate on
Jli(-)&-)l = (1- /«L)Jlgo) + pXgng
I = =) + - x X[

and for SPU-LMS we concentrate on

30 = (- P)J(O) + Dy Xyny,
JO = - %)J,i” + u(FI — L XX

After tedious but straighforward calculations (following the
procedure in [2]), we obtain for LMS

2
; 0)( 7(0O)\H 2 Oy
lim E[J,. 7 (J 7I

2
: O 7(O\EH] _ 2 N
tim B0 (0] = [—2(1 14001
2.2
: O ;@\ _ 2| KON
Jim EUPOE = | s o]
- (1) (7 H 2 [(L+£H)ouN
Jim BT ()] { M=) I+ 0(u)I
which leads to limy, 00 E[VxV;H] =

2[”vI+NZUI+O( 1/2)} and for SPU-LMS we
obtain

lim B[O = 4 :M(;’_g %)I}
tim BUOGO = i [+ o]
s B = [P o]
lim BV = 2 %%i:i

Which Ieads to limy,—, 00 E[VxV;H] =
i |G+ SN + 1= )T+ 0@ /21
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