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Abstract

This work deals with recursive direction of arrival (DOA) estimation of multiple moving
sources. Based on the recursive EM algorithm, we develop two recursive procedures to esti-
mate the time-varying DOA parameter for narrow band signals. The first procedure requires
no prior knowledge about the source movement. The second procedure assumes that the
motion of moving sources is described by a linear polynomial model. The proposed recursion
updates the polynomial coefficients when a new data arrives. The suggested approaches have
two major advantages: simple implementation and easy extension to wideband signals. Nu-
merical experiments show that both procedures provide excellent results in a slowly changing
environment. When the DOA parameter changes fast or two source directions cross with
each other, the procedure designed for a linear polynomial model has a better performance
than the general procedure. Compared to the beamforming technique [17] based on the
same parameterization, our approach is computationally favorable and has a wider range of

applications.



1 Introduction

The problem of estimating direction of arrival (DOA) of plane waves impinging on a sensor array
is of fundamental importance in many applications such as radar, sonar, geophysics and wireless
communication. The maximum likelihood (ML) method is known to have excellent statistical
performance and is robust against coherent signals and small sample numbers [2]. However, the
high computational cost associated with ML method makes it less attractive in practice.

To improve the computational efficiency of the ML approach, numerical methods such as
the expectation and maximization (EM) algorithm [11] was suggested in [12] [5][16]. Recursive
procedures based on the recursive EM algorithm for estimating constant DOA parameters were
discussed in [6] [15]. Similar procedures for tracking multiple moving sources were studied in [§]
[13]. In [13], the authors focused on narrow band sources and assumed known signal waveforms.

The recursive EM algorithm is a stochastic approximation procedure for finding ML estimates.
It was first suggested by Titterington [18] and extended to the multi-dimensional case in [6]. As
it was pointed out by Titterington, recursive EM can be seen as a sequential approximation of
the EM algorithm. The gain matrix of recursive EM is the inversion of the augmented data
information matrix. Through proper design of the augmentation scheme, the augmented data
and the corresponding information matrix usually have a simple structure [11]. In this case, the
recursive EM algorithm is very easy to implement. For constant parameter, estimates generated
by recursive EM are strongly consistent and asymptotically normally distributed. For time-
varying parameter, the tracking ability of a stochastic approximation procedure depends mainly
on the dynamics of the true parameter, gain matrix and step size [1].

Based on recursive EM, we shall derive two recursive procedures for estimating time-varying
DOA. The first procedure does not require any prior knowledge on the motion model. The only
assumption is that the unknown parameter changes slowly with time. The second procedure
assumes that the time-varying DOA parameter 6(t) is described by a linear polynomial of time.
This model is important since a smooth function 8(¢) can be approximated by a local linear
polynomial in a short time interval [17]. The procedure reported in [8] employs a decreasing
step size to estimate the polynomial coefficients. However, since the DOA parameter 6(t) and
the log-likelihood function change with time, a decreasing step size may not capture the non-
stationary feature of the underlying system over a long period. To overcome this problem, we

suggest a constant step size to be used in the algorithm. It is noteworthy that both procedures



are aimed at maximizing the expected concentrated likelihood function [9]. Introducing a linear
polynomial model implies increasing the dimension of the parameter space. With the additional
degree of freedom, the procedure designed for a linear polynomial model should perform better
than the general one.

In contrast to methods based on subspace tracking [22] or two dimensional beamforming
[17], our approach can be easily generalized to wideband cases including underwater acoustic
signals. Unlike the Kalman type algorithms [23], recursive procedures considered here have a
much simpler implementation.

This paper is outlined as follows. We describe the signal model and the recursive EM algo-
rithm briefly in section 2 and section 3. Section 4 presents two recursive procedures for localizing
moving sources. Simulation results are discussed in section 5. We give concluding remarks in

section 6.

2 Problem Formulation

Consider an array of NV sensors receiving M far field waves from unknown time-varying directions

O(t) = [01(t)... 0 (t)]. The array output (t) € CV*! at time instant ¢ is expressed as

x(t) =H(O(t))s(t) +u(t), t=1,2,... (1)

where the steering matrix
H(O(1) = [d(6:(t)) ... d0u(t))] eCVM (2)
consists of M steering vectors d(6,,(t)) € CV*!, (m = 1,..., M). To avoid ambiguity, we assume
M < N. The signal waveform s(t) = [s1(t) ... sp(t)]T € CM*1 is considered as unknown and

deterministic. (-)7 denotes the transpose of a vector. Furthermore, the noise process u(t) € CN*!
is independent identically complex normally distributed with zero mean and covariance matrix
vI, where v represents the unknown noise spectral parameter and I is the identity matrix.

In the following, we assume that the number of sources M is known. Standard procedures
based on MDL criterion [20] or multiple hypothesis testing [15] can be used to determine M.
The problem of interest is to estimate the time-varying DOA parameter 6(t) recursively from
the observation x(t). We assume that a good initial estimate 6° is available at the beginning of

the recursion.



3 Recursive Parameter Estimation Using Incomplete Data

The recursive EM algorithm suggested by Titterington is a stochastic approximation procedure
for finding maximum likelihood estimates (MLE). As pointed out in [18], there is a strong rela-
tionship between this procedure and the EM algorithm [11]. Using Taylor expansion, Titterington
showed that approximately, recursive EM maximizes EM’s augmented log-likelihood sequentially.
The unknown parameter is considered as constant in [18]. In the fixed parameter case, a properly
chosen decreasing step size is necessary to ensure strong consistency and asymptotic normality
of the algorithm [7] [18].

Suppose (1), x(2), ... are independent observations, each with underlying probability density
function (pdf) f(x;1), where ¥ denotes an unknown constant parameter. The augmented data
associated with EM y(1),y(2),... are characterized by the pdf f(y;?). According to [11], the
augmented data y(t) is so specified that M(y(t)) = x(t) is a many-to-one mapping. Let "
denote the estimate after ¢ observations. The following procedure is aimed at finding the true

parameter ¥ which may coincide with the MLE in the asymptotic sense [19]

9T = 9t 4 ¢ Tppr(9Y) Ty (x(t), 9Y) (3)

where ¢; is a decreasing step size and

TIpm(9') =E[-VoVy log f(y;9) | @(t),9] |9y (4)

y(x(t),9") = Vglog f((t); 9)] gt (5)

represent the augmented information matrix and gradient vector, respectively. Vg is a column
gradient operator with respect to ¥. We assume that both (4) and (5) exist. Under mild condi-
tions, the estimates generated by (3) are strongly consistent and asymptotic normally distributed.
In view of the well-known singularities and multiple maxima that are on likelihood surfaces, one
could of course not expect consistency irrespective of the starting point [18].

The augmented data y usually has a simpler structure than the observed data x. There-
fore, the augmented data information matrix Zgys(9") is easier to compute and invert than the
observed data information matrix Z(9") = E [—V,gvg log f(x;9) | (t),¥] |g_gt- Although re-

cursive EM does not have the optimal convergence rate in the Cramér-Rao sense as the following



procedure [18]
9T =9 4 ¢, T(9) Ty (z(t),9Y), (6)

it is much easier to implement than (6). Using Zgp(9')~! as the gain matrix is a trade-off
between convergence rate and computational cost.

When the parameter of interest varies with time, a decreasing step size such as ¢, =t~ %,1/2 <
« < 1 can not capture the non-stationary feature of the underlying system. A classical way to
overcome this difficulty is to replace ¢; with a constant step size €. In general, a large step
size reduces the bias and increases the variance of the estimates [1]. A small step size has the
opposite effects. Since the time varying parameter 9¥(¢) may follow a complicated dynamics, an

exact investigation of the convergence behavior of the algorithm

9T =9 e Tpp(9) My (x(t), 9) (7)

is only possible when certain assumptions are made on the parameter model. More discus-
sion about convergence properties of a stochastic approximation procedure in a non-stationary

environment can be found in [1].

4 Localization of Moving Sources

The recursive EM algorithm with constant step size (7) is applied to estimate the time-varying
DOA parameter 0(t). We start with a general case in which 0(t) changes slowly with time and

then consider a linear polynomial model.

4.1 General Case

From the signal model in section 2, we know that the array observation x(t) is complex normally

distributed with the the log-likelihood function
log f(x(t);¥) = —|Nlogm+ Nlogv + %(m(t) - H(B(t))s(t))H (:L'(t) — H(O(t))s(t))} (8)

where 9 = [0(t)Ts(t)Tv]T and (-)" denotes the Hermitian transpose.
According to (7), all elements in ¥ should be updated simultaneously. Since we are mainly
interested in the DOA parameter 6(¢) and including {s(¢), v} in the recursion will complicate

the gain matrix Zgy(9°)~!, the procedure (7) is only applied to 8(¢). The estimate for signal



waveform and noise level, denoted by s = [s} s ... si,]T and 1! respectively, are updated by

computing their ML estimates once the current DOA estimate is available. For simplicity, we
use 0 instead of O(t) in the following discussion.

Taking the first derivative on the right hand side of (8) with respect to 6,,, we obtain the
mth element of the gradient vector ~(x(t),9") [7]

[v(=(t),9")],, = 2 Re [(x(t)—H(6")s")"(d'(6},)s7,)] | 9)

ot
where d'(0,,,) = 0d(0.,)/ 00,
The augmented data y(t) is obtained by decomposing the array output into its signal and

noise parts. Formally it is expressed as

y&) =y )" ..y, .y (10)

The augmented data associated with the mth signal

Ym(t) = A(Om)sm(t) + wm(t) (11)

is complex normally distributed with mean d(6,,)sm,(t) and covariance matrix v,,,I with the
constraint Z%zl Vm = V. A convenient choice is v, = v/M. The corresponding log-likelihood

is given by

M
g F(y(0):9) == 3 | N 1o N log(0/M) + 3 (1) = 005 (0) (0 (0) = A0 ()
" (12)
Since the signals are decoupled through the augmentation scheme (10), Zgp(9') is a M x M
diagonal matrix when we only consider the DOA parameter 8. By definition (4), the mth diagonal
element of Zgyr(9") is the conditional expectation of the second derivative of the augmented log-

likelihood
2

o0 =€ |~

g (y(0:9) | 2(0).9'] (13)

which is given by
Zort(®)mn = 5Re| — (& (6,)55)" (2(t) — H(@)") + M (Bh)st, 2] (1)

where d’(6,,) = 9%d(0,,)/062,.

0t+1

Once the estimate is available, the signal and noise parameters are obtained by com-

puting their ML estimates at current 87! and x(t) as follows



st = H(6) (1), (15)

1 _
i = Ntr POTHYLCL(1)|, (16)

where H (0"T1)# is the generalized left inverse of the matrix H(0't1), P(9"*1)L = T P(9"1) is
the orthogonal complement of the projection matrix P(6"t1) = H(6""1)H(6™)# and Co(t) =
x(t)x(t)H.

Given a constant step size €, the number of sources M and the current estimate 6°, the

(t 4+ 1)st recursion of the algorithm proceeds as follows.

Recursive EM algorithm I (arbitrary motion)

(1) Calculate gradient vector ~(z(t),0") by eq.(9) and
the matrix Zpgy(0') by eq.(14).

(2) Update DOA parameters by
0 = 0" + ¢ [Zppn (0] 1y (x(t),6Y).

(3) Update signal and noise parameter s', v! by egs.(15), (16).

Table 1: Recursive EM algorithm I (REM I)

4.2 Linear Polynomial Model

We consider moving sources described by the linear polynomial model
0=00+16, (17)

where 8 = [0o1,...,000]" and 1 = [011,...,0127]". The linear polynomial (17) can be seen as
a truncated Taylor expansion which gives a good description for the source motion in a small
observation interval [17].

The recursive EM algorithm is applied to estimate @y and 61. For notational simplicity,

we define the extended DOA parameter as © = [@7...0F .. 017 where ©,, = [Bom, O1m]”.



Similarly to the procedure presented in subsection 4.1, recursive EM is only applied to update
the DOA parameter ©, rather than ¥ = [@%s(t)Tv]T.
Based on this approach, the 2mth and (2m + 1)st element of the gradient vector ~(z(t),9")

are given by

S 108 1 (@(0): 9) g = S Re[((t) ~ H(©")s'f!(d/(©],)s,)] (19
and
0 2t NV (1 (@t ot
i 108 @9 gy = SR [(a(t) ~ H(O)s'f1(d/(©],)s}, )] (19

respectively, where d' (O ) = dd(0,,)/ 90mlg,,—et tiet - Note that @ is calculated at the current
estimate ®' according to the linear model (17).

Because each source is described by two unknown parameters, the augmented data infor-
mation matrix becomes block diagonal. Unfortunately, this matrix is singular under current
parameterization. To avoid singularity and simplify the recursion, rather than using this block
diagonal matrix in the recursion directly, we consider an alternative matrix fEM(ﬁt) which is
the diagonal part of Tz (9").

Let d (©%) = 9%d(6,,)/902,)y. _er

m

Ot - According to the augmentation scheme specified

above, the 2mth and (2m + 1)st diagonal components of Zg\(©!) are given by

SiRe[d (©L)st, ! ((t) ~ H(©)s!,) + M (8),)50, (20)
and

2t> @t \ ot \H ot 1ot N 12

7Re[(—d (©L)st ) (z(t)—H(O")s!) + M||d (O%)sl, || }’ (21)
respectively.

Similarly to the general case, the signal and noise parameter are updated by (15) and (16)
once the estimate ®'™! is available. The parameter '™ in (15) and (16) is replaced by @'*1.
Given the step size ¢, the number of sources M and the current estimate ©°, the (¢ + 1)st

recursion of the algorithm proceeds as follows.



Recursive EM algorithm II (linear polynomial model)
(1) Calculate gradient vector ~(z(t),®') by egs.(18), (19)
and the matrix Zpy (@) by egs.(20),(21).
(2) Update DOA parameters by
Ot = @ 4 € [Zpp (O] '~ (x(t), ).
(3) Update signal and noise parameter s’, v’ by egs.(15), (16).
with @' replaced by ©°.

Table 2: Recursive EM algorithm IT (REM II)

For simplicity, the recursive EM for the general case and the recursive EM for the linear poly-
nomial model are referred to as “REM I” and “REM I1”, respectively.

From egs. (9), (14), (15) and (16), the computational complexity of REM I lies approximately
between O(M N +MN?) and O(M N + N?). The dominant term M N? (or N3) is associated with
s'™! given by (15) which is a solution to a least square (LS) problem. Different LS algorithms
yield different computational loads [14]. Due to the increased number of unknowns, REM II
requires twice as many computations as REM I in computing the gradient vector and augmented
information matrix. Clearly, REM II is computationally more efficient than the local polynomial
approximation based beamforming technique [17] whose computational complexity is given by
O(NTLP) where T represents the number of snapshots, L denotes the number of points in the
angular search domain and P denotes the number of angular velocity search domain.

It was pointed out in [9] that recursive EM for constant DOA estimation is indeed a recursive

procedure for finding the maximum of the expected concentrated likelihood function
£(6) = —trlog [P(6)Ca ()] (22)

where Cy(t) = E [®(t)z(t)¥]. The constant step size considered in REM I captures the time-
varying character of the likelihood function. Similarly, REM II is aimed at finding the maximum
of £(0). Using a different parameterization such as a linear polynomial model implies increasing
the dimension of the parameter space. With the additional degree of freedom, REM 11 is expected

to have a better tracking ability. Later in section 5 we shall show that in critical situations where



two source directions cross with each other, recursive EM algorithm II provides more accurate
estimates than REM 1.

Choosing a proper step size plays an important role in the algorithms’ tracking ability. The
optimal step size depends on the dynamics of the true parameters, for instance, rate of change.
Interested readers can find general guidelines in [1] and an adaptive procedure designed for

recursive EM with decreasing step size in [10].

4.3 Extension to Broadband Signals

The algorithms presented previously are derived under the narrow band signal assumption. Ex-
tension to the broadband case is straightforward. From the asymptotic theory of Fourier trans-
form [4], we know that each frequency bin is asymptotically independent from each other [3].
The log—likelihood function associated with the broadband signal is a sum of the log-likelihoods
of individual frequency bins. Correspondingly, the gradient vector and augmented information
matrix can be easily obtained by adding up the gradient vectors and augmented data informa-
tion matrices of relevant frequency bins. Similarly to the narrow band case, the signal and noise
parameters at each frequency are updated by calculating their ML estimates once the current

DOA estimate is available.

5 Simulation

The proposed algorithms are tested by numerical experiments. In the first part, we consider
recursive EM algorithms’ application in narrow band and broadband cases. In the second part, we
compare REM II with the local polynomial approximation (LPA) based beamforming technique
[17].

5.1 Recursive EM algorithms I and II

The narrow band signals generated by three sources of equal power are received by a uniformly
linear array of 15 sensors with inter-element spacings of half a wavelength. The Signal to Noise
Ratio (SNR), defined as 10log(s,,(t)?/v), m = 1,2,3, is kept at 10, 20 dB. The motion of the

moving sources is described by a linear polynomial model
0 = 90 +t 91 (23)
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Three different parameter sets {6p, 01} are assumed in the experiments. Each experiment per-
forms 200 trials.

In the first experiment, we consider relatively fast moving sources. The true parameters are
given by 0y = [10°, 60°, 66°], 8; = [0.6°, —1.0°, 0.4°] where 6; is measured by degree per time
unit. In order to get a good insight into the tracking behavior, the same initial values are used
in all trials. We applied LPA based beamforming to 20 snapshots to obtain the initial estimates
09 = [10.5°, 59.5°, 68.5°], 89 = [0.58°, — 0.99°, 0.38°]. The initial estimate for REM I is given
by 08. Both algorithms use a constant step size ¢ = 0.6. Figs. 1 and 2 present the true values
of @ and an example of estimated trajectories. As shown in both figures, two source directions
cross with each other at ¢ = 32. Obviously, the recursive procedure designed for the most general
case can not follow fast moving sources at all. In contrast, the estimated trajectory obtained by
REM 1II is very close to the true one. Figs. 3 and 4 show the mean square errors (RMSE) of
the DOA estimates, defined as \/M , averaged over 200 trials. Since REM I fails to track
the moving sources, the corresponding RMSE grows with increasing time. On the other hand,
the RMSE associated with REM II decreases slightly at the beginning of the recursion and then
remains almost constant. Comparing Figs. 3 and 4, one can observe that SNR= 20 dB has a
slightly lower RMSE than SNR= 10 dB.

The second experiment involves three slowly moving sources. The true parameter values are
given by 6y = [30°, 50°, 62°], 8; = [0.06°, — 0.1°, 0.05°]. Note that the angular velocity 6 is
approximately 1/10 of that considered in the previous experiment. We applied the ML method
to obtain the initial estimates 89 = [30.1°, 50.8°, 60.9°]. Because the angular velocity is very
small compared to that in the previous experiment, we take 89 = [0°, 0°, 0°] as the initial value
for 8,. The initial estimate for REM 1 is given by 98. Both algorithms use a constant step
size ¢ = 0.6. Figs. 5 and 6 present the true and estimated trajectories obtained by REM I and
REM II. Similarly to the first experiment, two source directions cross with each other at ¢t = 126.
The estimated trajectory by REM I is close to the true one when no crossing happens. Between
t = 100 and ¢ = 230 where two source directions cross with each other, the estimated trajectories
associated with the first two sources do not get close to each other. Instead, they just depart in
the vicinity of ¢ = 126. For the same scenario, REM II provides a more accurate estimate. Fig. 6
shows that the crossing point causes a larger deviation from the true trajectory. Due to a higher

sensitivity to the variation of angular velocity at the crossing point, the estimated trajectory in
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fig. 6 is slightly worse than that in fig. 2. Comparison of figs. 7 and 8 with figs. 3 and 4, shows
an overall lower RMSE in this scenario. Although REM I provides more reliable estimates than
in the first experiment, REM II still outperforms REM 1.

In the third experiment, three sources move slowly with different speeds but do not cross with
each other. The true parameters are given by 6y = [10°, 30°, 62°], 8; = [0.08°, 0.1°, 0.06°].
The initial estimates are 89 = [10.04°, 30.04°, 62.05°], 89 = [0°, 0°, 0°]. We use a constant step
size € = 0.6. Both algorithms have good tracking ability. Figs. 9 and 10, show that RMSE is the
lowest among all three scenarios. REM II has a better performance than REM 1. While REM 11
has a better performance at higher SNR, REM I seems to be less sensitive to SNRs in all three
scenarios.

In addition to the narrow band signals, we also applied REM I and II to broadband signals
with 3 frequency bins. The scenario similar to the second experiment leads to results presented
in figs. 11 to 12. The estimates behave similar to the narrow band case. Comparison of RMSEs

shows that more frequency bins leads to higher accuracy.

5.2 Comparison with LPA beamforming

We compare REM II with the LPA based beamforming approach suggested by Katkovnik and
Gershman [17]. Both algorithms assume the motion model (17). In the first experiment, the
narrow band signals are generated by the following parameter set 8y = [10°, 60°], 8; = [0.6°, —
1.0°], SNR= 0,10 dB. In the second experiment, we consider moving sources with lower angular
velocities By = [30°, 50°], ; = [0.06°, — 0.1°]. A sliding window of 25 snapshots is used in the
LPA beamforming. The REM II is initialized by the LPA beamforming in the first scenario and
ML method in the second one. To ensure the same data length in each time interval, we use
additional (W — 1) samples in the LPA beamforming processing.

The estimated trajectories presented in figs. 13 and 14 are very close to the true ones. The
RMSEs of 6y and 8, corresponding to the first source are plotted in figs. 15 and 16. Using the
initial value provided by LPA beamforming, RMSE associated with REM II changes slowly over
the time. While estimates of 6y remains constant, the estimates of 61 become more accurate
with increasing recursions. Also, we can observe that while LPA beamforming provides an overall
better 8y estimates, and a better angular velocity estimates at beginning of the recursion, REM

IT improves 0, estimates with increasing time and has less fluctuations.

12



Compared with the Cramér-Rao bounds (CRB) [21] plotted in solid lines (—), one realizes
that an REM II is certainly not efficient estimator. However, the ML approach suggested in [21],
whose estimation accuracy is close to CRB, is a batch processing and requires a complicated
multi-dimensional search procedure.

In the second experiment, REM II provides much more accurate estimates than LPA beam-
forming. Fig 17 shows that LPA beamforming even fails to follow the moving sources. We can
observed in fig 19 that REM II has lower RMSE in both 8y and 0; estimation. Consequently, as
shown in fig 20 the resulting DOA estimates are much better than LPA beamforming. In both
experiments, the computational time needed for LPA beamforming is about 800 times as high
as that required by REM II due to the two dimensional search procedure.

We conclude that REM 1 is suitable for tracking slowly time-varying DOA parameters, REM
IT performs well for both slowly and fast moving sources. Both procedures generate accurate
estimates when there is no crossing point. When two source directions coincide with each other,
the steering matrix H(0) becomes rank deficient. The signal waveform s(¢) can not be deter-
mined properly. Consequently the DOA parameter can not be estimated accurately. In this
case, regularization is needed [21]. Since REM II incorporates a linear polynomial model, it has
a better tracking ability than REM I when this critical situation occurs. Compared to LPA
beamforming, our method has a clear computational advantage. It provides comparable results
with LPA beamforming in the fast moving sources case and outperforms LPA beamforming in
the slow moving source case. In addition, recursive EM is applicable to both narrow band and

broad band signals.

6 Conclusion

We addressed the problem of tracking multiple moving sources. Two recursive procedures are
proposed to estimate the time-varying DOA parameter. We applied the recursive EM algorithm
to a general case in which the motion of the sources is arbitrary and a specific case in which the
motion of sources is described by a linear polynomial model. Because of the simple structure
of the gain matrix, the suggested procedures are easy to implement. Furthermore, extension
of our approaches to broadband signals is straightforward. Numerical experiments showed that
our approaches provide excellent results in a slowly changing environment. When the DOA

parameter changes fast or two source directions cross with each other, the procedure derived

13



for a linear polynomial model has a better performance than the general procedure. Important

issues such as step size design and convergence analysis are still under investigation.
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Figure 1: True trajectory (—) and estimated tra-
jectory (—.) by REM 1. 8o = [10°, 60°, 66°], 81 =
0.6, —1.0°, 0.4°].
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Figure 2: True trajectory (—) and estimated tra-
jectory (—.) by REM II.
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Figure 4: RMSE vs time. SNR=10 dB.
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Figure 5: True trajectory (—) and estimated tra-

jectory (—.) by REM 1. 8o = [30°, 50°, 62°], 01
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Figure 7: RMSE vs time. SNR=20 dB.
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Narrow Band Case, RMSE of 8 versus recursions, SNR=20dB
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Figure 9: RMSE vs time.
[10°, 30°, 62°], 6: = [0.08°, 0.1°, 0.06°].
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Figure 11: RMSE vs time. SNR=20 dB. 69
[30°, 50°, 62°], 6, = [0.06°, —0.1°, 0.05°]. Number

of frequency bins = 3.
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Figure 10: RMSE vs time. SNR=10 dB.
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Figure 12: RMSE vs time. SNR=10 dB.



LPA beamforming SNR= 10 dB
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Figure 13: True trajectory (—) and estimated tra-
jectory (—.) by LPA Bemaforming. 8o = [10°, 60°],
61 = [0.6°, — 1.0°].
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Figure 15: Upper: RMSE of 6y the 1st Source vs
time. Lower: RMSE of 6; vs time. SNR= 10dB.
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Figure 14: True trajectory (—) and estimated tra-
jectory (—.) by REM II.
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Figure 16: Upper: RMSE of 6y the 1st Source vs
time. Lower: RMSE of 6; vs time. SNR= 0dB.



LPA beamforming SNR= 10 dB
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Figure 17: True trajectory (—) and estimated tra-
jectory (—.) by LPA Bemaforming. 8o = [30°, 50°],
01 = [0.06°, —0.1°].
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Figure 19: Upper: RMSE of 6y the 1st Source vs
time. Lower: RMSE of 6; vs time. SNR= 10dB.
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Figure 18: True trajectory (—) and estimated tra-
jectory (—.) by REM II.
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Figure 20: RMSE of 0 vs time.



