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ABSTRACT

We consider the problem of optimal waveform selection. Wellaio

to be zero thus giving rise to a suboptimal sparse solutiohecub-
set selection problem. Recent work advocates the uge-brm
constrained convex optimization problems to obtain spapeasen-

like to choose a small subset from a given set of waveforms thaaiions [6]. Most of these problems deal with sparse reggesand

minimizes state prediction mean squared error (MSE) gikerptist
observations. This differs from previous approaches ®hoblem
since the optimal waveform cannot be computed offline; itineg
the previous observations. Since the optimal solution ighbset
selection problem is combinatorially complex, we proposemvex
relaxation of the problem and provide a low complexity suboal
solution. We present a specific model and show that the pedioce
of this suboptimal procedure approaches that of the optimal

1. INTRODUCTION

Over the past decade, the problem of optimal waveform ddsign
found important applications in synthetic aperture ra&R), au-
tomatic target recognition and radar astronomy [1]. Basedhe
application, waveform design may depend on various opiiyneti-
teria, e.g., target classification [2], accurate recowsivn of a high
resolution radar image [3], or estimating a set of targeapeters.
One implication of choosing the set of transmitted wavefoonpti-
mally is that the backscattered signals will contain maximtarget
information.

are offline strategies where the solution to the problemiaddased
on accumulated data.

In this paper, we consider the expected state prediction BSE
a measure of performance and impose the problem of findinggthe
timal subset that minimizes this expected reward given #s mea-
surements (online strategy). We relax this combinatgriedmplex
problem into an optimization problem undernorm constraint and
propose a low complexity suboptimal solution whose pertoroe
approaches that of the optimal subset selection. We thesidzmma
numerical example of this approach and provide simulatésults
to compare the various solutions.

The organization of the paper is as follows: In Section 2, we
present the waveform selection problem. Section 3 propaseh-
optimal solution. In Section 4, we solve the problem for acffje
model and Section 5 provides simulation results. We comctads
paper in Section 6.

2. PROBLEM FORMULATION

Most of the work in the area of waveform design involves find- W& consider the waveform selection problem for a hyperispec

ing the best functional form of the waveforms suited to aipaldr
task, e.g., design of waveforms from the radar ambiguitgtion for
narrowband signals [4] or design of wideband waveforms solxe
targets in dense target environments [5]. In this paper,ogas on
the optimal waveform selection problem rather than thegfest ac-
tual waveforms. We would like to choose only a small subsanfr
a given set of waveforms. This restriction is typical in naslgstems
where there is a constraint on resources such as energysdssabe
performance of a particular subset of waveforms, we neeéfioal
an optimization criterion such as expected reward or risk.

The problem of choosing out of M possible waveforms be-
comes a high complexity combinatorial optimization probleE.g.,
if there areM = 128 waveforms and we need to select= 32 el-
ement subset, there are more tHaf’ combinations of indices that
need to be checked. As a result, significant work has beers$ecu
on approximation methods based on convex relaxation whth o
sparse solutions. Complexity penalties have also been toskad
sparse solutions to such problems [6]. One type of convealpeis
the lasso, a shrinkage method which imposes amorm constraint
on the optimization problem [7]. By nature of the constrainaking
the weighting of the constraint larger causes some of thificeats
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radar system, where the radar can transmit and receive\eoeeg
multiple channels simultaneously. We restrict the numbievave-
forms transmitted at any time to be a small subset withut of M
available waveforms. Denote the state at tinass, and let the re-
ceived signals corresponding to a single transmit wavefernibe
denoted ag/, ¢ = 1,..., M. We restrict our attention to single
stage policies, i.e., myopic policies that seek to maxinzneex-
pected reward conditioned on the immediate past.

Let{i1,...,ip} € {1,..., M} denote the indices of thedif-
ferent waveforms taken from a set df (M > p) waveforms. We
solve the optimal subset selection problem by maximizire ék-
pected reduction in the variance of the optimal state estinadter
an action (choosing out of M waveforms) is taken:

_max
i1senip

{E [llse = E [selye—a] [*|ye-1] —

E [HSt -E [St|}’i17--.,yzp7}’t71] H2|.Yt71] } 1)
Since the first term is independent{af,, . . . , i, }, the maximization
in (1) can be equivalently expressed as
min E [|ls¢ —8i(i1, ..., dp) [ *ye-1] , 2
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where

Silit, i) =B [silyi's o317 yen] @3
The minimization |n(2) requires one to evaluatg)(for all ( » ) pos-
sibilities of iy, . .
in solving @): computation of the conditional expectatios);(and
combinatorial minimization of2). In the tracking examples consid-
ered here the computation &)(is not difficult. Since the complex-
ity of problem is exponential in/ (for fixed p/M), we propose a
low complexity suboptimal solution foR} whose performance ap-
proaches that of the optimal one.

3. PROPOSED SOLUTION

As an alternative to exhaustively searching o@’r p055|ble sub-
sets we pose the following sparsity constrained preduﬂwmgate

IR

+ Bl

4)

nqyinE llst — 7y£”,yt71)||2|yt71

whereg > 0, ||v|l;» 0 < 1 < 1 is a sparseness inducing penalty

and {g;} is a set of base predictors ef and the linear combi-
nation of these predictors approximates the exact solutiof3).
When [|v|; - [¥llo is the lp-norm, gi(yi,...,yi" ,yi-1) =
9i(yi's -, ¥ ye-1) = 8 in (3), i indexes over thg”) com-
binations of indices, ..., i,, the solution of(4) yields the opti-
mal solution @) for sufﬁciently large3. A surrogate investigated
by many [7, 8] for thelp-norm penalty is thé;-norm penaltyl|~||1
which will be adopted here. In the special case thatepends only
on a single variable? the regression i) is equivalent to using a
simple generalized additive model (GAM) [9]. We further @ase
that gi(y;) = E [styi,y:+—1]. Thus the constrained prediction
problem can be formulated as

®)

mln E

Is: - sz [selytsyeos | IPlye—s | + Byl

andg is chosen such that exactlyout of the M ~;’s are nonzero.
This quadratic optimization ify underl;-norm constraint is a con-
vex problem and can be evaluated in a straightforward fasising
standard techniques, e.qg., [7,8]. We first find the ranggtbat gives
rise to a sparse solution with exacglynonzero elements and fix it
to that value in the range which gives the minimum unconséci
error. We take the indices of thenonzero components ef corre-

sponding to thig3 as the solution to the waveform subset selection

problem in(2).

4. NUMERICAL STUDY

To illustrate this approach, we consider the following peotx At

timet = 1, we assume without loss of generality that an arbitrary

waveform index; from {1, ..., M} is chosen and waveforg, is
transmitted into the medium. The received signal at the stage
can then be written as

(6)

whereL(-) is based on the channel modal, is receiver noise, and
s1 is the initial state. We consider the state update equati@ntad-
den Markov model (HMM), equivalent to a Gaussian mixture elpd

y1=L(¢,)s1 +n1 = Lys: +ny,

defined as
:AStfl+|tW1,t+(1—|t)Wo,t7t:2,37..4, (7)

where{w;.,i = 0,1}, are independent Normal random vectors

». Two fundamental difficulties are encountered With meang; and covariance matriRw,, A is a fixed matrix and

I+ are i.i.d Bernoulli random variables with success proliighil.
Assume the initial state; is a Normal random vector with zero
mean and covariance matiks. Receiver noiseén. } are i.i.d Nor-
mal with zero mean and covariance mafx, and{n;, {w;,i =
0,1}, 1¢,s1} are all independent. The modédl) (captures the non-
Gaussian nature of the tracking problem where the statendigsa
switch at random between the hidden states=I 1 and | =
The received signal at time= 2 corresponding to transmission of
waveforme, can be written as
ys=DLiso+mns5, i=1,..., M. (8)
Our goal is to maximize expected reduction in the variancthef
state estimator after sending the waveforfps, };_, and receiving

the backscattey?! ...,y i.e.,

|:S2|y;17---7}’;p:y1] Hzlyl} . ©)

-----

For the proposed GAM prediction problem undenorm constraint,
we need to minimize

+ Bl (10)

M
sz = 3 HE [saly’. v Pl
=1

with respect toy and use the nonzero indices obtained through this
method as our solution to the subset selection problem.
Given b = k € {0, 1}, the random vectors,, y; andy: are

jointly Gaussian. Ley = [y’ " ,... ,yé”T,le]T. Then the joint
distribution can be written as
S2 _ ,Utk ng,k ng,k,y):|
=N R R 11
(y)|2_k {(“yyk) (szyk,y Ry k h
where
H H1H
ys = {[LW'”OL'L'J “k} , (12)
Re, iy = [(RSQ, )[Lfi... fﬂ ,ARSL,If] NEE)
Re, » = Rw, + AR;A". (14)

If y; isaN x 1 vector, therRy isaN(p+ 1) x N(p + 1) matrix
whosemn-th block is given by

R’Yv m,n LZmR‘52 kL + R7L6( ) 1< m,n < p
Ry’km¢p+1 R)}’Ip+1 m =L; RsL , 1 <m<p.
Ryvkp«l»l,p«l»l = LnRsLn + Ra.

Since the random vectoss, y2!, . . . 7y;p,y1 are jointly Gaussian,
the conditional mean of; giveny and b = k can be evaluated as

E [sﬂyél,...,yép,yl,lg = k]

= My, + ng,k,yR;yi (y - I‘I’y,k) )



and the conditional mean estimator is

B[salyd o] =SB [salyi oy oyt = 4]
k=0

P<|2 = k|yél,...,y;p,y1) ,

where the conditional probability of, Ican be found using Bayes
formula:

(15)

Ok (y) =P(l2 = kly)
=P |2 = k|yi17"'7yip7y1)
(yll2 = k)P(l2 = k)

f
T =Pl =) (16)
wheref(y|l2 = k)

_ |Ry,k|70‘5

(V22

and Rl = 1) = q. Thus equation15) can be rewritten as

exp <—0-5(y — by ) "R LY — ”y’k)>

1
E[soly] =Y Tk(y) (s + Rey ky Ry b (v — 1y 1)) - (17)
k=0

The estimator given inl{r) is in closed-form and hence the major
complexity in finding the optimal solution is in its evaluaii for

all (1;{) possible combinations of waveforms. The MSE criteria in
(9) can now be evaluated by substituting for the conditiongleex
tation from (17). For the suboptimal criterion inL(), we need to
find E [s2|y?,y1] which is a specific case of our previous deriva-
tion with p = 1. It is worthwhile to note that even in the case where
the states follow a Gaussian process, the solutionpié subopti-
mal, i.e., it is not equivalent to the conditional expeaat{3). This

is because the predictor does not take into account theabpat-
relation between the received signgls, . .., y3!. However, if we
replace the predictor in) by -, - i ;E [s2]y5,¥3,y1], then the
l1-norm constrained solution can be shown to be the optimatisaol
for the Gaussian case.

5. SIMULATION RESULTS

Based on the formulation in Section 4, we perform a simutetoy
the simple case af/ = 5 different waveforms. This will allow us
to quantify the gap between the optimal soluti@hdnd the solution
to the approximation1(). We assume a radar receiver array with
N = 25 antenna elements so that the received siggals/. are
25 x 1 vectors. The state vector is assumed to é;ax 1 vector
with N; = 10. The correlation matriceR.., Rw,, Rw,, Rs are
identity matrices. The mean vectqug and ., arel0 x 1 vectors
consisting of all zeros and dll1 respectively. The Bernoullirandom
variables ] takes the valué with probabilityqg = 0.4. We assumed
the channel model to be linear and selected the waveféens”,

at random oveR5 dimensional unit sphere. These waveforms are

unit norm and have cross correlation less tilah We simulated
the performance of the optimal subset selector along wighlth
norm constrained convex problem under this setting. Weesbikie
l1-norm constraint quadratic minimization problem using iteea-
tive thresholding technique proposed by Daubechies [8l fdr-
formance criteria considered in the simulations is showTeinle 1.
We first present the MSE of te-norm penalized solution found

from (5) (solid line, GAM with ;) as a function of the sparseness

regularization paramete? in Fig. 1. For each value off, we also
show the correspondiny-norm of optimaly (on top of the solid
line) in the figure. The MSE is a increasing function®fand as
explained earlier, we notice that increasifignduces more sparse-
ness in the solution. Whea# is large, the MSE converges to the
variance of the state parameter. We also plot the MSE of ttimap
subset selection solution (dashed line) correspondinigetty thorm
obtained through thé -norm constrained solution. We see a clear
difference in performance between the two techniques. iEHie-
cause of two main reasons: The primary reason is the facinbat
find a suboptimal solution by assuming the GAM estimator ef th
form in (5) rather than the optimal estimator given 8).(The other
reason is due to the fact that we solve the minimization roidub-
ject to ani;-norm constraint rather than &nnorm constraint.
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Fig. 1. Minimum MSE for optimal subset selection (dotted and
dashed-dotted line) arig-norm constrained solution (solid line)with
respect ta3. ||v||o, corresponding to the number of nonzero com-
ponents in the optimal solution ef for constrained optimization is
shown adjacent to the solid line as a functionsof

In Fig. 2, we plot the performance of state estimators mentioned
in Table1. We observe that the performance of GAM undegr
norm constraint is indeed found to be optimal fgy||o = 1 case
and clearly suboptimal for other cases due to the resteictaditive
model. Finally we see that our proposed solution has a sigmifi
performance gain as compared to the simpl@orm constrained
minimization and approaches the optimal subset selectarfop
mance. This suggests that we can considerably reduce thgutam
tional complexity of the problem and at the same time achiealy
optimal performance using such a design approach.

6. CONCLUSIONS

We considered the problem of optimal waveform selection.op/e
timally choose a small subset of waveforms that minimizesstate
prediction MSE given the past observations. We observettigat
optimal subset selection is a combinatorially complex rojzation
problem and hence infeasible. We proposed a suboptimatiaolu
through convex relaxation which achieves near optimalquerance.
We considered a particular model and compared the perfaenain
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Fig. 2. Minimum MSE for the optimal subset selection problem (cir-

12

-o- Optimal subset selectio$
% Proposed Approach
1(1{ o Opt!mal GAM w!th L
% . x- Optimal GAM with LD
v
8r ’\":: 8
"\_:’:
‘,
6, v 4
‘,
‘,
\ "/',
4+ % o .
Voo
ol \té b
T~ :\"\‘99‘-\”-':‘-‘\‘.“» ;;;; - SIS S §
O I $~_4>7%‘**““§é ***** 2]
0 1 2 3 4 5
IMl,

cle), optimal GAM withl; constraint (diamond), optimal GAM with
lp constraint (cross) and the proposed approach (star) asctdn

of [|7[lo-

Approach Form of predictor Constr.
Subset Selection | E [sﬂy?,...,y?,yl] -

GAM + [, > [s2lyd, y1] [7llo
GAM + [; S iE [s2lys, y1] o7t
Optimal predictor | E [s2]y3,...,y5", y1] -
Proposed Solutior] Use optimal from GAM H1 | ||v|x

in subset selection

Table 1. Form of predictors

the various strategies through simulation. This problera rsatu-
ral extension to the problem of optimal energy allocatiotween
two stages of transmission under energy constraints usipgestial
design strategies [10, 11]. One extension is to solve thoblpm
simultaneously for both optimal waveform selection andropt en-
ergy allocation.
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