ENTROPIC GRAPHS FOR IMAGE
REGISTRATION

by
Huzefa Firoz Neemuchwala

A dissertation submitted in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy
(Biomedical Engineering)
in The University of Michigan
2005

Doctoral Committee:

Professor Alfred O. Hero Ill, Co-chair
Professor Paul L. Carson, Co-chair
Professor Charles R. Meyer

Professor Jeffrey A. Fessler






ABSTRACT

ENTROPIC GRAPHS FOR IMAGE REGISTRATION

by
Huzefa Firoz Neemuchwala

Co-chairs: Alfred O. Hero 11l and Paul Carson

Given 2D or 3D images gathered via multiple sensors located at different positions, the
multi-sensor image registration problem is to align the images so that they have an identical
pose in a common coordinate system. Image registration methods depend crucially upon a
robust image similarity measure to guide the image alignment. This thesis concerns itself
with a new class of such similarity measures. The launching point of this thesis is the en-
tropic graph based estimate of Rényi’s a-entropy developed by Ma for image registration.
This thesis extends this initial work to develop other entropic graph-based divergence mea-
sures to be used with advanced higher dimensional features. A detailed analysis of entropic
graphs is followed by a demonstration of their performance advantages relative to conven-
tional similarity measures. This thesis introduces technigues to extend image registration
to higher dimension feature spaces using Rényi’s generalized «-entropy. The a-entropy
is estimated directly through continuous quasi-additive power-weighted graphs such as
the minimal spanning tree (MST) and k-Nearest Neighbor graph (kNN). Entropic graph

methods are further used to approximate similarity measures like the a-mutual informa-



tion, non-linear correlation coefficient, a-Jensen divergence, Henze-Penrose affinity and
Geometric-Arithmetic mean affinity. Entropic-graph similarity measures are applied to
problems in breast Ultrasound image registration for cancer management, geo-stationary
satellite registration, feature clustering and classification and for atlas based multi-image
registration. This last work is a novel and significant application of divergence estima-
tion for registering several images simultaneously. These similarity measures offer robust
registration benefits in a multisensor environment. Higher dimensional features used for
this work include basis functions like multidimensional wavelets, independent component

analysis (ICA) and discrete cosine transforms.
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CHAPTER I

| ntroduction

1.1 Image Registration

Given 2D or 3D images gathered via multiple sensors located at different positions, the
multi-sensor image registration problem is to align the images so that they have an identical
pose in a common coordinate system. In medical imaging, cross sectional anatomic im-
ages are routinely acquired by magnetic induction (Magnetic Resonance Imaging, MRI),
absorption of accelerated energized photons (X-Ray Computed Tomography, CT), ultra
high frequency sound ultrasound (UL) waves and radionuclide imaging (emission com-
puter tomography, (ECT), positron emission tomography (PET), single photon emission
computed tomography (SPECT)). Each sensor or modality provides unique information
about the object that is then combined with information from other sensors to arrive at
a decision. For example before a surgical procedure in the brain, doctors gather soft-
tissue information via MRI sensors and skull or hard-tissue information is acquired via
CT. These modalities are then registered to identify locations of tumor or disease in the
brain and perform surgical planning. Image fusion is defined as the task of extracting co-
occurring information from multisensor images. Image fusion finds several applications in
medical imaging where it is used to fuse anatomic and metabolic information [109, 87, 34],

and build global anatomical atlases [120], among other applications. Figure 1.1.1 shows



examples of multimodal face matching and brain image registration.

@ (b)

Figure 1.1.1: Image fusion: (a) Co-registered images of the face acquired via visible
light and longwave senors. (b) Registered brain images acquired by time-
weighted responses . Face and brain images courtesy ([33]) and ([25]) re-
spectively.

Image registration is a challenging multi-sensor fusion problem due to the diversity
of sensors capable of imaging objects and their intrinsic properties. Artifacts such as mo-
tion, occlusion, specular refraction, noise, inhomogeneities in the object and imperfections
in the transducer compound the difficulty of image registration. Cost and other physical
considerations can constrain the spatial or spectral resolution and the signal to noise ra-
tio (SNR). Despite these hindrances, image registration is now commonplace in medical
imaging, satellite imaging and stereo vision. Image registration also finds widespread
usage in other pattern recognition and computer vision applications such as image seg-
mentation, tracking and motion compensation. A comprehensive survey of the image reg-

istration problem, its applications, and implementable algorithms can be found in [86, 85].

In this thesis, we present extended entropic graph registration methods using accelerated



minimum spanning tree (MST) and k-nearest neighbor graph (kNNG) algorithms. Higher
dimensional features extracted from images using independent component analysis and
wavelets are used to represent images. This chapter describes past attempts to address the
multimodal image registration problem. It also underlines the major contributions of this

thesis and presents an outline of the work herein.

1.2 Previous approaches to image registration and their limitations

Early image registration methods were developed mostly often for images acquired
via the same modality. Thus the pixel intensity maps of the reference and target image re-
sembled each other closely except for intensity preserving deformation. Early researchers
in image registration methods thus used measures like linear correlation to measure the
similarity between images. Correlation was measured between the pixel intensity maps of
the two images. Since images were captured using the same sensor or sensors with close
physical characteristics, a linear relationship could be expected between pixel intensity
maps of the images. Today, these early correlation methods find limited application in
multisensor registration applications. Images acquired with multiple sensors often exhibit
non-linear relationships amongst each other. In medical imaging, this is commonly seen
in registration of images involving two different imaging modalities.

To overcome limitations of linear correlation, Viola and Wells [125] and Maes et. al.
[84] devised a similarity measure based on an information divergence, specifically the
Kullback-Liebler [74] divergence between the joint feature density and the product of the
marginal densities. This is the mutual information (MI) measure and it quantifies the
non-linear correlation between images as the amount of statistical dependency in the un-
derlying joint probability distribution functions (pdf). They defined an estimate of Ml

measured as the divergence between the joint histograms of pixels and product of the



marginal histograms of pixel intensities. The histogram density estimator is substituted in
the MI formula in place of the actual pdf’s of the pixel features. Scalar pixel intensities
enable histogram building in 1D to estimate marginal densities and in 2D to estimate joint
density of pixel features. With the ability to capture non-linear relationships between pix-
els, registration methods received a boost. However, although the pixel-histogram method
overcomes the nonlinear correlation problem, drawbacks abound due to the use of his-
togram density estimators. Histograms are efficient density estimators in low dimensions,
but cannot be reliably constructed in higher dimensional feature spaces (> 4) thus limit-
ing themselves to applications where dimensionality of feature space is very low. Several
applications in multisensor fusion require the higher dimensional feature descriptors to ef-
fectively capture signal properties. Unfortunately, the pixel-histogram method cannot be
directly extended to address these problems. While correlation can be measured in higher
dimensional feature spaces, it cannot account for the nonlinear relationships between fea-
tures.

Recently, Ma and Hero [82] proposed the use of entropic-graph methods for image reg-
istration. As contrasted to the previous approaches, entropic graphs estimate an informa-
tion divergence without the need to compute histogram density estimates. The launching
point of this thesis is the entropic graph based estimate of Rényi’s a-entropy introduced
by [56, 55, 54] and developed by Ma for image registration [82]. An entropic graph is any
graph whose normalized total weight (sum of the edge lengths) is a consistent estimator
of a-entropy. An example of an entropic graph is the minimal spanning tree and due to its
low computational complexity it is an attractive entropic graph algorithm. This graph esti-
mator can be viewed as a multidimensional generalization of the Vasicek-Shannon entropy
estimator for one dimensional features [124, 12]. Graph methods such as the MST sidestep

the issue of density estimation and have asymptotic convergence to the Rényi a-entropy



of the feature distribution. The a-entropy of a multivariate distribution is a generalization
of the better known Shannon entropy. Alfred Rényi introduced the a-entropy in a 1961
paper [108] and since then many important properties of a-entropy have been established
[9]. From Rényi’s a-entropy the Rényi a-divergence and the Rényi a-mutual information
(c-MI) can be defined in a straightforward manner. For o = 1 these quantities reduce
to the standard (Shannon) entropy, (Kullback-Liebler) divergence, and (Shannon) Ml, re-
spectively. Another useful quantity that can be derived from the a-entropy is the a-Jensen
difference, which is a generalization of the standard (Shannon) Jensen difference. Ma [82]
demonstrated that this generalization allows for an image matching algorithm that benefits
from a simple estimation procedure and an extra degree of freedom («).

Various forms of a-entropy have been exploited by others for applications including:
reconstruction and registration of interferometric synthetic aperture radar (ISAR) images
[49, 39]; blind deconvolution [35]; and time-frequency analysis [8, 128]. The innovation
of Ma’s work [82] and this thesis with respect to these other methods is the extension
to high dimensional features via entropic graph estimation methods. On the other hand,
the a-entropy approaches described in this thesis should not be confused with entropy-
alpha classification in SAR processing [24]. A tutorial introduction to the use of entropic
graphs to estimate multivariate a-entropy and other entropy quantities was published by
in a recent survey article [55]. Generalized measures of dissimilarity were estimated from
the features using MST and kNN graphs.

This discussion leads us to the next section where the chief contributions of this thesis
are described with an emphasis on its attempts to overcome the deficiencies in previous

methods as well as extensions.



1.3 Contributions of Thesis

Several new applications of entropic graphs in high dimensional feature spaces are
presented in this thesis. These entropic graph estimates can be computed via a host
of combinatorial optimization methods including the MST and the k-Nearest neighbor
graph (kNNG). The computation and storage complexity of the MST and KNNG-based
estimates increase linearly in feature dimension as opposed to the exponential rates of
histogram-based estimates of entropy. Furthermore, as will be shown, entropic graphs can
also be used to estimate more general similarity measures. Specific examples include the
a-mutual information (a-Ml), a-Jensen difference divergence, the Henze-Penrose (HP)
affinity, which is a multidimensional approximation to the Wald-Wolfowitz test [127], the
a-geometric-arithmetic (a-GA) mean divergence [118] and a new measure of nonlinear
correlation called the nonlinear correlation coefficient, presented here for the first time.
To our knowledge, the latter divergence measures have never been utilized in the context
of image registration problems. We also explore variants of entropic graph methods that
which exhibit faster convergence and reduced computational complexity.

A primary motivating problem for this thesis is the registration of UL images. Com-
pared with other modalities, UL registration has not been studied extensively. This the-
sis thus extends the application of entropic graphs to new applications like Ultrasound
breast image registration, multisensor satellite image registration, registration involving
several images (simultaneous multi-image registration), MRI small volume registration
and matching of human face images. Ultrasound imaging is a cheaply available and widely
used modality to detect malignant breast lesions. However, compressibility of the breast
tissue, high specular imaging noise, low resolution and small field-of-view have compli-

cated past registration efforts. Through the use of graph-based registration methods and a



data-driven features extraction process, lower registration errors in test cases were seen.

Besides mono-modality UL registration, graph methods have been applied to various
multimodal images. Aerial images of the earth taken by geo-stationary satellites in the
thermal and visible bands of the electromagnetic spectrum are registered using graph meth-
ods and higher-dimensional features. In registering multiple images to form a representa-
tive atlas, high dimensional estimation of density is performed. With only 50 patients, the
pixel-histogram method would require histogram construction in 100 dimensional space.
Even if the computation technology would be available to build it, histogram estimation
of a 100D joint density would be highly biased and non-smooth. Graph methods with
linear complexity in feature dimensionality make a stronger case for a direct estimation of
entropy and divergence without the need to estimate density in higher dimensions. Certain
imaging applications involve detecting and tracking regions that have a small volume, such
as micro-calcification in the breast and tumor in the brain. Histograms are poor estimators
of density in the small sample regime i.e., when the number of features or voxels is low.
Small volumes cannot be matched accurately with histogram methods due to the noisy
density estimation process. This thesis overcomes such drawbacks with entropic graph
methods which provide remarkable estimates of entropy and divergence even with a small
number of features. A multimodal face matching examples is included to demonstrate the
versatility of entropic graphs to perform other image matching tasks.

A requirement to accomplish accurate high dimensional image matching is a discrimi-
nating feature space adapted to the image characteristics. Different modalities and imaging
characteristics demand different features. Higher dimensional features used for this work
include those based on independent component analysis (ICA), multidimensional wavelet
image analysis and discrete cosine transforms (DCT). ICA is a data-driven process of

estimating statistically independent basis and is used to extract features from ultrasound



images. Local basis projection coefficients are implemented by projecting local 8 by 8
sub-images of the image onto the ICA basis. The high dimensionality (= 64 for local basis
projections) of these feature spaces precludes the application of standard entropy-based
pattern matching methods and provides a good illustration of the power of our approach.
Satellite images are registered with entropic graph methods operating on features extracted
using Meyer wavelets. The ability of the wavelet basis to capture spatial-frequency infor-
mation in a hierarchical setting makes them an attractive choice for use in registration.

For demonstration purposes, primitive tag features that are local quantized pixel neigh-
borhoods are used. Tags serve as a good introductory feature set before advancing to other
feature extraction methods. In the past, pixel-pairs [110] were the only vector features
used within the MI context of registration. It should be noted that local feature extraction
via basis projection is a commonly used technique for image representation [112, 123].
Image registration methods that do not rely on information divergence often use wavelet
features, e.g. [129, 117]. In [64] multiresolution wavelet analysis is used to perform
pixel-histogram MI-based matching from a coarse to a high resolution. ICA features are
somewhat less common but have been similarly applied by Olshausen, Hyvérinen and
others [77, 61, 101].

Further, this thesis seeks to overcome issues associated with the algorithmic construc-
tion of the MST and kNN graph. It explores advanced algorithms to overcome the time-
memory limitations of building the MST and kNN graph. A disc-based approach is used
to pick candidate nodes and cull the number of edges used to build the MST. Similar ap-
proaches have enabled rapid MST construction for about 100,000 feature samples residing
in 64 dimensional space. By comparison, a full search method would require several min-
utes to construct the MST over 10,000 points in 2D. It is virtually impossible to construct

a MST for 100,000 points in 64D spaces using a traditional full search approach. This



acceleration has allowed evaluation of entropic graphs methods over several hundreds of
images with a variety of feature spaces. This was not possible earlier due to computa-
tional limitations of MST construction methods. A kd-tree approach is used to rapidly
construct the KNN graph and further accelerate the estimation process. We establish that
computational complexity is less of a hurdle in registration with graph methods due to
contributions made here. Functions written in the ANSI C and MATLAB programming
language for each of our entropic graph methods is included in the appendix and can be
downloaded from the website [1].

This thesis has thus developed several new techniques to address the image registration
problem. Comprehensive simulation analysis of the performance of each of these metrics
in rotational image registration scenarios described above is presented. Extensive com-
parisons between these methods and other existing methods, such as the pixel-histogram
method and correlation coefficient based methods are also included. Testing has been
performed on several images from the same modality, such as Ultrasound, and different
modalities, such as time-weighted MRI, on imagery obtained from medical, satellite and
face-matching applications. Numerical performance comparisons among the metrics and
features are aimed at identifying the algorithms that best discriminate between rotationally
aligned and misaligned images. The rotational deformations are local in nature since the
thesis does not intend to focus on iterative optimization techniques. The discrimination
ability for local rotational deformations provides a good comparison of the accuracy of
registration for more general image deformations. Sensitivity and robustness to noise is
also evaluated.

The next section provides an outline so as to help navigation of the thesis.
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1.4 Outline of the thesis

Chapter Il describes the multi-modality image registration problem, chief components
of an image registration system, historical approaches to solve the registration problem
and the main contributions of this thesis.

Chapter 111 presents a host of dis-similarity measures such as «a-divergence, a-mutual
information, «-Jensen difference divergence, a-geometric arithmetic mean divergence,
non-linear correlation coefficient and Henze-Penrose affinity. We choose to focus on these
measures due to our ability to estimate them reliably without density estimation.

Chapter 1V illustrates entropic graph based entropy estimation, estimation of «-Jensen
difference divergence and Henze-Penrose divergence. Chapter IV further introduces sev-
eral new approximations that can be used to estimate «-MI, NLCC and other divergences
using nearest neighbor graphs.

As a generalization of the pixel-level representation for registration of images, tag, ICA
and wavelet feature representations are described in Chapter V. Chapter V also provides
descriptions of how feature selection can be performed with tag, ICA and wavelet features.

A significant amount of time was spent on developing faster MST and kNN methods.
Improvements over existing algorithms are described in detail in Chapter V1. Source code
is provided freely on the Internet [1] and in the appendix of this thesis.

In Chapter VII we present experiments to validate and evaluate entropic graph meth-
ods in the context of other similar registration methods were performed on real images
derived from ultrasound data of the breast of female patients undergoing chemotherapy
and MRI images of the brain. Other multisensor satellite and face images were also used

for evaluation of our methods.
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CHAPTER 11

| mage fusion and registration

Sensors provide information about the environment. These days, multiple sensors are
available to sample different properties of the environment or of an object of interest. Pre-
suming that each sensor is capable of measuring a new object property, streams of sensor
data are used to recreate object views in the computer or processing unit. Multisensor
information fusion addresses the problem of combining information from multiple sen-
sors to arrive at inferences about the object or its role in the environment. In recent years,
multisensor data fusion has been extensively investigated by researchers in a variety of
disciplines, such as artificial intelligence [78], pattern recognition [90], medical imaging
[86], automated target recognition [3], speaker identification in video [36], remote sens-
ing [111], monitoring of manufacturing processes [22] and robotics [62]. Sensor fusion
typically involves different signal sources. The animal brain routinely integrates up to five
different types of sensory information perceived by the eyes, ears, nose, tongue and skin
to achieve a more accurate assessment of the surrounding environment and identification
of threats, thereby improving its chances of survival. Humans fuse multiple information at
every stimulation of their senses by appropriate signals (Figure 2.0.1). For example, con-
sider a barking dog. Visual information is gathered by eye, audio information is provided

by the ears. The brain is capable of fusing both sources of information to deduce that the
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dog is barking. Humans identify each other through a fusion of sight and voice. Animals
identify their cubs through a fusion of smell, voice and sight. However, as easy as it is for

the brain to perform this task, training a computer to fuse this information is not trivial.

Data Fusion

Figure 2.0.1: Data fusion: The human brain performs complex data fusion from up to five
different sensors upon every sensory stimulation by an appropriate signal.

Information retrieved from an object in the real world has several dimensions, some
are physical dimensions related to its position and appearance, some others are intrinsic
properties such as its heat content and density. Consider the example of geostationary
satellites that image the earth with several sensors monitoring properties of a region such
as its visible geography, heat content, mineral content, water content and underlying ge-
ological activity among others. Sensors provide quantitative measurements which are de-
pendent on the structure and configuration of the object under scrutiny. However, not all
information is meaningful and even the meaningful data requires interpretation. To extract
meaningful information from streams of sensory data, one has to devise features capable
of capturing the structure and configuration of the object. Sensing is prone to information
loss due to the sampling, physical limitations of the sensor, interference from nuisance
objects and transients and projections. Inversion of the sensing process is ill-posed due

to the information loss. One attempts to extract common information about the object
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from multiple sensors to arrive at an inference. Multisensor data fusion addresses these
problems by combining data not only from from multiple sensors but also from related in-
formation found in associated databases, to achieve improved accuracies and more specific
inferences than could be achieved by the use of a single sensor alone. Multiple sensors
overcome information loss by providing redundancy and reducing uncertainty in the mea-
surements. Multisensor fusion critically depends upon multisensor registration. When the
information from the sensors is not acquired simultaneously and from the same position
and view angle, registration must be performed through software processing to correct for

coordinate differences.

2.1 Motivations for Fusion in Imaging

Sensor fusion techniques are commonly adopted in applications where direct object
perception is difficult, noise-prone or expensive. One example is medical image fusion,
where organs inside the body are not directly accessible. In medical imaging, this in-
accessibility mandates multiple sensor usage, each sensor providing measurements of a
different tissue property. Information from a single sensor is fraught with common prob-
lems related to sensor noise, physical constraints, obstruction of view, shadowing, tissue
movement and patient motion among others. Sensors providing complimentary tissue in-
formation or complimentary object views allow for a more complete observation of the
anatomy, physiology (metabolism) or pathology (disease, tumor). Sensor fusion methods
are then adopted to parse through the information from multiple sensors, perform complex
deductions and provide consistent conclusions. Required margins of error from an auto-
mated fusion and inference system are required to be at least as low as that arrived at by
the physician herself. An example of the use of fusion is in radiotherapy treatment, where

CT and MRI are employed to provide complimentary soft-tissue hard-tissue information
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in the brain and skull [121]. Mammography performed with X-Ray imaging is now fused
with UL images of the breast to provide an additional perspective of the tumor or cyst and
perform a better analysis of the case [65]. Treatment verification by comparison of pre-
and post-intervention images, tumor growth monitoring or assessment of therapy can be
performed using time series of UL data of breast tumors [71, 72], MRI scans on brain tu-
mors [48] or CT scans on bones. In these applications, the sensor and sensing technology
remains the same but the fusion occurs over data collected at two different time points.
Most automated artificial intelligence imaging systems rely on an information pro-
cessing unit. In these systems multiple environment parameters are collected by sensors
leading to an information overload from the glut of accumulated data. Automated systems
are required to provide reliable decisions in a timely fashion. The amount of time needed
to reach a reliable decision increases rapidly with the amount of information available.
Sensor fusion is necessary to combine information in a way that removes inconsistencies
and presents clearly the best interpretation of measurements input from many individual
sources. Manual fusion requires a level of information processing that is extremely labo-
rious and expensive and requires specialized training and knowledge. Automatic sensor
fusion is a necessity to overcome time constraints and parse unimportant information.
Through sensor fusion, we can combine measurements from several different sensors in
order to combine different aspects of the environment into one coherent structure. When
done properly, sensor fusion combines input from many independent sources of limited
accuracy and reliability to give information of known accuracy and proven reliability.
Medical imaging applications use expensive sensors that are calibrated on a regular
basis and are maintained to perform at high standards. Other applications require that sen-
sors be placed in hostile environments where access is reduced or eliminated, such as in

outer space, deep sea, forests, mountains or river beds. Due to this reason, applications
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such as monitoring soil toxicity or water contamination can be addressed by distributing
several hundreds of cheap sensors in the environment [70]. Such systems can be built with
redundancy to reduce the impact of a single sensor failure on the outcome. Unforeseen,
adverse circumstances and changing interfaces with the environment limit the ability of
the some sensors to interact with their habitat. When numerous sensors gather data in-
dependently sensor fusion is performed to arrive at reliable conclusions and reduce the
impact of sensor failure. Combining measurements from several different kinds of sensors
can give a system more accurate information than otherwise possible. Combining several
measurements from the same sensor makes a system less sensitive to noise because in the
measurements of the same environment at different times the signal components are highly
correlated while the noise components are independent.

Lastly, diversity in sensor types allows sensing of a variety of object or environment
properties. Diversity could be achieved by harnessing sensors that focus on different bands
in the electromagnetic spectrum. For example, visible and infrared sensors can be used
in security systems, or visible light and audible sound can be used in a video camera.
Satellites often image earth in up to 12 different bands of the electromagnetic spectrum.
These observations are correlated with water vapor to predict weather patterns and with
greenhouse gases to monitor environmental impact on food production. This diversity
leads to a reduction in the probability of decision error and uncertainty encountered in the
measurements thus making the sensing system more reliable which ultimately benefits the
inference-making procedure. The probability of decision error in such a system would
be expected to fall asymptomatically as the number of sensors providing new and useful
object information is increased.

In summary, the advantages of sensor fusion over single sensor processing are due to

the redundancy, diversity and complementarity among multiple sensors. When data from
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multiple sensors is fused together the resultant observation is expected to have a higher
signal to noise ratio, a reduction in overall measurement variance and a better and more
sophisticated picture of the environment. Redundancy is caused by the use of multiple
sensors to measure the same entity. It is well known that redundancy reduces uncertainty.
This can be appreciated from the fact that for multiple sensors, the signal related to the
measured quantity is often correlated, whereas the uncertainty associated with each indi-
vidual sensor tends to be uncorrelated. If multiple sensors are different modalities, they
measure the same scene with different laws of physics, and one obtains physical sensor di-
versity. Another diversity, spatial diversity, which offers different viewpoints of the sensed
environment simply by having sensors in different locations, also plays a very important
role in multisensor fusion. Multiple sensors observe a subset of the environment space,
and the union of these subsets makes up broader environment observation. In this way,

one achieves data complementarity.

2.2 The Role of Image Registration in Sensor Fusion

In many applications in medical imaging, satellite imaging and image and video pro-
cessing, sensors acquire 2D cross-sectional and projection information. In volumetric
imaging, several 2D images may be acquired to form a stack of cross-sectional views in
3D. A common problem related with such systems is the misalignment in the acquired
images due to the coordinate differences in the images. This misalignment is further com-
plicated by camera and object movement which change camera geometry relative to the
object thus affecting object pose and view direction. For example, handheld UL trans-
ducers with a small field-of-view have a different coordinate system compared with large
field-of-view X-Ray systems that are fixed on the floor. Further, the images are acquired at

different resolutions, at different times and often with significant tissue change. Lastly, the
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sensors acquire fundamentally different tissue properties thus the measurements differ in
their units. For example, X-Ray sensors image object density, UL sensors image acoustic
reflectivity, thermal sensors are sensitive to reflective heat energy, MRI sensors capture
water content or and digital cameras capture visible light and thus the visual appearance
of the object through a projection.

In systems that are not co-registered during image acquisition, the alignment of images
is crucial and pivotal in the sensor fusion. Image registration is a precursor to sensor
fusion and enables information extraction from multiple images. Recently, the distinction
between fusion and registration has blurred in literature. Partly, this is due the evolution of
sophisticated image registration algorithms that use fusion technology like pixel, feature
or symbol level fusion. In this thesis registration and fusion terminology will be used

interchangeably.

2.3 Chief Components of an Image Registration System

The three chief components of an effective image registration system (Figure 2.3.2)
are: (1) definition of features that discriminate between different image poses; (2) adap-
tation of a matching criterion that quantifies feature similarity, is capable of resolving
important differences between images, yet is robust to image artifacts; (3) implementation
of optimization techniques which allow fast search over possible transformations. In this
chapter, we shall be principally concerned with the first two components of the system.
In a departure from conventional pixel-intensity features, we present techniques that use
higher dimensional features extracted from images. We adapt traditional pixel matching
methods that rely on entropy estimates to include higher dimensional features. We pro-
pose a general class of information theoretic feature similarity measures that are based on

entropy and divergence and can be empirically estimated using entropic graphs, such as
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Figure 2.3.2: Block diagram of an image registration system

the minimal spanning tree (MST) or k-Nearest Neighbor (kNN) graph, and do not require

density estimation or histograms.

2.4 Historical Perspective on Image Registration

Traditional approaches to image registration have included single pixel gray level fea-
tures and correlation type matching functions. The correlation coefficient is a poor choice
for the matching function in multi-sensor fusion problems. Multi-sensor images typically
have intensity maps that are unique to the sensors used to acquire them and a direct linear
correlation between intensity maps may not exist (Figure 2.4.3). Several other matching
functions have been suggested in the literature [57, 63, 103]. Some of the most widespread
techniques are: histogram matching [59]; texture matching [6]; intensity cross correlation
[86]; optical flow matching [75]; kernel-based classification methods [27]; boosting clas-
sification methods [29, 68]; information divergence minimization [122, 116, 115, 49]; and
mutual information (MI) maximization [125, 84, 45, 87, 17]. The last two methods can be
called “entropic methods” since both use a matching criterion defined as a relative entropy

between the feature distributions. The main advantage of entropic methods is that they
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can capture non-linear relations between features in order to improve discrimination be-
tween poor and good image matches. When combined with a highly discriminatory feature
set, and reliable prior information, entropic methods are very compelling and have been
shown to be virtually unbeatable for some multimodality image registration applications
[76, 87, 57]. However, due to the difficulty in estimating the relative entropy over high di-
mensional feature spaces, the application of entropic methods have been limited to one or
two feature dimensions. The independent successes of relative entropy methods, e.g., Ml
image registration, and the use of high dimensional features, e.g., SVM’s for handwriting
recognition, suggest that an extension of entropic methods to high dimensions would be
worthwhile. Encouraging initial studies on these methods have been conducted by these

authors and can be found in [96, 94].
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(8) T1 weighted MRI (b) T2 weighted MRI (c) Joint histogram

Figure 2.4.3: MRI images of the brain, with additive noise. (a) T1 weighted 7, (b) T2
weighted 7,. Images courtesy [25]. Although acquired by a single sensor,
the time weighting renders different intensity maps to identical structures in
the brain. (c) Joint gray-level pixel coincidence histogram is clustered and
does not exhibit a linear correlation between intensities.

2.5 Classification of Sensor Fusion Techniques

As documented above, sensor fusion techniques have several motivations depending

upon the particular application. The actual process of sensor fusion can be conducted in
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various ways. The particular method adopted determines the choice of parameters and af-
fects the results of the fusion process. There are several criteria to categorize current sensor
fusion techniques. These are broadly divided by: types of sensor data, levels of represen-
tation and choice of mathematical basis. In multimodal image registration applications,
sensor data may come from a time-series of images, often with redundancy. Different
modalities may provide complementary information about the object. Some applications
such as atlas registration involve multimodal time-series registration. Thus types of sensor
data may not provide the best framework for classification of the methods provided here.
This work extends on the information theoretic framework to provide the mathematical
foundation for registration. The choice of classification of fusion types covered in this

thesis may be classified by examining the different levels of feature representation.

2.5.1 Classification by Levels of Representation

Applications of multisensor fusion may be characterized by the level of representation
given to data during the fusion process. Observational data may be combined, or fused, at
a variety of levels: signal, feature, and symbol levels. Note that these levels of fusion are
only a rough classification of representation possibilities, and in no way can capture the
subtlety of numerous applications. Image registration applications often involve temporal
and spatial alignment of image signals. In the information-theoretic framework signals
are modeled as random processes corrupted by uncorrelated noise and the fusion process
is considered as an estimation procedure. Signal level fusion methodology refers to a
combination of the signals in a group of sensors in order to arrive at a fusion decision.
Signal level fusion methods such as weighted averaging of images are superseded by ad-
vanced metrics that correlate feature or symbolic relationships between images. However,

in cases where signals represent different phenomenologies, signal-level fusion may be
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used as demonstrated in [37].

25.1.1 Feature-level fusion

In the multisensor registration scenario where each sensor observes a different object
property, alignment must be accomplished through the use of features. Pixels are the most
commonly used features for registration due to their low complexity and ease of use with
minimum effort required in feature extraction. The downside of using primitive features
is that they offer little or no spatial resolving capability of texture, image structure and
spatial frequency. Figure 2.5.4 shows the coincidence measuring using pixel pairs from
the images being considered for registration. When adequately represented, features have
the ability to represent the sensory information, reduce the complexity of the processing
procedure and increase the reliability of the processing results. Spatial features can be
adapted for the purpose of image representation in multimodal image registration. Typical
features extracted from an image and used for fusion include edges and regions of similar
intensity. In Figure 2.5.5 a collection of quantized pixels (a pixel neighborhood) is used
to extract edge information from image regions, called the method of tags in [4]. When
multiple sensors have similar features at the same location, the likelihood that the features
are actually present can be increased significantly and thus fusion improves the processing

accuracy.

2.5.1.2 Symbol-level fusion

Symbolic representation of features strives to achieve a level of sophistication in the
feature extraction process. Symbol-level fusion can effectively integrate the information
from multiple sensors at the highest level of abstraction. The symbols can be derived
through a symbolic reasoning processes that may make use of prior knowledge from a

world model or sources external to the system. The most common type of symbol-level
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Pixel at location (i, j) Pixel at location (i, j) in rotated image

@ (b)

Figure 2.5.4: Single-pixel gray level coincidences are recorded by counting the number
of co-occurrences of a pair of gray levels in the reference (a) and in the
secondary (b) images at a pair of homologous pixel locations. Here the sec-
ondary image (b) is rotated by 15° relative to the reference image (a).

@ (b)

Figure 2.5.5: Local tags features applied to image registration. Each pixel is labeled by a
8 x 8 tag type extracted using Geman’s [44, 4] adaptive thresholding tech-
nique. Occurrences and coincidences of tag labels can be mapped to a coin-
cidence histogram like Fig. 3.3.1
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fusion application is pattern recognition. Feature information is extracted from sensor
data, defining a point in the feature space. This point may be mapped to a symbolic in-
terpretation of the world based on that symbol’s neighborhood in the feature space. The
ability to specify relations between features is used by humans for eclectic cognition and
representation tasks. For example, humans identify voice modulation and facial expression
and can relate the two to concur fight or flight decisions. This thesis attempts to identify
primitive symbols through the relations between features. Figure 2.5.6 demonstrates fea-
ture extraction using symbolic directional relations between tag features at different spatial
locations. Such spatial correspondence was introduced by [4]. Two lines running parallel
can be identified as a feature and may identify a road or railway tracks on an aerial im-
age or an artery in a medical image. Co-occurrences can then be evaluated between such

features.

(a) Image I, (b) Image I

Figure 2.5.6: Symbol-level fusion: An abstraction of feature-level fusion where relations
between features are expressed as features themselves. (a) Here the symbolic
relation between two pixel neighborhoods is captured through the magnitude
and direction of vector R. (b) The same vector R has now moved from its
position in Ultrasound image /; due to the rotation of 7;. Tracking the change
in position of R may help identify common features and enable fusion.

In conclusion, it should be noted that sensor fusion plays a significant role in the multi-
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sensor imaging. Image registration is a precursor to the image fusion process since the
extraction of common features can occur only after the images are spatially aligned. The
development of multi-sensor image registration techniques has led to application of regis-
tration in cross modality applications. This thesis focuses on a feature-level representation
of images where alignment between images is quantified by measuring similarity between
features extracted from images. A critical component of image registration is the similarity
measure used to estimate alignment between images. Features may be higher dimensional
and hence require reliable and robust measures of similarity that can operate in higher di-
mensional space. The next chapter introduces entropic feature similarity and dis-similarity
measures that enable image alignment through a higher dimensional feature representation

of images.



CHAPTER 111

Entropic Feature Similarity and Dissimilarity Measures

In this chapter we review entropy, relative entropy, and divergence as measures of dis-
similarity between probability distributions. Let Y be a d-dimensional random vector and
let f(y) and g(y) denote two possible densities for Y. Here Y will be a feature vector
constructed from the reference image and the target image to be registered and f and ¢
will be multidimensional feature densities. For example, information divergence methods
of image retrieval [115, 31, 123] specify f as the estimated density of the reference image
features and g as the estimated density of the target image features. When the features are

discrete valued the densities f and g are interpreted as probability mass functions.

3.1 Statistical Framework

Let X, be a reference image, and consider a database of one or more target images
X;,i = 1,..., K of images to be registered to the reference image. Let Z; be a feature
vector extracted from X;. Assume Z; is a p-dimensional vector random variable. Specif-
ically, assume that image X;’s feature vector Z; is realization Z generated by a j.p.d.f.
f(Z]6) which depends on a vector of unknown parameters ¢ lying in a specified param-
eter space ©. Under this probabilistic model the k-th observed image feature vector Z,

is assumed to have been generated from model f(Z|0)), where 6 is called the “true pa-

27
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rameter” underlying Z,. Under this statistical framework the similarity between images

Xo; X is reduced to similarity between feature probability models f(Z,(6o); f(21/61).

3.2 Reényi Entropy and Divergence

The basis for entropic methods of image fusion is a measure of dissimilarity between
densities f and g. Dis-similarity or divergence measures between f and g, denoted as

D(f||g), should have the following properties:
* D(fllg) > 0, when f # g,
* D(fllg) =0, when f = g (ae.),
* D(f|lg) is smooth in f so that optimization can be readily accomplished over f,
* D(f]|g) is easily estimated from data samples,
* D(f|lg) is related to and is an accurate measure of mis-registration error,
* D(f]|g) is generalizable to features in d-dimensional space,

* D(f|lg) is robust to noise and sensitive to local and global perturbations in the im-

ages.

A very general entropic dis-similarity measure is the Rényi «-divergence, also called

the Rényi a-relative entropy, between f and g of fractional order o € (0, 1) [108, 28, 9] :
1 fl2)\*
Da(fllg) = —— 1og/ 9(2) <@) dz
et Y A RO (31)

a—1

When the density f is supported on the d-dimensional unit cube and ¢ is uniform over this

domain the (negative) a-divergence reduces to the Rényi a-entropy of f:

1
11—«

Ha(f) =

log/ fe(z)dz. (3.2)
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When specialized to various values of « the a-divergence can be related to other well
known divergence and affinity measures. Two of the most important examples are the
Hellinger dissimilarity —21log [ /f(z)g(z)d= obtained when o = 1/2, which is related

to the Hellinger-Battacharya distance squared,

Dreitinger(fllg) = /(\/m— m>2dz

= 2(1-exp (3D4(/1l9))) - (33)

and the Kullback-Liebler (KL) divergence [74], obtained in the limitas o — 1,

tin D, (fll9) = [ g()tog 973 (3.4)

3.3 Mutual Information and a-Mutual Information

The mutual information (MI) can be interpreted as a similarity measure between the
reference and target pixel intensities or as a dis-similarity measure between the joint den-
sity and the product of the marginals of these intensities. The MI was introduced for gray
scale image registration [125, 84] and has since been applied to a variety of image match-
ing problems [45, 76, 87, 106]. Let X, be a reference image and consider a transformation
of the target image (.X;), defined as X, = T'(X;). We assume that the images are sampled
on a grid of M x N pixels. Let (zo, z7%) be the pair of (scalar) gray levels extracted
from the k-th pixel location in the reference and target images, respectively. The basic
assumption underlying M1 image matching is that { (2o, 2% ) }22} are independent identi-
cally distributed (i.i.d.) realizations of a pair (Zy, Zr), (Zr = T'(Z;)) of random variables
having joint density fo1 (20, 2r). If the reference and the target images were perfectly cor-
related, e.g., identical images, then Z, and Z would be dependent random variables. On

the other hand, if the two images were statistically independent, the joint density of Z,
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and Z7 would factor into the product of the marginals fo 1 (20, 2r) = fo(20) fi(2r). This
suggests using the a-divergence D, (fo1(z0, 2r)|| fo(20) fi(2r)) between f; (2o, z7) and
fo(z0) f1(2r) as a similarity measure. For o € (0, 1) we call this the a-mutual information

(or a-Ml) between Z, and Z+ and it has the form

aMI = Du(fo1(20,27) | fo(20)f1(2r))

SR / £21 (20 20) F0 (20) £ (o) dzodzr (3.5)

a—1

When o — 1 the a-MI converges to the standard (Shannon) Ml

MI = /foJ(ZQ, ZT) log (%) dZQdZT. (36)

For registering two discrete M x N images, one searches over a set of transformations
of the target image to find the one that maximizes the Ml (3.6) between the reference and
the transformed target. The Ml is defined using features (2o, Z7) € {zox, 27% }22Y equal
to the discrete-valued intensity levels at common pixel locations (k, k) in the reference
image and the rotated target image. We call this the “single pixel MI”. In [125, 84],
the authors empirically approximated the single pixel MI (3.6) by “histogram plug-in”

estimates, which when extended to the «-MI gives the estimate

255

aMT def ﬁlog Z f&l(zo,zT) (fo(zo)fl(zT))l_a. (3.7)

20,27=0

In (3.7) we assume 8-bit gray level, fm denotes the joint intensity level “coincidence

histogram”
) 1 MN
f071(Z07 ZT) = m Z IZOk7ZTk (207 ZT)? (38)
k=1
and I, ... (20, 2r) is the indicator function equal to one when (zo, z7%) = (20, 2r) and

equal to zero otherwise. Other feature definitions have been proposed including gray level

differences [17] and pixel pairs [110].
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To illustrate the general procedure, the coincidence histogram is shown in Fig. 3.3.1
for the case of registration of US breast images X, X; (Fig. 3.3.2). Fig. 3.3.1 shows two
cases. At top left is the coincidence histogram when the reference and secondary images
are taken from the same two-dimensional slice of the US breast volume and are in perfect
alignment (X, = X;). At bottom left is the same histogram when the secondary image is
rotated by 8°. The top right and bottom right panels in Fig. 3.3.1 are analogous except that
the secondary images is extracted from a different two-dimensional slice separated from
the reference (query) by 2mm which is approximately 4 times the distance of the minimum
UL slice thickness . At this separation distance along the depth of the scan, the speckle in
the images is decorrelated, but the anatomy in the images remains largely unchanged. In
both cases the spread of the histogram is greater for the bottom panels (out of alignment)
than for the top panels (in alignment) of the figure. The a-MI will take on greater values
for the less spread top panels than for the more spread bottom panels.

Figure 3.3.3 illustrates the MI alignment procedure through a multisensor remote sens-
ing example. Two modalities are illustrated, visible (a) and Infrared (b). Aligned images
acquired by visible and thermally sensitive satellite sensors generate a joint gray level
pixel coincidence histogram fo 1(zo, 21), shown in (c). Note, that the joint gray-level pixel
coincidence histogram is not concentrated along the diagonal due to the mixed modali-
ties of the images. When the thermal image is rotationally transformed, the correspond-
ing joint gray-level pixel coincidence histogram fo 1(z0, 2r) is dispersed, thus yielding a
lower mutual information than in the case of aligned images. The higher dispersion of
the gray-level pixel coincidence histogram for the mixed modality problem suggests that

single-pixel features are inadequate.
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(€) (b)

(©) (d)

Figure 3.3.1: Joint coincidence histograms for single-pixel gray level features. Both hori-
zontal and vertical axes of each panel are indexed over the gray level range
of 0 to 255. (a): joint histogram scatter plot for the case that reference image
(Xo) and secondary image (.X;) are the same slice of the US image volume
(Case 142) at perfect 0° alignment (X; = X;). (c): same as (a) except
that reference and secondary are misaligned by 8° relative rotation as in Fig.
3.3.2. (b): same as (a) except that the reference and secondary images are
from adjacent (2mm separation) slices of the image volume. (d): same as (c)
except that images are misaligned by 8° relative rotation.
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Pixel at location (i, j)

Pixel at location (i, j) in rotated image

@ (b)

Figure 3.3.2: Single-pixel gray level coincidences are recorded by counting number of co-
occurrences of a pair of gray level in the reference (a) and in the secondary
(b) images at a pair of homologous pixel locations. Here the secondary im-
age (b) is rotated by 15° relative to the reference image (a).
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(a) 1;: Urban Atlanta - ther- (b) I5: Urban Atlanta, visi- (c) Joint gray-level pixel co-
mal ble incidence histogram of reg-
istered I and I

d) I (e) T(I-) (f) Joint gray-level pixel co-
incidence histogram of I

Figure 3.3.3: Mutual information based registration of multisensor, visible and thermal
infrared, images of Atlanta acquired via satellite [105]. Top row (in-
registration): (a) Visible light image 7; (b) Thermal image I, (c) Joint
gray-level pixel coincidence histogram f071(z0,z1). Bottom row (out-of-
registration): (d) Visible light image, unaltered /; (e) Rotationally trans-
formed thermal image 7'(1>) (f) Joint gray-level pixel coincidence histogram
shows wider dispersion fo 1 (2o, 2r).
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3.3.1 Relation of a-MI to Chernoff Bound

The a-MI (3.5) can be motivated as an appropriate registration function by large devi-
ations theory through the Chernoff bound. Define the average probability of error P.(n)
associated with a decision rule for deciding whether Z; and Z are independent (hypoth-
esis Hy) or dependent (hypothesis H;) random variables based on a set of i.i.d. samples
{zok, 2T }7—1, Where n. = M N. For any decision rule, this error probability has the repre-

sentation:
P.(n) = B(n)P(Hy) + a(n)P(Hy), (3.9)

where 3(n) and «(n) are the probabilities of Type Il (say H, when H; true) and Type |
(say H; when H, true) errors, respectively, of the decision rule and P(H,) = 1 — P(H,)
is the prior probability of H;. When the decision rule is the optimal minimum probability

of error test the Chernoff bound implies that [30]:

lim ~1log P.(n) = — sup {(1—a)Dalfou(zo.2)lfolz0) fi(er)} . (3.10)

n—oon a€l0,1]

Thus the mutual a-information gives the asymptotically optimal rate of exponential de-
cay of the error probability for testing H, vs H; as a function of the number n = M N of
samples. In particular, this implies that the a-MI can be used to select the optimal transfor-
mation 7" that maximizes the right side of (3.10). The appearance of the maximization over
« implies the existence of an optimal parameter « ensuring the lowest possible registration
error. When the optimal value « is not equal to 1 the MI criterion will be suboptimal in the
sense of minimizing the asymptotic probability of error. For more discussion of the issue

of optimal selection of o we refer the reader to [53].
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3.4 «-Jensen Dissimilarity Measure

An alternative entropic dissimilarity measure between two distributions is the a-Jensen
difference. This function was independently proposed by Ma [82, 52] and He et al [49]
for image registration problems. It was also used by Michel et al in [89] for characterizing
complexity of time-frequency images. For two densities f and ¢ the a-Jensen difference

is defined as [9]

AHy(p, [, 9) = Ho(pf +qg9) — [pPHo(f) + q¢Ha(g)], (3.11)

where o € (0,1)and p € [0,1] and ¢ = 1 — p. As the a-entropy H,(f) is strictly concave
in f, Jensen’s inequality implies that AH,,(p, f,g) > Owhen f # gand AH,(p, f,g) =0
when f = ¢ (a.e.). Thus the a-Jensen difference is a bona-fide measure of dissimilarity
between f and g.

The a-Jensen difference can be applied as a surrogate optimization criterion in place of
the a-MI or the a-divergence. When applied as a surrogate for a-divergence One identifies
f = fi(zr)and g = fo(z0) in (3.11). In this case an image match occurs when the a-
Jensen difference is minimized over . This is the approach taken by [49, 52] for image
registration applications and discussed in more detail below.

On the other hand, the a-Jensen difference can also be used as a surrogate for the a-
MI if one identifies f = f1(20, 27) and g = fo(20) f1(2r) in (3.11). In this case to find
a matching image to a query the «-Jensen difference is maximized over T'. Asymptotic
comparison between the a-Ml and the «a-Jensen difference can give useful insight [53].
It can be shown that when the features Z,, Zr are nearly independent then the most dis-
criminating value of « is 1/2 for the a-Ml. For the «-Jensen difference the best value of
a is 1 and the best value of p is 1/2. While use of a-Jensen as a surrogate for a-MlI is

certainly worthy of additional study, its computational requirements and its performance
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appear similar to that of a-MI and therefore we do not consider it any further.

3.5 a-Geometric-Arithmetic Mean Divergence

The a-geometric-arithmetic (a-GA) mean divergence [118] is another measure of dis-
similarity between probability distributions. Given continuous distributions f and g, the

a-GA is defined as:

aDaa(f,9) = Dalpf + a9l fP9%)

1

= o [(() + a9 (PR e (312

The a-GA divergence is a measure of the discrepancy between the arithmetic mean and
the geometric mean of f and g, respectively, with respect to weights p and ¢ = 1 — p,
p € [0,1]. The a-GA divergence can thus be interpreted as the dissimilarity between the
weighted arithmetic mean pf(x) 4+ gg(z) and the weighted geometric mean f*(x)g9(x).
Similarly to the a-Jensen difference (3.11), the a-GA divergence is equal to zero if and

only if f = ¢ (a.e.) and is otherwise greater than zero.

3.6 Henze-Penrose Affinity

While divergence is a measure of dissimilarity between distributions, similarity be-
tween distributions can be measured by affinity measures. One measure of affinity between

probability distributions f and g is

_ f(2)g(2)
App(f,g9) = QPQ/de> (3.13)

with respect to weights pand ¢ = 1 — p, p € [0, 1]. This affinity measure was introduced
by Henze and Penrose [50] as the limit of the Friedman-Rafsky statistic [42] and we shall

call it the Henze-Penrose (HP) affinity. The HP affinity can be related to the divergence
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measure:

PP + PP

pf(2) +ag(z) (3.14)

lhﬁﬂw=1fhﬂﬁm=/

All of the above divergence measures can be obtained as special cases of the general
class of f-divergences, e.g., as defined in [28, 9]. Two categories exist in the list of diver-
gences presented above. Some, like the arJensen between two densities, «GA and Henze-
Penrose affinity operate in the marginal spaces with half the dimensionality of some others

like the «MI and Shannon MI that operate in the joint space of distributions.

3.7 Entropy Estimation and Divergence

Accurate estimation of divergence is related to accurate estimation of the entropy.
Three general classes of entropy estimation methods can be identified: parametric es-
timators, non-parametric estimators based on density or function estimation, and non-
parametric estimators based on direct estimation. The first two methods use density “plug-
in” techniques where a parametric or non-parametric density estimate f is simply plugged
into the divergence formula. When an accurate parametric model and good parameter es-
timates are available parametric plug-in estimates of divergence are attractive due to their
1/4/n RMS convergence properties [82]. An analytical parametric form of the divergence
can often be derived over the parametric class of densities considered and maximum like-
lihood can be used to estimate parameters in the divergence formula. Non-parametric
plug-in divergence estimates do not benefit from closed form parametric expressions for
divergence but avoid pitfalls of model dependent estimates. For example, when a non-
parametric estimate of f is available the following plug-in estimates of a-entropy is natu-

ral
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1
11—«

Ha(f) =

log/ fo‘(z)dz. (3.15)

For the special case of Shannon entropy lim, .1 H, = — [ f(z) log f(z)dz non-parametric

estimation methods have included: histogram estimation plug-in, kernel density estimation
plug-in and sample-spacing density estimation plug-in. The main difficulties with non-
parametric plug-in methods are due to the infinite dimension of the spaces in which the
unconstrained densities lie. Specifically: density estimator performance is poor without
stringent smoothness conditions; no unbiased density estimators generally exist; density
estimators have high variance and are sensitive to outliers; the high dimensional integration
in Equation 3.15 might be difficult. Consider the a-entropy (Equation 3.2) which could
be estimated by plugging in feature histogram estimates of the multivariate density f. A
deterrent to this approach is the curse of dimensionality, which imposes prohibitive com-
putational burden when attempting to construct histograms in large feature dimensions.
For a fixed resolution per coordinate dimension the number of histogram bins increases
geometrically in feature vector dimension. For example, for a 32 dimensional feature
space even a coarse 10 cells per dimension would require keeping track of 1032 bins in
the histogram, an unworkable and impractically large burden for any envisionable digital
computer. As high dimensional feature spaces can be more discriminatory this creates a
barrier to performing robust high resolution histogram-based entropic registration.

The problems with the above methods can be summarized by the basic observation: on
the one hand parameterizing the divergence and entropy functionals with infinite dimen-
sional density function models is a costly over parameterization, while on the other hand
artificially enforcing lower dimensional density parametrization can produce significant

bias in the estimates. This observation has motivated us to develop direct methods which
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accurately estimate the entropy without the need for performing artificial low dimensional
parameterizations or non-parametric density estimation. The next chapter describes the
method for estimating the a-entropy via an entropic graph whose vertices are the locations
of the feature vectors in feature space. This thesis focuses on those measures of divergence

where an implementation using entropic graph methods is known and tractable.



CHAPTER IV

Entropic Graph Estimators

A principal focus of this thesis is the use of minimal graphs over feature vectors
Z, ={z,...,2,}, and their associated minimal edge lengths, for estimation of entropy
of the underlying feature density f(z). For consistent estimates we require convergence of
minimal graph length to an entropy related quantity. Such convergence issues have been
studied for many years, beginning with Beardwood, Halton and Hammersley [11]. The
monographs of Steele [114] and Yukich [132] cover the interesting developments in this
area. In the general unified framework of Redmond and Yukich [107] a widely applicable
convergence result can be invoked for graphs whose length functionals can be shown to
be Euclidean, continuous and quasi additive. This result can often be applied to minimal
graphs constructed by minimizing a graph length function L., of the form:

=min y_[le(Z,)]",
EcQ

eeE

where € is a set of graphs with specified properties, e.g., the class of acyclic or spanning
graphs, e is an edge in €, ||e|| is the Euclidean length of e, ~ is called the edge exponent
or the power weighting constant, and 0 < « < d. The determination of L., requires a
combinatorial optimization over the set (2.

If Z, ={z,...,2,}isarandom i.i.d. sample of d-dimensional vectors drawn from a

Lebesgue multivariate density f and the length functional L., is continuous quasi additive

41
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then the following limit holds [107]

n—oo

lim L,(Z,)/n" = ﬁdﬁ/fo‘(z)dz, (a.s.) (4.1)

where o = (d — ~)/d and (3., is a constant independent of f. Comparing this to the
expression (3.2) for the Rényi entropy it is obvious that an entropy estimator can be con-
structed as (1 — a)~tlog (L, (Z,)/n*) = Hu(f) + ¢, where ¢ = (1 — ) ' log B4 is a
removable bias. Furthermore, it is seen that one can estimate entropy for different values
of a € [0, 1] by adjusting ~. In many cases the topology of the minimal graph is indepen-
dent of v and only a single combinatorial optimization is required to estimate H, for all
.

A few words are in order concerning the sufficient conditions for the limit (4.1).
Roughly speaking, continuous quasi additive functionals can be approximated closely by
the sum of the weight functionals of minimal graphs constructed on a uniform partition of
[0,1]¢. Examples of graphs with continuous quasi-additive length functional are the Eu-
clidean minimal spanning tree, the traveling salesman tour solving the traveling salesman
problem (TSP), the steiner tree, the Delaunay triangulation, and the k nearest neighbor
graph. An example of a graph that does not have a continuous quasi additive length func-
tional is the k-point MST (KMST) discussed in [56].

Even though any continuous quasi additive functional could in principle be used to
estimate entropy via relation (4.1), only those that can be simply computed will be of
interest to us here. An computationally intractable example is the TSP length functional
LT5P(Z,) = mincecY.cc ||el|”, where C'is a cyclic graph that spans the points Z,,
and visits each point exactly once. Construction of the TSP is NP hard and hence is not
attractive for practical image registration applications. The following sections describe, in

detail, the MST and kNN graph functionals.
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4.1 Minimal Spanning Tree Entropy Estimator

A spanning tree is a connected acyclic graph which passes through all »n feature vectors
in {Z;},. The MST connect these points with n» — 1 edges, denoted {e;}, in such a way

as to minimize the total length:

— 3 v
L(2,) = ng el (42)

where T' denotes the class of acyclic graphs (trees) that span Z,,. While several spanning
trees can be built over a set of points, the MST is unique if no two points overlap. However,
the length of the MST, which has asymptotic convergence to aentropy, is always unique.
is always unique See Figures 4.1.1 and 4.1.2 for an illustration when each Z,, is a set of n

points in the unit square. We adopt v = 1 for the following experiments.
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Figure 4.1.1: (a) A set of n = 100 uniformly distributed points { Z;}7_, in the unit square
in R? and (b) the corresponding Minimal Spanning Tree (MST).

The MST length L,, = L(Z,) is plotted as a function of n in Figure 4.1.3 for the

case of an i.i.d. uniform sample (right panel) and non-uniform sample (left panel) of

n = 100 points in the plane. It is intuitive that the length of the MST spanning the more
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Figure 4.1.2: (a) A set of n = 100 normally distributed points { Z;}"_, in the unit square
in R? and (b) the corresponding Minimal Spanning Tree (MST).

concentrated non-uniform set of points increases at a slower rate in n than does the MST
spanning the uniformly distributed points. This observation has motivated the MST as
a way to test for randomness in the plane [58]. As shown in [132], the MST length is
a continuous quasi additive functional and satisfies the limit (4.1). More precisely, with

def
o =

(d — ~)/d the log of the length function normalized by n* converges (a.s.) within a

constant factor to the a-entropy.

lim log <L§")) = H.(f) + cusr, (as.), (4.3)

n—oo n

Thus we can identify the difference between the asymptotes shown on the left Figure
4.1.3 as the difference between the a-entropies of the uniform and non-uniform densities

(o = 1/2). If f is the underlying density of Z,,, the a-entropy estimator
Ho(Z,) = 1/(1 = @) [log L, (Z,) /n® = log fu) . (44)

is an asymptotically unbiased and almost surely consistent estimator of the a-entropy of f

where 3, is a constant which does not depend on the density f.
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The constant (carsr = (1 — a)~*log B4) in (4.3) is a bias term that can be estimated
offline. The constant /3, is the limit of L. (Z,)/n® as n — oo for a uniform distribution
f(z) = 1 on the unit cube [0, 1]¢. This constant can be approximated by Monte Carlo
simulation of mean MST length for a large number of d-dimensional random samples on

the unit cube.
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Figure 4.1.3: (a) Mean Length functions L,, of MST implemented with v = 1 and (b)
L,/l/n as a function of n for uniform and normal distributed points.

The MST approach to estimating the a-Jensen difference between the feature densi-
ties of two images can be implemented as follows. Assume two sets of feature vectors
2y = {zé”}ggl and 2, = {zli)}?:ll are extracted from images X, and X and are i.i.d. re-
alizations from multivariate densities f, and fi, respectively. In the applications explored
in this paper ny = n; but it is worthwhile to maintain this level of generality. Define the
set union Z = Z, U Z; containing n = ng + n; unordered feature vectors. If ng, ny
increase at a constant rate as a function of n then any consistent entropy estimator con-
structed from the vectors {Z® 7o will converge to H,(pfo + qf1) as n — oo where

p = lim,,_, no/n. This motivates the following finite sample entropic graph estimator of
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a-Jensen difference
AH,(p, fo, 1) = Ha(Z0 U 21) — [pHa(20) + q¢Ho(21)), (4.5)

where p = ny/n, fIa(ZO U Z;) is the MST entropy estimator constructed on the n point
union of both sets of feature vectors and the marginal entropies H.,(Z,), H.(Z;) are con-
structed on the individual sets of n and n, feature vectors, respectively. We can similarly
define a density-based estimator of «-Jensen difference. Observe that for affine image
registration problems the marginal entropies {Ha(fi)}fil over the set of image transfor-
mations will be identical, obviating the need to compute estimates of the marginal a-
entropies.

As contrasted with histogram or density plug-in estimator of entropy or Jensen differ-
ence, the MST-based estimator enjoys the following properties [53, 51, 56]: it can easily
be implemented in high dimensions; it completely bypasses the complication of choosing
and fine tuning parameters such as histogram bin size, density kernel width, complexity,
and adaptation speed; as the topology of the MST does not depend on the edge weight
parameter -, the MST a-entropy estimator can be generated for the entire range o € (0, 1)
once the MST for any given « is computed; the MST can be naturally robustified to outliers
by methods of graph pruning. On the other hand the need for combinatorial optimization
may be a bottleneck for a large number of feature samples for which accelerated MST

algorithms are necessary.

4.2 Nearest Neighbor Graph Entropy Estimator

The k-nearest neighbor graph is a continuous quasi-additive power-weighted graph

that is a computationally attractive alternative to the MST. Given i.i.d vectors Z,, in R¢,
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the 1-nearest neighbor of z; in Z,, is given by

arg min ||z — 2, 4.6
5 _min |- @)

where ||z — z;]| is the usual Euclidean (L,) distance in R<. For general integer & > 1, the
k-nearest neighbor of a point is defined in a similar way [13, 19, 98]. The KNN graph puts
a single edge between each point in Z,, and its k-nearest neighbors. Let NV} ; = N (Z,)
be the set of k-nearest neighbors of z; in Z,,. The KNN problem consists of finding the set
Ny.; for each point z; in the set Z,, — {z}. As with the MST, the length of a kNN graph
built over a set of random vectors is always unique. See Figures 4.2.4 and 4.2.5 for an

illustration when Z,, are points in the unit square.
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Figure 4.2.4: (a) A set of n = 100 uniformly distributed points { Z;}7_, in the unit square
in R? and (b) the corresponding k-Nearest Neighbor graph (k = 4).

This problem has exact solutions that run in linear-log-linear time [15]. The total graph
length is:
N
Ly(Z) =) > el (4.7)
i=1 eeNk,i

In general, the KNN graph will count edges at least once, but sometimes count edges more
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Figure 4.2.5: (a) A set of n = 100 normally distributed points { Z;}"_, in the unit square
in R? and (b) the corresponding k-Nearest Neighbor graph (k = 4).

than once. For example, if two points X and X, are mutual k-nearest neighbors, then the
same edge between X; and X, will be doubly counted.

Analogously to the MST, the log length of the kNN graph has limit

na

lim log ( = H,(f)+ cnng, (as.). (4.8)

n—oo

Once again this suggests an estimator of the Renyi a-entropy

Ho(2,) =1/(1 — ) [log L x(2,)/n® — 10g Ba- 4] (4.9)

As in the MST estimate of a-entropy, the constant c,yye = (1 — a)~*log 4.« Can
be estimated off-line by Monte Carlo simulation of the KNNG on random samples drawn
from the unit cube. The complexity of the KNNG algorithm is dominated by the nearest
neighbor search, which can be done in O(n logn) time for n sample points. This contrasts
with the MST that requires a O(n? log n) implementation.

A related k-NN graph is the graph where edges connecting two points are counted
only once. Such a graph eliminates one of the edges from each point pair that are mu-

tual k-nearest neighbors. A KNN graph can be built by pruning such that every unique
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Figure 4.2.6: (a) Mean Length functions L,, of KNN graph implemented with v = 1 and
(b) L,./\/n as a function of n for uniform and Gaussian distributed points.

edge contributes only once to the total length. The resultant graph has the an identical
appearance to the initial unpruned k-NN graph, when plotted on the page. However, the
cumulative length of the edges in the graphs differ, and so does their 3 factor (Compare
Figures 4.2.6 and 4.2.7). We call this special pruned k-NN graph, the “Single-Count k-NN

graph”.
4.3 Entropic Graph Estimate of Henze-Penrose Affinity

Friedman and Rafsky [42] presented a multivariate generalization of the Wald-Wolfowitz
[127] runs statistic for the two sample problem. The Wald-Wolfowitz test statistic is used
to decide between the following hypothesis based on a pair of samples X', O € R with

densities f, and f, respectively:

HO:fx = fo (410)

Hl: f:c 7& foa
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Figure 4.2.7: (a) Mean Length functions L,, of Singe-Count KNN graph implemented with
~ = 1and (b) L,/\/n as a function of n for uniform and normal distributed
points.

The test statistic is applied to an i.i.d. random sample {X;}* |, {O;}}, from f, and f,. In
the univariate Wald Wolfowitz test, the n 4+ m scalar observations { Z;};, = {X;}:,{O:}:
are ranked in ascending order. Each observation is then replaced by a class label X or
O depending upon the sample to which it originally belonged, resulting in a rank ordered
sequence. The Wald-Wolfowitz test statistic is the total number of runs (run-length) R, of
X’s or O’s in the label sequence. As in run-length coding, R,, is the length of consecutive
sequences of length ¢ of identical labels.

In Friedman and Rafsky’s paper [42], the MST was used to obtain a multivariate gen-
eralization of the Wald-Wolfowitz test. This procedure is called the Friedman-Rafsky (FR)
test and is similar to the MST for estimating the a-Jensen difference. It is constructed as
follows:

1. construct the MST on the pooled multivariate sample points {X;} J{O;}.
2. retain only those edges that connect an X’ labeled vertex to an O labeled vertex.

3. The FR test statistic, [V, is defined as the number of edges retained.
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The hypothesis H; is accepted for smaller values of the FR test statistic. As shown in
[50], the FR test statistic NV converges to the Henze-Penrose affinity (3.13) between the
distributions f, and f,. The limit can be converted to the HP divergence by replacing NV

by the multivariate run length statistic R7’* =n +m —1 - N,

x  N( My 21) TH=0,%,=1x1
o N( My 22) : u2=3, 22=1 x|

Dimension 2
N

Dimension 2
N

0 or
1 % NZ): p =3 =11 -1
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(a)MST,LLl:,LLQand21:ZQ (b)MSTu1:u2—3and21:ZQ

Figure 4.3.8: Illustration of MST for Gaussian case. Two bivariate normal distributions
N (1, %1) and N (g, X1) are used. The "x’ labeled points are samples from
fi(x) = N (u1, 1), whereas the "0’ labeled points are samples from f5(0) =
N (2, 3s). (left) uy = po and Xy = X, and (right) gy = e — 3 while
1 = 2.

For illustration of these graph constructions we consider two bivariate normal dis-
tributions with density functions f; and f, parametrized by their mean and covariance
(11, 21), (1o, 29). Graphs of the a-Jensen divergence calculated using MST (Figure 4.3.8),
KNNG (Figure 4.3.9), and the Henze-Penrose affinity (Figure 4.3.10) are shown for the
case where p; = 9,37 = 3,. The ‘X’ labeled points are samples from f;(z) =
N (11, ¥1), whereas the ‘0’ labeled points are samples from f5(0) = N (g, o). 1 isthen
decreased so that ;11 = uo — 3. The resultant trends in the different divergence measures

are seen in Figure 4.3.11. The a-Jensen divergence is minimized, as expected, when the

two distributions are aligned and indistinguishable (11 = s ), whereas the Henze-Penrose
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Figure 4.3.9: Illustration of kNN for Gaussian case. Two bivariate normal distributions
N (u1,%1) and N (1, 31) are used. The "X’ labeled points are samples from
fi(x) = N (u1,%1), whereas the "0’ labeled points are samples from f(0) =
N (p2,32). (left) gy = pg and 2y = X, and (right) 1 = pe — 3 while
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Figure 4.3.10: Illustration of Henze-Penrose affinity for Gaussian case. Two bivariate nor-
mal distributions A/ (1, >1) and AV (1, 31) are used. The X’ labeled points
are samples from f,(z) = N (u1,%;), whereas the "0’ labeled points are
samples from f5(0) = N (uz, Xo). (left) u; = pp and X = X5 and (right)
M1 = o — 3 while Y= 2.



53

affinity is maximized.
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Figure 4.3.11: Illustration of divergence and affinity functions, as a function of the distance
between the means of two bivariate normal distributions, f; and f>. (a)
aJensen divergence computed using MST, Friedman-Rafsky affinity and
aGeometric-Arithmetic affinity. (b) aJensen divergence computed using
KNNG and Single-count KNNG.

4.4 Entropic Graph Estimators of a-GA and a-Ml

Assume for simplicity that the target and reference feature sets O = {o;}; and X =
{x;}; have the same cardinality m = n. Here i denotes the ‘" pixel location in target
and reference images. An entropic graph approximation to a-GA mean divergence (3.12)

between target and reference is:

— 1 1 & e;(0)\"* [e(x)\"?
aDgy = 1 log 5 ZZ:;mm { <m> , (%) , (4.11)

where e;(0) and e; () are the distances from a point z; € {{o0;}?, {z;}} € R?to its nearest

neighbor in {O;}; and { X}, respectively. Here, as above oo = (d — ) /d.
Likewise, an entropic graph approximation to the a-MI (3.5) between the target and

the reference is:

Z( e’”i)) , (4.12)
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where e;(0 x ) is the distance from the point z; = [0;, ;] € R?? to its nearest neighbor in
{Z;};+i and e;(0) (e;(x)) is the distance from the point o; € RY, (z; € R?) to its nearest
neighbor in {O;};,({X;};:). See Figure 4.5.12 for illustration.

The estimators (4.11) and (4.12) can be derived from making a nearest neighbor ap-
proximation to the volume of the Voronoi cells constituting the KNN density estimator
after plug-in to formulas (3.12) and (3.5), respectively. The details are given below. The
theoretical convergence properties of these estimators are at present unknown.

Natural generalizations of (4.11) and (4.12) to multiple (> 2) images exist. The com-
putational complexity of the a-MI estimator (4.12) grows only linearly in the number of
images to be registered while that of the a-GA estimator (4.11) grows as linear log linear.
Therefore, there is a significant complexity advantage to implementing a-Ml via (4.12)
for simultaneous registration of a large number of images.

Here we give a derivation of the entropic graph estimators of a-GA (4.11) and a-Ml
(4.12) estimators. The derivations are given for equal numbers m and n of features from
the two images but are easily generalized to unequal m,n. The derivation is based on a
heuristic and thus the convergence properties are, at present, unknown.

First consider estimating aDga(f,9) = (o — 1) log Iga(f, g), Where Ig4(f,g) is

the integral in (3.12), by o@ =(a—1)"" logﬂ;; where:

— & i)
Ioa= 5 ; (W . (4.13)

Here (z) is an estimate of the common pdf pf(z) + qg(z) of the i.i.d. pooled unordered
sample {Z;}2", = {O;, X;}™_, and f, § are estimates of the common densities f, g of the
i.i.d. samples {O;}"_, and {X;}-,, respectively. We assume that the support set of f, g, h

is contained in a bounded region S of R%. If f, g, h are consistent, i.e they converge (a.s.)
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asn — oo to f, g, h, then by the strong law of large numbers I/G\A converges (a.s) to

(fp(zz-)gq(zz-))l_“]
h(z)
_ /S (%)l_ah(z)d% (4.14)

Taking the log of expression (4.14) and dividing by o — 1, we obtain e Dga(f, g) in (3.12)

Ellgs = E

so that o@ is asymptotically unbiased and its variance goes to zero.
Next divide the samples {Z;}", into two disjoint sets: training samples Z;,.;,, and test

samples Z,..;. Using the training sample construct the Voronoi partition density estimators

uIL(2)
"2 = N )
(L (2))
M5 = 3,e) (19
oy (IIe(2))
g(z) - A(Hm(Z))’

where I1z(2), lp(z2), ILx(2) are the cells of the Voronoi partition of S € R? containing the
point z € R? and constructed from training samples Zi,qin = {Otrain, Xirain }» Otrain and
Xirain respectively using K-means or other algorithm. Here 1 and \ are the (normalized)
counting measure and Lebesgue measure respectively, i.e p(II) is the number of points
in the set IT divided by the total number of points and A(II) is the volume of the set II.
Let {K., K,, K,} be the number of cells in the partitions {II., I1,, IT,} respectively and
let n4,.4in be the number of training samples. The Voronoi partition density estimators are
asymptotically consistent as &, ny.qin — 00 and k/ny.qem — 0, for k € {K,, K,, K.}
[100].
Therefore, under these conditions and defining 7 = Ztest(1),

~ l1—a
——_ 1 I W R UEC)
aDgy = ——=1o — 4.16

A a—1 s Nitest 12:1: ( h(,gl) ( )

is an asymptotically consistent estimator as &, i ese — 00 and k/nyqin — 0
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Next consider the following plug-in estimator of a-Ml: aMI = (a—1) log I/NE where
N N 11—«

— 1 fo<oi>fx<xz->>

Tvi =~ AL A ) , (4.17)
n ; ( for(oivxi)

and fox is an estimate of the joint density of the 2d dimensional vector (O;, &;) € R, fo
and f, are estimates of the density of O, and X;, respectively. Again, if f,, f, and f,, are
consistent then it is easily shown that I/M\I converges to the integral in the expression (3.5)

for a-MlI:

/st/< 7ol ) CYfogc(u,v)alualv, (4.18)

where S is a bounded set containing the support of densities f, and f,. Similarly, sepa-

rating {(O;, X;) }, into training and test samples, we obtain an asymptotically consistent
estimator:
1 1 Ntest P ~NF [~ l—a
aMI = log 3 Jol00)1:(E) (4.19)
a—1 Niest i=1 fox(ONi, [fl)

The entropic graph estimators (4.11) and (4.12) are obtained by specializing to the case
Nirain = 0, in Which case p(T1z(2)) = (2n)7, u(llo(2)) = p(lx(2)) = p(Moxx(2)) =

n~!, and using the Voronoi cell volume approximations

AMIz(z)) = ef(z) = min{ef(0), ef (z)} (4.20)
M (z)) = ¢f(x) (4.21)
Ay (z)) = ¢(o) (4.22)
Moxx(z) = €0 x x) (4.23)

where =< denotes “proportional to” and e;(0), e;(z), e;(0 x x) are the NN distances defined
in Section 4.2. In Equation 4.23 approximation was involved to represent the volume of a

\oronoi cell by that of the minimum volume cell in O and X, respectively.
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4.4.1 Implementation Issue

The stable computation of the «-MI estimator (Equation 4.12) requires that ¢;(0) and
ei(z) be non-zero whenever e;(o x x) is non-zero (Figure 4.5.12). For continuously dis-
tributed features {O;} and {X;} the probability of stable computation is one, since the
probability that any two feature components be exactly equal is zero. However, for prac-
tical applications where the feature space is quantized to finite precision arithmetic, the
probability of stable computation is strictly less than one. In fact, it can be shown that it
rapidly goes to zero as the number of feature realizations gets large.

A remedy for this is randomization. To avoid zero values of ¢;(0) and e;(x), a small
amount of uniform noise may be added to the feature coefficient. This randomization
disperses points uniformly in an area around their discretized value. This process is con-
sistent with the assumption that local distribution of continuously valued feature vectors is
uniform around their discretized values. In simulations with discretized 8-bit pixel inten-
sity features, univariate uniform noise with a variance o2 = 0.02 was added to each pixel
intensity. This ensured that no two intensities were exactly the same and thus enabling

stable computation of aMI.

4.5 A non-linear correlation measure

The simple form of Equation 4.12 is suggestive of a non-linear correlation measure
between the features {O;} and {X;} that eliminates the implementation issue discussed
above. Indeed, if “e;” in Equation 4.12 is redefined as the statistical expectation “E”,
then the a-MI estimator takes the appearance of a linear correlation coefficient between
{O;} and {X;}. However, as explained above, the ratio e;(o x x)/+/ei(0)e;(z) is not
bounded between 0 and 1, rather it can take values that are arbitrarily large. The following

modification of Equation 4.12 can be used to ensure that the non-linear correlation measure
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lie between O and 1. This new measure is called the non-linear correlation coefficient
(NLCO).

Let e;(0 x x) be the distance from i-th feature pair (o;, ¢;) to its nearest neighbor as
before. Instead of e;(0) and e;(x) being the coordinate-wise nearest neighbor distances
along the feature coordinate axes X and O (See Figure 4.5.12) we define é¢;(0) and é;(x)
the associated nearest neighbor distances in the plane (see Figure 4.5.13). The quantity
éi(o x x)/+/€:(0)&(x) is now bounded between 0 and 1. In particular, it is equal to one
when the nearest neighbor to (o;, x;) is also the coordinate-wise nearest neighbor to (o;, x;)

along the coordinate axes O and X.

10

]

8 ------

Dimension 2
(%)

(0)

Dimension 1

Figure 4.5.12: Illustration of the distances e;(0 x x), e;(0) and e;(x) used in the a-Ml
estimator (Equation 4.12)

In particular the quantity

R éi(o X x)
= L 4.24
P=2 ; ( éi(o)éi(x)> (4.24)
is equal to one when the nearest neighbor graph is monotone (increasing or decreasing)

piecewise linear curve in the plane 4.5.14. Thus if the features are realizations of the

random vector (O, X’) which obeys the monotone model:

0 = g(X), (4.25)
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Figure 4.5.13: lllustration of modified distances e;(x) and e;(o) used to stabilize the
estimator (Equation 4.12), defining the non-linear correlation coefficient
(NLCC)

where ¢(-) is a monotonic increasing function, the NLCC p will equal 1 with probability
one. This motivates the use of p as a measure of information between © and X. Unfortu-

nately, if the actual model is
O=gX)+w (4.26)

where w is additive noise, p will converge to zero as n — oo for any continuous random
variable w. It can be shown that the rate of convergence in this case is n 2z . This motivates

the modification of the NLCC to:

. éilox x
PNLCC = = ’y/2d Z ( (@) : (4.27)

This modified correlation now takes values between 0 and co. A normalized version

can be defined as:

PNLCC
Loo 4.28
1+ pNnrcce ( )

>
|

that is between zero and one.
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Figure 4.5.14: The Nearest Neighbor Graph over the realizations {(o; x z;)}Y., of the
paired features describes a monotone function in the plane. For this case,
the NLCC p =1

We illustrate the NLCC by comparing it to the linear correlation coefficient 4.29 for
two simple models. The linear correlation coefficient is defined as:
. 5 iz (0i —0) (2 — @)
pPcc = e~ pp— =
VES L 0= 0L T (i — 7)?

whereo =1/n)"" o;andz =1/n) .,  x; are sample means.

(4.29)

45.1 Numerical experiments with NLCC

Consider the linear model © = aX’ + w, where a* = p./(p%. + 1). Figure 4.5.15
shows a plot of the linear (Equation 4.29) and nonlinear (Equation 4.27) correlation coef-
ficients, pcc and py e for this model as functions of the number of points NV for various
values of a. As a increases, the linear correlation increases but does not reach one due
to the presence of additive noise w. In the limitas N — oo the non-linear correlation
coefficient converges to a constant.

Now consider the nonlinear model given by © = ag(X) + w; g(X) = bX3. As

shown in Figure 4.5.16, the linear correlation coefficient remains unchanged at the value
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Linear model, Y =aX +w

1.6
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Number of points N 4

Figure 4.5.15: Comparison of Linear and non-linear correlation coefficient for a linear
model

corresponding to the relation between © and X. The non-linear correlation, however
increases with a, showing that it responds to changes in the non-linear relation between ©
and X.

Figure 4.5.17 confirms these findings. It illustrates the relation between the linear and
non-linear correlation coefficients for both linear and non-linear models. The values are
plotted for N = 50000 and « increases from 0.1 to 0.7071.

In conclusion this chapter laid out a direct entropy estimation method using graphs
whose lengths converge asymptotically to the entropy of the underlying distributions. Such
direct entropy estimations methods can be readily extended to higher dimensions without
loss of consistency. MST and kNN graphs are used to estimate a-entropy and the a.Jensen
difference between marginal distributions of feature densities. The MST is also used to
estimate the Friedman-Rafsky statistic and the related Henze-Penrose affinity. Finally,
entropic graph estimators for «MI and aGA and NLCC were presented.

As discussed earlier, this thesis focuses on feature-level representation of images. Un-

like previous entropic matching methods however, features are not limited to scalar pixel
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Non-Linear model, Y = ag(X) + w, g(X) = bX 3
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Figure 4.5.17: Plot of CC v/s NLCC for N = 50000 and a = 0.1 to 0.7071
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intensity values. Higher dimensional features in continuum are used for image represen-
tation and registration through a matching process based on the entropic graph estimators

discussed in this chapter.



CHAPTER V

Feature-based Matching

While scalar single pixel intensity level is the most widely used feature for Ml reg-
istration, it is not the only possible feature. As pointed out by Leventon and Grimson
[76], single pixel MI does not take into account joint spatial behavior of the coincidences
and this can cause poor registration, especially in multi-modality situations. Alternative
scalar valued features [17] and vector valued features [97, 110] have been investigated for
mutual information based image registration. We will focus on local basis projection fea-
ture vectors which generalize pixel intensity levels. Mutual information based registration

methodology using single pixel features is illustrated in Figure 3.3.1
5.1 Local Tag Features

Tag features were introduced by Amit and Geman [4] and used for shape recognition.
A set of primitive local features, called tags, are selected which provide a coarse descrip-
tion of the topography of the intensity surface in the vicinity of a pixel. Local image
configurations, e.g. 8 x 8 pixel neighborhoods, are captured by coding each pixel with
labels derived from the tags. For gray scale images, the number of different tag types can
be extremely large. For example, if the image intensities are quantized to an 8-bit plane

then there would exist (256)% different 8 x 8 tag types. Therefore, methods for prun-
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ing the tag types are essential for practical implementation. Randomized feature selection
and adaptive thresholding are methods of pruning which were described by Geman and
Koloydenko [44] and which we adapted [96, 97] to the UL image registration application
described below.

Geman’s adaptive quantization scheme is sensitive to local contrast in Ultrasound im-
ages. The quantized value assigned to a pixel within an 8 x 8 neighborhood depends on
the gray values of its neighbors. Consider an 8 x 8 pixel neighborhood arbitrarily picked
from an Ultrasound image. Let § be a positive granularity parameter. The darkest pixel(s)
are assigned quantized value 0, the next brightest pixel(s) are assigned 0 if the difference is
less than ¢ and value 1 otherwise, the next brightest pixel(s) are assigned 2 if the difference
is less than 9, and so on. Using this scheme on our ultrasound breast image database, tags
associated with relatively uniform background areas (dark or bright) are eliminated. Tags
with small spatial variances are classified as speckle and are also eliminated. Such tags are
irrelevant to image matching and pruning achieves a reduction in tag types by almost 75%.
From the remaining tag types, randomized selection is used to pick a set of 256 unique tag
types as explained below.

Randomized selection using Geman’s scheme [4] entails building a tree structure that
is used to build histograms of tags. Figure 5.1.2(a) illustrates the tree based classification
procedure for a 4 x 4 pixel tag. At the root node, the value of the pixel at (a randomly
picked) position (2,2) in the tag is examined. The tag is classified amongst one of four
different branches of the tree. A tree structure evolves when subsequent queries are used
to further split the tag tree. Each node of the tree thus represents a query at a position
in the tag. The tags at the bottom of this feature tree are identified as leaf nodes or bins.
These nodes have been queried at all 16 positions and hence further splitting of the tree at

the node is not possible. A section of the tree at the leaf depth is shown in Figure 5.1.2(b).
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Figure 5.1.1: (a) Feature tree structure used to pick tags for registration. (b) Feature tree
at leaf level shows examples of tag types used for registration
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To build a histogram in tag space an image is ‘dropped’ block-by-block, down the
feature tree. To populate the bins in the feature tree, an image is subdivided into 4 x 4
blocks. The block size is identical to the size of the tags used. Blocks are also discretized
in a manner identical to the discretization used for tags i.e. using adaptive thresholding.
The image blocks are queried at specific positions determined by the feature tree described
above. Based on their responses, the blocks traverse a path down the tree until they reach
a bin at the leaf node. Several image blocks may accumulate in the bins at the leaf depth
in the tree. These bins thus form a histogram of tag types and the histogram serves as an
estimate of the tag pdf of the image. Some image blocks will obviously be discarded if the
underlying tags have been discarded. This ensures that speckle or other structure deemed
irrelevant to registration do not participate in the image registration process.

To illustrate we show in Fig. 5.1.2 tag features at a given pixel location for two US
breast images in the same 2D slice but at two rotation angles. Coincidences of tag types
are calculated by counting joint occurrences of feature types at identical spatial locations
in the two images. The (amplified) tag pattern in the image on the left captures the edge
of the tumor. A similar tag type will be observed in the secondary image on the right if it
nearly aligned. These tags capture the local intensity pattern in the neighborhood of the
pixel. The advantage of tags for matching US breast images is that they can more easily
discriminate between speckle and tissue echos than can single pixel intensity values.

Basis projection features are extracted from an image by projecting local sub-images
onto a basis of linearly independent sub-images of the same size. Such an approach is
widely adopted in image matching applications, in particular with DCT or more general
2D wavelet bases [123, 31, 112, 83, 32]. Others have extracted a basis set adapted to image
databases using principal components (PCA) or independent components analysis (ICA)

[77, 61].
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Figure 5.1.2: Local tags features applied to image registration. Each pixel is labeled by a
8 x 8 tag type extracted using Geman’s [44, 4] adaptive thresholding tech-
nique. Occurrences and coincidences of tag labels can be mapped to a coin-
cidence histogram like Fig. 3.3.1

5.2 1CA Basis Projection Features

An ICA basis is especially well suited for registration purposes since it aims to obtain
vector features which have statistically independent elements that can facilitate estimation
of a-MI and other entropic measures. Specifically, in ICA an optimal basis is found which
decomposes the image X; into a small number of approximately statistically independent

components (sub-images) {S; }:

p
Xi = ZCLUS]'. (51)
j=1

Basis elements {S;} are selected from an over-complete linearly dependent basis using
randomized selection over the database. For image ¢ the feature vectors Z; are defined as
the coefficients {a;;} in (5.1) obtained by projecting the image onto the basis (See Figure
5.2.3).

Figure 5.2.4 serves to illustrate the ICA basis selected for the MRI image database.
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Figure 5.2.3: Subimages are projected onto the basis and the resultant coefficients {Z,.}
and {Z,,.} are used as features for registration.

ICA was implemented using Hyvarinen and Oja’s [61] FastlCA code (available from
[60]) which uses a fixed-point algorithm to iteratively compute the maximum likelihood
estimate of the basis elements in the ICA data model (5.1). An ICA basis of 8 x 8 sub-
images was generated by randomized selection on the image volumes thus yielding a 64
dimensional feature set. Figure 5.2.4 shows a set of 64 16 x 16 basis vectors which were
estimated from the 100,000 randomly selected 16 x 16 training sub-images picked from
5 consecutive image slices each of two MRI volume scans of the brain, one of the scans
was T1 weighted whereas the other was T2 weighted. Given this ICA basis and a pair
of to-be-registered M x N images, coefficient vectors were extracted by projecting each
non-overlapping 16 x 16 neighborhood in the images onto the basis set. Asymptotic con-
vergence of the entropic graph to the aentropy is under i.i.d condition for the underlying
feature vectors. Non-overlapping blocks are chosen over overlapping blocks in an attempt
to satisfy this constraint. For the 64 dimensional ICA basis shown in Figure 5.2.4 this
yielded a set of M N vectors in a 64 dimensional vector space which will be used to define
features. An ICA basis of 8 x 8 sub-images was also generated by an identical randomized
selection on breast UL image volumes thus yielding a 64 dimensional feature set (Figure

5.2.5).
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Figure 5.2.4: 16 x 16 ICA basis set obtained from training on randomly selected 16 x 16
blocks in 10 T1 and T2 time weighted MRI images. Only 64 of the 256
possible bases are shown. Features extracted from an image are the 64-
dimensional vectors obtained by projecting 16 x 16 sub-images of the image
on the ICA basis.

ENE /]

ENNNEENE
Figure 5.2.5: 8 x 8 ICA basis set obtained from training on randomly selected 8 x 8 blocks
in 10 Ultrasound image volumes. Features extracted from an image are the

64-dimensional vectors obtained by projecting 8 x 8 sub-images of the image
on the ICA basis.
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5.2.1 Discrete vs. Continuous Features

While adaptive thresholding yields tag features that are discrete valued, ICA and other
basis projection features are continuous valued. The potentially high dimension of the ba-
sis projection feature space makes estimation of the divergence measure problematic. A
brute force method would be to discretize the vector of projection coefficients, e.g. using
vector quantization [79] as in Ma’s thesis [82], and generate histograms over the Voronoi
cells. These histograms could then be used in the formula for the divergence to yield
plug-in estimators of these quantities (Chapter 1V). This presents difficulties for image
matching applications since the reference and secondary images must both use the same
cell partitioning in order to maintain consistency of bin indexes. For high dimensional
feature space this brute force method also suffers from large bias unless one uses an im-
practically large number of cells. An alternative that can be applied to directly estimating

divergence is through the use of entropic graphs as discussed in Chapter IV.

5.3 Multiresolution Wavelet basis features

As contrasted to ICA and tag features which require a training set of images to deter-
mine the feature mapping, multiresolution wavelet features can be extracted without any
training sample required. Coarse-to-fine hierarchical wavelet basis functions describe a
linear synthesis model for the image. The coarser basis functions have larger support than
the finer basis; together they incorporate global and local spatial frequency information in
the image. The multiresolution properties of the wavelet basis offer an alternative to the
ICA basis, which is restricted to a single window size. Wavelet bases are commonly used
to generate features for image registration [129, 117, 64] and are briefly reviewed here.

A multiresolution analysis of the space of Lebesgue measurable functions, L2(R), is

a set of closed, nested subspaces V;, j € Z. A wavelet expansion uses translations and



72

dilations of one fixed function, the wavelet 1» € L?(R). « is a wavelet if the collection of
functions {¢(x —1)|l € Z} is a Riesz basis of 1}, and its orthogonal complement 1. The
continuous wavelet transform of a function f(x) € L?(R) is given by:

1 z—0b
(0
Vlal =

Wf(a7 b) =< f7 wa,b > wa,b =

) (5.2)

where a,b € R, a # 0.
For discrete wavelets, the dilation and translation parameters, b and a, are restricted
to a discrete set, a = 27, b = k where j and & are integers. The dyadic discrete wavelet

transform is then given as:
W3 k) =< f,bje > e = 277202772 — k) (5.3)

where j, k € Z. Thus the wavelet coefficient of f at scale j and translation & is the inner
product of f with the appropriate basis vector at scale j and translation k. The 2D discrete
wavelet analysis is obtained by a tensor product of two multiresolution analysis of L?(R).
At each scale, j, we have one scaling function subspace and three wavelet subspaces.
The discrete wavelet transform of an image is the projection of the image onto the scal-
ing function Vj subspaces and the wavelet subspaces W,. The corresponding coefficients
are called the approximation and detail coefficients, implying the low and high pass char-
acteristics of the basis filters. The process of projecting the image onto the successively
coarser spaces continues to achieve the approximation desired. The difference information
sensitive to vertical, horizontal and diagonal edges are treated as the three dimensions of
each feature vector. Several members of the discrete Meyer basis used in this work are
plotted below in Figure (5.3.6). They correspond to the Low-Low, Low-High, High-Low
and High-High wavelet sub-bands respectively. The registration features are the wavelet
coefficients obtained by projecting the images onto the Meyer wavelets. For the case of

satellite images shown in Figure 3.3.3, the resultant coefficients seen in Figure 5.3.7 are
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arranged in a 2D matrix format to resemble the images that were projected on the basis.
Four wavelet sub-bands are used, each generating a quarter of the coefficient matrix seen in
the figure. Use of wavelet features in registration in indexing has previously been limited
to low dimensional basis representation for Ml [64] and other divergence criteria or for
correlation registration criteria. The adoption of entropic graph divergence approximation

methods allows us to extend the use of wavelets to much higher dimensions.

(8@ Bass1 (b) Basis 2

(c) Basis 3 (d) Basis 4

Figure 5.3.6: Wavelet decomposition: Discrete Meyer Wavelet Basis. (a) Scale subspace
and (b-d) three wavelet subspaces at level 1 decomposition.
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Figure 5.3.7: Wavelet coefficients obtained by projecting visible and thermal satellite im-
ages from Figure 3.3.3(a) and (b) onto each of the Meyer wavelet basis
shown in Figure 5.3.6.

5.3.1 Significance of spatial coordinates in feature definition

When a sub-block is extracted from position {z;, y;} in an image, the spatial coordi-
nates {z;, y; } are appended to the corresponding ICA or wavelet feature coefficients. This
ensures that invariance of divergence to shifting and existence of repeated pattern in the
image. As stated before, some of the measures of divergence like aJensen difference,
aGA and Henze-Penrose rely on marginal densities and do not have spatial discrimination
capability. Unless the feature definition itself is very high dimensional, e.g. 8 x 8 ICA
decomposition which is 64 dimensional, appending spatial coordinates is required. In
practical image registration situations, features, like ICA in very high-dimensional spaces,
tend to contain spatial tagging information and spatial coordinates may not provide extra
benefit. However, in cases where repeated patterns exist in the image, spatial coordinates
must be appended to these high-dimensional feature definitions. For measures such as
aMI and NLCC, feature co-occurrences in the joint space provide the spatial information

and do not need additional tagging with spatial coordinate information.
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5.4 Sample image registration problem

In this simple example we demonstrate the graph-based estimates of a-Jensen differ-
ence and «-MI using basis projection features. Figure 5.4.8 shows two ultrasound images
of the breast 7,.,, and I,.r. 1,4 is altered by partially suppressing the fundamental spa-
tial frequency and boosting the first harmonic spatial Fourier frequency to create ;.
1,4,y shows degradation similar to that seen in ultrasound scans due to transducer noise and
change in imaging direction relative to the tissue. It is our intention to demonstrate through
this example that such change in frequency components can be captured by a information-
measure like Jensen difference divergence or «-Ml, through a wise choice of features. We
shall consider two cases, one in which the severity of the deformation is high and this
image I4.; is shown along with the original undeformed image /,,;, in Figure 5.4.8. We
shall also consider the case where the severity of the deformation is not sufficient to to
make any noticeable change in the image quality, although it could still affect registration.
Let this other image be ;,,—4.¢. This image is not shown.

Ideally, the prior information about spatial frequency differences would suggest pro-
clivity for Fourier basis as the features of choice. In this example we use a 2D feature
vector composed of the fundamental and first spatial Fourier frequencies acquired through
a 2D discrete cosine transform. Let features extracted from [,,;, be {Z,.;,}. Define
{Zaes} and {Zipwy—qes} in a similar fashion for images 7.y and Ij,,—qef, respectively.
When {Z,,;,} and {Z,,.,—q4.s} are pooled together as explained in Section 4.1, we obtain
{Zorig\U Ziow—der } and the resultant scatter-plot of pooled features is seen in Figure 5.4.9.
On the other hand, when features from 1,,;, and I,.; are pooled together {Z,i; | Zaes},
the resultant scatter-plot of features is seen in Figure 5.4.9. The increased dispersion of

feature samples in the mismatched images, I,.,, and I, will lead to higher values of
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the pooled entropy of features. Thus the a-Jensen difference, as implemented by MST or
kNN length, will discriminate matched versus mismatched images during the registration
process.

In Figure 5.4.10 the first harmonic frequency components of the DCT at /,,;, and
T1ow—ae s are shown in the joint histogram (scatter-plot) of co-occurrences. For the closely
matched images, the scatter lies on a diagonal and yields a higher M1 value than the case of
the mismatched images. The plot of co-occurrences of fundamental frequency coefficients

also yields similar plots and the resultant Ml is higher for the matched image case.

@ (b)

Figure 5.4.8: (a) Original image, I,,,, is an UL image of the breast (b) /,,;, is deformed
by selectively filtering spatial frequencies to give Iy s. Jjou—des 1S NOt ShOWN
but it has an appearance similar to /,,;,.

In conclusion, it is seen that while single-pixel feature representation of images is suf-
ficient in some cases, generalization to higher dimensional features allows a more efficient
and compact representation of images. Higher-dimensional features capture image at-
tributes ignored by single-pixels. A roadblock in using higher dimensional features within

the entropy framework of Shannon MI has been the unavailability of methods to reliably
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Figure 5.4.9: (a) Pooled feature sample of image with itself {Z,.;|J Z,.;}. (b) Pooled
feature sample with reference and target images {Z,.s |J Ziar }
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Figure 5.4.10: (a) Joint density of first harmonic DCT frequency from features
{Zorig, Ziow—der} When images are matched and (b) Joint density of first
harmonic DCT frequency from features {Z,,,,, Z4. s} When images are mis-
matched.
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estimate divergence in higher dimensional spaces. Feature-based representation of images
can be adapted to the registration problem. The ICA feature basis are adapted to the UL
and MRI image databases through a training process. Unlike the ICA bases, wavelets and
DCT have no variability based on the image data and thus remain unaffected by noise in
the training data.

Before proceeding to the experimental results, it is vital to examine algorithmic and
computational considerations of entropic graph methods. The next chapter serves as an
overview into the computational methods used for graph construction. It also presents
some interesting insights into developing accelerated graph methods. Lastly, it compares

different divergence measures based on their numerical complexity.



CHAPTER VI

Computational Consider ations

A popular sentiment about graph methods, such as the MST and the KNN graph, is that
they could be computationally taxing. However, graph theory algorithms have evolved
and several variants with low time-memory complexity have been found. Henze-Penrose
and the a-GA mean divergence metrics are based directly on the MST and KNNG and first
require the solution of these combinatorial optimization problems. This chapter is devoted
to providing insight into the formulation of these algorithms and the assumptions that lead

to faster, lower complexity variants of these algorithms.

6.1 Complexity of the MST

The MST problem has been studied since 1926 when the Boruvka MST algorithm [99]
was formulated. Interest in the MST problem led to the discovery of two optimal algo-
rithms, by Prim [104] and Kruskal [73]. The MST has several applications in computer
science, pattern recognition and computer vision. Due to its widespread applicability, there
have been and continue to be sporadic reductions in the time-memory complexity of the
MST problem [10, 46, 91]. However, the two principal algorithms by Prim and Kruskal
find wide applicability due to their optimality properties and ease of formulation.

A set of given edges, sorted by their weights, is maintained in a list and Kruskal’s al-
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gorithm grows the tree an edge at a time. Cycles are avoided within the tree by discarding
edges that connect two sub-trees already joined through a prior established path. The time
complexity of the algorithm is of O(FElogE) where E is the initial number of edges in the
graph. Prims algorithm starts with an arbitrary vertex v; and builds a tree by repeatedly
finding the edge with the lowest weight that links a new vertex into the tree. Prim’s al-
gorithm has a running time of the O(ElogN, ), where N, is the initial number of vertices
in the graph. It is widely held that the Kruskal algorithm has lower runtime for sparse
graphs whereas Prim algorithm runs faster than Kruskal’s for dense graphs [10]. Here we
define the graph density parameter, p = E/N,. Graph sparsity is defined as 1 — p. The
graph density gives us an estimate of the average number of edges incident on each vertex.
As will be seen shortly, the complexity of most MST algorithms increase with the graph
density. We shall sometimes refer to vertices of a graph v;, as nodes or points, and edge
weights as edge lengths.

Prim and Kruskal algorithms, although optimal, operate under the constraint that the
initial graph is of low or moderate density, i.e. p is usually between 10 and 100. Ad-
ditionally the complexity calculations assume that all edge weights are precomputed and
available. In practice, researchers often find themselves starting with a set of random
vertices of size N,, from which they first construct a fully connected graph consisting
of N, x (N, — 1)/2 unique edges (Figure 6.1 ). Hence if G is the initial graph, then
G={ej;i=1,...,n,5 =1,...,n} where e, ; is the edge that connects vertex v; with
v;. This implies that a full edge matrix of order N2 needs to be maintained in the com-
puter system memory. The computational overhead of calculating edge weights can be
significant especially for large IV, in higher dimensional Euclidean spaces (d >> 2).

Building MST’s from a dense graphs can be especially challenging due to the increased

time-memory complexity that standard MST algorithms face when the sparsity constraint
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Figure 6.1.1: Complexity of generating fully connected tree

is removed. The runtime of both the algorithms increase with the number of edges E in the
original graph. Full density graphs have density p = N, /2, since E = N, x (N, — 1)/2.
Understandably, this is the worst case scenario for both Prim and Kruskal algorithms. For
full density graphs, Kruskal’s algorithm has a time requirement of O(N?2logN,) and a
memory requirement of O(N?). Prims algorithm may perform better than Kruskal for
higher density graphs. However, the runtime is still of the O(V,%logN,). Note, that

these complexity terms do not include the O(N,2d) computations required to calculate
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the v, x (N, — 1)/2 edge weights. In the 2D image registration application discussed
here, the number of vertices in the graph is of O(10°) in a 64 dimensional feature space.
3D registration would increase the number of vertices by over two orders of magnitude.
Desktop processors cannot handle the very high memory requirements of the standard
Kruskal algorithm in this case. Even with larger machines, the algorithm has a forbidding
time requirement for tree construction.

Clearly, the problem here is two-fold. We need O(dN?) operations to build a fully
connected graph. Additionally, fully connected graphs have O(NN?) runtime. To address
these issues we have implemented a method for sparsification that allows the MST to be
constructed for several hundred thousand points in a few minutes of desktop computing
time. This section aims to discuss strategies that reduce (1) the density of the initial graph
and (2) to reduce the computational overhead involved in computing N, /2 edges without

sacrificing the minimality or spanning properties of the MST.

6.2 Previous efforts in making MST more efficient

Efficient algorithms for MST have existed since the latter half of the previous century.
Surveys of MST algorithms currently in practice are presented in [10, 46, 91]. Kruskal,
Prim and Boruvka all use the blue rule for greedy implementations of the MST. Good
expositions on the blue rule and related algorithms are in [7, 26, 119]. Renewed interest
in faster MST methods has led researchers to develop asymptotically faster algorithms
[131, 21, 43, 38], however their practical impact has been limited. These algorithms use
advanced data structures and appear to be more complicated to implement thus restricting
their usage to advanced users. Most implementations for MST methods still utilize the
simple Fibonacci heap data structures [38] within classical Prim or Kruskal algorithms.

Karger, Klien and Tarjan [66] have proposed the linear expected-time algorithm that, theo-
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retically, is the fastest with expected runtime O(E'). However, it was found to be unfeasible
for practical use because it requires solution of the complicated subproblem of verifying
an MST in linear time, which in turn requires the solution of the nearest common ancestor
problem in linear time. Classical algorithms like Prim and Kruskal, which when used with

a conventional binary heap, have fast runtime-low implementation complexity.
6.3 Modified Projection-decomposition algorithm (MPDA)

The algorithm developed and presented here is based on the classical projection-decomposition
search paradigm first introduced by Friedman [40, 41]. Given a set of points Z; in R4, the
algorithm starts by processing points sequentially in the point set Z. The point set Z is
stored as a collection of d 1D arrays where the i** array contains the i"* coordinate of the
points. The point set Z is projected and ordered along any one of its d dimensions. How-
ever, we retain the forward mapping £'M that maps the i** point in the unordered set to the
J™ point in the ordered set, i.e. FM{Z,;} = O;, where O is the ordered set. Now we have
a set of 1D ordered coordinates for Z. For every point p;, in the ordered set, we select m,
neighbors such the projection distance from a neighbor ¢ to p is less than e (refer to Figure
6.3.2), where ¢ is the search radius. All such points are gathered in a list labeled as candi-
date list. Effectively this is the first step of the Friedman nearest neighbor algorithm. We
do not continue ordering along all the d dimensions, since the idea here is not to find one
nearest neighbor. The goal is to reduce the distance computation operations and sparsify
the graph such that none of the edges left due to sparsification had a large probability of
occurring in the final MST. This leads to the completion of the first stage of the algorithm,
wherein we have built a list of candidate connections per point in Z. For a large number of
points and high dimensionality the performance of our method is at par with various other

techniques that use ordering along multiple dimensions and complex data structures. The
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appeal of our algorithm lies in the absence of any special data structure and in its intuitive
simplicity and brevity.

The procedure explained above leads to a reduction in the number of vertices visited.
This reduction is, of course, proportional to the search radius ¢. Repeating the procedure
for all the points in Z yields an entire set of potential edges. It should be noted that any of
the data dimensions could be used for the above procedure. We would expect to see that
the greatest reduction in edges visited would result if the dimension selected for ordering
is the one where the data shows maximum variance. It should also be noted that only
integer comparisons and memory lookup operations have been involved. However, there
is an integrity check before the points can be finally accepted. From the point p, we visit
each vertex ¢ in the candidate list for p and compute the full Euclidean weight of the edge.
If the weight of the edge is less than ¢, the edge is inserted in the initial graph. Note that
we have to extend our 1D search to ¢, to ensure that no point that is within the e radius is
left out.

The pseudo-code for the algorithm is given below (Algorithm: 6.1). Algorithms 6.2
and 6.3 present pseudo-codes for the Disjoint-Set-Union-Find data structure and the stan-
dard Kruskal algorithm, respectively.

A significant acceleration can be obtained by this process of sparsification of the initial
graph before tree construction. The selection criterion imposed on the edges, ensures that
only those edges likely to occur in the final MST are included in the original graph G. As
seen in Figure 6.3.2, only those edges with weights smaller than disc radius are accepted
into the list. The edge-weight sort algorithm, within Kruskal’s algorithm, now has to sort
O(N) number of edges. The C program for generating MST using the Modified Kruskal
and MPDA is given in the Appendix.

The MPDA builds a candidate list from projections of points in a 1D space and hence
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MSTL = FUNCTION MSTLENGTH(Points)

N, : Number of vertices or features

P «— {v;} //Read point set in P

EC — {} //[EC will contain edges of Candidate List
LEC < 0 //Length of EC

MSTL < 0.0 //Length of MST

Q «— FM(P,1) //Q = P sorted along its first dimension, FM = forward map
fori =1to N, do
Pick current point ¢; < Q(i)
repeat
Pick next point g; < Q(j)
Measure el* «— (¢; — ¢;)* I/ L, distance
Measure el «— ||g; — ¢]|
if el2 < e then
EC —ECUg
LEC «— LEC + 1 //Increment CANDIDATE LIST EC
end if
until (eX* > ¢2| Reached end of Q)
end for

. E «— KRUSKAL(EC,Length(EC))
: MSTL  SHEC el

j=l,e;€E ~J

Algorithm 6.1: Modified Projection Decomposition Algorithm
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SETS = FUNCTION DSUF-CREATE(V,)
SETS < N, disjoint sets

SETS.setsize < N,

SETS.parent — {}

SETS.rank — {}

FUNCTION DSUF-MAKESET (v;)

Given vertex v;, Create a new set whose only member is pointed to by v;
SETS.parent(i) = i

SETS.rank(i) = 0;

: Found = FUNCTION DSUF-FIND()

j <« SETS.parent(i)
if i == j then
Found < 4, STOP and RETURN
else
for until loop broken do
k «— SETS.parent(j)
if j == k then
BREAK
else
j=k
end if
end for
while i # k do
j <« SETS.parent(i)
SETS.parent(i) «— k
end while
Found «— k

. end if

: FUNCTION DSUF-UNITE(SetlIndex,Set2Index)

rankl < SETS.rank(SetlIndex)

. rank2 — SETS.rank(Set2Index)
. if rankl == rank2 then

SETS.parent(Setlindex) < Set2index
rank2 < rank2 +1

. else if rank1 > rank2 then

SETS.parent(Set2Index) < SetlIndex

. else

SETS.parent(Setlindex) < Set2Index

. end if

Algorithm 6.2: Disjoint Set Union Find Data structure
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MSTL = FUNCTION KRUSKAL(EC)
E « {} // E will contain the MST edges
SEL « Sort(EC)
SETS = DSUF-CREATE(N,)
fori=1to N, do
DSUF-MAKESET (v;)
end for
for each edge e(q1, ¢2) in EC do
rootl « DSUF-FIND(q;)
root2 « DSUF-FIND(g3)
if rootl # root2 then
E—Uela, )
DSUF-UNION(root1,root2)
end if
end for

© o NIk ®NRE

e i <l
a s w bR o

Algorithm 6.3: Kruskal MST Algorithm

requires an additional check before the points are admitted in the list. As mentioned before,
one can conduct a full range search to pick candidate points. Obviously this is a modifi-
cation of the k-Nearest neighbor algorithm, where the range search paradigm is used. The
range-search kNN picks all NN within a specified e of the query. We implemented a Prim
MST algorithm with a Priority Heap data structure. A kNN range-search algorithm, oper-
ating in the full d-dimensions of the data space was used to build a candidate list. Although
the algorithm is not described here, the C program for such an algorithm is included in the

appendix.
6.4 Correctness

Before we proceed to offer a proof of optimality, we would like to provide insight into
the rules of MST algorithms for non-cyclicity. To avoid cyclicity in the graph the Prim
algorithm, examines only fringe edges. Fringe edges are those edges that connect some
vertex in the tree to a vertex not in the tree. Kruskal’s algorithm maintains a list of edges

ordered by their weights. An edge in the list exists in the MST if it does not form cycles
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Figure 6.3.2: (a) Disc-based acceleration of Kruskal’s MST algorithm from n?logn to
nlogn and (b) comparison of computation time for Kruskal’s standard MST
algorithm with respect to our accelerated algorithm.

by connecting components already connected in the tree. It uses a special Disjoint Set
Union-Find data structure to determine, find and merge sets rapidly. These techniques are
used to avoid cyclicity in the tree.

It is straightforward to prove that if the radius is suitably specified,the disc based tree
construction described above is a minimum spanning tree. Recall that the Kruskal algo-
rithm ensures construction of the exact MST [73].

(1) If pointp € T, then

j .
p—T non—cyclic

(6.1)

| = min ||e

le by
1,8E€ Ny

;J—>T,non—cyclic | |

i.e. the edge that connects p to the tree 7" has the lowest weight amongst all possible non-
cyclic paths. To prove this is trivial. The algorithm exhaustively examines all points within
distance ||¢||, hence, if a non-cyclic edge e, non—cyeiic 1S found by imposing the distance
selection criterion such that the equation above is satisfied, then that edge is the smallest

possible non-cyclic path that connects p — T'. The non-cyclicity of the path is ensured in
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the Kruskal algorithm through the Union-Find dataset.

(2) Ifapointp; > T,

e > [|el (6.2)

7
p—T,non—cyclic ’ ‘ 1€ENy

i.e. all the edges between p and its neighbors considered using the distance criterion have
total edge weight greater than ||e|| or have led to a cyclic path. Increasing |¢||, repeatedly
if necessary, will eventually find the path which is lowest in weight and non-cyclic. Since
we start with fully connected initial graphs, we do not consider forests (where some points
are left out of the tree) as end solutions. If during tree construction the algorithm runs
out of edges, but the MST does not include all the points, it is necessary to consider
more edges. To this end, increasing | ¢|| will reap additional edges. If the disc radius is
underestimated the tree cannot be completed without first adding more edges to the list. If
it is overestimated a surplus of edges will result in the edge list, however the final tree will

have the required N — 1 edges only 6.4.3.

20 Effect of disc radius on MST Length 20 Automatic disc radius selection using kNN
60 60
50 50
= =
240t 240r
[} [}
| -
K 301 — Real MST Length b5 30f
= —— MST Length using Disc =
20 20 —— MST length using kNN
10 10 —— True MST Length
0 0.02 0.04 0.06 0.08 0.1 0 50 100 150 200 250
Radius of disc Nearest Neighbors along 1st dimension
@ (b)

Figure 6.4.3: (a) Bias of the nlogn MST algorithm as a function of radius parameter and
(b) as a function of the number of nearest neighbors for uniform points in the
unit square.
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6.5 Complexity Analysis

Similar to the complexity analysis performed by [98], this section presents a complex-
ity analysis of our algorithm in terms of storage and time requirements of the MST. We
begin by examining the time complexity of the algorithm. Firstly, sorting the 1D edge
list takes an average of O(N,logN,) operations via the quick sort algorithm. Secondly,
the number of vertices selected for the L, edge weight computation depends on ¢ and
the underlying distribution of points in the hyperspace. Understandably, if ¢ is selected
poorly, we end up selecting too many points and may start approaching the complexity
of an exhaustive MST algorithm. Hence the analysis is presented for specific standard
distributions. Let IV, be the number of edges contributed by the i** point in Z toward the
candidate list. Let No = Zf.V:”O N,.,. We are interested in £(N¢). Hence,

E(No) = EQ)_N.)
=0

= Y E(N.). (6.3)

=0
As shown by Nene and Nayar [98], the number of points V., = k contributed by any point

toward the candidate list is a random variable with a binomial distribution given by
k k\Ny—k Nv
P(NCZ:k> = Pc(l_Pc)v (]{7)’ (64)

where P. = P(D, < ¢) and D. is the 1D projection distance of any point from the ;"

point in { Z;}. Also, now we can compute

BN = SSEP(N, =)

— N,P. (6.5)

The knowledge of the underlying distribution would enable us to determine D, and hence

P..
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6.5.1 Uniformly Distributed Point Set

Examining the complexity terms for standard uniform and normal distributions should
yield a better insight about algorithm performance. When { Z;} is a uniformly distributed

and i.i.d. we see that on the hypercube with length ¢, we have

1/0; if—0/2 <2< ()2
fz, =

0;  otherwise

Now, the 1D projection distance D. = Z,. — (., the density of D, is written as:

/6, if—0/2— Q. < z<1/2—Q;
fpe.dzt =

0; otherwise

and

P. = P{—-e< D, <¢€}

_ / fououdz

< /1/€dz
2¢
< 7 (6.6)
Finally, we get an upper bound for
2eN,
E[N,] = —/-=.
V] ==
Also
Ny—1
~~ 2¢eN,
E[Nc] = > 7
=0
_ 4eN,
Y
eN,
= O(=) 67)

We see that the algorithm complexity is independent of d.
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6.5.2 Normally Distributed Point Set

If {Z;} were a normally distributed point set, again under i.i.d. conditions with vari-

ance o2 mean

P cap L~ p)?
% vV 2mo? 202
Hence,
f - 1 exr _(d_M_QC)Q
D.:\Qc W p 20-2
and
P. = P{—e<D.,<¢€}
- / Fouiaudz
1 - - c + - c
= Nerp(cT ey opp(E 1 Gy (6.8)

o2 o2
Figure 6.3.2 compares the performance of the standard Kruskal algorithm with our modi-

fied algorithm. The time and memory requirements are significantly reduced.

6.6 Discussion and Future Work: Predicting e

One of the primary obstacles to automating the MST process is an coming up with
optimal estimate of ¢. As seen above, this is the primary parameter that affects the com-
plexity of the algorithm. This section proposes some strategies to estimate ¢. However,

lacking verification, these methods are recommended only after rigorous testing.

6.6.1 Heuristic approach

Figure 6.3.2, shows a plot of the relation between ¢ and estimated length of the MST.
In the event of underestimating ¢ the MST is not complete. The graph is an acyclic forest
with unconnected trees, a subset of the MST, and hence its length is less than the length

of the MST. If ¢ were selected small enough such that all but the nearest neighbor of each
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point were pruned, we would get a k-NN graph (k = 1), which is also a subset of the MST.
The plot emphasizes the importance of a prudent selection of e. e plays a significant role in
the complexity of the algorithm. To obtain the optimal trade-off between bias of the MST
length and time-memory complexity, the disc radius should be selected at the knee of the
curve seen in Fig 6.4.3.

For uniform distributions, a constant disc radius is optimal for all areas within the
distribution. However, for non uniform distributions, ¢ may be forced to adapt according
to the underlying distribution. This can be achieved by selecting the distance of the k**NN
along the dimension of ordering as ¢ for a given point. Let us call this parameter, €} -
Not surprisingly, for uniform distributions, the distance of the £**-NN along the dimension
of ordering, remains roughly the same. The real advantage of the kNN technique lies in
the ability to adapt €}, on a point-by point basis for non-uniform distributions. We
would like to emphasize here, that these are not the true nearest neighbors of the point.
These points are the nearest neighbors in the dimension of ordering. Indeed, picking the
true nearest neighbors is a valid and legitimate approach, one that we address in the next
section.

It should be noted however, that using the above method we may introduce some error
in the process. Consider 2 points p; that lives in a densely clustered region, and p, that

lives in a sparsely clustered region. Now,

NN < €N
This implies that p, will introduce edges in the candidate list, that would not have been
included if
€= €N

Due to the weakening of the strict hypersphere condition imposed by e in the previous
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methods, we could now have spurious edges in the list. This impedes the rapid conver-
gence of the forest to the MST, as seen in Figure 6.6.4.
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Figure 6.6.4: Constructing the MST based on kNN based disc radius estimate could be
a problem in non-uniform distributions due to the slow convergence of the
length function

6.6.2 MST construction using the KNN graph

Extending on the approach above, we could pick the KNN of a point on the assumption
that the edge connecting nearest neighbors of a point have higher probabilities of partic-
ipating in the final MST. Here, there are several options available to us. These include
the conventional £ — d trees method [14, 13] and the list intersection method of Nene and
Nayar [98]. We have implemented a version of the Prim algorithm with priority heap that
uses the KNN algorithm of Bentley to build a candidate list. The program can be found in
the appendix.

The method of list intersection as presented in Nene and Nayar [98] orders data co-
ordinates in every dimension, not just one. Then candidate lists are drawn-up in each
dimension according to some distance criterion e. Finally, an intersection operation on

the candidate list for the point, which yields points in a hypercube around the query, are
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exhaustively searched for the KNN. In this technique, the coordinates are ordered in each
dimension, as above. A list of neighbors is selected in the first dimension. Now, this list is
intersected with a list of neighbors in the 2nd dimension. The resultant list is intersected
with the neighbors in the third dimension. Finally after j intersections (note, the complex-
ity of intersection reduces with j), the result is a list of true neighbors of point p (Figure

6.6.5).

o

JEAY

Figure 6.6.5: Picking k-Nearest neighbors within a range e using intersection of lists of
1D ordered coordinates.

6.6.3 Relation to intrinsic dimensionality

An alternate approach to estimate ¢ is by estimating the intrinsic dimensionality of the
given distribution. Given all inter-point distances for a distribution of random numbers,
one can plot the histogram of such distances. By the central limit theorem, the distribution
is approximately normal as n — oo. As the intrinsic dimensionality of the distribution

increases, the mean of the distribution 1 increases and the variance o2 decreases [19]. The
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sharper the peak in this histogram, the lesser the number of points we can safely avoid
visiting. Since we do not have all the inter-point distances, indeed the main idea here is to
avoid calculating all the inter-point distances, we offer an alternative to fast determination

of the intrinsic dimensionality of the distribution.

6.7 Acceleration of the KNN Graph construction

Time memory considerations in the nearest neighbor graph have prompted researchers
to come up with various exact and approximate graph algorithms. With its wide-spread
usage, it is not surprising that several fast methods exist for nearest neighbor graph con-
structions. Most of them are expandable to construct k-NN graphs. One of the first fast
algorithms for constructing NN graphs was proposed by Bentley [14, 13]. In vector spaces
with Bentleys kd trees [14, 13] are effective in selecting KNN for a given query point. A
comprehensive survey of the latest methods for nearest neighbor searches in vector spaces
is presented in [19]. A simple and intuitive method for nearest neighbor search in high
dimensions is presented in [98].

Though compelling, the methods presented above focus on retrieving the exact nearest
neighbors. One could hypothesize that for applications where the accuracy of the nearest
neighbors is not critical, significant speed-up can be achieved by accepting a small bias
in the nearest neighbor search. This is the principal argument presented in [5] and this is
relevant to divergence estimation since only the total edge length of the KNN is important
in entropic graph registration. We conducted our own experiments on the approximate
NN method using the code provided in [92] (Figure 6.7.6). We conducted benchmarks
on uniformly distributed points in 8 dimensional space. If the error incurred in picking
the incorrect k-th nearest neighbor < ¢, the cumulative error in the length of the KNNG

is plotted in Figure 6.7.6. Compared to an exact KNN search using k-d trees, a significant
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reduction (> 85%) in time can be obtained through approximate NN methods, incurring
a 15% cumulative graph length error. The utility of approximate nearest neighbor code
such as [5] for entropic graph registration depends on the sensitivity of graph length to
small amount of registration error. Thus it is conceivable that a 15% error in graph length
be negligible with respect to mean square registration error. This will be explained in the

next chapter.
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Figure 6.7.6: Approximate k-NNG: (a) Decrease in computation time to build approxi-
mate KNNG for different ¢, expressed as a percentage of time spent comput-
ing the exact KNNG over a uniformly distributed points in [0, 1]®. An 85%
reduction in computation time can be obtained by incurring a 15% error in
cumulative graph length. (b) Corresponding error incurred in cumulative
graph length.

6.8 Computation time

The MPDA and k-d tree algorithms described above are used to construct the MST
and KNN graph respectively. The computation time for all the measures of divergence
introduced here are tabulated below. Two images with dimensions 256 x 256 pixels were
projected on to a 64D ICA basis and the resultant coefficients were used for divergence

estimation.
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Divergence (Graph) | Points | Dim | Trees (Points, Dim) | NN Queries | Time (S)
a-Jensen (MST) 2N d 1 (2N, d) - 2.22
a-Jensen (KNNG) 2N d 1 (2N, d) 2Nk 4.75
Henze-Penrose (MST) | 2N d 1 (2N, d) - 2.54
a-GA (KNNG) 2N d 2 (N, d) 2N 4.80
a-MI (kNNG) N 2d [ 1(N,2d) +2 (N, d) 3N 4.11
NLCC (KNNG) N 2d | 1 (N, 2d) +2 (N, d) 3N 4.10

Table 6.1: Average divergence computation time on two 256 x 256 pixel images, decom-
posed using 8 x 8 (64D) ICA. Computation times were tabulated using MAT-
LAB ©C-mex program running under the Linux OS on a 2.4GHz 32-bit Intel
Xeon Processor machine with 2GB RAM and 533MHz bus speed.

The MST computation time appears to be shorter than the computation time for the
KNN. This is due to the careful selection of the search radius e for constructing the MST.
In practice, such a careful selection is difficult, if not impossible. The number of feature
vectors from each image is 1024 = (256 x 256) /(8 x 8). For larger number of feature vec-
tors, the MPDA shows slower convergence and the MST computation time will increase.

Further, it is seen that a-GA, a-MI and NLCC all show different computation time
even as all of them depend on the KNN graph construction. a-GA required the construction
of 2 k-d trees in 64D space at a computational complexity of Nlog/N, where N = 1024
for each tree. 2 x N queries were executed in O(v/N x k) time, where k is the number of
nearest neighbors. «-MI requires the construction of a k-d trees in 128D space and 2 k-d

trees in 64D space, but required only N queries to be executed in 64D space.



CHAPTER VII

Applications

This chapter describes three different registration applications and illustrates the en-

tropic graph registration methods presented in this thesis.
7.1 Ultrasonic Breast Image Registration

An important application of the methods presented in this thesis is the co-registration
of a pair of ultrasound (UL) images of the breast. Success in this application should lead
to full 3D and 4D registration: the fourth dimension being time. Accurate registration of
breast UL image volumes could lead to a breakthrough in the use of whole breast imaging.
In particular, accurate UL breast imaging is essential to detect and quantify changes that
can aid discrimination of malignant from benign lesions [16, 113]; can be used to detect
multi-focal secondary masses [47] and can quantify response to chemotherapy or radiation
therapy [67]. Currently,breast lesions are missed by UL community practitioners in up to
45% of women with dense breasts [69].

To understand the long term significance of image registration to breast cancer detec-
tion it should be noted that UL usage has progressed rapidly in diagnostic breast imaging;
it has proven to be a reasonable task to scan a localized region in the breast and make a

judgment regarding the likelihood of malignancy. It is a much more difficult task to assess
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an entire breast volume and whole breast ultrasound imaging has not become standard
practice. On one side, there are too many regions in many breasts that look abnormal,
leading to increased biopsies or threat of legal action if a detected tumor was not biopsied.
On the other side, numerous subtle lesions may be missed in whole breast scanning by all
but the most dedicated, highly trained radiologists. To greatly improve this situation in
breast cancer detection of occult masses new approaches are required. Precise registration
of image volumes to allow rapid, localized comparison of ultrasound studies separated
by months or years should greatly facilitate detection of changes and assessment of their
potential malignant growth patterns. What is needed is a much more accurate and robust
registration method to provide the needed confidence in the registration for studies with
a wider range of image quality. Segmentation of artifacts, such as acoustic shadows and
reverberations is a particularly important task not yet addressed, for the artifacts can be the
dominant ”information” in some cases, and yet are affected strongly by subtle changes in
the UL view. The same general techniques should work equally as well for 3D MRI.
Evaluation of breast tumor change during neoadjuvant chemotherapy using some of
these ultrasound techniques will not only determine the contribution of this modality in
chemotherapy, but may also contribute to the development of whole breast UL as a method
for breast cancer detection in high risk women. As use of neoadjuvant chemotherapy is
being explored for an increasing fraction of breast cancers, the need is apparent for a
readily available surrogate end point to assess whether the treatment should be extended.
UL, with or without contrast agent, shows promise similar to that of radionuclide and MRI
techniques, but at considerably reduced cost (and worldwide availability). The advanced
quantification techniques require a great deal of trained radiologist time to outline the
tumor pre- and post-therapy and the tumor fraction in areas of incomplete tissue invasion

is currently not estimated.
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Image registration could also improve spatial compounding of UL images. In com-
pounding, partly correlated views of the region of interest (ROI) are generated by scan-
ning the ROI at different transducer tilt angles and then registering pairs of separate views.
Compounding can result in an improvement in the signal-to-speckle ratio of UL images
and lead to better delineation of specular reflectors [71]. The field of view of high resolu-
tion UL images is insufficient for full use of UL in detecting asymptomatic lesions in the
breast and for tracking changes in response to treatment. To create an image of the entire
breast or a large fraction of it, the small volume covered by a single scan can be extended
by repeatedly scanning the breast in parallel, partially overlapping sweeps that can then be
combined using registration [71]. Finally, registration of images collected from different
isonation angles can also be used in Doppler imaging where the color flow acquisitions do
not detect blood flow well when its direction of motion is normal to the direction of the
ultrasound beam and where accurate triangulation can measure flow velocity.

Registration methods based on mutual information (MlI), e.g. MIAMI Fuse ©(Mutual
Information for Automatic Multimodality Image fusion) [87, 88], have been shown to
outperform standard correlation and template-matching methods. Mutual information-
based, linear and nonlinear registrations can be performed with a quality that will meet
the needs of many applications in ultrasound, in a reasonable, but as yet undetermined,
fraction of the cases evaluated. However, some cases have proven difficult to register with
expected accuracy. For ultrasonic image volumes of the breast, the low signal-to-speckle
noise ratio and abrupt deformations at tissue boundaries, as well as acoustic shadowing
and refraction artifacts, are particular challenges that reduce the information shared by
the reference and secondary image scans. Current methods leave much to be desired for
ultrasound applications since they are each variously overly sensitive to some combination

of spurious image components such as speckle, low contrast of key structures, anisotropic
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backscatter, shear/compressive tissue deformation, and shadowing which are ubiquitous
to UL breast imaging.

Accurate registration of breast ultrasound images is essential for whole breast imaging
in order to efficiently detect asymptomatic breast lesions. This is a long-range goal. In
the intermediate time range, the technique can aid discrimination of benign and malignant
masses by facilitating retrieval of similar masses and visual or automatic comparison of a
suspected mass, or even ultrasonically detected calcifications, with structures in the same
region from a previous examination. The immediate contribution of these methods is the
development of new registration techniques and comparisons of the registration accuracy
and robustness with existing methods on a series of ultrasound volume sets of increasing

realism and difficulty.

7.1.1 Feature driven entropic graph registration of ultrasound images

This thesis takes a novel approach to ultrasound image registration that gets around the
disadvantages of single pixel- or voxel-based registration techniques. It deviates from pre-
vious approaches through the inclusion of highly specific independent component image
features and use of a generalized information divergence-matching criterion implemented
with entropic graphs. The matching methods presented here have the following advan-
tages: 1) use of the generalized divergence enables examining and selecting the most
stable objective function having optimal discrimination capability; and 2) use of higher
order features captures non-local spatial information which is ignored in the standard sin-
gle pixel MIAMI Fuse ©algorithm and which can lead to more accurate and robust image
registration.

Local structural features tags and independent component analysis, introduced in Chap-

ter IV are evaluated. The hypothesis that supplementation of single pixel or single voxel
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matching by the matching of structural features specifically designed for registering ul-
trasound images and image volumes of the breast will significantly reduce the effect of
speckle, shadowing, and non-linear distortions on registration accuracy will be evaluated.
A rationale for supplementing single pixel features for UL image registration is that single
pixel features cannot discriminate between speckle, shadowing and true structural char-
acteristics of the image, leading to lack of robustness. Also, sharp features that might
improve accuracy might not be given appropriate weighting. Prefiltering or precropping
the UL images prior to registration is an ad hoc solution that requires human intervention.
In contrast the multidimensional feature framework includes spatial discriminants directly
into the feature space.

Use of generalized divergence as a registration criterion will improve the fine spatial
resolution of the registration as compared with existing methods and facilitate function
optimization. The validation of the technique is limited to tightly controlled quantitative
comparisons on simulated and test object two-dimensional images. However, given the

results presented here it is believed that more ambitious studies would be justified.

7.1.2 Database of breast UL images

In ultrasound of the breast, the reference and secondary images have genuine differ-
ences from each other due to biological changes and differences in the imaging, such as
positioning of the tissues during compression and angle dependence of UL scattering from
tissue boundaries. The tissues are distorted out of a given image plane as well as within
it. Speckle noise, elastic deformations and shadows further complicate the registration
process thus making Ultrasound breast images notoriously difficult to register. Compari-
son of entropy-based image discriminants such as Shannon Ml and Rényi’s a-Ml to the

MST-based a-Jensen difference divergence is presented.
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The database used for this application is a set of 3D ultrasound scans of the left or right
breast of 21 female subjects, aged 21-49 years, going to biopsy for possible breast cancer.
Each volume scan is acquired at 10mm depth resolution yielding about 90 cross-sectional
images at 5mm horizontal resolution. The lower age range was chosen to provide a sample
of more complex breasts, which are also somewhat more difficult to diagnose than typical
breasts of older women. Fig 7.1.1 shows slices of breast ultrasound image volumes repre-
sentative of those found in clinical practice. The women were imaged on their backs with
the transducer placed so as to image through the breast toward the chest wall. Twenty test
cases chosen from the breast database are presented. The images exhibit connective tissue
structure, malignant tumors in echogenic fibroglandular tissues and benign cysts. Tumors
characteristically show discontinuous edges with a darker center and shadows below the
borders. Area of enhancement below the cysts and some solid tissues are not uncommon.
Some images also show uncommon degrees of degradation due to shadowing. The bottom
two-thirds of these images include the chest wall and the dark shadow and reverberations
behind the acoustically impenetrable boundary between the lung and chest wall. Some
edge information is evident, however shadowy streaks are observed due to dense tissue
absorbing the sound beam, refraction and phase correlation at oblique boundary or poor
acoustic impedance match (air bubbles) between the transducer and the skin. For clarity of
presentation and speed of processing we focus on registration of 2D slices. The extension
of our methods to fully 3D voxel registration is straightforward but will not be presented
here. The value of « used for all simulations is 0.5.

A 64D ICA bases was extracted from a training database of 6 volumetric breast ul-
trasound scans of patients. A separate test set of 15 patients also undergoing biopsy was
also created. Each volumetric scan has a field of view of about 4cm3 (voxel dimensions

are 0.1mm? x 0.5mm) and encompasses the tumor, cyst or other structure of interest. Tu-
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Figure 7.1.1: Ultrasound (UL) breast scans from twenty volume scans of patients under-
going chemotherapy.
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mor/Cyst dimensions vary and can range from 5 mm? to 1 cm? or higher. A slice from
the UL breast image volume is registered to a slice 2mm deeper in the same image vol-
ume over 250 trials. At this separation distance, the speckle noise decorrelates. However
the underlying anatomy remains approximately unchanged. As the aim of this study is to
quantitatively compare different feature selection and registration methods we restricted
our investigation to rotation deformations over +16° .

Two cases were investigated: a reduced dimension feature set consisting of only the 8
most discriminating of the 64 feature dimensions and the full 64 dimensional features. The
FastICA algorithm provides independent components one by one based on the projection
pursuit directions of the training data. Thus, the independent components are ranked ac-
cording to closeness to Gaussian distribution of the coefficients [61]. Using this criterion,

the first 8 of the 64 basis are selected and used for registration.

7.1.3 Experiments

Figure 7.1.2 shows average profiles of the registration objective functions. The panel
on far left of Fig. 7.1.2 indicates that, for single-pixel features, entropic-graph (MST)
estimates of «-Jensen difference and histogram plug-in estimates of Ml give similarity
functions with virtually identical profiles having a unique global minimum at the correct
0° rotation of the reference image. In the full 64 dimensional ICA feature space the MST-
based Jensen difference criterion maintains a smooth profile (right panel) with a single
global minimum at the correct location. In the 64 dimensional feature space the histogram
plug-in estimates of MI or «-Jensen difference are not implementable.

To investigate the effect of small perturbations on small-angle registration performance
varying amounts of truncated Gaussian noise were added to each pixel. Registration accu-

racy for single-pixels, tags, and discrete and continuous ICA features using the histogram
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Figure 7.1.2: Normalized average profiles of image matching criteria for registration of
UL breast images taken from two slices of the image volume database: (a)
MST-based «-Jensen and histogram-based a-Ml for single pixel features and
(b) MST-based «-Jensen for 64D ICA coefficient vector features.

and entropic-graph estimates of Ml and «-Jensen difference divergence were compared
under increasing noise conditions. Figure 7.1.3 shows plots of registration root mean
square (RMS) error versus increasing levels of additive (truncated) Gaussian noise in the
images. Shown on the plots are standard error bars. The resultant registration peak shifts
from the perfect alignment position (0° relative rotation) by an amount depending on the
SNR, the registration features used and entropy/MI estimation matching criteria adopted.

In the figure a comparison of MI versus a-Jensen (a« = 0.5) registration methods
applied to single pixel, tag, and ICA features can be made. The left panel of the figure
illustrates MI implemented with density plug-in estimates. For the single pixel and 8 x 8
tag features, the bivariate coincidence density for M1 and entropy was estimated using the
standard binned histogram. For single pixel features there were 256 x 256 bins and for tag
features there were (256%) x (256%) bins. The tag features were pruned down to 256 x 256
through adaptive thresholding [44, 4, 97]. For the ICA features the 8 most discriminating

ICA dimensions were computed from training on 10000 breast samples from the 21 breast
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Figure 7.1.3: (a) Effect of additive Gaussian noise on the RMS error of the peak position
of the Shannon-MI estimated using histograms on single-pixel intensity gray
levels, 8 x 8 tag features extracted using Geman’s [44, 4] adaptive thresh-
olding method and histograms on 8D ICA features binned using Voronoi
partitions. (b) RMS error for Shannon MI estimated using histograms on
single-pixel intensity levels, a-Jensen difference divergence estimated di-
rectly with the MST on single-pixels, 8D ICA coefficient vector features and
64D ICA coefficient vector features. These plots are based on 250 repeated
experiments from within the breast UL volumetric database of 21 breast can-
cer patients undergoing therapy. The two slices to be registered are spatially
separated by 2mm. Search was restricted to a maximum rotation angle of
+16°. The confidence intervals represent unit standard error in the compu-
tation of the mean of the interval.
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volumes and the joint coincidence density (defined on 8 x 8 = 64 dimensional joint feature
space) was estimated by partitioning the 8D features space using 256 Voronoi bins on the
same training sample.

The registration MSE, for these three methods, is shown in the left panel of Figure 7.1.3
and the reader will notice a moderate improvement in MSE performance of Ml registration
with the tag and discretized ICA feature based density plug-in methods over the standard
single pixel density plug-in method. We postulate that only modest improvement gains
are attainable since histogram estimation becomes unstable in such a high (8) dimensional
feature space.

In the 64 dimensional feature space the histogram plug-in estimates of MI or a-Jensen
difference are not implementable. The right panel of Figure 7.1.3 illustrates how en-
tropic graph based Jensen difference estimates significantly outperforms the Ml registra-
tion methods. The «a-Jensen difference divergence is calculated for single-pixel intensity
gray levels, 8D ICA coefficient vector features and 64D ICA coefficient vector features
using the MST entropic-graph estimate. It also shows the Shannon MI calculated using
single-pixel intensities via the histogram plug-in estimator.

From Figure 7.1.3(b) observe that the performance of the a-Jensen difference and the
standard Shannon M1 are comparable when implemented with single-pixel features. When
computed over a high dimensional feature set, such as the 8D and 64D ICA coefficients,
the a-Jensen difference divergence performance improves. This improvement is derived
from the use of a higher dimensional and more discriminatory feature set, and an entropic
graph estimator of «-Jensen difference.

These preliminary results show that it may be beneficial to extensively investigate other
divergence measures. However, due to the lack of a significant gain in registration MSE,

histograms in higher dimensional spaces perform poorly as compared to entropic graph
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methods. A second experiment was performed to investigate the entropic methods in more
detail. Two image slices with tumor were extracted from each of the 15 test scans such
that they showed the cross-section of the tumor. A representative example is shown in
Figure 7.1.4. Slices have a separation distance of about 5mm, about twice the separation
distance than the previous study, a situation that further broadens the registration peak in
the matching function. The first cross sectional slice was picked such that it intersected
with the ellipsoidal-shaped tumor through its center. The second slice was picked closer
to the edge of the tumor. The selected slices thus show a natural decline in tumor size, as
would be expected in time sampled scans of tumors responding to therapy.

Since view direction changes from one image scan to the next for the same patient
over time, rotational deformation is often deployed to correct it during registration. We
simulated this effect by registering a rotationally deformed image with its unrotated slice-
separated counterpart, for each patient in the 15 test cases. Rotational deformation was in
steps of 2 degrees such that the sequence of deformations ranged from —16 to +16 degrees.
To remove any residual correlation, the images were offset (relatively translated) by 0.5mm
(5 pixels) laterally since the correlated noise could bias the registration results. Since some
displacement can be expected from the handheld UL imaging process and the relative
tissue motion of the compressible breast tissue, this is not unreasonable deformation. For
each deformation angle, divergence measures were calculated, where the ‘registered state’
is the one with O degree of relative deformation.

Figure 7.1.5 shows average objective function plots for the registration experiment dis-
cussed above. Thirty different noise realizations were added to the fifteen test images at
every angle of rotational deformation to give N = 400 different images for calculation of
the matching functions. In the figure, each graph plots the sample mean, /i, calculated

over the N measurements at each angle, . The standard deviation of /iy, also called the



111

@ (b)

Figure 7.1.4: UL Images of the breast separated and rotationally deformed. (a) Cross-
sectional image through center of tumor. (b) Rotated cross-sectional image
acquired at a distance 5mm away from Image in (a).

standard error of the measurements, is given by o, = ae/\/ﬁfor 0 e {-16°...,+16°},
where oy is the standard deviation of the N measurements made at each rotational defor-
mation. To normalize the images it is important to discount for the relative scaling be-
tween the matching functions. Hence, iy of each matching function is normalized such
that max (o5, ) is unity. This restricts arbitrary scaling and also discounts for any scaling
inherent in the computation of the matching function. In each row, the extent on the search
space is identical. This facilitates comparison of two divergence estimates and also allows
for comparison of a particular divergence as noise increases. It can readily be seen from
the trends that at low levels of noise, all feature based estimates have sharper peaks than
the Shannon MI estimate using pixel features. Further, as noise increases some divergence
estimates, notably o GA and aMI divergence between the ICA features of the images,
maintain sensitivity to rotational deformation.

Not surprisingly, these trends translate into improved MSE performance of the high-
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Figure 7.1.5: Normalized average profiles of image matching criteria for registration of
UL breast images taken from two slices of the image volume database under
decreasing SNR. All plots are normalized with respect to the maximum vari-
ance in the sampled observations.(row 1) kNN-based estimate of a-Jensen
difference divergence between ICA features of the two images, (row 2) MST-
based estimate of «-Jensen difference divergence between ICA features of
the two images, (row 3) NN estimate of & Geometric-Arithmetic mean affin-
ity between ICA features, (row 4) MST based estimate of Henze-Penrose
affinity between ICA features, (row 5) Shannon Mutual Information esti-
mated using pixel feature histogram method, (row 6) o Mutual Information
estimated using NN graphs on ICA features and lastly, (row 7) NN estimate
of the Non-linear correlation coefficient between the ICA feature vectors.
Columns represent objective function under increasing additive noise. Col-
umn 1-4 represent additive truncated Gaussian noise of standard deviation,
o =0, 2, 8 and 16. Rotational deformations were confined to + 16 degrees.
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dimensional entropic graph based estimates of divergence, as seen in Figure7.1.6. At low
noise, all measures of divergence between ICA feature vectors show superior performance
over the single pixel histogram estimate of Shannon Ml.

In conclusion, it should be noted that investigation of UL image registration to aid
detection and management of breast cancer is relatively new in and of itself, and not
widespread. Only recently, with single pixels MI techniques, has such registration ap-
peared to be very promising. The methods proposed here to investigate image registration
have not been previously applied to UL image registration. Based on preliminary results
these methods appear to offer significant improvement on single pixel based methods for
registration of ultrasound breast images. The approach described here combines improve-
ment of registration accuracy and robustness by automated selection of spatial features
derived from independent components analysis and uses image feature matching crite-
ria which extend the mutual information to a more stable criterion. These two ideas are
combined into a computationally tractable registration algorithm. Future studies could ex-
plore 3D registration and further the ability of the new registration technique to improve
discrimination between benign and malignant masses in follow-up studies or to improve
visual or automated detection of cancers via serial studies in a high-risk population. One
could also test the utility of our new registration technique for image volumes under pre
and post chemotherapy conditions. For example, one could: 1) better estimate the final
volume of tumors undergoing chemotherapy; and 2) better outline corresponding regions
to test tumor shrinkage, reduction of vascularity and reduction of signal from targeted and
non-targeted contrast agents as surrogate indicators of complete pathological response.

The registration methods presented above are applicable to other cross modality prob-
lems in image registration and matching. The next section presents applications of entropic

graph based matching methods to image retrieval problems in a multimodal setting.
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Figure 7.1.6: Rotational RMS error obtained from registration of UL imagery using
seven different image similarity/dissimilarity criteria namely aJensen differ-
ence calculated using MST and kNN, Henze-Penrose affinity, a«Geometric-
Arithmetic mean divergence, «Mutual Information, NLCC and Shannon MI.
Shannon M1 was computed using single-pixel intensity histograms with 1 bin
per intensity level. 64D ICA feature vectors were used with MST or KNN
graph to compute the other measures of divergence. These plots are based on
250 repeated experiments from within the breast UL volumetric database of
21 breast cancer patients undergoing therapy. The two slices to be registered
are spatially separated by 5mm. Search was restricted to a maximum rota-
tion angle of +£16°. The confidence intervals represent unit standard error in
the computation of the mean of the interval.
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7.2 Multimodal Face Retrieval

Images databases are now commmonplace in large servers and desktops alike. Face
retrieval from a database is a difficult problem due to the high variability of facial expres-
sions, poses, and illuminations. The widespread availability of thermal cameras, such as
those used at airports for detecting fever patients in the SARS outbreak of 2003, provides
an opportunity to couple information from visible-light and infrared sources for face iden-
tification. Thermal face images lack the textural information typically found in visible
images thus complicating the matching procedure and providing us with a challenging
testbed for our methods. Our multisensor face image retrieval example intends to illustrate
the flexibility of the entropic matching methods.

Many different approaches to this problem have been proposed [81, 20, 130]. Our ob-
jective in this paper is not to compete with these many fine tuned approaches. Rather we
simply wish to illustrate the flexibility of the MST entropic matching method that we have
presented in earlier sections. The Equinox visible/IR face database [33] consists of 7GB
image data of 91 individuals photographed under 3 illumination conditions, poses, and
facial expressions using a joint co-registered visible longwave infrared (V/LWIR) camera.
Figure 7.2.7 shows a sampling of faces in this database. Given a V/LWIR image pair for a
person the multimodal face retrieval problem is to extract a corresponding pair of images
of the person from the database. Multimode retrieval using visible and thermal imagery
is difficult due to the prominence of contour information as opposed to the textural details
available in visible imagery. The lack of textural information typically leads investigators
to use facial landmarks for indexing images. However, facial landmarks change positions
and aspects with expressions and movement making them unreliable. This makes entropic

methods of retrieval compelling for this problem due their ability to capture complex rela-
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tions using high dimensional features and requiring no user intervention.

We implemented MST-based entropic retrieval as follows. We pulled queries at ran-
dom from the database and used this query to test the image matching method between
the query and the remaining images in the database. Two sample queries are illustrated in
Figure 7.2.8. The remainder of the database was compared to the query image and rank-
ordered with respect to their similarity with the query image. It should be noted that the
images are used as seen in Figure 7.2.7, i.e. no segmentation was performed to delineate
the background from the face. A perfect match was declared if the image with highest
rank, as measured by estimated «-Jensen difference, matched the person in the query im-
age. Rather than implement ICA, which has been reported to have deficiencies for face
recognition [80], we used an 8x8-DCT basis set to extract the features. Matching is done
in a 66-dimensional space, using 64 of the DCT coefficients dimensions plus 2 dimensions
corresponding to spatial coordinates. The «-Jensen difference is computed by building the
MST over this high-dimensional space for each image pair. The measured correct retrieval
rate was a respectable 95.5% even using this relatively simple feature set and the simple

MST «-Jensen image matching method.
7.3 Multimodal satellite image registration

Images acquired via geostationary satellites serve in research related to heat dissipa-
tion from urban centers, climactic changes and other ecological projects. In this section,
we shall illustrate entropic graph based image registration for a remote sensing example.
Images of sites on the earth are gathered by a variety of geostationary satellites. A satel-
lite may carry more than one sensor and may acquire images throughout a period of time.
These sensors gather information in distinct frequency bands in the electromagnetic spec-

trum and help predict daily weather patterns, environmental parameters influencing crop
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Figure 7.2.7: Sampling of faces in the Equinox V/LWIR face database [33]. The database
consists of 100 individual faces at various illumination, pose and facial ex-
pression configurations. Each visible-light image is co-registered to infrared
counterpart by the camera.
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Figure 7.2.8: Two examples of queries taken from the Equinox face database.

cycles such as soil composition, water and mineral levels deeper in the Earth’s crust, and
may also serve as surveillance sensors meant to monitor activity over hostile regions.
Changing weather conditions interfere with sensor signals. Images captured in a mul-
tisensor satellite imaging environment also show deformations due to the position of the
sensors relative to the object. This deformation is often affine in nature and may mani-
fest itself as relative translational, rotational or scaling between images. This provides a
good setting to observe different divergence measures as a function of the relative defor-
mation between images. Linear rotational deformation is simulated in order to reliably
test the image matching functions. Affine and projective transformations do arise in this
modality, but they are not addressed in this simulation. Thermal and visible light images
captured for the Urban Heat Island [105] project form a part of the database used here.
NASA’s visible earth project [93] also provides images captured via different satellite sen-
sors, and such multi-band images have been used here to provide a rich representative
database of satellite images. Figures 7.3.9 and 7.3.10 show several visible aerial images
and their corresponding thermal counterparts that make up the database of images used

in this experiment. Thermal and visible-light sensors image different bands in the elec-
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tromagnetic spectrum and thus have different intensity maps, making correlation-based

registration methods difficult to apply. In particular, this situation requires mapping of the

two modalities to a common feature set.

Figure 7.3.9: Visible-light image samples from multisensor satellite image database.

Figure 7.3.11 shows two images of downtown Atlanta, captured with visible and ther-
mal sensors, as a part of the ‘Urban Heat Island’ project [105] that studies the creation of

high heat spots in metropolitan areas across the USA. Pairs of visible light and thermal
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Figure 7.3.10: Thermal image samples corresponding to visible-light images from multi-
sensor satellite image database shown in Figure 7.3.9.
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satellite images were also obtained from NASA’s Visible Earth website [93]. The vari-
ability in imagery arises due to the different specialized satellites used for imaging. These
include weather satellites wherein the imagery shows heavy occlusion due to clouds and
other atmospheric disturbances. Other satellites focus on urban areas with roads, bridges
and high rise buildings. Still other images show entire countries or continents, oceans and
large geographic landmarks such as volcanoes and active geologic features. Lastly, images

contain different landscapes such as deserts, mountains and valleys with dense foliage.

@ (b)

Figure 7.3.11: Images of downtown Atlanta obtained from Urban Heat Island project
[105]. (a) Thermal image (b) Visible-light image under artificial rotational
transformation

7.3.1 Feature definition for registration

Images are rotated through 0° to 32°, with a step size adjusted to allow a finer sampling
of the objective function near 0°. The images are projected onto a Meyer wavelet basis,
and the coefficients are used as features for registration. A feature sample from an image
I in the database is represented as a 3-tuple consisting of the coefficient vector, and a two

dimensional vector identifying the spatial coordinates of the origin of the image region
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it represents. For example {W; ;y, 2.5y, Y, + represents the 3-tuple from position {7, j}

H : _ Low—Low Low—High High— Low High—High
in the image. Now, W, ; = {w(i,j) W , W ) S WG )

}, where the
super-script identifies the frequency band in the wavelet spectrum. Features from both the
images {71, Z,} are pooled together to form a joint sample pool {Z; |J Z>}. The MST
and k-NN graph are individually constructed on this sample pool.

Figure 7.3.12 shows the rotational mean-squared registration error for the images in our
database, in the presence of additive noise. Best performance under the presence of noise
can be seen through the use of the a-Ml estimated using wavelet features and KNN graph.
Comparable performances are seen through the use of Henze-Penrose and aGeometric-
Arithmetic mean divergences, both estimated using wavelet features. Interestingly, the
single pixel Shannon MI has the poorest performance which may be attributed to its use
of poorly discriminating scalar intensity features. Notice that the a-GA, Henze-Penrose
affinity, and a-MI(Wavelet-kNN estimate), all implemented with wavelet features, have
significantly lower MSE compared to the other methods.

Further insight into the performance of these wavelet-based divergence measures may
be gained by considering the mean objective function over 750 independent trials. Figure
7.3.13.a shows the o-MI, HP affinity and the a-GA affinity and Fig. 7.3.13.b shows the a-
Jensen difference divergence calculated using the KNN graph and the MST. The sensitivity

and robustness of the dissimilarity measures can be evaluated by observing the divergence

function near zero rotational deformation (Figure 7.3.13).

7.4 Local feature matching

This section aims to demonstrate the sensitivity of entropic-graph methods to local
deformation. Local registration of images, of the human brain acquired under simulated

reconstruction of dual modality (T1,T2 weighted) magnetic resonance imaging, is per-
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Figure 7.3.12: Rotational RMS error obtained from registration of multisensor V/IR
Satellite imagery using six different image similarity/dissimilarity criteria
namely aJensen difference calculated using MST, KNN and kNN ’single-
count’, Henze-Penrose affinity, aGeometric-Arithmetic mean divergence,
aMutual Information, and Shannon MI. Shannon MI was computed using
single-pixel intensity histograms with 1 bin per intensity level. Wavelet
feature vectors were used with MST or kNN graph to compute the other
measures of divergence. These plots are based on 250 repeated experiments
from within the Satellite image database of 20 aerial images. Search was
restricted to a maximum rotation angle of +-16°. The confidence intervals
represent unit standard error in the computation of the mean of the interval.
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Figure 7.3.13: Average affinity and divergence, over all images, in the vicinity of zero
rotation error: (left) a-Jensen (KNN) and «a-Jensen (MST), (right) a-GA
mean affinity, HP affinity and a-MI estimated using wavelet features and
KNN graph.
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formed. Different areas in the brain (neural tissue, fat and water) have distinct magnetic
resonance properties. Hence, they express different levels of excitation when appropri-
ately time-weighted. This example qualifies as a multisensor fusion example due to the
disparate intensity maps generated by the imaging sequence 2.4.3, commonly referred to
as the T1 and T2 time weighted MRI sequences. An image matching technique for MRI
images sensitive to local perturbations in the image is demonstrated.

The ability to discriminate differences between images with sensitivity to local differ-
ences is pivotal to any image matching algorithm. Previous work in these techniques has
been limited to simple pixel based mutual information (MI) and pixel correlation tech-
niques. In [102], local measures of MI outperform global Ml in the context of adaptive
grid refinement for automatic control point placement. However, the sensitivity of local
MI deteriorates rapidly as the size of the image window decreases below 40 x 40 pixels in
2D.

The main constraints on these algorithms, when localizing differences, are (1) limited
feature resolution of single pixel intensity based features, and (2) histogram estimators
h(X,Y") of joint probability density f(X,Y") are noisy when computed with a small num-
ber of pixel features and are thus poor estimators of f(X,Y") used by the algorithm to
derive joint entropy H(X,Y'). Reliable identification of subtle local differences within
images, is key to improving registration sensitivity and accuracy [95]. Stable unbiased
estimates of local entropy are required to identify sites of local mismatch between images.

These estimates play a vital role in successfully implementing local transformations.

7.4.1 Deformation localization

Iterative registration algorithms apply transformations to a sequence of images while

minimizing some objective function. We demonstrate the sensitivity of our technique by
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tracking deformations that correspond to small perturbations of the image. These pertur-
bations are recorded by the change in the mismatch metric.

Global deformations reflect a change in imaging geometry and are modeled as global
transformations on the images. However, global similarity metrics are ineffective in cap-
turing local deformations in medical images that occur due to physiological or pathological
changes in the specimen. Typical examples are: change in brain tumor size, appearance
of micro-calcifications in breast, non-linear displacement of soft tissue due to disease and
modality induced inhomogeneities such as in MRI and nonlinear breast compression in
XRay mammograms. Most registration algorithms will not be reliable when the size of
the mismatch site is insufficiently small, typically (m x n) < 40 x 40 [102]. With a com-
bination of ICA and «-entropy we match sites having as few as 8 x 8 pixels. Due to the
limited number samples in the feature space, the faster convergence properties of the MST
are better suited to this problem. Although we do not estimate other divergence measures,
a-Jensen calculated using the MST provides a benchmark for their performance.

In Figure 7.4.14, multimodal synthesized scan of T1 and T2 weighted brain MRI each
of size 256 x 256 pixels [25] are seen. The original target images shall be deformed locally

(see below) to generate a deformed target image.

7.4.1.1 Local deformation using B-Splines

B-spline deformations are cubic mapping functions that have local control and injective
properties [23]. The 2D uniform tensor B-spline function F, is defined with a 4 x 4 control

lattice ¢ in R? as:

Flu,v) = Z Z Bi(u) B;(v)¢ij, (7.1)

where 0 < u,v < 1, ¢;; represents the spatial coordinates of the lattice and the B; are

the standard B-Spline basis functions. The uniform B-Spline basis functions used here are
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quite common in computer graphics literature. They may be found in [23] and are defined

as.
Bo(u) — (1 —6u)37
Bi(u) = W’ (7.2)
Byu) — —3u3+3zé2+3u+17
w3
Bs(u) = e

Given that the original images have 256 x 256 pixels, we impose a grid(®) of 10 x 10
control points on I,,,.. Since the aim is to deform I;,,. locally, not globally, we select a
sub-grid (¢) of 4 x 4 control points in the center of ;... We then diagonally displace, by
¢ = 10 mm, only one of the control points in ¢, to generate deformed grid ¢ger. Iiqr IS
then reconstructed according to ¢4 ;. The induced deformation is measured as || e — ¢||-
Figure 7.4.14 shows the resultant warped image and difference image, ;.. — T'(1;4). FOr
smaller deformations, ® is a finer grid of 20 x 20 points, from which ¢ is picked. A control
point in ¢ is then displaced diagonally by ¢ = 1,2,...10 to generate ¢4.;. When ¢ < 3,

noticeable deformation spans only 8 x 8 pixels.

7.4.2 Feature discrimination algorithm

We generate a d-dimensional feature set {Z;}/>}", m x n > d by sequentially pro-

MxN
Jj=1

jecting sub-image block (window) {I';} of size m x n onto a d-dimensional basis
function set { Sy } extracted from the MRI image, as discussed in Section 5.2. Raster scan-
ning through I,..; we select sub-image blocks {T'7*/}Mx~ " For this simulation exercise,
we pick only the sub-image block I'**" from T'(I,,,) corresponding to the particular pixel
location k& = (128, 128). T'{%; 55 corresponds to the area in /,,, where the B-Spline defor-

mation has been applied.
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The size of the ICA basis features is 8 x 8, i.e. the feature dimension is, d = 64. The
MST is constructed over the joint feature set {2/ Z"}. When suitably normalized with
1/n® a = 0.5, the length of the MST becomes an estimate of H,,(Z//, Z3). \We score
all the sub-image blocks {7/} with respect to the sub-image block g5 1,5. Let Oy
be the resultant M x N matrix of scores, at deformation ¢. The objective function surface
O, is a similarity map between {T'7¢/}M N and T*e", When two sites are compared, the
resulting joint probability distribution depends on the degree of mismatch. The best match
is detected by searching for the region in I, that corresponds to I'**" as determined by
the MST length. As opposed to the one-to-all block matching approach adopted here, one
could also perform a block-by-block matching, where each block F;”ef is compared with

its corresponding block T

7.4.3 Local Feature matching Results

Figure 7.4.14 shows O, for m x n =8 x 8, 16 x 16 and 32 x 32. Similar maps can
be generated for ¢ = ¢y, (5, ...¢,. The gradient V(O) = O,, — O, reflects the change in
H,, the objective function, when I, experiences an incremental change in deformation,
from ¢ = ¢; — (5. This gradient, at various sub-image block size is seen in Figure 7.4.14,
where ¢; = 0 and ¢, = 10. For demonstration purposes in Figure 7.4.14, we imposed a
large deformation to 7,,,.. Smaller deformations generated using a control grid spanning
only 40 x 40 pixels are used to generate Figure 7.4.15. It shows the ratio of the gradient

of the objective function:

T V(03]

over the deformation site v/s background in the presence of additive Gaussian noise.

R = (7.3)

Figure 7.4.16 shows the similarity map O, when constructed using a histogram es-

timate of joint entropy calculated over sub-image size m x n (3.6). At lower sub-image
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sizes, the estimate displays bias and several local minima even under noise free conditions.
It is thus unsuitable for detection of local deformation of I;,,.

The framework presented here could be extended to (1) enhance registration perfor-
mance by sensitizing it to local mismatch, (2) automatically track features of interest, such
as tumors in brain or micro-calcifications in breast across temporal image sequences, (3)
reliably match or register small images or image regions so as to improve disease diagno-
sis by locating and identifying small pathological changes in medical image volumes and
(4) automate control point placement to initiate registration.

The next section presents the extensions of entropic graph methods to simultaneous
multi-image registration. The aim is to demonstrate the utility of entropic graph meth-
ods for estimation of entropy and divergence such as a-GA, a-MI and NLCC between
several images simultaneously. It is introductory in nature and serves to identify poten-
tially exciting future directions for research in the area of entropic graph based entropy

and divergence estimation.

7.5 Simultaneous multi-image registration

Multi-image registration deals with the problem of registering three or more images si-
multaneously. In breast cancer therapy patient progress is monitored by periodic UL scans
of the breast. Radiologists often register breast images of a patient collected at periodic
intervals to monitor tumor growth or recession. One approach is to sequentially register
pairs of images from time A to time B, time B to time C and so on. Besides being cum-
bersome and expensive, this process may lead to the accumulation of registration errors.
A less expensive solution that may be able to avoid error accumulation is to register all the
sequential scans (A,B,C,...) simultaneously. Image registration methods play an impor-

tant role in atlas construction [126]. Recently, simultaneous multi-image registration was
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Reference Image, Brain MRI T1-weighted Warped Target Image, Brain MRI T2-weighted .
Effect of B-Spline warping on target image

(@) Ires (b) T(Itar) (c) Difference  Image
(Itar - T(Itar))

(d) OlOZHa(X,Y): 32 X (e) OlOZHa(X,Y): 16 x (f) OlOZHa(X,Y): 8 X8
32 window 16 window window
} 0.6 ) .f,-__.. ) u_ ”
I/I‘. A J s .A.‘J 05 ; i"-'* L3V 10
- I gl M,y
= 5 o Vi 5
(g) Loca V(Ha) = 019 — (h) Local V(Ha) = 019 — (I) Local V(Ha) = O —
Op: 32 x 32 window Op: 16 x 16 window Op: 8 x 8 window

Figure 7.4.14: B-Spline deformation on MRI images of the brain. (a) Reference image, (b)
Warped target (c) True Deformation, (d) O, = H, as seen with a 32 x 32
window, (e) 16 x 16 window and (f) 8 x 8 window. () V(O) = V(H,,) =
O19 — Og as seen with a 32 x 32, (h) 16 x 16 and (i) 8 x 8 window.
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Figure 7.4.15: Ratio of V(H,) = VO calculated over deformation site v/s background
image for smaller deformation spanning m x n > 8 x 8.
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Figure 7.4.16: Performance of Shannon MI, computed using pixel intensity histograms,
on deformed MRI images: (a) 32 x 32 window, (b) 16 x 16 window and (c)
8 x 8 window.
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used to construct an atlas of a small patient database through the use of smart database
techniques [18]. Compared to the complexity of their method, entropic graphs offer a rel-
atively straightforward approach to multi-image divergence estimation, as explained here.
This section demonstrates the utility of entropic graph methods to simultaneously register

three or more images.

7.5.1 Divergence estimation for multi-image registration

Evaluation of divergence for multiple images is straightforward. The «-MI between
d-dimensional features {X;} Y |, {O;}X,, {1, extracted from three images, 11, I, I3,

respectively is an extension of Equation 4.12 as follows:

3y
1 1 o~ [ _elzxoxy)
aMT = log — ! 4

a—1 ©8 ne ; <\/ei(x)6' 0)@(9)) o

where ¢;(z x o x y) is the distance from the point z; = [z;,0;, 3] € R3? to its nearest

neighbor in {Z,},.; and e;(z) (ei(0)) (e;(y)) is the distance from the point z; € R?, (o; €
RY), (y; € RY) to its nearest neighbor in { X },.:({O;};4){Y;},;: respectively.
Similarly, building on Equation 4.11 a-GA can be estimated between one reference

and two target images as follows:

— 1

aDgy = — log — Z min{r;}3 i1 (7.5)
B 62(0) 7/2 e;(z) v/2
o= el T) e,(o)) ’

62 x 7/2 ez(y> /2
62 y) 62 93)) ’

( (
N mm{(iziii) (Z:EZ%)W}’

where e;(z), e;(0) and e;(y) are the distances from a point z; € {{z;}?, {0;}*, {y:}} € R?

Tro =

to its nearest neighbor in {X;};, {O;}; and {);}., respectively. Here, as above a = (d —

v)/d.
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Shannon MI can be estimated using pixel features by extending Equation 3.7 to his-

togram estimates of the joint pdf in three dimensional space as follows:

255

g > fis(r.0.) (R0 fw) (7.6

z,0,y=0

a1 %
a—1

In Equation 7.6 we assume 8-bit gray level, fw@ denotes the joint intensity level “coinci-

dence histogram”

R 1 MN
fro(T,0,y) = WUN Z Loy onu (2,0, ), (7.7)
k=1

and I, ., (x,0,y) is the indicator function equal to one when (xy, ok, yx) = (z, 0,y) and
equal to zero otherwise.

Equation 7.7 requires building a histogram in the three dimensional joint space of the
three images. Generalizing to IV images, it can easily be seen that a /V-dimensional his-
togram would be required t estimate Shannon MI using the histogram plug-in method.
As discussed in Section 3.7, the curse of dimensionality restricts the estimation of Shan-
non MI in higher dimensions. On comparison with Equations 7.4 and 7.6 it is seen that
estimation of a-MI and «-GA do not suffer from this curse-of-dimensionality since the
complexity of the KNN graph grows only linearly in the dimension.

In the following section, the performance of entropic graph based divergence estimates
of a-Ml and «-GA is compared with traditional histogram estimation techniques of Shan-

non MlI.

7.5.2 Quantitative performance evaluation in multi-image registration

The methods used to evaluate performance of divergence estimates for the two-image
case are extended to three images. The database of UL images is divided, as before,
into training and testing sets. 64D ICA are estimated on the training set and used as

features for registration. Test images are extracted from each volumetric scan in the test
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dataset. A +=5mm depth directional distance separates the reference image I,., from the
two target images I, and I,.,. ICA basis coefficient features are extracted from the
reference and target images using the standard sub-block projection technique, as before.
Registration performance is evaluated over rotational deformation within the range +16°.
Figure 7.5.17 shows an example registration scenario where the reference images is shown

to be sandwiched between two target images that are rotated.

Figure 7.5.17: Multi-image registration example illustrated using three UL images of the
breast where the reference image is sandwiched between two target images
that are rotated +16° respectively.

In Figure 7.5.18 shows the registration performance of the 16 test image sets. Mis-
registration error is measured as the sum of mean-squared mis-registration errors for each
of the target images, and can hence vary from 0° to 32°. The SNR in all the images
is progressively decreased by adding truncated uncorrelated Gaussian noise. Mean mis-
registration error is obtained by Monte-Carlo simulations over 30 different noise realiza-
tions on each of the 16 image. Thus, every point in the graph is the mean error over 480

measurements. Standard error bars are as shown.
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Figure 7.5.18: Quantitative performance comparison of divergence estimates while simul-
taneously registering three UL images of the breast. Plot shows sum of
rotational mean-squared registration errors for each of the target images us-
ing 64D ICA feature vectors and a-GA, a-MI, NLCC matching functions.
Shannon Ml calculated using different intensity histogram bin sizes is also
shown. These plots were obtained from Monte Carlo trials consisting of
adding i.i.d. Gaussian distributed noise to the images prior to registration.
480 repeated experiments were conducted from within the breast UL volu-
metric database of 16 breast cancer patients undergoing therapy. The three
slices to be registered are spatially separated by 5mm. Search was restricted
to a maximum rotation angle of +16°. The confidence intervals represent
unit standard error in the computation of the mean of the interval.
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7.6 Discussion and Future Work

This section aims to provide some insight into the performance of different measures of
divergence and features for the various applications studied in this thesis. This section will
also identify some other extensions to this work like the multi-image registration example
studied briefly here.

The first component of this study was to extend histograms to higher dimensions.
There has been limited success in this direction. Besides the increased complexity and
sparsity of the histogram in higher dimensions, it was also difficult to identify reliable
discrete features. Tag features show only modest improvements of standard scalar single-
pixel methods. Tags are designed for binary images and extension to higher dimensions is
not straightforward. Discretization of feature vectors, while viable, has difficulties when
creating a joint space.

The performance of ICA and wavelet basis demonstrate that there is potential benefit in
extending features to higher dimensional spaces. When measured on single-pixel spaces,
graph methods such as aJensen in UL registration example and aMI in satellite image
registration example show performance similar to that of single-pixel Shannon MI. Per-
formance advantage is derived from the use of higher-dimensional descriptive features and
entropic graphs enable use of such features whereas histograms do not. Non-parametric
kernel density estimators may be used for “plug-in” purposes, but their performance is
expected to mimic that of histogram plug-in for higher dimensional spaces. A vital fu-
ture direction of research in image registration would thus be the identification and use of
other features in image registration. A comprehensive study examining various modalities,
registration problems and factors that would influence choice of features is warranted.

Several extensions to previous work on entropy estimation for image registration have
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been presented here. The new kNN estimators of the aMI and aGA have the advan-
tage of invariance to reparameterization of the feature space. While convergence results
for the KNN divergence estimators were not provided there is circumstantial theoretical
evidence that they do converge. Furthermore, the numerical evaluations show that these
divergence estimators outperform previous approaches to image registration. This thesis
also introduced the Friedman-Rafsky (FR) multivariate run test, which is an estimator of
Henze-Penrose divergence, as a new matching criterion for image registration. Of course,
as compared to our KNNG divergence estimators, the FR method has the advantage of
proven theoretical convergence but has the disadvantage of higher runtime complexity.

The performance of «GA and Henze-Penrose have exceeded those of other divergence
measures. This thesis hypothesizes that the combination of low-dimensional complexity
through the exclusive use of marginal spaces and invariance to transformations has led
to superior noise performance and robustness in these measures as compared to others.
Unlike the other metrics, the aJensen difference is not invariant to reparameterization,
which explains its relatively poor performance for large rms noise.

Several other directions of future work can be identified. From a registration perspec-
tive, a study of the performance of different features is vital. It is also important to extend
this work to 3D volumetric images that would be registered across time or across different
patients. While registering several patients simultaneously to create an atlas, multi-image
registration is required. This another interesting extension to this work. Approximate NN
methods that were briefly studied here, should be extended after developing an understand-
ing of the error-computational complexity trade-offs for different measures of divergence.
The convergence properties of KNN estimators of aMI, «GA and NLCC remain unexam-

ined and should be explored.



CHAPTER VIII

Conclusions

This work was motivated by a desire to initiate development of robust and accurate
image registration systems for medical imaging and other image matching applications. A
natural extension to current information theoretic methods such as single pixel histogram
based estimates of MI was to incorporate higher dimensional features. An attempt to build
histograms in higher dimensional spaces using quantized pixel neighborhoods, however,
yielded only marginal improvements over pixel features.

Based on the work of B. Ma [82], this thesis then explored the use of entropic graph
methods as a means to extend matching to higher dimensions without first estimating den-
sity in the high dimensional space. The key to this work was the use of entropic graphs to
estimate Rényi a-entropy in higher dimensional feature spaces directly. The MST length
functional displays asymptotic convergence to the Rényi a-entropy of the underlying dis-
tribution on which it is built. The MST entropy estimator was used successfully to estimate
the a-Jensen divergence estimator [82]. Here the MST based estimate of a-Jensen differ-
ence was used for ultrasound image registration. Local ICA projection coefficients in 64D
space provided reliable estimates of «-Jensen difference. The kNN graph whose length
functional has similar convergence properties as the MST was then used for entropy es-

timation and image registration purposes. The kNN has a complexity that is an order of

138
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magnitude lower than that of the MST. Subsequent registration efforts were undertaken
with the kNN graph over ICA feature coefficients. Quantitative comparisons showed that
both the entropic graph-based higher dimensional estimate of a-Jensen difference had ro-
bust performance and lower mis-registration errors in test cases of UL image registration
as compared with the standard Shannon MI computed using pixel histograms.

The initial results of UL breast image registration provided impetus for further re-
search in other divergence measures that could be reliably estimated in higher-dimensions
through the use of entropic graphs. Subsequent research led to the development of Henze-
Penrose affinity which is based on the Friedman-Rafsky higher-order test statistic. The HP
affinity is estimated directly from the MST built in higher dimensional feature spaces. The
a-GA mean affinity, « MI and non-linear correlation coefficient were then developed and
used for image registration. These latter divergence measures were computed by approxi-
mating a local Voronoi-cell density using an NN graph.

A requirement to accomplish high dimensional image matching is a feature space
adapted to the image characteristics. Higher dimensional features used for this work
include those based on independent component analysis, discrete cosine transforms and
multidimensional wavelet image analysis. ICA is a data-driven process of estimating a
statistically independent basis and is used to extract features from ultrasound images. Di-
vergence was estimated in wavelet coefficient spaces using entropic-graph methods for
registration of geo-satellite imagery.

Methods for computing the MST and kNN graph were explored with a view toward
reducing time-memory costs. A disc-based approach is used to pick candidate nodes to
build the MST. Rapid MST construction was achieved for over 100,000 feature samples
residing in 64 dimensional space. This acceleration allowed evaluation of entropic graphs

methods over several hundreds of images with a variety of feature spaces. A kd-tree ap-
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proach was used to rapidly construct the KNN graph and further accelerate the estimation
process. Computational complexity is certainly less of a hurdle in registration with graph
methods due to contributions made here.

This thesis extended the application of entropic graphs to new applications like Ul-
trasound breast image registration, multisensor satellite image registration, simultaneous
multi-image registration, MRI small volume registration and matching of human face im-
ages. Ultrasound imaging is widely used to detect malignant breast lesions. However,
compressibility of the breast tissue, high specular imaging noise, low resolution and small
field-of-view have complicated past registration efforts. Through the use of graph-based
registration methods and a data-driven features extraction process, lower registration er-
rors in 2D test cases were seen. Numerical performance comparisons among the metrics
and features were aimed at identifying the algorithms that best discriminate between rota-
tionally aligned and misaligned images. The rotational deformations were local in nature
since the thesis did not intend to focus on iterative optimization techniques. The discrimi-
nation ability for local rotational deformations provides a good comparison of the accuracy
of registration for more general image deformations. Sensitivity and robustness to noise
was also evaluated. Multimodal aerial images of the earth taken by geo-stationary satel-
lites were registered using graph methods and higher-dimensional features. In registering
multiple images to form a representative atlas, high dimensional estimation of density is
performed. Applications such as tracking micro-calcifications in the breast and tumor
in the brain were addressed with entropic graph methods which provide remarkable es-
timates of entropy and divergence even with a small number of features. A multimodal
face matching example was performed to demonstrate the versatility of entropic graphs to
perform other image matching tasks.

An exciting extension of this work is in registration of multiple images. Multiple im-



141

ages could be registered simultaneously to form an atlas. Multi-image registration could
also be used to simultaneously register time-sampled imagery such as those acquired dur-

ing periodic UL examination for cancer detection and management.



APPENDIX

142



R OW©OO~NOUIAWNEF

143

APPENDIX

Computer code for divergence estimation

This appendix to the thesis contains MATLAB ™Mex program code used to construct
the MST and kNN graph and calculate graph based estimates of a-Jensen difference di-
vergence, a-Ml, a-GA mean divergence and Henze-Penrose affinity. The programs were

written in standard ANSI C within the mex programming guidelines provided in [2].

A.1 Program to construct MST using Kruskal algorithm

Begining of Kruskal MST program

File: mst.c

Rev: a-1

Date: 09/27/2001

Copyright (c) 1993, 2001 by David M. Warme

Program to construct MST

Modified Code Copyright (c) 2001- 2005, by Huzefa Neemuchwala
hneemuch@umich.edu _
Please read this preamble to address memory errors before contacting me.

Modification Log:

a-1: 09/27/2001 warme _ _
: Created from pieces of GeoSteiner version 3.1.

a-2: 10/12/01 _ Huzefa Neemuchwala

Can now read point set from file directly. ~

Changed the sort to a fast gsort using C library function

a-3 01/10/02 Huzefa Neemuchwala _ _ _
Reduced search radius allows us to locally relax "curse of dimensionality"
Now works_extremely fast! ~

Fix a radius within which points are agceBted to form edges.

So for each _point roughly M nearest neighbors are accepted by

fixing a suitable radius. So from N"2 edges (for N points) we

now have N*M edges (M<<N~2).

Time reduced for sortln?. ~ ~

Memory requirements fall to_a_fraction, and so huge point sets

are now ROSS|bIe without writing to files.

a-4 02/11/02 Huzefa Neemuchwala o ~

Linearized the entire algorithm by linearizing time/memory for edge
selection also.

a-5 07/25/2003 Huzefa Neemuchwala

Mex written. _ _

Code has ability to give out the_edge_labels the full MST.

You may need to alter the following line if you run into memory problems

Note: However you should do that in conjunction with reducing your search _radius_ _
The line: = mxMalloc (npointsl1*10000*sizeof(struct edg&)¥; in function ’principal”
allocates memor% for the edge matrix. _

Contact Huzefa Neemuchwala, hneemuch@umich.edu

/*Include files*/
#include <math.h>
#include "mex.
#include "string.h"
#include <stddef.h>
#include <stdio.h>
#include <stdlib.h>
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/*Some pregrocessor definitions*/
#define NOT 1!

#define AND &&

#define OR ||

#define Eg ==

#define N

#define NEWA(n, type) ((type *) new ((size_t) ((n) * sizeof (type))))
/*Define an edge*/
struct edg
/* First endpoint of edge. */
|nt p2‘ /* Second endp0|nt of e ge */

}: double len; /* Length of edge.

/

This is the so-called 'Disj Set Unlon Flnd" data structure.

The operations are "makeset', "flnd and *

See chapter 2_of_"Data Structures and Network AngF hms™, by
i

it
Robert Endre Tarjan, SIAM, 1983 for complete details.

Ok % kb %
N

struct dsuf {
Iint * parent;

|nt set_ SlZe

*
* Local Routines
*/

static void prlnC|paI (double, double double double *, double *, double *);
static void dsuf create (struc suf * nt);

static void dsuf_destroy (struct dsuf *

static int dsuf_find (Struct dsuf *

static void dsuf_makeset %struct dsuf |nt)

static void dsuf_unite (s
static void fatal (char *
static int mst edge Ilst (|nt int, struct edge *, struct edge *);

ruct dsuf *, |nt |nt)

static void * new (size _
static void sort_edge_ Ilst (struct edge *, int);

*
*/The main routine. Read in points, compute MST, output it.

void mexFunction(int nlhs, mxArray lhs[], int nrhs,
c const mxArray * prhs%

double npoints, dim;

double* erstleng

double threshold thresholdz

/*Uncomment next line to |nciude edges in output*/
/* double *edges, *edgelabels;™>

double *V;

double *SL;

/; %heﬁk for5 roper number of arguments. */
i nrhs 1
) mexErr¥s T?ﬁ( F|¥e inputs required : mstmex(rrw, indexs,N,dim,threshold)");
else i n
mexErrMsgTxt(*'Only one output argument™);

/* Assign pointers to each input */

/* Use mex syntax *

/* matrices Tor each time 0|nt */
(double *2 xGetPr(p rh 1

SL = (double )meetPr(prhs[ bE

/* parameters for analysis */
npoints = *meetPr( rhs[2])
dim = *mxGetPr( g 3D
threshold = *mx etPrip hs[4]a
threshold2 = threshold*threshold;

/* Create matrix for the return argumen */

Ihs[O} = mxCreateDoubleMatrix(l,1,mxREAL);
/*the oIIOW|n8 lines could be modified to out%ut the MST edges also*/
/*plhs[ % reateDoubleMatrix(npoints,2,mxREA g
s[4] = mereateDoubleMatrlx(np0|nts ,MXREAL) ;*/

/* ASS|gn ointer to the output *
prmstlength = (double *)meetPr(plhs[O])

/*the foIIOW|ng lines could be modlfled to output the MST edges also*/
/*edges = le *)mxGetPr(plh E
e gelabels = (double *)mxGetPr(plhs[4]);*/

/*the_following lines could be modified to output the MST edges also*/
} principal (npoints,dim,threshold2,V,SL,prmstlength); /*,edges,edgelabels);*/

oid
prlnC|paI (
double npoints, double dim, double threshold2,
double *V. double *SL, double *prmstlength
/*the foiIOW|ng lines could be modified to output the MST edges also*/

doyble *edges, double *edgelabels

-_

lagt, ind,nind;

ien gth distl, delta;
solut

=
IO 11 () ervr hre X
=Cu o

int diml, i'
/*d_pglntf( Igtgl p0|nts %g; Dimensions %g; Threshold %g\n",npoints,dim, threshold2);*/
iml = (in im
npointsl = |nt% np0|nt
nedges = npointsl (npointsl - 1) / 2;
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/*Construct_tree using full search if number of edges less than 500...tentative*/
1F(npoints<3000)

nedges = (int)(npoints * (npoints - 1) /7 2);

/* Read in the points.
(struct edge *) meaIIoc( (nedges) * sizeof(struct edge) );

/*E NEWA (nedges, struct edge);*/

E;
for 1 =0; 1 < n 0|ntsl |++
¢ pi = [? * diml ) {
for (1 H < np0|ntsl j+) {
/"lc Compugé dlstance between points | and J. */
dist = 0.0;
for (k = k < diml;_k++) {

0;
d|£Ea+— &e[ta * déIE

}* Storg triple (I J DISTANCE). */
p =

sqrt (dist);

3 }

/* Allocate buffer to hold solution. */
/*solution = NEWA (npoints - 1, struct ed e;;*{
solution = (struct edge *)mxMalloc( (npointsil- 1? sizeof(struct edge) );

k = mst_edge_list (npoints, nedges, E, solution);

/*printf ("\nMinimum Spanning Tree (FS):");commented this one*/
ep = solution;
length = 0 O,
for (i :I
ep++;

lprmstlen th = length;
/*printf ('MST length %g\n *prmstlength);*/

< k; f
ength += ep —> en;

¥

else {

Radlus approach
Select points for edge computation using radius approach.

/*The next line is_very important. It does the memory allocation for the edge matrix.
Reduce allocation if_you run into memory groblems OFf course you could then run into an
E = (struct edg a mxMal Ioc((np0|ntsl* 000)*S|zeof(struct edge));
/* E_ NEWA (160000*10000, struct edge);

for % —0 q< npointsl-1; g++) {

|nd f (|nt) SL[a]l;
e
nlnd = (int +qctr
pi = &V([igg 5?@%1 1:
pl= &V [nind * dim 1
!Stlf(8|59] PI[O1)™ pl[O] pJ[O])
dist = 0.0; ~
fog S% =0; k E diml ”
elta = pi
dist += ?d dél%a}
if (dist > hresholdz)
break;
if}(dist <= threshold2){
ep -> pl = ind;
ep -> p2 = nind; _
ep -> len = sqgrt(dist);
++ep;
ctril++
it €d|st1 > threshoIdZ) {flagt=0;}
if ((g+tqctr) == (npoints-1)) {flagt=0;}
gctr+
¥h%le (flagt==1);
/ /
nedges=ctril

/*printf( ctrl is %d\n",ctrl);*/

/* Allocate buffer to hold solution. */

solution = (struct edge *)mxMalloc((npointsl- ll*S|zeof(Struct edge));
/*solution = NEWA (npointsl - 1, struct ed?

k = mst_edge_list (npointsl, nedges, E, u |on)

ep = solution;

length = 0.0;
for Sl = 0; 1_< k; i++ ?

*edges[i] ; doub (eg -> pl);
edges[i+npoints] = (dou le)(ep -> p2);
edgelabels[i] = (doubl ep -> startdensity);
edgelabels[i+n p0|nts] double)(ep -> enddensnty) */

Iength += ep -> len;

ep++

prmstlength = length;
printf(""Minimum Spannlng Tree LENGTH = %g length);
/*prlntfﬁ ‘'FR metric_= %d,%g\n",FRmetric prfrmetrlc)
printf("Rero-Costa FR length = %g\n',FRiength);*/
4*freE solution);

ree

freeEe%) */

%>
* This routine computes the MST of a given list of edges.

incomplete MST!*/
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*/

static

in B
mst_edge_list (

int n, /* IN - number of vertices */

int nedges /* IN - number of edges */

struct edge ™™  edge_list, /* IN - list of_edges */
struct edge * edges /* OUT - MST edge list */

int

int mst __edge_count;
int  components;

int max_vert;

struct edge * ep
struct edge *pp;
struct edge * ep_endp;
int rootl;

int root2;

struct dsuf’ sets;

double perc,
sort_edge_list (edge_list, nedges);

/* Don’t assume that the vertex numbers are well-behaved, */
/* except that they must be non-negative. We do a quick scan */
/* to determine the largest vertex number and then allocate */
/* a union-find data structure Iarge enough to handle it. Note */
/* that we then use this union-find data Structure in a
/* comp!etel¥ sparse way -- we only ever access set items for */
/* vertices that are named by an edge. */

max_vert = 1; /* avoid zero-size union-find... */
ep = edge_list; ~
for (| = U; i < nedges; i++, ep++) {
(ep -> pl > max_vert) {
max_vert = ep ->

1T (ep -> p2 > max_vert) {
max_vert = ep -> p2;

3
dsuf_create (&sets, max_vert + 1);

/* Note that it is not a problem to "makeset" a vertex more */
/* than once. */

t
for (i = g 0; i < nedges; i++, € ++) {
dsuf makéset (&se s, ep -> p
dsuf_makeset (&sets, ep -> p2);

components = n;
mst_edge_ count = 0;
ep = edge_list
ep_endp = (ep i nedges);

while (components > 1) {
ctr++;

if geg >= ndp) {
/ out of edges before MST complete! */
/*prln f(""'Ran our of edges before tree complete!');commented this one
printf(""\nHowever, 1 have managed to get you almost all edges'™);*/
perc= %mst edge_ count*100. 0)/(n- ~
prlnt (‘"\nthe number of ed es iS %d_which is %g percent of all edges \n",mst_edge_count,perc);/*commented this o
|f (mst edge_count > (n-(0.2*n)) )

pp=edge_ I|st+ctr 1

/*prlntf("\nctr is %d and msx dlS is ctr,pp->len);*/
/*dsuf_destroy %&sets)

. return (mst_edge_ count)

/*else{fatal ("mst_edge_list: Bug 1 Ran out of edges before tree complete Less than 90percent of all edges glean

rootl = dsuf find (&sets, ep -> pl);

root2 = dsuf_find (&sets, ep -> p2);

if (rootl NE"root2) {

dsuf te (&sets, rootl, root2);
*ep;

*edge:

++el

++ms edge count;

--components;
++ep;

=edge list+ctr;
p@rc:%OU'

/*printf(“'Longest Ed%e was_%g\t",pp->len); commented this one
prlntf( se this dis ance insStead of thréshold! "); commented this one*/
/*dsuf_destroy (&sets);
return (mst_edge_count);

*

:/This routine sorts the given edge list in INCREASING order by edge length.

static
voi B
sort_edge_list (

struct edge * a, /* IN/QUT - array_of edges to be sorted. */
int n/* IN - number of elements” in array

h;
struct edge tmp
double kex;

SRAQRRP
Quruiviur
°

P
P
struct edge : p
struct edge * g
endp = &a [n];
{or (h =1; h<=n; h=3%h+1) {

e*/

d. ") i3/
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*

* This_routine creates a collection of N_disjoint sets. They are left
:/unlnltlallzed so that a sparse collection Can be accessed quickly.

static

voi
dsuf_create (

struct dsuf * dsp, /* IN/OUT - _sets to create */
int n /* IN - number of disjoint sets */

if (n<=0) {
} fatal ('dsuf_create: Bug 1.");

dsp -> set_size
dsp -> parent =_
dsp -> rank = (i

¥

o
:/Destroy the given collection of dis

= n;
int_ *)mxMalloc (n*sizeof( int));
St *)m%Malloc (ngsizeof( Snt))?)

static
voi
dsuf_destroy (
struct dsuf * dsp /* IN - sets to destroy */

/*free char * dsp -> rank));
free ((gﬁar *) %dgp F—)> parentgg;*/

dsp -> set_size = 0;
dsp -> parent = NULL;
3 dsp -> rank = NULL;

%>
:/This routine makes a single disjoint set for item "i"

static
voi
dsuf_makeset (

struct_dsuf * dsp, _
int i /* IN

/* IN - collection of sets */
- item to make into a dis

oint set */

if i < 0) OR (i >= dsp -> set_size
/i(ltem gut o% bounds? */ N N1
fatal ('dsuf_makeset: Bug 1.");

dsp —> parent_ii] i;

dsp -> rank [i 0}

3

/*

* This routine "unites" two sets that were_pfeyiousl¥
* must be the "canonical™ member of each disjoint se
: each be the output of a "find" operation), and must
:/We perform the "union by rank' heuristic here.
static

voi
dsuf_unite (

struct_dsuf * dsn, /* IN - collection of sets */
int /> 1 /

i i, - first set to unite *
int j /* IN - second set to unite */

mt o ri;
int rj;

if ((i <0) OR (i >= dsp -> set _size
/g(ltem is gug of rgnge. */ N L
fatal ('dsuf_unite: Bug 1.");

1T J] < 0) OR (J >= dsp -> set _size
/i({tem is gﬂt of rgnge. >/ 2
fatal ('dsuf_unite: Bug 2.");

1if (i EQ §
/g At%e%%t{to unite 1 with
fatal ('dsuf_unite: Bug 3.

ri = dsp -> rank [i];
rj = dss -> rank [j];

it (ri EQ rjg { B
/* Both subtrees have the same maximum depth._We */
/* arbltrarll{ choose 1 to be underneath J. The rank */
/* of J must then increase. */
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dsp -> parent_[i
dsB -> ?ank 0 1

{j +1;

else if (ri > _
/* Tree 1 is {probabl¥) deeper Putt|n9 J underneath */
/* will not increase nk. *
dsp -> parent [j] =

else $
ree J is (probably) deeper... */
} dsp -> parent %l] =33

}

N

X% ok ok %

This routine, given a member 1 of one of the disjoint sets A, will
choose a_cannonical member J of set A and return it. Until set A gets
united with some other set, find (1) will always return the same J

/ThlS routine performs the "path compression' heuristic.

static
int
dsuf_find (

struct_dsuf * dsp, /* IN_- collection of sets */
in i /* IN - item to find cannonical item for */

int j:

int {;
/* Yes, I _know this routine is_very elegent when coded */
/* recur3|vely Here’s the iterative version. */

i-= —> parent [i];
1

f |
$ A cannonlcal element has itself as parent. */
return (i);

/* We must search up the tree -- and compress when done. */

for (") -> parent [j1;
|f (& EQ break;

/* Now compress the path (make all items in_chain point dlrectly */
/*_at the root K) -- we never have to do this search again!
whlle S E k) {
sp -> parent [ll
dsp -> parent [i]

I

3

return (k);
3
/*

:/This routine displays a fatal message and then dies!

statlc
fatal (
char * msg /* IN - message to display. */

Ev0|d3 rintf (stderr, "%s\n", msg);
Vol Iush (stderr);

%>
* This routine performs all dynamic memory allocation for the program.
:/We test for out of memory condition here.

static
void *

new (

size_t size /* IN - size of chunk in bytes. */

void * p;

if $S|ze EQ.0) {
v0|g implementation-defined bahavior of malloc! */
S|ze =1;

f:(mealloc (size);
(Vgld) fprlnt# (stderr, "Out of memory!\n™);
exit (1);

return (p);
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End of Kruskal MST program
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A.2 Program to construct MST using Prim algorithm

Begining of Prim MST program

Program to construct MST using Prim’s algorithm
Flle mstprlmmex c

ev:
Date 06/01/ 004
Copyright (c) 2004 by Huzefa Neemuchwala, All Rights Reserved
hneemuch@umich.edu
This code uses kd tree algorithm of Bentle
Thank you Anonymous for part of kd tree code

ee” MX_mstprim.m for usage

HEHHIHHEEEET

#define s § & - &
#define Tgs TREE PP) g(PPE de *me al loc(sizeof(optkdNode)))
#define NEWTREE(PP) STTI PP)——

rlntf( memory error\n") return;}
struct Heap

double key;
int  idx;
|nt elt:

#define heap_ke hea ke
#define heagjld¥§ E § g _heagtﬁi.i?¥ i

#define heap_elt “heap .elt
#define in_hea heap_idx >0
#gefine never. ggen()p ) S heag_' 253 == O))

: Local Routines

static void principal_(double, double, double *, double *, double*, double);
void allocate heap( |nt )H

void heap_ini€( int

void heap_lnsert( int, double);

void heap_decrease key( int, double M

int heap_delete min();

double dist (double**| int, int, int);

Y e KNN functions /

void Selection(double **, int, iInt, int, iInt,int*);

int findmaxspread(int, int, int, double **,int*);

optkdNode *BuildkdTree(double**. int, int, int,int*);

optkdNode *BuildOptTree(double **, int, int,int*);

void rnnEuclidean(optkd ode = dolble *, dolble **, int, int, |nt* double ** )* ~

int *kdOptNNQuery(double_* ,*lnt, double *.int, int, optkdNode *, int, int double ,int*);

in
double |nt doubl int *);
void PQdownheap(doubie *, int *, int, |nt);
void PQreplace(double, double *, int * T);
void optlnReglon(optdeode**lnt double’ ***double **;'nt*; double* *lnt 2
void optAddRegion(optkdNode*,int,double ** double **,int*, double*,int*)

int optBoundsIntersectRegion (double*, double** |nt)

int optBoundsContalnsReglon ouble double**, int

void optRangeSearc tkdNode*,doubie**, int,doublé**, double* int* double* int*);
int *kdOptRectQuery! optdeode* double**] int.double**.int *, doublé*,in t>);

void P%upheapgd uble *, int

|nt Count=0;

/
struct Heap* _heap;
int _max_heap_size = 0;
int “heap_size = 0;

void mexFunction(int nlhs, mxArray *plhs[], int nrhs,
‘ const mxArray *prhs %])

double npoints, dim, threshold;
double* edgelengths *mstedges;
double *V;

/; %heﬁk for4 roper number of arguments. */

i nrhs 1=

3 e m?xErrMs?Txt( Four inputs required : mstprimmex(rrw,N,dim,threshold)™);
se if

mexErrMngxt("Only ¥w0 output arguments');

/* Assign pointers to each input */

/* Use mex syntax */

/* matrices for each time point */
= (double *)meetPr(prhSEO]);

/* parameters for analysis */
npoints = *meetPr( rhs[l])
dim = *meetPr(g
threshold = *m etPr(prhs[31
/* Create matrix for the return ar%ument */
plhs[ 0} = mxCreateDoubleMatrix((int) npoints,1,mxREAL)
/*the ollowing lines could be modified to ou ut the MST _edges also*/
pl s[1] = mereateDoubIeMatrle(|nt)(np0|nts*2g
/* plh [4] = mxCreateDoub eMatrlx(np0|nts 3, meEAL) */

/* Assign p0|nter to the output *,
%elengths = (double *) meetPrERIhsiO])

edges = (double_*) mxGetPr(p
/*the fOllOWIn lines could be modi |ed to output the MST edges also*/
/*edges = (double *)meetPr£ a
edgelabels = (double gmeet r{plhs[4]):*/
/*the following lines could be modified to output the MST edges als
principal (npoints,dim,V,edgelengths,mstedges, threshold); /*,edges, edgelabels) */

¥

void




151

%rincipal ( double npoints, double dim, double *V, double *edgelengths, double *mstedges, double threshold)
int i,n, nnl, k, j, kk, oct,jj, pp.p;

int root = 0, knelghbors dimension /*, posn*/;

int *Found, *optfound, *perm, *parent;

double **Points, /* *8uerp0|nt */ *nndist, **RectQuery;

double /*boxside = 5

optkdNode *Optdeoot

= (int) np0|ntS'
dlmens n = (int) dim

arent = (ln *ymxMal oc( *S|zeof(|n ) )

ectQuery = (dol gle **)mea oc(d|menS|on*S|zeof(double *));
or < dimension
) RectQuery[k] = (double *)meaIioc(Z*s|ze0f(double))

_heap = (struct Heap*)mxMalloc((n+1)*sizeof(struct Heap) );
“max heap size = n;

knelghbors =

optfound = (lnt mxMal loc((kneighbors)*sizeof |ntg?;
nndist = (double meaIIoc kneighbors)*sizeof(double))
erm = ? alloc(n*sizeof(int

0|nts = Sdoub e ** mea loc((n)*sized (double *));

P0|nts[k] = ( ouble YmxMal loc(dimension*sizeof(double));

for (k= 0, i =0; k <nj; k++) { _
for (§ < dimension; J++, i++) {
3 P0|nts[k][}] V[il;

8ﬁtdeogt = BuildOptTree(Points, n, dimension, perm);
eap_size = 0;

O‘ < n ++
hgag |dx( pp) = 0; pr+ ) 4
eap_insert( root, 0 )'
parent[root = root
for(_k =0,

i heag de?ete mln()< ni koo

i
edgelengths[pp]){ heap_key(i);
P+

dimension: kk++) {
- threshold;

Ount
for Rect uery[kk][o] = P0|nts[|] KK

RectQuery[kk: Points[i][kk] + threshold;

gugg kdOptRectQuery (OptkdRoot, Points, dimension, RectQuery, optfound, nndist,perm);
i ount ==

printf "Empty NN array! MST will not be complete. Increase threshold.\n");

parent[i] = -1;
else

for( oct = 1; oct < Count; i/ oct++ ) {

nnl = Foundgoct] /*oct
|fS nnl >= 0 && nnl < n {

for (j' iJ < dimension; ﬂj++
d d += pow(P0|nts[nn1][JJ] - Points[i]l[ijl.2);
Tf(qln_heap(nnl) && (d < heap_key(nnl)) ) {
ap_decrease key( 9
parent[nn 1] =

else if( never_seen(nnl
heap_gnsert(_ (d ) )
} parent[nnl] =

3
b
}
¥or$ i= J.=0; i <n; i++){
parent i] <=n && Barent[| >=
mstedges[2*j] = id le) ?arent[l]
mstedges[2*) + 1] = (double
+1
3
}
/ /
/ /
/ /
/*
*/

void allocate_heap( int n ) {

|f( _max_heap_size < n ) { ~ _ i
_heap = (struct Heap*)mxRealloc( (void*)_heap, (size_t)(n+1l)*sizeof(struct Heap) );

if( 1 heap ) {

prin€f( "Cannot reallocate memory in allocate_heap!\n" );
“max_heap_size = n;

}
void heap_init( int n
int p /*?Eglstgr*/' )

/*allocate heap( n);*/

The? SI O < ++ ) {

N n

) heap |dx( pp) P
} /* END heap_init() */
/ /
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void heap_insert(

doublep' key

t

int k; /* hole in the heap register*/
int j; /* Rarent of _ the hole register*/
int q; /* heap_elt( register */

heap_key( p ) = key;
if( _heap_size == 0 )

heap_3|ze =1;

heap_elt
heaE‘lde p 3
return;

i

-t

++ heap_size;
25 /rKk>> 1%/ /* k/2 */

while( (G > 0) && (heap_key(g=heap_elt(j)) > key) ) {
heap_elt( k ;
Eeag_idxg q 3 q'
J ﬂ/z /*k>>1;*/ /* k/2 */

3
/* store p in the pOS|t|on of the hole */
heap_eltE k

heap_idx( p

} /7* END heap_insert() */

/ /
void heap_decrease_key

int p,

double new_key

int

int Kk
in
int a

/* hole in the heap register */
/* parent of_the hole register*/
/* heap_elt(() register*/

heap_key(_p ) = new_key;
k = ﬁeap_ldx( p g
j= /*k >> 1%/ /* k/2 */

ifé ({ > 0) && (heap_key(qg=heap_elt(j)) > new_key) ) { /* change is needed */
o
heap_elt M
heaB_idxg 3 E;
j ﬁ/2 /*k>>15*/ /* k/2 */
} while(C G > 0) && (heap_key(g=heap_elt(j)) > new_key) );
/* store p the_position of the hole */

heap_eltE k 3

heap_i1dx( p

} /7* END heap_decrease_key() */

/ /
}nt heap_delete_min()

int min, last;

int k; 7* hole in the hea? register*/

int j; /* child of the hole register*/

double 1_key; /* key of last point register*/

if heap_size == 0 /* heap is empty */

Eefurn?_ ) ) P Py
min = heap_elt( 1 );
last = heap_elt( _heap_size -- );

t
_key = hegp key(last);

h?le( Jj <= 2t;leap size ) {

( heap key(heap_elt(j)) > heap_key(heap_elt(j+1)) )
lfgrggﬁ?_key(heap_elt(J)) >= kfgand a position to insert “last” */
é;aelgff ﬁlff Egée g?¥?;;/ /* Note that j <= _heap_size */
heap_'de aeap elg(k) ) = 4 —neap—

= ﬁ42; /*k << 1;*/

heaj k = last;
heag |de Iagt ) = k;

heap_idx(_min ) = -1; /* mark the point visited */
return( min );

} /7* END heap_delete_min(Q) */

/ /
/ KNN functions /
/ /
/ /
/ /
/ /
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void Selection(a, I,N, k,discrim,perm)

/
/* Makes the perm partition the array Values alnt the element k. */
/* Adapted from Sedgewick’s Algorithms in C (p. *4
double **a;
int I N,k,discrim;
int * pérm;
double v;
ti.j.r;
whlie r>1) { ~
V= a perm[r]][dlscrlm] =1-1; j=r;
whlie a[perm[++i discrim] <
whl ( Eg[pegm —]} [dlscr}m] >'V && j>1);
t perm[l}; permtl] perm[j]1; perm[j]=t;
i:pe[m[i ; perm[l] perm[r]; perm[r]=t;
if (i>=k
) if €i<:k I—|+1;
3
/ Need
int findmaxspread(l,u,dimension,points,perm)
/ /

int I,u,dimension;
doublé **p0|nts;
int * perm;

,j maxdlm

e99,
maxspread ——99e99 ~
for (i= égl < dimension; i++) {

n i 9
or ]
if max < p0|nts permii{]il]) {

max = points[perm[j

1f (min > points[ erm[j]][l]) {

min = points[perm

S

1t (maxspread < fabs(max- mln)) {
maxspread_= fabs(max-min);
maxdim = i;

¥

;e{urn(maxdim);

/ Need

optkdNode *BuildkdTree(points,l,u,dimension,perm)

/

int I,
double **p0|nt3'
int * perm;

optdeode *p;
m3;
/* Erlntf("allocatlng 8\n"");*/

Creaion

>bucket =0;
->discrim = findmaxspread(l,u,dimension,points,perm);

Eectlon(p0|nts 1 ->discrim,perm
p >cutval po nts perm m]]Ep >discrim

p->loson B ree(points dlmenS|0n perm);
p->hison = Bui dderee points, m+l u,dimension,perm);

return(p);

/***Need

optkdNode *BuildOptTree(points,numPoints,dimension,perm)

nt dlmensmn numPomts
ouble **points;
nt * perm;

PO -

int
/* |%|t|al|ze perm array */
/* printf(allocating 1\n");*/

for (J=0; j < numPoints; j++) {
perm[]]—

return(BuildkdTree(points,0,numPoints-1,dimension,perm));

/ Need

void rnnEuclidean(p,querpoint,points,dimension,numpoints,optfound,nndist,perm)

/

/* special searching algorithm 59 take advantage of the fact that square roots

do not need to be evaulated
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optdeode *p;

double querp0|nt'
double **points;

int d|mensuon numpounts
int * optfou

double *nndlst'

int * perm;

int i,j.k;
doublé” d,thisdist,val,thisx;
/*printfC'in here 2 alroght\n');*/

e
i=p->l10pt; i <= p->hipt; i++
thssde t—0p0,_ P P )4
for (j=0; j<dimension; j++) {
d querpoint[j ] p0|nts[perm[|]][j])

} thisdist=thisd
1T _(optfound[0] < nump0|nts && thisdist >
PQInsert(thisdist ,perm i],nndist, optfound)
else if (thisdist
PQreplace(thisdis t nndist, optfound,perm[i]);
} else {
val ?uer80|nt[p >discrim] - p->cutval;
if (va

rnnEucIldean p->loson,querpoint,points,dimension,numpoints,optfound,nndist,perm);
if (nndist[1] >= val*val
rnnEuclidean(p->hison,querpoint,points,dimension,numpoints,optfound,nndist,perm);

else
¥ rnnEuglldean p->hison, quer oint,points,dimension,numpoints,optfound,nndist,perm);
if (nndlstg >= val*val
rnnEuclidean(p- >Ioson ,querpoint,points,dimension,numpoints,optfound,nndist,perm);

}
}}

/ Need /
int *kdOptNNQuery(points,dimension, querpoint,numNN,Metric,root,MinkP,optfound,nndist,perm)
/

kdNode *root;

ble *querpoint, **points;
dimension, numkN,MinkP;

* optfound

ble * nndist;

30330T
O HeC

O -0 N

*

o

[}

3

3

/*ln{ *optfound */
/* set_up found array */
/% printf("allocating 2\n )
/*optfound = ( nt *% meaIIoc((numNN+1)*S|zeof(lnt)) */
optfoundEO 5 /* for now
nndis prlorlty queue of the distances of the nearest neighbors found */
p tf( allocatlng 3\n*
/* nndist (double *)mxMa %oc((numNN+1)*S|zeof(double)) */

for < numNN+1 ++
Sjst['ﬂ 1+

7*printf('in here alrlght\n") */
SW|tch(Metr|c ~ ~ ~ ~ .
case EUCLIDEAN : rnnEuclidean(root,querpoint,points,dimension,numNN,optfound,nndist,perm);

eak;
/*case MANHATTAN : Distance=ManhattDist;
rnnGeneral (root,querpoint,points, dimension, numNN,MinkP);

real
case L_INFINITY: Distance=| LInfinityDist;
EnnGeneral(root,querpolnt,p0|nts dimension, numNN,MinkP);

case L P : Distance=LGeneralDist;
rnnGeneraI(root,querpolnt,p0|nts diménsion, numNN,MinkP);

3 break;*/

7*f umNN ;

*for <n
prlntf %g(n" nndls [] );

return optfound
/*free(optfound ix/

3
/
/* Code to implement the abstract data type priority queue for use in j nearest */
;: neighbor searching. Actual implementation is done using heaps. :;
/* Adapted from Sedgewick”s: Algorithms in C p. 148-160. *5
/
/*
The heap data structure consists of two_priority queues. One for the j-smallest
distances encountered, one to keep the indexes Into the points array ot the
. points corresponding to the j-smallest distances.
/ Need /
void PQupheap(DistArr,FoundArr,k)
/ /

double *DistArr; /* j-smallest distances encountered */
int *FoundArr,k;

double v;
int j;

v=DistArr[k]; DistArr[0] = 99e99;
J—FoundArF[&] [o1 =

while(DistArr[k/2
DIS( [ 1 ﬂ/§

TArr[k DlstArr[ ;
FoundArr[K] = FoundArr[k72];
k=k/2;
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3|stArr K
FoundArF[ﬁ] = j,

/ Need

void PQInsert(distance, index,DistArr,FoundArr)

/

double distance,*DistArr;
int ndex, *FoundArr;

¢ FoundArrEO] FoundArr[O
DistArr[l oundArr[Oa dlstance
FoundArr[FoundArr ]
PQupheap(DistArr, oundArr FoundArr[O])

/ Need

void PQdownheap(DistArr,FoundArr,k, index)

/
double *DistArr; /* j-smallest distances encountered */
int *FoundArr,k,index;

{

int j,I1,N;
double v;

v—DlstArr£ ~ ~ ~
= Found rrtO /* tricky patch to maintain the data structure */
FoundArr[0]=rndeéx;

whlle (k <= N/2) {

< N && DlstA
|f V>=| Dlst rr
DistArr[

EogndArr ] Foun Ar

<D|stArr[j+1]) J++;

o

[il
reak
Hi:
}

DistArr[k
FoundArr ]

ndex;

0]=N; /* restore data struct */

v
i
FoundArr N

}

/ Need

void PQreplace(distance,DistArr,FoundArr, index)

/
double *DistArr,distance;
int *FoundArr;

¢ DistArr[0]=distance;
PQdownheap(DistArr,FoundArr,0, index);

/ /
void optlInRegion(P,Dimension,Points,RectQuery,optfound, nndist,perm)

/
/* Determines if the treenode P falls_inside the rectangular query WA
/* RectQuery. If so, adds the array index of the point to the found */
/* array. *5

optkdNode *P;

int Dlmen3|on

double **Points, **RectQuery;
double* nndist;

int* perm

int * optfound

int index,dc, InsideRange;

r (index=P->lopt;index<=P->hipt;index++) {
ns!deRan e=1;
/* circle( 0|nts[perm[|ndex]][0] Points[perm[index]][1].pradius);
c < Dimension; ++
for (dc=0; d Di
|f ((P0|nts[perm5|ndex [dc] < RectQuery[dc][0] _|1I P0|nts[perm[|ndex]][dc]
RectQuery£ c][1] /* P is in the region *
InsideRange=
break;

} 3
(3 (InS|deRange) {

/*-f §(Count % 4000) = 8
ealloc(optfound, (40 0+Count)*sizeof(int));

1f (optfound NULL) {
prlnt ('we have a memory problem\n™);

) optfound[Count] = perm[index];

) ¥

/ /
void optAddRegion(P,Dimension,Points,RectQuery,optfound, nndist,perm)
/ /
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/* Adds the_array_index of each ﬁoint_in the bucket the_point to the found */
/* array. There is no need to check if the points are in It because we *
/* have proven so already. *,
/

optkdNode *P;
int Dimension;
double **Points, **RectQuery;
double* nndist;
int* perm;
int * optfound;
int index,dc;
for (index=P->lopt;index<=P->hipt;index++) {
Count++;
/*if ((Count % 4000) == 0% { ~ ~
mxReal loc(optfound, (4000+Count)*sizeof(int));

1T (optfound == NULL) {
*prlntf("we have a memory problem\n™);

optfound[Count] = perm[index];
3
/ /
int optBoundslIntersectRegion(B,RectQuery,Dimension)

/ /
/* Returns true iff the hy?er—rectan le defined by bounds array B WA
/* intersects the rectangular query RectQuery. *9
/

double *B,**RectQuery;
int Dimension;

¢ int dc;

for (dc=0; dc < Dimension; dc++

if (B[2*dc] > RectQuery[dc][1] | B[2*dc+1] < RectQuery[dc][0]) {
return(0);

return(l);
3
/ /
int optBoundsContainsRegion(B,RectQuery,Dimension)
/ /
/* Returns true iff the hyper-rectangle defined by bounds array B WA
/* 1s completely contained inside the rectangular guery RectQuery. *9
/
double *B,**RectQuery;
int Dimension;
t int dc;

for (dc=0; dc < Dimension; dc++)

if (I(Bf2*dc >= RectQuery[dc][0] &&
B[2*dc+1] <= RectQuery[dc][1D) {
return(0);

return(l);
}
/ /
void optRangeSearch(P,Points,Dimension,RectQuery,B,optfound, nndist,perm)
/ /

optkdNode *P; ~

double **RectQuery, **Points, *B;
int Dimension;

double* nndist;

int* perm;

int * optfound;

int dc, disc;
double *BHigh,*BLow;

if (P==NULL) {printf("'somehow a null pointer got sent here\n");}

if iP—%bucket) { ~
/*printf('yes, bucket exists\n');*/ _ _
if goptBoundsContalnsReglon(B,Recther ,Dimension)) {
/*printf('yes, bounds’contain region\n');*/

optAddRegion(P,Dimension,Points,RectQuery,optfound, nndist,perm);
else
optlnﬂegion(P,Dimension,Points,RectQuery,optfound, nndist,perm);

return;

im: P is not a bucket node */ _

->discrim; /*printf('disc: %d\n",disc);*/

BLow = (double *)(mxMalloc(2*Dimension*sizeof(double H
BHigh = (double *)(mxMalloc(2*Dimension*sizeof(double

if (BLow == NULL || BHigh == NULL) {
}prlntf("we have a memory error\n™);

/* copy the region B into BLow, BHigh */
for (dchj c < _2*Dimension; dc++) %

BLow[dc
) BHigh[dc]

B[dc]:

B[dc];

/* Improve the Bounds for the subtrees */
BLow[2*disc+1] = P->cutval;

BHig gz*dlsc] = P->cutval; ~ ~
/*printf("%g %g\n"",BLow 2*d!sc+lE,BH|gh 2*d|sc3);*/ R
1T (optBoundslintersectRegion(BLow,RectQuery,Dimension)) {
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optRangeSearch(P->loson,Points,Dimension,RectQuery,BLow,optfound, nndist,perm);
{*meree(BLow?;*/ _ _ _ ~
if (optBounds ntersectReglon(Bngh,RectQuerx,DlmenS|on ) g ~
optRangeSearch(P->hison,Points,Dimension,RectQuery,BHigh,optfound, nndist,perm);

7*mxFree(BHigh);*/

3

/ /
int *kdOptRectQuery(root,Points,Dimension,RectQuery,optfound,nndist,perm)

/ /

optkdNode *root; ~
double **RectQuery, **Points;
int Dimension;

double* nndist;

int* perm;
int *poptfound;
double *B;
int dc;
B = (double *)(mxMalloc(2*Dimension*sizeof(double)));
for gdc =0; dc_< Dimension; dc++) {
B[2*dc] = RectQuery[dc][0]:
} B[Z*dc+l] = RectQuery[dc][1];

Count=0;

/*optfound = (int *)(malloc(4000*sizeof(int ;
if ?thfound g: NULE( ¢ ¢ )
}*9r|ntf("We have a memory problem\n™);

optRangeSearch(root,Points,Dimension,RectQuery,B, optfound, nndist,perm);
/*mxFree(B);*/

optfound[0] = Count;

return(optiound);

}
double dist (Points, indexl, index2, dimension)
double ** Points;
int indexl, index2;
%nt dimension;

int j;

double d; ~ ~ ~ ~

for (J = 0; j_< dimension; j++) _ _ _

d += pow(P0|nts[|ndex1]tji -"Points[index2][j].2);

End of Prim MST program
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A.3 Program to estimate Henze-Penrose affinity using MST

Begining of Henze-Penrose affinity estimation program

File: mst.c

Rev: a-1

Date: 09/27/2001

Copyright (c) 1993, 2001 by David M. Warme

Program to construct MST and derive Henze-Penrose affinity

Modified Code Copyright (c) 2001- 2005, by Huzefa Neemuchwala

hneemuch@umich.edu _
Please read this preamble to address memory errors before contacting me.

Modification Log:

a-1: 09/27/2001 warme _ _
: Created from pieces of GeoSteiner version 3.1.

Modified by Huzefa Neemuchwala

10/12/01 _ ] .

Can now read point set from file directly. ~
Sgﬁggﬁgzthe sort to a fast gsort using C library function

Now works_extremely fast for_huge datasets.

Fix a radius within which pointS are accepted to form edges.
So for each _point roughly 10 nearest neighbors are accepted by
fixing a suitable radius® So from N~2 edges (for N points) we
now have N*10 edges!! ~

Time reduced for sortln? IS enormous. ~

Memory requirements fall to a fraction, and so huge point sets
are_now possible.

Basically linearized the performance of the sort program
8¥/£§985|ng the number of egdes that require sorting

Linearized the entire algorithm by linearizing time/memory for edge
selection also. ~

Contact Huzefa Neemuchwala, hneemuch@umich.edu

for details

Note: However you should do that in conjunction with reducing_your search_radius_ _
The line: = mxMalloc (npointsl1*10000*sizeof(struct edge)); in function ’principal”
allocates memory for the edge matrix.

/

#define NOT !
#define AND &&

#define OR ||
#define Eg ==
#define N 1=
#define NEWA(n, type) ((type *) new ((size_t) ((n) * sizeof (type))))
struct edge {

e
int pl; /* First endpoint of edge. */
int  p2; /* Second endpoint of edge. */
double len; /* Length of edge. */
int startdensity;

int enddensity;

}:

/*

* This is the so-called "Disjoint Set Union-Find" data structure.
: The operations are "makeset”, "find", and "union™.

* See chapter 2_of_"Data Structures and Network Algorithms", by
: Robert Endre Tarjan, SIAM, 1983 for complete details.

struct dsuf {
int * parent;
int * rank;
int set_size;

*
* Local Routines
*/

static void principal (double, double, double, double *, double *, double *, double *, double *, double *, double *);
static void dsuf create (struct dsuf *, int);

static void dsuf_destroy (struct dsuf *);

static int dsuf_find (Struct dsuf *, int);

static void dsuf_makeset (struct dsuf *, 1Int);

static void dsuf_unite (struct dsuf *, Int, Int);

static void fatal (char *);_ _

static int mst_edge_list (int, int, struct edge *, struct edge *);

static void * new ES|ze_t%; R

static void sort_edge_lTst (struct edge *, int);

*
:/The main routine. Read in points, compute MST, output it.

void mexFunction(int nlhs, mxArray *plhs[], int nrhs,
c const mxArray *prhs%])

double npoints, dim;
double* prfrmetri

double* ﬁrmstlength, *prcostaherolength;
double threshold, threshold2;

double *edges, *edgelabels;
double *V; B
double *SL, *densitylabel;
double *edge_count;
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/; %heﬁk for6 roper number of arguments. */
i nrhs 1=
30 m?xErr¥s T?t( Slx inputs required : FRmstmex(rrw, indexs,densitylabels,N1+N2,dim,threshold)");
se i
mexErrMsgTxt(" Only #our output arguments™);

/* Assign pointers to each input */
/* Use mex syntax */

/* matrices Tor each time point */

V = (double lmeetPr(prhs 0

SL =_(dou *)mxGetPr(prh & g
denS|tyIabeI (double *)mxGe r(prhs[2])

/* parameters for analysis */
npoints = meetPr( rhs[3])
dim = *mxGetPr( g 41
threshold = *mx etPriprhs[S]a
threshold2 = threshold*threshold;

/* Create matrix for the return argument. */
/* this is basically useless_*/
plhs[0] = mxCreateDoubleMatrix(1,1,mxREAL);
= mxCreateDoubleMatrix(1l,1,mxREAL);
plhs 2 = mxCreateDoubleMatrix: l,l,meEAL N
= mxCreateDoubleMatrix(1l,1,mxREAL);
/* Assign pointer to the output *
prmstlengt : double *)meetPr(?lhs
prfrmetric = ouble *)meet r(p £
prcostaherolength = *)meet IhS[Z])
edge_count = (double *)meetPr(plhs[S 9

principal (npoints,dim, threshold2,V,SL,densitylabel,prmstlength,prfrmetric,prcostaherolength,edge_count);

3
oid
prlnC| pal (
double npoints, double dim, double threshold2,
double *V, double *SL, double *densitylabel,
gouble *prmstlength, double *prfrmetric, dotble *prcostaherolength, double * edge_count
{ -
mt i, j, k;
int q,gctr,flagt ind,nind;
int nedges;
struct edge_* E;
ouble * “pi;
double * pj;
struct edge *
ouble dist length distl, delta;
struct edge * Solution:
|nt ctrl=0; _
FRmetric;
double FRIength;
int diml, np0|nts ~ _ _ i
grlgtf oEaldp0|nts %g; Dimensions %g; Threshold %g\n",npoints,dim, threshold2);
im n [

npointsl = (int) np0|n S;
nedges = np0|ntsl (np0|ntsl -1) 7/ 2;

Radlus approach
Select points for edge computation using radius approach

NEWA (160000*200, struct edge

/*E =
= § truct edge *) meaIIoc( 160808*400*Slzeof(struct edge)); /*(npoints1*2000) * sizeof(struct edge)

E
ep =

for g? =0; q< npointsl-1; g++) {
(lnt) SL[dl;

328
nd
]

|nd

gc r;

ctr];

11pl[0] pJ[O])
SR

reshoIdZ)

+
it
* dim
[01)*
diml

O -

=D el QO

Pj
<
k
ok
th

o= oS00

ep —> 2 nind; _

ep -> len = sqrt(dist)
ep -> startdensity =_{(
ep -> enddensity = (in

€d|st1 > threshoIdZ) {flagt=0;}
(g+qctr) == (npoints-1)) {flagt=0;}

e (flagt==1);

nedges=ct;
/*prlntf("ctrl is %d\n",ctrl);*/

/* Allocate buffer to hold solution. */
solution = ﬁstruct edge *)meaIIoc((np0|ntsl l)*S|ze0f(Struct edge));
/*solution = NEWA Enp0|ntsl -1, struct ed

k = mst_edge_ Ilst npointsl, nedges, E, ?u |on)
€| Tuti

i < k; i++) {

length += ep -> lel
1T (ep- >startden5|ty 1= ep->enddensity)
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éRmetric++;
FRIength += ep->len;

ep++;

prmstlength length;

prfrmetrlc = (double)FRmetric;

*prcostaherolength = FRIength;
*edge_count = k3

*
:/This routine computes the MST of a given list of edges.

static
int ~
mst_edge_list (

int n, /* IN - number of vertices */

int nedges, /* IN - number of edges */

struct edge ™™  edge_list, /* IN - list of_edges */
struct edge * edges /* OUT - MST edge list */

mnt i;
int mSt_edge_count;
|nt components;

nt max_vert;
struct edge * ép;
struct edge *pp;
struct ed%e * ep_endp;
int  roo
int root2;
struct dsuf’ sets;

ctr
double perc;
sort_edge_list (edge_list, nedges);

/* Don’t assume that the vertex numbers are well-behaved, */

7* except that they must be non-negative. We do a quick scan */
/* to determine the largest vertex number and then allocate */

/* a union-find data structure Iarge enough to handle it. Note */
/* that we then use this union-find data Structure in a

/* completel¥ sparse way -- we only ever access set items for */
/* vertices th ge. */

at are named by an ed
/* avoid zero-size union-find... */

') 1 ep++) {

max_vert = ep -> pl;

1T (ep -> p2 > max_vert) {
max_vert = ep -> p2;

3
dsuf_create (&sets, max_vert + 1);

/* Note that it is not a problem to "makeset' a vertex more */
/* than once

(=] 1

for (i = 0; i < nedges; i++, ep++) {
dsuf_makeset (&sets, ep -> pl
dsuf_makeset (&sets, ep -> p2);

components = n;

mst_edge_ count = 0;
ep = el g st;

ep_endp = (ep + nedges);

whlle (components > 1) {
r++

|f geg >= ep_endp) {
an out of edges before MST complete! */
/*printf(“"Ran our of %es before _tree complete!");
perc=(mst_edge_ count*lO 0)/(n-

printf("\nthe number of edges |s %d which is %g percent of all edges \n"

pp —edge_list+ctr-1;
dsuT_destroy (&sets) */
return (mst_edge_count)’

rootl = dsuf find (&sets, ep -> pl);
root2 = dsuf_flnd &sets ep -> p2);
if (rootl NE root

dsuf unlte (&sets rootl, root2);

edg *ep;
++el
++ms edge count;
--components;
++ep;

=edge list+ctr;
p@rc:%OU'

/*printf(“'Longest Ed%e was_%g\t",pp->len);
prlntf( se this dis ance instead of thréshold! s
/*dsuf_destroy (&sets);
return (mst_edge_count);

*

:/This routine sorts the given edge list in INCREASING order by edge length.

static
voi B
sort_edge_list (

struct edge * a, /* IN/QUT - array_of edges to be sorted. */
int n /* IN - number of elements” in array. */

it h;
struct edge tmp;
double ex

struct edge pl;

,mst_edge_count,perc);
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struct edge
struct edge
struct edge
struct edge

endp = & [n];

{or (h =1; h<=n; h=3%h+1) {

P

do {
h4— h&/ %ﬁ]
= ga :
Bl.= p4;
while (pl < endp) {
tmp = *pl;
key = tmp.len;
p2 = pl;
for (") hy:
f2(p§ —; Tleh’<= key) break;
l Ef (pg < p4) break;
2 = tmp;
p p1: P

} whlle (h > 1);

*

* This_routine creates a collection of N_disjoint sets. They are left
*/unlnltlallzed so that a sparse collection Can be accessed quickly.

static
voi
dsuf_create (

struct dsuf * dsp, /* IN/OUT - _sets to create */
nt /* IN - number of disjoint sets */

if (n D) {
} fatal ("dsuf create: Bug 1.");

dsp -> set_size
/*dsp -> parent
dsp -> parent
/*dsp -> rank
dsp -> rank =

}

NEWA (n, int);*/
nﬁA*zme?lloc n*sizeof( int));
t *)mxMalloc” (n*sizeof( int));

*
:/Destroy the given collection of disjoint sets.

static
void
dsuf_destroy (
struct dsuf * dsp /* IN - sets to destroy */
/*free char * dsp -> rank));
free ((gﬁar *) %dgp F—)> parentgg */
dsp -> set_size = 0;
dsp -> parent = NULL
dsp -> rank = NULL;

}

*
:/This routine makes a single disjoint set for item "i"

static
void

dsuf_makeset (

struct dsuf * dsp, /* IN - collection of _sets */
nt /* - item to make into a disjoint set */

if i < 0) OR (i >= dsp -> set_size
/g(ltem out o% boundsp 2
fatal (“'dsuf_makeset: Bug 1.");

dsp -> parent _[i] i;

dsp -> rank [i 0}

3

/*

* This routine "unites" two sets that were preV|0uSI¥
* must be the "canonical™ member of each disjoint se
: each be the output of a "find" operation), and must
:/We perform the "union by rank' heuristic here.
static
void _

dsuf_unite (

struct dsuf * ds /* IN - collection of sets */

. /* IN - first set to unite */

i
|nt i /* IN - second set to unite */

mt o ri;
int rj;
if ((i <0) OR (i >= dsp -> set _size
/g(lt ? is gut of rgng A » 1
fatal ( ‘dsuf_unite: Bug .');

1T J] < 0) OR (J >= dsp -> set _size
/g(item is Sﬂt of rgng L * » A
fatal ('dsuf_unite: Bug 2.");

%f (CR=V DI
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/* Attempt to unite 1 with 1. */
fatal ('dsuf_unite: Bug 3.");

ri = dsp -> rank [i];
rj = dss -> rank [j]'

it (ri
£ oth sugtrees have the same maximum depth We */
/* arbltrarll¥ choose I to be underneath J The rank */
hen |ncrease */
dsp -> parent
dsp -> rank = rJ + 1;

else |f (ri >rj) _
/* Tree 1 is {probabl¥) deeper Putt|n9 J underneath */
/* will not increase rank *
dsp -> parent [j] =

else #
/* Tree is ( robably) deeper... */
dsp -> paren %

*
* This routine, given a member 1 of one of the disjoint sets A, will
* choose a_cannonical member J of set A and return it. Until Set A gets
: united with some other set, flnd (1) will always return the same J-.
:/ThIS routine performs the "path compression™ heuristic.
statlc
suf find (
truct_dsuf * dsp, _ /* IN_- collection of sets *
nt i /* IN - item to find cannonical item for */
nt j:
int {;
/* Yes, I _know this routine is_very elegent when coded */
/* recur3|vely Here’s the iterative version. */
i —> parent [i];

Q i) {.

|f
£ A cannonical element has itself as parent. */
return (i);

/* We must search up the tree -- and compress when done. */

for S") > paren NN

|f (ﬂ E break;

/* Now compress the path (make all items in_chain point dlrect}y */

/*_at the root K) -- we never have to do this search again!
while (i NE k) ¢ i
= -> paren i
ésp —>ppareﬁt [i] = l
=1

¥

t K);
} return (k)

f

C

}

\Y

o
:/This routine displays a fatal message and then dies!

static

voi

atal (

har * msg /* IN - message to display. */

VO rintf (stderr, "%s\n", msg);
£v0|gg glush (gtderr) 9
abor

*

* This routine performs all dynamic memory allocation for the program.
*/We test for out of memory condition here.

ize_t size /* IN - size of chunk in bytes. */

oid * p;
if £S|ze EQ

Av0|g |m%|gmentatlon defined bahavior of malloc! */
S|ze =1;

size
By 7P:
r

|nt¥ (stderr, "Out of memory!\n');

return (p);
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End of Henze-Penrose affinity estimation program
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A.4 Program to construct KNN graph using kd tree algorithm

Begining of kNN program

/
kNNgraphmex.c is a mex pro%ram to build a kNN graph and give out only
the cumulative ﬁraﬂh length.

For usage see: MX_kNNlength.m

Copyright (c) by Huzefa Neemuchwala (hneemuch@umich.edu), December 2004

/
/ * /
/* Program_to perform orthogonal range searches and nearest neighbor WA
/* querys in a more sophisticated k-d tree. In this implementation the, */
/* nodes _on any given level of the tree do_not have the same */
/* discriminating dimension as the discrimiator is chosen based on the */
/* dimension wit the "maxspead." */

/* References: J.H. Friedman, J.L. Bentley, R.A. Finkel "An Algorithm */

/* for Finding Best Matches in Logarithmic” Expected Time. */
/* ACM Transactions on Mathematical Software, Vol 3 No. 3 Sept. 1977 */
/* pp. 209-226. *4
/

#include <stdio.h>
#include <math_h>

#include "mex.h"

#include "optkd.h"

#include "nn.h"

/* reate a new tree in the k-d tr

Used to c ee */

#define TESTTREE(PP PP) =_(optkdNode *)mxMalloc(sizeof(optkdNode

#define NEWTREE(SP)) ig((TESTTﬁEE(PP)==NULE) \ ¢ Cop )
£ memozy)grror\n");return;}

rintf(’
#define min(X, _Y)_ (fX) <{?Y) ? fxg
inc gdouble, double, double *, double, double * , /*double *,*/ double);
e **_, Int, Int nt,*iny);

preadglnt, in n e H
dkdTree(double** int,”int);
t 1dOptTree(double , Int, int); ~ ~ _
void r optkdNode *, double *, double **, int, int, int*);
int *kgo?tNN uery(double **, int, double *, int, int, optkdNode *,” Iint);
void KillOptTree(optkdNode *l; ~
void PQupheap(double *, int *, |nt2; _
void PQInsert(double, int,_double_*, int *);
void PQdownheap doubie *,Int *, int, int);
void P reEIacgg ouble, double *, int *, int); _
/*double EuclidDist2(double **, int, double >, int);*/

int *perm; /* permutation arra¥ */ _

/*int *optfound; /*This one will be killed by KillOptTree()*/
static int Count=0;

double *nndist;

/*double (*Distance (2;
extern double fabs();*/

void mexFunction(int nlhs, mxArray *plhs[], int nrhs,
c const mxArray *prhs%])

double numpoints, dimension, kneighbors;
double* prlLxo;

double *rrw;

/*double *Graph;*/

double gamma;

{; %heﬁk for5 roper number of arguments. */
i nrhs 1=

mexErrMsgTxt("Five inputs required : kNNgraphmex (rrw, N, dimension, k_as_in_kNN, gamma)');
} else if (nlhs > 1

mexErrMsgTxt(*'Only one output argument™);

/* Assign pointers to each input */
/* Use mex syntax */ ~

/* matrices for each time point */
rrw = (double *)mxGetPr(prhs[0]);

/* parameters for analysis */

numpoints = *mxGetPr(prhs[1]):

dimension = *mxGetPr(prhs[2

kneighbors= *mxGetPr(prhs[3]); _ _ _ _ i

kneighbors = kneighbors_+ 15" /* Because first neighbor is the point itself */

gamma =_*mxGetPr(prhs[4]);

1T (kneighbors > numpoints) -
mexErrfMsgTxt(*"Input Error 1: Number of NN cant be larger than total number of points ");

/* Create matrix for the return argument. */

/* this is basically useless *

plhsgo = mereateDoubleMatrlx(l,l,meEAL%; ~

/*plhs]1] = mxCreateDoubleMatrix( numpoints*kneighbors, 1, mxREAL);*/

/* Assign pointer to the output */

prLxo ="(double *)meetPrSpl SEO 1'

7*Graph = (double” *)mxGetPr(plhs]1);*/._ ~

/*prlgtfs""g %g %g\n",numpoints, dimension,kneighbors);*/

principal (numpoints, dimension, rrw, kneighbors, prLxo , /*Graph,*/ gamma);

/*free(nndist);
} free(perm);*/

/ Need /

void Selection(a, I,N, k,discrim)

/ /
/* Makes the perm partition the array Values along the element k. */
/* Adapted from Sedgewick’s Algorithms in C (p. 128) *4
/

double **a; _ ~
int I,N,k,discrim;

éouble_v;
int t,i,j,r;

r=N;
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whlleEr>I) _
perm[r]][discrim]; -1; j=r;

i ggm[tti]][giéém] S Vs o0
if (i >=

t=perm |], perm[lj perm[j]; perm[j]=t;

—perm[l ; perm[i] = perm[r]; perm[r]=t;
it (i>2k) r=i-1;
if (i<=k) 1 1;

e

/ Need

int findmaxspread(l,u,dimension,points)

I,u,dimension;
ble **points;

-999999999.0,
= 999999999.0,
~ maxspread =-999999999.0;
i=0; démen5|on i++) {

o
3
QD
X
I

| ©
- (O
1 ©
(D
L%}
©O
©0O
1©
(D
OO

fo|f({max < ;alﬁts permij{]il]) {

max = points[perm[j

1t (mln > 90|nts[permij{]5|]) {

min = points[perm[j
1T (maxspread < fabs(max-min)) {

maxspread_= fabs(max-min);
maxdim = i;

}}

ieturn(maxdim);

/ Need
optkdNode *BuildkdTree(points,l,u,dimension)

doublé 4*points;

optkdNode *p;
int m;

} else
p->bucket =0;
—>d|scr|m = findmaxspread(l,u,dimension,points);

Eectlon(p0|nts 1 >d|scr|m)
= po nts perm m ] p >d|SC[
p—>loson B ree 0|n m,di
dderee p0|nts m+l,u,

T :
} return(p)

/***Need

optkdNode *BuildOptTree(points,numPoints,dimension)

|nt dlmensmn numPoi nts;
double **points;

{

int j;

/* initialize perm array */

perm t*)m MalIoc(numP0|nts*5|zeof(|nt))
for (§= <"numPoints; j++) {
pernii=] ;

return(BuildkdTree(points,0,numPoints-1,dimension));

/ Need

void rnnEuclidean(p,querpoint,points,dimension,numpoints,optfound)

/

/* special searching algorithm to take advantage of the fact that square roots
do not need to be evaulated */

optdeode *p;

double *querpoint;
double **points;

int dlmen3|on numpoints;
int * optfound

L
int i,j.k;
doublé d, thisdist,val,thisx;

if (p Zbucket) hipt: i) {
= >10| ;1 <= >ni 1++
thlsd?s —0p0 pm=hte
for 2]—0- J<d|menS|on +) {
querpoint[j]- p0|nts[perm[|]][j])
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thisdist=thisdist+d*d;

if optfoundEO] < numpoints) {
Insert(thisdist,perm[i1],nndist,optfound);

3 PQrepface(th|sd|st,nnd|st,optfound,perm[l]);
} %Ise {
y$l = ?uer80|nt[p >discrim] - p->cutval;
i
rnnEucIldean p->loson, quer€0|nt ,points,dimension,numpoints,optfound);
i

f (nndist[1] >= val*v.
rnnEuclidean(p->hison querp0|nt,p0|nts dimension,numpoints,optfound);

else
¥ rnnEuélldean p->hison, quer oint,points,dimension,numpoints,optfound);
if (nnd |stg >= val*va
rnnEuclidean(p- >Ioson ,querpoint,points,dimension,numpoints,optfound);

}
}}

/ Need

int *kdOptNNQuery(points,dimension, querpoint,numNN,Metric,root,MinkP)

/ /
optdeode *root;

double querp0|nt **points;
int dimension,numiN,MinkP;

{.

int 4

int optfound

/* set up_foun array *, ~ ~
optfound = (lnt 2 meaIIoc(SnumNN+1)*S|zeof(lnt));
optfound[0]=1 for no

/* nndist is a priority gueue of the distances of the nearest neighbors found */
nndist (double *ymxMal oc(gnumNN+1)*S|zeof(double))

for < numNN+1
5" sttd 9999999@)9*59
SW|tch Metric
case(EUCLIDEAﬁ

/*case MANHATTAN : Dlstance ManhattDist; _ _ ~ i
rnnGeneral (root, querp0|nt,p0|nts,dlmenS|on,numNN,MlnkP);

break;
case L_INFINITY: Dlstance LInfinityDist;
rnnGeneraI(root,querp0|nt,p0|nts dimension,numNN,MinkP) ;

rnnEucI|dean(root,querp0|nt,p0|nts dimension,numNN, optfound);

r
case L_P : Distance=LGeneralDist;
EnnGﬁneral(root,querp0|nt,p0|nts dimension,numNN,MinkP) ;
real

}*for j=0; j<numNN;

free(nndi
return optfound
) /*free(optfound):*/

/ Need /
void KillOptTree(P)
/ /

/* Kills a kd-tree to avoid memory holes. */

optkdNode *P;

¢ /*if (perm != NULL) {
free(perm);
} 7/* free permutation array */

if (P =NULL) {
return;

} /* just to be sure */
f (P->loson != NULL)

3 KlIIOptTree(P >loson

if (P->hison != NULL)
} KrllOptTree(P->hison);

free(P);

/
/* Code to implement the abstract data type priority queue for use in j nearest
/: neighbor searching. Actual implementation is done using heaps.

/
/* Adapted from Sedgewick”s: Algorithms in C p. 148-160.

/*
The heap data structure consists of two _priority queues. One for the j-smallest
distances encountered, one to keep the indexes Into the points array ot the

"y points corresponding to the Jj-smallest distances.

/ Need
void PQupheap(DistArr,FoundArr,k)

/




167

double *DistArr; /* j-smallest distances encountered */
int *FoundArr,k;

éoub!e S

int j;

=DistArr[k]; DistArr[0] = 999999999999999.0;
J—FoundArr ]'

whlle(DlstArr[k/Z] <= a
[k DistArr[k/. }
Eo&ydArr[ﬁ] FoundArr[k72];

istArr[k]_= v;
FoundArF[l] =3;

/ Need /
void PQInsert(distance, index,DistArr,FoundArr)
/ /

double _distance,*DiSstArr;
int index, *FoundArr;

{ FoundArrEO] FoundArr[0]+
DistArr[l oundArr[Oa = dlstance
FoundArr[FoundArr ndex
PQupheap(DistArr, oundArr FoundArr[O])

/ Need /
void PQdownheap(DistArr,FoundArr,k, index)
/ /

double *DistArr; /* j-smallest distances encountered */

int *FoundArr,k, index;

{
int j,I,N;
double v;

v=DistArr[k];

N = FoundArr[O% /* tricky patch to maintain the data structure */
FoundArr[O] rndex;

whlle (k <= N/2) {
&& DlstArr <DistArr[j+1 ++3
£6> DlstArr bgégk G+1D i

DlstArrk DIS rr[J
EoundArr 1=FoundArr1il;

DlstArr[k
FoundArr dex;
FoundArr[0]=N; /* restore data struct */

¥

/ Need /

void PQreplace(distance,DistArr,FoundArr, index)

/ /
dou ble *DistArr,distance;
int *FoundArr;
{
DistArr[0]=distance;
} PQdownheap(DistArr, FoundArr,0, index);
/ /
void principal (double numpoints, double dimension, double *rrw, double kneighbors, double *prLxo /*, double *Graph*/,
/ /
{

double **Points;

double * querp0|nt'

optkdNode *OptkdRoot;

int *Found, MinkP;

|nt Metric;
nt §. k;

vetrie 1 EUCLIDEAN'
MinkP =

numpounts = (int) numpoints;

dimension = (int dlmen5|on

kneighbors = glnt kneighbo ors
querpoint=(double *) meaIIoc(snzeof(doubIe) (dimension));

Points = (double **)mxMalloc((numpoints)*sizeof(double *));

for (k = 0; < numpoints
50|ntstk] (doBble *)mea%Ioc((dlmen5|on)*s|ze0f(d0uble))

or (k = i = 0; k < numpoints; k++)
or <_dimension; j++, i++) {

0|ntstki[j] = rrw[i]}

lpero = 0.0;
/*Here we _are 90|ng points first, then dimension
or (J =0, 1 =0; j < dimension;_j++) {

for (k= k < nump0|nts k++, 1++) {
P0|n§s[k][j] = rrw[i];

double gamma)



¥/

OptkdRoot = BuildOptTree(Points,

for (i =0, k=0; i < numpoints‘
for (J = 0; j <_dimension;

querpoint[j]= P0|nts[|

Found = kdOptNNQuery (Po

for

rLxo += ow sqrt( nndist
/* p%raph[k]p- oﬁndf}] L}] >

/lK|IIOptTree(Optdeoot)
OptkdRoot=NULL

/*free(Found); /

/*for (k=0; k<nump0|nts k++)
free POINtS[K H
free(querpoint);*/
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numpoints, dimension);

i++) {
][l]

ints, dimension,

= kneighbors; j >= 1; j--, k++) /*Found[0] is a dummy.

gamma) ;

End of kNN code

querpoint, kneighbors, Metric, OptkdRoot, MinkP);

*/
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A5 Program to construct estimates of a-MI using KNN graph

Begining of kNN-based «-MI estimation program

/
Mex program to calculate: ~
alpha_Mutual information for multiple
Copyright (c) Huzefa Neemuchwala, All
hneemuch@umich.edu

Known _Problems: ~ ~ ~
For single pixel intensity (scalar) features: Code assumes that denovlnator is 1.

>=2) for multiple feature dimensions (>=2)

mages
ights Reserved

i
R

/* Program_to perform orthogonal range searches and nearest neighbor */
/* querys in a more sophisticated k-d tree. In this implementation the, */
/* nodes_on any given level of the tree do_not have the same *,
/* discriminating dimension as the discrimiator is chosen based on the */
;: dimension witl the "maxspead." :;
/* References: J.H. Friedman, J.L. Bentley, R.A. Finkel *"An Algorithm */
/* fTor Finding Best Matches in Logarithmic Expected Time." */
/* ACM Transactions on Mathematical Software, Vol 3 No. 3 Sept. 1977 */
/* pp. 209-226_ *5
/

lude <stdio.h>

/* Used to create a new tree in the k-d tree */ ~
#define TESTTREESPP) _g(PPE = aoEtdeode *meMalIoc(3|zeof(optdeode)))
#define NEWTREE(PP)” it (TESTTREE(PP)==NULL) \
printf
<) ?

i _ memor¥ error\n”);return;}
#define min(X, _Y)_ (SX ? :

X) :
static void _principa idouble, QOuglg,(dggble, double, double *, double *, double);
void Selection(double **, int, int, int, int,int*);

int flndmaxsp[eadglnt, int, int, double **,int*);
optkdNode *Bui IdkdTree(double**, int, int, int
optkdNode *BuildOptTree(double **, int, |nt,|nt*2' - _ _ ~
void rnnEuclidean(optkdNode *, double *, double **, int, int, int*,double *, int *); _

nt *kdOptNNQuery(double **, int, double *, int, int, optkdNode *, int, int*,double*,int*);

i

void KillOpt ree(ogtdeoge =) .

void PQupheap(double *, int *, |nt2; _

void PQlnsert(double, int, double *, int *);
void PQdownheap(double *, int *, int, int);
void_PQreplace(double, double *, int *, iInt);

static int Count=0;

zoid mexFunction(int nlhs, mxArray *plhs[], int nrhs, const mxArray *prhs[])

double numpoints, dimension, kneighbors, num_images;
double* praMl;

double *rrw;

double gamma;

/* Check for proper number of arguments. */
if (nrhs 1= 69

else if &n
mexErrNMsgTxt(*'Only one output argument');

/* Assign pointers to each input */
/* Use mex syntax *, ~ ~

/* matrices for each time point */
rrw = (double *)mxGetPr(pr SEO H
num_images = *meetPr(ﬁrhs D
numpoints *mxGetPr(prhs[2]):
dimension = *mxGetPr(prhs[3

kneighbors = *mxGetPr(prhs[4]);
/*kneighbors = knelﬁhbors + 15*%/
amma = *meetEr(gr S{S]);
* Create matrix for the return argument. */
/* this is basically useless *
plhs[0] = mxCreateDoubleMatrix(1,1,mxREAL);

/* Assign pointer_ to the output */
praMl _= idguble *) mxGetPr(plhs[0]);
nu

principa mpoints, num_images, dimension, kneighbors, rrw, praMl, gamma);

/ Need /
void Selection(a, I,N, k,discrim,perm)

/ /
/* Makes the perm partition the array Values along the element k. WA
/* Adapted from Sedgewick’s Algorithms in C (p. 128) *4
/
double **a; B
int I,N,k,discrim;
int * perm;
double _v;
int t,i,j,r;
r=N;
whiieEr>l) { o . A
v=al[perm[r]][discrim]; i=I-1; j=r;
for (::) { . I
whiié (aEperm[++|]] discrim] < v); _
while (a[perm[--] E[dlscrlm] >Tv && j>1);
if (r >= } break; _ _ ~
% t=perm[{ ; permtl] = perm[j]; perm[j]=t;
=perm[i]; i] = ; =t;
ifp i>£k p?ETgl] perm[r]; perm[r]
) if €i<:k 1=i+1;
3
/ Need /

int findmaxspread(l,u,dimension,points,perm)

mexErrMs?gxt("iix inputs required : kNNgraphmex (rrw, num_images, N, dimension, kneighbors, gamma)');
S >
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/ /
int 1,u,dimension;
double ok, points;
int * perm;
int i,j,maxdim;
double™ max =-99e99,
min 9!

maxgpread =-99e99;

for (i=0 9| < dlmen5|0n i++) {

max e
min =_99e99;

folf({max < p0|nts{perm§i{]£|]) {

max = points[perm[j

1t (mln > p0|nts%%?rm[{]1[l]) {

min = points[per

S by

1T (maxspread < fabs(max-min
mgxsprgad fabs(mgx min); » L

maxdim = i;
3
Ee{urn(maxdim);
/ Need /

optkdNode *BuildkdTree(points,l,u,dimension,perm)
/ /

int 1,u;
double **p0|nts
int * perm;

opEdeode *p;
in
/* Erlntf( ‘allocating 8\n");*/

it (u- I+E <= BUCKETSIZE) {
p->bucket

-

p >bucket =0;
>?|scr|m = findmaxspread(l,u,dimension,points,perm);
+u)
ectlon(p0|nt >d|scr|m perm
p >cutval p0|nts¥permEm p >d|scr|m

p->loson = 1d ree(points dlmenS|0n perm);
p->hison = BuildkdTree(points, m+l u,dimension, perm)
return(p);
3
/***Need /

optkdNode *BuildOptTree(points,numPoints,dimension,perm)

lnt dimension,numPoints;
double **p0|nt5'
%nt perm;

int j;
/* |%|t|al|ze perm arraX */
/* printf(allocating 1\n™);*/

for (J=0; j < numPoints; j++) {
pernlii=) :

return(Bui ldkdTree(points,0,numPoints-1,dimension,perm));

/ Need /
void rnnEuclidean(p,querpoint,points,dimension,numpoints,optfound,nndist,perm)
/ /

/* special searching algorithm to take advantage of the fact that square roots
do not need to be evaulated *

optdeode *p;

double *querpoint;
double **points;

int dimension,numpoints;
int * optfound;

double *nndist:

%nt perm;

/*printf("ln here alroght\n") */
if_(p->bucket) i
for (i=p- >I8p ;1 <= p- >h|pt |++) {

thisdis ~ ~
o= apensiont i oy
= n —-points erm i
1 thlgdls% thiSdng+d*d‘ P
1f optfoundEQ] < nump0|nts && thisdist > 0.0) {
PQInsert(thisdist ,perm&l} nndist, optfound)
} else if (thisdist > 0 {
PQreplace(thisdist,nndist,optfound,perm[i]);
}g?e{ int[p->discrim] tval ;
val = querpoin ->discrimj - ->cutval;
if (va? < 8 P P

rnnEucl idean(p->loson, quer oint,points,dimension,numpoints,optfound,nndist,perm);
if (nnd |st5 >= val™
rnnEuclidean(p- >h|son ,querpoint,points,dimension,numpoints,optfound,nndist,perm);

else
rnnEuglidean(p—>hison,querpoint,points,dimension,numpoints,optfound,nndist,perm);




171

if (nndist[1] >= val*val) {
rnnEuclidean(p->loson,querpoint,points,dimension,numpoints,optfound,nndist,perm);

}
}}

/ Need /
int *kdOptNNQuery(points,dimension, querpoint,numNN,Metric,root,MinkP,optfound,nndist,perm)
/ /

optdeode *root;

double querp0|nt **points;
int dimension,numiN,MinkP;
int * optfound;

double * nndist;

int * perm;

~

/*ln{ *optfound;*/
/* set_up found array */
/* prlntf( allocatlng
/*optfound = (ln *% meaIIoc((numNN+1)*S|zeof(lnt)) */
optfoundEO] or now
* nndis a rlorlty queue of the distances of the nearest neighbors found */

/* prlntf( allocatlng
/* nndist (do! )mea ioc((numNN+1)*S|zeof(double)) */

for

nn&!stf_d

7*printf('in here alrlght\n Ni:*/
SW|tch(Metr|c ~ _ ~ ~ ~
case EUCLIDEAI rnnEuclidean(root,querpoint,points,dimension,numNN,optfound,nndist,perm);

break;
/*case MANHATTAN : Distance=ManhattDist;
rnnGeneral (root,querpoint,points, dimension,numNN, MinkP);

break;
case L_INFINITY: Distance=| LInfinityDist;
rnnGeneraI(root,querp0|nt,p0|nts dimension,numNN, MinkP);

< numNN+l

break;

case L_P - Distance=LGeneralDist;
rnnGeneraI(root,querp0|nt,p0|nts dimension,numNN, MinkP);
break;*/

7*fo umhN ;.

j <n
rlntf % \n nndls
P free g
return optfound
/*freeoptfound):*/

/ Need /
void KillOptTree(P)

/ /

/* Kills a kd-tree to avoid memory holes. */

optkdNode *P;

¢ /*if (perm |= NULL) {
free% per
ree permutatlon array */
|f (P::NULL) {
grn,
1 /* 0 be sure */

1T (P —>Ioson 1= NULL)
) Ki110ptTree(P->loson

if (P->hison 1= NULL)
KillOptTree(P->hison);

}

free(P);
3
/
/* Code to implement the abstract data type priority queue for use in j nearest */
;: neighbor searching. Actual implementation is done using heaps. :;
/* Adapted from Sedgewick”s: Algorithms in C p. 148-160. *5
/
/*

The heap data structure consists of two_priority queues. One for the j-smallest
distances encountered, one to keep the indexes Into the points array ot the
points corresponding to the j-smallest distances.

/ Need /
void PQupheap(DistArr,FoundArr,k)
/ /

double *DistArr; /* j-smallest distances encountered */
int *FoundArr,k;

double v;
int j;

v=DistArr[k]; DistArr[0] = 99e99;
J—FoundArF[&] [o1 =

while(DistArr[k/2
DIS( [ 1 ﬂ/§

TArr[k DlstArr[ ;
FoundArr[K] = FoundArr[k72];
k=k/2;
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3|stArr K
FoundArF[ﬁ] = j,

/

Need /

void PQInsert(distance, index,DistArr,FoundArr)

/ /
double distance,*DistArr;
int ndex, *FoundArr;
¢ FoundArrEO] FoundArr[O
DistArr[l oundArr[Oa dlstance
FoundArr[FoundArr ]
} PQupheap(DistArr, oundArr FoundArr[O])
/ Need /
void PQdownheap(DistArr,FoundArr,k, index)
/ /
double *DistArr; /* j-smallest distances encountered */
int *FoundArr,k,index;
{
int j,I1,N;
double v;
v—DlstArr£ ~ ~ ~
= Found rrtO /* tricky patch to maintain the data structure */
FoundArr[0]=rndeéx;
wh!Ie (k <= N/2) {
‘< N && DlstA rr[j] <D|stArr[j+1]) J++;
|f V>=| Dlst rr ) break;
DistArr[
EgquArr ] Foun Ar {j]
} ;
DistArr[Kk] = v;
FoundArr[K]= index;
FoundArr[0]=N; /* restore data struct */
3
/ Need /
void PQreplace(distance,DistArr,FoundArr, index)
/ /

do

uble *D&stArr distance;

int *FoundArr

¢ DistArr[0]=distance;

PQdownheap(DistArr,FoundArr,0, index);

/

void principal (double numpoints, double num_images, double dimension, double kneighbors, double *rrw, double *praml,

/

/

/

double **P0|nts **P0|ntsl *dlstx
double *querpoint, *querpoin
optdeod *Oﬁtdeoot *Optdeootl *OptkdRoot2;
Found
, 41, n, iz
nndist, distxl
int *optfound *0 tfoundl
int *perm, erm perm2'
Metrlc = BUCLIDEAR;

MinkP

numpounts = |nt numpoints;
dimension = dimension;
knelghbors = (ln

)] knelghbors
/*printf(allocating_4\n");*/
/*1f (dimension/num_images 1=

querpoint=(double™*) meaIIoc(snzeodeouble) dimension/num_images));
uerpointl= E ouble *) meaIIoc(S|zeof( ouble)*(dimension));
*prlntf( allocating 5\n"
Points = (double **gme oc( numg0|nts)*3|zeoffdouble *));
/*hist2 = %double * meaIIoc 525 )*sizeof(doub f)
linear hist2 = (dol *)mea oc((numpoints)*sizeof(double));*/
/*prlntf("allocatlng 6\

for (k = k < num 0|nts K++) {
P0|nts[k] = (double *)mxMalloc((dimension)*sizeof(double));

or (k = 0, i = 0; k < numpoints; k++
o7 2ot g 3

g =0; j.< dlmensnon JH+, i+
P0|nts£k [i ~
/*prin 0|nts g ', Points[KI[J1);:*/

3
/* printf(allocating 7\n");*/

7*if_(dimension/num_images” i= 1) {*/
Pointsl = (double™ **)meaIIoc((nump0|nts)*S|zeof(double *));
for (k = 0;_k < numpoint:
P0|ntsl[k] = (double *)meaI oc((dimension/num_images)*sizeof(double));

Vi w4

/*printf(*%d\n" _ _ _ _ _
/*printf(%g nump0|nts %g dimension®,numpoints,dimension);*/

ouble gamma)
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*praMl = 0.0;

optfoundl = (int *) mxMalloc (kn8|ﬂhbors + 22*S|zeofg|nt}
nndist = (double *)mxMalloc((kneighbors + 2) SIZeOf( oub e))
erm = (int *) _mxMalloc(numpoints*sizeof(int));
ptdeoot = BU|IdOptTree(P0|ntS LNumpoints, dimension, perm);
/*if (dlmen5|on/num images =
per ( nt *) mxMal ocfnump0|nts*3|zeof(ln 2 H _
gg}found (int *) mxMalloc((kneighbors + 2)*Sizeof(int));

/*
distx_= (double *) mxMalloc(numpoints * sizeof(double));
for_(|:0; |<num80|nt3' i++) {

dlmenS|on j++)
uer 0|ntlgji Points[ | . ) . . .
ound = kdOpENN Query ( 0|nts _dimension, querpointl, kneighbors, Metric, OptkdRoot, MinkP, optfoundl, nndist,per

|f (Egund[j]|_l)odl5tx[l] 1— sqrt(nndlst[]])
rintf('nndist: _%g\n" nndlst[l]) */

X[l¥ _d?é%xx[l]%gngégn" dlstx[l] i);*/

/7* if (dlmen5|on/num images !'= 1) {*/
for (n = 0; n < num_images; n++) {
for (k =0; k < nump0|nts k++ _
P dimension/num _images); j < (n+1)*(dimension/num_images); j++, i++)
oun s1 n
OptkdRootl = gul]do tTree(EO|%{sl numpoints, dimension/num_images, perml);
fog (t—O' |<nump0|nts i++) {
istxl .
for (ii = 0 1_= n*(dimension/num_images); j < (n+1)*(dimension/num_images); j++, ii++)
t il H =Points[i]
Found kdOptN Query(P
= knel bor: =1; g
|f Found[j I=|) dlstxl +_ sqr (nndist[j1);

7*printf('nndist in_loop: %g\n" nndlstgl]) 4 _

distxl = distxl/kneighbors; /*printf 1Stx1 in loop, i: %g %d\n",distx1,i);™

/*printf('distx % istxl %% distx2 %g linear. hlst2 %g\n™ ,distx.distxl, dIStXZ linear_hist2[i]);*/
/*printf("distx bd_divn, g %d\n"*,distx[i] | ~

dIStX[Ii = dlstx[l /(p ow! d 1/ntm images)) /* rlntf( dlstx after divn, i: %g %d\n",distx[i],i); */

s dlmenS|0n/num |_images,querpoint,kneighbors,Metric,OptkdRootl,MinkP,optfound,nndist

1
/*else { *praMl = Tinear hlstz[l *pow(distx g ages *g % 3
/*print ("praml %g nowadded %g",*praMI, pow(distx (pow(dlstx *distx: 5)), 2*gamma));}*/

/*;*/
S; i++)

num_images*gamma) ;
tx: Bg\n",distx[i ) */

0«

/**praMI = log(*praMl);*/
/*print fE aMl”1s %g\n praM )=
) 7*printfCdistxl = %g, distx2 = %g distx = %g\n",distxl,distx2,distx);*/

End of kNN-based a-MI estimation program

perml);
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A.6 Program to construct estimates of a-GA mean divergence using
kNN graph

Begining of kNN-based «-GA mean divergence estimation program

/
Mex program to calculate: _ ~
Arithmetic-Geometric mean divergence for multidensity (>2) case
Copyright (c) Huzefa Neemuchwala, All Rights Reserved
hneemuch@umich.edu

Known Problems: For bivariate (2 image) case, please use kNNIengthGAyex_eff.c

/
/* Program_to perform orthogonal range searches and nearest neighbor */
/* querys in a more sophisticated k-d tree. In this implementation the, */
/* nodes_on any given level of the tree do_not have the same *

/* discriminating dimension as the discrimiator is chosen based on the */
;: dimension witl the "maxspead." :;

/* References: J._H. Friedman, J.L. Bentley, R.A. Finkel "An Algorithm */
/* for Finding Best Matches in Logarithmic Expected Time." */

/* ACM Transactions on Mathematical Software, Vol 3 No. 3 Sept. 1977 */
/* pp. 209-226. =/
/ /
<stdio.h>
<math.h>

mex . h
“optkd.h"
“an.h*

/* Used to create a new tree in the k-d tree */ _
#define TESTTREESPP) _%(PPE = ﬁo tkdNode *meMalIoc(S|zeof(optde0de)))
#define NEWTREE(PP)™ it (TESTTREE(PP)==NULL) \

~ ~ {printf 'memor¥ error\n");return;}
#define min(X, _Y)_ (EX) < () ? Xg = (Y)
static void_principa gdouble, double, double, double *, double, double *, double);
void Selection(double **, int, iInt, t, Int,int*);
int flndmaxsp[eadélnt, int, int, double **,int*);
optkdNode *BuildkdTree(double**, int, int, int,int*);
optkdNode *BuildOptTree(double **, int, |nt,|nt*2; _ _ _ _
void rnnEuclidean(optkdNode *, double *, double **, int, int, int*,double *, int *); _
int *kdOptNNQuery(double **, int, double *, int, int, optkdNode *, int, int*,double*,int*);
void KillOpt ree(g?tngoge *2;

e i

void PQupheap(dou , Int *,int);

void POlnsert(double, int, _double_*, int *);

void PQdownheap(double *, int *, int, int);

void P reEIacgé ouble, double *, Int *, int);

/*double EuclidDist2(double **, int, double ™, int);*/

/*int *perm;*/ /* $E[mutatiog array */ ~

/*int *optfound; /*This one will be killed by KillOptTree()*/
static_int Count=0;

/*double *nndist;*/

/*double (*Distance)();

extern double fabs();*/

void mexFunction(int nlhs, mxArray *plhs[], int nrhs,
c const mxArray *prhs%])

double numEoints, dimension, kneighbors, num_images;
double* prlxo;
/* double *prkNNL ;
double *prLSC;*/
double *rrw;
/*double *Graph;*/
double gamma;

[; %heﬁk for6 roper number of arguments. */
i nrhs 1=

mexErrMsgTxt("Five inputs required : kNNgraphmex (rrw, num_images, N, dimension, k_as_in_kNN, gamma)');
} else if (nlhs > 1

mexErrMsgTxt(*'Only one output argument’™);

/* Assign pointers to each input */
/* Use mex syntax */ ~
/* matrices for each time point */
rrw = (double *)meetPr(ﬁr s[0]);
num_images = *meetPrfpr_s[l s
/* parameters for analysis *
numpoints = *meetPrgprhsE21§'
4

dimension = *mxGetPr(prhs[3]);
kneighbors= *mxGetPr(prhs
/*kneighbors = kneighbors +
gamma =_*mxGetPr(prhs[5]);
1T (kneighbors > ‘numpoints) -

mexErrfMsgTxt(*'Input Error 1: Number of NN cant be larger than total number of points ");
/* Create matrix for the return argument. */
/* this is basically useless *
plhs[0] = mereateDoubleMatrlx(l,l,meEALg;
/*ﬁl s]1] = mxCreateDoubleMatrix(1l,1,mxRE Ll;
pl SEZ X ;

s

;*/ /* Because first neighbor is the point itself */

= mxCreateDoubleMatrix(1,1,m REAL%, /
/*pl 1] = mxCreateDoubleMatrix( numpoints*kneighbors, 1, mxREAL);*/

/* AssiEn pointer to_the output */

/*prkNNLC =" (double *g mxGetPr(plhs[0]);*/
prLxo = (double *}mx etPr(pIhs%O );

/* prLSC = (double *)meetPrEﬁl 5 2]2; */
/*Graph = 2double *ymxGetPr(plhs[1])3*/

g

/*printf?" %g %g\n",numpoints, dimension,kneighbors);*/
principal (numpoints, num_images, dimension, rrw, kneighbors, prLxo, gamma);
/*free(nndist);

free(perm);*/

/ Need /
void Selection(a, I,N, k,discrim,perm)
/ /
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/* Makes the perm partition the array Values along the element k. */
/* Adapted from Sedgewick’s Algorithms in C (p. 128) *9
double **a;
int I N,k,discrim;
int * pérm;
double _v;
int t,i,j,r;
r=N;
while(r>1) { ~
¥ alpern[rl1[discrim]; i=1-1; j=r;

or

whiie erm[++i discrim] < v

w?ile 2 Berm[ ]] dlscrlm] > v)é& Ji>D;

t—perm[l] perm[lj = perm[j]; perm[j]=t;

=perm[i erm[i] = perm[r]; perm[r]=t;

ifp l>[k 1? 1 = perm[r]; perm[r]

; it (i<=k I H
/ Need
int findmaxspread(l,u,dimension,points,perm)
/ /

int I,u,dimension;
doublé **points;
int * perm;

Ent i,j,maxdim;
double =-99e99,
= 99e99,
~ maxspread =-99e 99;
for (i=0; 1 < dimension; i++) {
max =-99e99;
min =_99e99;

forf({ I; i H
e Lttt «

A Gl etk - it GO

1T (maxspread < fabs(max-min)) {
maxspread _= fabs(max-min
maxdim = i;

}}

geturn(maxdim);

/ Need

optkdNode *BuildkdTree(points,l,u,dimension,perm)

/

int 1,u;
double **p0|nts
int * perm;
optkdNode *p;
|nt m;
Wgrlntf("allocatlng 8\n");*/

\F (u- B2 BUCKETSIZE) {

-

p->bucket = 1;

p->lopt = I;

p->hipt = u;

p->loson = NULL;

3 8 pi>h|?on = NULL;

p >bucket =0
->discrim = flndmaxspread(l u,dimension,points,perm);
Eectlon(p0|nts 1 >d|scr|m perm

p >cutval po nts perm m ] p >d|scr|m

p->loson

ree2p0|n dlmensnon perm);

p->hison BU|Idderee points, m+l u,dimension, perm)

T :
) return(p)

/***Need

optkdNode *BuildOptTree(points,numPoints,dimension,perm)

|nt dlmensmn numPoi nts;
double **p0|n S;
nt * perm;

Int], - -
/* initialize perm array *
/* prlntf("a locating 1\n"); */

orehiia

return(Bui ldkdTree(points,0,numPoints-1,dimension,perm));

i _< numPoints; j++) {

/ Need

void rnnEuclidean(p,querpoint,points,dimension,numpoints,optfound,nndist,perm)

/

/* special searching algorithm to take advantage of the fact that square roots
do not need to be evaulated */

optdeode *p;
double *querpoint;
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double **points;
int dimension,nimpoints;
int * optfound;
double *nndlst'

nt * perm;
int i,j,k;
dogble d thlsdlst val,thisx;
/*printfC'in here 2 alroght\n™);*/
it (p—>bucke}) i hipt: Y 1
Or 1=p->1o0 5 | <= ->N s |++
thi dp t=0?0;_ _p P
OE—szgi %?g{?iHSI0|nts[ erm[l]][j])
thlgdisg:thisdlsg P
if optfoundEQ] < nump0|nts && thisdist > 0.0) {
P Insertgt isdist ,perm i].nndist,optfound);
} else if (thisdis
PQrepIace(thlsdlst nndls ,optfound,perm[i]);
¥ el?e { int[p->di im] tval;
val = querpoint[p->discrim] - p->cutval;
if (va? 8 P P

rnnEucIldean p->loson,querpoint,points,dimension,numpoints,optfound,nndist,perm);
i (nndist[1] >= val*val
rnnEuclidean(p->hison,querpoint,points,dimension,numpoints,optfound,nndist,perm);

rnnEucIldean p->hison, quer oint,points,dimension,numpoints,optfound,nndist,perm);
if (nnd |st >= val™ E
rnnEucli ean(p >Ioson querp0|nt,p0|nts dimension,numpoints,optfound,nndist,perm);

}
}}

/ Need /

int *kdOptNNQuery(points,dimension, querpoint,numNN,Metric,root,MinkP,optfound,nndist,perm)
/ /
optdeode *root'

double *querpoin **points;
int dlmen;lon numNN MinkP;

/*ln{ *optfound;*/
/* set up found ar ay */

/* printf( allocatln ?
/*optfound (ln mea |oc((numNN+1)*S|zeof(|nt)) */
optfound[0]=1; or now

/* nndist _is a priority gueue of the distances of the nearest neighbors found */
/* printf( allocatlng 3\n*
/* nndist =_(double %mealIo%((numNN+1)*S|zeof(double)) */

for < numNN+
5"st[ﬂ 99999999999 .
/*prlnth"ln here alright\n");*/
switch Metrlcg ~ ~ ~ ~ .
case EUCLIDEAN : EnnEﬁcl|dean(root,querp0|nt,p0|nts,d|men3|on,numNN,optfound,nndlst,perm);
reak;
/*case MANHATTAN : Distance=ManhattDist; ~ ~ ~ ~
rnnGeneral(root,querpolnt,p0|nts,dlmen3|on,numNN,MlnkP);

case L_INFINITY: Dlstance LInfinityDist;
rnnGeneral(root,querpolnt,p0|nts dimension,numNN,MinkP) ;

r
case L_P : Distance=LGeneralDist;
EnnGEneral(root,querpolnt,p0|nts dimension,numNN,MinkP) ;
real
3
7*for <JSNUmNN;

n
prlntf %g(n nndls [] );
free(nndist); */
return(optfound);
/*free(optfound ix/

/ Need /
void KillOptTree(P)

/ /

/* Kills a kd-tree to avoid memory holes. */

optkdNode *P;

¢ /*if (perm NULL) {
freeg perm);
ree permutatlon array */

|f (P =NULL) {
return;
}_/* just to be sure */
1T (P->loson 1= NULL)
} KlIIOptTree(P >loson);

(P—>hison 1= NULL)
) Krl10ptTree(P->hison);

free(P);

/
/* Code to implement the abstract data type priority queue for use in j nearest */
/* neighbor searching. Actual implementation is done using heaps. */
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/* Adapted from Sedgewick’s: Algorithms in C p. 148-160.

*/

The heap data structure consists of two_priority queues.
distances encountered, one to kee|
wy points corresponding to the Jj-smallest distances.

One for the j
the indexes iInto the points array of the

-smallest

/ Need
void PQupheap(DistArr,FoundArr,k)

/
double *DistArr;
int *FoundArr,k;

/* j-smallest distances encountered */

éoub!e S
int j;

v=DistArr[k]; DistArr[0] = 99e99;
j=FoundArF[1]' o]

whlle(DlstArr[k/Z] <= a

E& DiStArr[ 5}
EoundArr 1 = FoundArr[k72];

IStArr[K] = v;
FoundArF[l] =33

/ Need

void PQInsert(distance, index,DistArr,FoundArr)

/

double _distance,*DistArr;

int index, *FoundArr;

¢ FoundArrEO] =FoundArr[0]+1;
DistArr[l oundArr[Oa] = dlstance

FoundArr[FoundArr ndex
PQupheap(DistArr, oundArr FoundArr[O])

/ Need
void PQdownheap(DistArr,FoundArr,k, index)

/
double *DistArr; /* j-smallest distances encountered */
int *FoundArr,k,index;

{

int j,I1,N;
doub év;

v=DistArr[k];

= FoundArr[Og /* tricky patch to maintain the data structure */
Found rr[0]=rndex;

Whllﬁ &k <= N/2) {
JZKEK R R R
it < N && DlstArr <DistArr[j+1 ++3
if £6> DlstArr bgé;k; G+ J
DlstArr[%l]Dls R

r
FgundArr FoundArrlj];

DlstArr[k
FoundArr
FoundArr[0]=N

\./

ndex;
/* restore data struct */

=V
i

}

/ Need

void PQreplace(distance,DistArr,FoundArr, index)

/
double *DistArr,distance;
int *FoundArr;

¢ DistArr[0]=distance;
PQdownheap(DistArr, FoundArr,0, index);

/

void principal (double numpoints, double num_images, double dimension,

/

double *rrw, double kneighbors, double *prlLxo,

/

double **Points, **Pointsl, **distx, * querpoint, * nndist;
optkdNode *0 tkdRoot1;

int *Found, MinkP, *optfound, *perm;
int i, || j k, jl, n, m;
doubl

int mldp0|nt NumNN Metrlc

Metric = EUCLIDEAN;
Min = 0;
numpoints

dimension

= (int) numpoints;
= (int) dimension;

/

ouble gamma)



178

kneighbors = (int) kneighbors;

uerp0|nt 3double *) mxMalloc(sizeof(double)*(dimension
0|nts = 8 ouble **)mxMalloc((numpoints)*sizeof(double
dist x = le **) meaIIoc num_images” * sizeof(double

for < num, k++)
) P0|nts[k] = (doub?e *)mealloc (d|men3|on)*3|zeof(double));

for (k =0, i = 0; k < numpoints; k++
g =0; < dlmenglon; JH+, I+
P0|nts[k] rrw[i];

Pointsl = (doub e **)meaIIoc((nump0|ntslnum images)*sizeof(double *));
for (k = < numB ints/num_im +
P0|ntsl[R] (double *)meaTIoc?(d|mens|0n)*snze0f(d0uble))

*prLxo = 0.0;
optfound (int *z)meallocE

nndist = (double mxMal loc
perm = (int *) mxMalloc(nump

ES)*SIZeOf(Int

kneighbors+2) S|zeof(double H
oint num |_images*sizeof(int));

+

for_(i =_0; i < num_images; i++)
distx[i] = (double *) meaIIoc(numponntS * sizeof(double));
for (n = 0; n_< num_images; _n++) _ _ _ -
for = n*énump0|nts/num |mages k = 0; j < (n+1)*(numpoints/num_images); j++, k++)
for (i = 0;_i_< dimension; |++
Pointsl [kg[!] = Point: Ej
OptkdRootl = Bui dOptTree( 0|ntsl numpoints/num_images, dimension,perm);
for_(i=0;_i < nump0|nts 1++) {
dIStX[U][Ia =_0.0; .
for (ri = 0; < dlmenS|on || +)
querpoint =Points[i E
;0und_= kﬂOptN buery(Pom s1, dimension, querpoint,kneighbors,Metric,OptkdRootl,MinkP,optfound,nndist,perm);
= knei ors; _j>
if FOUnd[jﬂ'—l) dlstx[n]t i] += sgre(nndist[j]);

3.
distx[n = pow dlStX n][i]/(kneighbors), (1/num_images)*gamma
[t¥E %lstp $ E 1[ 1< g ? i g eng dIS%X distxl,distx2, linear_hist2[i]);*/

/*prin X %% g distx2 %g linear hlst2
/*dist x¥ = (distx |]/ pow(distxl, (1/num_images))) ;>
7*printF(prami %g nowadded %g™,*praml,pow(distx/{(pow(distxl*distx2,0.5)), 2*gamma));}*/

59< nump0|nts i++) {

*H n <— num |mages - 2; n+ g

imag es - m++) {

?}ﬁtx[n][l]/dlstx{m][l]

|f (dlStth][l] 1= 0 & dlStX[m][l} 1=0) {
currmin = min(currmin, min(ri,r2));

) 3

lpero += currmin;

) 7*printf(""GA is %g\n",*prLxo);*/

End of kNN-based «a-GA divergence estimation program
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A.7 Program to construct estimates of Non-Linear Correlation Coef-
ficient using KNN graph

Begining of kNN-based NLCC estimation program

Mex program to calculate:
KNN ﬁraph length
Arithmetic- Geometrlc mean dlvergence
KNN graﬁ length, Slnﬁle Counting e ?
t (©) eemuchwala, AlIT Rights Reserved

Copyri Huzefa

hnggmugh@umlch edu y

/

/* Program_to perform orthogonal range searches and nearest neighbor */
/* querys in a more sophisticated k-d tree. In this implementation the, */
/* nodes_on any given level of the tree do_not have the same */
/* discriminating dimension as the discrimiator is chosen based on the */
;: dimension witl the “maxspead." :;
/* References: J._H. Friedman, J.L. Bentley, R.A. Finkel "An Algorithm */
7* for Finding Best Matches in Logarithmic Expected Time." */
/* ACM Transactions on Mathematical Software, Vol 3 No. 3 Sept. 1977 */
/* pp. 209-226. =/
/ /
#include <stdio.h>

#include <math h>

#include *

#include "optkd h*

#include "nn._h"

/* Used to create a new tree in the k-d */
#define TESTTREEsP % E ﬁo tkdNode *meMalIoc(S|zeof(optde0de)))
#define NEWTREE(PP i (T STT (PP)——N

emor¥ error\n") return;}
#define min(X, _Y)_ E < (Y) 7
static void_principa ouble dou le double double, double *, double *, double);
void Selection(dou Ie *, int, int nt, i nt, int* *):
int flndmaxspreadélnt int, int, double **, int*
optkdNode *BuildkdTree(double**. int, int, int,int*);
optkdNode *BuildOptTree(double = int, int, |nt*2 _ _ _
void rnnEuclidean(optkdNode *, double *, dolble ** int, int, int*,double *, int *); _
int *kdOptNNQuery(double **, int, doublé *, int, int, optkdNode *, int, int*,double*,int*);
void Kll Opt ree(o?tdeode *2;

void upheap(doub nt int ~

oid POlnsert(double |nt dolble int *);
v0|d PQdownheap(double *, int * int, int);
void_PQreplace(double, double *, int *, int);

static int Count=0;

¥0id mexFunction(int nlhs, mxArray *plhs[], int nrhs, const mxArray *prhs[])

double nump0|nts dimension, kneighbors, num_images;
double* prawml;
double *rrw;
double gamma;

/; %heck for roper number of arguments. */
i nrhs 1

ImexE;rMs Txt( 'Six inputs required : kNNnonlincorrmex (rrw, num_images, N, dimension, kneighbors, gamma)'");
else i

mexErr&ngxt("Only one output argument');

/* Assign pointers to each input */
/* Use mex syntax */
/* matrices Tor each time point */
rrw = (double *)meetPr(pr SEO ):
num_images = XGe Pr(
numpoints *meetPr pr s H
dimension = *mxGetPr prhs ;
kneighbors = *meetPr(prhs[ )
/*kneighbors = knel hbors + 15*
amma_= *meetPr ES])
* Create matrlx he” return argument. */
/* this is baS|caIIy useless *
plhs[0] = mxCreateDoubleMatrix(1,1,mxREAL);

/* ASS|gn p0|nter to the output */
i ble *) mxGetPr(plhs[0]); ~
prlnC|pa (numpoints, num_images, dimension, kneighbors, rrw, praMl, gamma);

/ Need /

void Selection(a, I,N, k,discrim,perm)

/
/* Makes the perm partition the array Values alon the element k. WA
/* Adapted from Sedgewick’s Algorithms in C (p. *9
/

double **a;
int I N, k dlscrlm

int perm;
double v;
|nt t,i,),r;
whlle r>1) .

perm[ﬁ]][dlscrlm] i=1-1; j=r;

whlie a[perm[++i discrim] < v);
( Eg[pegm —!} [discr%m] >)v && j>1);

t perm[j}; permtl] perm[j]1; perm[j]=t;
H perm[l] perm[r]; perm[r]=t;
% I=|+1;
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int findmaxspread(l,u,dimension,points,perm)

/ /
int I, u, dimension;
double **points;
int * perm;
int i,j,maxdim;
double” max =-99e99,
min = 99e99,
maxspread =-99e9!

for (| =0; 9| < dlmen5|0n i++) {
m

folf({max < EB.Hts permii{]il]) {

max = points[perm[j

}
min > points[perm i
? ( p0|ngs[per%%j [{]1[ DA
1T (maxspread < fabs(max-min)) {
maxspread_= fabs(max-min);
maxdim = i;
3
Ee{urn(maxdim);
/ Need /

optkdNode *BuildkdTree(points,l,u,dimension,perm)
/ /

u; ~
ble **points;

p%deode *p;

n

E Erlntf( ‘allocating 8\n");*/
f (u I+E <— BUCKETSIZE) {

3503

-lZ\-‘O ~C
o
D
e

- -

p—>d|scr|m "Findmaxspread(l,u,dimension,points,perm);

Eectlon(p0|nts ->discrim,perm
p >cutval = p0|nts perm m]] p >d|scr|m
p->loson = B ree p0|n dlmenS|0n perm);
p->hison = BU|Idderee p0|nts m+l u,dimension, perm)
return(p);
3
/***Need /

optkdNode *BuildOptTree(points,numPoints,dimension,perm)

nt dimension,numPoints;
ouble **p0|nt5'
nt * perm;

PO -

/* |%|t|al|ze perm arraX */
/* printf(allocating 1\n™);*/

for (J=0; j < numPoints; j++) {
pernlii=) :

return(BuildkdTree(points,0,numPoints-1,dimension,perm));

/ Need /
void rnnEuclidean(p,querpoint,points,dimension,numpoints,optfound,nndist,perm)
/ /

/* special searching algorithm to take advantage of the fact that square roots
do not need to be evaulated */

optdeode *p;

double *querpoint;
double **points;

int d|mensuon numpoints;
int * optfoun

double *nndist:

%nt perm;

int i,j.k;

double d,thisdist, val thisx;

/*printf(’in here’2 alroght\n');*/

lff(p—it_)uckg}:) < >hipt; ++) {
or (i=p->lopt; i <= p->hipt; i
thlsdgs :0p0' P P

fog =0; a{megsion t [ GIIGD:
rpoin -points erm i
1 thlgdls% =thisd |sg P
1f optfoundEQ] < nump0|nts && thisdist > 0.0) {
PQInsert(thisdist ,perm i].nndist, optfound)
} else if (thisdist >
PQreplace(thisdist, nndlst optfound,perm[i]);
¥ el?e { int[p->di im] tval;
val = querpoint[p->discrim] - p->cutval;
if (va? 8 P P

rnnEucIldean p->loson, quer oint,points,dimension,numpoints,optfound,nndist,perm);
if (nndist[1] >= val*va
rnnEuclidean(p- >h|son ,querpoint,points,dimension,numpoints,optfound,nndist,perm);
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}
} else {
rnnEucIldean p->hison, quer oint,points,dimension,numpoints,optfound,nndist,perm);
if (nndis 5 >= val*va E
rnnEuclidean(p- >Ioson querp0|nt,p0|nts dimension,numpoints,optfound,nndist,perm);
3

}}

/ Need /
int *kdOptNNQuery(points,dimension, querpoint,numNN,Metric,root,MinkP,optfound,nndist,perm)
/ /

optdeode *root;

double querp0|nt **points;
int dlmen3|on numNN MinkP;
nt * optfou

ouble * nndlst'

nt * perm;

- -

/*ln{ *optfound;*/

/* set_up found array */.
/* prlntf( ‘allocating 2\n'
/*optfound = (lnt *% meaIIoc((numNN+1)*S|zeof(lnt)) 4
optfoundEO]—
/* nndi 1S y queue of the distances of the nearest neighbors found */
/* prlntf( allocatlng 3\n"
/* nndist )mea ioc((numNN+1)*S|zeof(double)) */
for < numNN+l J+

nn&!stf_d

7*printf('in here alrlght\n Ni:*/
SW|tch(Metr|cE ﬁ ~ _ ~ ~ ~
case EUCLIDEAI rnnEuclidean(root,querpoint,points,dimension,numNN,optfound,nndist,perm);

break;
/*case MANHATTAN : Distance=ManhattDist;
rnnGeneral (root,querpoint,points, dimension,numNN, MinkP);

break;
case L_INFINITY: Distance=| LInfinityDist;
EnnGﬁneral(root,querp0|nt,p0|nts dimension,numNN, MinkP);
real
case L_P - Distance=LGeneralDist;
EnnGﬁne;al(root,querp0|nt,p0|nts dimension,numNN, MinkP);
re

;*for J=0; j<numNN;
printf(% \n nndls
free(nndist)
return optfound
/*free(optfound):*/

/ Need /
void KillOptTree(P)

/ /

/* Kills a kd-tree to avoid memory holes. */

optkdNode *P;

¢ /*if (perm l NULL) {
free%
} ree permutatlon array */
if (P=:NULL) {
turn;
1 /* just to be sure */

1T (P >Ioson 1= NULL)
) Kil10ptTree(P->loson);

if (P->hison 1= NULL)
KillOptTree(P->hison);

}

free(P);
3
/ > /
/* Code to implement the abstract data type priority queue for use in j nearest */
;: neighbor searching. Actual implementation is done using heaps. :;
/* Adapted from Sedgewick”s: Algorithms in C p. 148-160. *5
/
/*

The heap data structure consists of two _priority queues. One for the j-smallest
distances encountered, one to keep the indexes Into the points array ot the
points corresponding to the j-smallest distances.

/ Need /
void PQupheap(DistArr,FoundArr,k)
/ /

double *DistArr; /* j-smallest distances encountered */
int *FoundArr,k;

double v;

in ;

v=DistArr[k]; DistArr[0] = 99e99;
J—FoundArF[&] [o1 =

while(DistArr[k/2] <= v) {
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DistArr[k DistArr[k/2
FoundArF[l] = FoundAEr[k}i]

IStArr[k
FoundArF[ﬁ] j,

/ Need /
void PQInsert(distance, index,DistArr,FoundArr)
/ /

double _distance,*DistArr;
int index, *FoundArr;

FoundArr O] FoundArr[O]

|stArr[ oundArr[Oa = dlstance
FoundArr[FoundArr
PQupheap(DistArr, oundArr FoundArr[O])

/ Need /
void PQdownheap(DistArr,FoundArr,k, index)
/ /

double *DistArr; /* j-smallest distances encountered */
int *FoundArr,k, index;
{

int j,I,N;
doub e v;

v—DlstArr

= Found&rrtOé /* tricky patch to maintain the data structure */
FoundArr[O] ndex;

whlle (k <= N/2) {
J <N && Di stA j] <DistArr[j+1 j++;
|f §i> DistAr r D Fé;k; 01D 3
Dis [Fl DIS rr {j
FoundArr J=FoundArrlj]
k=3

u
o

¥

DistArr[k
FoundArr
FoundArr

Lnn
S
Q

S

ex;
=N; /* restore data struct */

}

/ Need /

void PQreplace(distance,DistArr,FoundArr,index)
/ /

double *DistArr,distance;
int *FoundArr;

¢ DistArr[0]=distance;
) PQdownheap(DistArr,FoundArr,0, index);

/ /

void principal (double numpoints, double num_images, double dimension, double kneighbors, double *rrw, double *praml,

/ /

double **Points, **P0|ntsl *distx;

double *querpoint, *querpointl;

optdeode *0OptkdRoot, *Optdeootl *OptkdRoot2;
int *Found, MinkP;

|nt Metrlc

double 4 nndlst dlstxl temp distxl;
int *optfound *optfoundT ;
int *perm, erm perm2'
Metrlc = BUCLIDEAR;
MinkP =
numpounts = (int) numpoints;
dimension = (int) dimension;
kneighbors = (int) knelghbors
/*printf(allocating_4\n");*/
/*1f (dimension/num_images 1=
querpoint=(double™*) meaIIoc(snzeodeouble) dimension/num_images));
guer90|nt ouble *) TxMalloc(S|zeof( ouble)*(dimension));

allocatin
0|nts = "(double **gmeal oc(;numgglnts)*3|zeoffdouble *));

/*hist2 = (double **)mxMalloc i *sizeof(dou f)
linear hist2 = (double )mea oc((numpoints)*sizeof(double));*/
/*prlnff( allocatlng 6\n™)

H < num, 0|nts Kk++) {
P0|nt [k] : (double *)mxMal loc((dimension)*sizeof(double));

or (k = i= 0 k < numpoints; k++g {
for = 03 ‘dimension; j++, i++
P0|nts[k][} = rrw[i];
) }

/* _printf(allocating 7\n");*/
/*if (dlmen5|on/num 1mages i= 1) {*/
Pointsl = (double™ **)mealIoc((nump0|nts)*3|zeof(double *));
for (k = 0;_k < numpoints
P0|ntsl[R] = (double *)meaI oc((dimension/num_images)*sizeof(double));

ouble gamma)
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/*printf(*%d\n"
/*pr&?tf %8 nump0|nts %g dimension’,numpoints,dimension);*/
*praml =

nndist = (double *)mxMalloc((kneighbors + 2) SIZeOf(

erm = (int *) _mxMalloc(numpoints*sizeof(int

ptdeoo BU|IdOptTree(P0|nts nump0|nts dimension, perm);
*1f (dlmen5|on/num |ma es 1=
perml = (int *) m_MaI oc fnump0|nts*3|zeof( 2
gptfound = (lnt *) mxMalloc((kneighbors + 2)*§izeof(int));

optfoundl (int é meaIIocE(kn9|ngors + 2;*snzeofélng} 3
ouble

Vel

distx_= (double *) mealloc(nump0|nts * sizeof(double));
for_(|=0; |<num oints; i+

< dlmen5|0n J+4)
uer 0|ntl =Points[ E 5 ~
ound_- kd NNQuery ( 0|nts dimension, querpointl, kneighbors, Metric, OptkdRoot, MinkP, optfoundl, nndist,per

for éj = knelg i-
if (Found[j]!=i) dlstx[|] 12 sqrt(nndlst[j])
) 5istx[i] = distx[i]/kneighbors;

/*if (dlmen5|on/num images !'= 1) {*/
for (n = 0; n < num_images; n++) {
for (k =0; k < nump0|nts k++ _
|menS|on/num _images); j < (n+1)*(dimension/num_images); j++, i++)
P0|n s1 ka ] int: E [{
OptkdRootl = BuildO tTree( 0|n si, numpoints, dimension/num_images, perml);
for_(i=0; |<nump0|nts |++)

distx1l g .
for (ii = 0 iit++)
querpount || =Points[i
Found_= kdOptNNQuery (P S, dlmenS|0n/num |_images,querpoint, kn9|ghbors Metric, Optdeootl MinkP,optfound,nndist
= knei hbors 3>=1; 3--) {
it ound I=1) {
temp_dis X1 ~0.0; .
for (il = 0; il < dlmen5|on; ii+t+) R R .
tem _dlstxl += S (Points[i][i1] - Points[Found[j11[ii]).2);
} distxl += sqrt(temp 1stxl);
3. -
distxl = d|§tx1/kne| hbors
/*printf('distx % distx2 %g Ilnear hist2 %g\n",distx,distx1,distx2, linear_hist2[i]);*/
distx[i] = dIStX[I]/(pOW(dIS X1, /num 1mages
/*else { *praMl = Tinear hlstz[l *pow(distx g gnum |magesl*g@mmag,3*
) 7*printf('prami %g nowadded %g™,*praMI,pow(distx/(pow(distx1*distx2.0.5)), 2*gamma));}*/
/*}*/

fo 0; i < numpoints; i++

r (i = i i++)
praMI += pow(distx[i], num_images*gamma);

/**praml log(*praMi);*/
/*printf(aMl” 1s %g\n”, praMI) */ _ _ _ _
/*prlntf ‘distx1l ="%g, ‘distx2’ = %g, distx = %g\n",distxl,distx2,distx);*/

End of kNN-based NLCC estimation program

perml);
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