CHAPTER 4

LEVEL CROSSING REPRESENTATIONS, POISSON ASYMPTOTICS
AND APPLICATIONS TO PASSIVE ARRAYS

A.0. HERO S.C. SCHWARTZ

L INTRODUCTION

In this chapter we present representation theorems on the distribution of level crossing
statistics for general non-stationary random processes and then discuss applications to passive
arrays in underwater acoustics. Along with some regularity conditions, a consequence of the
first representation theorem is an asymptotic result relating the distribution of the level cross-
ings to an inhomogeneous Poisson law. This asymptotic result is then used to model the
occurrence of large error in time difference of arrival estimates across a passive sensor array.

The distribution function of the number of crossings of a level by a random process in a
given interval is an important, but difficult to obtain, function which has received considerable
attention in recent years [1]. Explicit results are known only for a handful of specific random
processes, e.g. the Markov class. Here a general representation for the probability of getting
one or more level crossings is presented for a wide class of random processes, which allows the
deviation of this probability from the probability of getting one or more points {rom an inho-
mogeneous Poisson process to be characterized. This representation is then exploited to obtain
a generalization of asymptotic results of Leadbetter [12] for stationary random processes to the
non-stationary case. The most familiar non-precise statement of Leadbetters’ result is as fol-
lows. Define a suitable sequence of increasingly high levels {l, }. Given a stationary, almost
surely continuous random process X which satisfies some regularity conditions, the counting
process N™ associated with the crossings by X of the increasingly high level l,,, behaves
increasingly like a (homogeneous) Poisson process. An equivalent interpretation: if g, and o2
are the mean and variance of X,, , which is one in a sequence of processes {X,, }, the Poisson
character of its zero upcrossings, N™, is assured as g, / 7, — £00.
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Here we establish an analogous, but inhomogeneous, Poisson character for non-stationary
processes satisfying some additional conditions to those in {12]. Specifically, we assume certain
asymptotic conditions on the trajectories of the process such as mixing. It is demonstrated
that if the upcrossings of zero are made to become progressively rarer events, in a sense to be
made clear later, then a normalized version of the number of upcrossings as a function of time
converges in distribution to a Poisson process.

Results of the above type are of interest in connection with maximum likelihood parame-
ter estimation when large errors may be significant. As is well known, the Cramer-Rao-
Lower-Bound only characterizes local error; that is, when the estimate is in the immediate
vicinity of the true parameter [4]. When the trajectory of the so called “likelihood function” is
predisposed to display large multiple local maxima over the parameter space, or peak ambigui-
ties, an additional large error measure is needed. One possible choice is the probability that a
scction of the trajectory exceeds a threshold, specified by the height of the trajectory at the
true parameter. This probability can then be expressed within the framework of level crossing

probabilities.

For time delay estimation in a two sensor array, the maximum likelihood estimate is
approximately given by the location over time where the (non-stationary) cross-correlation
function takes on its global peak. Motivated by the asymptotic result described in the first
part of this chapter, a Poisson model for the large errors is applied to derive an approximate
expression for the global variance of the correlator estimate. This expression is shown to be an
approximate upper bound on the variance, which complements previously derived lower bounds
for the time delay estimation problem, e.g. Cramer-Rao [10], Barankin [2], Ziv-Zakai [20] and
others [17].

Section II and III present the relevant theory concerning point process representations and
asymptotic theory. Section IV contains a discussion of the application of the Poisson model to
peak ambiguity in two-sensor arrays. Finally in Section V we compare the Poisson variance
approximation to the Ziv-Zakai-Lower-Bound (ZZLB), the Cramer-Rao-Lower-Bound (CRLB)

and experimental results.

II: A REPRESENTATION FOR THE PROBABILITY OF LEVEL CROSSINGS

Let (A, &, P ) be a complete probability space and define the nested sequence of o-fields :
b, teR, {& CP o C &, for s < u). We assume the ®,-measurable random pro-
cess X (), 00 < t < 400, to have the following properties: separability, almost sure (a.s.)
sample function continuity, existence of the bivariate densities, f, (¥,2), of X(¢) and X (1),
for ¢ 3£ 7. Additional properties will be imposed shortly. For expository convenience we focus
on the relevant level crossing theory for upcrossings. However, the consideration of downcross-
ings is completely analogous to the presentation to follow.

We define an upcrossing analogously to Leadbetter in [11]. A realization of X (t), z(t),
upcrosses zero in the interval [o,v) if there exists an open interval centered at some point
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t, € (o), (¢, -6, t, + 6) say, over which X (¢) < 0 to the left of ¢, and X (¢) > 0 to the
right of ¢, . We denote this occurrence by the notation 4, . Symbolically

Aa,uz{w eAIH ty €(07V)13 §>0; st )(t.—h <0< X;.+h1f0ro<h <6} (l)

This definition essentially excludes any “‘non-regular’” upcrossings such as tangencies or non-
smooth intersections of zero. It is shown in [11] that Ag, is ®,-measurable and that non-
regular upcrossings are of zero probability. Hence definition (1) is sufficiently general for our
purposes. The definition of downcrossings is analogous to (1).

We further define the number of upcrossings by X(7) in {o, v), denoted N (o, 1), as the
number of distinct points ¢, at which upcrossings occur. More specifically we define:

N(ow) = limsup 3, I(A,, , ;) Here I(A) is the indicator of the event ¢, € A and {f;} is
A—CO ¢,

an increasingly dense partition of (o,v) with inter grid spacing A.

By the assumed continuity of the random process X (¢) it is rcasonable to expect that it
can be well approximated by a piecewise linear process tied to X (t) at a sufficiently dense set
of points t =1t,,t,,...,¢ty. That is, let £,(¢) denote a random process defined on an

interval [¢,, ¢, ] for which

()= X(t) t =t
n - X(t - X{(t
X(tk)+uﬁkjtl):_72#] (t - ) bo<t <ty O

e =t, + k2" —¢t, ), k=012 --, 2°

I{f N, is the number of upcrossings of zero by £, (¢) then the following is due to Ylvisaker [21].

Lemma 1.1

Let N, (t) be the number of upcrossings of zero by €, in the interval [t,, t). Then
N, (t) is monotonically non-decreasing in n and converges to N (), the number of up-
crossings of zero by X in the same snterval, with probability one as n — Co.

From the above lemma it follows by monotone convergence that

P(N(t) < k)= lim P(N,(t) < k), fork =0,,2, (3)
n =00

Hence, as far as the computation of upcrossing probabilities is concerned, £, (¢) and X (¢} can

be used interchangeably in the sense of (3).
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The following will be important for the upcoming development and are essentially
Theorems (2.1) and (2.2) of [13].

Lemma 1.2
Let [t,, t; | have the partition {t;}% o Then with N(t) the number of upcrossings
(downcrossings) of zero by X in [t,, {) and N, (7, o) the number of upcrossings (down-
crossings) by €, in (1, o)

E [N(t/ J] = lim Z P(A,”,M) = [lim 2 PN (541 > 0) (4

=00 { =0 n—00 { =0

Define g, (y,2) the joint density of X (¢) and [X (¢ +7) - X(¢)]/ 7. Then by elementary

transformations

gt,r(y’z) = Tft,t+r(y’y+rz) (5)

The following are essential to the development and are known as Leadbetter’s conditions {11,
Thm. 2]

9,Ay.2) s continuous in ¢,y for each 7,2 (6)
G o¥,2) = py(y,2) as 7—0 uniformly in t,y (7)
9 dy,2) < U(z) forall t,1y,z (8)

where

[ lz] #H{z)dz < 00

If the above three conditions are satisfied then the following representation theorem holds for
the probability of getting an uperossing in [¢,,t), P (4, ), here denoted p (¢).

Theorem 1.1

Suppose X (1) has continuous sample functions with probability one and let the condi-
tions (6} through (8) hold. Then the expected value of the number of upcrossings of zero
by X (7) in any finite interval [t, ,t; ) is finite and given by

E [N(to 1tf )] = fp(T)dT (9)
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oo

o) = [ z pf0,2)dz
0

Furthermore the probability of getting at least one upcrossing of zero by X (1) in [t, ,¢),
p(t), satisfies the relation

t
p(£) = [ol)L - p(Nd7+ Q1) (10)
g,
where
2° -1
Q(t)= lm 3 a(k) (11)
g (&) = P(N, (4,4 11)>0, N, (¢)=0) - PN, (£ ,t; 11} >0)P (N, (t;)=0) (12)

Here {t;} 2., is a partition of [t, ,¢]

The probability of downcrossings satisfies an analogous Theorem, the only difference being

0
the particular form of the intensity p in (8). For downcrossings p(7) =) f 1z |pf0,2)dz.
-00

The function p(7), given as the derivative of (9), is the incremental average number of
level crossings per unit time at time 7, p(r)d r = E {dN(7)}. In the theory of point processes p
is called the (incomplete) intensity function of the point process N. @(7) in (12) can be inter-
preted as a measure of the dependency structure of the upcrossing process N over disjoint
intervals (for independent increment processes @ would be zero).

Eq. (9) of Theorem 1.1 is obtained directly by modifying the proof of Theorem 2 of Lead-
better for downcrossings [11] to the case of upcrossings. The proof of the rest of Theorem 1.1
depends on a particular decomposition of the event that an upcrossing of zero by £, occurs on
t,,t), which we denote B, ,. If N,(¢) is finite we can define B}, : the event that the first

instance of an upcrossing occurs in the subinterval [o,v) of {t,,f). That is

B}, =B,,NB, , (13)

where we read this as: £, first upcrosses in [o,v) if there is an upcrossing in [o,v) but nomne in
[¢, ,0).

We note the following two rather obvious properties of B ,,1’,, .

For [o,v) and [s,t) disjoint
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B,, and B}, are disjoint (14)
and

Bt,l,t = Bt, Wt s t € [to at) (15)

Egs. (14) and {15) follow directly from the definition (13). The following proposition is central
to the decomposition alluded to above.

Proposition 1.1
Let A, denole an upcrossing of zero, and A(,l,,, the first instance of an upcrossing, by
a random process X (t) in [o,v), where X (t) has absolutely continuous distributions.
Then if the expected number of upcrossings of zero in [t,,t), B {N(t,,t)}, is finite the
following equivalence holds with probability one

21
Ay, = 'UoA 1 (16)
=

ttin
where {¢; } 2 s a partition of [¢, ,t]

Proof

Note that the number of upcrossings in [£,,¢) is finite with probability one since

PIN(t, 1) > k)< S P(N(L, t)=1) (17)
t=k+1

< 5 PWi.H =)
i =k+1
which must converge to zero as £ — 00 by the finiteness of the mean number of upcrossings.
Thus a “first instance of an upcrossing’ is well defined. The inclusion “2D" in (18) is trivial
since any upcrossing in a subinterval of [¢,,¢) implies an upcrossing occurred in the entire
interval. As for “C", if there is an upcrossing in [¢,,t) it is either interior to one of the
[t; ,t; +1) ot at one of the endpoints £; , ¢ =0, 1,...,2" -1 However from the absolute con-
tinuity of the distribution of X (), with respect to Lebesgue measure, this latter event has pro-
bability zero. Therefore the proposition follows.

Proof of Theorem 1.1
Partition [¢,,t) into 2" -1 subintervals of length A =(¢; ~¢,)2™ for n = 0,1, - -.
That is we have intervals [¢,f;,,) with  =¢t, +iA , i =0,1,...,2". Define B,,
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ow € {t;}7.,, the event that the polygonal approximation, £, upcrosses zero in [a,v), i.ec.
N, {o,#) > 0. Then from Proposition 1 and Eq. (15} for k = 2* {{;, = 1)

2" _ 21 _
P(B, ) = P( '.';'oBt,,z.ﬂ NB,,)= _ZOP (B, +,,NB,, ) (18)
P =

Here we have used the disjointness property (14). Now add and subtract the product

P(B, . )P (Et., +,) from each term under the sum (18)
211 —
P(B, )= Y [P(By, JP(B, ) + q(t)] (19)
i=0
where
q(t;)= P(Bt..t.,,, n Et,,t,) - P(Bt,,t,ﬂ)P(Et,,t,) (20)

as in the statement of the Theorem, Eq. (12).

B, ., is equivalent to the event

B s, ={(t) <0< & (4} (21)
Define
. (t‘) _ En (tt'+l)A_ gn (tl) (22)
Combining Eqgs. (21) and (22)
Bt, b {En (ti) <0< €u (tn') + A”n (tl')} (23)

={£n(t|) e(—AZ,O) ’ '7»(‘.’)': z > 0}

Therefore by the definition of the joint density, g, 5 of £, (¢;) and n, (¢;)

o 0
P(Btl,‘u-l) = f dz f gtl vA(z’z)dI (24)
0 -A:

Now make a change of variable in the argument z of {24} and substitute the result back into
Eq. (19) to obtain

., 00 O
P(B, )= 22 [A.{ dzfy,“A(A z,z)P (Et, )4z + q(¢; )] (25)
1 -0 -z

By the pointwise continuity and uniform convergence conditions, (6} and (7), for A sufficiently



102

small
[1}
fgt, ,A(Az ,z)dz =2zPp 1(07z) ) TE [tl' 1t|'+l] (25)

Condition (8) asserts that 2/{z) is integrable over the positive real line where I(z) upper
bounds g, ,(y,2). Therefore the limit of (26) as A — 0 is bounded except possibly on some set
of measure zero. From Lemma 1.1 and Eq. (3) P(E,“,_) converges to P(Z,_ W) =1-p(t)

Defining
o
apt;,2) = [, alB2,2)P (B, ,)dz (27)
we have as A goes to zero
ap(t;,z) = 2 p,(0,2)(1-p(4))  ae (28)
and
aalt;2) < 2(z) (29)

Hence by dominated convergence the first term of the expression (19) becomes in the limit

2 -1
lim 'Y P(B,

n—=00 5 =0

,ﬂ)P (Et, i+ ) (30)

g _y ©© 0

= lim AY [dzfg, A& 2,2)P(B,,)

=00 el 0 -z

t oo 0

= lim fdffdzfdz gr,A(A Z,Z)P(E“,)

n—00 ¢, 0 -z

t [e ¢]
= fdrfz p 0,z)1-p()dz < 00
t, 0

This is the first additive term in Eq. (10).

From the expression (20)

~P (B, , )P(Et, ,t,) <gq() < P(B,”, )P(Bt, ,t,) (31

1 9% +1 141
so that the g (¢;) are absolutely summable by Lemma 1.2 and the finitcness of E [N (¢, ,¢, )].
Finally Theorem 1.1 follows by performing the limiting operation in (16) as n — 00, taking
account of the regularity conditions shown above. ]
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. ASYMPTOTIC RESULTS

Theorem 1.1 gives an implicit relation for the probability of getting an upcrossing in a
bounded interval. Although the intensity function p may be known, in general the @ (¢) term
in Eq. (11) involves quantities which are not known. On the other hand Eq. (11) can be used to
prove certain asymptotic results for a fairly general class of upcrossing processes, which we will
now undertake to show. To motivate these results the following argument is useful. Referring
to Eq. (11), assume that N™ converges to an independent increment point process N as
m — 00. Then g™ (f;) converges to zero for all i and by Eq. (31), Lemma 1.2 and the finite-
ness of the mean number of upcrossings, ¢™ (¢;) is summable over § as the {; become dense in
[t,,t). Dominated convergence then assures that @(¢) = 0 and Eq. (11) becomes equivalent
to a linear first order, homogeneous differential equation with coefficient p(r) and initial condi-
tion p{¢,) = 0. Eq. (11) then has the solution

t
p(t)=1-ezp (—‘fp(f)dr) (32)

Eq. (32) is of course valid for any semiclosed subinterval of [¢,,¢). Hence, by the independence
of N over disjoint intervals, the upcrossing process must actually be an inhomogeneous Pois-
son process with intensity p.

Unfortunately the above argument is fallacious since, roughly speaking, for non-zero N on
bounded intervals, the independent increment property of NV is incompatible with the sample
function continuity of X so that Theorem 1.1 does not even apply. Clearly the pointwise con-
vergence of N™ to an independent increment process N is an overly strong imposition on X .
However in the following it will be shown that for a sequence of ‘“‘thinned cut’ upcrossing
count processes, N™(¢,,t) associated with X, a related (time normalized) random counting
process can be defined which converges in distribution to a Poisson random process defined on
the interval [0,1) as m — 00. These results will depend on additional assumptions, such as

mixing, on the distributions of X .

The basic idea is as follows. Let X¢ = {X(t):t €[0,1]} be a given random process with
upcrossing intensity {p(¢):f € [0,1]}. Define a sequence of increasingly long time intervals, I,
of length T,, > 1, I, £[0,7,.]. On the interval I,, let X,, be a random process with an
upcrossing  intensity function {p™(t):t €[0,7,]} where p™ is related to p by:
() 2 Ao
{X(¢):t €[0,1]} is over [0,1] is identical to the average number by {X,, (¢):t €[0,T,, ]} over
[0,T,, ], while the intensity p™ is a stretched and downscaled (thinned) version of p. In this

), t €[0,T,]. Note, the average number of upcrossings by

way the upcrossings by X,, differ from those of X only in that the average inter-event spacing
has been uniformly increased, i.e. upcrossings by X,, become ‘‘rare events” over time. As we
increase T,, out to infinity, the upcrossings will become approximately independent since, with

probability close to one, the events are separated in time by an amount exceeding the ‘“‘inter-
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dependence time” (correlation time for Gaussian case ) of X, which can be specified by a mix-
ing condition. Then, with the aid of some additional regularity conditions, Theorem 1.1 can be
used to give the solution (32).

For simplicity, and without restricting the generality of the results, we set ¢, in Eq. (32)
to zero. In general, when there is multiple indexing, subscripts indicate indexing with respect
to the partition, {¢ }, of the time interval under consideration and superscripts index the quan-
tity with respect to the infinite sequences {X,, } and {7, }. Thus N,”(t) denotes the number of
upcrossings of zero by the polygonal approximation to X,,, £, over the interval [0,{) ,
t €1,. Likewise N™ is the number of upcrossings associated with X, itself. Analogously to
the development of Theorem 1.1 define &7, the o-field generated by X, on [o,v); B, , the

event N,,"'(t,-,t_,—) > 0, where # and ¢; are points contained in the 2" -th order partition of [ ;
and p,, ({), the probability that X,, upcrosses zero on [0,t) C {0,7,, ).

Throughout the sequel of this section, we assume the intensity associated with N™  p™

exists for all m and is defined in terms of the intensity associated with N® p, as follows
m a 1 T _ .
p (T)=7; P(-E ), m=01, (33)

The next section is concerned with the various conditions which will be imposed on X, for
asymptotic independence of widely separated segments of the trajectory and Poisson-like
behavior of the upcrossings. While not necessarily the most compact set of sufficient condi-
tions, the following contribute to a clear and simple proof of the asymptotic theorem. Several

comments will be made concerning simpler sufficient conditions during the discussion.

Asymptotic Conditions:

A mixing condition is a statement concerning the asymptotic independence of the trajec-
tories of a random process on disjoint intervals [o,v) and [s,7) as |8 ~ y| = 00. For example

X is “strong mixing”’ [16] if
sup |P(A N B) - P(A)P(B)] < i (34)

where A and B are arbitrary events

A€o, Bed

-00, -
and

lim 8, =0
1 =00
The major weakness of “sirong mixing" is that (34) becomes vacuous if either A or B are
of vanishingly small probability. Indeed in the present context the event A will be contained
in the event that an upcrossing of zero occurs in an exceedingly small interval, which of course
has exceedingly small probability. The needed condition here is the summability to zero of the
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differences below

2* -1
lim Y |P(A”NB™) - PAMP(BM) =0 (35)
m.n—00{ =0
A€ (b—'go,t. ! B'-m € q)‘-":'- +

l, =00, I, =0(T,) as n, m — o0

{}2o , an increasingly dense partition of [0,T,)

A sufficient condition for (35), if the quantities P (B™) are summable over 1, is the following
form of so called “uniform mixing" [16].

Mizing Condition
With &7, the o-field generated by the trajectories of X, in[o,v), T,, a monotonic se-
quence increasing to infinsty, X,, is said lo be uniform-asymptotically mizing (u-a miz-

ing) if

IP(A™) - PATBM) < ap (36)
where
ATE®T o, BTEQT
and
lim a,,;, =0
m —00
with

I, - o0, I, =0(T,), a8 n,m — 00

{; Yo , an fncreasingly dense partition of [0,T,,)

Note that for a dense partition {{;} the conditioning in (36) will be on the zero probability
event X (1) = 0 at some specific point 7, viewed as a limit through a horizontal window [8].
Thus in the limit of dense partitions, although the conditional probability may not be well
defined in the conventional sense, (36) is well defined. We state the following lemma [5] which
generalizes the uniform mixing condition to multiple events.

Lemma 2.1
Assume that X, (1) fs uniform mizing in the sense of (36). Fizl > 0 and for r > 1 let
E, E, ...,E be disjoint intervals tindezed in increasing order, that i3,

sup{r € E; |} < inf{r€E;} fori =1,2,...,r, and separated by at least I. Then
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for A" C @F

PO, AR = T PADI < an g, 3 P (A7) (37)

For Gaussian processes X a sufficient condition for mixing is a rate of decay on its auto-
correlation function: Ry (¢,t 41, Jlogl, = @, (¢) — 0 as m i, — 00 uniformly in ¢ [14]. In
order to make the upcrossings exceedingly rare events as m — 00 the following “‘rarefaction”
condition is used

Rarefaction Condition
With No,v) the upcrossings of zero by the polygonal epprozimation €™ in
o) C [0,T,, ) N satisfies a rarefaction condition if for 1, — 00,1, = o(T,,)

Tm
lim 35 PNt tigr) > 0, N4~y ;) > 0) =0 (38)

n,m—00 ¢ =,

{t;}2.o , on inereasingly dense partition of [0,T,)

The above condition is a strong condition on the trajectories similar to, but possibly more
restrictive than, the condition D, used in [12) for the stationary case. Eqn. (38) guarantees
that the probability of more than a single level crossing over any o(7,,) interval be exceed-
ingly small as m -+ co. The condition (38) is somewhat stronger than the property of
a-regularily for @ = 2 (see Lemma 2.3). (35) can be shown to hold if the hazard function,

h"‘(u,r)éhli_rzlo—; P(N"{uu4+7)=0|N™{u-hu}>0}, r>0 (39)

satisfies 1 - ™ (u 1, ) = o(—Tl— ) for all € (0, T,y -, |-
m

An additional condition needed is the following which is analogous to condition (4.6) in
[12]
P(NMt,t+h) > 0)

—1 as n,m — 0O (40)
E [N(t ¢ +h)]

{t: Yo , n = n(m), an increasingly dense partition of [0,T,)
for some kh, ,0< h < h, and for all ¢t € [0,T,,) -

Condition (40) is stronger than a well known necessary condition for a process to be

asymptotically) Poisson: for infinitesimal intervals the probability of getting a point is
1
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proportional to the expected number of points in the interval {linear in the length of the inter-
val for stationary processes). The condition can be interpreted as an extension of this neces-
sary condition to certain finite intervals.

We state here two easily verifiable conditions on the average number of crossings by X,
over I3 = [0,1), E {N(1)}, which are particular to the nonstationary situation. These proper-
ties guarantee that the behavior of the upcrossing process N™ be sufficiently uniform over
time to exclude degeneration of the upcrossing probabilities to either probability 0 or probabil-
ity 1 events over any o(7,, ) interval.

Uniform Denseness Condition

Let N be the number of uperossings by Xy on Iy = [0,1). Choose an interval A, a sub-
set of [0,1). The uniform denseness condition s satisfied if for any €K,
€>0,1 <K <00, there exist K subintervals of A, {J;}/=[, whose closures are
disjoint, such that

[E N -ENUN<e, il il=1...,K (41)

Asymptotic Untform Negligibility
Let N be as in the condition above and let {r; } /<, be o uniformly spaced partition of
Iy ={0,1) of size K. Then with N, = N(7,,7, ), the number of upcrossings within
the k-th partition element, the uniform negligibility condilion is satisfied if for all
i=1...,K
, E[N,]
lm ——— =

K
Koo L EIN,)

Loosely speaking (41) implies that the upcrossings are lean enough so that **similar” inter-
vals, of similar order with respect to [, have associated with them a “similar” expected
number of upcrossings. This will imply a continuity property on P {N™ (1,0} > 0) viewed as a
function from the sets [r,6). Condition (42) guarantees that in no case will the total number of
upcrossings over I; be dominated by upcrossings in small subintervals of I,. The reader may
be interested in the similarity between Asymptotic Uniform Negligibility and Feller's sufficient
condition for a non-stationary Central Limit Theorem (22]. If the process X were stationary,
these two conditions, (41) and (42), would be trivially satisfied since the expected values of
N(J)and N([) are identical if J and I are intervals of equal length. For non-stationary X,
a sufficient condition for (41) and (42) is that the (incomplete) intensity, p = p,, satisfy
0 < p < M for some finite M.
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Main Theorem

With the above conditions we are prepared to state the main result concerning the conver-
gence of a certain normalized upcrossing process, associated with X, (¢), to a Poisson process.

Theorem 2.1

Let the a.a. conlinuous processes X, (t) have absolutely continuous distributions for
m =1, . Assume each X, satisfies Leadbetter's conditions (6) through (8), with,
in addition, 1, (2) = O(T,) in (8), u-a mizing of the form (36) and conditions sur-
rounding Eqs. (38) through (42). Also assume that the (incomplete) inlensity, p™ , of the
zero upcrossings by X, over [0,7), 7€ 10,7}, N™{5), satisfy (33). Then if the time

normalized count process N™ is defined: N™ () & N™(sT,), r € [0,1), we have

N™(5) = N*() in distribution (43)
where N’ (1) is a non-stationary Poisson random process on [0,1) with intensity p.

We will need the following proposition in order to use Theorem 1.1 for the proof of
Theorem 2.1.

Proposition 2.1

Let X, (t) be a random process which satisfies the conditions in Theorem 2.1. Let
N™(a,7) and N 0,7} be the number of upcrossings of zero within [o,7) by X, and the
approzimation lo X, , &M, respectively. Further assume that T, p™ (7T, ) = p{7).
Then for p,, (t) the probebility that ﬁ’"(O,t) 2 N™(0,tT, ) exceeds zero and p°(t)
the probability that a Poisson count process with intensity function p exceeds zero (n the
inferval [0,¢) € [0,1).

t

| pnlt) - " (O < lim S 1™ (6} eap ([ o) ) (41
7 —00; =0 L]
where
q" ()= P(BN .., Eg,'t, )- P(B", )P(Eg,lt, ) (45)

B, £ N7t 1t;) > 0}, for an increasingly dense partition, {t; Y2 of the interval
[0,7,]-
Proof

Since X, satisfies the assumptions of Thm. 1.1 and P(N™(tT,) > 0} =p,(t),
t €fo,T,]
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tT,
m () = f P (N - P (7/ Ty ))d7 + lim Lq (&), refo] (46)
700 § =1
With a change of variable 7/ T,, —7, and the identity relating p to p,, (33)

t

pm(t)—fp(f(l—Pm(f))dT+ lim Y‘ q'"(t) (47)

7 —00 =1
t
p" is a Poisson probability measure having the form p *(t) = ezp (~[p(r)d 1) hence p* satis-
0

fies the integral equation
¢

p (t)= {p(T)(l -p (dr (48)

An application of the triangle inequality to the difference: (47) minus (43), yields

¢
| Pm(2) - ’)I<fp(f)lp (M-p (Hd7+ lim ): bam™(t)] , ¢

1 —0C § )

T efot] (19)
Let the last term in (49) be denoted r(¢T,,). Then r is monotone non-decreasing in ¢t € [0,1]
and replacement of r{tT,,) by r(T,,) can only weaken the inequality (49). Subsequent appli-
cation of the Bellman-Gronwall inequality {18] to (49} finishes the proof.

The following generalization of Lemma 2.2.3 in [12] is proven in [5].

Lemma 2.2
Let X,, salisfy (6] through (8), be u-a mizing and satisfy (38) and (40). Then given
e >0, integers r >0, K >0, positive quantities |, l=0(T,/K)} and t,

T? < t < T, , we have for m sufficiently large
m mey __ — __r __...1 -
PINP(t-1E) > 0, NIE1) = 0) < (55 ) 55 +(@r - Do+ (50)

With Lemma 2.2 and Proposition 2.1 we can easily prove the following weak form of the Pois-

son convergence result.

Propaosition 2.2
If the a.s. conlinuous processes {X,, (¢)} satisfy the condilions staled sn lhe premise of

Theorem 2.1 then for any interval I contained in [0,1)

P(ﬁvn(I)>0)-—»1—exp(-{p(r)d7) (51)
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Proof

First fix ! greater than zero and K a positive integer. We reproduce Eq. {45) here for
clarity. As in Eq. (12) of Theorem 1.1, for the sequence X, m = 0,1, - - we have the

quantities ¢ ™ (¢;) on the 2" point grid {{; }; o

q"'(t,-):P(B,:’:, B—(')’:(, )- P(BT, )P(ﬁ&"‘) (52)

41! 141

Partition the interval [0,T,, } into K parts so that the sum on the right of Eq. (44) of Proposi-
tion 2.1 can be represented as

Sl = Siem ()l + -+ Sl () (53

o0
where Y, denotes summation over the intersection of the grid {f; }; _, and the k-th partition

element, ¥ = 1,2, ..., K.

Fix ¢ > 0 and let m be sufficiently large so that Lemma 2.2 holds. Consider the final
K -1 terms in (53)

Palg™ @+ + Yk le™ () (54)

Now for each ¢™ (¢;) in (54) we add and subtract terms so as to isolate the mixing dominated
quantities of the form (36). That is we obtain via the triangle inequality

lg (&0 < VPB4, Boy ) - P(B, . )P(Bo, ) (55)
+ lP(Bt,,t,.H)P(B—O,t,—I)_P(Bt,,t,ﬂ)P(B_O,t,)l
+ |P(By, 4, 0 Boy) - P(By 4,0 Eo,c, 2

where we have suppressed dependencies on m for notational simplicity. Using the mixing con-
dition (36) on the [first term to the right of the inequality (55) and using simple set identities
for the other two terms we have

lgU ) < PBy ) emy + P By, Bowa)l + P(Bi .y Bt Bog ) (56)

1417

Finally applying Lemma 2.2 to the second term im brackets [ ] in (56) and noting that by
monotonicity the third term in {56) is bounded

P(Btr':t.“ Bt 756?:,-() K P(NME, t40) >0, NN G-, 8) > 0) {57)
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we get by substituting the inequality (56) in (53)

2" 1
}%M"(hﬂ (58)
< Tulam () + oy + (== ¥ =L 4+ S P(BM)

r+1 7 T4l

=g

211
+ ¥ PN 4 40) > 0, N (tG-1,8) > 0)

¥ —¢

2 T
here ¢, € {¢;}; o is the rightmost point contained in the first partition element, [0,—1% ), of
the K -th order partition. Now applying the relation (31) and Lemma 1.2 to the first term to
the right of the inequality (58) for n sufficiently large

Enl‘lm N <L ElP(Ber':e,ﬂ) <E [N:':l + € (59)

where N7 is as defined in Eq. (42). Likewise

Y P(BR) < B P(Byy,) S EINT(T, )]+ (60)

f=¢ =0

which gives via Eq. (58)

2 -1
im 3 lg™ (%))

n — 00 y=0

< lim E(NT]+Rrag + (5 ) T e HEINT(T,) (1)

2" -1
+ lim Y PN, &) > 0, NJXtG -1, 4) > 0)
2 = 00 ¢

Therefore taking the limit as m,l — 00, I = o(T,,), the first term to the right of (61) goes

to Zero by Uniform Negligibility, (42), and the finiteness of
1

E[N"(T,)]=E [ﬁ(l)] = [p(r)d7. The second term converges to a quantity not excceding
]

[-! +elE [ﬁ(l)] However as m becomes unbounded r can be made arbitrarily large and ¢
.

can be made arbitrarily small, by Lemma 2.2, thus the second term is negligible. Finally the
rarefaction condition, Eq. (38), asserts that the third term vanishes. Hence by Proposition 2.1,
Hor I =10, ¢}
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t

Palt) = p (¢)= l—exp(—{p(r)dr) . L ED (62)

Proposition 2.2 asserts that the probability that the normalized uperossing process Nm™ is
greater than zero in any interval contained in [0,1) is the same as the corresponding probability
for a Poisson counting process N* in the limit as m — 00. To show the stronger result that
N'™ actually converges in distribution to a Poisson process we will follow Leadbetter [12] in
making use of a theorem in [9]. Using the nomenclature in [9] a point process N is a ~regular
if for every collection of intervals I contained in T{o,l]y the Borel sets on [0,1], there exists some
array {I,; } C Ty of finite covers of I (one for each m = 1,2, - -- ) such that

lim limsup} ,P(N™(I ;) 2 a) =0 (63)

n—00 m—00 k

We state the following special case of Theorem 4.7 in {8].

Lemma 2.3

Let N™ be a sequence of point processes and N° a Poisson process both defined on
[0,1). Then N™ converges in distribution to N* if and only if N™ is 2-regular and
lim P(N™(U)=10)= P(N*(U)=0) (64)
m —00
for all U of the form
r

U= ; : T
Uk_l'r. » T T Ty

forr > 1, and
limsupF [IV"' (IN<E[N"()] <0 {65)

m—00

fOT I C T[olll

We now proceed to the proof of Theorem 2.1 which at this point only involves showing
that N™ of the theorem satisfies the conditions in Lemma 2.3.

Proof of Theorem 2.1

Without loss of generality we assume that the collection of intervals [ in the a-regularity
condition and in {65), and the T in (B4) are sets of disjoint intervals. For each m,
m =1, - - -, define the increasing set of disjoint covers of I: {J .}, k¥ = 1,2, - - - r,,, with
each J,; of length !, /T, (recall I, = 0(T,)). Assume for definiteness that J,, are
ordered such that the left endpoints are strictly increasing as & increases, With N™ as in
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Theorem 2.1 and N ™ (r} = N™(rT,, ) we have

;Z")P(ﬁ”‘( ) > 1) = k22P<Nm<J,,,.)>n+P<N'“< i) > 1) (66)
=1 =

'M

S lim 2 2 P(Nnm(ti l+l) > 0 Nnm(tk"lmv k) > 0) + E ‘Nm(']m 1)]

7 —CO k=l t,€lim T

where {tf},»L, are increasingly dense partitions of J,;, for k = 1, - - - r,, respectively. The
first term on the right of the inequality (66) is bounded by the expression in the Rarefaction
condition, Eq. (38) while the second term converges to zero by Uniform Negligibility, (42),
and the finiteness of E [N'™). Taking the limit of Eq. (66) as m — 0O we have that N'™ is
2-regular in the sense of (83).

Fix r > 0. Because of the absolute continuity of the distributions of X, the intervals T;

in (64) can be taken as having no common boundary points. Therefore by mixing, Lemma 2.1,
for any collection of disjoint intervals Ty, To, . .., T, contained in [0,1]

[P ( 'QIN"‘(T,"T,-) >0) - _HIP(N"'(T,,,T,-)>0)|—»0, as m — 00 (67)

where we have adopted the operator notation for 7,,: T,low) = [T,0,T,v) for
0 < o < v < 1. Eq.(67) and Proposition 2.2 thus imply that

Py ﬂN"‘(T T;) = 0) — exp(- 3. .{p(f)df) (68)
§ =]

Since, furthermore, N™ and N ° have identical intensity (recall (33)) the assumptions stated
in Lemma 2 3 are valid for N™ and Proposition 2.1 establishes Theorem 2.1.
|
While the asymptotic theorem, Theorem 2.1, is an interesting result, Lemma 2.2 is more
useful in applications. Let N be an upcrossing count process, on [0,1], with (incomplete) inten-

sity p. Lemma 2.2 states a bound on the ‘“‘approximation error” of the Poisson model,
p'(¢()2 P(N*(t)>0)and p(t) £ P(N(t) > 0).

1 1
lp*(t)-p(t)] L Jiq()]drexp(fp(r)d7) (69)
0 0
where the abstract integral has been defined
fq(TdT— lim EIQ(tH (70)
n—005 =1

Along with definition {12) for ¢, (70} asserts that as upcrossings become rare over time, ¢ — 0
and there is progressively smaller error involved in the Poisson approximation. Since
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g{7) < p(7) 2 uniform decrease in the intensity over time is sufficient for rarefaction. In the
next section level crossings will correspond to large errors in an estimation problem involving
signals and noises. In that context it can be shown that p is monotone decreasing in signal-to-
noise-ratio. Thus a practical interpretation of Theorem 2.2 is that a Poisson model for large
error is accurate for moderately large SNR and above. Furthermore, it can be shown that, for
large p, p () > p(t). This establishes p* as an upper bound for p under large or small
SNR conditions.

IV. APPLICATION TO PASSIVE ARRAYS

The performance of the correlator estimate of time delay in a two sensor passive array has
reccived much attention in the past decade [2,20,10}. As is typical in non-linear estimation
problems, exact expressions for the variance of any estimator are difficult to derive except
under restrictive small error regimes [17]. In this section we will develop a global variance
approximation which is directly motivated by a level crossing interpretation for large errors. In
this context the asymptotic result presented in the last section has an interesting interpreta-
tion. For low probability of large error, the level crossings form a point process over the a
priori region which have nearly Poisson statistics. While for large probability of error the Pois-
son model is conservative, i.e. P(N >0) is larger for a Poisson N than for the actual level
crossing process IN. This observation suggests building a conservative global variance esti-
mate, via Poisson modeling, to complement the lower bounds such as the Ziv-Zakai and

Cramer-Rao bounds.

Our observation model for the outputs of a two-sensor passive array is as follows. The
outputs of two sensors, z,(t) and z,(t), are observed over a finite interval of time ¢ € [0, T]

zy(t) = s(t) + nyft)
zot) =s8(t -~ D)+ nyt)

(71)

The signal components, s (¢) and a delayed version s(¢ - D), and the noises, n (¢ ) and nq(t),
are zero mean, uncorrelated, stationary Gaussian random processes. The delay D is restricted
to an a priori region of possible delay [-Dy, Dj]. The signal auto-correlation,
R, (1) = E [s(t)s (¢ +7)], is assumed to be essentially zero for |7} > T,, where T, = k/B is
the correlation time, k¥ is an integer and B is the baseband bandwidth of the signal. As in
most cases of interest, we assume that the uncertainty region [-Dys,Dy;] is large enough to
make the time-bandwidth product BDy; >>1.

For flat signal and noise spectral densities, the correlation estimate of time delay, b, is
the location in time, within [-Dy,,D,,], at which the global maximum of the sample cross-

correlation function occurs.

Tt AR 7
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R 12(7) is the sample cross-correlation function.

T
Riofr) & 3, [ ay(t)asft +r)at (73)

0
The correlator estimate is known to be asymptotically equivalent to the maximum likeli-
hood estimate for D as BT — oo[10]. In [15] a simple small error approximation, the
Cramer-Rao-Lower-Bound: ¢&g;p, was derived for the variance of D. The CRLB is an accu-
rate approximation to the true variance when Iﬁ—D | < 6 with high probability, where éis a
small constant dependent upon the signal and noise spectra. An exact expression for the global

variance results from direct application of the *“law of total probability” to var {D }:

var{D} =0o2.(1- P,) + o®P, (74)

In (74) 02, = min{cdz.p, z—z]} and ? = E {(D— D)?| (13— D) ¢ [- 8,0]} are the conditional

expectations of the squared error given small (local) error and large error respectively, and
P, = P(D- D ¢ |- §4]) is the probability of large error. The rest of this section deals with

suitable approximations to the large error probability and the squared error o2Pe .

The occurrence of a peak equal or greater in magnitude than the local maximum of the
correlator within [-5,8] is called a peak ambiguity, since it confounds the estimators search for
the location of the local max occurring near the true delay D. A useful interpretation is that
each peak ambiguity gives rise to a candidate for D. In the exact model the candidates are
the locations over the a priori interval where the peak ambiguities occur. From these candi-
dates a single member is then selected for 15 , the one which corresponds to the largest of the
ambiguous peaks. We use the above interpretation to develop a different set of candidates,
each of which corresponds to a level crossing location associated with each peak ambiguity. D
is then modeled as equally likely to take on the identities of any of the candidates. With little
loss of generality it will be assumed that D =0 in the sequel [5].

Define the random level m, = ?ﬁqf?m(u) and the ‘‘ambiguity process”
u B

AR(r) £ R 1o{f) — m; m, is the magnitude of the desired local peak of the sample cross-
correlation, while AR () must be negative over [-Dy,,Dy,] - [-6,6] for no large error to occur.
Next define the level crossing count process N 2 {N(r):r € [-D3s.Dp]} associated with the
ambiguity process

Nu (_DM 17) TE [_DM v 6)
N(T) 2 Nu (_DM U 6) S [_ 616] (75)
Nu (_DM ¥ 6) + Nd (5:7) y TE (6)DM]

where N, (¢,,t,) is the number of up —crossings of zero by AR (r) over 7 € [ ,¢{,)C[-Dyy,~ 8),
and Ny(¢;.t,) is the number of down-crossings of zero by AR (1) over 7 € [t,ta)C(6,D)y).
The process N is merely the running sum, over time, of the total number of up-crossings to
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the left of the true delay plus down-crossings to the right of the true delay.

With the above definitions, no large error occurs, i.e. D €[~ 6], if and only if 1).
AR(-Dy} < 0and AR(Dy) < 0 and 2). N{Dy) = 0. Hence the probability of large error

P, =1- P(N(Dy) =0, AR (-Dy) < 0, AR (Dy) < 0) (76)

Define the left continuous probability distribution function F(z) £ P(AR(-Dy) < z). The
probability of large error (76) can be shown to have the form [6)

Dy
P, =1-exp{- [ M\ (1)d7} F*0) (77)

-Dy

Where A, is the conditional (incomplete) intensity of N, X, (1)d7 = P(dN{7) > 0] N (=0,
AR (-Dyy) < 0) and dN (7} is the infinitesimal increment in time of N at time 7.

Equation (77) is an exact representation of the probability of large error in terms of the
level crossings N. However, while the presence of level crossings is (conditionally) equivalent
to the presence of ambiguity, the level crossings alone do not uniquely specify the location of
the global maximum. Hence one cannot expect the level crossings to be sufficient, by them-
selves, to give an exact expression for variance. As an approximation, we will use the following
conditionally uniform model for the location of the global maximum given a particular
sequence of level crossings. Let {w;, . . ., w, } be the ordered set of points in |-D);,D)s] where
N{7) increascs. Conditioned on the occurrence of a large error, we will model D as follows: D
takes values in the set {w,, ..., w,} with equal probability if N{Dy}=n and both
AR (-Dyg), AR (D)) < 0; while D takes values in one of the sets: {wy - .., Wy, 2Dy},
{wy, . -+, wp,~Dar, Dy}, with equal probability if N(Dy) = n and either: AR (-Dy) > 0,
AR (D) > 0; or both, respectively.

Assume for simplicity that N,(8,Dy) = 0 while Nu(-D, ,-6) > 0. The conclusions
drawn for this case apply to the more general situation with no additional conceptual diffi-

culty. Define {ay, ..., ay} 2 {a[rgmazAR n.,..., alrgmg):tAR(r)} the ordered set of
Wy 5~

v,
peak ambiguity locations. Since {e; | < |w; |, { =1,..., N, and the largest ambigui-
ties tend to cluster in the vicinity of the high amplitude sidelobes of R, the signal autocorre-
lation, occurring close to the true delay, the proposed model entails, at worst, a pessimistic
estimate of the mean squared error of D.

Under the conservative model described in the preceding paragraphs, the following ine-
quality can be derived [6].
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Dy Dy
var {D} > ol exp{- g A\ (Dd7} + 1f> 72 p(7) g(1)d 1+ Dja (78)

In (78) p is the unconditional {incomplete} intensity of N, as defined in Section II, Eq. (9), and
o is a small quantity given in [5] which is not significant in this discussion. The function g (7)

is defined- as

TCE RIS Y SN (79)

nea] " k=l

and we have defined the bidirectional Palm measure

Gns 2 Jimg P(N() = k-1, N(Dy) =n | dN(rh) >0) (80)

The bidirectional Palm measure corresponds to the probability that, given the occurrence of a
(crossing) point at 7, this point is the k~fh occurrence in a sequence of n points occurring over
[-Dys,Dp] (see [3) for a discussion of Palm measures).

The expression (78) consists of three factors. The first factor is the small error contribu-
tion to the global variance. The second term is the contribution of peak ambiguities which
generate level crossings in (-D,, ,D,, ), and the third term is the contribution of any peak ambi-
guity which does not generate a level crossing (i.e. corresponding to our conservative assign-
ment D = +Dyy).

The asymptotic results cited in the previous sections suggest the feasibility of applying a
Poisson approximation to the level crossing process N as these crossings become increasingly
rare, i.e. for small p (Recall discussion at the end of Section III}. Here we give more quantita-
tive results concerning the actual error committed by the approximation. Let N’ be an inho-
mogeneous Poisson process with intensity p(r) and define the signed difference
AL P(N'(o,u) >0)- P(N(o,u) > 0). While sharp bounds on the deviation of A from
zero can be derived for AR a nonstationary Gaussian process, using Theorem 1.1, we will con-
centrate on the following non-parametric bounds derived in [6).

E %N} -E{N} 1 -E {N}
max{—H_E—{N} , —€ S A s E {-m } — € (81)

Where, for compactness, N is shorthand for NV (o,u). Note that all terms in the left and right

hand inequalities of (81) depend on only the first moment of N(o,u), except for E {N_:-—l .

This latter term can be upper bounded, however
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1 G{N}
Eigs! S Trem (82)
where
g{nya Ny 1 (83)

T EN}  E{N}

The mean and variance of N {o,u ) can be computed from the second and fourth order distribu-
tions of X if Leadbetters conditions are satisfied [11]. Thus if the variance of N(o,u)
increases only as rapidly as o (E 2{N(o,u)}) the bounds (81) and (82) guarantee that the error
incurred in the Poisson approximation is near zero whenever exp{-I {/N(o,u)}} approaches
either 1 or 0. In any case, for these extremal conditions the left hand inequality in {81} implies
A is lower bounded by a small magnitude negative quantity, i.e. the Poisson model conserves
the inequality (78) to a good approximation.

The application of the Poisson model to the level crossing process N gives the following
simple relations for the probability of large error and the bound on the variance (78)

P, =1-¢ BNl pzq) (84)
- Du

var {D} < 0y, (1-P, )+ [ Pa(ndr (1- e EWOM) 4 p2, (85)
-Dy

In (85) we have defined the normalized intensity
Dy
or) = p(1)/) [ plu)du (86)
-Dy

and a is given by

a 1 — ¢ BV (D)} B 1 - ¢ B (VD)) - ]
2 FINOT B @y O

Here
Dy Dy
E {NDy)} = l_{pc (Ndr, E{N(Dy)}= Ij)'ﬂ(f)df (87)

are the conditional mean of N(D, ) given AR(-D,,) > 0 and the unconditional mean of
N (Dyy ) respectively.

The Poisson approximation (85) indicates that, as the intensity of peak ambiguities, p,
increases, one must discount the small error variance, o2, by P,, adding an increasingly large
quantity: the mean-square deviation of the locations of peak ambiguities overtime. In the fol-
lowing section we will explicitly calculate the intensities in {87) under a Gaussian assumption,
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and analyze the resulting form of the Poisson variance approximation for simple bandpass sig-

nals.

V. NUMERICAL COMPARISONS

The intensity functions p, and p in (87) can be derived under the following assumptions:
a). Rz is a Gaussian random process with non-stationary mean and differentiable covariance
function; and b). gzlt_z:qu 12{#) = R 5(0). The Gaussian model is reasonable for large BT [5].

Since the exceedance of R 5(0) by 1%12(1) for some 7€ [-Dy;,Dy]-1-6,6] does not necessarily
imply a peak ambiguity, assumption b). is pessimistic at worst.
Using the assumptions a). and b). the results are

p. (1) = K, { ¥ Plagy+ay) ¢y +ay)dy (88)

o1} = Ky ¢las)p(ay) + a,2(ay)]

Here K ,K g,aq, . . -, 84 are funetions of 7 given [6]. The functions & and ¢ are the standard
Gaussian distribution and density functions respectively.

In [6] a simple explicit forms for (88), (84) and (85) was derived for flat lowpass signal and
noise spectra. For these simple bandpass spectra the small error region over which the CRLB
is accurate [-6,8] is given by 6§ =1/4f,. Here we only discuss numerical results for flat
bandpass spectra. In Fig. 1 the intensity surface, is displayed for a bandpass signal at center
frequency f, = 500Hz, with bandwidth B = 200Hz, and T = 8.0secs. Here the time win-
dow extends from the first zero crossing of the auto-correlation function of the signal at
§==1/4f,, to approximately the fifth sidelobe away from the origin. In Fig. 1 the location of
the global maximum of the autocorrelation is just beyond the rightmost point on the £ axis. A
distinctive feature of Fig. 1 is the SNR difference between the point, SNR | where a rapid rise
in the intensity of ambiguity first begins, i.e. in the region of the first sidelobe, and the point,
SNR , where a uniform increase of the ambiguity, over time, is in evidence. This implies the
existence of at least three separate SNR thresholds which is consistent with studies of the Ziv-
Zakai-Lower-Bound (ZZLB}) for this problem [20].

We numerically evaluated the integrals in (88) and (85) for a flat bandpass signal with
center frequency to bandwidth ratio f,/B=10, and BD);=25. The results are plotted in
Figs. 2 and 3, along with plots of the CRLB and ZZLB, for BT ==200 and BT ==80 respec-
tively. The Poisson approximation behaves similarly to the ZZLB in Fig. 2, both indicating
the presence of three distinct SNR thresholds (e.g. SNR, |, SNR,, and SNR, 4 in Fig. 2) of per-
formance. For SNR < SNR,, the Poisson approximation becomes a much better predictor of
variance than the CRLB. [SNR,,, SNR, ] is a region where, with high probability, large errors
are concentrated in the interval D € [-T,,T.], the small error region for the envelope of the
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bandpass signal. When SNR < SNR,, the error approaches that of a uniform random variable
over [-Dyy,Dyy): the estimate D is useless. For BT =80, in Fig. 3 the Poisson approximation
has moved away from the ZZLB relative to the case of BT =200. Indeed it appears to hit an
asymptote with increasing SNR, i.e. the correlator commits large errors even as the SNR
approaches infinity. This behavior of the Poisson approximation corroborates the reported
sub-optimality of the correlator estimate for small BT [7].

Finally the results of a simulation of correlator performance for a bandpass signal spec-
trum appears in Fig. 4. The relevant parameters are: f /B = 2.5, BT = 50 and BDy, = 8
and the vertical dimension of the *“®” characters indicate approximate 95% confidence interval
for the actual variance (obtained by simulation). Plotted for comparison are the CRLB, ZZLB
and Poisson Approximation. The combination of the overly optimistic ZZLB and the overly
pessimistic Poisson approximation jointly specify an admissible region of estimator variance.
However, on the average, below a SNR of 5dB the Poisson approximation is significantly closer
to the true variance than the ZZLB. Note in particular that at a SNR of -8dB the Poisson
approximation is within the 95% confidence interval while the ZZLB is more than 5dB below

this interval.
VI. CONCLUSION

Two results were derived in the context of level crossing probabilities. First, a representa-
tion of the probability of getting one or more upcrossings in an interval by a general random
process was presented. This representation in effect isolates the portion of the upcrossing pro-
bability due to the intensity function of the upcrossings, from a correction term, which charac-
terizes the deviation of the upcrossing probability from an associated inhomogeneous Poisson
probability. The correction term depends on the degree to which the upcrossings can be
modeled as an independent increment process. By identifying conditions which asymptotically
force the eorrection term to zero a second result was made possible: that a certain time normal-
ized version of the upcrossing process can be made to converge in distribution to the inhomo-
geneous Poisson law.

Future investigations of the of the correction term, @(t), associated with the probability
representation of Theorem 1.1, should lead to useful expressions for the approximation error
incurred by using such simple first moment approximations. For the asymptotic result, Thm.
2.1, the asymptotic conditions rarefaction and mixing play an important role. In particular,
rarefaction could be replaced by conditions invelving probability statements about the max-
imum process over the interval I, 'fé'f X (1), analogous to [12]. For specific probability models

of the random process X (¢) of interest, e.g. Gauss-Markov or Rayleigh as in {12}, one would
expect the replacement condition to be more easily verified, than the conditions used here.

An application of the Poisson model to a problem in underwater acoustics, time delay esti-
mation, yiclded an approximation to the global variance of the estimate. Numerical results
indicate the fidelity and conservativeness of this performance approximation relative to the
Ziv-Zakai lower bound for bandpass spectra. Yet to be investigated is the feasibility of Poisson
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approximations to large error in multiparameter estimation problems. In these situations the
maximum likelihood procedure involves a search for a global maximum over an ambiguity sur-
face. Thus the concept of level crossing becomes more difficult due to the lack of inherent
directionality over the parameter space (points in the space are not well ordered). While this
would not preclude the application of a Poisson spatial model for the locations of peak ambi-
guity, bounds on the approximation error, analogous to the one dimensional case, are not as

simple to derive.
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FIG. 1
Intensity surface, A, for bandpass signal over time and SNR.
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Comparison of Poisson approximation with ZZLB and CRLB for bandpass signal
spectrum. f,/B = 10, BD,, = 25 and BT = 200. Variance, var (D ), normal-
ized with respect to standard uniform distribution.
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