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Volume 48, Number 4, Dec. 1983

RANDOM MODELS AND THE GODEL CASE
OF THE DECISION PROBLEM

YURI GUREVICH AND SAHARON SHELAH!

Abstract. In a paper of 1933 Godel proved that every satisfiable first-order v?3*
sentence has a finite model. Actually he constructed a finite model in an ingenious and
sophisticated way. In this paper we use a simple and straightforward probabilistic argu-
ment to establish existence of a finite model of an arbitrary satisfiable ¥?3* sentence.

§0. Introduction. We consider the usual first-order logic of textbooks. A first-
order formula is called a sentence if it has no free individual variables. In this
paper we restrict our attention to formulas without function symbols or individual
constants. Unless we explicitly note otherwise, our formulas are without occur-
rences of equality.

THEOREM 1. Let ¢=Vv1Vv,aAvz- - -Iv,@(vy, ..., v)) where @ is quantifier free. If
@ has a model it has a finite model.

Theorem 1 was proved in Godel [3]. It was proved independently in Schiitte
[9], [10]. G&del’s proof is much cleaner and easier than that of Schiitte. Still it is
very sophisticated. Its overall scheme is simple, however. Gddel formulates a
syntactical criterion and proves that the criterion is necessary for satisfiability and
sufficient for finite satisfiability. It is the proof of sufficiency that is difficult. In §1
we give the simple part of Godel’s proof. In §2 we define random finite structures
and prove the sufficiency result in a straightforward way. Let us mention that the
idea of random structures is not a perfect novelty: see Fagin [2].

COROLLARY. There is an algorithm that decides satisfiability of V23* sentences.

The Corollary was independently proved in Kalmar [6].

When our proof gives an easier proof of Theorem 1, Gddel’s proof gives a better
upper bound on the size of a minimal model of ¢. Additional information about
models of V23* sentences can be found in Dreben and Goldfarb [1]. Lewis [8]
gives lower and upper bounds on the computational complexity of algorithms that
decide satisfiability of V23* sentences.

Both Theorem 1 and the Corollary are easily generalized to 3¥V23* sentences,
which form one of the maximal decidable for satisfiability classes of prenex sen-
tences that is defined by type of prefix; see Lewis [7]. Even the V33 class with unary
predicates and at most one binary predicate is undecidable for satisfiability. In
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particular a satisfiable V33 sentence can have no finite models. Here is an example:
VxVyVz3u[(Rxy & Ryz — Rxz) & ~ Rxx &Rxu).

In §3 we generalize Theorem 1 for certain V*3* sentences.

Gaodel [3] mentioned that Theorem 1 remains true if we allow equality to appear
in ¢. This claim of his remains unproved. Goldfarb [4] showed that there is no
primitive recursive procedure that decides satisfiability of V23 sentences with
equality and at most binary predicates. The reader may wonder where the proof of
Theorem 1 breaks down in the case with equality. An answer can be found in §4.

More about the Gddel class with equality will appear in Goldfarb, Gurevich and
Shelah [5].

We thank Warren Goldfarb for useful comments on a draft of this paper.

§1. Géodel’s criterion. In this section we describe Gddel’s scheme for proving
Theorem 1, and we prove the easy part of the scheme.

LEMMA. A first-order sentence Vv,V vydvs- - -Av@(vy, ..., v)) is equivalent to the
sentence

VviVvadvg. - -3y, Avz- - - 3v)[vy # vo > O(vy, vy Vs, ..., V)
& O(vy, vy, va. .. V)]

in any structure for the language of ¢ containing at least 2 elements.

PROOF is obvious. '

Let ¢ be a first-order sentence Vv;Vv,3vs- - - 3vy(vy # v - O(vy, .. ., v;,)) where
@ is quantifier-free. In order to prove Theorem 1 it suffices to show that ¢ has a
finite nonsingleton model if it has any nonsingleton model at all. (Nonsingleton
means containing at least two different elements.) Without loss of generality / > 3.

DEFINITION. A k-table is a structure for the language of ¢ whose universe is the
set {1, ..., k}.

DEFINITION. Let M be a structure for the language of ¢ and a = (ay, ..., ;)
a sequence of elements of M. The table tby(a) of a is the unique k-table 4 such
that the map{(i, a;): 1 < i < k} is an isomorphism from A onto a substructure of
M.

If ¢ is satisfiable, and M is a nonsingleton model of ¢, and

P = {tby(a): ae M}, Q = {tbyda, b): a, be M},

then P, Q are nonempty and satisfy the following conditions:

(G1) Forall 4;, A3 € Pthereis B e Q withtbyz(l) = A;, tbp(2) = A,; and

(G2) Forevery 4 e Q there is an /-table B such that tby(1, 2) = 4, and tby(i) € P
forl <i </ andtbg(i,j)e Qforl <i,j<landBk=9(1,2,...,1]).

THEOREM 2. Suppose that a nonempty set P of -tables and a set Q of 2-tables
satisfy conditions (G1) and (G2). Then ¢ has a finite nonsingleton model.

It remains to prove Theorem 2.

§2. Proof of Theorem 2. Let p, g be the cardinalities of P, Q, respectively. For
n > | we construct an np-table M. The truth values of k-place atomic formulas
are defined as follows.

Case k = 1. If a = ip + jfor some 0 < i < n, | <j < p, define tb,(a) to be
equal to the jth table in an a priori fixed order on P.
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Case k = 2.Suppose | < a < b < np. By (G1) the set {4 € Q: tb,(1) = tbyl(a),
tb4(2) = tby(b)} is not empty. Choose at random a table A in this set and define
tbyd(a, b) = A.

Case 3 < k < I If R is a j-place predicate letter in ¢, and (ay, ..., a;) is a
J-tuple of elements of M containing at least 3, and at most /, distinct members,

define the truth-value of R(a;, ..., a;) at random.

Case k > 1. If R is a j-place predicate letter in @, and (ay, ..., a;) is a j-tuple of
elements of M containing more than / distinct members, define R(ay, .. ., a;) to
be false.

Let S, be the collection of possible values for M. We consider S, as a probability
space with

Prob[M = M,] = Prob[M = M,] for M;, My in S,.

Thus M is a random member of S,. Let ay, ..., a, range over {1, ..., np}.

By (G2) there is a function Fun assigning an appropriate /-table B = Fun(A4)
to each 4 € Q. Given an /-table B we say that as, ..., a, witness B for ay, a; if the
truth value of R(a; ,..., a;) in M coincides with the truth value of R(iy, ..., i)
in B for every 1 < k < [, every k-place predicate letter R in ¢ and every k-tuple
i, ..., I of numbers such that {ij, ..., i} is included into {I, ...,/} and
meets {3, ..., /}. In the case when the predicate letters in ¢ are at most binary,
elements a3, ..., a, witness Bfor a;, a, iff tby(a,, a;) = tby(i, j) for all distinct
i,je{l, ..., I} such thateither i > 3 orj > 3.

Let ¢ = (l/q)" - (1/2)5, where r = (3%) + 2(/ — 2) and s is the number of

atomic formulas R(v;, ..., v,) where 3 < k < [, R is a k-placc predicate Ictter in
@, and (iy, ..., i) is a k-tuple of numbers among I, .. ., /containing at Icast three
distinct members. (If / = 3 thenr = 2.)
LEMMA 1. Suppose that A € Q, B = Fun(A) and «,, ..., a, are different elements
of M withtby(a;) = tbg(i)for| < i < I. Then
Problas, ..., a, witness B for a,, ay] > «.

PROOF is clear.
Let m be the integer part of (n — 2)/(/ — 2).
LEMMA 2. Let ay, a, be different elements of M. Then

Prob[3vs - - - v D(ay, ag, vs, ..., v,) fuils in M] < (I — ¢)m.

PROOF. Let A4 be a possible value for tby(«,, a,) and B = Fun(A). It suffices to
prove that

Prob[no vs, ..., v, witness B for a;, ap] < (1 — &)™

There are different elements ae M — {a;, a;} with tb(a%) = tby(i) for3 <i </
and | < j < m. The events “aj, ..., aj witness B for ay, a,” are independent and
the intersection of their complements includes the event “no v, ..., v, witness
Bforaj, a,”. Nowuse Lemma 1. [

Now,

[M does not satisfy @]
= J [vs---IvD(ay, az, v3, ..., v) fails in M].

aytaz
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This and Lemma 2 give
Prob[M does not satisfy ¢] < pn(pn — 1)(1 — &)™

Suppose that # is big enough so that pan(pn — 1)(1 — ¢)” < 1. Then the prob-
ability that M satisfies @ is positive. Since the probability space S,, is finite it means
that some member of S, satisfies @. Theorem 2 is proved.

Our proof gives an upper bound zp on the size of a minimal nonsingleton model
of ¢ where n satisfies 2(/ — 2)log(np) < e(n — /) log e and e is the basis of natural
logarithms.

For, suppose this inequality is satisfied. Since m > (n — 2)/(l — 2) — 1 =
(n — D/l = 2), we have log(np)? < em log e. Use the college calculus to check that
xloge < —log(l — x)for0 < x < 1. Hence

log(np)? < —m log(l — ¢),
.. log(np)? + mlog(l — ¢) < O,
Somp)A(l — om < 1,

which suffices in the proof of Theorem 2.

Godel [3] gives a better upper bound on the size of a minimal nonsingleton model
of @. It is 7L where L satisfies the inequality 2(/ — 2)g(loga(7L) + 1) < L.

In order to improve our bound we can be more cautious in defining a random
structure M. In particular we can be more restrictive in defining k-place predicates
for k > 3. A real sophistication is needed, however, to get Gédel’s bound.

§3. A generalization for the V*3* case. It may seem that the proof of Theorem |
is straightforwardly generalizable for the V*3* case. The sentence

VxVyVzIu[(Rxy & Ryz - Rxz) & ~ Rxx & Rxu]

has, however, only infinite models. Where does the would-be generalization of
Theorem | break down when ¢ is this sentence? To answer this question note
that the definition of a random structure fails to ensure ““R is transitive’. Techni-
cally speaking we lose independence of events that were used to prove Lemmas
| and 2 in §2.

THEOREM 3. Let ¢ be a sentence Vvi---Vv,Av,.y---v@(v, ..., v,) where @
is quantifier free. Suppose that M is a model of ¢ such that for every | < j < k,
the table toy(ay, . .., a;) of arbitrary j-tuple a;, ..., a; of elements of M is uniquely
defined by tby(ay), . . ., tby(a;). Then ¢ has a finite model.

The proof of Theorem 3 is a straightforward generalization of the proof of
Theorem 1.

§4. A note on equality. As we mentioned in §0, it is still unknown whether every
satisfiable dyadic V23 sentence with equality has a finite model. Why is equality
so important? Where did we use the fact that equality does not appear in ¢?

The situation appears to be even more intriguing if one notices that we do en-
sure in the proof of Theorem 2 that the desired witnesses as, . . ., g, are different
between themselves and different from a;, a;. Moreover, the proof of Theorem 2
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does not use absence of equality at all. However, absence of equality was used in
§1 to prove necessity of (G1).

DEFINITION. Let M be a structure. An element a of M is a king if there is no
other element b of M with tb(b) = tby(a).

Any satisfiable first-order sentence ¢y without equality has a model without
kings. We demonstrate that statement in an example. Suppose that a dyadic pre-
dicate symbol R is the only nonlogical constant in ¢. If M is a model of ¢ and
a € M throw into M a new element &’ (a duplicate of @) and define Ra'b < Rab,
Rba’ <> Rba for all b e M. Evidently the new model satisfies ¢ and neither a nor

a' is a king in the new model.
If we allow equality in ¢ but suppose that ¢ has a model without kings then

Theorem 1 remains valid.
See also Goldfarb, Gurevich and Shelah [5].

REFERENCES

[1] BurTtOoN S. DrEBEN and WARREN D. GOLDFARB, The decision problem: Solvable classes of
quantificational formulas, Addison-Wesley, Reading, Mass., 1979.

[2] RoNALD FAGIN, Probabilities on finite models, this JOURNAL, vol. 41 (1976), pp. 50-57.

[31 KurT GODEL, Zum Entscheidungsproblem des logischen Funktionenkalkiils, Monatshefte fiir
Mathematik und Physik, vol. 40 (1933), pp. 433—443.

[4] WARREN D. GOLDFARB, On the Gidel class with identity, this JOURNAL, vol. 46 (1981), pp.
354-364.

[5] WARREN D. GOLDFARB, YURI GUREVICH and SAHARON SHELAH, On the Godel class with iden-
tity (in preparation).

[6] LaszLo KALMAR, Uber die Erfiillbarkeit derjenigen Zahlausdrucke, welche in der Normalform
zwei benachtbarte Allzeichen enthalten, Mathematische Annalen, vol. 108 (1933), pp. 466-484.

[71 HARRY R. LEWIS, Unsolvable classes of quantificational formulas, Addison-Wesley, Reading,
Mass., 1979.

[8] , Complexity results for classes of quantificational formulas, Journal of Computer and
System Sciences, vol. 21 (1980), pp. 317-353.

[9] KURT ScHUTTE, Untersuchungen zum Entscheidungsproblem der mathematischen Logik,
Mathematische Annalen, vol. 109 (1934), pp. 572-603.

[10] , Uber die Erfiillbarkeit einer Klasse von logischen Formeln, Mathematische Annalen,

vol. 110 (1934), pp. 161-194.

UNIVERSITY OF MICHIGAN
ANN ARBOR, MICHIGAN 48109

HEBREW UNIVERSITY
JERUSALEM, ISRAEL



	Article Contents
	p. 1120
	p. 1121
	p. 1122
	p. 1123
	p. 1124

	Issue Table of Contents
	The Journal of Symbolic Logic, Vol. 48, No. 4 (Dec., 1983), pp. 913-1286+i-viii
	Volume Information [pp.  i - vii]
	Front Matter
	Discontinuities of Provably Correct Operators on the Provably Recursive Real Numbers [pp.  913 - 920]
	Wtt-Degrees and T-Degrees of R.E. Sets [pp.  921 - 930]
	A Filter Lambda Model and the Completeness of Type Assignment [pp.  931 - 940]
	Algebraic Semantics for Quasi-Classical Modal Logics [pp.  941 - 964]
	Characterizing the Continuous Functionals [pp.  965 - 969]
	Some Model Theory of Modules. II. On Stability and Categoricity of Flat Modules [pp.  970 - 985]
	Modal Analysis of Generalized Rosser Sentences [pp.  986 - 999]
	Indecomposable Ultrafilters Over Small Large Cardinals [pp.  1000 - 1007]
	The Noncommutativity of Random and Generic Extensions [pp.  1008 - 1012]
	Forcing and Reducibilities. III. Forcing in Fragments of Set Theory [pp.  1013 - 1034]
	On the Ramsey Property for Sets of Reals [pp.  1035 - 1045]
	On a Generalization of Jensen's □<sub>κ</sub>, and Strategic Closure of Partial Orders [pp.  1046 - 1052]
	Blunt and Topless End Extensions of Models of Set Theory [pp.  1053 - 1073]
	Degrees of Types and Independent Sequences [pp.  1074 - 1081]
	A Baire-Type Theorem for Cardinals [pp.  1082 - 1089]
	Two Further Combinatorial Theorems Equivalent to the 1-Consistency of Peano Arithmetic [pp.  1090 - 1104]
	Rabin's Uniformization Problem [pp.  1105 - 1119]
	Random Models and the Gödel Case of the Decision Problem [pp.  1120 - 1124]
	Model-Complete Theories of e-Free AX Fields [pp.  1125 - 1129]
	Model-Complete Theories of Formally Real Fields and Formally p-Adic Fields [pp.  1130 - 1139]
	A Tableau System of Proof for Predicate-Functor Logic with Identity [pp.  1140 - 1144]
	Addendum to "Logic of Reduced Power Structures" [p.  1145]
	Downward Transfer of Satisfiability for Sentences of L<sup>1,1</sup> [pp.  1146 - 1150]
	Une Théorie de Galois Imaginaire [pp.  1151 - 1170]
	State-Strategies for Games in <tex-math>$F_{\sigma\delta} \bigcap G_{\delta\sigma}$</tex-math> [pp.  1171 - 1198]
	Reviews
	untitled [pp.  1199 - 1201]
	untitled [pp.  1201 - 1203]
	untitled [pp.  1203 - 1204]
	untitled [pp.  1204 - 1206]
	untitled [pp.  1206 - 1207]
	untitled [pp.  1207 - 1209]

	The Herbrand Symposium: (Marseilles July 16-July 24 1981) [pp.  1210 - 1232]
	Meeting of the Association for Symbolic Logic: Madison 1982 [pp.  1233 - 1239]
	Association for Symbolic Logic [pp.  1240 - 1272]
	Index of Reviews: Volumes 47, 48 [pp.  1273 - 1283]
	Notices [pp.  1285 - 1286]
	Errata: Intensional Logic in Extensional Language [p.  viii]
	Back Matter



