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I N T R  OD UC T I  ON 

Most work on the decision problem for the logic of predicates  belongs to the c lass  of p re l iminary  
formulas ,  posed in a way limited to prefixes and predicate  var iables .  These investigations have recent ly ,  
in many respec t s ,  been completed.  Corresponding resul t s  are  introduced at the beginning of the second 
chapter of this work in extensive detail.  

It turns out that that par t  of these resul ts  can be anticipated f rom simple algebraic considerat ions  
and that the situation is far more  general ,  at any rate  for any theory  of f i r s t  order .  The f i rs t  chapter  of 
our work is dedicated to this. 

The content of the second chapter  essential ly general izes  the above-mentioned resul ts  on the decision 
problem for the logic of predicates  to the case where there are  assumed var iables  of operation.  The 
second chapter  can be considered,  also,  as an i l lustration of the f i rs t .  The more  difficult of the special  r e -  
sults of the second chapter  have been considered by us separa te ly  (see [3]). 

In distinction to the case of absence of operat ions,  adjoining the equality sign in the case of available 
operations mater ia l ly  a l ters  the picture .  Our work is comparable  with [4] for instance.  In the second chap-  
ter ,  we consider  only formulas  without the equality sign. 

Clarif ication of the connections between the resul ts  of Chapter 2 and ear l ie r  resul ts  of other authors 
we postpone to §4 of Chapter 2. 

C H A P T E R  1.  T I G H T  S E T S  AND T H E  D E C I S I O N  P R O B L E M  

1. T i g h t  P a r t i a l l y  O r d e r e d  S e t s  

This section is a lgebraic  in cha rac te r .  In par t icu lar ,  as is acceptable and convenient in con temporary  
general  algebra,  we shall use the same symbol to denote a part ial ly ordered  set,  i .e. ,  a definite model,  and 
the fundamental set of this model.  Analogously, the concept "subset  of a part ial ly ordered set"  will have 
two meanings.  One meaning is submodel,  the other - subset  of the basic set .  Instead of "par t ia l ly  ordered 
set" we shall abbreviate "p.o. set." All information needed f rom the theory  of partial order ing can be found 
in §4 of Chapter 1 of the book [6]. 

Definition 1. (Definition of tightness).  A p.o. set M is called tight if each sequence {x~} ~ c o  of e le-  

ments of M contains an increasing (not necessa r i ly  s t r ic t ly  increasing) subsequenee. 

Here u) denotes, as usual, the natural order  in the set of all natural numbers .  Obviously, if M is a 
tight p.o. set,  then: 

THEOREM 1. /vf cannot contain an infinite subset  of pairw~se noncomparable  elements  and 

THEOREM 2. ?¢I sat isf ies  the descending chain condition. 

Conversely,  if a p.o. set sat isf ies the conditions of Theorems 1 and 2, then it is tight. We shall not 
use here,  and hence will not show, this converse  asser t ion .  
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L E M M A  1. Suppose  M is  a t ight  p .o .  s e t ,  X G A/ and • x y ( x , : y & y e X  , x ~ X )  whi le  M e 
i s  the  c o l l e c t i o n  of m i n i m a l  e l e m e n t s  f r o m  M --  X . Then A4 a i s  f i n i t e  and 

M--X ={yeM :3xEM o (x~y~}. 

P r o o f .  F i n i t e n e s s  of A4 o fo l lows  f r o m  T h e o r e m  1. The s e c o n d  a s s e r t i o n  of the  L e m m a  is  a c o n -  
s e q u e n c e  of T h e o r e m  2. 

T h i s  p r o v e s  L e m m a  1. 

L E M M A  2. A s u b s e t  and h o m e o m o r p h i c  i m a g e  of a t ight  p .o .  s e t  is  t i gh t .  The d i r e c t  p r o d u c t  of a 
f i n i t e  n u m b e r  of  t ight  p .o .  s e t s  is  t ight .  

P r o o f .  The f i r s t  a s s e r t i o n  of the L e m m a  is  obv ious .  F o r  the second  a s s e r t i o n  t h e r e  would  su f f i ce  
a d e m o n s t r a t i o n  fo r  the  c a s e  of  two d i r e c t  s e t s .  Le t  ~7 and • b e  t ight  p .o .  s e t s  and {(cz~, ~ ) }  ~ E ~  

be  a s e q u e n c e  of  e l e m e n t s  of the  p .o .  s e t  t q × B .  On the  s t r e n g t h  of t i g h t n e s s  of P , the  s e q u e n c e  {a~} f~  ~ 

c o n t a i n s  an i n c r e a s i n g  s u b s e q u e n c e  {a  i } i e X  • He re  X is  s o m e  in f in i t e  s u b s e t  of a ) .  On the s t r e n g t h  

of  the  t i g h t n e s s  of ~3, the  s e q u e n c e  { ~ }  £ e X  c o n t a i n s  an i n c r e a s i n g  s u b s e q u e n c e  {d i}~eY: Obv ious ly ,  

{(~zi.~i))~Ey is an increasing subsequence of the sequence {(a~, ~ ) }  ~e a) • 

Lemma 2 is proved. 

Definition 2. (Definition of the natural order of words). Let a and ~ run through the words of some 
alphabet. We put a ~  ~ if Lz is a subword (not a splicing together of subwords) of g , i.e., if ~z arises 
from ~ by erasing some number (0, 1 .... ) of occurrences of letters. The resulting partial ordering will be 
called natural. 

LEMMA 3. Let /v/ be the set of all words of a finite alphabet ~ ,  partially ordered in the natural 
manner. The p.o. set 54 is tight. 

Proof. This proceeds by induction on r~-  ~ .  For r~= 0,1 the Lemma is obvious. Suppose rz~1 
and that the Lemma is already proved for n -  i .  We enumerate the elements of Q by the natural num- 
bers from O to r z - I  : 

= {~o' ~, . . . . .  ~ n -  t} ' Further, for each natural number rn and for • = 0  . . . . .  r z -  I we put 

= , G . 

We use  the  s y m b o l  "~e" h e r e  and f a r t h e r  on in th i s  s e c t i o n  to s y m b o l i z e  the o p e r a t i o n  of a t t a c h i n g  to w o r d s .  
A - i s  the  e m p t y  w o r d .  

L E M M A 4 .  If a ~ M  and "7(d - z - -a ) , t hen  a can  be w r i t t e n  in the  f o r m  ¢z ~ - ~ a j * . . . ~  a r e , w h e r e  
each  a k does  not con ta in  ~k  ( some  ~zk can  be  e mp ty ) .  

P r o o f  by  induc t ion  on r ~ .  The  L e m l n a  i s  t r i v i a l  for  rn---O. It is  obvious  for  r n = Y .  Suppose  rn>d  
and t ha t  fo r  m - - t  L e m m a  4 i s  s t i l l  d e m o n s t r a t e d .  Suppose  d is  the m a x i m a l  beg inn ing  s t r e t c h  of a 
which  does  not m a j o r i z e  d r , , _  ¢ • Then ~z = d ~ c z , ,  f o r  s o m e  ~zrn • On the s t r e n g t h  of the  induc t ion  

a s s u m p t i o n  i t  is  su f f i c i en t  to show tha t  a , ~  does  not con ta in  9~m. In th is  we m a y  r e g a r d  a ~  as  d i f f e r e n t  

f r o m  _A_ . On the  s t r e n g t h  of m a x i m a l i t y  of d~ the w o r d  a , ~ = ~ , ~ _ ¢ ,  c for  s o m e  c and d,_,.,_~,~d*-~,.,.,_~. 

If c b e l o n g s  to ~ , ~ , t h e n ,  o b v i o u s l y ,  d , , ~ a  = ~ * ~ ' , ~ _  ~ e c  • Hence c and a long  wi th  i t  a m do not  

con t a in  y ( m .  

Th i s  p r o v e s  L e m m a  4. We p r o c e e d  to p r o v e  L e m m a  3. 

We r e m a r k  tha t  if d' is  the  l eng th  of a w o r d  ( i . e . ,  in g e n e r a l  the  n u m b e r  of o c c u r r e n c e s  of l e t t e r s  
in the  word)  ~z~/v/ , then a < c J g . ~  . Suppose  now tha t  {cq.}~ew is  a s equence  of e l e m e n t s  of ~4. If 

e a c h  az~, is  l e s s  than  o r  equal  to s o m e  ~z~ , then,  obv ious ly ,  the s equence  {~zi}&~ has  an i n c r e a s i n g  

s u b s e q u e n c e .  Hence we s h a l l  c o n s i d e r  t ha t  for  s o m e  rn  V~. 1 (aTm~<c~i). On the  s t r e n g t h  of L e m m a  4, 

each  ~z~. can  a s s u m e  in th is  c a s e  the  f o r m  ~zZ----~z&,...*~zz,,,, w h e r e  each  ~z~./< does  not con ta in  ~]i . 
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Cons ide r  now the d i r e c t  p roduc t  M, x ... ~ jr/ , , , ,  w h e r e  A/k is the na tu r a l l y  o r d e r e d  se t  of  all  w o r d s  of  

the a lphabet  q - -  {~k} " This d i r e c t  p roduc t  is t ight  on the  s t r eng th  of the induct ion hypo thes i s  and L e m m a  

2. F r o m  the sequence  

whose  e l emen t s  a r e  d i r e c t  p r o d u c t s  we can choose  an inc reas ing  subsequence  {(a~t ..... cz~m)} L'eX " The 

c o r r e s p o n d i n g  subsequence  { a i }  ~eX is an i n c r e a s i n g  subsequence  of the sequence  { a i }  g ~  . 

L e m m a  3 is p roved .  

Defini t ion 3. (Definition of W ) . By m e a n s  of W we denote  the co l l ec t ion  of all w o r d s  of the 

a lphabet  { V, 3 . ¥ ' ~ ' 3 ~ } .  q u a s i - o r d e r e d  in the  fol lowing way:  At&B ( r n o d W )  m e a n s  that  ~q can  be d e -  

r ived  f r o m  8 with the help of  the ope ra t i ons :  

6r I - cance l l a t ion  of a s ingle  o c c u r r e n c e  of  ~ V  o r  3 and 

/~$ - c h a n g e  of  one o c c u r r e n c e  of  ~ into an o c c u r r e n c e  of  ~ "  , w h e r e  O_~rn< ~ , and 

~7~ - change  of  one o c c u r r e n c e  of ~ ~" into an o c c u r r e n c e  of  ,~'%~ ~ "  . 
r n 4 -  ,' Here ,  as usual ,  ~ a - - - A ,  c] ~ _ ~ c ~  . In p lace  of /7~</~(~noaz~¢) and t 3 ~  ( r n o d W ) w e  shal l  wr i t e  

,,7 = t~ ( rnodW ) . 

We r e c a l l  tha t  the q u a s i - o r d e r i n g  /o is r e f l ex ive  and t r an s i t i ve .  The r e l a t i on  x/oju and z//ox 
is,  as  is na tu ra l ,  ca l led  quas i - equa l i t y .  In a q u a s i - o r d e r e d  se t  M ,  by ident i fying quas i - equa l  e l e m e n t s ,  
we get  s o m e  p.o.  se t ,  which we cal l  the p.o.  se t  c o r r e s p o n d i n g  to A4 . 

Definit ion 1 ' .  The q u a s i - o r d e r e d  se t  /vl will  be ca l led  t ight  if i ts c o r r e s p o n d i n g  p.o.  s e t  is t ight .  

LEMMA 5. The q u a s i - o r d e r e d  se t  W is t ight .  

P roo f .  On the s t r eng th  of L e m m a  3, the na tu ra l  f o r m  of the se t  of  all w o r d s  of the a lphabet  

{ V,__q, V ~ . 3 " ~ }  is t ight.  The  mapping  / / - - , - { , ~  : / / . - ~ B ( r n o d W ~ }  is a h o m o m o r p h i s m  of this t ight p.o.  

se t  to the p.o.  se t  c o r r e s p o n d i n g  to M . On the s t r eng th  of L e m m a  2 and Definit ion 1 ' ,  W is t ight .  

L E M M A 6 .  If ATI,...,ATn, ~ W  and AT-~/Tt~..~-f7 ~ and /7-~B (rnoaT W) , then t he re  can  be 

found E3 L. ~ W such  that ~ -~--B~,~...~-BnCrnod W )  and ,~L.~ B j  (~-,-~odW).  

Proo f .  It is suf f ic ient  to d e m o n s t r a t e  this L e m m a  for  n---&. It is fu r the r  suff ic ient  to l imi t  o u r -  
se lves  to the e a s e  w h e r e  ~q a r i s e s  f r o m  8 by means  of one appl ica t ion  of  one opera t ion .  The L e m m a  is 
obvious  if th is  ope ra t ion  is ~ . If the ope ra t ion  is ~ , then s imp ly  B =  ~ 7 ( ~ o d W ) .  Suppose ~q a r i s e s  
f r o m  ~ by one appl ica t ion  of the ope ra t ion  O z .  The L e m m a  is obvious if the ~ ~ a r i s i n g  as  a r e s u l t  of 
the change  whol ly  en t e r s  into A]¢ or  into /7 z . We c o n s i d e r  the r e m a i n i n g  poss ib i l i ty :  

z ,  = z , 

Obviously,  the r o l e  of the d e s i r e d  B and ~ can be played by the w o r d s  C~-~z~ ~ ' - ~ 2 )  . 

L e m m a  6 is p roved .  

Put  ~,-~-- V,  if rn is even and ~ , ~ = 3  if 777 is odd, and as be fo re  do=- / / -  , d , , , + ,  ~ d ,~  # ~ q _ , .  

LEMMA 7. Each  ~q~ W can be r e p r e s e n t e d ,  and m o r e o v e r  uniquely,  in the f o r m  

where 0~ is a natura l  number of the symbol  c~o m~d 0 < %  . . . .  , ~ .  Here aZm~A~(,-~oa]W) and 7 ( d  +~ 

Proof .  The ex i s t ence  of the r e p r e s e n t a t i o n  r e f e r r e d  to is d e m o n s t r a t e d  in an obvious  m a n n e r  by  
induction on the length of  the word  A7 . It is a l so  obvious that  h e r e  d r , . ~ / ]  (-,-nod W )  . F u r t h e r  the word  
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P r o o f .  

i s  obvious  if 

of L e m m a  7 

for  s o m e  "qk ~ ~ "  (,-nadW) p r e s e r v e ,  fo r  each  of the  o p e r a t i o n s  LYe-- ~ , the p r o p e r t y  of  the  w o r d ' s  

hav ing  such  a r e s o l u t i o n .  Hence  -7(d,.,~q_¢ ~ f l ( rnoofVC}) ,  and,  a c c o r d i n g l y ,  rn  is  de f ined  uniquely•  Now 

l e t  ;q -~- B(rn..odW), w h e r e  ~3 _ ~ o ~ . ~ . P t  ~. . .~_~,, ,  and P~ 

On the strength of what has been outl ined above, 8 = ~ 3 o ~ B ~  ...~ B,.~ for  some ~k~. :~ (~odw)  . 

I t  is easy  to see that  .  ence and,  on the gro d of  % . 

Lemma 7 is proved. 

Def in i t ion  4.  (Def in i t ion  of s t a n d a r d  s e t s  of p r e f i x e s ) .  W o r d s  of the a l p h a b e t  {V ,3  / a r e  c a l l e d  p r e -  
f i x e s .  The c o l l e c t i o n  of a l l  p r e f i x e s  we  deno te  b y  ~ ) .  Suppose  ~q~ W . Pu t  

The  se t  /7 of p r e f i x e s  we wi l l  c a l l  s t a n d a r d  if fT~-~ o r  /7 = / '7(~) for  s o m e  ~7~ W . 

L E M M A  8. Suppose  "A, ~ ~ W .  Then  ,41 ~ ~3 ( r n e d  W) is e qu iva l e n t  with f7(/7) ~--/71~). 

The p r o o f  r e q u i r e s  only  the  i m p l i c a t i o n  

/76~7) ~ rTCk3) ~ A~ B ( ~ o d  W).  

Suppose  /7(/4) ~ ~ ( 6 )  and deno te  by  m e a n s  of ~ff the  length  of the  w o r d  ~ .  On the  s t r e n g t h  of 

L e m m a  7, ~7 ~ - ~ o o - ~ . . . ~ ,  ~ for  s o m e  ,~,c~o and o<, . . . .  ,c<~ >-o . Denote  a~-~/ fo~- ' . . .  ~-~em~ , w h e r e  

~=,-~Zn~z,D-~'}. Since a~ /7 ( / , ' )  ~ / - / ( ~ ) ,  then  a ..< ~ ( r ~ o a / W ) .  On the s t r e n g t h  of L e m m a  6, e3 ---- 

OCt' L~o~...*B,.  ~ (~oazbl) fo r  s o m e  B ~ - - c / ~ ( ; ~ o d  ',,v) . In f ac t  B i > ~  ~ z T d w )  . Th i s  i s  obvious  if  

g i = ~ . .  Suppose  ~ ---- £4-¢. Then the length  of ~ i  is  l e s s  than  ~ ' i ,  and hence  f r o m  B i ~ [ i ( ~ ' , ~ ' W )  

i t  fo l lows  t ha t  ~ even  c o n t a i n s  an o c c u r r e n c e  of ~ . Hence 

,i~ _~ Bo * • .. ~B~,, ~-- B (~,-~od ~ )  • 

L e m m a  8 is p r o v e d .  

L E M M A  9. A c o l l e c t i o n  of s t a n d a r d  s e t s  of p r e f i x e s ,  p .o .  wi th  r e s p e c t  to s e t  t h e o r e t i c  r e l a t i o n s ,  

i s  t i gh t .  

The p r o o f  s t e m s  in an obv ious  way  f r o m  L e m m a s  5 and 8. 

L E M M A  10. A union of i n c r e a s i n g  s e q u e n c e s  of s t a n d a r d  s e t s  of p r e f i x e s  is  s t a n d a r d •  

_ _  Le t  f-/a ,~ /'7~ ~ . . .  be  an  i n c r e a s i n g  s e q u e n c e  of s t a n d a r d  s e t s  and /7 -~ ~//-/~-. The I . e m m a  

/ ' 7 = ~ .  Suppose  / 7 ~ = ~ .  Then e a c h  f ']~=/'7(,q i) fo r  s o m e  ~ i ~ W  . On the  s t r e n g t h  

• k ~ ( L  ) 

fo r  s u i t a b l e  rnCr:),~io and cQt ..... ¢xz,.,~(i):,12 

Since  / - / ~  , i t  fo l lows  tha t  rn--~ aup~r.,.z(g): ~ e W } < ~ , ,  Without  a f fec t ing  g e n e r a l i t y  we can s u p -  

p o s e  tha t  e a c h  rna:)-~r,-L. Put  

We show that I'7 ~- / - I (~I) .  I f  oze/-I , then for  some ~: , a d-ATz: (r,redW) and hence a ~  /:l(rnodW). Con- 

ve rse l y ,  s u p p o s e  the  p r e f i x  ~ (~nad W ) .  The w o r d  ~7=8o,*...~Br, z for  s o m e  Bl'~?(r,',adW). The 
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o p e r a t i o n s  ~ - -  ~F~ p r e s e r v e  the  p r o p e r t y  of the  w o r d ' s  hav ing  th i s  r e s o l u t i o n .  Then ~z= C ~ o ~ , . . 4 e a  ~ 

for  ome Here a j  for the entering natur  Zi" It is easy to that. for 

s u f f i c i e n t l y  l a r g e  £, ~ o ~ / / .  for  e v e r y  t:. H e r e  a~,,4~(rr, aa/W), and h e n c e  a e/7~. ___ / 7 .  

L e m m a  10 i s  p r o v e d .  

Def in i t ion  5. (Def in i t ion  of c l o s u r e  of  a s e t  of  p r e f i x e s } .  The c l o s u r e  of  the  s e t  /7 ~ we  deno te  

~ t a ~ : . g ~ e / 7  (~z~-~}. (Na tu ra l  o r d e r ) .  In c a s e  / 7 - - f ~  we  c a l l  the  s e t  /7 c l o s e d  as  u s u a l .  

T H E O R E M  1. Each  c l o s e d  s e t  of p r e f i x e s  is  t he  union of a f in i t e  n u m b e r  of  s t a n d a r d  o n e s .  

P r o o f .  Suppose  /7 is  a c l o s e d  s u b s e t  of  ~ .  E a c h  h e / 7  l i e s  in a s t a n d a r d  {~  : ~ a }  __.c/7 

On the s t r e n g t h  of I . e m m a  10 and Z o r n ' s  L e m m a ,  each  s t a n d a r d  s u b s e t  f r o m  /7 l i e s  in s o m e  m a x i m a l  
one among  the  s t a n d a r d  s u b s e t s  of [7 .  A c c o r d i n g l y ,  /7 is  the  union of i t s  m a x i m a l  s t a n d a r d  s u b s e t s .  
Among  t h e m s e l v e s  t h e s e  m a x i m a l  s t a n d a r d  s u b s e t s  a r e  p a i r w i s e  not  c o m p a r a b l e .  On the s t r e n g t h  of 
L e m m a  9 t h e i r  n u m b e r  is  f in i t e .  

T h e o r e m  1 is  p r o v e d .  

L E M M A  11. Suppose  ~? i s  a l a t t i c e  ( s t r u c t u r e } ,  M _~ ~ and A4 is  t ight  and  e a c h  e l e m e n t  of  ~? is  
the  union of a f in i t e  n u m b e r  of e l e m e n t s  of  /yr. Then ~ i s  t igh t .  

P r o o f .  Suppose  tha t  ~o i s  not t ight  and { x ~ } ~  w is a s e q u e n c e  of  e l e m e n t s  of ~ not  having  an i n -  
c r e a s i n g  s u b s e q u e n c e .  Then t h e r e  e x i s t s  an ~oe ~, such tha t  

~,o<f • ~(x, :o~ x/), 
and a l s o  the  s e t  X of such  c: o is  in f in i t e .  The s e q u e n c e  {xL} i~X s a t i s f i e s  the cond i t ion  i ~ - f  - - ' -  

- ,(x~ ~ × f ) .  R e p r e s e n t  e a c h  X i , f o r  i e X  in the f o r m  of a union of e l e m e n t s  of  ~4 :xg - - - -X~ov . . . vx~r , a . ) .  

With  the he lp  of induc t ion ,  we  c o n s t r u c t  a d e c r e a s i n g  s e q u e n c e  X ----X o ~ X~Xz~ . . .  and a func t ion  r ~ =  r~(~:) 

de f ined  for  e ach  i f r o m  Y~--~r,-~inXk: k ~ cA} . Suppose  X k was  c o n s t r u c t e d  a s  wel l ,  and i = r n g n X  k. I f  

gu '~Xk  , then ,  fo r  a t  l e a s t  one rrt~r,'~(i) t h e r e  ho lds  -7 (x£,n~ x / ) .  Since  X k - -  ~ }  i s  a union of s e t s  

X~ {f~Xk: -~(x£m ~ xf)} . Put r~6£)~---rrtlrt{r. : Xk m is infinite} and Xk+ ' = Xk.K) It is 

e a s y  to s e e  tha t  t he  s e q u e n c e  {x,. nc~)} £ e ¥  of e l e m e n t s  of M s a t i s f i e s  the  cond i t i on  £ < /  • 

• n ( x i , ( i  ~ .~ x/,.,(./) ) , w h i c h  c o n t r a d i c t s  the  t i g h t n e s s  of M . 

L e m m a  11 i s  p r o v e d .  

T H E O R E M  2. The c l o s e d  s e t s  f o r m  a t ight  s u b l a t t i c e  of the  l a t t i c e  of  a l l  s e t s  of p r e f i x e s .  

P r o o f .  The  union and i n t e r s e c t i o n  of two c l o s e d  s e t s  of p r e f i x e s  i s  o b v i o u s l y  c l o s e d .  A c c o r d i n g l y  
the  c l o s u r e  of a s e t  r e a l l y  c o n s t i t u t e s  a s u b l a t t i e e .  I ts  t i g h t n e s s ,  too ,  fo l lows  f r o m  L e m m a s  9 and 11 
and T h e o r e m  1. 

T h e o r e m  2 i s  p r o v e d .  

Def in i t ion  6. (Def in i t ion  of ~ ). ~ i s  a q u a s i o r d e r e d  s e t .  The e l e m e n t s  of ~ a r e  a l l  p o s s i b l e  
s e q u e n c e s  .J = ( ~ , , ~  ) , w h e r e  e a c h  ~4~- is  a n a t u r a l  n u m b e r  (0, 1 . . . .  ) o r  the  s y m b o l  ~ , ,  and _4 
r~C~-nod .-~.) m e a n s  i ~ e ' s a m e  as  

Def in i t ion  7. (Def in i t ion  of ~--~ *- ).  -~ ~" is  a p a r t i a l l y  o r d e r e d  s e t .  The e l e m e n t s  of ~ * -  a r e  
e x a c t l y  t h o s e  e l e m e n t s  .4 ~ ~ ,  such  tha t  -~I ~ - ~  ~ - ~ " "  and e i t h e r  e ach  A { ~ - ~ ,  o r  A ends  in z e r o s .  

O r d e r  in ~ ~ is  def ined  so :  ~ l - r /  ( , ~ o d ~  ~) m e a n s  the  s a m e  as  ~¢i(.~i ~ ~i  ) • 

L E M M A 1 2 .  F o r  each  . 4~  ~ we  put  ~ ~ _~ ~ ( _ ~ / , j ~  .... ),  w h e r e  A ~  ~ ~4- • The m a p p i n g  _ ~ - . - - ~  

is  a h o m o m o r p h i s m  of ~" to ~ . Th is  h o m o m o r p h i s m  induces  an i s o m o r p h i s m  of the  q u o t i e n t - s e t s  of 
wi th  r e s p e c t  to _~ = ~ ( r ,  od~-- to .~. ~" 

164 



The  p r o o f  i s  o b v i o u s .  

T H E O R E M  3. The p .o .  s e t  .=-. i s  t igh t .  

COROLLARY.  The  q u a s i - o r d e r e d  s e t  ,-~ is  t igh t .  

P r o o f  of T h e o r e m  3. If A , ~  E.-~. ~ , then  both 

l i e  in ~ .  ~ . Th i s  e a s i l y  f o l l o w s .  Hence -"~-~" i s  a l a t t i c e .  We deno te  by  -'=:-.¢ the c o l l e c t i o n  of  a l l  t h o s e  
_~ e.-~.~' a t  w h i c h  a l l  d i f f e r e n t  f r o m  z e r o  e l e m e n t s  a r e  equa l  a m o n g  t h e m s e l v e s .  Each e l e m e n t  of the  l a t -  
t i c e  .=~-'* is  the union of a f in i t e  n u m b e r  of e l e m e n t s  of ~-~. On the s t r e n g t h  of L e m m a  11, th is  su f f i ce s  to 
p r o v e  the t i g h t n e s s  of 

t • 

E a c h  _~ ~ ~ r  we  p l a c e  in the  p a i r  r e l a t i o n  ( . ~ ,  H ~ ' w h e r e  ]~----~,, if  _~ ---- (o,,,.~, .... ) ,  and / x  
r,~',~ {~: • _~Z ~ o} o t h e r w i s e .  Obv ious ly ,  t he  m a p p i n g  _4 - - * -  (:~, , /x) i s  an i s o m o r p h i c  i m b e d d i n g  of ~ 

in the d i r e c t  p r o d u c t  of the  s e t  ,2 u {~o} onto i t s e l f .  A p p l i c a t i o n  of L e m m a  2 c o m p l e t e s  the  p r o o f .  

T h e o r e m  3 i s  p r o v e d .  

§ 2 .  T i g h t  S e t s  a n d  t h e  D e c i s i o n  P r o b l e m  

Le t  L be s o m e  l a n g u a g e  of the  log ic  of  p r e d i c a t e s  and f i r s t  d e g r e e  o p e r a t i o n s .  The  f o r m u l a s  of the  
l a n g u a g e  L a r e  c o n s t r u c t e d  by the u sua l  r u l e s  wi th  the  he lp  of c o n n e c t i v e s  and of q u a n t i f i e r s  f r o m  i n -  
d i v i d u a l ,  p r e d i c a t e ,  and o p e r a t i o n a l  v a r i a b l e s ,  and p r e d i c a t e  and o p e r a t i o n a l  c o n s t a n t s .  In connec t ion  wi th  
the  f ac t  t ha t  we in tend to c o n s i d e r  the  q u e s t i o n s  a l g o r i t h m i c a l l y ,  we  a s s u m e  that  the  v a r i a b l e s  and c o n -  
s t a n t s  of the l a n g u a g e  a r e  w o r d s  of s o m e  f ixed  f in i te  a l p h a b e t  and tha t  the fo l lowing  s e t s  a r e  r e c u r s i v e :  
the s e t  of a l l  f o r m u l a s  in the  l a n g u a g e  L ,  the  s e t  of a l l  i nd iv idua l  v a r i a b l e s ,  the s e t  of a l l  p r e d i c a t e  v a r i -  
a b l e s ,  the  s e t  of a l l  i - p l a c e  p r e d i c a t e  v a r i a b l e s  for  e ach  n a t u r a l  n u m b e r  £ ,  the se t  of a l l  o p e r a t i o n a l  
v a r i a b l e s  and the s e t  of a l l  £ - p l a c e  o p e r a t i o n a l  v a r i a b l e s  fo r  e a c h  n a t u r a l  n u m b e r  i .  

Deno te  by  _4~ (L) the n u m b e r  of d i f f e r e n t  ~ - p l a c e  p r e d i c a t e  v a r i a b l e s  and by  ~ i  (L)  the n u m b e r  of 
d i f f e r e n t  r2-p lace  o p e r a t i o n a l  v a r i a b l e s  of the  l a n g u a g e  L.  F o r  the  s a k e  of c o n v e n i e n c e  of p r e s e n t a t i o n  we  
a s s u m e  tha t  ~ o C L ) ~ o c L )  ~ o • We a l s o  a s s u m e  tha t  if 4-.< g_<f, then  ~ j  (L) :" 0 i m p l i e s  _~ L" (/-')="¢" 

and ~ f  (/_,) • o i m p l i e s  r[i (L)-~ ,~,. R e l a t i v e  to the n u m b e r  of p r e d i c a t e  and o p e r a t i o n a l  c o n s t a n t s  of 

the  l a n g u a g e  L,  no s u p p o s i t i o n s  wi l l  be  m a d e .  The n u m b e r  of i nd iv idua l  v a r i a b l e s  is  in f in i t e .  

A m o d e l  of the l a n g u a g e  /_, i s  a n o n e m p t y  s e t  t o g e t h e r  wi th  the  p r e d i c a t e s  def ined  on i t  and the 
o p e r a t i o n a l  c o n s t a n t s  of the  l a n g u a g e  L .  

Def in i t i on  8. (Def in i t ion  of (D (/7,~g, ~ ) ).  Le t  /'7 be  s o m e  c o l l e c t i o n  of p r e f i x e s  and _4 ~(_4 t,_~ . . . .  ) 
and r2 ~- (7~' 7". . . . .  ) be s e q u e n c e s  f r o m  .~_~. By ~P(/'/,_~. r/)  we deno te  the c o l l e c t i o n  of a l l  p r e n e x  f o r m s  
oc of the  l a n g u a g e  L which  do not  con ta in  f r e e  ind iv idua l  v a r i a b l e s  and a r e  such  tha t  

1. P r e f i x e s  f r o m  ~ l i e  in /'7 and 

2. F o r  each  p o s i t i v e  i n t e g e r  i the n u m b e r  of d i f f e r e n t  g - p l a c e  p r e d i c a t e  ( r e s p .  opera t iona l}  v a r i -  
a b l e s  in oc does  not  exceed  _4 ( r e s p .  does  not exceed  ~ i  ).  

Let  ( p ~ t p  (/-7,_~,9), ¢)l~(P CfT,l_4~. r? ~ ) and / 7 ~ - ~  - and _~/__~_d (~od-~-. ) and ~ ~ (rnod -Z ) .  The c l a s s  
~p~ f o r m a l l y  m a y  not  be  con t a ined  in t he  c l a s s  ~ . But for  each  ocz~ ~p/ t h e r e  is ,  in the  c l a s s  ~0 s o m e  o~ 

not  e s s e n t i a l l y  d i f f e r e n t  f r o m  o¢ 

F o r  e x a m p l e ,  if  V 3 V e / ' 7  and _4,-~¢ and _d~ ~ g  and 

then ,  in t he  r o l e  of c¢ we can  take  the f o r m u l a  

Vx3uVy[gP, cx~&Q~(x,x) • 

In o t h e r  w o r d s ,  c¢ a r i s e s  f r o m  or by means of the operations 
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A1. I n t r o d u c i n g  f i c t i t i o u s  input  q u a n t i f i e r s ,  

A2. r e p l a c i n g  s o m e  m e d i c a t e  v a r i a b l e s  by  o t h e r s  wi th  m o r e  p l a c e s ,  and 

A3. p r o c e e d i n g  a n a l o g o u s l y  f o r  t he  o p e r a t i o n a l  v a r i a b l e s .  

F o r  each  m o d e l  ~t~ of the  l a n g u a g e  L, the  f o r m u l a s  oc and o¢ ~ a r e  s i m u l t a n e o u s l y  w e l l - f o r m e d  o r  
not  w e l l - f o r m e d  in ~Z and s i m u l t a n e o u s l y  va l id  o r  not  va l id  in TXt. 

If a p r o b l e m  e n t e r i n g  in /7 is  a l g o r i t h m i c a l l y  d e c i d a b l e  in each  of  the p r e d i c a t e s  /q(,-~,L)----- r - ~ _ ~ .  
and 5 ( r r z ; ~ ) ~ , ~ z  4 rZ~. is  d e c i d a b l e  ( r e c u r s i v e ) ,  t hen  t h e r e  e x i s t s  an a l g o r i t h m  f o r m e d  on a~ ~ c o r r e -  
spond ing  to oc . 

T h e r e  holds  the fo l lowing .  

L E M M A  13. Suppose  tha t  DY is  an a l g o r i t h m  which  d i s c e r n s  w e l l - f o r m e d n e s s  of any  o t h e r  p r o p e r t y  
of f o r m u l a s  which  is p r e s e r v e d  by  the o p e r a t i o n s  A1-A3 .  And for  e a c h  f o r m u l a  f r o m  09 l e t  the  a l g o r i t h m  
tPY s top  w o r k  a f t e r  a f in i t e  n u m b e r  of  s t e p s .  Then the a n a l o g o u s  a l g o r i t h m  e x i s t s  fo r  ~ z  

P r o o f .  C o n s i d e r i n g  the s e q u e n c e  

cpc/-7',3', ?,)  . cp (/7',_4', Z) • ~ ( /7 ' , _4 ,7~  • e~cn ,~ ,  ?~, 

we r e m a r k  tha t  i t  is  su f f i c i en t  to a n a l y z e  t h r e e  s p e c i a l  c a s e s  of  the  l e m m a ;  

We go into the  f i r s t  of t h e m  only .  

_~t____A and 7 z = ~ 7  , 

/'7/=/'7 and 7/____~., 
f ' / / ~ f ' 7  a n d g  / = . J  

Suppose  ¢r r i s  a p r e f i x  of the f o r m u l a  ~ and ~Tf, ¢7 z .... i s  a s e q u e n c e  con ta in ing  al l  p r e f i x e s  m a j o r -  
i z ing  ¢r t in the s e n s e  of n a t u r a l  o r d e r .  Suppose  tha t  ¢x i a r i s e s  f r o m  c~ / by  add ing  s o m e  n u m b e r  (0, 1, . . . )  
of o c c u r r e n c e s  of f i c t i t i o u s  q u a n t i f i e r s  and tha t  the  p r e f i x  of  oct. i s  ¢r~ . We f o r c e  the a l g o r i t h m  g¥ to t ake  
one s t e p  o¢/~-% , then  two s t e p s  f o r  e a c h  of the  f o r m u l a s  oc I , oc z , then t h r e e  s t e p s  fo r  e a c h  of the 
f o r m u l a s  0¢¢, o¢2, ¢r~, e tc .  It is  c l e a r  that  in a f in i t e  n u m b e r  of s t e p s  we c l a r i f y  w h e t h e r  ¢x / has  the i n -  
d i c a t ed  p r o p e r t y .  

L e m m a  13 is p r o v e d .  

All  tha t  has  been  s a i d  m a k e s  fo r  the  fo l lowing  n a t u r a l  

Def in i t ion  9. (Def in i t ion  of q) (/'-l,.g, ~ )  ). Le t  /'7 be  a c l o s e d  s e t  of  p r e f i x e s  and l e t  _~ 
( - g , , ~ z  . . . .  ) and  r / ~ ( ~ t , r / e  . . . .  ) be  s e q u e n c e s  f r o m  E '~-.  The s e q u e n c e  a2(f7,fi  r 2) de no t e s  the  c o l -  
l e c t i o n  - not con t a in ing  f r e e  ind iv idua l  v a r i a b l e s  - of a l l  p r e c e d i n g  v a r i a b l e s  in the  f o r m u l a s  oc of the  
l anguage  L such  tha t  

1. The p r e f i x  of ¢¢ l i e s  in /7 and 

2. F o r  each  p o s i t i v e  i n t ege r  ~: the n u m b e r  of d i f f e r e n t ,  not l e s s  than  £ - p l a c e ,  p r e d i c a t e  ( r e s p . ,  
o p e r a t i o n a l )  v a r i a b l e s  in oc is  ~<~t: ( r e s p .  i s  ~ ~ .  ). 

If /'7 is  s t a n d a r d ,  the c l a s s  ~P (/ '7,_~, r/)  wi l l  a l s o  be  c a l l e d  s t a n d a r d .  

LEMMA 14. Suppose  for  an a r b i t r a r y  ¢0(/7,.~, ~) , _~ ~ and ~ have the  s a m e  m e a n i n g s  as  in 

L e m m a  12. Then ~p(/'7--,_~ ~, r2*) is  the  union of a l l  t hose  ~ ( / 7 / ~ / ,  ~ ') , such  tha t  /'7/___~/~ and ~ / <  
_~ (wzod "~) and ~ '  ~ ~ (r'r~d ,~ ). 

The  p r o o f  is  obv ious .  

Def in i t ion  10. The  s e q u e n c e  J ~  deno t e s  the c o l l e c t i o n ,  o r d e r e d  by  e x c l u s i o n ,  of a l l  p o s s i b l e  
qJ e f T , g ,  ~ )  . 

THEOREM 4. The p .o .  s e t  f "  is  t igh t .  
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P r o o f .  Denote  for  the  p r e s e n t  by /W the o r d e r e d  by exc lus ion  co l l ec t ion  of all poss ib l e  c losed  / 7 .  
On the s t r eng th  of T h e o r e m  2, M is t ight .  On the s t r eng th  of  T h e o r e m 3 , t h e  p.o.  s e t  ~-~ ~ is t ight.  On 
the s t r eng th  of L e m m a  2, the d i r e c t  p roduc t  / W ~ % ~  ~ i s  t ight.  The mapping  (/-7,-4, r/) ' q~(/-7,_~, ~ )  
is a h o m o m o r p h i s m  of  t]~is d i r e c t  p roduc t  to J - .  Applying L e m m a  2 c o m p l e t e s  the p roof .  

T h e o r e m  4 is p roved .  

THEOREM 5. Suppose X is a subse t  of -~  such that  

and M is the co l l ec t ion  of min ima l  ¢p~ ~c--- X • 

Then 

1. M is f ini te;  

2. ~ o ~ f - -  X if and only ff ~ a  f and conta ins  some  q~o~M ; 

3. Each  W E M  is s t andard .  

P r o o f .  The f i r s t  a s s e r t i o n  of T h e o r e m  5 s t e m s ,  by L e m m a  1, f r o m  the t igh tness  of o c ' .  The th i rd  
we show by con t r ad ic t ion .  Suppose ~ P ~  ¢(/'7,_~, ~)  a M and /'7 a r e  not s t andard .  By T h e o r e m  1, /'7 is the 

union of a f ini te  n u m b e r  of s t anda rd  /-/~.. On the s t r eng th  of m in ima l i t y  of ¢p the c l a s s e s  ~ (/7~.,_~, 7 )  ~ X. 

But then ~0 ~ ~ ( u / ' 7 g , ~ ,  r/) ~ X .  We have a r r i v e d  at a con t rad ic t ion .  

T h e o r e m  5 is p roved .  

As se t  X in T h e o r e m  5 we can choose  the co l l ec t ion  of all those  c l a s s e s  qJ ¢ ~-'-, in which a de -  
c idable  p r o b l e m  is d i s ce rn ib l e  fo r  s o m e  p r o p e r t y  of the f o r m u l a s .  In p lace  of dec idabi l i ty  we could speak  
of p r imi t ive  r e c u r s i v e n e s s ,  o r ,  of d e g r e e  of unsolvabi l i ty  ~ d  (or ~ d  ) in s o m e  reduc t ion  sense ,  d being 
a f ixed d e g r e e .  

D e s i r i n g  to make  the n a m e s  of the e l emen t s  of ~ cons t ruc t i ve  objec ts  and for  the sake  of con -  
ven ience  of expos i t ion  in the  fol lowing chap te r ,  we give 

Defini t ion 11. Suppose ~P(/-/,A,7) ~ -4" . In the e x p r e s s i o n  ,, ~ ( / ' 7 ,~ ,  r~)" 

¢~ 

1. We r e p l a c e  ,,/-/ 

1.1 by the word  ~C~' ,  if /-7 is the se t  of all p re f ixes ,  

1.2 by a n y / ~  V¢, such that  /-7~---//(R), or  

1.3 by the e x p r e s s i o n  ~71 u . . .  u ~ ,  if / '7~/V(, ,qt)u ... ~r7(.a,.,.,); 

2. We r e p l a c e  ,,_~ " ( resp  . . . .  7"  ) 

2.1 by the w o r d  J ~ C e , i f  A ( resp .  r /)  is ( ~ , , o ¢ ,  . . . .  ), 

2.2 by the symbol  ~ if -~ ( resp . ,  ~ ) is (o ,o  . . . .  ),  and 

2.3 by the f ini te  s u c c e s s i o n  obtained f r o m  _~ ( resp .  f r o m  ~ ) by omit t ing  ta i ls  of z e r o s ,  in the r e -  
main ing  c a s e s .  

LEMMA 15. The fol lowing a s s e r t i o n s  hold: 

1. Suppose ~7 and ~z  run th rough  W . The p red ica te  ~Tf ~ ,a~. (r-,.zod W) is p r im i t i ve ly  r e c u r s i v e .  

2. Suppose ~ and /Vz run  th rough  the n a m e s ,  indicated in Definit ion 11, of all poss ib le  c losed  se t s  
of p r e f i x e s .  The p r e d i c a t e  /'7 ~ / ' 7  z is p r imi t i ve ly  r e c u r s i v e .  

3. Suppose -4 and ~ run  through the n a m e s ,  indicated in Definit ion 11, of all poss ib le  sequences  
f r o m  ~ ~ The p r e d i c a t e  ~ ~< 7 (mad 'Z~)  is p r im i t i ve ly  r e c u r s i v e .  
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4. Suppose ~, and (Pz run through the names,  indicated in Definition 11, of all possible elements  
of x" .  The predicate  q~ ~ ~2 is primit ively r ecu r s ive .  

5. The problems entering in a closed /'7 and in q~ (17,_4, 72) are pr imit ively  r ecu r s ive .  

Proof.  We omit t i r esome s imi la r i t i es .  They are  easi ly supplied. The needed information can be 
found in [7]. 

The f i r s t  Asser t ion of Lemma 15 s tems f rom the obvious equivalences:  

At.< Az* V~odw), 

and analogously for ~7~-3  and AT~e_q ~. 

F rom this f i rs t  Assert ion,  and Lemma 8, follows the pr imit ive recurs iveness  of the predicate  
/-'] (,ct, ) ~ /7 (.,qz) " Further  

777 

fT(A) --~ U f7 z ;=, (1) 

which is equivalent with the disjunction 

7 [ ncA1 ] (2) 

Indeed, (2) obviously implies (1). Conversely,  suppose AI m) is obtained f rom ~7 by replacing each 

occur rence  of ~7 ~ by an occur rence  of ~7 " .  Each f7 ('~ lies in some f7g . By finiteness of ~-~, some 

fT~. contains an infinite number of f7 ¢'w, i.e., contains fT(fT). Hence the predicate 

r r /  

I7(,'7) ~ U M ( /7 i )  
£= ! 

is pr imit ively r ecurs ive .  Finally u / -7 (~ f )  ~ U / T U q g )  is equivalent with the conjunction A [/ '7(8].)~_ 
u/ '7  U7 i ) ] . Asser t ion 2 is proved. 

The remaining Asser t ions  follow from the second and third.  

Lemma 15 is proved. 

THEOREMh' .  If  the c lass  ~ (/'-/.fi, ~) is assigned to cor respond with Definition 11, then, under 

the conditions of Theorem 5, there also holds the following: the problem of occur rence  of ~b (/-/._4, 7) in_)( 
is primit ive recurs ive .  

The proof is obvious. 

§ 3.  R e m a r k s  

1. Relative to the language L , we assumed that it did not contain proposit ional (i.e., ze ro  place 
predicate) var iables .  This l imitation is unessential .  There is known a simple method of getting rid of 
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p r o p o s i t i o n a l  v a r i a b l e s  su f f i c i en t  for  m a n y  p u r p o s e s  (see  [1] fo r  i n s t a nc e ) .  B e s i d e s ,  we can  c o n s i d e r  p o s -  
s i b l e  the  p r e s e n c e  in L of p r o p o s i t i o n a l  v a r i a b l e s .  In the  de f in i t i ons  of ~ ( F / , . g ,  ~) and ~ (/7,_~, ~) 
t h e r e  cou ld  be  on exh ib i t  a u x i l i a r y  p a r a m e t e r s  to c h a r a c t e r i z e  the  amoun t  of p r o p o s i t i o n a l  v a r i a b l e s .  
T h e r e u p o n  t h e  T h e o r e m s  of §2 m a i n t a i n  t h e i r  f o r c e .  

2. R e l a t i v e  to t he  l a n g u a g e  L , we  a s s u m e d  a l s o  tha t  i t  d id  not  con ta in  v a r i a b l e s  of z e r o  p l a c e  
o p e r a t i o n s .  This  l i m i t a t i o n ,  t oo ,  is  u n e s s e n t i a l .  H e r e  too we can use  add i t i ona l  p a r a m e t e r s ,  c h a r a c t e r -  
i z ing  the  p r e s e n c e  of z e r o  p l a c e  o p e r a t i o n a l  v a r i a b l e s .  

T h e r e  is  ano the r  c o n s i d e r a t i o n .  Suppose  tha t  in the  de f in ion  of ~(/7,_~, ~ )  we c o n s i d e r  that  ~---- 
( ~ o , ~ t  . . . .  ) ,  w h e r e  ~L. bounds  the  n u m b e r  of S - p l a c e  o p e r a t i o n s .  T h e r e  ho lds  

L E M M A  16. Le t  ~----C~o,~ ~ . . . .  ) and ~ - - . . ~ - ( 0 , ~ , , ~  z . . . .  ) ,  

T h e r e  e x i s t s  a p r i m i t i v e  r e c u r s i v e  a l g o r i t h m  p r o c e s s i n g  an a r b i t r a r y  oc e ¢ ( /" / , .~ ,  r / )  and an cc~'e 

(/7 ~,_~, ~ )  , such  tha t  oc and oc ~ a r e  w e l l - f o r m e d  on the  s a m e  m o d e l s  of the l anguage  L ,  and c o n -  
v e r s e l y .  

P r o o f .  F o r  t he  t r a n s l a t i o n  f r o m  ~ to o¢ ~" we need to  c h a n g e  the z e r o - p l a c e  v a r i a b l e s  of o p e r a t i o n  
by i nd iv idua l  v a r i a b l e s  and to induce  the e x i s t e n t i a l  q u a n t i f i e r s .  F o r  t r a n s l a t i o n  f r o m  ~ to oc we  need 
to p r o c e e d  i n v e r s e l y .  L e m m a  16 is  p r o v e d .  

3.  We r e m a r k  f u r t h e r  tha t  the  o r d e r i n g s  wi th  r e s p e c t  to i n c l u s i o n  of the c o l l e c t i o n  o f  c l o s e d  s e t s  of 
p r e f i x e s  and the p .o .  s e t  ~ ~ and S a r e  d i s t r i b u t i v e  and c o m p l e t e  l a t t i c e s .  

4. T h e o r e m s  5 and 5 '  do not  depend  on our  a s s u m p t i o n s  t ha t  the  f o r m u l a s  of the l anguage  L a r e  
c o n s t r u c t i v e  o b j e c t s .  T h e s e  t h e o r e m s  m a i n t a i n  t h e i r  f o r c e  a l s o  fo r  c e r t a i n  o t h e r  l o g i c s .  

C H A P T E R  2 .  T H E  P R O B L E M  O F  D E C I D A B I L I T Y  F O R  T H E  S I M P L E  

L O G I C  O F  P R E D I C A T E S  A N D  O P E R A T I O N S  

§ 1 .  F o r m u l a t i o n  o f  t h e  B a s i c  R e s u l t  

F o r  s c a n n i n g  th is  c h a p t e r ,  only  the de f in i t i ons  f r o m  the  p r e v i o u s  c h a p t e r  a r e  needed .  On the o t h e r  
hand,  C h a p t e r  2 can  be c o n s i d e r e d  a con t inua t ion  of Chap te r  1. In th is  c h a p t e r  we m a k e  f u r t h e r  a s s u m p -  
t ions  r e l a t i v e  to the  l a n g u a g e  L, . Th is  w i l l  be  the l a n g u a g e  of the  s i m p l e  log ic  of p r e d i c a t e s  and o p e r a -  
t i o n s .  F o r  s i m p l i c i t y ,  we ind ica t e  a s  m i s s i n g  p r e d i c a t e s  and o p e r a t i o n s  of c o n s t a n t s .  In p a r t i c u l a r ,  the  
qua l i ty  s~gn is  a b s e n t .  At the  begizming of §2 in Cha p t e r  1 we  s u p p o s e d  tha t  c e r t a i n  s e t s  have r e c u r i s v e  
r e l a t i o n s  in the l a n g u a g e  L . In th i s  c h a p t e r  we s u p p o s e  t ha t  t h e s e  s e t s  a r e  p r i m i t i v e  r e c u r s i v e .  We 
s h a l l  a l s o  c o n s i d e r  tha t  for  c" > 0, ~ (L )  = r/i ([_,) = ~ ' .  

Def in i t i on  11 of C h a p t e r  1 a t t r i b u t e d  s t a n d a r d  n a m e s  to the c l a s s  ¢ ( / 7 , ~ , ~ )  . A n a l o g o u s l y  we  
a w a r d  n a m e s  to the c l a s s e s  ~ ( / 7 _ ~ , r  0 in t h o s e  c a s e s  w h e r e  /7 i s  c l o s e d  mid each  of the s e q u e n c e s  _~ and 

n e i t h e r  c o n s i s t s  only  of s y m b o l s  c.~ no r  has  a t a i l  of z e r o s .  Thus ,  for  e x a m p l e ,  ~P( . ,~ee , (o , l ) .  ¢ ) is  
the  c o l l e c t i o n  of a l l  p r e n e x  f o r m s  not  con t a in ing  f r e e  ind iv idua l  v a r i a b l e s  of the  l anguage  L , in which  to 
be s u r e  t h e r e  a r e  not  o p e r a t i o n a l  s y m b o l s  and in wh ich  o c c u r s  e x a c t l y  one p r e d i c a t e  s y m b o l  and this  a 
t w o - p l a c e  one.  Of c o u r s e ,  we could  s k i r t  the ques t ion  wi thout  the  c l a s s e s  ~(C7,~, rz), but  it  i s  much  m o r e  
n a t u r a l  to  l i m i t  t h e s e  c l a s s e s  to p r e d i c a t e  and o p e r a t i o n a l  v a r i a b l e s .  

We sha l l  p r e s u m e  a c e r t a i n  G~del  n u m e r a t i o n  of the  f o r m u l a s  of the l anguage  L . The GSdel  
n u m b e r  of the  f o r m u l a  cc w i l l  be deno ted  ~oc 3 .  

Def in i t ion  12. We s h a l l  s a y  tha t  the  s e t  $ of the  f o r m u l a s  of the  l anguage  L is  p r i m i t i v e  r e -  
c u r s i v e  a c c o r d i n g  to Loe.wenheim (and a c c o r d i n g  to [9] i t  w a s  the  f i r s t  f o r m u l a  d i s c o v e r e d  to be w e l l -  
f o r m e d  on ly  in in f in i t e  d o m a i n s ) ,  if  t h e r e  e x i s t s  a p r i m i t i v e  r e c u r s i v e  funct ion  f such  tha t  if  ~ ¢ is  
s i m p l y  w e l l - f o r m e d  then  i t  i s  w e l l - f o r m e d  a l s o  fo r  a f in i t e  d o m a i n  of p o w e r  ~ j ~ [ ~  3 • 

Le t  ~ ,  and ~ z  be  c l a s s e s  of f o r m u l a s  and ~ be a r e c u r s i v e  f u n e t i o n s u c h t h a t f c r  0~,~ ~Pl , ~,(Cc~,3) 
i s  the  GSdel  n u m b e r  of  s o m e  ar a ~ ~Z" If,  in  th i s  f o r m u l a ,  % i s  w e l l - f o r m e d  if  and on ly  if  ct a i s  w e l l - f o r m e d ,  we 
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say that the c lass  ~V I reduces  to $~ with respec t  to we l l - fo rmedness .  If  m o r e o v e r  ~1 is the c lass  of all formulas  
of the language /~ then 40~ is called the c lass  reduced with respec t  to well fo rmedness .  Analogous de-  
finitions are introduced for finite we l l - fo rmedness ,  i .e. ,  in respec t  of we l l - fo rmedness  in finite domains.  
If the function ~ reduces  4~ to GP both for  simple wel l - fo rmedness  and for finite we l l - fo rmedness ,  we 
say that 40 I conservat ively  reducers to ~ . If at the same t ime the function ~ is pr imit ive r ecu r s ive  we 
can speak of pr imit ive  r ecur s ive  and conservat ive  reduction.  

Definition 13. Suppose the function ] affords a pr imit ive  r ecu r s ive  and conservat ive  reduct ion of 
~ an-T~z ~-'We-~'call this redu?tion s imply s t rong if there exists pr imit ive  r e c u r s i v e  function h,(r~.rzl 

and /z z (,-~)0 such that if ] ( [ % : ~  [ocz] , then wel l - fo rmedness  of ~, on a set  of power -'- ~r, implies wel l -  

formedness  of c~ z on a set  of power $/~,(rr,,  E~ , ]  ) and wel l - fo rmedness  of ~ on a set  of power ~ 
implies we l l - fo rmedness  of % on a set  of power ~ / z  z (rn) • 

Strong reducibil i ty,  conveniently for us, agrees  with pr imit ive r ecu r s ivenes s  according to Loe-  
wenheim. 

LEMMA 17. Suppose ~/  s t rongly reduces  to ~p~ . Then if the c lass  4D z is pr imit ive r e c u r s i v e  
according to Loewenheim, so is 

The proof is obvious. 

There holds (see [2]) 

THEOREM 6. Each class  

1o 

2. 

3. 

@ 

¢ 

~¢ ,  and if ~p, is a s t rongly reducing c lass ,  so is ~ z  " 

--~ ~# (f7, ~, 4P) sat isf ies  at least  one of the three following conditions. 

/'7 and _4, are finite, 

¢ is pr imit ive recurs ive  according to Loewenheim, 

~P is a s t rongly reducing c lass .  

is pr imit ive r ecu r s ive  according to Loewenheim if and only if _~ ~ o or 

/7 ~ fT(3 ~ V ~) u f7 ( .g '~V~_.=  ~" ). 

is a s trongly reducing class  if and only if it contains at least  one of the following nine c l a s ses :  

, p  f = (P  ( V_~ v , ( ~ , ~ ~ , f ]  ) , 

,~# = ¢ o ( v 3 v 7  (o, ~ ~, # ~, 

~ 6 -  ¢~('v~3 ~', (o, f ~, ¢ ) ,  
~P?--- ~P(3'~v3v, (o, ~), d ~, 

~8 = ~ ( v a ~ v ,  (o, ~ ) ,  # ), 

It is true that in place of the primit ive r ecur s iveness  according to Loewenheim in [2] the discuss ion 
is concerned with effective recognit ion of wel l - fo rmedness  and finite we l l - fo rmedness ,  and in place of 
strongly reducing c lasses  the discussion involves reducing c lasses  according to we l l - fo rmedness  and finite 
wel l - formedness .  We do not here  have in mind new recognit ion and reduction a lgor i thms.  We simply r e -  
mark  the s t ronger  proper t ies  of those algori thms which are mentioned in [2]. The verif icat ion (~f the ad-  
missibil i ty itself,  we do not go into here .  

(As might have been done also in the definition of s t rong reducibi l i ty,  we may consider that /z~(rn) 

The present  Chapter is dedicated to the proof of the following theorem.  

THEOREM 7. Each c lass  ~# -= ~# (/7. $ ,  ~) sat isf ies at least  one of the following three conditions: 

1. /7 and -~1 are  finite and ~ r = O  ; 

170 



2. ¢ is p r i m i t i v e  r e e u r s i v e  accord ing  to Loewenheim; 

3. ¢ is a s t rong ly  reduc ing  c l a s s .  

is  p r i m i t i v e  r e c u r s i v e  accord ing  to Loewenheim if and only if one, at l e a s t ,  of the following four 

A t ~ o ( t r iv ia l  poss ib i l i ty ) ;  

/7  c_ /'7 (_~ "~v ~'~ ~ zT (_g ~ v '~  9 ~ ) and ~ , = o ;  

is  a s t rong ly  reduc ing  c l a s s  if and only if it  contains  at l e a s t  one of the c l a s s e s  c p / - -  ~ 9 '  
or one of the fol lowing c l a s s e s :  

p o s s i b i l i t i e s  holds :  

1. 

2. 

3. 

4. 

¢ 

Theo rem 6 
of 

~/0 ~ (P(V ~, (~,4), (~3 ), 

~ / 4  - ~  ~CV ~, (~)  , (o,~)). 

It is  not hard to s ee  that  the f i r s t  fo rmula t ion  of Theorem 7 follows f rom Theorem 6 and two a s -  
sumpt ions  of Theo rem 8. The p r i m i t i v e  r e c u r s i v e n e s s  accord ing  to Loewenheim of the c l a s s  ~(=7'~V~ ~', 
/.2'e/C_g£) is  p roved  in [3]. It need be shown only,  then, that  the c l a s s  ~ (2Ice', ( ~ , ) , ( ~ ) )  is p r imi t i ve  r e -  
c u r s i v e  accord ing  to Loewenheim and tha t  the se t s  ~ /O and ~V~,~' a r e  s t rongly  reduc ing  c l a s s e s .  The 
proof  of these  facts  p rov ides  the content of the r e m a i n d e r  of this work.  

2 .  S t r o n g l y  R e d u c i n g  C l a s s e s  

THEOREM 8. The c l a s s  ~PtO of Theorem 7 is a s t rong ly  reduc ing  c l a s s .  

Proof .  Let o c = V x : ~ V ~ / O Y . ( x , u , y )  be a fo rmula  f rom cp£ (see T h e o r e m  6), le t  P be the symbol  of a 
two p lace  p red i ca t e  f rom Lh' and l e t  PI . . . . .  P,-~ . be all symbols  of one place p r e d i c a t e s  f rom DY . 

' . --" o { - l - t  ~ / Let - , - be the symbol  of a one p lace  function. A s s u m e x  = x , x  ~ ( ~ )  . We denote by (g the fo rmula  
obtained f r o m / ~  by rep lac ing ,  fo r  each ~ =×,cz,  p, and each C = / , . . , r n - Y ,  the oc c u r r e nc e  of each sub-  
fo rmula  Pt. (~)by an o c c u r r e n c e  of subformula  P(~,~}. .  F o r  brev i ty ,  we denote by ~ Cx) the formula  P(X', x) 
and by .Y (×) the fo rmula  

r r z - - I  

V ..~(x> ~ /x 7(~-cxC> ,~ z , .cx~) .  

Put 

, x ' - ~  V x y  r- .~(x~ 

& [,,~cx,) ~ ~cy) ,. ~ ~ ( × , x ' ' ' , . y ~ ] ]  . 

It is e a sy  to s ee  that  the mapping oc -->co "~ effects  a s t rong  reduct ion of ~ /  to ~ t O  . 

Theo rem 8 is  p roved .  

In May, 1966, V. P.  Orevkov communica ted  to the author  his r e su l t  that the c l a s s  of con t rac t ions  by 
de r i vab i l i t y  is  the set  of f o r m u l a s  of the fo rm 3 x y  (~) ,&~Z)zJ,  where g), and ~)~ a r e  d is junct ions  of e l e m e n -  
t a ry  f o r m u l a s  o r  t he i r  negations,  containing 2 symbo l s  of one p lace  opera t ions  and a fixed number  of s y m -  
bols  of two p lace  and one p lace  p r e d i c a t e s .  The proof  of th is  r e su l t  has not be publ ished.  If we a b s t r a c t  
f r o m  the p r e s e n t  fact  only two conjunctions,  the Orevkov r e su l t  is  an immedia t e  consequence of Theorem 
8. In this  a r t i c l e  we a r e  i n t e r e s t e d  in the s t r u c t u r e  of the non-quant if ied p a r t s  only and in the def ini t ions  
of the p r e s e n t  symbols  of p r e d i c a t e s  and ope ra t ions .  

THEOREM 9. The c l a s s  ~ t t  of Theorem 7 is  a s t rong ly  reduc ing  c l a s s .  

P roof .  Let  

oc e q~fo, 
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P be  the s y m b o l  of  a two p l a c e  

,1: be  the s y m b o l  of a one p l a c e  

/9 be  the  s y m b o l  of a one p l a c e  

p r e d i c a t e  f r o m  ~ , 

o p e r a t i o n  f r o m  ¢~ , 

p r e d i c a t e  and 

P" be  the s y m b o l  of a two p l a c e  o p e r a t i o n .  

In ~ we r e p l a c e  the  o p e r a t i o n  f ( x )  by  the o p e r a t i o n  F (x.x) and the p r e d i c a t e  P(x, yl by the  p r e -  

d i c a t e  / 9 (F(x ,y ) )  . We ge t  s o m e  oc ~ . The m a p p i n g  ~ *~ oc* a f f o r d s  a s t r o n g  r e d u c t i o n  of ¢o¢O to ~ / ¢ .  
We show t h i s .  L e t  Y'tiZ~<M,,o,f> be  a m o d e l  for  oc , i . e . ,  ~d7 is  an a l g e b r a i c  s y s t e m  for  w h i c h  c( o b -  
t a in s  t r u e  v a l u e s .  On the s t r e n g t h  of u n i v e r s a l i t y  of the  f o r m u l a  ¢~ e a c h  s u b s y s t e m  of the  s y s t e m  Ttr~, 
c l o s e d  wi th  r e s p e c t  to t h e  o p e r a t i o n  ~ ,  i s  a l s o  a m o d e l  of oc . Hence  wi thou t  a f f ec t i ng  g e n e r a l i t y ,  we 
can  c o n s i d e r  tha t  ~ ¢ - ~  {ct, fct, . f f tz . . . .  ~ fo r  s o m e  a . In c a s e  M is  f i n i t e ,  l e t  m be  the  l e a s t  n u m b e r  fo r  

wh ich  f ~ a ) = f ~ c z )  fo r  k< ,vz  . If k > t  , w e  d i s c a r d  f r o m  /v/ the  e l e m e n t  cr . . . . .  )~¢-~(cz) . We aga in  
ge t  a m o d e l  for  oc . If k-----o we add to M a new e l e m e n t  d and pu t  f 6 ~ / a ,  

P ( ~ . f ~ ( a ) )  i s  e q u i v a l e n t  to  P(tr, Sfi(a~), 

P f/i(cr), z~ ) i s  e q u i v a l e n t  to P ( f  i(cr), ct). 

A c c o r d i n g l y ,  wi thout  a f f ec t ing  g e n e r a l i t y ,  we  can  c o n s i d e r  tha t  e i t h e r  M is  i n f in i t e  o r ,  fo r  s o m e  rrz ~,t 

the e l e m e n t s  ~ z . f a  ..... f " - ' ( a )  a r e  d i s t i n c t  and f'~(cr) = f ( a ) .  Denote  Lz L. .-~-fco:z) . We p l a c e  

p ca~+f) i s  e q u i v a l e n t  to p Car.,a £) , 

p (c%) i s  equ iv a l e n t  to -~/o (~z~) , 

F (ct~ ,c t {  ) ~ cr g+t . 

Suppose  a i ~ c ~  and,  for  d e f i n i t e n e s s ,  tha t  the  a s s e r t i o n  /9(~ e) showed  up as  t r u e .  F u r t h e r ,  a s s u m e  tha t :  

(ai ,  ctj ) i m p l i e s  F (cQ,  ~ j )  = cza, 

P (cry., czj ) i m p l i e s  ~- ( o r ; ,  a ]  ) ---- ~zl. 

As a r e s u l t  we ge t  a m o d e l  for  o ( * .  Then the c o n s t r u c t i o n  of the  m o d e l  fo r  oc a c c o r d i n g  to the  m o d e l  
for  ¢~* i s  o b v i o u s .  

T h e o r e m  9 i s  p r o v e d .  

§ 3 .  T h e  C a s e  o f  A b s e n c e  o f  T w o  P l a c e  S y m b o l s  

T h e o r e m  10. The s e t  ~ ( f ~ e ,  (o , , ) ,  ( ~ ) )  i s  p r i m i t i v e  r e c u r s i v e  a c c o r d i n g  to  L o e w e n h e i m .  

P r o o f .  Let  

l e t  f ,  . . . . .  p m  be  a l l  the  d i f f e r e n t  s y m b o l s  of one p l a c e  p r e d i c a t e s  f r o m  ~ and f f , . . . , f ~  be d i f f e r e n t  
s y m b o l s  of one p l a c e  o p e r a t i o n s  not e n d o u n t e r e d  in ~ . 

Subs t i tu t e  in o~ fo r  e a c h  ind iv idua l  v a r i a b l e  x in each  s u b - f o r m u l a  ~ ' ( x )  the  s u b - f o r m u l a  Pl  (f," Ix)). 
We get  s o m e  o(* . Obv ious ly  the mapp ing  o¢ ----~. ~ * b r i n g s  about  s t r o n g  r e d u c t i o n  of 

e ,C~ee,  c~,>, ( ~ )  K cPf,eee, ¢0,  c~>) .  

On the s t r e n g t h  of L e m m a  17 i t  r e m a i n s  to show the  p r i m i t i v e  r e e u r s i v e n e s s  a c c o r d i n g  to  L o e w e n h e i m  of 
th i s  l a s t  s e t .  We r e m a r k  tha t  in the  f o r e g o i n g  p a r t  of the  p r o o f  we cou ld  have  conf ined  i t  to i n t r o d u c t i o n  
ordy of a s i n g l e  new o p e r a t i o n  s y m b o l .  

Suppose  c¢~ ~P ( ~ g e ,  (4). ( ~ ) )  and tha t  /9 is  the  s y m b o l  of a one p l a c e  p r e d i c a t e  f r o m  ~x . Each 
t e r m  ~ of oc has  the f o r m  t----- x o r  ~ =f/.//._.,...f~cx), w h e r e  f i  and f f  a r e  not  n e c e s s a r i l y  d i f f e r e n t .  

In the  f i r s t  c a s e  the  he igh t  of the t e r m  ~ we c a l l  z e r o  and in the  s e c o n d ,  the n u m b e r / "  . We deno te  by  ,-~ 
the t e r m  of the m a x i m u m  he ight  f r o m  oc and by  T the s e t  of a l l  p o s s i b l e  t e r m s  of h e i g h t s  ~r~z wi th  
s y m b o l s  of o p e r a t i o n s  f r o m  o¢ . T e r m s  t r a n s l a t i n g  into each  o t h e r  by r e m a i n i n g  ind iv idua l  v a r i a b l e s  wi l l  
not b e  d i s t i n g u i s h e d  in T .  Then  T i s  f in i t e .  
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Let  337 be a model  fo r  c( , i .e . ,  s o m e  se t  M i n w h i c h  ope ra t ions  /3 and p r e d i c a t e  s y m b o l s  f r o m  
a re  such  that  cc obta ins  t r u e  va lues .  Define in M an equivalence  re l a t ion  E as  fo l lows:  

E (a ,  d) is  equivalent  to A E,p(t(cz)) " 'p (~c6; ) - ] .  
~¢~7 

The se t  M / E  we denote  by Jr- .  Obviously  ~ 2  y • We a s s u m e  that  

p ( ~ / E )  is  equivalent  to p ( o ) .  

F u r t h e r ,  we fix,  in each c l a s s  of  cz /E  s o m e  e l emen t  which we shal l  call  S o  . A s s u m e  that  fo r  e v e r y  
symbol  of ope ra t i on  ] f r o m  oc 

f (a/E) =/( sa ) /E .  
The def ini t ion of /3 and of the ope ra t i on  s y m b o l s  conve r t  ~" into s o m e  a lgeb ra i c  s y s t e m  ~ . We show 
that  ~'Z is a model  of oc .  With th i s ,  T h e o r e m  10 will  be p roved .  

Each  a tomic  s u b - f o r m u l a  of oc has the f o r m  / o ( ~ ) ,  w h e r e  # e T Hence it su f f i ces  fo r  us to p rove  
that  for  all ~E  7- and e v e r y  

a ~ M  p C ~ C a l } i s e q u i v a l e n t t o  p C ~ ( ~ z / E ) ) .  

F o r  ~;~ rn we denote  by T i the co l l ec t ion  of  all t e r m s  f r o m  7- of height  ~ :  and by 
t ions  in M such  that  E~ (a ,~)  is equivalent  to 

Thus 7-=Tn and S--=--~,. Fo r  E , r ~  we have that  

E~4_ ~ (cz,6) impl ies  E {  (o, 6 ) .  

LEMMA 18. If ~-E 7- E , then 

~ ( a / E  ) ~ c/E impl ies  E~_~: (~(~),c). 
P r o o f .  For  ~'-~O the L e m m a  is obvious .  Suppose r3-~ / , L'(x)-----f(×) fo r  s o m e  f and f(cz/E,~ 

= c/~=. On the o the r  hand 

j~(~/E)  -~- fCSCZ)/Y and F- (a,_so). 

Hence we have E _~ i jcz,fcsc-z),~ and E ( f (sa , ,c~ , and hence E r a _  ¢ (fc~, c) . F u r t h e r  by induct ion.  

Suppose ~ ~- f (~)  ~ 7-~ + ~ and 

( a / E )  = E / E  a n d f ( 6 / ' E ) ~  c / E .  

We have Em_~(Z'(czL ~ff) and [ , n - , ,  (f(~)" c ). 

F r o m  which we obtain. Era_ {_~(£(c~),f(~)) and ~rn-i -+ (~ (~)' C). 

L e m m a  18 is p roved .  

Subst i tut ing ~'=,-~ in L e m m a  18 we get  

~. ( a / ' E  ) == c,/E impl ies  p (~(~.)] ",..p(c). 

Since /3 (c /E)  is equivalent  with ,p(c) ,  t h e r e  fol lows (1). 

T h e o r e m  10 is p roved .  And along with it, T h e o r e m  7. 

We shal l  not  d i s c us s  the c l a s s  O~(-~'~V-~ ~ ,  .//££, . g £ £ )  he re  (see [3] fo r  this) .  The c l a s s  ~ U h ' e ,  

(,~o,, ( ~ ) )  in fac t  is ea s i ly  led to the c l a s s  ~P (-~ ~ ' V 3  ~' ,  A£e, ./IE~). Accord ing  to [8] we solve  as  to 
deducib i l i ty  the i n t e r e s t i ng  c l a s s  of f o r m u l a s  conta in ing  both ~P(V'~_~V ~° , .g~£, .£zt~ ) and ~;~ (.g~'e, 
( , ,o ) , ( ,~ ) ) .  For  the  l a t t e r  s ee  a l so  [5]. For  the c l a s s  0v/O see  the r e m a r k  fol lowing the p roo f  of 

T h e o r e m  8. 

(I) 

E~' the rela- 
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