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Hybrid Zero Dynamics of N-Link Planar Biped Walkers: Equation Details
E.R. Westervelt*, J.W. Grizzlet, D.E. Koditschek!

I. NOTATION

The notation is as follows. The configuration coordinates
are denoted by q1,...,qs and their velocities by ¢1,...,qs.
The link lengths, masses, inertias, and center of mass loca-
tions are denoted by L., M,, I., and pM, respectively.

II. EQUATIONS OF MOTION

The equations of motion during the swing phase is

D(q)i+ C(q.q)q + G(q) = Bu

where
Dia(q) = Ip—2p}"MLycos(qs)+ Ir + M,L5 + 1,
Dis(q) = —ML}+2p} MLy cos(qu) — I — I
Dis(q) = ML} —py' MrLycos(q)
pryMth cos (qs) — MtL? cos (q1 — q2)
—p?/[Mfo cos(q1 — q2) + It + I
+p MLy cos (—q1 + g2 + qa) + I
Dia(q) = pp'M;Lycos(qa) — Iy
Dis(q) = ML} — ML} cos (q1 — g2)
—2p)" My Ly cos (q4) — py MLy cos (q1)
+p§ MLy cos (g1 — g2 + 3)
—pjz”Mfo cos (q1 — q2)
—p" My Ly cos (—q1 + g2 — g3 + qa)
+MLyL;cos (g1 — g2 + g3)
+p! MyLgcos(—qu + qo + qu) + Iy + 1y
+py My Ly cos (¢ + q3) + It
Day(q) = —ML}+2p} MLy cos (qu) — I — I
Dao(q) = ML5 —2pM MLy cos (qa) + Iy + I
Dys(q) = —M;Lj+ 2p} M;Ly cos (qa)
+M; L7 cos (q1 — q2)
+p} My Ly cos (a1 — ¢2) — I
—pM MLy cos (—q1 + qa + qa) — It
Dyalg) = —pt'M;Ljcos(qa)+ 1
Dy5(q) = —MtL?c + MtL?c cos (q1 — q2)

+2pM My L cos (g4)
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D3.1(q)

D32(q)

D3 3(q)

D3 4(q)

Ds5(q)

—pj\c/IMth cos (g1 — g2 + q3)
+P}WMfo cos (q1 — g2)
+p ! My Ly cos (—q1 + g2 — g3 + q4)
—MyLyLycos (g1 — g2 + q3)
—pt' MyLycos(—qr + g2+ q1) — Iy — Iy
ML} — py/ My Ly cos (q1)
—2pM ML cos (q4) — MtL?c cos (q1 — q2)
—P}V[Mfo cos (q1 — q2) + Ir + I
+pi My Ly cos (—q1 + g2 + qa) + I
—Mthf + 2pM My Ly cos (q4)
+Mthc cos (g1 — q2)
+py MyLgcos (1 — g2) — I
—p MyLycos(—q1 + g2 + qu) — Iy
2MtL? — 2pM My L cos (1)
pr?/[Mth cos (qq) — 2MtL?c cos (q1 — q2)
—2p§\c/[Mfo cos (g1 — q2) + I + 21
+2ML} — 2p} MyLy + MrL3
+2p} My Ly cos (—q1 + g2 +q1) + Iy
p' My Ly cos (g4)
—pp' MLy cos(—q1 + g2+ qa) — I
2MtL§- - 2MtL?c cos (g1 — q2)
—2pM M, L cos (qs) — 2p¥ My Ly cos (q1)
+p§ MLy cos (g1 — g2 + 3)
—2pY My Ly cos (q1 — q2)
—pi" My Ly cos (—q1 + g2 — g3 + qa)
+M;LyLycos (g1 — g2 + q3)
+2py" My Ly cos (—q1 + g2 + qa)
+21¢ + pjcwaLt cos (g3)
—MpLyLyicos(q3) — MyLyLy cos (g3)
—2MyL¢ Ly cos (q3) + My L3
—2pY MyLy +2Ms L5 + I,
+p7 Mr Ly cos (g1 + g3) + Ir
P MLy cos (qs) — I
—pi' MLy cos (qa) + I
p' My Ly cos (qa)
—pt! My Ly cos (—q1 + g2 + q4) — Iy
I
—I; — pM My Ly cos (—q1 + g2 + q4)
+py My Ly cos (¢a)
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+p My Ly cos (—q1 + g2 — g3 + qa)

Ds1(q) = ML} — ML} cos (q1 — g2)

—2p}" My Ly cos (q1) — ' Mr Ly cos (q1)
+P?4Mth cos (g1 — g2 + q3)
*P?JMfo cos (q1 — g2)

—p My Ly cos (—q1 + g2 — 43 + qa)
+M;LyLicos (q1 — q2 + q3)

+p! My L cos (—qu + g2 + qa) + Iy + 1y
+py' My Ly cos (g1 + g3) + Ir

Dsa(q) = —ML7+ ML7 cos (q1 — g2)

+2p ML cos (qa)

—p¥ MyLycos (q1 — g2 + q3)
+p¥Mfo cos (g1 — q2)

+pp MLy cos (—q1 + g2 — g3 + qa)
—MyLyLyicos (g1 — g2 + q3)

—p' MLy cos (—q1 + g2+ qu) — Iy — I

Ds53(q) = 2MtL?‘ - 2MtL? cos (q1 — g2)

Ds.4(q)

D5 5(q)

—2py" My Ly cos (qa) — 2py MrLy cos (q1)
+p} MyLy cos (g1 — g2 + gs)
72p9/[Mfo cos (q1 — q2)
—p MLy cos (—q1 + g2 — g3 + qa)
+MLyLicos(q1 — g2 + g3)
+2p My Ly cos (—q1 + ga + qu) + 214
+p}V[Mth cos (q3) — MrpLyLycos (g3)
—ML¢Lycos (q3) —2My¢ Ly Ly cos (g3)
+Mp L} —2p} MyLy +2Ms L3 + I
+py’ MrLycos (¢ + q3) + It
—I; — p" My Ly cos (—q1 + g2 + q4)
+py My L cos (¢a)
+pi! My Ly cos (—q1 + g2 — g3 + qa)
Qp?/IMth cos (q3) — Qp?/[Mfo cos (g1 — q2)
_2MtL?c cos (g1 — q2)
+2p3 My Ly cos (1 + g3)
+2pF My Ly cos (q1 — g2 + q3)
—Zp%/[MTLf cos (q1) + 2I; + MpL?
—2MypLyLycos (q3) — 2M Ly Ly cos (g3)
—4My¢LyLycos(q3) + 215 + Ip
+2MyLyLyicos (g1 — g2 + g3) + QMthc
—2p¥ MyLy + 2M,L} + 2M; L7 + 2M L3
—2p My Ly + My L3
+2p My Ly cos (—q1 + g2 + qa)
—Qp?/[Mth cos (q4)
—2pM MLy cos (—q1 + g2 — g3 + @)

C1.1(q)
C1.2(q)
C1,3(q)

C1,4(q)
C1,5(q)

C2.1(q)
C22(q)
C2,3(q)

C3,1(q)

MpM Ly sin (q4) Ga
= —Mp}' Lysin(qs) da
= —Ly (gsp} My sin(q1)
+L g3 My sin (q1 — g2)
+ispy My sin (q1 — q2)
+asp" Mysin (—q1 + g2 + qa)
—py" My sin (q4) Ga
+dspy My sin (q1) + Lyds My sin (q1 — g2)
(@1 — q2)
(—q1 + g2+ (I4)>
P! My Lysin (q4) (41 — G2 + d3 — da + 5)
= —qspy MrLysin(q1) — LgsMysin (g1 — g2)
—gsp} MyLysin (q1 — g2)
—Gsp) My Ly sin (—q1 + g2 + q4)
+pt! My Ly sin (¢4) da
+4s My L¢Lysin (g1 — g2 + q3)
—Gspy" My Ly sin (—q1 + g2 + q4)
—Gspy MyLysin (g1 — q2)
—L3GsMysin (q1 — q2)

+q5p94Mf sin
—I—(j5pi\4Mt sin

—Gspy’ My Lysin (q1)
+ispy MyLysin (q1 — g2 + q3)
+dspy My Ly sin (q1 + g3)
+4sp My Ly sin (—q1 + g2 — g3 + ¢a)
= —p'M;Lysin (q) da
= p}" MLy sin (qs) Ga
= Ly (LggsM;sin (g1 — g2)
+ispy My sin (q1 — q2)
+asp" Mysin (—q1 + g2 + qa)
—pt! Mysin (qa) Ga + Lyds My sin (g1 — g2)
+ispy My sin (q1 — q2)
+dspi Mysin (—q1 + ¢2 + 1))
= —p'M;Lysin (q1) (41 — G2 + G5 — da + d5)
= L}gsM;sin(q — g2)
+dsp} MLy sin (¢ — q2)
+Lggspt Mysin (—q1 + g2 + qa)
—pM My Ly sin (g4) da
+L3G5 My sin (q1 — q2)
—Gspy MyLysin (qr — g2 + g3)
+ispy MyLysin (q1 — q2)
—QspintLt sin (—q1 +q2 — g3 + @)
—GsMLyLysin (g1 — g2 + q3)
+Lsspy Mysin (—q1 + g2 + qa)
= Ly (qipy Mrsin(q1) + Lygi My sin (g1 — g2)
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C32(q)

Cs3(q) = Ly (q1py Mrsin (q1) + Lydi My sin (g1 — go)

C3.4(q)

Cs5(q)

+q1p} My sin (q1 — q2)

+q1p Mysin (—q1 + g2 + qa)

—LygaM; sin (@1 — q2)

—szny sin (g1 — ¢2)

—Gop! My sin (—q1 + g2 + q4)

+4spy’ Mrsin (q1) + LpgsMy sin (g1 — g2)

+Q3P¥Mf sin (g1 — ¢2)

+4spi’ Mysin (—q1 + g2 + ¢4)

+p;" My sin (q4) Ga

—p Mydasin (—q1 + g2 + q4)

+4spy’ Mrsin (q1) + Lpgs My sin (g1 — g2)

+dsp} My sin (q1 — g2)

+isp! Mysin (—q1 + g2 + qa))
—Ly (Lygi M, sin(q1 — q2)

+q1p} My sin (g1 — 2)

+qipy" Mysin (—q1 + g2 + qa)

—LygaM;sin (g1 — q2)

—Gopy My sin (q1 — q2)

—Gopy" Mysin (—q1 + g2 + qa)

+Ly43M;sin (g1 — q2)

+d3p]fV[Mf sin (g1 — ¢2)
+spi’ Mysin (—q1 + g2 + q4)
+p;" My sin (q4) Ga
—p Mydasin (—q1 + g2 + qa)
+Lsgs My sin (1 — ¢2)
+isp} My sin (q1 — q2)
+dspi Mysin (—q1 + ¢2 + qa))

+qpf My sin (q1 — q2)
+qup Mysin (—q1 + g2 + qa)
—Lygo My sin (q1 — ¢2)
—Gop} My sin (q1 — q2)
—Gopy" Mysin (—q1 + g2 + q4)
+pi’ My sin (q4) 4a
—p Mgy sin (—q1 + g2 + q4))
Pt MiLy (61 — do + d3 — Ga + ds)
X (sin (g4) — sin (—q1 + g2 + q4))
G1py MrLygsin (1) + 1 M, L7 sin (g1 — g2)
+@p} MLy sin (q1 — q2)
+p' My Ly sin (—q1 + g2 + qa)
—GM; L} sin (q1 — q2)
—Gopy MyLysin (q1 — q2)
—pt' My Lyo sin (—q1 + g2 + qa)
+Lpi! My sin (g4) 4a

Cs.1(q)

—p' MyLygasin(—q1 + g2 + q4)
+gs MLy Ly sin (g1 — g2 + q3)
—2GsMyLyLysin (g3) — gsMy Ly Ly sin (g3)
—4sMrLyLysin (g3)
+spy MyLysin (q1 — g2 + q3)
+Gsp) My Lysin (q1 + g3)
+5p My Ly sin (—q1 + g2 — g3 + qa)
+dspy My Lysin (qs)
—py! M;Lysin (g1) (41 — G2 + d3 + ds)
i MLy sin (q1) (1 — dz + ¢3 + ds)
—pi' My Ly (sin (g4) 41 — sin (4a) do
+sin (q4) g3 — ¢z sin (—q1 + g2 + qa)
—(ssin (—q1 + g2 + q4) +sin (q4) gs)
0
—pi' My (Lysin (q4) g1 — Ly sin (q4) G
+Lysin(q4) g3 — Lygzsin(—q1 + g2 + qa)
—Lygssin(—q1 + g2 + q4) + Ly sin (q4) g5
+sLisin (—q1 + g2 — g3 + qa))
GsMy L7 sin (q1 — q2)
—qupy MrLysin (q1 + g3)
—Gspy MrLysin (q1 + g3)
+43py MrLysin (q1)
—G3py My Lysin (q1 + g3)
—Gs MLy Lysin (g1 — q2 + q3)
+dspy My Ly sin (q1) + ¢ipy Mr Ly sin (q1)
—Gopt" My Ly sin (—q1 + g2 + qa)
—G3p MyLysin (—q1 + g2 — g3 + qa)
+Gopt’ My Ly sin (—q1 + g2 — g3 + qa)
—Gapy" My Ly sin (—q1 + g2 + q4)
+Gap" My Ly sin (—q1 + g2 — g3 + qa)
+qipt My Ly sin (—q1 + g2 + qa)
—p MygsLesin (—q1 + g2 — g3 + qa)
+pM My Lyds sin (—q1 + g2 + q4)
+pi' My Lpgssin (—q1 + g2 + qa)
—@pt MyLysin (—q1 + g2 — g3 + qa)
+p My Ly sin (q4) da
+qpy MyLysin (q1 — q2)
+dopy My Lysin (g1 — ¢z + q3)
—dspy MyLysin (g1 — g2 + q3)
—Gopy MyLysin (¢ — q2)
+ispy MyLysin (g1 — q2)
—qp} MyLysin (g — g2 + g3)
+ispy MyLysin (g1 — q2)
—Gsp} MyLysin (g1 — g2 + q3)
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—G3MLyLisin (1 — g2 + q3)
+G1 M L} sin (q1 — g2)
—q1 MLy Lysin (g1 — q2 + q3)
+5 ML} sin (q1 — q2)
—Q2MtL?c sin (¢1 — q2)
+Go MLy Ly sin (q1 — g2 + g3)

Cs2(q) = —G@3MyL7sin(q1 — q2)

—qupy My Ly sin (—q1 + g2 + q4)
—Gop} My Ly sin (—q1 + g2 — g3 + q4)
—pi' MLy sin (41) da

—Gapt' My Ly sin (—q1 + g2 + qa)
+Q4P£\4Mth sin (—q1 + q2 + q4)
+dspi! My Ly sin (—q1 + g2 — g3 + qa)
+qpp My Ly sin (—q1 + @2 — 3 + @)
—Q5pinth sin (—q1 + g2 + q4)
+Gopt My Ly sin (—q1 + g2 + qa)
+ispr My Ly sin (—q1 + @2 — g3 + @)
—Gapt" My Ly sin (—q1 + g2 — g3 + q4)
+gsMiLyLysin (g1 — g2 + g3)
—Gspy MyLysin(q1 — q2)
—Gop} My Lysin (g1 — g2 + q3)
+ispy MyLysin (q1 — g2 + q3)
+@pf MLy sin (1 — g2 + g3)
—qupy MyLysin(q1 — q2)

+spf MLy sin (1 — g2 + g3)
—Gspy MyLysin(q1 — q2)

+Gop} MLy sin (q1 — q2)
+qsMyLyLysin (g1 — g2 + g3)

— ML sin (q1 — q2)

+41 MLy Ly sin (g1 — g2 + g3)
—Gs M L7 sin (q1 — q2)

+Q2MtL?c sin (¢1 — q2)
—GaMLyLsin (g1 — g2 + q3)

Cs3(q) = —gspy MyLysin(qr — g2 + g3)

+@p} MLy sin (q1 — q2)
—Gspy MyLysin (qr — g2 + g3)
—gip} MyLysin (q1 — g2 + q3)
—Gspy My Lysin (qs)
—Gop} My Ly sin (g1 — g2)
—Gspy MyLysin (qs)

+Gop} MyLysin (g1 — g2 + q3)
(g1 + g3)

(q1 + g3)

—gspy! Mr Ly sin
—Gapy! Mr Ly sin

Cs.4(q)

Cs5(q)

+q1py’ MrLysin (q1)

—qpy MLy sin (g1 + g3)

+2¢s MLy Ly sin (g3)

+2¢s M L;Lysin (g3) + gsMy Ly Ly sin (g3)
+qsMiLyLysin(g3) + gsMr Ly Ly sin (g3)
+4sMpLyLysin (g3)

—Gs MLy Lysin (g1 — g2 + q3)
+dopt’ My Ly sin (—q1 + g2 — g3 + qa)
—Gopt" My Ly sin (—q1 + g2 + qa)

—@pt MyLysin (—q1 + g2 — g3 + qa)
+qapt! My Ly sin (—q1 + g2 — g3 + qa)
+p My Ly sin (q4) da

+a1pt" My Ly sin (—q1 + ¢2 + qa)
—qapi’ My Lgsin (—q1 + g2 + qa)
—Gspi’ My Ly sin (—q1 + g2 — g3 + qa)
—G3pi' My Ly sin (—q1 + g2 — g3 + qa)
—GsM;LyLysin (g1 — q2 +q3)
+§ M L7 sin (g1 — q2)
—@1MyLyLisin(q1 — g2 + q3)
—Go M L7 sin (q1 — q2)

+G2 My Ly Ly sin (g1 — g2 + g3)

PM M, (¢1 — Go + 43 — da + ds)

X (Lysin(q4) + Ly sin (—q1 + g2 — g3 + q4)
—Lysin(—q1 + g2 + q4))

P MygaLysin (—q1 + g2 — g3 + q4)

+2¢s MLy Ly sin (g3)

+p" Mygo Ly sin (—q1 + g2 — g3 + qa)
+pt" Mygi Ly sin (—q1 + g2 + q4)

—p Myga Ly sin (—q1 + g2 + qa)
+p;" MyquLy sin (qa)

—pi' MygsLy sin (—q1 + g2 — g3 + qa)
—p' MygaLysin (—q1 + g2 + qa)
—pt' Mygy Ly sin (—q1 + g2 — g3 + q4)

+43M;LyL;sin (q3) + ¢sMz Ly Ly sin (g3)
—1MiLyLisin(q1 — g2 + q3)
+G2 MLy Lysin (g1 — g2 + g3)
—GsM;LyLysin (g1 — q2 +q3)

+G ML sin (g1 — q2)
_QZMtL?f sin (¢1 — q2)

—qupy MrLysin (q1 + g3)
—qspy MrLysin (g1 + )
+G1p7 My Ly sin (q1)

—gsp} MyLysin (g — g2 + g3)
+qpy MyLysin (¢ — g2)
+opy MyLysin (q1 — g2 + q3)
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—2pM Mygs L gy cos (qa)
+2pM My L ¢ 3o cos (qa)
+2pi" My Lg12 cos (qa)

—Gspy My Lysin (qs)

—Gop} My Lysin (q1 — g2)

—qupy MyLysin (q1 — g2 + g3) ,
+p" My L ¢1da cos (qa)

M ..
Gl(q) = —g (Sin (ql +q3 + q5) pé\!MT +pi Mth‘JSQ4 Cos (Q4)

+p?4Mf sin (g1 — g2 + g3 + ¢5)

+Lygsin(q1 — g2 + g3+ q5) My

+pi\4Mt sin (—q1 +¢2 — g3 + qu — %))
Galq) = g(pfMysin(q1— a2+ a3+ as)

+Lysin(q1 — g2 + g3+ q5) My

+pi My sin (—q1 + g2 — g3 + 41 — q5))
Gs(q) = g(Lysin(gs+gs) Mr

—sin (g1 + 3 + ¢5) Py Mr

+2Lysin (g3 + ¢5) My — p?JMf sin (g3 + ¢s5)

—p¥ Mysin (g1 — g2 + 3 + q5)

+Lysin (g3 + gs5) My

—Lysin(q1 — g2 + g3+ g5) My

—p My sin (—q1 + g2 — g3 + g1 — q5))
Gilg) = gp)"Mysin(—q1+q2 — a3+ qa — g5)
Gs(q) = g(Lssin(gs +g5) Mr — Lysin(g5) Mr

—sin (g1 + 3 + ¢5) Py Mr

+2Lysin (g3 + q5) My — 2Ly sin (g5) My

—p} My sin (g3 + g5)

+pM My L3y cos (—q1 + g2 + q4)
—p" My Lygsdacos (—q1 + g2 + qa)
—pinthq'g cos (qq) — inIMthqg cos (qq)
—p' MyLgG3do cos (—q1 + g2 + qa)
—pi" Mygs Lyda cos (—q1 + g2 + qa)
—p MygZ Ly cos (qa)

—pp! Mygs Ly cos (—q1 + ¢z — a3 + u)
—pp! MLy cos (a)

—p MygZ Ly cos (—q1 + g2 — g3 + qa)
+pt" Myg3 Ly cos (—q1 + g2 + qa)
+pi! My L3 cos (—q1 + g2 + qa)
+2p" My Ly dsds cos (—q1 + g2 + qa)
+p} Mygs Lida cos (—q1 + g2 — 43 + qa)
—p! Myds Ligs cos (—q1 + g2 — g3 + qa)
+p" Mys Lia cos (—q1 + g2 — g3 + qa)
—p¥ MyLgd5 cos (1 — q2)
—2p¥ My Ly sqs cos (q1 — q2)

—p¥ M5 Ly cos (q1 — g2 + q3)

+p} M5 Ligs cos (g1 — g2 + q3)

—p Mysin (g1 — g2 + g3 + g5) (
(q4)
+p Mys L yda cos (qs)
(
(
S

—2Ly sin (gs) My + p; My sin (gs)
+Lysin (g3 + g5) M,

—Lysin(q1 — g2 + g3+ q5) M,

—p Mysin (—q1 + ¢2 — g3 + 1 — ¢5))

—pM My L yGoga cos (qa

—pM My L yGods cos (—q1 + g2 + qa)
G+ g+ q)

+pM Mygs L ¢y cos

and —2p M, Ly cos (qa)
1000 t f34
01 0 0 —2PLMthqSQ5 cos (q4)
B = 0 0 1 O +2pt MthQQle) cos (q4)
8 8 8 (1) +p} Mys Lydo cos (g1 — g2)

(
M ..
+pf MyLydsde cos (g1 — q2)
III. KINETIC AND POTENTIAL ENERGIES (

N f +p} My s Legs cos (gs)
The total kinetic energy of the robot is ..
&Y —p¥ My Lysr cos (g1 — q2)

(
M . .
—p§ MydsLgicos(q1 — ga)

K(q,4) = —pf'Myg3Ly —pf' MyLygs —pi' M3 Ly
—2py! My L 545 cos (q1) +p§ M2 Ly cos (q3) — 2pF My Lydsds
—p7' Mr L3 cos (q1) —pnyquf cos (q1 — g2)

—py My Lgsdr cos (q1)
+p7 Mr3 Ly cos (q1 + q3)
—p7 MrdiLy cos (q1)

—p7' Mrds Ly cos (q1)
+p7 Mpds Lidy cos (q1 + qs)
+p7 Mrds Ligs cos (q1 + qs)

+p}wa(i5Lté!1 cos (q1 — q2 + q3)

+p} My@E Ly cos (1 — g2 + g3)

—M; L3425 + MyG3L7 + My L343
+Irg1ds + M L7 G2 + Irsds + M5 L3

1 . 1 . 1 )
+§MT(]E2)L?“ + iMquLf + §MTL?(J§
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2Tl + 5 M + 5 TGS
—Mrg3 Ly Ly cos (g3) + ML
—M;L3¢1G2 + My L3G1Gs — My L} Gads
+MG5 L3 + MrL3dsds

~2M; L}43G5 cos (a1 — q2)

ML L cos (45

—2My L yq3ds L cos (g3)

—MqG3LeLg cos (q3) — MedsLygs Le cos (g3)
—M,; L3143 cos (q1 — q2)

—My@5 L7 cos (g1 — q2) + 2M; L} sds
—11qaqGs — 114245 — ItGaqs + Irq1Gs + 1tG1ds
~Iidrdz + Irdids — Mgz L cos (g1 — go)
+M;L724s cos (q1 — )

+M;Lydi1Gs Ly cos (q1 — q2 + q3)
—M; L% 4145 cos (q1 — q2)

+M; L7245 cos (q1 — q2)

—MrLsdsLe cos (g3) + Ipd3 + Iyd3
FLE S Trdi 4 e+ I+ L L
%Itq'% + %Itqz + %Itq's + %Ifqé + %Ifq'%
—1¢Gag3 + Itqigs + MtdgL?f —Irgigo
+17q1G3 — Ipqags + 1143gs — 11
+1iGoqgs — IeG3gs + 2MfL?Q3Q5
—M;LydaqsLi cos (q1 — g2 + g3)
+MyGZ Ly Ly cos (q1 — g2 + q3)
+M;G3LydsLicos (g1 — g2 + q3) -

+

The total potential energy of the robot is

—g (Lycos (g3 + gs) M — Ly cos (g5) Mr
—cos (q1 + 3 + ¢5) Py Mr

+2L g cos (g3 +q5) My — 2Ly cos (g5) My
—p} My cos (g3 + ¢s)

—pﬁ/IMf cos (q1 — g2 + g3+ ¢s)

—2L; cos (g5) My + pM M, cos (gs)

+Ly cos (g3 + gs) My

—Ljcos(q1 — g2 + g3+ q5) My

+pi My cos (—q1 + g2 — g3 + 44 — ¢)) -

IV. ImPACT EQUATIONS

The matrices required to calculate the impact model are

I +1p +Ir + MtL?r — 2pM M L s cos (g4)
2p) MLy cos (qa) — Iy — I, — My L3

I +1p +Ir + MtL?c — 2pM M L s cos (q4)
P MLy cos (qs) — I

I +1p +Ir + MtL?c — 2pM M L s cos (q4)

De,l,ﬁ(‘]e)

De,1,7(qe)

De27(qe)

De,3,1 (qe)
De,3,2 (Qe)
De,3,3 (qe)

De,3,4(qe)
De,3,5(Qe)

De3,6(qe)

De,3,7(‘]e)

MLy cos (q1 — q2 + q3 + q5)
—pi' My cos (g1 — g2 + 43 — 4 + a5)
+p} My cos (1 — g2 + q3 + ¢5)
+cos (q1 + g3 + ¢5) pY Mr

—M;Lysin(q1 — q2 + g3 + gs)
+pi Mysin (g1 — g2 + g3 — qa + g5)
—sin (q1 + g3 + ¢5) P Mr
—p} Mysin (g1 — ¢2 + 3 + a5)

2p My Ly cos (qa) — Iy — I — ML

—2p) MLy cos (qs) + My L7 + Iy + I

2p My Ly cos (qs) — Iy — I — ML

I — pt" My Ly cos (q4)

2p My Ly cos (qa) — Iy — I — ML

P My cos (g1 — g2 + g3 — qa + g5)
—M;Lycos(q1 — q2 + q3 + q5)
—P}WMf cos (q1 — g2 + g3 + g5)

—p Mysin (q1 — g2 + g3 — qa + q5)
+M;Lysin (q1 — q2 + g3 + g5)
+p§ewa sin (g1 — g2 + g3 + q5)

I+ 1y + I7 + MtL?c — 2pinth cos (q4)

2p) My Ly cos (q1) — Iy — I, — My L3

—2pM My Ly cos (qu) + 215 + It + I,
+2M, L5

piWMth cos (qq) — I

—pM ML cos (g3) — 2p My Ly cos (q4)
+Ip + 20 + Iy + 2M, L}

MLy cos (g3 + g5)
+M; Ly cos(q1 — g2 + g3+ qs)
—pi My cos (g1 — g2 + g3 — qa + q5)
+pf‘\-/[Mf cos (q1 — g2 + g3 + g5)
+cos (q1 + g3 + ¢5) p1 Mr
+p} My cos (g3 + gs)

—M; Ly sin (g3 + gs)
—M;Lysin (g1 — g2 + g3 + g5)
+pi' Mysin (g1 — g2 + g3 — qa + g5)
—sin (q1 + g3 + ¢5) P} Mr
—p} Mysin (g1 — 2 + g3 + q5)
—p} My sin (g3 + gs)

piWMth cos (qq) — I

I — inIMth cos (qq)

pi”Mth cos (qq) — I

I

pi”Mth cos (qq) — I

pi My cos (g1 — g2 + g3 — 1 + g5)
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De,5,7(‘]e)

De,6,1 (QG)

De,6,2 (CI&)

De,6,3 (QE)

De,ﬁ,4(Qe)
De.6,5(qe)

De,6,6 (Qe)
De,6,7(‘]e)
De,?,l (QE)

—p' Mysin (g1 — g2 + 43 — ¢4 + q5)
I +1p +Ip + MtL?c — 2pM M, L s cos (q4)
2p) My Ly cos (qa) — Iy — I, — My L3
—pi" My Ly cos (q3) — 2p My Ly cos (qa)
Iy + 215 + Iy + 2M; LG
in[Mth cos (qq) — I
—2pM M, L cos (q3) — 2pi ML cos (g4)
+Ip + 205 + 21, + 2M, L}
MLy cos (g3 + gs)
+M;Lg cos (g1 — q2 + q3 + gs)
—pi My cos (g1 — g2 + g3 — qa + q5)
+pf My cos (q1 — g2 + g3 + q5)
+cos (q1 + g3 + ¢5) Py Mr
+p} My cos (g3 + gs) — p’ My cos (gs)
—M; Ly sin (g3 + gs)
—M;Lysin (g1 — g2 + g3 + g5)
+p My sin (g1 — g2 + g3 — qa + q5)
—sin (q1 + g3 + ¢5) P Mr
—p} My sin (g1 — g2 + g3 + g5)
—p} My sin (q3 + g5) + p;" My sin (gs)
MLy cos (q1 — q2 + q3 + q5)
—p My cos (g1 — g2 + a3 — qa + q5)
+pf My cos (q1 — g2 + a3 + a5)
+cos (q1 + g3 + ¢5) P Mr
P My cos (g1 — g2 + g3 — qa + g5)
—M;Ly cos (q1 — q2 + q3 + g5)
—p} My cos(q1 — g2 + g3 + g5)
MLy cos (g3 + gs)
+M; Ly cos (g1 — g2 + g3 + q5)
—p My cos (g1 — g2 + a3 — qa + q5)
+p§ My cos (g1 — g2 + a3 + a5)
+cos (g1 + g3 + g5) py Mr
+p} My cos (g3 + g5)
P My cos (g1 — g2 + g3 — qa + )
MLy cos (g3 + g5)
+M; Ly cos (q1 — q2 + q3 + q5)
—p My cos (g1 — g2 + a3 — qa + q5)
+p} My cos (1 — g2 + g3 + ¢5)
+cos (q1 + g3 + ¢5) P Mr
+p} My cos (g3 + ¢5) — i’ My cos (gs)
2M + 2M, + My
0
—M;Lysin(q1 — g2 + g3 + g5)
+p My sin (g1 — g2 + g3 — qa + q5)

De,7,2 (qe)

De7.3(qe)

De,7,4 (QG)
De,7,5 (QE)

De,7,6 (QE)
De,7,7(Qe)

and

0 1 0 0 O
1 0 0 0 O
R=|0 0 0 1 O
0O 0 1 0 O
1 -1 1 -1 1

—sin (q1 + g3 + ¢5) P Mr
—p¥ Mysin (g1 — ¢2 + g3 + a5)
—pt' Mysin (g — g2 + g3 — g4 + q5)
+MLysin(q1 — g2 +q3 + q5)
+p} My sin (q1 — g2 + g3 + g5)
—M;Lysin (g3 + gs)
—M;Lysin(q1 — g2 + g3 + g5)
+p Mysin (g1 — g2 + g3 — g4 + q5)
—sin (q1 + g3 + ¢5) P} Mr
—p¥ Mysin (g1 — 2 + g3 + a5)
—p} My sin (g3 + gs)
—p Mysin (g1 — g2 + q3 — @1 + q5)
—M; Ly sin (g3 + gs)
—M;Lysin(q1 — g2 + g3 + g5)
+p My sin (g1 — g2 + g3 — g4 + q5)
—sin (q1 + g3 + ¢5) P Mr
—p¥ Mysin (q1 — ¢2 + 43 + a5)
—p} My sin (g3 + g5) + p’ My sin (gs)
0
2M + 2M, + My

The function Y(q) is

T(q)

q
—Lysin(gs + g5) + Lt sin(gs)
—Ly cos(gs + g5) + Ly cos(gs)

V. SWING PHASE ZERO DYNAMICS

For the following choice of output and 6(q)

where

and

y="h(qg) = Ag—0b(0(q))
0(q) = cq
o)
o) = | |
51\!71(9((1))
- 0(q) — 6+
0(q) == - —ot

bi(6(q)) := bi(6(q))

there associated swing phase zero dynamics are

& = ri(&)é
Ea = ra(&1).



EQUATION DETAILS FOR SUBMISSION TO [EEE TRANS. ON AUTOMATIC CONTROL - REGULAR PAPER

The functions x1 and ko are

5 _3b§§§1)MTL? 4 4MtL?c7’1 (&1)
+6b3(£1)M L2 4MthLt7"2(£1)
0&

+4Mp Ly Ly cos (bs(&1))
+4M; Ly Ly cos (b3 (&) )
8b3 &1)

+8M L s Ly cos (bs(£1)) — ML}
2P g 4, ’MfL%

+2 ab;é&) ML} + 2‘%;251) M,L3

+28b§§1) I — 281’;2?)@ —2My L}

—2MpL? + 2ab;§1) If + 28b;§1) I

—4M,L3 agggl)h — AML3 — AM;L?

—4M,L? + 286@2& )MthLth(Sl)

—4 — 4L, — 2Ip — 281);251) M,L3r1(&1)

T ‘%gé&)MtL?m &)

- 6b;§€1) DY MLy (6)

o abgéﬁ) PY MLy (6)

+4pY My Ly + 4pY My Lypri (&1)

—4p} MLy cos (bs(&1))

—4pY MyLyra(&1)

49 55;?1) P ML

b2 (&1)

129 o
(%2(51)

731
[ 22 Ly cos 1)

+ (—2MpLyry(&1)

Py MyLira (1)

MMtLtT5(§1)

+2My Ly cos (b1(£1))) %algl)
+4M7 Ly cos (b1 (&1))
Wt L) o

5)b2 Iba(&1)

2%, MMth cos (54(51))

and

Ke(§1) =

where

6b3(§ )
23}
dby(£1)
23}
81)3(51)
23}
554(51)
23}
3172(51)
23}
é9b4(§1)
23}
+4p My L cos (ba(é1))
—4pM My Lyrs(&1) + 4pt My Lyrs (&)
353(51)
06
+[4p} My Ly cos (ba(€1)) — 21 — 21,
+2p} My Lyrs(€1) — 21 — 2M, L}
—2M;LyLira(&1) — 2p} MyLyra(&1)
—2p} My Lyrs(&1) + 2M L1 (1)

by (51)} -
o€,

P M Lyrs(é1)

+2 P ML yrs(&;)

+2 i ML cos (b4(&1))

?/[Mth COS (64(51))

+

P My Lyrs(&1)

Pt My Lyrs (&)

P MLy + 4pM M, L,

+2p) My Ly ()]

—g[Lygre(§1)Mr — Lir7(§1) My
—sin (51(51) + %53(51) + fl) py Mr
+2Lgre(§1) My — 2Lyr7(&1) My
—py Myre(&1) — py Myrs(61)

*2L{I"7(§1)Mt + inIMtr7(£1)
—I—LfTG(fl)Mt - Lf7"8(§1)Mt

+pi’ M sin <51(§1) —by(&)

+%E3(§1) —ba(&1) + 51)}

= cos (b1(&1) — ba(&1))
cos (b1 (&) — b2(&1) + b3(&1))
cos (51(51) —ba(&) — 54(51))
cos (by (&) + b3 (&1))
= cos (51(51) —ba(&1)+
53(51) - 64(51))
= sin <%b3(§1) +&1
1_
= sin ( §b3(§1) + 51>
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r8(§1) = sin (51(51)—52(51)+

%773(51) + 51)-



