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Important Dates
3


 Last Day to Drop a class without a “W” Tuesday, 
January 26th, 2010


 Exam 1: Friday, Friday Feb. 19, 9:00-10:30 AM


 Last Day to Drop without a Petition (very hard) Friday, 
March 19th, 2010


 Exam 2: Friday, Friday Mar. 26, 9:00-10:30 AM


 Final Exam, Monday, April 26, 7:00-9:00 PM







Grading
4


 Labs 20%


 Problem Sets 15%


 Quizzes & In-Class 10%


 Midterm Exams (2) 30%


 Final Exam 25%


 Class will not be graded “on the curve.” Historically, 


average Class Grade on 4 pt Scale ~2.85 (B/B-)







Late Policies
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 Problem Sets May Not Be Turned In Late For Credit Under Any 
Circumstances


 Medical or other legitimate reasons remove that particular problem set 
from your overall average


 The Lowest Homework Score Will Be Dropped


 If You Have to Miss an Exam


 I Need Real Documentation As To Why


 Must Actually Be A Serious Issue (Medical or Close Family Member 
Crisis)


 I Don’t Like E-mailed Excuses only Hours Before An Exam


 It is likely that these e-mails will not be answered


 Any considerations due to crisis in the last hours will be addressed on a merit 
basis after appropriate documentation is supplied







Special Circumstances
6


 If You Need Special Accommodations for Exams, You 


Must Submit The Appropriate Letter From UM 


Services for Students With Disabilities At Least 1 


Week Prior To The Exam


 If You Are On A UM Athletic Team Or Have Another 


UM-Related Reason For Schedule Irregularities, 


Written Notice And Appropriate Documentation Is 


Needed Within University Guidelines







Keys to Success I
7


 Stay Up to Date


 Each Incremental Concept/Method Is Not Hard But If You 
Get Behind It Will “Snowball” On You


 Come to Class


 Helps Keep You Up to Date


 You or Somebody Paid For It, So Why Not?


 I Will Give A Small Number of Unannounced Quizzes and 
Other In-Class Participation Events for the 10% This 
Semester







Keys to Success II
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 Do the Problem Sets. Do as much as you can on your 


own, then:


 Seek help in collaboration with fellow students


GSI’s, IA’s, Professors


 Always do the problem sets even if you can’t finish 


100%


 Compare your solutions, both methods and final 


answers to the posted solutions (keeping a copy of your 


work is suggested)







Keys to Success III
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 Before an Exam, Do One or More of the Recent 
Exams In A Real, Timed Situation Without Looking at 
the Solutions


 Honestly Grade Your Own Performance


 Qualitative Understanding Without A Demonstrated 
Ability to Quantitatively Execute Will Not Be 
Sufficient


 Keep Up With Labs, Learn and Have Fun, But Don’t 
Expect the Your Lab Scores To Save Your Grade







Labs
10


 Labs begin week of Jan. 18


 Do your pre-lab in advance


 Come to lab on time and prepare (GSI/IA and room 


time is limited)


 See Dr. Ganago’s notes on lab report preparation 


in the lab manual.


 Room 1016 EECS Bldg.
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Introductory Comments


 The major objective of 215 is for you to understand how linear 
circuits work and how to analyze them


 The objective is NOT to train you in a set of procedures that you apply 
through pattern recognition. Computer software already exists to do this 
and it’s cheaper than you!


 While many interesting applications require nonlinear as well 
as linear circuits, our understanding of linear circuits provides 
an outstanding basis for understanding all electrical systems


 The tools of linear circuit analysis are applied in other linear 
systems analysis problems, including mechanical, fluidic, and 
thermal systems.
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Introductory Comments


 This class will use relatively few basic concepts and rules, but 
they must be used correctly and logically.


 Some find this good, but remember that E&M uses only 4 equations 
(Maxwell’s) and (non-relativistic) quantum mechanics uses only one 
(Schrodinger’s). How many statement types are there in C++?


 All the problems assigned for homeworks and exams will have 
one and only one answer (and often you can compute it 
exactly). Usually, it is possible to check your final answers to 
see if you satisfy all the circuit rules (If you do, you know the 
answer is correct. If you don’t, you know you are not right).
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Introductory Comments


 Exams will be constructed so that most points come from 
correctly specifying the equations that you must solve for the 
final answer. Mistakes in the setup indicate problems in 
physical understanding. Relatively few points will be assigned 
for final numerics.


 However, calculators which perform complex number & matrix 
calculation (ex. TI-89) will be allowed on exams. Sometimes it 
is advantage to be able crunch the numbers, find an error, and 
then go back. However, random button pushing will never get 
you there!








CIRCUIT TERMINOLOGY


EECS 215: Intro. Circuits (F. Terry WN10)
Credits to J. 


Phillips
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Basic Concepts


 Charge: Fundamental property of some particles 


(notably but not exclusively electrons, protons)


 Separating positive and negative charges in  


space→Electric Fields → Voltage Differences/Drops


 Moving Charges → Electric Currents


 Time Varying Electric Fields/Current → 


Electromagnetic Waves (radiation)







Units and Dimensions


 Need to agree on standard units!


 International system of units (SI)


Quantity Unit Symbol


Charge coulomb C


Electric Potential volt V


Electric Current ampere A


Resistance ohms W


Capacitance farad F


Inductance henry H


Frequency hertz Hz


Power watts W


Multiplier Prefix Symbol


1015 peta P


1012 tera T


109 giga G


106 mega M


103 kilo k


10-3 milli m


10-6 micro m


10-9 nano n


10-12 pico p


10-15 femto f
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Basic Concepts: Units 


 All EE Circuit Work uses Volts, Amperes (Amps), 
Coulombs, Ohms, Farads, Henrys, Webers, seconds, 
etc. from the MKS units system (Système International
d'Unités or SI units)


 Ulaby & Maharbiz, while excellent in many respects, 
you will not find many explicit examples of the USE of 
Units as a Check. This is dangerous. In lectures and 
homework solutions, we will try to illustrate good 
practices.  Adding, subtracting, or equating physical 
results which have different units will be treated as 
major error on all assignments.







Charge: Electrical property of particles


1 coulomb represents the charge on ~ 6.241 x 1018 electrons


Charge on an electron


Units: coulomb


e = 1.602 x 10-19 C


Charge conservation


Cannot create or destroy charge, only transfer 


One coulomb: amount of charge accumulated in one second by a current of one ampere. 


The coulomb is named for a French physicist, Charles-Augustin de Coulomb (1736-1806), 


who was the first to measure accurately the forces exerted between electric charges.







Current


 Flow of positive charge


 Charge carriers are 
typically electrons (-)


 Current flow is opposite 
electron flow


The other electrical units are all defined in terms of the ampere (1 A = 1 C/s, 1 A = 1 W/V)


Units: ampere
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Current


 Usually (though not always) carried by electrons with charge –q


 Current is total charge flowing past a point (node) per second


 For the example below, let
 n=electron density in wire (electrons/m3)


 v=electron velocity (m/s)


 I=current in amperes


 A=wire cross-sectional Area in m2


-q


-q-q
-q


-q -q
-q


-q
-q


-q


Electron direction


Wire


Current Direction


x direction


-x direction        3 2* * / *


/


I qnvA


C m m s m


C s


Amps





 


  


 


 







Current: Sign Convention


 The Direction DEFINED for a Value of Current determines its 
SIGN


 Choose reference direction for current flow


 We Often Do Not Know The SIGN of the Current Until We 
Have Solved the Circuit Problem


 Below: I1 = -I2


 Do not know the direction of current flow, + or -


 Working with either I1 or I2 as a consistent variable will get 
us the right answer, sign determined by reference direction


I1


I2







Electric Potential


Voltage, potential difference between 2 points


Units: Volts


Energy required to move charge through an element


a


b


vab


+


-


vab =-vba


Work done = Force x distance = Charge x Potential
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Volts


 Potential Difference BETWEEN 2 
Points


 Voltages are POTENTIAL 
DIFFERENCES & Are Basically A 
Measure of Potential Energy


 Only Has Meaning as Measured 
between 2 points (2 nodes in a 
circuit)


 Voltage Does Not Flow, Current 
Flows


 Formal: Line Integral of E-field 
between points a&b


( )
b


ab a b
a


V E r d V V    


Terminal
a


Terminal
b


Circuit


Element


(resistor,


capactior,


etc.)


+


-


Vab
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Voltage: Sign Reference


 Signs Depend on ARBRITRARY Choice of which terminal 
is “+” and which is “-”


 All 3 Pictures (and 4 cases) below have the SAME 
PHYSICAL MEANING


+


-


V=+10V


+


-


V= -10V
Circuit


Element


(resistor,


capactior,


etc.)


Circuit


Element


(resistor,


capactior,


etc.)


Terminal
a


Terminal
b


Vab=+10V


or
Vba= -10V


Circuit


Element


(resistor,


capactior,


etc.)







Reference/Ground


 Choose reference point for potential 


 Assign potential at reference = 0, called ground


 Now all potentials are relative to ground terminal







Measuring Voltage/Current


 Voltmeter: measures voltage without drawing current


 Ammeter: measures current without dropping voltage







Open Circuit / Short Circuit


 Open circuit: no path for current flow (R=)


 Short circuit: no voltage drop (R=0)







Circuit Elements: Independent Sources







Circuit Elements: Linear Dependent 


Sources







I-V for Sources


 Current/voltage fixed 
for independent sources


What does non-ideal 
source look like?


 Dependent sources vary 
with reference 
voltage/current


What are units for 
slope?







Alternating Current/Direct Current


Alternating Current (AC): 


magnitude/direction vary cyclically 


Direct Current (DC): 


magnitude/direction constant 







Power


Rate of expending or absorbing energy


vi
dt


dq


dq


dw


dt


dw
P 


Energy 


conservation


Units: watts


0P


One watt = power rate of one joule of work per second. 1W = 1A x 1V







Passive Sign Convention


+ Power absorbed = - Power supplied


Current entering through the positive terminal of element has p=vi, current 


entering through the negative terminal has power p=-vi


a


b


v


+


-


i


p=+vi


a


b


v


+


-


i


p=-vi
Element 


absorbing 


power


Element 


supplying


power


Passive sign convention


If power is positive, element absorbs power


If power is negative, element supplies power
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Energy and Volts


 Energy Change of an Electron 
(charge –q) Moved from point 
a to point b (in Joules):


 If Vab>0, then the work done 
moving the electron is positive 
(electron has gained energy              


)


Circuit Element (CE) has 
Supplied Energy (so it has lost 
energy              )


Charge on the electron


( )


( )


( )


( )


b


ab
a


b


e a


b


a


ab


ab


V E r d


W F r d


qE r d


qV


q V





  


 


  


 


  











a


b


Vab


Circuit


Element


-q


I   (negative in this case)


+


-


0
e


W  


 by conservation of energy


Energy change of circuit element


=+(charge on electron)


CE e


CE


ab


W W


W


V


 





0CEW 
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Energy and Voltage


Generalizing the previous result


Energy change in the circuit element


from moving a net charge  from a to b


Energy change of moving charge carriers


So if 


CE


CE ab chargecarriers


Q chargecarriers


W


Q


W QV W


W W


W





   





0 0


0 0


 then 


Carriers have gained energy, 


Circuit Element has supplied Energy


So if  then 


Carriers have lost energy,


Circuit Element has absorbed (dissipated) Energy


CE Q


CE Q


W


W W


 






 






a


b


Vab


Circuit


Element


Q


I


+


-
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Power & Passive Sign Convention


a


b


Vab
Circuit


Element


I


+x direction


Power dissipation is considered from the viewpoint of the circuit element,


Not from the viewpoint of the charge carriers (electrons or other), so


where  is the net charge (includin


CE
CE


CE ab


W
p p


t


W QV


Q



 





 


g sign) moved from Node a to Node b.


Thus


With this voltage and current sign reference


(I considered positive INTO node a):


If p>0, the circuit element dissipates power (charge car


CE ab ab


Q
I


t


Q
p p V V I


t








  





riers loose energy as they move through the CE)


If p<0, the circuit element supplies power (charge carriers gain energy as they move through the CE)
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Passive Sign Convention


 So note the CRITICAL Facts from the last slides:


 P = Vab x I (I defined + flowing into a)


 P>0 means circuit element DISSIPATES POWER


 P<0 means circuit element SUPPLIES POWER


 This is precise, easy, but UNFORGIVING sign 


referencing systems is the PASSIVE SIGN 


CONVENTION
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Power & Passive Sign Convention


 Assume we move n 


electrons/m3 through the 


circuit element with cross-


section A (m2) and a constant 


velocity v(t) (m/s) from point 


a to point b


 Then the Current, I, through 


the circuit element is –qnAv(t) 


(Total Charge x Velocity)


 Power:


a


b


Vab
Circuit


Element


I


+x direction


 


 


 


 


 


0


0


0


( ) ( )


t


t


t


b


a


CE e


ab


ab


ab


Q t I t dt


qAnv dt


dx
qAn dt


dt


qAn dx


dWdW
P


dt dt


d
V Q


dt


d
V Q


dt


V I
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Passive Sign Convention Examples


circuit


element


I


+


-


a


b


V


V=Vab I P


5V 5A +25W


(P-dissipated)


-5V 5A -25W


(P-supplied)


5V -2A -10W


(P-supplied)


-3V -6A +18W


(P-dissipated)
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Power Conservation


 Energy is Conserved in Any Closed System, 


Therefore 


 Power is Conserved in Any Complete Circuit


_ _


0element


all circuit elements


P 


• All elements in the circuit must be included 


(passive and active components, power 


supplies)
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Power Conservation Example


 Major objective in next lectures is how we would 
solve for all the voltage drops & current flows in a 
circuit such as the example above


4W


8W2W


4W
3A 2ix


ix
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Power Conservation Example


4W


8W
2W


4W
3A 2ix=2.4A


ix=1.2A


+ -7.2V
1.8A


+ -2.4V


+ -4.8V


0.6A


+


2.4V


-


0.6A +


-


-2.4V


+


-


4.8V
Note that 


0P 
Be sure you 


understand each P’s 


SIGN!


Fully Solved Circuit


All Voltages and 


Currents Known
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Power Conservation Example


4W


8W
2W


4W
3A 2ix=2.4A


ix=1.2A


+ -7.2V
1.8A


+ -2.4V


+ -4.8V


0.6A


+


2.4V


-


0.6A +


-


-2.4V


+


-


4.8V
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Power Conservation Example


4W


8W
2W


4W
3A 2ix=2.4A


ix=1.2A


+ -7.2V
1.8A


+ -2.4V


+ -4.8V


0.6A


+


2.4V


-


0.6A +


-


-2.4V


+


-


4.8V
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Power Conservation Example


4W


8W
2W


4W
3A 2ix=2.4A


ix=1.2A


+ -7.2V
1.8A


+ -2.4V


+ -4.8V


0.6A


+


2.4V


-


0.6A +


-


-2.4V


+


-


4.8V


3


2


4


4


8


2


(4.8 )( 3 ) 14.4


(2.4 )(1.2 ) 2.88


(7.2 )(1.8 ) 12.96


(2.4 )(0.6 ) 1.44


(4.8 )(0.6 ) 2.88


( 2.4 )(2.4 ) 5.76


A Source


top


middle


ix source


P V A W


P V A W


P V A W


P V A W


P V A W


P V A W





W


W


W


W





   


 


 


 


 


   


Note that 


0P 
Be sure you 


understand each P’s 


SIGN!


Fully Solved Circuit


All Voltages and 


Currents Known








RESISTIVE CIRCUITS


EECS 215: Intro. Circuits (F. Terry WN10)


1







Chapter 2      Resistive Circuits


2.1. Ohm’s Law


2.2. Nodes, Branches and Loops


2.3. Kirchhoff’s Laws


2.4. Series Resistors and Voltage Division


2.5. Parallel Resistors and Current Division


2.6. Wheatstone Bridge


2.7 Non-linear Devices


2.8 Intro to Multisim
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Basic Laws and Concepts in Circuit Analysis


• Circuit Elements are connected at nodes to form a network


• There are Element Constraints


– The I-V relationship for each element (such as Ohm’s Law)


• And there are Connection Constraints for each node and loop in the 
network


– Kirchoff’s Current&Voltage Laws


• Element & Connection Constraints are mathematically independent 
conditions which together form a set of coupled equations which 
describe the allowed states of the network


• For a linear circuit network, there is only one allowed state.


• Much of our effort for the next couple of weeks will be looking at 
efficient ways to specify & solve the needed equations
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Ohm’s Law


Voltage across resistor is proportional to current


iRv 


Resistance: ability to resist flow of electric current


i


v
R 


i


l


v+ -


Standard units


Resistivity Standard units


l
R


A


m








 


 


resistivity is a material parameter (this 


should become clear in 230&320)


A


i


v


4







Simple Example: Constant Cross-


sectional Area


l


w


h


Known, uniform 
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Less Easy: Non-Constant Cross Section


 Hexagonal Polygon 
with constant 


 Contact on Front and 
Back Faces


 What is R?


 We could do this one, 
but not a good 
EECS215 topic, better 
left to Phys 240, EECS 
230, 320, etc.
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Circuit Terminology


Branch: single element, such as a resistor or source


Node: connection point between two or more branches


Loop: closed path in a circuit


node


branch


loop
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Planar Circuits


 Planar circuits: can be drawn in 2-D without 


branches crossing


 Whenever possible, re-draw circuit to simplify!
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Kirchoff’s Current Law


Sum of currents entering a node is zero


Also holds for closed boundary


I1


I2 I3


I4


Closed


Surface


I1


I2 I3


I4node


0n


n


I 


(I1+ I2+ I3+ I4)=0
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Amplifying the Closed Surface Part of 


KCL


-
+


9A


(2-1)vy


1


2


1


(3)ix


2


ix


+


_


vy


I1 I2


I3


I1


I2


I3


Electrically 


Isolated 


Holstein Cow


1 2 3


:


0


For BothCases


I I I  
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Kirchoff’s Voltage Law (KVL)


Sum of voltages around a closed path is zero


0n


n


V 


-v1+v2+v3-v4+v5=0


v2+v3+v5= v1+v4


Sum of voltage drops = sum of voltage rises


Define Vn’s +/- in direction of loop


11







KVL Example


Circuit
Element


(Resistor,
Capacitor,


Inductor,
Source)


Circuit
Element


(Resistor,
Capacitor,


Inductor,
Source)


C
irc


u
it


E
le


m
e
n
t


(R
e
sisto


r,


C
ap


ac
ito


r,


In
d
u
c
to


r,


S
o


u
rc


e
)


a


b


c


d


5


2


2


:


ac


bc


dc


ab


ad


bd


Suppose


V V


V V


V V


Then What Are


V


V


V
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KVL Example: “by algebra”


Circuit
Element


(Resistor,
Capacitor,


Inductor,
Source)


Circuit
Element


(Resistor,
Capacitor,


Inductor,
Source)


C
irc


u
it


E
le


m
e
n
t


(R
e
sisto


r,


C
ap


ac
ito


r,


In
d
u
c
to


r,


S
o


u
rc


e
)


a


b


c


d


5


2


2


:


ac


bc


dc


ab


ad


bd


Suppose


V V


V V


V V


Then What Are


V


V


V
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KVL Example: Loops


Circuit
Element


(Resistor,


Capacitor,
Inductor,
Source)


Circuit


Element
(Resistor,
Capacitor,
Inductor,


Source)


C
irc


u
it


E
le


m
e
n
t


(R
e
sisto


r,


C
ap


ac
ito


r,
In


d
u
c
to


r,


S
o


u
rc


e
)


a


b


c


d


+


-


Vac


5


2


2


0


5 ( 2) 7


ac


bc


dc


ac ab bc


ab


Suppose


V V


V V


V V


V V V


V V
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KVL Example


Circuit
Element


(Resistor,
Capacitor,


Inductor,
Source)


Circuit
Element


(Resistor,
Capacitor,


Inductor,
Source)


C
irc


u
it


E
le


m
e
n
t


(R
e
sisto


r,


C
ap


ac
ito


r,


In
d
u
c
to


r,


S
o


u
rc


e
)


a


b


c


d


+


-


Vdc


Vad


Vac


+


-


+


-


5


2


2


0


2 5 3


ac


bc


dc


dc ad ac


ad dc ac


ad


Suppose


V V


V V


V V


V V V


V V V


V V
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Fully Solved Circuit Example


Check KVL and KCL 
consistency of this 
solution. 4 KVL loops 
are suggested but you 
can do others.


How many nodes are 
there?


4


8
2


4


3A


2ix=2.4A


ix=1.2A


+ -7.2V
1.8A


+ -2.4V


+ -4.8V


0.6A


+


2.4V


-


0.6A
+


-


-2.4V


+


-


4.8V


Loop 4


Loop 2


Loop 1
Loop 3
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Fully Solved Circuit Example


4


8
2


4


3A


2ix=2.4A


ix=1.2A


+ -7.2V
1.8A


+ -2.4V


+ -4.8V


0.6A


+


2.4V


-


0.6A
+


-


-2.4V


+


-


4.8V


Loop 4


Loop 2


Loop 1
Loop 3
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Equivalent Circuits


 If the current and voltage characteristics at nodes 


are identical, the circuit is considered “equivalent”


 Identifying equivalent circuits simplifies analysis
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Resistors in Series


Equivalent resistance (series) is sum of resistances


Nneq RRRRR  ...21


21 RRReq 


v
RR


R
v


21


1
1



 v


RR


R
v


21


2
2






Voltage divided over resistors (voltage divider)


v
R


R
v


eq


n
n 
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How could you “measure” Req?


Resistors in series – relations from KVL, KCL


IT


a


b


R1


R2


R3


+


-


VT


+ -V1


V2


V3


+


-


+-


IT


a


b


Req


+


-


VT


 We want the I-V properties to be 
the same, so I’ll apply at test 
current and measure a test 
voltage


 KVL: VT=V1+V2+V3


 KCL&Ohm’s Law


 V1=R1IT


 V2=R2IT


 V3=R3IT


 VT=(R1+R2+R3)IT


 Req=VT/IT=(R1+R2+R3)
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Resistors in Parallel


Req (parallel) is inverted sum of resistances


Nneq RRRRR


1
...


1111


21





21


21


21


11


1


RR


RR


RR


Req












Current divided over resistors (current divider)


n


eq


n


n
R


R
i


R


v
i 


1


1
R


v
i 


2


2
R


v
i 


21 iii 


21







Multi-Step Reduction with Series-


Parallel Rules


 Replace the “Ugly” Network with One Equivalent 


Resistor (A&S Example 2.9)


4


2


1


5


36
8


Req
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Muti-Step Reduction


4


2


1


5


36
8


Req


4


2


6


36
8


Req


4


2


6


2


8


Req


4


64


8


Req
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Multi-step Reduction


4


64


8


Req


4


2.4


8


Req


Now it’s an easy series combination and


Req=4+2.4+8=14.4


24







Source Transformation


 Can transform 


voltage source to 


current source, 


representing 


equivalent circuits


 Can simplify circuit 


analysis
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Source Transformations


 Viewed from the output terminals a&b, the two 
circuits below are equivalent


 Replacement of a circuit by an equivalent can 
make some problems easier to solve


+
- VOC


Rs


a


b


ISC Rp


a


b


S P


OC P SC


SC OC S


R R


V R I


I V R
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Practice Problem by Source Transformation


+
- 0.1vx


20


410V 2A


+


-


vx


Transform


to Current Source/Parallel


Resistor
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Practice Problem by Source Transformation


+
- 0.1vx


20


410V 2A


+


-


vx


Transform


to Current Source/Parallel


Resistor
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Practice Problem by Source Transformation


+
- 0.1vx


20


410V 2A


+


-


vx


Transform


to Current Source/Parallel


Resistor 0.1vx


20


4


2A


+


-


vx0.5A


0.1vx


(1
0


/3
)



+


-


vx2.5A


Combine Parallel Elements


(1
0


/3
)



+


-


vx2.5A


-1
0



2.5A


5



+


-


vx


Last trick


0.1vx source= -10 Resistor


Vx=+12.5V
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Wheatstone Bridge


 Measurement 


instrument based on 


differential 


measurement


 Determine unknown 


resistance based on 


“balanced” condition


 Highly sensitive 


electrical measurement 


instrument


For balanced condition
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RESISTIVE CIRCUITS 2 & 


NON-LINEAR DEVICES 1


Fred Terry, WN10


1







Sources in series
2







Sources in parallel
3







Non-Linear Elements


 Some Very Useful Applications Require Linear Circuits


 Amplification, Filtering, Additive/Subtractive Mixing


 Some Very Useful Applications Require Nonlinear
Circuits


 AC/DC Conversion, Multiplication of Signals


 Some Useful Active Devices Are Inherently Nonlinear


 How Can We Use Them?


 In Particular, How Can We Obtain ~ Linear Circuits If Some 
Elements Are Nonlinear?


4







I


V


Ideal


I


V


Actual


 1/


0 
kTqV


eII


Anode Cathode


+ -V


I


Diode: A One-Way Valve for Current 


Flow
5







Diode Applications


 Rectifier


 Power conversion


 Over-voltage protection


 Light emitter (light emitting diode LED)


 Light detector (photodiode, solar cell)
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http://www.answers.com/main/ntquery?method=4&dsname=Wikipedia+Images&dekey=Tridge+rectifier.jpg&gwp=8





Diode Rectifiers


Half-wave rectifier Full-wave rectifier
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Light Sensitive Diodes


Light-emitting Diode Semiconductor Laser


Visible Light Sensor
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Constant Voltage Drop Model For Diodes


Simple circuit analysis using constant voltage drop model


mA
R


V
I DD


D 3.4
000,1


7.057.0











You will learn why 


VD~0.7V in 320!
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Exact Solution
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InterativeSolution Yields


0.6925
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& NODAL ANALYSIS I
© Fred Terry


Winter, 2010
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Introduction
2


 Objectives:
 Given a linear circuit, find all the voltage drops or find all the current 


flows (note that since one can be found from the other, this is 
everything)


 Do This As Systematically and Efficiently As Possible


4


8
2


4
3A 2ix


ix







Introduction
3


 Objectives:
 Given a linear circuit, find all the voltage drops or find all the current 


flows (note that since one can be found from the other, this is 
everything)


 Do This As Systematically and Efficiently As Possible


4


8
2


4
3A 2ix=2.4A


ix=1.2A


+ -7.2V
1.8A


+ -2.4V


+ -4.8V


0.6A


+


2.4V


-


0.6A +


-


-2.4V


+


-


4.8V







Using What We Know So Far
4


4


8
2


4
3A 2ix
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Using What We Know So Far
5


4


8
2


4
3A 2ix
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Methods
6


 Nodal and Mesh Analysis Provide Straight-Forward, 
Systematic Ways of Doing This by Generating n-equations 
with n-unknowns (where n is either node voltages or mesh 
currents, which we will now define and examine)


 Both are efficient, systematic methods to combine Element & 
Connection constraints


 Nodal Analysis is more general than Mesh Analysis. It will 
handle Any Linear Circuit and is the Standard Method Used 
in Circuit Simulators (such as Spice).


 Mesh Analysis Is Sometimes Simpler for Planar Circuits


 We Will Cover This Too







Nodal Analysis
7


 Define one node of the circuit as the reference node or 
Ground. Consider this voltage as zero. Call it node 0.


 Label the non-ground nodes 1 to n-1 (for an n-node circuit). 
We will calculate the Node Voltages (the potential 
differences between each of these nodes and ground.


 Use KCL and Ohm’s Law to write KCL equations at each of 
the n-1 non-reference nodes. This generates the n-1 
simultaneous equations for the n-1 node voltages


 Solve the simultaneous KCL/Nodal Equations for V1 to Vn-1, 
the node voltages


 Let’s look at a simple example







Nodal Analysis Example
8


 Find all the node 
voltages in the circuit 
at left


 Label the Non-trivial 
nodes


 Write KCL equations 
at each labeled 
node


 Solve the resulting 
system of linear 
equations


4


82


43A 2ix
ix







Label Nodes &Write KCL Equations & What Do 


the Nodal Voltages Mean?
9
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43A 2ixix


V1,0
V2,0 V3,0







Label Nodes &Write KCL Equations
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4


82


43A 2ixix


V1
V2 V3







Label Nodes &Write KCL Equations
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4


82


43A 2ixix


V1
V2 V3







Label Nodes &Write KCL Equations
12


   1 2 1 3
3 0


2 4


V V V V
A


 
   


 


Node 1 
0out of nodeI   


Rearrange:


     


1 2 3


1 1 1


1 2 3


1 1 1 1
3


2 4 2 4


0.75 0.5 0.25 3


V V V A


V V V A  


      
        


        


       


Note in this form (last line of above):


int _ _ _o node out of nodeI I 


4


82


43A 2ixix


V1
V2 V3







Finish Node Equations
13


Note that at node 2 there 


are no sources so the 


RHS is 0 


     


     


2 1 2 2 3


1 1 1


1 2 3


0
0


2 4 8


0.5 0.875 0.125 0


V V V V V


V V V  


  
  


  


       


Node 2 


Node 3 


   


 


       


     


3 1 3 2


1 2


3 1 3 2 1 2 2 1


1 1 1


1 2 3


2
4 8


2


2
4 8 2 1


0.75 1.125 0.375 0


x


x


V V V V
i


V V
i


V V V V V V V V


V V V  
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43A 2ixix


V1
V2 V3







Collect Equations and Solve
14


 3 Nodal Equations with the 3 NODE VOLTAGES 


AS THE ONLY UNKNOWNS


 Could Solve by Successive Substitutions to 


eliminate variables or by matrix methods


     
     


     


1 1 1
1 2 3


1 1 1
1 2 3


1 1 1
1 2 3


0.750 0.500 0.250 3


0.500 0.875 0.125 0


0.750 1.125 0.375 0


V V V A


V V V A


V V V A


  


  


  


        


       


        







5¢’s Worth of Linear Algebra
15


Take nicely ordered linear equations:


Convert to Matrix/Column Vector Form:


 


0.75 0.5 0.25 31


0.5 0.875 0.125 0
2


0.75 1.125 0.375 0
3


1


V


V


V


G V I


V G I


 
     


      
    
        


 






 


Note that G 


(matrix) has units of 


-1, V (vector) has 


units of Volts, and I 


(vector) has units of 


Amps


     
     


     


1 1 1
1 2 3


1 1 1
1 2 3


1 1 1
1 2 3


0.750 0.500 0.250 3


0.500 0.875 0.125 0


0.750 1.125 0.375 0


V V V A


V V V A


V V V A


  


  


  


        


       


        







Solve
16


0.75 0.5 0.25 31


0.5 0.875 0.125 0
2


0.75 1.125 0.375 0
3


V


V


V


 
     


      
    
        


 


Solving (Matlab, Mathematica, Calculator)  Yields:
1


0.75 0.5 0.25 3 4.81


0.5 0.875 0.125 0 2.4
2


0.75 1.125 0.375 0 2.4
3


V


V


V


 
       


          
      
             


 


We don’t Need it for anything, but for the curious:
1


0.75 0.5 0.25 4.8 12 7.2
1


0.5 0.875 0.125     2.4 12 5.6
3


0.75 1.125 0.375 -2.4 12 10.4



    


    
       


      


WARNING: One “Little Error in Equations and/or Matrix 


Makes for BIG Errors in Final Answer







Error Example
17


Suppose we made one sign error in the equation or matrix 


set up and solved:


0.75 0.5 0.25 31


0.5 0.875 0.125 0
2


0.75 1.125 0.375 0
3


V


V


V


 
    


      
    
        


 


We get:


8 2.666671
1


4 1.33333
2 3


4 1.33333
3


V


V


V


 
    


                
         


 


Result looks innocent, but is completely wrong. These 


voltages will not satisfy KCL at the nodes!







Node Voltages, Element Voltage Drops, 


Currents
18


 Basic KVL (Difference 


Equations) to Get 


Element Voltage 


Drops


 Element Constraints & 


KCL to Get Branch 


Currents


4


82


43A 2ixix


V1=4.8V


V2=2.4V V3=-2.4V







Node Voltages, Element Voltage Drops, 


Currents
19
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43A 2ixix


V1=4.8V


V2=2.4V V3=-2.4V








NODAL ANALYSIS II: VOLTAGE 


SOURCES AND SUPER-NODES


© Fred Terry


Winter, 2010


1







Two Cases
2


 Voltage Source Between Reference/Ground and 2nd


Node


 Voltage Source Between 2 Non-Reference Nodes


 Supernode







Nodal Analysis Example:


Voltage Source to Ground
3


 Find all the node 
voltages in the circuit 
at left


 Label the Non-trivial 
nodes


 Write KCL equations 
at each labeled 
node


 Solve the resulting 
system of linear 
equations


4


82


43V 2ix
ix


+
-







Label Nodes &Write KCL Equations
4


 V1=3V


 NO KCL EQUATION 


FOR THIS NODE


WHY????


4


82


43V 2ixix


V1
V2 V3


+
-







KCL Equations for Other 2 Nodes
5


4


82


43V 2ixix


V1=3V
V2 V3


+
-







KCL Equations for Other 2 Nodes
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43V 2ixix


V1=3V
V2 V3


+
-







KCL Equations for Other 2 Nodes
7


4


82


43V 2ixix


V1=3V
V2 V3


+
-


2 3 1


1 1 1 1 1
1.5


2 4 8 8 2
V V V A
     


                   


KCL: Node 2


KCL: Node 3


2 3 1


1 2 2


2 3


1 1 1 1
2 0.75


8 8 4 4


1.5
2 2


1 1 1 1
2.25


8 1 8 4


x


x


V V i V A


V V V
i A


combining


V V A


     
                 


   
         


    
             







Collect Equations and Solve
8


 2 Nodal Equations with the 2 NODE VOLTAGES 
AS THE ONLY UNKNOWNS


 Answers:


 V2= +1.5V


 V3= -1.5V


   


   


1 1
2 3


1 1
2 3


0.875 0.125 1.5


1.125 0.0.375 2.25


V V A


V V A


 


 


    


     







Derive Current Flows
9
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82


4
3V


2ix=1.5A
ix=0.75A


V1=3V
V2=1.5V


V3= -1.5V


+
-


1.125A


0.375A0
.3


7
5
A


1.875A







Extension: Equivalent Circuit Modeling
10


 Model the 


Circuit “seen” at 


nodes a&b


 V-I 


Characteristics


4


82


4 2ixix


V2 V3a


b
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V2 V3a


b
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4


82


4 2ix
ix


V2 V3a


b


V1=VT+
-


VT


IT


2 3 1


1 1 1 1 1 1


2 4 8 8 2 2
TV V V V


       
                        


KCL: Node 2 KCL: Node 3


2 3 1


1 2 2


2 3


1 1 1 1 1
2


8 8 4 4 4


2 2


1 1 1 1 3


8 1 8 4 4


x T


T
x


T


V V i V V


V V V V
i


combining


V V V
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V2 V3a


b


V1=VT+
-


VT


IT


 


1 1


2


3


2


3


32


e


7 / 8 1/ 8 1/ 2


9 / 8 3/ 8 3/ 4
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Looks Like A Linear Resistor!







Variation: Change One Resistor
14
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63V 2ixix


V1=3V
V2 V3


+
-


2 3 1


1 1 1 1 1
1.5


2 8 8 26
V V V A
     


                  


KCL: Node 2


KCL: Node 3


2 3 1


1 2 2


2 3


1 1 1 1
2 0.75


8 8 4 4


1.5
2 2


1 1 1 1
2.25


8 1 8 4


x


x


V V i V A


V V V
i A


combining


V V A


     
                 


   
         


    
             


Results:


V2=+1.8V


V3=-0.6V







Case 2: Super-Node
15


 2nd Voltage Source is 


not connected to ground


 Nodes 2&3 Now Linked 


as “Supernode”


 Only 1 Independent 


Node Voltage


 V2-V3=1V


 Only 1 Meaningful KCL 


Equation for Combined 


2-3 Supernode
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8


2


63V 2ixix


V2 V3


+
-


1V


+ -







KCL at Super-Node: “Hard Way”
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V2 V3


+
-


1V


+ -
Is Is


2 32 2


3 3 2


2 2


KCL Node 2:


3
0


2 6 8


KCL Node 3:


3
2 0


4 8


Dependent Source Element Constraint


3
2 2 3


2 1


KVL Nodes 2-3/Constant Source El


s


x s


x


V VV V V
I


V V V V
i I


V V V
i A


     
              


    
          


   
         


2 3


ement Constraint:


1V V V 


Independent Nodes Have 


Additional Unknown Source 


Current is







Brute Force: 4 Linear Equations
17


2 3


2 3


2


2 3


KCL Node 2:


19 1
1.5


24 8


KCL Node 3:


1 3
2 0.75


8 8


Dependent Source Element Constraint


1
2 3


1


KVL Nodes 2-3/Constant Source Element Constraint:


s


x s


x


V V I A


V V i I A


V i A


V V


   
          


   
           


 
   


 1V







Brute Force
18


   


   


     


       


2 3


2 3


2 3


2 3


2 3


19 1
0 1 1.5


24 8


1 3
2 1 0.75


8 8 4 Equations, 4 Unknowns , , ,
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0 2 0 3


1


1 1 0 0 1


19 1
0 1


24 8


1 3
2 1


8 8


1
0 2 0


1


1 1 0 0


x s
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x s


x s


x s


V V i I A


V V i I A
V V i I


V V i I A


V V i I V
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KCL at Super-Node: Hard Way II
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V2 V3


+
-


1V


+ -
Is Is


2 32 2


3 3 2


_ 2 :


3
0


2 6 8


_ 3:


3
2 0


4 8


s


x s


Node


V VV V V
I


Node


V V V V
i I


     
              


    
          


Independent Nodes Have 


Additional Unknown Source 


Current is


Use ix constraint &


Combine Nodes 


2&3 KCL


 


2 3


2
2 2


2


2 3


1 1 1 3 3
2 2.25


2 6 4 2 4


31 1 1
1 2 2.25


2 6 4 2


1
0.5


12


6 6


x


V V
V V i A


V V
V V V A


V A


V V V V


     
                   


    
                


 
   


    







KCL at Super-Node: Hard Way II
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2 32 2


2 3


2 2


3 3 2


2 3


KCL Node 2:


3
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2 6 8


1 1 1 1 3


2 6 8 8 2


1 1 1 1
1 1.5


2 6 8 8


KCL Node 3:
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1 1
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Independent Nodes Have Additional Unknown Source Current is


Combine Nodes 


2&3 KCL


 


2 3


2
2 2


2


2


1 1 1 3 3
2 2.25
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31 1 1
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2 6 4 2
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KCL at Super-Node: Easy Way
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63V
2ix


ix


V2 V3


+
-


1V


+ -


Brute force works but is more 


work than we need to do to get 


node voltages


Yields more information but is 


less systematic & often more 


prone to errors


Better way:


Do KCL on Closed Surface 


Enclosing the Super-Node


Don’t Worry About Current 


Into/Out of Source


This Gets Handled 


Automatically!







KCL at Super-Node: Easy Way
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KCL at Super-Node: Easy Way
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63V
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V2 V3


+
-


1V


+ -


Do KCL on Closed Surface 


Enclosing the Super-Node


Don’t Worry About Current 


Into/Out of Source


This Gets Handled 


Automatically!
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1 1 1 3 3
2 2.25


2 6 4 2 4


31 1 1
1 2 2.25


2 6 4 2


1
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12


6


x


V V
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V A
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  (Same Answer)/(LessWork)  Happier 


Engineer







Currents & Power
24
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63V
2ix= -3A


ix=-1.5A


6V 5V


+
-


1V


+ -


1
A


(-0.5A)


2A


0.125A


i s


2.625si A


Element Power 
Watts 


3V 
Source 


6 


2 ohm 4.5 


4 ohm 1 


6 ohm 6 


8 ohm 0.125 


1V source -2.625 


2ix source -15 


sum 0 


 


Note that the 3V 


Source DISSIPATES 


Power







Summary: What is a Super-node?
25


 A super-node is formed when an ideal voltage 
source connected between two non-ground nodes 
of circuit


 Applies for both Independent and Dependent VOLTAGE
sources


 Reduces the Number of KCL Equations needed to find the 
node voltages


 Reduces the number of mathematically independent node voltages


 Currents internal to the S.N. do not have to be computed to find the 
node voltages


 Not a useful idea for current sources







Multisim Circuit
26







Multisim Circuit and Probe Results
27







Previous Example
28
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63V
2ix


ix


V2 V3


+
-


1V


+ -


Nodes 2&3 


Get treated as 


one Super-


node for KCL 


since we know 


that V2-V3=1V







Modified Example
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V2 V3


+
-


1V


+ -


4


V4


V1


• Now Nodes 2&3 DO 


NOT FORM a Super-


node


• We do not know 


V2 vs. V3


• Nodes 3&4 Do form a 


Super-node


• V4-V3=1V







Modified Example
30
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V2 V3


+
-


1V


+ -


4


V4


V1


Circuit Redrawn & Supernode 


Indicated


V4-V3=1V


2 KCL equations to write:


Node 2 Normal KCL


3-4 Super-node KCL
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4
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KCL Equations
31


1


1 2 2


4 3


2 32 1 2 2 4


3 1 3 24 2


Element Constraints


3


1.5
2 2


1


Node 2 KCL (currents out of node):


V
0


2 6 4 8


3 4 Super-node KCL (currents out of SN):


2 0
4 4 8


Choose either 


x


x


V V


V V V
i A


V V V
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3 4


3


 or  as independent


variable and simplify. I will choose  .
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V
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KCL Equations
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2 3


2 3


2


3 4


Node 2 KCL (incl. element constr.):


25 3
1.75


24 8


3 4 Super-node KCL (incl. element constr.):


11 5
2.5


8 8


Solving yields:


15


13
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13 13


V V A


V V A


V V


V V V V
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63V
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ix


V2 V3
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1V


+ -


4


V4


V1







Brute Force Solution Method
33


 We can take the algebraic equations from the set-up 


of this problem and use symbolic math solvers to get 


the whole thing. Matlab does a nice job of this. So do 


some calculators


 This is legal, but you should still learn the super-node 


approach


 Brute force algebraic solution still requires you to 


correctly specify the KCL and element constraint 


equations.







Matlab Code for Modified Example Problem


34


% Circuit Analysis Example What is a 


super-node? Modified Example


% Brute force solution method


clear;


e1='v1=3';


e2='ix=1.5-v2/2';


e3='v4-v3=1';


e4='(v2-v1)/2+v2/6+(v2-v4)/4+(v2-v3)/8=0';


e5='(v3-v1)/4+(v4-v2)/4+(v3-v2)/8+2*ix=0';


vv=solve(e1,e2,e3,e4,e5);


disp('v1=');disp(vv.v1);


disp('v2=');disp(vv.v2);


disp('v3=');disp(vv.v3);


disp('v4=');disp(vv.v4);


disp('ix=');disp(vv.ix);


RESULTS:


>> v1=


3.


v2=


1.1538461538461538461538461538462


v3=


-1.4615384615384615384615384615385


v4=


-.46153846153846153846153846153846


ix=


.92307692307692307692307692307692
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Linear Equation Circuit Solution
2


 We can always solve a linear circuit by


1. Writing Down All KVL Equations Resulting From 


Voltage Sources


2. Writing Down KCL Equations At Each Simple Non-


reference Node Including All Unknown Currents


3. Writing Down All Element Equations Including 


Dependent Source Control Variable Equations


 The Result Will Be Solvable But Potentially Large


 The Supernode Concept Reduces The Scale of the 


Problem







Logical Procedure
3


 Identify Nodes


 Choose a Ground Node (if necessary)


 Negative terminal of constant Voltage Source if Possible


 Write Down KVL Equations Associated With Voltage Sources


 This clears up trivial variables and identifies Supernodes


 Write Down Node/Supernode KCL Equations


 Write Down Dependent Source Variable Equations


 Count Unknowns and Equations As Check


 Solve Resulting Linear Equations


 Eliminate variable besides node voltages by substitution for classic 


nodal analysis or directly solve larger problem







Nodal Analysis Example: Big Messy 


Nodal Example
4


 Object: Find Vab


 Step 1: Choose Grnd 


Node
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-
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2V


9A


(2-1)vy
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2


1


(3)ix


2
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_
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b


V1 V2


V3 V4
D


V5







Nodal Analysis Example: Workpages
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Nodal Analysis Example: Workpages
6


+
-


-
+


2V


9A


(2-1)vy


1


2


1


(3)ix


2


ix


+


_


vy


a


b


V1 V2


V3 V4







Nodal Analysis Example: Workpages
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2
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a


b


V1 V2
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Nodal Analysis Example
8


 Grnd – Terminal of 2V 
Source


 Label Nodes


 Note that V1=2V


 Note that Vab=V2


 Note that Nodes 2-4 
form a Supernode due to 
v-source
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-
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2V


9A


(2-1)vy


1


2


1


(3)ix


2


ix


+


_


vy


a


b


V1 V2


V3 V4







Nodal Analysis 2


 Write KCL Equations


 KCL at SN:


 KCL at Node 3:


 Conditions on 


Dependent Sources
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Nodal Analysis 3
10


 Insert Dependent Source Condition Equations into 
KCL equations
 SN:


 Node 3:


 Solve for v2,v3


Avv


vV
vvvvV


611
3


14
2


0)
3


2(12
2
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3


1
2
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Modified Homework Problem
12


40K


10K


5V


+
- 20K


+


-


vx


ix


+-


+-


10K


5V


15V


40K


40K


10K


5V


+
- 20K


+


-


vx


ix


+-


+-


10K


5V


15V


40K


• Find Vx, ix


• There’s any easy, fairly obvious way


• I’ll do it the least obvious way to 


illustrate super-nodes again







Identify the Super-node(s)
13


40K


10K


5V
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- 20K
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vx


ix


+-
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10K


5V


15V


40K


V1
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V3


V4







Solve
14
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- 20K
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vx
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10K


5V


15V


40K


V1


V2


V3


V4







Solve
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+
- 20K
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vx


ix
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10K


5V


15V


40K


V1
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V3
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Old Exam Problem: Some Less Obvious Stuff
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+ --++ -


400V 200V


6A


4A


8A


4v20


v20
+ -
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50


40


20 v1


v2v3


v4
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+ --++ -


400V 200V
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Mesh Analysis
2


 Mesh Loop: Any closed loop in 
a circuit that does not contain 
another loop


 Mesh Analysis


 Assign a mesh current as 
circulating around each mesh 
loop


 Write KVL equations for each 
mesh current using Ohm’s Law


 Solve to get unknown mesh 
currents


 Total “Real” Currents are the 
appropriate vector sum of the 
mesh currents


 Mesh Currents are not the “Real” 
Currents on boundaries


6


84


220V 10i0
+


-


-
+


i0


A&S Practice Problem 3.6







Mesh Procedure
3


 Label mesh loops


 Write KVL 
expressions using 
Ohm’s Law and 
mesh currents


 Solve Resulting 
System of Linear 
Equations


 Only Works for 
Planar Circuits


6


84


220V 10i0


+
-


-
+


i0







Mesh Example
4
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220V 10i0
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i0







Mesh Example
5
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220V 10i0
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-
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i3


i2


   


     


     


1 3 1 2


1 2 3


1 2 3


20 4 2 0


4 2 2 4 20
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i i i V
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KVL Mesh Loop 1


KVL Mesh Loop 2
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KVL Mesh Loop 3
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Solve
6
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220V 10i0
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1
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2 10 18 0
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Check


7


6


84


220V 10i0


+
-


-
+


i0


i1


i3


i2


(i1-i3) (i2-i3)


(i1 -i2 )


6


84
2
20V 10i0=(-50V)


+
-


-
+


i0=(-5A)


+ --30V


25/14 A


+


+50/7 V


-


4
5


/7
 A


+


-


+
9
0
/7


 V
+ -


-65/14 A


-260/7 V


Confirm for yourself from above 


that ALL KVL LOOPS work


Also, there is only 1 node where 


you can check KCL (which?) and 


it works too.







Mesh Analysis vs. Nodal
8


 Nodal Analysis


 Node Voltages (voltage difference between each node and 
ground reference) are UNKNOWNS


 KCL Equations at Each UNKNOWN Node Constrain Solutions 
(N KCL equations for N Node Voltages)


 Mesh Analysis


 “Mesh Currents” Following in Each Mesh Loop are 
UNKNOWNS


 KVL Equations for Each Mesh Loop Constrain Solutions (M  
KVL equations for M Mesh Loops)







Last Example Easier with Nodal
9


6


84


220V 10i0


+
-


-
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i0 V1 V2
V3


1


3 0


1 3 0
0 0 3


20


10


20 10
5 50


6 6


V V


V i


V V V i
i i A V V





 


    
              


Only 1 KCL 


Equation to Write:


2


2


1 1 1 20 50


4 8 2 4 8


90
12.857


7


V V
V


V V V


   
             


 







Mesh Analysis with Current Sources
10


 Nodal Analysis with Voltage Sources Yields 2 special cases


 V-source to groundEliminates one node voltage as unknown


 V-source between 2 non-reference nodes Super-node/eliminates 1 
node voltage as unknown and reduces number of KCL equations by 1


 Mesh Analysis with Current Sources Also Yield 2 special cases


 Current source not on a boundary between 2 meshes eliminates 1 
mesh current as unknown


 Current source ON a boundary between 2 meshes Super-
mesh/eliminates 1 mesh current as unknown and reduces number of KVL 
equations by 1 







Current source NOT on a boundary
11


 Find i0 using 


mesh analysis


+
-


2A


200V
30 60


50


25


100 i0







Current Source Example
12


 Reduce the 


number of 


useless loops by 


series/parallel 


combinations


 Label mesh 


currents


+
-


2A


200V


100 i0


2
50 25 16


3
 


60 30 20 


i1


i2







Solve
13


+
-


2A


200V


100 i0


2
50 25 16


3
 


60 30 20 


i1


i2







Solve
14


 ONLY 1 KVL 


Equation to WRITE


+
-


2A


200V


100 i0


2
50 25 16


3
 


60 30 20 


i1


i2


1 2i A


   


   


2 1 2


2 2


2 0


2
16 100 200 0


3


2
16 2 100 200 0


3


10
1.429


7


i i i V


i A i V


i i A A


 
      


 


 
      


 





    


KVL Loop 2:







Current Source on Boundary Between 


Loops: Supermesh
15


 Find Mesh 


Currents i1 and i2


 Note that i1 and 


i2 are NOT 


INDEPENDENT


+
-


6A


20V


10


i1 i2


2


6


4


 2 1 6i i A  • Writing KVL Loop 


around mesh loop 1 or 


mesh loop 2 makes no 


sense, WHY?







KVL: The Hard Way
16


+
-


6A


20V


10


i1 i2


2


6


4+


_
Vs


Loop 1:


 1 1 220 6 2 0sV i i i V       


Loop 2:


   2 1 22 10 4 0sV i i i       


Combine:


Remember:


 2 1 6i i A 


   


    


 


1 2


1 1


1


1 2


6 14 20


6 14 6 20


20 64


3.2 2.8


i i V


i i A V


i V


i A i A


   


    


  


    







KVL: Easy Way/Super-Mesh
17


 Just do 1 KVL 


Loop Around the 


Super-Mesh


Created by the 


the 2 Mesh Loops 


Joined Together 


by the Boundary 


Current Source
+


-


6A


20V


10


i1 i2


2


6


4+


_
Vs







KVL: Easy Way/Super-Mesh
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KVL: Easy Way/Super-Mesh
19


+
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6A


20V


10


i1 i2


2


6


4+


_
Vs


   


 


    


 


1 2


2 1 2 1


1 1


1


1 2


20 6 10 4 0


6 6


6 14 6 20


20 64


3.2 2.8


V i i


i i A i i A


i i A V


i V


i A i A


      


    


    


  


    


1 KVL Equation Around Combined Super-


Mesh


Saves the Effort of Adding and then 


Subtracting V-drops across inner current 


source and series elements







Nodal Analysis of Super-Mesh Problem


20


+
-


6A


20V


10


2


6


4


V1 V2


V3


i1 i2


Technically we have 3 nodes to 


solve for.


However:


(V3-V1)=(2*6A)=12V by 


KCL&Ohm’s Law


And by resistive voltage divider:


+
-


6A


20V


2


6


14


V1


[V1+12V]


i1 i2


2 1


4


4 10
V V


 
    


So only 1 “real” KCL 


equation to write


 


1 1
1


1
1


1
2 1


20
6 39.2


6 14


20
3.2


6


2.8 6
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V V V
A V V


V V
i A


V
i A A i
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Mesh Analysis Example: Workpages


 Object: Find Vab 


22
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Mesh Analysis Example: Workpages
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Mesh Analysis Example: Workpages
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Mesh Analysis Example: Workpages
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Mesh Analysis Example
26


 Label Mesh Loops 1-4


 Note that 1-3-4 forms a Supermesh


 Note that Vab=i4(2)
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vy
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Mesh Analysis 2
27


 Write KVL Equations


 KVL at SM:


 KVL at Mesh 2:


 Conditions on 


Dependent Sources


        Vxiiiii i 223)
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Mesh Analysis 3
28


 Insert Dependent Source Condition Equations into KVL 
equations


 SM:


 Mesh 2:


 Solve for i1,i2
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Key Concepts from U&M 3.4-3.6
2


 Linearity


 Superposition


 Equivalent Circuits


Source Transformations


Thevenin & Norton Equivalents


 Maximum Power Transfer Theorem







Definition: Linearity
3


 A function f(x) is linear if f(ax)=af(x) 


 Almost All Circuit Elements In 215 are Linear


 Resistors V=IR


 V(I) is linear, I(V) is linear


 Linearly Dependent Sources


 Capacitors


 Inductors


-


+


vc


ic


c
c


v
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t
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vL


iL


L
L


i
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t














Linearity
4


 With A Circuit Made Up of All Linear Elements, All 


I-V Results Are Linear


 Later, We Will Take A Brief Look at Some Non-


linear Elements, but in Most Cases Will Show How to 


Use Piecewise Linear Models to Analyze These 


Circuits







Superposition
5


 Superposition Principle: The voltage drop across 
and current through an element in any linear circuit 
are the algebraic sums of the voltages across and 
currents through that element due to each 
independent source acting alone.


 Step by step procedure:
1) Turn off all all independent sources except 1. Find the 


output voltage and/or current due to that source using 
nodal or mesh analysis


2) Repeat step (1) for all independent sources


3) Add all these results to obtain the actual voltage and/or 
current of interest







Superposition example
6


+
- 0.1vx


20


4Vs


+


-


vxIs


Find vx


First We Will Do Nodal 


Analysis


Then We Will Do 


Superposition







Nodal
7


+
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4Vs
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vxIs







Superposition Step 1: Turn off 2A Source


8


+
- 0.1vx1


20


4Vs


+


-


vx1


Current Source with I=0 is an OPEN CIRCUIT


KCL:


 1 1
1


1


0.1 0
20 4


0.25 4


s x x
x


x s s


V v v
v


v V V


 
  


 


   


Note that we leave the 


dependent source in the 


reduced circuit!







Superposition Step 2: Turn off 10V Source


9


Voltage Source with V=0 is an SHORT CIRCUIT


Note, again, that we leave 


the dependent source in the 


reduced circuit!


0.1vx2


20


4Is


+


-


vx2







Little Trick: 20&4 Resistors are in Parallel in 


Reduced Circuit
10


Combine to get total answer:


0.1vx2
10/3 Is


+


-


vx2


KCL:


 2 2
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3


5


s x x


x s


I v v


v I


 
   


 


 


1 2 0.25 5x x x s sv v v V I   


Note that vx is linear function of Vs and Is







Linearity & Superposition
11


 For DC Circuit Analysis, Superposition is More Work 


than Nodal Analysis


 Nodal & Mesh Analysis “By Inspection”


 The Big Pay-off for Linearity & Superposition 


together is in AC Analysis:


 Any Periodic Signal Can Be Represented By A Sum Of 


Sinusoidal Signals (Sin Waves, Fourier’s Theorem)


 The Response of Any Linear Circuit to a Periodic Signal Can 


be Found by Adding Up the Response to Each Individual 


Sinusoidal Signal







Nodal By Inspection: Example
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Equivalent Circuits
15


 Key Ideas:


 Reduce a big, messy circuit with 2 output terminals to a 


simpler, easier to apply case that has the same I-V 


characteristics at the output terminals


 Transform a circuits problem to make it easier to solve







Source Transformations


16


 Viewed from the output terminals a&b, the two 
circuits below are equivalent


 Replacement of a circuit by an equivalent can 
make some problems easier to solve


+
- VOC


Rs


a


b


ISC Rp


a


b


S P


OC P SC


SC OC S


R R


V R I


I V R
















Practice Problem by Source Transformation
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+
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Transform


to Current Source/Parallel


Resistor 0.1vx
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0.1vx


(1
0


/3
)



+


-


vx2.5A


Combine Parallel Elements


(1
0


/3
)



+


-


vx2.5A


-1
0



2.5A


5



+


-


vx


Last trick


0.1vx source= -10


Resistor


Vx=+12.5V







Theorem
18


 All Circuits containing only Resistors and Linearly 


Dependents Sources which have 2 output terminals 


can be modeled by a single Resistor


Passive Linear


Network (R's and


Linear Dependent


Sources only)


a


b


IT


a


b


ITReq


Assume


N+1 


nodes in


Circuit







Proof
19


 Ground Node b, leaving N non-reference nodes


 Let Node 1 be Node a


 Nodal Analysis will yield the following matrix 


equation. All source terms except at Node 1 are 


zero due to the lack of independent V and/or I 


sources
1,1 1, 1


,1 ,


1


1 1


1 e
1,1 1,1


0


R


N T


N N N N


ab T q


G G V I


G G V


G V I


V G I


V V G I G





 


     
     


     
         


 


  
 


       
   







Example: Find Req
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Probe with Test Source
21
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b


+
- VT


IT


Simple Mesh


KVL:
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Note that Req can be Positive, Zero, or Negative depending on A. 


Req<0 is possible since the dependent source can supply power







Theorem: Thevenin & Norton Equivalents
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 All Linear Circuits 
containing only R’s, 
Constant Sources, and 
Linear Dependent 
Sources and with 2 ouput
terminals can be 
modeled as a {V-
source+Series Resistor} 
(Thevenin) or an {I-
source+Parallel Resistor} 
(Norton)


 Delivered Power to a 
load =Vab*IL is 
considered


Thevenin


Equivalent


Circuit


Norton


Equivalent


Circuit


a


b


ReqIN


Linear Network
(R's, Constant


Sources,
and Linear


Dependent Sources
only)


a


b


IL


a


b


Req


+
-VTH


load


load


IL


load


IL







Theorem: Thevenin & Norton Equivalents
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 Thevenin and Norton 
equivalent resistances 
are the SAME for a 
given circuit


 VTH=Voc Open Circuit 
Voltage (IL=0)


 IN=ISC Short Circuit 
Current – Load is short, 
Vab=0


 VTH=INReq


Thevenin


Equivalent


Circuit


Norton


Equivalent


Circuit


a


b


ReqIN


Linear Network
(R's, Constant


Sources,
and Linear


Dependent Sources
only)


a


b


IL


a


b


Req


+
-VTH


load


load


IL


load


IL







Proof
24


 Ground Node b, leaving 


N non-reference nodes


 Let Node 1 be Node a


 Nodal Analysis will yield 


the following matrix 


equation. All source terms 


except at Node 1 are 


zero due to the lack of 


independent V and/or I 


sources


 Req can be positive, zero, 


or negative
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Simple Example
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 Find Thevenin and Norton Equivalent Circuits for
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Brute Force
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 Do Nodal Assuming a General Load
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Brute Force
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 Do Nodal Assuming a General Load
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I-V Curve
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Simpler Procedure to Get 


Thevenin/Norton Equivalents
29


 Note that it is LINEAR


 So ALL we need is 2 points or 1 point + Slope


 Special 1 Point+ Slope Cases:


 VOC=VTH + Req


 ISC=IN + Req


 Special 2 point case: VOC=VTH & ISC=IN
 Req= VOC/ ISC


 Find easiest 2 of 3 (VOC, ISC, Req)


 VOC and/or ISC from Nodal, Mesh, Superposition, Source 
transformation


 Another way to get Req?







Find Req Independently of ISC, VOC


30


 Turn off All INDEPENDENT Sources in Circuit 


(leave DEPENDENT ones)


 Apply test voltage (or test current) and find 


induced current (or induced voltage)
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Req Example
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Simple Nodal Analysis of 
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Under Open Circuit 


Conditions yields


VOC=+6V







Quick Nodal Analysis for Voc
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Verification: Nodal Analysis for Isc=IN
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THEVENIN/NORTON 


EXAMPLES
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Messy Example


2


 Suppose we have our now familiar circuit but we add a 


Current Source load IL and we want to know Vab


 Currently, our only choice is to do Nodal analysis again 


considering the added load resistor
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Brute Force Solution
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The final Solutions are 


changed:







Equivalent Circuits
4


So from the previous result, note that we get:
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Equivalent Circuits
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This I-V curve is generated by either of these two equivalent circuits 


which yield the same I-V at terminals a&b:


+
-2V


(3/17)
a


b


I
L


IL


(3
/1


7
)


a


b


I
L


IL(34/3)A


Thevenin Equivalent Norton Equivalent







Easier Way
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 We already had VOC=+2V from Nodal and Mesh 


Analysis of this Circuit


 Easier then if we just get Req
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I-V Plots & Warning
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 Req=VT/IT ONLY
for reduced circuit 
(independent 
sources off)


 Trying test source 
procedure on full 
circuit will only give 
another point on 
complete I-V plot 
(and is a lot more 
work)
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Utility of Equivalents Example: Connect 2 


Circuits
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Don’t Do a Big New Analysis!
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Norton and Thevenin Equivalents
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What About this One?
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Generalization to Input/Output


Situations: Concept of a Two-Port
16
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Example z Parameters
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2


Motivation


 All “Real” Sources Have Output Resistance


 What Is the Maximum Amount of Power That Can 


Be Delivered From a Real Source to A Load?


+
-Vs


Rs


RL
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Maximum Power Transfer Theorem


 We can reduce any linear circuit with 2 output 


terminals to a Thevenin (or Norton Equivalent)


 If we connect a resistive load, RL, maximum power is 


delivered to the load when RL=RTH=Req


 At this condition, 
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Intuitive
5


 If RL=0 then the LOAD dissipates no power


 Note this is the condition where the internal source 


delivers maximum power, but nothing is getting to the 


load!


 If RL=∞ then i=0 and again the LOAD dissipates no 


power


 So Max is somewhere in between
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Normalize Plot


 RL normalized to 


RTH


 PL Normalized to 


V2
TH/RTH


 Note that Physics Is 


Especially Cruel in 


The Case of RL<RTH


0


0.05


0.1


0.15


0.2


0.25


0.3


0 1 2 3 4 5


PL/(VTH^2/RTH)


P
L
/(


V
T


H


2
/R


T
H
)


(R
L
/R


TH
)







7


Power Efficiency


 


2


2


L L


total L TH


L


L TH


P i R


P i R R


R


R R


  
   


    


 
  


 


0


0.05


0.1


0.15


0.2


0.25


0


0.2


0.4


0.6


0.8


1


-1 0 1 2 3 4 5


PL/(VTH^2/RTH)


PL/(PTotal)


P
L


/(
V


T
H


^
2
/R


T
H


)


P
L


/(P
T


o
ta


l)


RL/RTH


50% Efficiency 


when R
L
=R


TH







8


Comments


 The Most Interesting Cases of Maximum Power 


Transfer Problem Occur for AC Circuits (later in 


class)


 Nonlinear Power Example: Solar Cell


 Low Frequency Example: Bipolar Common Collector 


Buffer


Vin
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RB2 RE


npn BJT







Solar Cell Max Power
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 A Solar Cell Is Just a Semiconductor Diode Under 


Illumination (sun light). It Convert Optical Energy Inot


Electrical Energy


 We Want To Maximize |PD|=|IDVD| When PD<0 


(Solar Cell Delivering Power)


 Model:
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Solar Cell Plot 1
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Solar Cell Plot 2
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Bipolar Junction Transistor (BJT)
13


 One of the first practical 
semiconductor devices with 
gain


 Act like a control valve. A 
small current into the control 
(base) terminal controls a 
large current flow through 
the high (collector) terminal


 Two major types npn & pnp
(opposite polarity)







NPN in Forward Active Mode
14


 Forward Active Mode: VBE>0, VCB>0


 Low Frequency Model
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Simple Amplifier and Inverter
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Simple Amplifier and Inverter
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Common Collector Amp
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Active Devices
2


 Linearly Amplify Signals


 Construction of Signal Processing Electronics
 Filters


 Non-linear Functions
 Digital Logic


 Signal Multiplication (mixing)


 We Will First Look at Operational Amplifiers (Op-
amps)


 Then We Will Take A Brief Look at Transistor 
Concepts







Operational Amplifier “Op Amp”


 Behaves like a voltage controlled voltage source (VCVS)


 Active circuit designed for math, analog computation 


 Commonly used for analog signal processing


3







Operational Amplifier “Op Amp”


 Two input terminals, 


inverting and non-inverting


 One output


 Power supply V+, V-


 Offset null to “zero” device


Op Amp showing power 


supply


Op Amp (power supply not shown,


how we typically analyze circuit)
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Op Amps: “Real”
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741 Op-Amp 


Circuit 


Diagram







Inside The Op-Amp (741)
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Ideal Op-Amp
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Use and Analysis of Ideal Op-Amps: 


Example Inverting Amplifier
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Nodal Analysis
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Op-Amp “Golden Rules”
12


 The last circuit was an example of negative 


feedback


 Under Negative Feedback Operation, we treat an 


ideal op-amp circuit with the following “golden” 


rules:
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Repeat Inverting Amp with Golden 


Rules
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Repeat Inverting Amp with Golden 


Rules
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KCL Warning I
15


 NEVER DO KCL-BASED Analysis of Ideal Op-Amps 


At Output or At Ground Node


 Why?







KCL Warning II
16


 Power Supplies Must Be Included to Do KCL at 


Output


 Example
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KCL at the output  or 


ground node will never 
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op-amp circuit







Negative Feedback


 Feedback: return some of the output to the input


 Negative feedback decreases input signal (vd)


 Achieves desired circuit gain, large range of input


 Increases Circuit Stability
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Negative Feedback Tests
18


 Setup Circuit with Large Finite A. All of the following 


are equally good tests for negative feedback


 Does Increasing Vo decrease Vd?


 Does Increasing Vd decrease Vo?


 Does Increasing A decrease Vd?
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Ideal Op-Amp At Infinite Gain with No 


Feedback
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Ideal Op-Amp At Infinite Gain with 


Negative Feedback
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Finite Gain Example Values
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Positive Feedback


 Positive feedback increases input signal (vd)


 Output driven to power supply rails


 “Latches” between high and low states


 Example: Schmitt Trigger
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Non-Inverting Op-Amp
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Ideal Op-Amp Analysis: Use Nodal 


Analysis at Inputs
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Special Case: Follower
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Why Care About a Follower?


Weak Signal Source  with high Thevenin Resistance
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Comparison Question
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Extensions: Summing Amp
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Extensions: Summing Amp
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Extensions: Difference Amp
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Extensions: Difference Amp
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Multi-Stage Example: Instrumentation 


Amplifier
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Instrumentation Amplifier Analysis I
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Instrumentation Amplifier Analysis II
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Why is better than a simple difference 


amp?
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Instrumentation Amplifier


Highly sensitive differential amplifier
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How does this compare to a difference amplifier?
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Digital to Analog Converter


Represent digital value with analog voltage
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Op Amp Equivalent Circuit Example
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g-Parameters
41


 Inverse Hybrid (g) Parameters Are Often Used to 


Characterized Voltage Amplifiers
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1/g11 = Open Circuit Input Resistance


g12 = Short Circuit Reverse Current Gain


g21 = Open Circuit Forward Voltage Gain


g22 = Short Circuit Output Resistance







g-Parameters for Non-Inverting/Non-


Ideal Op-Amp Circuit
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g-Parameters for Non-Inverting/Non-


Ideal Op-Amp Circuit
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OPERATIONAL AMPLIFIERS:


OP-AMPS PART 3 


MUTIPLE STAGE CIRCUITS


SIMPLE GRAPHIC EQUALIZER 
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Multi-Stage Opamp Example
2


+
-


100K


vs


50K


+
-


50K


v0


100K


200K


VA


VB


VC


VD


VE


+


-







3


+
-


100K


vs


50K


+
-


50K


v0


100K


200K


VA


VB


VC


VD


VE


+


-







Extensions: Summing Amp
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Band-Pass Filter
5


 Allows a certain range of frequencies to pass and cuts off 
the rest
 Bass, Mid-range, Treble, etc.


 Suppose we have several filters (different fi’s) and we want 
to build a graphic equalizer


 Let’s look at a case with 3 filters just to keep it simple
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Trans-Impedance Amplifier
7


 Objective: Linearly Convert Current to Voltage


 Useful for many types of measurement, particularly small 


currents


 Photodetectors (Photomultiplier tubes, etc.)


 MEMS Devices
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Non-Linear Example
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Transistors Circuits: Key Concepts I
2
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ID
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IS=ID+IG


 Transistors Are 3 or 4 Terminal 


Devices Built from Semiconductors & 


Are The Building Block of Modern 


Analog, Digital, and Mixed Signal 


Integrated Circuits


 Key Idea Follows From 3 Terminal 


Structure: Current Flow From One 


Terminal to a Second is  Controlled By 


A Small Amount of Power at the Third


 Control Valves for Current Flow


G D


GS G DS D


I I
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Our Objectives
3


 Understanding How These Elements (Transistors) Are Useful in 
Basic Analog Amplification and Digital Circuits


 Some Basic Useful Circuit Topologies


 How Does 215-Style Linear Circuit Analysis Help?


 Brief Look At How Do We Deal with Nonlinearities


 Analog: Bias/Operating Points & Small Signal Amplification


 Digital: How Device Limitations/Nonlinearities Yield Digital 
Circuits


 What Circuit Effects Lead to Speed/Frequency Response 
Limitations (Later in Class)







Not Our Objectives
4


 Explaining HOW Transistors Accomplish Current 
Control: Big Part of EECS 320


 Dealing with All the Details


 Important but 2nd Order Complications in Real Transistors


 Clever Topologies to Improve Performance


 Optimization for Real Applications


 These Are Necessary to Become a Good Practicing Designer 
and Are the Subjects of EECS 311 (Analog) and EECS 312 
(Digital) and following classes 







Our Approach
5


 Look at Examples of Real Transistors & Circuits


 Idealize the Model of the Transistor to Capture the 


Major Ideas


 Introduce Physical Limitations That Really Matter at 


the Circuit/Concept Level


 Look at Useful Circuits with Idealized Devices


 Leave Details for Later Classes







Some Types of Transistors
6


 Bipolar Junction Transistors (BJT’s)


 npn & pnp


 Junction Field Effect Transistors (JFET’s)


 p & n- channel


 Modulation Doped Field Effect Transistors (MODFET’s)/High 
Electron Mobility Transistors (HEMT’s)


 p & n- channel


 Metal Oxide Semiconductor Field Effect Transistors 
(MOSFET’s)


 p & n- channel
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MOSFET: Approximate Model
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MOSFET (Field Effect Transistor)


Active Device: Voltage Controlled Current Source


Gate voltage controls 


drain/source current
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MOSFET Equivalent Circuit


In 215, we will generally assume constant g


(in real device, g is not constant, nonlinear)
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Idealized Conceptual Transistor
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 The Exact Answers, 


Detailed Designs Depend 


on Having Numerically 


Accurate Circuit Models for 


the Transistors


 Key Concepts and 


Topologies Can Be 


Understood by Considering 


A Linear Idealized Element







Closer to Reality: Physical Limits on 


Transistor
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What About Power?
13


G


D


S


gmVGSVGS


+


-


G


D


S


T1


ID


VDS


VGS1


VGS2


VGS3


-VGS1


-VGS2


-VGS3


Real Transistors only DISSIPATE Power







Idealized Power Dissipating Transistor
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Polarity Dependent Ideal Transistor (U&M 


Idealized n-Channel MOSFET
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Most Transistors only operate with 1 polarity
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Idealized P-channel Tp Transistor (U&M 


Idealized P-Channel MOSFET)
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Common Source Amp with Tn Transistor
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Tn Common Source Amp Analysis
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Tn Common Source Amp Analysis
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Tn Common Source Amp: Bias Point
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Tn Common Source Amp: Example
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Tn Common Source Amp: Clipping
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Square Law MOSFET
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Common Source Amp
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 The Loading Element (RL) 
Places an Additional 
Constraint on ID


 Circuit Solution Must 
Simultaneously Match Load 
Constraint (Ohm’s Law), 
Transistor Characteristic 
Function (linear-square law), 
and Circuit Connection 
Constraint
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When is the Circuit in Off/Linear/Sat?


Tin


TGS


VV


VV








Off  On


Tinout


TGSDS


VVV


VVV








Tin VV  Tin VV 


Linear  Saturation


  TinTin
L


DDout VVVV
kR


VV 
2


2


  0
2


2
2 22
























 TDD


L


TT


L


inin VV
kR


VV
kR


VV


Solve quadratic equation for Vin, 


call “Vin
sat”


Off On


sat


inin VV 
sat


ininT VVV 
Linear Saturation


VDD


RL


G


S


D ID DS


out


V


V


GS


in


V


V


25







Common Source Amp
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Input/Output Characteristics 
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Bias Point
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Linearization/Small Signal Concept
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Linearization: Small Signal Analysis
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 Use Superposition


 Circuit Solution is DC 


Operating Point + 


Small Signal (AC) 


Variation
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Small Signal Model
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For small


signal part


only


We find the DC operating points (sometimes 


nonlinear issues) then analyze AC Small Signal Gain 


with linear circuit models







Another Digital Circuit Element: NAND 


A B Out


0 0 1


0 1 1


1 0 1


1 1 0


A


B
Out


VDD


A


Vout


B


No current flows through resistor, unless both A and B 


inputs turn their transistors on to “pull down” Vout


You can build any binary logic function with NAND gates!


39







Another Digital Circuit Element: NOR 


Current will flow if either A or B inputs turn their 


transistors on to “pull down” Vout
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B
Out
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Vout


B


You can build any binary logic function with NOR gates!
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CAPACITORS AND 


INDUCTORS
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1







BIG IDEAS
2


 Information Is Carried ONLY By 


Time Varying Signals


Energy Storage & Finite Power 


DIRECTLY Imply Frequency 


Response Limitations / Non-Instant 


Time Responses







Time Response of Circuits


 Transient response due to change in circuit


 Steady state response can be AC or time varying, 


but is periodic in nature







Non-Periodic Waveforms


Step Function


Square Pulse


Ramp Function


Exponential







Table 5-1 Common Nonperiodic


Functions
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Energy Storage Elements
6


 Capacitors and Inductors Store Electromagnetic Energy
 Useful in Power Conditioning (A.C. to D.C. Conversion)


 Useful in Filtering Circuits


 Takes Time To Change Energy Storage (unless you have infinite 
power available).


 The Capacitors and Inductors in a Circuit Are Strong Factors in 
Determining Frequency Response and Speed of All Real 
Circuits


 Parasitic (unavoidable but present) Elements in Transistor 
Circuits (a little in EECS 215, more in EECS 311, 312, model 
building in EECS 320)


 Delays on Real Wires (Transmission Lines, EECS 230, 330).







Physics
7


 Detailed E&M from Maxwell’s Equations


 Phys 240


 EECS 230


 Here We Will Use the Resulting Circuit Laws from 


This Physics







Ideal Capacitor Basics
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Charge on each plate Q=A= AE=(AV/d)=CV


Equal and opposite total charges on each plate


Total Device is Neutral


Device storage energy in E-field







Ideal Capacitor Basics
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C in Farads 1F=1 C/V


Vc must be continuous function of time t. Otherwise 


ic is infinite (& power is infinite).


Voltage across a capacitor cannot change instantly !


ONLY exception: Idealized problem with a 


PERFECT V-source connected directly across a 


capacitor


At DC, ic=0Capacitor looks like OPEN Circuit







Ideal Capacitor Basics
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Voltage Ramp Into Capacitor
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Stored Energy in Capacitor
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Work w to charge a capacitor


Total Stored Energy in Capacitor
21
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Capacitor Response







RC Circuits at DC


 No current flow through capacitors: open circuit







Parallel Capacitors
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Series Capacitors
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Series Capacitors: Capacitive V-


Divider
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What would 


you get for 3 


Cap’s in Series?







Series Capacitors: Capacitive V-


Divider
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Ideal Inductor Basics
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Magnetic Energy Storage tied to CURRENT


Changing H-field requires Changing I







Ideal Inductor Basics
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L in Henries 1H= 1V-s/A


iL must be continuous function of time t. Otherwise VL


is infinite (& power is infinite).


Current through an inductor cannot change instantly!


ONLY exception: Idealized problem with a PERFECT 


I-source connected directly to one node of an inductor


At DC, VL=0Inductor looks like Short Circuit







Ideal Inductor Basics
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RL Circuits at DC


 No voltage across inductors: short circuit







Stored Energy in Inductor
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Work w to energize an inductor


Total Stored Energy in Inductor
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Series Inductors
24
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Parallel Inductors
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Parallel Inductors Add Reciprocally
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Example
26


I0 L


Switch
Closes
at t=0


I1(t)


Suppose I0 is constant 


and non-zero.


What is I1(t) for t>0?







Example: Spark Gap
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I(t) L


Suppose I(t) = 


constant t<0 but 


ramps to 0 for t>0 at 


rate B A/s







Example: Integrator
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Example: Differentiator
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First Order Circuits
2


 Only One Energy Storage Element (one L or one C)


 Resistors, Independent and Dependent Sources


 Result with be a First Order Ordinary, Linear 
Differential Equation in t


 First Order since we have one circuit element with with 
a d/dt element constraint







First Order Ordinary Linear, Differential 


Equations: The Short Story I
3


Differential Equations of the form:


dy
( ) ( )


dx


where ( ), ( ) are functions of x only (possibly even constants).


The GENERAL solution is made up of a particular solution ( )


which solves the total


p


P x y Q x


P x Q x


y x


 


 equation and a homogeneous solution ( )


which solves the homogeneous equation:


dy
( ) 0


dx


So the full, general solution is:
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h


p h


y x


P x y


y x y x y x


 


 







First Order Ordinary Linear, Differential 


Equations: The Short Story II
4


The homogeneous solution ( ) to a 1st order, linear ODE will


always have exactly 1 unknown constant, so the general solution:


( ) ( ) ( )


will also always have exactly 1 unknown constant.


We elimin


h


p h


y x


y x y x y x 


ate that constant by matching to the initial condition


(also called the boundary condition).


We only match the  solution to the initial condition.


We will illustrate all this with circuits examples.
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Differential Equations: Simple Example
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Differential Equations: Simple Example
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Math Example
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V =V particular forced solution


Note that this solves the complete differential equation
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Example
8
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Suppose I0 is constant 


and non-zero.


What is I1(t) for t>0?


IL(t)=Io ≤t
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Modified Example
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Suppose I0 is constant 


and non-zero.


What is I1(t) for t>0?







General Approach
10


 Use KVL, KCL, Circuit Element Laws to find differential 
equation for circuit problem


 Find the Initial Conditions (same as boundary 
conditions)


 Find the Natural Solution (homogenous solution)
 This is the same as the unforced circuit reponse


 Find the Forced Solution (particular solution)


 Add the Forced+Natural Solutions to get the 
Complete Solution


 Eliminate the Unknowns (1 unknown in a FOC) using 
the Initial Conditions
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Modified Example
13


I0


L


Switch
Closes
at t=0


I1(t)


R
IL(t)


0 1


0


0


0


1
0


L


L L


L
L


L
L


L
L


I I I


V I R


I
L I R


t


I R
I


t L


I
I


t


L


R








 


 



 






 






 








KCL


KVL


Diff. Eqn.


Standard 


Form







Modified Example
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Note the limit as R0


The problem reduces to 


our previous ideal case!
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Natural Solutions: RL Circuits
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 Really, We Just Did This but Let’s Be Formal and 


Do It Right
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Natural Solutions: RL Circuits
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Natural Solutions: RC Circuits
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Natural Solutions: RC Circuits
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Numerical Example
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Numerical Example
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Procedure for Solving Complete 


(Forced) FOC Problems
26


1) Find Initial/Boundary Conditions


2) Find Natural (homogeneous) Solution


3) Find Forced (particular) Solution


For step response problems this is the solution when 
t∞


4) Add Forced & Natural to get Complete Solution


5) Match Unknown in Complete Solution to Initial 
Conditions


(1)-(3) can be done in any order, but (4)&(5) must come 
at the end!!
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In this case, we can perform a simple integration


  AAeVv RC   /0


00


Differential Equation:


0
RC


v


dt


dv


  RCteVtv  0


dt
RCv


dv 1



 dt
RCv


dv 1


Integrate both sides:
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t
v ln


(K=unknown constant)


Take exponent of both sides:


KRCtev  /


RCtAetv /)( 


(A=unknown constant)
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Integral Math for the First-Order 


Differential Equation







Time Constant


The time constant is the time required for the 


response to decay to 1/e of the initial value 


What will response for longer/shorter  look like?
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Response Terminology


Natural response – response in absence of sources


Forced response – response due to external source


Complete response = Natural + Forced


Transient response – time varying response (temporary)


Steady state response – time independent (permanent)


Complete response = Transient + Steady State


Source dependence


Time dependence







First Order Circuits - Tips


 Determine what you are looking for, what you know


 Rewrite circuit in Thevenin or Norton equivalent


 Use superposition if you have multiple sources


 Determine solution from initial and steady state conditions


Example: this circuit is 


straightforward if you replace 


the current source and 2 ohm 


resistor with Thevenin


equivalent







DC Conditions


 Under DC Conditions, All d/dt Terms Are ZERO


 Ic=0, VL=0


 Capacitors Act Like Open Circuits, Inductors Act Like 


Short Circuits


 Easy Issue for FOC’s, but Generally True for DC 


Conditions and Very Helpful for Higher Order 


Circuits
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Example
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Example
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Example
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Example


+
-


+
-


4K


5K


3K


24V
500F


+


-


Vc


-30V


Find Forced 


Solution: 
VCf=VC(t)


Find Natural 


Solution


35







Example
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Example
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Unit Step Response


 Useful way to 
characterize the time 
response of linear 
systems


 Directly interesting for 
speed of digital 
systems


 Can use a series of 
steps to approximate 
any signal
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Unit Step Response of RC Circuit:


Natural Response & Initial Conditions
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Unit Step Response of RC Circuit:


Forced Response
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Unit Step Response of RC Circuit:


Total Response/Match Initial Condition
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Unit Step Response of RC Circuit
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Unit Step Response of RC Circuit
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RC Unit Step Response
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More Complex Response Example


 Object: Find Vab(t) given Is(t), Vs(t), C


 Approach: Find the Thevenin equivalent circuit 
that the capacitor “sees”


 Could Use Superposition to find Vab,oc from Vs


and Is sources independently, then add result
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Nodal Analysis 2
47


 Write KCL Equations


 KCL at SN:


 KCL at Node 3:


 Conditions on 


Dependent Sources
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Nodal Analysis 3
48


 Insert Dependent Source Condition Equations into 
KCL equations
 SN:


 Node 3:


 Solve for v2=VTH
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Thevenin Equivalent
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 Note that 


Req=(3/17) 


which we found 


long ago has not 


changed.
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Numeric Example
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Numeric Example
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Numeric Example
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Numeric Example


 


 


 


 
 


 


( ) 8 ( ) 2 ( 6 )


3
17 3


17


0 ( ) 0


0 6


/( ) 8 1


6


6 / 2(6 ) 8 1 8 1


(6 ) 6.9173
1


( ) 10


(6 ) 10
1


V t u t u t s
TH


RC F s


t V t
c


t s


tV t e V
c


t s


s
V s e V e V New Initial Condition


c


V s V V
c C


V t V New Forced Solution
c


V s V V Ae
c C





  











 









  


 
    


 


 


 


 





      
 


 


 



    


 


( 6 ) /
10


1


( 6 ) / 3 ( 6 ) / 3
( ) 10 10 10 3.0827


1


t s
A V V


C


t s s t s s
V t V e V e V


c C


 


   



  


          
      


+
-


3


17



 
1


( ) 8 ( ) 2 ( )
17


s sTH
V t V t I t


 
     


 


( )
TH


V t C


a


b


53







Numeric Example
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Inductor Circuit Step Response
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Inductor Circuit Step Response
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Inductor Circuit Step Response
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Time Varying forcing Function


 For a 1st order ODE with a time varying forcing 


function f(t)


 Try Forced Solutions of the form Af(t)+Bf'(t)


 Plug in to ODE and find A, B


 For a 2nd order ODE (SOC) with a time varying 


forcing function f(t)


 Try Forced Solutions of the form Af(t)+Bf' (t)+Cf'' (t)


 Plug in to ODE and find A, B, C
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Example: Ramp Into Inductor
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Example: Ramp Into Inductor
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Example: Ramp Into Inductor
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What is Forced Solution?


It is no longer constant with time
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Example: Ramp Into Inductor
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Example: Ramp Into Inductor
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Complete Solution and Match Initial 


Conditions
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Numerical Example: Ramp Into Inductor
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Numerical Example: Cosine Wave into RC
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Initial Condition:


Natural Solution:
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Numerical Example: Cosine Wave into RC
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Forced Solution:
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Numerical Example: Cosine Wave into RC
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Complete Solution:
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Numerical Example: Cosine Wave into RC
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Numerical Example: Cosine Wave into RC
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Numerical Example: Cosine Wave into RC
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Op-Amp Example
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Op-Amp Example
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FIRST ORDER CIRCUITS
© Fred Terry


Winter, 2010
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First Order Circuits
2


 Only One Energy Storage Element (one L or one C)


 Resistors, Independent and Dependent Sources


 Result with be a First Order Ordinary, Linear 
Differential Equation in t


 First Order since we have one circuit element with with 
a d/dt element constraint







First Order Ordinary Linear, Differential 


Equations: The Short Story I
3


Differential Equations of the form:


dy
( ) ( )


dx


where ( ), ( ) are functions of x only (possibly even constants).


The GENERAL solution is made up of a particular solution ( )


which solves the total


p


P x y Q x


P x Q x


y x


 


 equation and a homogeneous solution ( )


which solves the homogeneous equation:


dy
( ) 0


dx


So the full, general solution is:
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h


p h


y x


P x y


y x y x y x


 


 







First Order Ordinary Linear, Differential 


Equations: The Short Story II
4


The homogeneous solution ( ) to a 1st order, linear ODE will


always have exactly 1 unknown constant, so the general solution:


( ) ( ) ( )


will also always have exactly 1 unknown constant.


We elimin


h


p h


y x


y x y x y x 


ate that constant by matching to the initial condition


(also called the boundary condition).


We only match the  solution to the initial condition.


We will illustrate all this with circuits examples.
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Differential Equations: Simple Example
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Differential Equations: Simple Example
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Math Example
7
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Example
8
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Modified Example
9
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General Approach
10


 Use KVL, KCL, Circuit Element Laws to find differential 
equation for circuit problem


 Find the Initial Conditions (same as boundary 
conditions)


 Find the Natural Solution (homogenous solution)
 This is the same as the unforced circuit reponse


 Find the Forced Solution (particular solution)


 Add the Forced+Natural Solutions to get the 
Complete Solution


 Eliminate the Unknowns (1 unknown in a FOC) using 
the Initial Conditions







Modified Example
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Modified Example
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Modified Example
13
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Modified Example
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Modified Example
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Modified Example
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Modified Example
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Natural Solutions: RL Circuits
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 Really, We Just Did This but Let’s Be Formal and 


Do It Right
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Natural Solutions: RL Circuits
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Natural Solutions: RC Circuits
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Natural Solutions: RC Circuits
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Numerical Example
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Numerical Example
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Numerical Example
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Numerical Example
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Procedure for Solving Complete 


(Forced) FOC Problems
26


1) Find Initial/Boundary Conditions


2) Find Natural (homogeneous) Solution


3) Find Forced (particular) Solution


For step response problems this is the solution when 
t∞


4) Add Forced & Natural to get Complete Solution


5) Match Unknown in Complete Solution to Initial 
Conditions


(1)-(3) can be done in any order, but (4)&(5) must come 
at the end!!
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In this case, we can perform a simple integration


  AAeVv RC   /0


00


Differential Equation:


0
RC


v


dt


dv


  RCteVtv  0


dt
RCv


dv 1



 dt
RCv


dv 1


Integrate both sides:


  K
RC


t
v ln


(K=unknown constant)


Take exponent of both sides:


KRCtev  /


RCtAetv /)( 


(A=unknown constant)


Use initial condition to determine 


unknown constant A


Integral Math for the First-Order 


Differential Equation







Time Constant


The time constant is the time required for the 


response to decay to 1/e of the initial value 


What will response for longer/shorter  look like?


RC


  tRCt eVeVtv   00





 11


000






















 t


t


t


e
V


v


dt


d







Response Terminology


Natural response – response in absence of sources


Forced response – response due to external source


Complete response = Natural + Forced


Transient response – time varying response (temporary)


Steady state response – time independent (permanent)


Complete response = Transient + Steady State


Source dependence


Time dependence







First Order Circuits - Tips


 Determine what you are looking for, what you know


 Rewrite circuit in Thevenin or Norton equivalent


 Use superposition if you have multiple sources


 Determine solution from initial and steady state conditions


Example: this circuit is 


straightforward if you replace 


the current source and 2 ohm 


resistor with Thevenin


equivalent







DC Conditions


 Under DC Conditions, All d/dt Terms Are ZERO


 Ic=0, VL=0


 Capacitors Act Like Open Circuits, Inductors Act Like 


Short Circuits


 Easy Issue for FOC’s, but Generally True for DC 


Conditions and Very Helpful for Higher Order 


Circuits
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Example


+
-


+
-


t=0


4K


5K


3K


24V
500F


+


-


Vc


-30V


Find Initial 


Condition on 


Capacitor for t<0
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Example


+
- 5K
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24V Vc(t<0)


+
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Find Initial 


Condition on 


Capacitor for t<0


5
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5 3
c


Voltage Divider
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Example


+
-


+
-


t=0


4K


5K


3K


24V
500F


+


-


Vc


-30V


Find Forced 


Solution: 
VCf=VC(t)
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Example
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24V
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-30V


Find Forced 


Solution: 
VCf=VC(t)


Find Natural 


Solution
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Example
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Example
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Unit Step Response


 Useful way to 
characterize the time 
response of linear 
systems


 Directly interesting for 
speed of digital 
systems


 Can use a series of 
steps to approximate 
any signal


0


0


0
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0 0
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1 0


( )


0
( )


1


t
u t
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t
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Unit Step Response of RC Circuit:


Natural Response & Initial Conditions
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Unit Step Response of RC Circuit:


Forced Response
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Unit Step Response of RC Circuit:


Total Response/Match Initial Condition


+
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-
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Unit Step Response of RC Circuit
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Unit Step Response of RC Circuit


+
-


C


a


b


R


V0u(t)


ic


Vc


+


-


 


0


/


0 0


( ) 0 0


0


:


1


tan


/


(


c


c
c


t


cf


cf


cf cf


c


Initial Condition V t t


V
for t RC V V


t


Natural solution Ae RC


Forced solutionof st Order ODE is of formof forcing function


V cons t


V
RC V V V V


t


Natural Forced General Complete Solution


V


 


  



  












   





 


 


/


0


0 0


/ /


0 0 0


)


(0) 0


( ) 1


t


c


t t


c


t Ae V


Match Initial Condition


V A V A V


V t V e V V e





 





 


 


     


     


44







RC Unit Step Response
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More Complex Response Example


 Object: Find Vab(t) given Is(t), Vs(t), C


 Approach: Find the Thevenin equivalent circuit 
that the capacitor “sees”


 Could Use Superposition to find Vab,oc from Vs


and Is sources independently, then add result


+
-


-
+


Vs(t)


IS(t)


(2-1)vy


1


2


1


(3)ix


2


ix


+


_


vy


a


b


V1 V2


V3 V4 C
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Nodal Analysis 2
47


 Write KCL Equations


 KCL at SN:


 KCL at Node 3:


 Conditions on 


Dependent Sources
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Nodal Analysis 3
48


 Insert Dependent Source Condition Equations into 
KCL equations
 SN:


 Node 3:


 Solve for v2=VTH
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Thevenin Equivalent
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 Note that 


Req=(3/17) 


which we found 


long ago has not 


changed.
+
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Numeric Example
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 Now assume C=17F


 Vs(t)=17 u(t) V
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Numeric Example
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Numeric Example
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Numeric Example
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Numeric Example
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Inductor Circuit Step Response
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Inductor Circuit Step Response
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Inductor Circuit Step Response
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Time Varying forcing Function


 For a 1st order ODE with a time varying forcing 


function f(t)


 Try Forced Solutions of the form Af(t)+Bf'(t)


 Plug in to ODE and find A, B


 For a 2nd order ODE (SOC) with a time varying 


forcing function f(t)


 Try Forced Solutions of the form Af(t)+Bf' (t)+Cf'' (t)


 Plug in to ODE and find A, B, C
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Example: Ramp Into Inductor
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Assume


V t V At u t 


Voltage Ramp Starting at t=0


Find Initial Condition
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Example: Ramp Into Inductor
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Differential Equation:
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Example: Ramp Into Inductor


+
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 0( ) ( )s


Assume


V t V At u t 


Natural Solution Unchanged:
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What is Forced Solution?


It is no longer constant with time
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Example: Ramp Into Inductor
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Example: Ramp Into Inductor
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Assume


V t V At u t 


Complete Solution and Match Initial 


Conditions


63







Numerical Example: Ramp Into Inductor
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Numerical Example: Cosine Wave into RC
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Initial Condition:


Natural Solution:
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Numerical Example: Cosine Wave into RC
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Forced Solution:
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Numerical Example: Cosine Wave into RC
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Complete Solution:
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Numerical Example: Cosine Wave into RC
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Numerical Example: Cosine Wave into RC
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Numerical Example: Cosine Wave into RC
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Op-Amp Example
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Op-Amp Example
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FIRST ORDER CIRCUITS EXAMPLE: 


NEGATIVE VS. POSITIVE 


FEEDBACK


© Fred Terry


Winter, 2010
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Non-ideal Inverting Amp
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Schmidt Trigger Configuration
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Nodal Analysis
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Solution
5
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Both Solutions are Good for Large 


Open Loop Gain (Large A)


So What’s the Big Deal About 


Negative vs. Positive Feedback?







Negative vs. Positive Feedback
6


 Assume for example that Vs>0


 Positive Feedback Case


 The Allowed DC Solution has V1=Vd<0 and Vo=Avd<0 : No 


Way to Get There in This Circuit


 Even If We Force The Circuit To This State, It Is Unstable


 Negative Feedback Case


 The Allowed DC Solution has V1=-Vd, V1 >0 and Vo=Avd<0 : 


Reaching This State Is No Problem


 The Circuit Is Stable To Small Changes







Dynamics
7


 To Consider the Dynamics (evolution of voltages in 
time), We Need to Add Energy Storage Elements to 
Our Circuit Model


 The Real Situation Would Be More Complex, but The 
Essential Issues Can Be Understood by Adding Only 
an Input Capacitance


 This Will Not Explain the Slew Rate (The Maximum 
Volts/s that the Output of the Op-Amp Will Supply). 
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Negative Feedback Case
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Equivalent Resistance “Seen” By Capacitor: 


Positive Feedback Case
12


+
-Vs


Rs Rf


Vo


+


-


-
+


AVd


Vd


C


iC


Rs Rf


Vo


+


-


-
+


AVd


Vd


C


iC


Rs


Rf


Vo


+


-


-
+


AVd


Vd


C


iC
+


-


Req







Equivalent Resistance “Seen” By Capacitor: 


Positive Feedback Case
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Summary
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 Negative Feedback Drives Input Node Toward 
Correct DC Point


 Inherent Stability


 Positive Feedback Drives Input Node Away from 
Correct DC Point


 Inherent Instability


 To See That The Positive Feedback Case Is Inherently 
Unstable, Let’s Assume We Force It To The Correct 
Point & Then Have A Small Perturbation
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Positive Feedback Creates Strong Instability that Pushes the 


Output to the Maximum Voltage (VCC) Limit


Similar Analysis Shows that Negative Feedback Pushes the 


Output to the DC Condition and is Inherently Stable







Positive Feedback with 1V Perturbation
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Schmidt Triggers
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 Bi-stable Circuit (2 output states)


 Hysteresis (Switching Between States Depends on Path 


of Input Voltage Change)


 Schmidt Triggers and Other Bi-stable Circuits with 


Hysteresis Can Be Used for A Number of 


Applications:


 Logic (including Memory)


 Discrete Control Application


 Building Blocks for Oscillators







Relaxation Oscillator: Square Wave 


Generator
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Second Order Circuits
2


 Exactly Two Energy Storage Elements (2 L’s, 2 C’s, or 
1 L & 1 C)


 Resistors, Independent and Dependent Sources


 Result with be a Second Order Ordinary Differential 
Equation in t


 Useful for Understanding/Modeling Real Circuits & 
Other Physical Systems (e.g. Transmission Lines)


 Useful for Filter Circuits







General Approach
3


 Use KVL, KCL, Circuit Element Laws to find differential 
equation for circuit problem


 Find the Initial Conditions (same as boundary conditions)


 Must Have 1 Initial Condition Per Energy Storage Element


 Find the Natural Solution (homogenous solution)


 This is the same as the unforced circuit response


 Will Have 2 Independent Solutions


 Find the Forced Solution (particular solution)


 Add the Forced+Natural Solutions to get the Complete Solution


 Eliminate the Unknowns (2 unknowns in a SOC) using the Initial 
Conditions
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Series RLC:
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 Analysis of Important Case


 Introduce the concept of damping


 Illustration of General Methods


 Systematic look at the only solutions for 2nd order 


systems


 We will start with a natural decay problem


 Then a step response problem







Natural Response
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Characteristic Equation
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Characteristic Equation
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Try Solving Complete Problem
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Try Solving Complete Problem
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General Response for Any SOC
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Solving Natural Decay Problem


22


L


C


i(t)


+


-


VC


+ -
VLR0


0


(0) 0


(0) 0


L


c C


Assumei i


AssumeV V


 


 


• Find , 0Damping Case


• Source Free Case 


Natural Soln=Complete 


Soln.


• Match Initial Conditions (2) 


to Eliminate 2 remaining 


unknowns


1st is easy i(0)=iL0


Look for KCL and/or KVL 


conditions to match to 2nd


 


0


0 0


0


(0) (0)


C L


L


L
C


t


L
C L


t


V iR V KVL


i
iR L


t


i
V i R L


t


i
V i R L


t








  


 
   


 


 
   


 


 
   


 







23


L


C


i(t)


+


-


VC


+ -
VLR0


0


(0) 0


(0) 0


L


c C


Assumei i


AssumeV V


 


 







Natural Decay Problem: Numeric Examples


24


L


C


i(t)


+


-


VC


+ -
VLRL=1mH C=1mF  R=3W


iL0=0  VC0=5V







25







26


-4


-2


0


2


4


0 5 10 15 20 25 30


Damping Natural Response Example


I(t) 0.1 ohm
I(t) 2 ohm
I(t) 3 ohms
I(t) 0.5 ohm
I(t) 0.2 ohm


I(
t)


 A


time (ms)


VC(0)=5V


C=1 mF


L=1 mH
R varied







Over-Damped Response
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Over-damped Response Power/Energy
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Critically Damped Response
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Critically Damped Power/Energy
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Under-Damped
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Step Response
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Parallel RLC
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 Find Governing 


Differential Eqn.


 Find Natural Response


 Find Forced Response


 Total soln=nat+forced


 Find Initial (Boundary) 


Conditions


 Match total solution to 


Initial Conditions
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Parallel RLC: Differential Equation
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Parallel RLC: Natural Response
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Parallel RLC: Forced Response (Step) 


+Complete Soln
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Result: Inductor Current Equation
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Result: Capacitor Voltage Equation
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Parallel RLC: Match Initial Conditions
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Parallel RLC: Match Initial Conditions
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Parallel & Series Summary
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SUPPLEMENTAL NOTES:


A GENERAL APPROACH TO 


RELATING INITIAL CONDITION 
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Relating Initial Conditions
49


 For SOC problems, if we can find Vc(0
+) and ic(0


+) 
{for Vc(t) problems} or iL(0


+) and VL(0
+) {for  iL (t) 


problems} then we are in great shape


 Usually, we have Vc(0
+) & iL(0


+) {for RLC problems, 
for SOC’s with 2 C’s or 2 L’s we will have an 
analogous situation}


 To get the quantity we want, we only have to do 
DC-style circuit analysis at t= 0+







Example
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io(t)=2u(t)
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Suppose we have the initial (boundary) conditions:


How do we get  and/or ?







Draw t=0+ Circuit
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io(t)=2u(t)=2A C
R2
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3W


10W


1H


1F


iL(0+)=5A


+


-


VC(0+)=1V


 Vc(0
+) fixed but ic(0


+) can be anything (as required 
by the circuit)


 iL(0
+) is fixed but VL(0


+) can be anything (as 
required by the circuit)







Draw t=0+ Circuit
52


io(t)=2u(t)=2A C
R2


R1


L


3W


10W


1H


1F


iL(0+)=5A


+


-


VC(0+)=1V


 Vc(0
+) fixed but ic(0


+) can be anything (as required by the 
circuit)Replace C by V-source in t=0+ circuit model


 iL(0
+) is fixed but VL(0


+) can be anything (as required by the 
circuit) Replace L by I-source in t=0+ circuit model


 REPLACEMENT ONLY WORKS FOR t=0+ !!!!!







Draw t=0+ Circuit
53


2A R2


R1 3W
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Now Do Nodal, Mesh, or 


KVL/KCL to find the 


missing stuff ic(0
+),VL(0+)







t=0+ Nodal Analysis
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GENERAL SECOND ORDER 
CIRCUITS, S-DOMAIN 
METHOD
© Fred Terry
Winter, 2010


What is a “General” SOC?
2


 Neither Series Nor Parallel RLC Case


ff f Resulting Differential Equation Is Still of the Same 
General Form, But Coefficients May Be Significantly 
Different
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General RLC Example 1
3


 Find Governing  Find Governing 
Differential Eqn.


 Find Natural Response


 Find Forced Response


 Total soln=nat+forced


 Find Initial (Boundary) 


io(t) CR2


R1


L


Conditions


 Match total solution to 
Initial Conditions


General RLC Example 1
4


 Find Diff Eqn Find Diff Eqn


 KCL/KVL Approach


io(t) CR2


R1


L
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io(t) CR2
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Step Response Example
7


 Find s1,s2, damping type (nat 1, 2, p g yp (
response)


 Forced response


 B.C.’s


io(t) CR2


R1


L


1 2 02.5 5 1 5 ( ) 1 ( )R R K C F L H i t u t A       


Initial Conditions & Forced Response
8


io(t) CR2
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1 2 02.5 5 1 5 ( ) 1 ( )R R K C F L H i t u t A       
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Match Initial Conditions
9
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1 2 02.5 5 1 5 ( ) 1 ( )R R K C F L H i t u t A       


io(t) CR2


R1


L


1 2 02.5 5 1 5 ( ) 1 ( )R R K C F L H i t u t A       
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11


Matlab Code for Plots
12


% general RLC example 
clear all;
R1=2 5;


t=0:1e-2/a:8/a;
iL=(b1*cos(wd*t)+b2*sin(wd*t)).*exp(-a*t)+iLf;


R1=2.5;
R2=5e3;
C=1e-6;
L=5e-6;
a=0.5*(R1/L+1/(C*R2))
w0=sqrt((1+R1/R2)/(L*C))
s1=-a+sqrt(a^2-w0^2)
s2=-a-sqrt(a^2-w0^2)
wd=sqrt(w0^2-a^2)


vL=L*((-a*b1+b2*wd)*cos(wd*t)+(-a*b2-
b1*wd)*sin(wd*t)).*exp(-a*t);
vc=vL+R1*iL;
ic=i0-vc/R2-iL; 
subplot(2,1,1);
h=plot(t,iL,t,ic);
set(h,'linewidth',2);
xlabel('time (s)');
ylabel('Current (A)');
legend('i L' 'i C');


q ( )
%set for underdamped response
i0=1; %source
iL0=0; %boundary condition
iLf=R2/(R1+R2)*i0
b1=iL0-iLf 
Vc0=0; %boundary condition
b2=((Vc0-iL0*R1)/L+a*b1)/wd


legend( i_L , i_C );
grid on;
subplot(2,1,2);
h=plot(t,vc,t,vL);
set(h,'linewidth',2);
xlabel('time(s)');
ylabel('Volts (V)');
legend('V_c','V_L');
grid on;
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Transient Circuit Analysis
13


 Conventional Approach:
 Use KVL/KCL and Differential Laws to Find Differential  Use KVL/KCL and Differential Laws to Find Differential 


Equation
 Solve by
 Finding Natural Solution Using Aest Guess


 Get Characteristic Equation
 Find Time Constants, Damping Type


 Find Forced Solution from Form of Forcing Function
 C t t f  St  F ti  (DC) Constant for Step Functions (DC)
 A1f(t) + A2df/dt + A3d


2f/dt2 for Time-Varying Forcing Functions


 Find Initial/Boundary Conditions
 Match Boundary Conditions to total solution = (natural+forced)


s-Domain Analysis
14


 Different, More Systematic Approach to Differential Equations 
based on Laplace Transforms


 Assume Solutions will be of the form Aest from the beginning of 
the problem


 Obtain Complex Impedances in terms of Complex Frequency s


 Use Standard Circuit Techniques (series-parallel impedance 
rules, Nodal, Mesh) to find Desired variable (v,i) as Function of 
s
 Find Transformed Version of Differential Equation


 Automatically Get Characteristic Equation


 Find Differential Equation from s-Domain Equation 
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s-Domain Analysis
15


 Approach Presented Here Does Not Imbed Initial 
Conditions into Transformed CircuitConditions into Transformed Circuit
 We Will Find General Differential Equation for Circuit
 We Still Will Have to Apply Initial Conditions to General 


Solution


 More General Laplace Technique is Presented in EECS 
216


I b d  I i i l C di i Imbeds Initial Conditions
 Allows Solutions of N-order Circuits through Inverse Laplace 


Transform


Laplace Transform (1-sided)
16


1
( ) ( ) stf t F s e ds





 


For most signals, we can write:


( ) ( )
2


st


f t F s e ds
j


s j


to


e



 











 
  



where  and the above integral (inverse Laplace tranform)


is taken over 


So by super-position, we can consider  as general input signa


( )F s


l for


our linear circuits (systems).


We can find the values of  using the 1-sided Laplace transform:


0


( ) ( ) stF s f t e dt




 


We don't have the time to go into this in great detail in EECS 215


(EECS 216 will do this), but we will look at enough to make our lives


easier.
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Capacitor in s-Domain
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Capacitors/Inductors in s-Domain
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s-Domain Summary
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1
Complex Impedance , Z, ( ) analogous to ResistanceCC Z


sC
  


2
2


2


2
2


2


(no change)


 acts a differential operator
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L Z sL
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si s i
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1. Convert circuit to the s-domain impedances and solve for the desired


variable using nodal, mesh, or any other "DC" method yielding an 


equation in terms of circuit parameters and powers of .


2. Convert s-domain equation back to differential equa


s


tion.


3. The natural decay/characteristic equation is obtained automatically


in the s-domain circuit analysis.


4. Initial/Boundary Condition matching is done through circuit analysis.
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EECS216 : More Thorough Laplace View


21


 ( ) ( )if L f t F s one sided LaplaceTransform


df


 


 


2
2


2


( ) (0 )


( ) (0 ) (0 )


In the approach presented here, we are ignoring the initial


values and our goal is only to get the differen


df
L sF s f


dx


d f
L s F s sf f


dx





 


     
 


   
 


tial equation and


natural response.


CVc(0)1/(sC)


+


_


sL


+
-


LiL(0)


C
L


General RLC Example 1
22


io(t) CR2


R1


L







12


23


io(t)


1/(sC)


R2


R1


sL


VC


0
2 1


2 1


1 1 1


1


1 1


Nodal   Analysis


C


seriescombination


C


i V
R sC sL R


V sC
R sL R


RL


 
 


   
 


  
 


    
 





   1
1 0 1


2 2


2 1
1


2 2


2
0


1 0 2


1


1


Maps back to


C


C


C


RL
sL R i V s sC sL R


R R


RL
V LCs CR s


R R


i V
L R i LC


t t


 
      


 
    


         
    


 
 


 
1


1
2 2


1C
C


V RL
CR V


R t R


   
         


 


 


2 1
1 0 1


2 2


1


1


Or to get an  equation:L


C


C
L


i


RL
sL R i V LCs CR s


R R


V
i


sL R


    
         


    


 



    


24


 
2 1


0 1
1 2 2


2 1
0 1


2 2


1


1


yielding the same differe


C


L


V RL
i LCs CR s


sL R R R


RL
i i LCs CR s


R R


    
             


    
        


    
ntial equation for  as beforeLi







13


io(t)


1/(sC)


R2


R1


sL1
0


2 1


1


1 1 1
1


1


Current Divider form


L


sL R
i i


R sC sL R


sL R


 
 
 
  
  
 
 


 


1
0


2 1


0
1


1
2


1 1


1


1


sL R
i


sC
R sL R


i
sL R


sC sL R
R


  
  
  
 
 
 


   
  
 


2
1


0 12
2 2


2
1 1


1


1 1 1
1


Maps back to


L L
L


L L


i i RL
i LC CR i


t R t R


i R i R
i i


    
           


    
   


25


0
2 1


1
2 2


2
0 1


2


1


1


L


i
RL


LCs R C s
R R


L
i i LCs R C s


R


 
 
 
    


       
     


 
    


 
1


2


1
R


R


  
  


  


2
0


1 1
0 2


2 2


2


1L L
Li i


LC t R C L t LC R
 


            


Example 2: Vc(t)
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Example 2: Vc(t)
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Example 2: Vc(t)
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Example 2: Vc(t)
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CIRCUITS, S-DOMAIN 
METHOD
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What is a “General” SOC?
2


 Neither Series Nor Parallel RLC Case


ff f Resulting Differential Equation Is Still of the Same 
General Form, But Coefficients May Be Significantly 
Different
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General RLC Example 1
3


 Find Governing  Find Governing 
Differential Eqn.


 Find Natural Response


 Find Forced Response


 Total soln=nat+forced


 Find Initial (Boundary) 


io(t) CR2


R1


L


Conditions


 Match total solution to 
Initial Conditions


General RLC Example 1
4


 Find Diff Eqn Find Diff Eqn


 KCL/KVL Approach


io(t) CR2


R1


L







3


io(t) CR2


L


R1
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io(t) CR2


R1
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4


Step Response Example
7


 Find s1,s2, damping type (nat 1, 2, p g yp (
response)


 Forced response


 B.C.’s


io(t) CR2


R1


L


1 2 02.5 5 1 5 ( ) 1 ( )R R K C F L H i t u t A       


Initial Conditions & Forced Response
8


io(t) CR2


R1


L


1 2 02.5 5 1 5 ( ) 1 ( )R R K C F L H i t u t A       
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Match Initial Conditions
9


io(t) CR2


R1


L


1 2 02.5 5 1 5 ( ) 1 ( )R R K C F L H i t u t A       


io(t) CR2


R1


L


1 2 02.5 5 1 5 ( ) 1 ( )R R K C F L H i t u t A       
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Matlab Code for Plots
12


% general RLC example 
clear all;
R1=2 5;


t=0:1e-2/a:8/a;
iL=(b1*cos(wd*t)+b2*sin(wd*t)).*exp(-a*t)+iLf;


R1=2.5;
R2=5e3;
C=1e-6;
L=5e-6;
a=0.5*(R1/L+1/(C*R2))
w0=sqrt((1+R1/R2)/(L*C))
s1=-a+sqrt(a^2-w0^2)
s2=-a-sqrt(a^2-w0^2)
wd=sqrt(w0^2-a^2)


vL=L*((-a*b1+b2*wd)*cos(wd*t)+(-a*b2-
b1*wd)*sin(wd*t)).*exp(-a*t);
vc=vL+R1*iL;
ic=i0-vc/R2-iL; 
subplot(2,1,1);
h=plot(t,iL,t,ic);
set(h,'linewidth',2);
xlabel('time (s)');
ylabel('Current (A)');
legend('i L' 'i C');


q ( )
%set for underdamped response
i0=1; %source
iL0=0; %boundary condition
iLf=R2/(R1+R2)*i0
b1=iL0-iLf 
Vc0=0; %boundary condition
b2=((Vc0-iL0*R1)/L+a*b1)/wd


legend( i_L , i_C );
grid on;
subplot(2,1,2);
h=plot(t,vc,t,vL);
set(h,'linewidth',2);
xlabel('time(s)');
ylabel('Volts (V)');
legend('V_c','V_L');
grid on;
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Transient Circuit Analysis
13


 Conventional Approach:
 Use KVL/KCL and Differential Laws to Find Differential  Use KVL/KCL and Differential Laws to Find Differential 


Equation
 Solve by
 Finding Natural Solution Using Aest Guess


 Get Characteristic Equation
 Find Time Constants, Damping Type


 Find Forced Solution from Form of Forcing Function
 C t t f  St  F ti  (DC) Constant for Step Functions (DC)
 A1f(t) + A2df/dt + A3d


2f/dt2 for Time-Varying Forcing Functions


 Find Initial/Boundary Conditions
 Match Boundary Conditions to total solution = (natural+forced)


s-Domain Analysis
14


 Different, More Systematic Approach to Differential Equations 
based on Laplace Transforms


 Assume Solutions will be of the form Aest from the beginning of 
the problem


 Obtain Complex Impedances in terms of Complex Frequency s


 Use Standard Circuit Techniques (series-parallel impedance 
rules, Nodal, Mesh) to find Desired variable (v,i) as Function of 
s
 Find Transformed Version of Differential Equation


 Automatically Get Characteristic Equation


 Find Differential Equation from s-Domain Equation 
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s-Domain Analysis
15


 Approach Presented Here Does Not Imbed Initial 
Conditions into Transformed CircuitConditions into Transformed Circuit
 We Will Find General Differential Equation for Circuit
 We Still Will Have to Apply Initial Conditions to General 


Solution


 More General Laplace Technique is Presented in EECS 
216


I b d  I i i l C di i Imbeds Initial Conditions
 Allows Solutions of N-order Circuits through Inverse Laplace 


Transform


Laplace Transform (1-sided)
16


1
( ) ( ) stf t F s e ds





 


For most signals, we can write:


( ) ( )
2


st


f t F s e ds
j


s j


to


e



 











 
  



where  and the above integral (inverse Laplace tranform)


is taken over 


So by super-position, we can consider  as general input signa


( )F s


l for


our linear circuits (systems).


We can find the values of  using the 1-sided Laplace transform:


0


( ) ( ) stF s f t e dt




 


We don't have the time to go into this in great detail in EECS 215


(EECS 216 will do this), but we will look at enough to make our lives


easier.
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Capacitor in s-Domain
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Capacitors/Inductors in s-Domain
19
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s-Domain Summary


20


1
Complex Impedance , Z, ( ) analogous to ResistanceCC Z


sC
  


2
2


2


2
2


2


(no change)


 acts a differential operator
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L Z sL
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1. Convert circuit to the s-domain impedances and solve for the desired


variable using nodal, mesh, or any other "DC" method yielding an 


equation in terms of circuit parameters and powers of .


2. Convert s-domain equation back to differential equa


s


tion.


3. The natural decay/characteristic equation is obtained automatically


in the s-domain circuit analysis.


4. Initial/Boundary Condition matching is done through circuit analysis.
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S-Domain Procedure Summary
21


 Replace Capacitors with Impedances Z=1/(Cs), Inductors with Z=Ls
 Treat Sources as Transformed Symbolic Terms


 Ex: Vg(t)→L{Vg(t)}= Vg(s)
 Do Not “Transform” DC Source to 0


 Use Nodal or Mesh Analysis to find desired quantity in s-domain [ex. 
Vc(s)]


 Map Result Back to Time-Domain Differential Equation
 Solve for Initial/Boundary Conditions Using “DC” Circuit Methods
 Characteristic Equation For Natural Solution Automatically q y


Generated by s-Domain Analysis
 NO CLEVERNESS/GUESS WORK


EECS216 : More Thorough Laplace View


22


 ( ) ( )if L f t F s one sided LaplaceTransform


df


 


 


2
2


2


( ) (0 )


( ) (0 ) (0 )


In the approach presented here, we are ignoring the initial
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df
L sF s f


dx


d f
L s F s sf f


dx





 


     
 


   
 


tial equation and
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C
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General RLC Example 1
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Example 2: Vc(t)
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Example 2: Vc(t)
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Example 2: Vc(t)
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Example 2: Vc(t)
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Example 2: Vc(t)
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Example 3: Multiple Feedback 
Bandpass Filter
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STEADY-STATE AC ANALYSIS I
© Fred Terry


Winter, 2010







Material Order
2


 Ulaby & Maharbiz Chapters 7, 8, 9


 Lecture: Somewhat Different Order than Text 


Chapters


 Today: Big Picture (Part of Chp 9)


 Finding AC Steady State Response


 Relationship to Transient Response/Differential 


Equations


 Following Lectures Will Return to ~Text Book Time-


Line







AC Circuit Analysis
3


 Objective: Find the Steady-State Response of a 


Linear Circuit to a Fixed AC Signal


 Vin(t)=V0cos(wt)


 The Steady-State Response is the Forced Solution of 


the Differential Equation for the Circuit


 Why Do This?


 Through Fourier Series, this gives us the response to ANY 


periodic signal


 Directly Useful for All Analog Circuit Design, Understanding 


Clock Skew on Digital Lines, etc.







Example: General RLC Problem
4
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Response
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Plug in to find A,B


6


2


2
2 1
0 0 0


2 2


2 2


0 0


( ) cos( ) sin( )


1
2 sin( ) cos( )


cos( ) sin( )
1


2 sin( ) 2 cos( )


sin( ) cos( )


cf


c c
c


General Differential Equation


v t A t B t


V V R
V I t I t


t C LCt


A t B t


A t B t
C


B t A t


w w


 w w w w


w w w w


w w w w


w w w w


 





    
       


    





  
  
    


 
  


   


   


   


   


1
0 0


2 2 1
0 0


2 2


0 0


2 2 1
0 0


2 2


0 0


2 2 2 2


1 0 0


22 2 2


0


sin( ) cos( )


cos( ) sin( )


2


1
2


2


1
2


2


2


R
I t I t


LC


t and t must both match


R
A B A I


LC


B A B I
C


R
A B I


LC


A B I
C


R C
A


w w w


w w


w w w


w w w w


w w w


w w w w


w w w w


w w w


 
   


  


 
     


 


 
     


 


 
    


 


 
     


 


 



 
0I


 
 
 
 


Get B if you 


have the 


stomach for it.


Isn’t there any 


easier way?


YES!







AC Steady State Analysis
7


 Real Sinusoidal Input


 Vin=V0cos(wt)


 Assume Input is Complex


 By Superposition, ALL Circuit Quantities of Interest 
(voltages, currents) are given by taking the Real Part 
of the Response to the Complex Signal


 0 0( ) cos( ) sin( )


Re
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j t


in


in in


V t V e V t j t


al Input Signal


V t V t
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Concept
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AC Steady State Analysis Outline
9


 Treat Sinusoidal Signals as Complex Exponentials


 Analyze Circuit Response Using Nodal, Mesh, 


Whatever Using Complex Impedances


 Find Desired Responses in Complex Form


 Take the Real Part to Get Physical Result


 Wonderful Thing Is That This Approach Is Easier







Capacitor in jw-Domain
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Capacitors/Inductors in s-Domain


13


+


-


vC


iC
+


-


vL


iL


( )


1


( )


Suppose


Suppose


Get all the previous results


simply by taking 


st


C


stC
C


C C C C


st


L


stL
L


L L L L


V t Ae


V
i C sCAe


t


V Z i Z
sC


i t Ae


i
V L sLAe


t


V Z i Z sL


s jw






 





  






 





  










General RLC Example 1: Current Divider in jw- Domain
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Final Result
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H(s) is called a transfer function







Final Result
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Numerical Example
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Full Transient Solution
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Full Transient Solution
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Full Transient Solution
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STEADY-STATE AC ANALYSIS II


SINUSOIDS & PHASORS:


U&M CHAPTER 7


© Fred Terry


Winter, 2010


1







AC Steady State Analysis
2


 Real Sinusoidal Input


 Vin=V0cos(wt)


 Assume Input is Complex


 By Superposition, ALL Circuit Quantities of Interest 
(voltages, currents) are given by taking the Real Part 
of the Response to the Complex Signal


 0 0( ) cos( ) sin( )


Re


( ) Re ( )
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in in
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al Input Signal
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Taylor Series Expansions Around x=0 


(MacLaurin Series) & Euler’s Relation
3
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AC Steady State Analysis II
4


 For a Linear Circuit: If Input Signal is at frequency w, 
All Circuit Responses are at the same frequency w
 Outputs are Different only in Magnitude and Phase, not 


Frequency


 Non-Linearities Produce Harmonics (2w, 3w, etc.)


 Multiple Frequency Problems Are Handled by 
Superposition


 When Working a Single Frequency Problem, Issue is 
Finding Magnitudes and Phases not Frequency
 Concept of Phasor







Basic Complex Numbers: Polar/Rectangular 


Representation
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Principle Value of tan-1 Issue
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Phasors
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Phase/Phasor Plot: =30°=p/6


Signal Advanced
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Signal Delayed or Retarded
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Capacitor in jw-Domain
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Inductor in jw -Domain
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AC Steady State Analysis Outline
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 Treat Sinusoidal Signals as Complex Exponentials


 Analyze Circuit Response Using Nodal, Mesh, 
Whatever Using Complex Impedances


 Find Desired Responses in Complex Form


 Take the Real Part to Get Physical Result


 Wonderful Thing Is That This Approach Is Easier


 KCL, KVL, and Derived Impedance Combinations Rules 
(Series, Parallel, Wye-Delta) Work with Complex 
Impedances







Steady State AC Analysis II
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Steady State AC Analysis II
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Steady State AC Analysis II
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Steady State AC Analysis II
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Steady State AC Analysis II
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Answers
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v1oc =6.1311 + 3.2209i


v2oc =-1.0086 -10.8869i


v3oc =-0.1925 + 0.7030i


VTH =-0.1925 + 0.7030i


Magnitude Phase(r) Phase(degrees)


0.7289 1.8381 105.3167


v1sc =6.1422 + 3.2570i


v2sc =-1.1600 -11.5110i


ISC =-0.1822 + 0.1153i


RTH =2.4982 - 2.2783i


Magnitude Phase(r) Phase(degrees)


3.3811 -0.7394 -42.3637







Equivalent Circuit Model at w=106s-1
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AC ANALYSIS 3


EECS 215: Fred Terry, Adapted From J. Phillips 
Material


1







Sinusoidal Signals
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Useful relations: All 


Straightforward to Derive 


from Euler’s relation
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Example: sin(x)sin(y)
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Complex Numbers


We will find it is useful to alternatively 


represent sinusoids as a complex numbers
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Rectangular coordinates


Polar coordinates


 sincos je j 


Relations based 
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Relations for Complex Numbers


Learn how to 


perform these     


with your 


calculator/computer
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Phasor Domain


Convert time domain sinusoidal signal to a complex 


number in frequency domain – simplifies math!
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Phasor Domain and Time Domain
Find Natural Response Of RLC Circuit
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 For input frequency at , all circuit response will be at 


 Only thing we need is magnitude and phase


 Phasors conveniently track magnitude and phase info
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Leading and Lagging
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Time and Phasor Domain


It is much easier to deal 


with the exponentials in 


phasor domain than 


sinusoidal relations in 


time domain


Just need to track 


magnitude/phase, 


knowing that everything 


is at frequency 


9







Phasor Relation for Resistors


Time Domain Frequency Domain


   tRIiRv m cos


 mRIV


IRV 


 mII


Current through resistor in time domain is


   tIi m cos
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Phasor Relation for Inductors


Time Domain Frequency Domain


  mLIjV


Current through inductor in time domain is


   tIi m cos


   tLI
dt


di
Lv m sin


 090cos   tLIv m


090j


m eLIV  


LIjV 
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Phasor Relation for Capacitors


Time Domain Frequency Domain


  mCVjI


Voltage across capacitor in time domain is


   tVv m cos


dt


dv
Ci 


 090cos   tCVi m


090j


m eCVi  


Cj


I
V
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Summary of R, L, C
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Impedance and Admittance


R = resistance = Re(Z)


Impedance is 


voltage/current


jXR
I


V
Z 


X = reactance = Im(Z)


Resistor


Inductor


Capacitor


RZ 


LjZ 


CjZ /1


RY /1


LjY /1


CjY 


G = conductance = Re(Y)


Admittance is 


current/voltage


jBG
V


I
Y 


B = susceptance = Im(Y)


Note that this is equivalent to “s-domain” with s=j!
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AC Phasor Analysis General Procedure


Using this procedure, we can apply our techniques from 


DC Analysis
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AC Example: Superposition


Find v0 for circuit below, using superposition


 DC (5V) source


 cos and sin sources at 2 different frequencies


Allows us to analyze multiple sources, different frequency
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AC Example: Superposition


Response from 5V source


Vv 11 


Response from AC voltage source
951.1439.24||5 jjZ 


 


o


o


V


Zj
V


79.30498.2


010
41


1


2


2












 otv 79.302cos498.22 
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AC Example: Superposition


Response from AC current source


6.18.04||21 jjZ 


 o


Zj


j
I 902


110


10


1


1 






   oo ttv


vvvv


805cos33.279.302cos498.210


3210








oIV 80328.21 13 


 otv 805cos33.23 


Total Response
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Linear Circuit Properties


Thevenin/Norton, Source Transformation Also Valid
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Phasor Diagrams
20







Phase Shift Circuits


 Generate a phase lead/lag


 Useful for impedance matching
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Single Stage
22







Phase Shift Circuits
23








AC POWER
© Fred Terry


Fall, 2008
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Understanding AC Power
2


 Power Delivery (Detroit Edison)


 Communications Electronics


 Dynamic Power Dissipation in 


Logic Circuits


 Everything in This Area Rests on 


the Fact that Instantaneous Power


Is Given by:


 p(t) is NOT A LINEAR FUNCTION


 Superposition does not apply
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Instantaneous Power for Sinusoids
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Average Power
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Phasors & Average Power
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Capacitors & AC Power
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Ideal Capacitors Do Not Dissipate Power
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Inductors & AC Power
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RMS Values
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RMS values are “effective” values if 


the AC source is applied to a 


RESISTIVE load







Complex Power Conservation Example


10


+
-50cos( t)
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6H


8


(1/3)F
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=106/s
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b


V1 V2
V3


From Earlier Work We Had


The Complex Node Voltage Results:


v1 =6.1311 + 3.2209j


v2 =-1.0086 -10.8869j


v3 =-0.1925 + 0.7030j







Complex Power Conservation Example
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Complex Power


Phasor form defining “real” and “reactive” power
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Maximum Power Transfer


Max power delivered to load if load equal to Thevenin equivalent
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SSSLLL ZjXRjXRZ Max power transfer when


Set derivatives equal to zero 0
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Complex Thevenin Equivalent
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Formal Math for Maximum Power 
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Power Factor
Find Natural Response Of RLC Circuit


Inductive/Capacitive loads will require more from the 


power supply than the average power being consumed 


Power supply need to supply S in 


order to deliver PAV to load


Power factor relates S to PAV


17







Power Factor Compensation


Introduce reactive elements to max. Power Factor
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Matching Networks
19


 What do we do to cancel reactive load?


 What if RT ≠ RD


 Answer is use of Matching Network


 Common Applications:


 Antenna matching in communications


 Transmission Line Matching


 RF Plasma Processing 







Example 1: Matching to a Capacitive Load 


+ Series Resistance
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Shifting Effective RT
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Now Cancel Reactance: L-Network
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Thevenin Equivalent
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Thevenin Equivalent
26


+
- VT


RT


C


L


 


 


 


 


1/ 2


2


2


1/ 2


1/ 2


2


1
Re[ ]


1


1


1


1


1


1


T D
D


T D


T


DT


T


DT


D T D


T D


D T D


D T


R R
Z R C


R R


CR
j L j


CCR


CR
L


CCR


R R R
L


R C


R R R
L


C R























 


 
    


 


 
  


  



 





    


   
1/ 2


1


1


T
oc


T


T


T D


D


V
V


j CR


V


R R
j


R










 


  
 







At Match Conditions
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View from Source At Match Conditions
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FREQUENCY RESPONSE 


AND FILTERS I


Fred Terry, Winter 2010
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Transfer Function H(w)


Linear Circuit


(Linear System)


+
-Vg(t)


Vo(t)
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Transfer Function


How does circuit respond to changing frequency?


Transfer function: relates output to input


 
 
 


gain Voltage
w


w
w


i


o


V


V
H


 
 
 


gainCurrent  
w


w
w


i


o


I


I
H


 
 
 


ImpedanceTransfer 
w


w
w


i


o


I


V
H


 
 
 


AdmittanceTransfer 
w


w
w


i


o


V


I
H


     www jeMH 


   ww HM 


 
  
  












 


w


w
w


H


H


Re


Im
tan 1


3







Lowpass and Highpass Filters


M0 is the gain factor


wc is the corner frequency
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Bandpass and Bandreject Filters
5
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Fourier Series & Transfer Functions
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Any Periodic Signal f(t) Can Be Represented in A Fourier Series 


Expansion:


So by Superposition, if we have a periodic input f(t) (voltage or 


current) into our linear circuit with transfer function H(w), we will have 


an output g(t) given by:
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Fourier Series & Transfer Functions


So by Superposition, if we have a periodic input f(t) (voltage or 


current) into our linear circuit with transfer function H(w), we will have 


an output g(t) given by:


  0


0 0


2
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jn t


n


n


g t c H n e where
T


w 
w w








 


This is powerful, since it means that by doing AC Steady State 


Analysis on a Circuit, We Can Easily Calculate the Response to ANY 


Periodic Signal!!
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Sawtooth Wave Example
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Sawtooth Wave
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Sawtooth Wave
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Sawtooth Wave
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Example: 1st Order Low Pass Filter
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Example: Sawtooth Wave into 1st Order Low 


Pass Filter
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Matlab Code For Example


%sawtooth wave into RC filter


clear;


tau=1; % assume 1 WLOG


T=5*tau; % vary this for fun, the period of the sawtooth vs. tau


t=0:1e-3:5*max(T,tau);


N=1000;


v0=0*t;


vg=0*t;


for jj=-N:N,


if abs(jj)>0,


cn=-1/(4*(jj*pi)^2)+(1+2*j*jj*pi)*1/(4*(jj*pi)^2)*exp(-2*j*jj*pi);


else


cn=0.5;


end;


w=2*pi/T*jj;


H=1/(1+j*tau*w); % transfer function


v0=v0+cn*H*exp(j*w*t);


vg=vg+cn*exp(j*w*t);


end;


figure(1);


h=plot(t,vg,t,v0,'--');


grid on;


set(h,'linewidth',2);


title(['T= ' num2str(T) ' \tau=RC= ' num2str(tau) '  n= -' num2str(N) ' to +' 


num2str(N)]);


xlabel('Time');


ylabel('Volts');


% As check, rounding produces imaginary part


figure(2);


plot(t,imag(vg),t,imag(v0));
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2nd Order Example


R L


C Vo
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Find H(s)=V0/Vg


Get H(jw)=H(w) by setting s= jw
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Example 2: Second Order System with Saw 


Tooth Input
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Example 2: Second Order System with Saw 


Tooth Input
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Systematically Examining Frequency 


Response: Bode Plots


 Write Transfer Function in form H(s)=N(s)/D(s)


 Zeros are the roots of N(s)=0


 Poles are the roots of D(s)=0


 Poles & Zeros Have Direct Significance in Laplace 
Transform-Based Systems Theory


 Here We Will See that Interesting, Predictable Things 
Happen to |H| and H at the MAGNITUDE of the 


Pole and Zero Frequencies (s=jw)
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The Decibel Scale


 To Examine Strongly Varying Functions of 


Frequency, It Makes Sense to Use a Log Scale


 Bels, Decibels Originally Defined for Power


 Voltage Definitions Assume Resistive Loads
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Bode Plots


 Bode Plots are Plots (semilog plots) of 
 |H(w)| in dB vs. log10(w)


 H (w) vs. log10(w)


 We Can Do the Plots Very Accurately and Easily 
on Computers (Matlab) but There Are Also Simple 
Approximation Techniques Working from Poles and 
Zeros


 Examining the Approximate Construction Methods
 Lets Us Check the Computer Results


 Aids in Systems Intuition Development
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Example: 1st Order High Pass Filter


+
-Vg(t) Vo(t)


+


-


C


R


Find H(w), Poles, Zeros
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Example: 1st Order High Pass Filter


RC=10-3/(2)interesting f~103 Hz
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Bode Plot Estimation Rules


 Look at Behavior of H(w) around Poles and Zeros


 Relatively Easy to Derive Rule Set Results


 1st Look at a Poles, Zeroes


 Construct Simple Rules Set


 Good Tool for What is Possible to Build!
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Magnitude Response Around Pole
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Phase Response Around Pole
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Magnitude Response Around Zero
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Phase Response Around Zero
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Example: 1st Order High Pass Filter
RC=10-3/(2)interesting f~103 Hz
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Simple Poles & Zeros


 Every Pole
 Changes the Slope of HdB by –20 dB/dec Starting at the 


Magnitude of the Pole Frequency wp


 Total Phase Shift of –90°


 Changes the Slope of H by -45°/dec ~ between 0.1wp and 
10wp


 Every Zero
 Changes the Slope of HdB by +20 dB/dec Starting at the 


Magnitude of the Zero Frequency wZ


 Total Phase Shift of +90°


 Changes the Slope of H by +45°/dec ~ between 0.1 wx
and 10 wx







30


Example  
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Interpreting Bode Plots
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How Did I Determine Gain=100 (40dB)?


Evaluate the function! 
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Try again for “real” Bode plot
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Second Order Functions: Quadratic 


Poles & Zeros


Terms in H(s) of the form:


3 Cases of Interest:


1. “Overdamped” Roots s1,s2 negative Reals


2. “Critically Damped” Roots s1=s2 negative 


Reals


3. “Underdamped” Roots s1,s2 Complex


2 2


02s s w 
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Quad Pole/Zero: Real Roots


 Factor into Product of 1st Order Terms & Treat 


Like 2 Separate Poles/Zeros


 Example:
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Example    
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Magnitude Construction
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Phase Construction
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Quad Pole/Zero: Complex Roots


 All the “Action” is Around wn


 Poles: -40 dB/dec, -180° Phase Shift


 Zeros: +40 dB/dec, +180° Phase Shift


 Sharpness of Phase Change is Very Sensitive to z2/wn


 Example:
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Complex Quadratic Pole
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Complex Quadratic Pole: Angle
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Pole =wn & wn=1000 r/s
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Pole =0.1wn & wn=1000 r/s
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Pole =0.1wn & wn=1000 r/s
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Pole =0.01wn & wn=1000 r/s
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Pole =0.01wn & wn=1000 r/s
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Pole =0.001wn & wn=1000 r/s
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Pole =0.001wn & wn=1000 r/s
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Zero =0.01wn & wn=1000 r/s
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Bode Plot Linear Approximation
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Bode Plot Linear Approximation
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Quadratic Poles


H(s) term in the form of
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MORE ADVANCED FILTERS


© Fred Terry


Winter, 2010
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Improving Filters
2


 We Cannot Make Perfect Filters Due to Causality (no 
circuit/system response before signal arrives, EECS 216)


 How Do We Do Better (Better Approximations of Ideal 
Filters)?


 Flatter Pass-Band Regions


 Sharper Cut-off(s)


 What Phase (Time) Response Do We Want?


 Keys: Complex Poles (Resonance) and High Order Filter 
Circuits


 Discussion can lead to lots of interesting mathSystems
Theory (EECS 216 +)


 We will concentrate on circuits implementations







Filters and Time Delay
3


 For Most Filters, We Want 
Signals in the Pass-Band to 
Propagate Through with the 
Same Time Delay NOT Constant 
Phase Delay


 This Means Linear Phase in the 
Pass-Band


 In Real Systems, Dtp can be +/-
But Dtg is always Positive.


 Group Delay Measures The 
Delay of Information 
Transmission Through a System


 Dtp is easier to calculate and if 
f→0 an ~constant Dtp yields an 
~constant Dtg
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LPF c=2(50KHz)
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Single Pole LPF c=2(50KHz)
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Resonance
7


 Any Sharp Feature in a Response Function Is Often Called 
Resonance


 In a series or parallel RLC Circuit, Resonance Occurs when the 
Capacitive and Inductive Impedances Are Equal in Magnitude 
Resulting a Purely Resistive Impedance (phase = 0)
 In general RLC networks, the phase = 0 definition may or may not be 


useful


 At Resonance, the Capacitor and Inductor Exchange Energy 
with Each Other with relatively little power dissipation in the 
rest of the circuit


 Key to sharp filters strong resonance  low energy loss per 
cycle high Q







Series Resonance
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Series Resonance
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Power and Bandwidth
10
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Power and Bandwidth:2nd Order 


Bandpass General Derivation
11
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Q: Quality Factor
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Series Q Derivation & Generalized 2nd


Order Bandpass Filter
13
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Example: =0.05n n=103 r/s Q=10
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Example: Around n
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Example: Around n
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Parallel Resonance
17


 Look at H(s)=Io/Ig


 Easiest to Look at 


Admittance Y


 What is i1(t) at 


Resonance?


L
C


i1(t)


Rig(t) Y V0


+


-


i(t)


io(t)







Parallel Resonance: H()
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Parallel Resonance: Bandwidth
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2nd Order Low Pass Filter
20


 Let’s consider a general 2nd order low pass filter 
(LPF)


 This is a good example of how complex poles can 
be used to improve circuit performance


 Energy Exchange Between L&C Peaks-up the response 
around the cutoff frequency


 We will compare to using simple real poles







Passive Circuit Implementation
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Active Implementation: Sallen-Key Filter
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Phase Issues
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General 2nd Order Low Pass Filter
25
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General 2nd Order Low Pass Filter
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Better Filters


 Optimally Choosen Complex Poles


 Big Topic, Depends on Definition of Optimal: 


Butterworth, Chebyshev, Elliptic, Bessel, etc.


 Maximally Flat in Pass-Band: Butterworth Filters
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Butterworth Math
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Butterworth Magnitude Response
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Phase & Delay Response
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4th Order Tuned Filter Example: 4th


Order Butterworth LPF


 Two Quadratic Poles with Tuned Response


 Can Be Realized with Passive RLC or Cascaded 


Sallen-Key Filters


 Example:
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4 Order Butterworth Low 


Pass Filter: Nodal Analysis
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4 Order Butterworth 


Low Pass Filter: Nodal 


Analysis


Vs(t) C1 C2


R1


R2


+


-


Vo


L1 L2


+
-


Plug in values: Choose R1=R2=10KW


Solve Remaining 4 Equations for 4 Unknowns:


C1243.5pF C2  588.2pF L1  58.82mH L2  24.35mH   yields
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290393 120215 / 50.02


Result using rounded component values:
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EECS 215: Introduction to Electronic Circuits 


Winter Semester 2010 


Instructors: Section 1: 9:30-10:30 AM, MWF and 1:30-2:30 PM, F, 


 Prof. Fred Terry  
2417F EECS Bldg.  


fredty@umich.edu 


(Please include “EECS215” in the subject line) 


763-9764 


Section 2: 1:30-2:30 PM, MWF and 9:30-10:30 PM, F, 


Prof. L. Jay Guo 


2302 EECS Bldg.  


guo@umich.edu  


(Please include “EECS215” in the subject line) 


647-7718 


Chief Lab Instructor:  Dr. Alexander Ganago  
3120 EECS Bldg.  


gango@eecs.umich.edu 


763-3447  


Text Books:  
1 Circuits, Ulaby and Maharbiz, NTS Press (ISBN 978-1-934891-00-1). REQUIRED TEXT.  


2 Circuits Make Sense:  A New Lab Book for Introductory Courses in Electric Circuits, 


 Alexander Gango, 6
th


 Edition (ISBN 9780470896204).  REQUIRED LAB TEXT.  


 


Computing Resources and Skills:  
You must have access to a computer running MATLAB (CAEN workstations or any PC running the 


Student Edition of MATLAB or better).  Only very basic MATLAB knowledge will be necessary. Specific 


examples will be given in the lab materials.  MATLAB 7 is preferred.  


Multisim software, which is available on the DVD-ROM accompanying the text, will be used in lectures to 


check problem solutions.  However, it will not be allowed on exams and it cannot be used as the primary 


method for problem solutions on homeworks unless explicitly indicated.  


Office Hours: Office hours for all instructional staff will be announced during the second week of classes, 


and may be adjusted several times during the semester.  This schedule will be posted on the course 


website.  


E-mail Questions:  Include “EECS215” in the subject line for faster responses (otherwise you risk the 


message getting buried in the daily e-mail flood). 


 
Course Description Catalog: Prerequisite:  Math 116 preceded or accompanied by PHYS 240 or (260).  


Cannot receive credit for both EECS 314 and EECS 215.  I, II (4 credits)  
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Introduction to electronic circuits. Basic Concepts of voltage and current; Kirchhoff's voltage and current 


laws; Ohm's law; voltage and current sources; Thevenin and Norton equivalent circuits; DC and low 


frequency active circuits using operational amplifiers, diodes, and transistors; small signal analysis; energy 


and power. Time- and frequency-domain analysis of RLC circuits. Basic passive and active electronic 


filters. Laboratory experience with electrical signals and circuits.  


Additional Comments: In this class you will acquire the basic tools for analyzing electronic circuits (and 


many other physical systems).  These tools alone will not make you a great circuit designer, but without 


them; you cannot become a great designer.  It is analogous to becoming fluent in a language. Here, you 


will learn the basic syntax and some vocabulary, but will not become a great French poet by taking French 


101(but try it without it!).  Additional classes are needed (such as 311 & 312) to really become a good 


designer, but the key concepts in EECS 215 will help provide a basis for the more advanced electronic 


circuits classes and will give some level of appreciation for the circuit design discipline for those who 


choose different areas of concentration in EE and CE.  


The labs will help you develop practical skills and to connect classroom “theory” with the “real world.” 


They are designed to be both educational and often fun, but are aimed first at educating future engineers, not 


aimed at training future technicians; therefore, some lab exercises may be basic in nature.  


Grading:  


Labs  20%  


Homework  15%  


Quizzes/In class 


events 
10%  


Midterm Exams  30%  


Final Exam  25%  


 


Homework assignments may be done with partners, but you are warned that failure to work 


enough significant problems on your own will almost certainly result in poor exam scores.  Overt, 


mindless duplication (including photocopying) will result in no credit for the assignment. 


Midterm and final exams will be given under the CoE Honor Code and will require individual 


efforts. The exams will be closed book.  Basic scientific/engineering calculators will be required 


for the exams, but no use of laptop or higher level computers will be allowed on the exam.  


Calculators capable of performing complex matrix math are recommended (TI-89 or similar 


class).  Use of any form of communication (wireless or otherwise) during exams will constitute an 


Honor Code violation.   The class will NOT be graded “on-the-curve.” You will be competing 


against your potential, not against other students. 


Late policy, exam absence:  No late homeworks will be accepted!!!  Your lowest homework 


score will be dropped in determining your average homework score.  If you miss a homework 


assignment due to a medical or approved excuse, this homework will be dropped from your score.  


If you have an exam conflict, you need to speak with an instructor at least one week in advance.  If 


you miss an exam, real documentation is required stating why you could not attend (medical or 


close family member crisis). Documentation must clearly indicate why you were unable to attend 


the exam (a general doctor or UHS visit note is NOT sufficient; documentation must clearly state 


the reason(s) you were unable to take the exam). 
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EECS 215 – Electronic Circuits Winter 2010 Syllabus 


Date  Reading  Lecture Topic  
Homework 


Set Due 
Lab  


 


Wed.  Jan. 6 Chapter 1  
Intro, Mechanics, Circuit 


Terminology  
  


Fri. AM Jan. 8 Chapter 1  Circuit Terminology    


Fri. PM Jan. 8  Sec. 2-1 & 2-3  Ohm’s and Kirchhoff’s Laws    


Mon.  Jan. 11 Sec. 2-4 & 2-5  Equivalent Circuits    


Wed.  Jan. 13 Sec. 2-6 & 2-7  Wheatstone, non-linear devices    


Fri. AM  Jan. 15 Sec. 2-8  Multisim 1  


Fri. PM Jan. 15 Sec. 3-1  Nodal Analysis I   


Mon.  Jan. 18   
MLK Day No Class Monday, 


Labs start Tuesday 
 Lab 1  


Wed.  Jan. 20 Sec. 3-1  Nodal Analysis II  Lab 1  


Fri. AM  Jan. 22 Sec. 3-2  Mesh Analysis I 2 Lab 1  


Fri. PM Jan. 22 Sec. 3-3  Mesh Analysis II   


Mon.  Jan. 25 Sec. 3-4 & 3-5  “By Inspection” and Examples   


Wed.  Jan. 27 Sec. 3-6 & 3-7  Superposition and Thevenin I   


Fri. AM  Jan. 29 Sec. 3-6 & 3-7  Thevenin II, Special Topics 3  


Fri. PM Jan. 29  Examples, Multisim   


Mon.  Feb. 1 Sec. 3-8  Max. Power, BJT  Lab 2  


Wed.  Feb. 3 Sec. 4-1 & 4-2  Op-amps   Lab 2  


Fri. AM  Feb. 5 Sec. 4-3 & 4-4  Inverting amps  4 Lab 2  


Fri. PM Feb. 5 Sec. 4-5 to 4-7  Sum, difference amps    


Mon.  Feb. 8 Sec. 4-8 to 4-10  Instrumentation amp, DAC    


Wed.  Feb. 10 Sec. 4-11  MOSFETs   


Fri. AM  Feb. 12 
Sec. 4-12 & 


4-13  
Multisim  


5  


Fri. PM Feb. 12  
Linear Ordinary Differential 


Equations: Basic Concepts 
  


Mon. Feb. 15 Sec. 5-1  Nonperiodic Waveforms    


Wed.  Feb. 17  Sec. 5-2 & 5-3  C and L   


Fri. AM  Feb. 19  MIDTERM I  9-10:30 AM    


Fri. PM Feb. 19  Sec. 5-4 & 5-5 First Order Circuits RC, RL   


Mon.  Feb. 22 Sec. 5-6 to 5-8  RC Op-amp, Multisim   Lab 3 


Wed.  Feb. 24  Sec. 6-1 & 6-2  Initial/Final Conditions   Lab 3  


Fri. AM  Feb. 26  Sec. 6-3 & 6-4  
Second Order Circuits: RLC 


Circuits I 
6 Lab 3  


Fri. PM Feb. 26  Sec. 6-3 & 6-4  Examples, Op-Amp Stability   


Mar 1 – 5 Spring Break Stay Safe / Recharge for the rest of semester! 
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Date  Reading  
Lecture 


Topic  


Homework Set Due 
Lab  Date  


 


Mon.  Mar. 8  
Sec. 6-5 


& 6-6  


Second Order Circuits: RLC Circuits 


II, General Second-order Circuits I 
 


 


Wed.  Mar. 10  
Sec. 6-5 


& 6-6  
General Second-order Circuits II 


  


Fri. AM  Mar. 12  Sec. 6-7  Laplace/S-Domain Methods 7  


Fri. PM Mar. 12  Sec. 6-8  SOC Examples, Multisim   


Mon.  Mar. 15  
Sec. 7-1 


& 7-2  
Sinusoids   


 


Wed.  Mar. 17  
Sec. 7-3 


& 7-4  
Phasor Analysis  


  


Fri. AM  Mar. 19  
Sec. 7-5 


& 7-6  
Impedance  8 


 


Fri. PM Mar. 19   Examples, Midterm Review   


Mon.  Mar. 22  
Sec. 7-7 


to 7-9  
Phasor Techniques  


 
Lab 4 


Wed.  Mar. 24  
Sec. 7-10 


to 7-11  
Multisim  


 
Lab 4  


Fri. AM  Mar. 26   Midterm II I  9-10:30 AM SHARP  Lab 4  


Fri. PM Mar. 26   Exercises and Special Topics   


Mon.  Mar. 29  Sec. 8-1  Periodic Waveforms    


Wed.  Mar. 31  
Sec. 8-2 


to 8-4  
AC Power  


  


Fri. AM Apr. 2 
Sec. 8-5 


& 8-6  
Max Power, Three Phase  


9  


Fri. PM Apr. 2.  Exercises and Special Topics   


Mon.  Apr. 5  Sec. 8-7  Power examples, Multisim   Lab 5  


Wed.  Apr. 7  Sec. 9-1  Transfer functions   Lab 5  


Fri. AM  Apr. 9  
Sec. 9-2 


& 9-3  
Bode Plots  10 Lab 5  


Fri. PM Apr. 9  
Sec. 9-4 


& 9-5  
Passive Filters  


  


Mon.  Apr. 12  Sec. 9-6  Active Filters   Lab 6  


Wed.  Apr. 14  
Sec. 9-7 


& 9-8  
Superhet receiver  


 
Lab 6  


Fri. AM  Apr. 16  Sec. 9-9  Filter Examples, Multisim  11 Lab 6  


Fri. PM Apr. 16  Exercises and Special Topics   


Mon.  Arp. 19   Review for Final Exam   
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Exam Schedule:  


Exam  Date  Time  Location  


Midterm 1  Friday Feb. 19  9:00-10:30AM 


(not 9:10!)  


TBA  


Midterm 2  Friday Mar. 26  9:00-10:30AM 


(not 9:10!) 


TBA  


Final Exam  Monday, April 26 7:00-9:00pm 


(not 7:10!)  


TBA 


 





