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ABSTRACT

Regularized Estimation of Main and RF Field Inhomogeneitg Bongitudinal
Relaxation Rate in Magnetic Resonance Imaging

by

Amanda K. Funai

Chair: Jeffrey A. Fessler

In designing pulses and algorithms for magnetic resonaneaging, several simpli cations
to the Bloch equation are used. However, as magnetic resen(dR) imaging requires
higher temporal resolution and faster pulses are usedistaipons such as uniform main
eld (By) strength and uniform radio-frequency (RF) transmit cald (B ) strength no
longer apply. Ignoring these non-uniformities can caugaisiant distortions. Accurate
maps of the main and RF transmit coil eld inhomogeneity aguired for accurate pulse
design and imaging. Standard estimation methods yield/moaps, particularly in image
regions having low spin density, and ignore other importaators, such as slice selection
effects inB; mapping and’, effects inBy, mapping. This thesis uses more accurate signal
models for the MR scans to derive iterative regularizedhesstiors that show improvements
over the conventional unregularized methods through @raRao Bound analysis, simu-
lations, and real MR data.

In fast MR imaging with long readout times, eld inhomogetyetauses image dis-
tortion and blurring. This thesis rst describes reguladzmethods for estimation of the

off-resonance frequency at each voxel from two or more MRisdwving different echo

Xiv



times, using algorithms that decrease monotonically alaeged least-squares cost func-
tion.

A second challenge is that RF transmit coils produce nofeumi eld strengths, so an
excitation pulse will produce tip angles that vary substdiytover the eld of view. This
thesis secondly describes a regularized methoB formap estimation for each coil and for
two or more tip angles. Using these scans and known slicel@rthe iterative algorithm
estimates both the magnitude and phase of each &jil'snap.

To circumvent the challenge in conventiod®] mapping sequences of an long rep-
etition time, this thesis thirdly describes a regularizeetimod for jointB; andT; map
estimation using a regularized method based on a pendlkadidhood cost function us-
ing the steady-state incoherent (SSI) imaging sequenteseiteral scans with varying tip

angles or repetition times.
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CHAPTER |

Introduction

Magnetic resonance imaging (MRI) is a very important andgréw imaging modality,
being both safe and non-invasive, while still sensitive karge variety of tissue properties.
Careful manipulation of magnetic elds allows for imaging &f object's interior and its
structure, metabolism, and function. MR uses three mainneiag elds, the main eld
(Bo), a radio-frequency eld B;), and gradient elds. The nal measured MR signal
depends greatly on the applied magnetic elds magnitudepdrade. Estimation of these
elds using statistical signal processing techniques geasial to create the most accurate
images possible.

A governing assumption throughout magnetic resonance (MRgrfectly homoge-
neous main and radio-frequency eldB{ andB;). However, homogeneous elds are
not feasible in the real world. For example, inhomogeneityhie main eld arises both
from the physical design of the magnet (although this camiggaved with shimming)
and also from differences in bulk magnetic susceptibiégpecially on the boundary of air
and tissues, as in the sinuses. This is especially probiemuahigherB, eld strengths.
Similarly, B, (radio-frequency or RF) inhomogeneity arises from inciegslistance from
transmit coils, use of surface coils, and interaction of bjett with the RF wavelength.
Homogeneity of either the main eld or RF eld can not be assiidue to the physical

properties of MR.



Homogeneity assumptions were generally appropriate uodeBB, eld strengths and
short read out times. However, demand for faster, high@luésn scans and methods such
as functional magnetic resonance imaging (fMRI) requist faethods and high&, eld
strengths. As fast imaging techniques such as echo-plaraging (EPI) and spiral scans
gain popularity, image artifacts fro, eld inhomogeneity are visible. These artifacts
cause signal loss and result in shifts or blurring in the MR images, making qualitative
and quantitative analysis dif cult. These effects are exhated in higlB, elds. Simi-
larly, as MR main elds grow in strength, image artifactsritd®, eld inhomogeneity are
visible. At higher eld strengths, the RF wavelength is geoed, and experiences further
shortening due to changes in the tissue dielectric constsuilting in higher inhomogene-
ity at higher main eld strengths. The nonuniform effect iaoh voxel gives a possibly
different tip angle in each voxel. This gives spatially vagysignal and intensity in the
image, making both qualitative and quantitative analy#isut. Therefore, the speed
and eld strength requirements of state-of-the-art MR teabgy further exacerbate the
problems of inhomogeneity.

Correcting for these artifacts is possible using the appatgreld map. Given a
smooth eld map oB, inhomogeneity, conjugate phase methods can compensgiedee
accrual at each voxel, tailored RF pulses can compensasggiual loss, or iterative recon-
struction methods can be used to obtain corrected nal MRgesaunder the condition
of an inhomogeneouB, eld. Similarly, given a map ofB, inhomogeneity, tailored RF
pulses, parallel transmit excitation, and dynamic adjesthof RF power can compensate
for B, inhomogeneity. Highly accurate and reliable eld map estiars are required in
these intensive imaging environments.

Previous estimators have often been based on heuristicitalgs rather than on a
statistical estimation theory. These estimators are difteited in scope, dependent on a
strict measurement scheme, speci ¢ imaging parameternginare complicating physical

effects. Additionally, these estimators often satisfy tbguirement for smooth eld maps



through low pass Itering and smoothing of calculated eldaps. New statistically based
estimators that are based on more comprehensive modelsededh Estimators are needed
that incorporate the knowledge that true eld maps are simeath an understanding of
the effect of smoothing on image spatial resolution. Thisih presents three separate
estimators that satisfy these desired estimator progertie

Chapter Il rst presents a short introduction to MRI. Sect@# follows with a brief
discussion of the effects on eld inhomogeneity - the mdima for new statistical es-
timators. Chapter Ill overviews some principles of iteratpenalized estimator design,
which are used as the solution in this report. Chapter IV &khe problem of main eld
map estimation, considering both current solution and psopg the new solution as well
as demonstrating its effectiveness. Chapter V similarlk$oatB; map estimators, con-
sidering current solutions and proposing a new iteratitaregor and demonstrating its
effectiveness. Chapter VI, noting the interdependencB ;0énd the longitudinal relax-
ation timeT,, considers current solutions B mapping and joinB,, T; mapping and
their limitations and proposes a new joint estimatorfeandB; which incorporates slice
pro le effects and Bloch non-linearity. Finally, Chapter Mioncludes, summarizing the
proposed solutions in this work and giving future work in geal of estimating parameter

maps in MRI.

1.1 Contribution of Thesis

This thesis proposes three new penalized-likelihood (BLijrators based on compre-
hensive statistical models with regularization.

First, the eld map PL estimator uses two or more scans toredg eld maps that in-
terpolate smoothly in voxels with low spin density and irtga a simple weighting scheme
to partially account foR, decay. A Cramer Rao Bound analysis aids in selection of echo
times. This estimate improves the conventional eld mamestes, shown both in simula-

tion studies, as well as with real MR phantom data. The riegpitnproved reconstructed



images dramatically affects the nal image quality.

Second, th®] PL estimator uses multiple scans and an arbitrary seleofibp angles
to estimate both thB; magnitude and relative phase of one or more coils assumiegya v
long repetition time. This method accounts for slice sébaceffects by using the correct
slice pro le in the model, improving results at higher tipgdes. This method also smoothly
interpolates in regions with low spin density. The simwatresults have less error that the
conventional estimate, even when using the standard twiesn&esults are also shown
with MR phantom data.

Third, the jointB; /T; PL estimator uses multiple scans and an arbitrary selection
tip angles and repetition times to estimate both Bhemagnitude and relative phase of

one or more coils. The estimator uses the steady-state eneoh(SSI) method based on

a Cramer Rao Bound analysis of varioBg/T; joint estimation schemes and aids in se
lection of imaging parameters. This method allows for stoet repetition times, and
thus faster scanning, than the previous regular2ednethod. The regularizeB; esti-
mates interpolate smoothly in low spin density areas witser+chosen desired full-width
half-maximum (FWHM). Simulation results show lower erroaththose of the previous
estimator due to inclusion daf; effects.
The thesis contributes three new PL estimators that incatpomportant physical ef-
fects and smooth in areas of low data magnitude in a controfi@anner via a user-selected
value. Cramer Rao bound analyses help select imaging paendthe estimators aid

the eld of MR parameter mapping to ultimately improve putiesign and imaging.



CHAPTER I

MRI Background

First, a brief overview of MRI, the magnetic elds used, ahe basic equations which
govern MRI and their assumptions will be given.

Magnetic resonance imaging (MRI) is a medical imaging mibgleat uses magnetic
elds to image the body non-invasively and without ionizingdiation. Certain atoms
(those with an odd number of neutrons or protons) possesaraatiristic called nuclear
spin angular momentum. Hydrogen, located throughout theamubody in the form of
water, has a single proton and is the atom used in convehtddR& We can visualize
these atoms as tiny spheres spinning around an axis, or.*sSffie spins create a small
magnetic moment in the same direction as the angular momentanipulating these
spins through interactions with magnetic elds createsdigmal measured in MRI. Many
of these signals, t to a Cartesian grid, are then transformieda 2D (or 3D) Fourier

Transform to create the nal image.

2.1 Three Magnetic Fields

Three magnetic elds are used in signal acquisition in MRIBY, the main eld, 2)

B1, the radio frequency eld, and 3) af ne perturbations®§ called eld gradients.



2.1.1 By, the Main Field

Normally, the spins are in random directions, creating anm@gnetic moment of zero.
However, when a magnetic eld is introduced (by conventianthe z, or longitudinal,
direction), magnetic moments can only be oriented paralelnti parallel to the eld, as
explained by quantum physics. The parallel state is a lowergy state, while the anti
parallel state is a higher energy state. Thus, slightly nadcens (only a few parts per
million) will align in the parallel state, creating a net nmagic moment (referred to as the
net magnetization) aligned parallel to the main eR},.

These atoms also possess a second important characteriatioetic resonance. This
property causes the spins to precess about the z direckeralispinning top when the
magnetic eld B, is applied. The frequency of precession is governed by threnba

equation

(2.1) | = By

where is the gyromagnetic ratio (for hydrogens 2 = 42:57 MHz/T). Based on this
equation, typical resonant frequencies are 63 MHz for a 15d. If no excitation is
applied, the net magnetization is proportional to the sgnsity, the number of spins per

unit volume. We de ne the net magnetization as

M = M+ MyJ+ MK

A homogeneous main eld is important in MRI so that the resdrfeequency is con-
stant across the eld. Shimming, using small coils or magnean be used to make a
more homogeneous main eld. Main elds are usually in thegarof a few Tesla. How-
ever, as eld strengths become higher (for example, 3T agtidm), making the main eld

homogeneous becomes more and more dif cult.



2.1.2 Radio frequency eld B,), Excitation and Relaxation

The second magnetic eld applied is a radio frequency ela)@dB,. This alternating
electromagnetic eldi(e., a radio frequency (RF) eld) is applied, tuned to the Larrfrer
guency, during the excitation phase of scanning to tip thgmatization into the transverse
plane.. This applies a torque to the net magnetization vezasing that vector to tip. The
tip angle is governed by the strength of the RF eld and theytkrof time it is applied.
Typically, an angle of 90 degrees is desired so that the nghet&ation is in the x-y plane.

If the radio frequency eld is inhomogeneous, then the negnaization vector will
be tipped by a different angle at each location in the ROIsTdan cause problems in
excitation.

After excitation, the net magnetization returns to equillitn in the longitudinal plane.
The vector continues to precess at the Larmor frequencyduslaxation. This is called
relaxation. Relaxation is governed by two constaifitsgndT,) which depend on the ob-
ject's material.T; is the spin-lattice constant and involves energy exchaeg@den spins
and the surrounding electrons. The values are in the rangeraireds of milliseconds’;

speci es how the longitudinal magnetization recovers:

(2.2) M(t) = Mo(1 e ©™);

whereMy is the equilibrium nuclear magnetizatiom; is the spin-spin time constant and
involves interactions between the sping; is normally in the tens of millisecondsT,

speci es how the magnitude of the transverse magnetizdtiotine XY plane) decays:

(2.3) Myy (1) = Mge ©72;

whereM,y, = My + iM . T; andT, do not affect the precession of the net magnetization

vector, but do affect its length. Interestingly, the net metgzation vector can change length



and differ from its equilibrium value during relaxation deqling on the values 4f;, and
T,. In fact, magnetization can even disappear for a time andristeirn.

The magnetization vector precesses at the Larmor frequehdg returning to equi-
librium. This precession, by Faraday's Law, causes an mesw@gnetic force in a RF coill
that is measured. This signal is the MRI signal. This sigthelrefore, depends not only on

spin density, but also of, andTo,.

2.1.3 Field Gradients

To create an image, there needs to be spatially dependemniniafion. The addition
of eld gradients which, encode this information earnedmgentor, Paul C Lauterbur and
Peter Mans eld, a Nobel Prize in 2003. Linear eld gradieate applied to the main eld.
The eld perturbation is the same in the directionig but its magnitude varies at spatial

coordinates. A general gradient can be expressed as

(2.4) G = Gy + G, + Gk;

whereT; J; andK are unit vectors. The main eld can then be expressed as

B(r)=(Bo+ Gyx+ Gyy+ G,2)k=(Bo+ G #k:

By varying these eld gradients, many signals can be coldcind then arranged on a
Cartesian grid. Then, a simple 2D Fourier transform of théectéd signal gives the nal

image.

2.2 Bloch Equation

The behavior of the magnetization vector is governed by apimenological equation

called the Bloch equation. This equation describes theggsaon and relaxation effects in



the previous section. The Bloch equation is given below:

dv Myt+ My (M, MoK,
(2.5) =M B T T

The rst term describes precession and in uences the dioacdf the net magnetization.
For example, the change in magnetization is proportionéihéocross product dff and
B. If B remains constani.é., our main eld), then the angle betwedrt andB will
not change and we will have precession as speci ed by the baaguation. The second
term describes the relaxation controlled by the relaxatiesT,; andT, and in uences the
length of the net magnetization.

There is no known general solution to the Bloch equation;dwas when certain sim-
pli cations are made, the differential equation can be edlv One important example is
whenRF = 0, which applies during relaxation when the RF is not applietsing the
expression for a general gradient (2.4), the transvers¥ (¥ane) component of the Bloch

equation is
dt T,(¥)

+i(lo+ 1 (K1) My

This simple differential equation thus has the solution

(2.6) M,y (£51) = Mo(¥) e t=Ta(r) g {Lotg { G .

2.3 Imaging

Creating an MR image requires two basic steps. Excitatiosistsof using a RF pulse
to excite the volume (or a portion thereof). Then, gradiertsused to spatially encode
the information. Finally, during readout, the transversenponent of the magnetization
signal is read. Usually, this process is repeated sevenaistivy waiting until equilibrium
is reached between excitations. The collection of recosilgials are rearranged into a 2D

array and then the Fourier transform yields a two-dimeraignage.



2.3.1 Excitation

Excitation involves using an RF pulse to “excite” spins, iprspins by some angle.
Non-selective excitation excites the entire volume, whaéective excitation excites just a

slice of the volume. Excitation is based on the principlexdssed in Section 2.1.2.

2.3.1.1 Non-selective Excitation

In non-selective excitation, all the spins in the entireuvé are excited by the RF
pulse, causing them to tip by an angle determined by the idarahd power of the pulse.

To analytically solve the Bloch equation in this situationg uses a few simpli cations.
First, no gradients are applied - the only operating magnelils are the RF pulse (thB,
eld) and the main eld, Bo. Relaxation is ignored because the typical length of an RF
pulse is very short (less than 1 millisecond).

Two RF coils are used in MR: one coil, the transmit coil, cesahe RF eld that excites
the spins; the second coil, the receive coil receives theigrfakfrom the precessing spins.
Sometimes, one coil will be used for both of these two purpasenultiple coils will be
used for either the transmit coil or the receive coil or bawhile ideally each of these coils
would have a uniform response.§, for the receive coil, two identical precessing spins
in different locations would generate the same emf), realcBifs have a coil response
function that varies as a function of spa&, (¥) (response of the transmit coil(s)) and
B'ecee(£) (response of the receive coil(s)), wherés the space variable. (Note - if more
than one coil is used for transmitting or receiving, each ale its own unique response.)
The inhomogeneity of the coil response can be very probliematnon-uniform receive
coil response creates intensity differences - those arghsavemallerBeve will appear
darker compared to areas with a larger valudB&f®e, This can make MR images more
dif cult to interpret. A non-uniform transmit coil respors however, is much more prob-
lematic because it leads directly to varying ip angle andiences the signal equation in

a more complicated way. Non-uniform ip angles,Bi eld inhomogeneity, is explained
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further in Section 2.4.
When an amplitude-modulated signal is injected into eitha@l, ¢he coil induces a

magnetic eld calledB I" (¥;t):
(2.7) BI" (1) = ay(t)cos(t + 1(t)+ QB (¥);

wherea, (t) and (t) are the input amplitude and phase to the coil ahis the modulator
phase offset. We assume here tB4t is exactly on-resonance amdis the Larmor fre-
guency. The transverse component of this eld, or the pathef eld that is perpendicular
to By, in uences spins. We can break this eld into two circulapplarized elds, a right
and a left-handed eld; because the left-handed eld ratatethe same direction as the
rotating spins, this eld is more resonant with the spins #meright-handed eld has only
a negligible effect on the spins (and is thus ignored) [®].is the left-handed circularly

polarized eld and is expressed as:
(2.8) Bi(rt) =B (Ha(t)coslt + 1()+ OF sin(t + 1)+ F):

This eld is referred to as th®& eld and is the active eld during transmission (in this
thesis, we are referring to this circularly polarized eldhen we are estimating thg;, eld
and inhomogeneity in Chapter V and Chapter VI).

BecauseB ; is precessing, changing our unit directional vectors tdamscthat are ro-
tating clockwise at an angular frequencycan greatly simplify description of these elds.
This is called a rotating frame. We can choose a rotating éréimat is precessing at the
Larmor frequency or at the RF frequency. Here, we assumesorancei €., the Larmor

frequency is exactly the same as thatBaf) and then these rotating frames are identical.
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Then, the new directional vectors are de ned as

T, cost)T sin(lt)]
o, sin(t )T+cos(t)f

RO, K;

and the rotation matriR, is given by

2 3
cos() sin() O
R.()= E sin( ) cos() O%
0 0 1
and the magnetization vector in the rotating frame is given b
T
Mt = Myo Myo Mo
Then,

(2.9) Mot (1) = Rz( (£))M 1ot (5 0);

where the tip angle is de ned as

Z t
(2.10) (M = I 1(%; s)ds;
0

where! (1) = Bi (®by(t) andby(t) , ai(t)e ' :® and the oscillator offset has been
absorbed by th&; .

In the rotating frame, the RF eld rotates the magnetizatrentor from the longitudi-
nal. The magnetization vector thus precesses along thisgsait is tipped.

In the case of multiple transmit coils driven by the same Rjaaib, (t) with individual

12



coil pattersB7 , and different relative amplitudes, the complex coil patterns add linearly.

Although theB; elds add linearly, the magnetization elds do not.

2.3.1.2 Selective Excitation

In selective excitation, a static z gradigajz is applied during the RF pulse to select
only spins in a desired “slice”. Only spins where the resoi@guency matches the fre-
guency ofB; will be excited. Again, we assunig andT, effects are negligible due to the
short pulse duration. A circularly polarized RF pulse islggpat a frequency close to the
Larmor frequency. Even with these simpli cations, the Bioequation can only be easily
solved by making the small tip-angle approximation [98].isTapproximation assumes
that the system is initially at equilibriunn.¢., the magnetization vector is completely in the
longitudinal plane) and that the tip angle is small (lesstB@ degrees). Under the small
tip angle assumption, we can assume Matu My anddM,=dtu O: After solving the de-
coupled differential equation, the expression for thegvanse component after excitation

is equal to the Fourier Transform 8f;. This relationship is [92]:

Z t
(2.11) M (t;¥) = iMo()B] (F)e ! @Dt e @S (s)ds;
0
where! (z) = G ,z from which follows:
(2.12) IM(52)j = Mo(R)B1 (FFiof ba(t+ =2)gjr= (=2 6,2

If we have exact resonancieg(, eitherz = 0 or G, = 0), then the same solution applies as
in non-selective excitation - the tip angle is equal to titegnal of the RF pulse. This can
be expanded to include multiple coils, as well.

Because of the Fourier Transform relationship, nding theal RF pulse is dif cult
because both the RF pulse itself and the resultant slicdgsre necessarily time limited.

An in nite sinc pulse is impossible to create in practice,isshe ideal rectangular slice
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pro le. In practice, truncated sincs or Gaussian pulsesugezl. This can create problems
when an algorithm is based upon the ideal of an in nitely taimd/or rectangular achieved

slice pro le.

2.3.2 Signal Equation

After a portion of the volume has been excited, we must furthelerstand the MR
signal and how to create the appropriate gradients to obtaatially encoded signal for
the nal image.

Ideally, receiver coil(s) detect ux changes in transversggnetization uniformly over
the entire volume or ROI. (To combat this non-ideality, mangdels add the sensitivity
pattern of the coils as a parameter [69, 113].) Each exciad®ntributes to the signal.
Therefore, the signal equation is equal to the volume iategfrthe transverse magnetiza-
tion:

Z
(2.13) S ()= BeEVe(H)M (£ 1)de:

vol

We note here that this signal equation ignores constantrfaeind phase factors based on
ignoring T2 decay. We will also include the coil sensitiggiin this analysis. In the case
where these are not appropriate assumptions, even thisigsal equation might be called

into question. Using (2.6), the signal equation is:

Z 7 7 R
(2.14) Se(t) = Mo(£)B™ve(g) g ET2(M g Lot { 0G0 ™ gydydz:

Again, we ignore the relaxation term. We look only at the éope of this signal and

assume no z gradient is applied. This yields the followingatipn:
ZZ

. R
(2.15) s(t) = m(x;y)Bceve(x;y)e { 0G0 dgxdy:
Xy
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wherem(x;y) is the integral of the magnetization over the slice. It carals® written

using the kspace notation (which will be explained in thetisextion) as:

ZZ
(216) S(t) — m(X, y)Breceive(X;y) e {2 (kx (t)x+ky(t)y) dXdy,
Xy
where
Z t
(2.17) k() = =2 Gy )d
z°,
(2.18) () = =2 Gy()d;
0

whereG, andG, are the x and y gradients. This signal is detected by thevexseand via

a Fourier Transform (also explained in the next sectiony¢éate our MR imagen(x;y).

2.3.3 Gradients

After excitation, gradients in the x and y direction are agblto spatially encode in-
formation into the MRI signal as shown in the previous edurati This equation clearly
shows a Fourier relationship between the signal and the etagition at kx and ky loca-
tions. These spatial frequency locations are usually redieio as kspace, where k is usually
measured in cycles/cm. Thus, each time in the signal cavrefspto a Fourier transform of
kspace. This perspective greatly aids in designing trajexs.

As the gradients are applied, the spins are also simultatemeturning to equilibrium.
This free-induction decay (FID) signal is “read-out” or maeed by the coils. A suf cient
amount of time (called TR or repetition time) is waited uniie system returns to equi-
librium and then another excitation cycle begins, différgradients are applied, and the
signal is again read out.

The signal is typically largest at the center of kspace. Tigeas is read out here at

what is referred to as the echo time. This type of echo is dallgradient echo and is the
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type of echo used in this thesis.

2.3.4 Multiple Transmit Coils (parallel excitation)

The severe problem @] inhomogeneity in high elds ( 3T) precipitated the de-
velopment of multiple transmit coils and parallel excivati[67, 108, 134, 135, 142, 143,
145, 148]. Ideally, each coil can be adjusted with phase amglitude to try to compen-
sate for the effects dB; eld inhomogeneity. This led to the development of complete
separate pulses for each coil. The trend toward using higlagm eld strengths with their
subsequent bene ts would be undermined without a strategytnpensate foB, inho-
mogeneity. Multiple transmit coils also have other possitiéne ts. RF pulses could be
shortened in length or a larger space could be covered. A fhossibility is decreasing
the RF power required. Parallel excitation motivates thedrfer accurate and ef cier

maps.

2.3.5 Noise in MRI

Noise in the MR signal is additive Gaussian noise [83]. Thea primarily thermal,
the resistance coming both from the coil and body being ida§®me noise is also pro-
duced by the pre-ampli er. However, through proper desifhe coil and MR system,
the major noise source is the imaging object. Because thei®&Tnitary transform, the
nal MRI also has Gaussian noise. When the kspace sampleségm on a Cartesian
grid, the Gaussian noise is white; other sampling methoddywre colored noise. Because
of complex components after the Fourier transform is take, usually look at the mag-
nitude of the image. This will give a Rayleigh distributiam background regions of the
image and a Rician distribution in the signal. Because thamig usually much greater
than the variance, these distributions can be approxinsddsaussian.

The signal to noise ratio (SNR) is affected by many factorsiRI. A general rule of

thumb is that the SNR is proportional to tBg eld strength if, as is common, the imaging
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object is the main source of resistance. However, thisicglghip is quite complex because
other parameters in MR are also a functiorBefs magnitude. SNR is proportional to the
square root of the total measurement time, whether by isargahe number of samples,
the number of signal averages, or the length of the readmé.tiAs a rule of thumb,

increasing the spatial resolution by a factor reduces the BiNthat same factor.

2.4 MRI Field Inhomogeneity

In solving the Bloch equation as shown in Chapter Il, eld hajapeity is often as-
sumed. However, due to the nature of objects being imagedetisass the dif culty in
engineering perfect magnetic coils, elds are inhomogersed he sources of this inhomo-
geneity, its effects, and correction methods are explanethis section. As will be seen,
these correction methods require a map of the inhomogenetuis The estimation of

these elds is the subject of this thesis.

2.4.1 Main Field (Bo) Inhomogeneity

As was seen in the Larmor equation (2.1), resonance frequsrdirectly related to
the magnetic eld strength. Thus, main eld inhomogeneiguses different resonant fre-
guencies at each spatial location. An inhomogeneous magnetacan be made more
homogeneous via shimming. However, inhomogeneity can alse from the specic
morphology of the brain. Differences in the bulk magnetiseaptibility (BMS) of struc-
tures in the body cause macroscopic eld inhomogeneity. difierence in BMS is highest
in areas where air and tissue meet; for example, in the sinaiseé ear canal, lungs, and
the abdomen. There is an increased sensitivity to theségunshat highB, eld strengths.
Inhomogeneity can also arise from chemical shift. Outectedas shield the nucleus and
slightly reduce the magnetic eld experienced by the nusleliis causes a small change
in the resonant frequency as well. This chemical shift issedgmced by fat and causes the

fatty parts of an image to be shifted or blurred dependinghanttajectory. Because the
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speci ¢ focus of this thesis is fMRI and fat suppression pslare usually used, this cause

of inhomogeneity is considered negligible and not furth@rsidered in this thesis.

2.4.1.1 Effects of Inhomogeneity

Depending on the trajectory, inhomogeneity causes difteedfects. The need for
speed, especially in fMRI, requires use of trajectoriesowhiraverse most, if not all, of
kspace in one shot, or excitation cycle. Unfortunatelyséh&rajectories with especially
long read out times exacerbate the problem of inhomogeneity

Inhomogeneity affects the amplitude of the signal and casgmal loss [117]. Under
eld inhomogeneity, the object has a distribution of di#&t resonant frequencies which
gives the spins phase incoherence. When the contributioméarh spin is added together,
this dephasing causes a signal loss. This effect is reféoed T, decay and causes a
much faster decay in the transverse magnetization. (Sorastithe reciprocal of, or R,
is used, such as in Section 4.2.4). With longer readout tities problem becomes even
more severe and results in signal loss. If Medecay is severe, the signal is weighted in
k-space, creating blur in the nal image.

Geometric distortions can also result. In trajectorieshsas echo-planar, the resulting
geometric distortion due to eld inhomogeneity is a shiftowkever, spiral trajectories cause
a blur in the resulting image which is harder to correct fathiea image domain [66], though

both trajectories can be corrected in the signal domain.

2.4.1.2 Correction methods

Given a eld map of the inhomogeneity, these effects can beected for. One major
correction method is conjugate phase methods, which attengompensate for the phase
at each voxel €.g, [94]). These methods require a spatially smooth eld mag do
not perform well where this assumption breaks down. Iteeateconstruction techniques

have also been developed, both for speci c trajectorie$ §i2l for more general situations
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[114].

Field maps are also used in other MR applications. For exampbeveloping tailored
RF pulses to compensate for signal loss due to inhomogeragitaccurate eldmap is
required [140]. Because of the importance of accurate elprastimation for fMRI, we

focus on this problem in Chapter IV.

2.4.2 Radio Frequency eld Inhomogeneity

Inhomogeneity in the RF eldB;, can be caused by many factors. HiBlh eld
strengths make the RF wavelength shorter. In addition¢sae dielectric constant causes
the RF wavelength to be even shorter. A shorter wavelengtbesathe RF eld to interact
with the subject even more, causing even more inhomogendihe distance from the
transmit coil also can effect inhomogeneity. Inhomogegnedn be quite large at high
elds; at 3T, inhomogeneity ranging from 30-50% has beemfb{20]. Surface coils only

compound the problem and create even greater variation.

2.4.2.1 Effects oB; inhomogeneity

Inhomogeneity of the RF eldB] ) causes a nonuniform effect on spins; the net mag-
netization vector will be tipped at different angles degagan the particular value @& .
This can make MR images very dif cult to interpret due to spiy varying signal and
intensity in the image. This can be seen as lighter and dadgons at higheB lev-
els ( 3T). In addition, the spin density will be measured incoryectusing quantitative

problems, for example in measuring brain volumes [145].

2.4.2.2 Correction Methods

There are several methods used to try to mininBZeinhomogeneity. These include
coil design and special pulses, such as adiabatic, impispuses, 3D MDEFT imag-

ing and FLASH imaging [102]. However, correcting fBf inhomogeneity may still be
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needed after minimization strategies are used or in thewhsa these trajectories are not
applicable. More recently, tailored RF pulses such as [b@2E been proposed to reduce
inhomogeneity; they require use ofBy’ map. A new method in parallel transmit exci-
tation has been proposed using the transmit SENSE slieetsalilses [145] which also
requires uses of such a map. Dynamically adjusting the RFep@another option which
also requires use of B; map. To apply these new methods that more comprehensively
compensate faB; inhomogeneity, an accuralg map (and one that additionally includes

the phase) is required. We focus on this problem in Chapterd/CGirapter VI.
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CHAPTER llI

Iterative Estimation Background

Creating a eld map for eitheB, or B; requires an accurate, reliable estimator based
on available measurements. Many common estimators arel lmas&euristic schemes
and not on a statistical model. Other common estimatoregisd signal noise and its
properties. The solution of this dissertation uses stadiseéstimators to solve the eld map
problems. Therefore, we review various statistical estirsa

The rst step in estimation requires creating a model for dla¢a including the desired
parameter and other unknown parameters and their statidtiext, we use this model to
create an estimator. Our goal is to estimate the eld map ftbenMR data available (for
example, from an initial scan, either for the machine or fxtepatient). The data is usually
referred to as a vector, while the desired parameters (the eld map) areBased on a
model, there are many choices for an estimator. Each estinsabased on a different cost
function, a function which describes the cost of any paléicestimate; for example, the
cost might be the mean squared error or the cost may penaligg images. Based on the
given cost function, different estimators give differeasults.

One way to measure the effectiveness of an estimator is kodbibs bias and variance.
The bias of an estimator is the difference between the eggde@lue of the parameter and
the value of the parameter. Often, we desire an unbiasedng#egi.e., the bias of the

estimator is zero for each possible parameter. Ideally, waldvalso seek the estimator
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with the lowest variance. However, the mean squared erexgusi to the variance plus the
bias squared. Reducing the bias will increase the variddoderstanding this trade off is

important in selecting a good estimator.

3.1 Bayesian Estimators

Bayesian estimators require more data than just the paessnand the available data.
They also require a statistical distribution for the pargere called a prior distribution,
f ( ). Unfortunately in imaging problems, this distribution isually not known; when it
can be obtained, it is often at great cost and time. Theseattis minimize the average

cost:

Z Z
(3.1) Elc] = o’ ) (xj )f ()dxd;

X

wherec is the cost of an estimate based on the true value ddifferent cost functions
generate different estimators. A minimum mean squared east function yields the con-
ditional mean estimator (CME). A minimum mean absolute ecast function yields the
conditional median estimator (CmE). A minimum mean unifomoecost function yields
the maximum a posterior estimator (MAP). One disadvantdgssing these estimators is

nding an appropriate prior.

3.2 ML Estimator

The Maximum Likelihood (ML) estimator is one of the most coomstatistical esti-
mators in practice. This estimator maximizes the likelithdonctionf (xj ) - the density
function of the data given the parameterf@x; ) if is not random. It seeks the estimate
which best matches the data based on the likelihood funcfideiximizing this function

can sometimes be dif cult, but maximizing any monotone @asing function of the like-
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lihood (for example, the log of the likelihood) also maximszthe likelihood. We usually

express the estimator as:
(3.2) "= argmaxInf (xj ):
2

The ML estimator has many desirable properties; it is asptigatlly unbiased and Gaus-
sian and is also transform invariant.

Although ML estimators are theoretically appealing, inqtige, the estimators do not
always have good performance. They are often sensitive iseray are computationally
expensive, for example, calculating the inverse of a larg&isn The performance declines

signi cantly as the number of parameters approaches théoenwf values to be estimated.

3.3 Penalized-Likelihood Estimators

There are two major options to improve the results of an Mlinestior. First, we
can add more information (the prior distribution), whictveg us Bayesian estimators.
However, priors are dif cult to nd and usually do not re ean “average” image. A second
option is using penalized-likelihood (PL) estimators. 3&ean be thought of as a Bayesian
(MAP) estimator with a possibly improper prior. A penalizkkelihood estimator seeks
an estimator which most closely matches the data (throughvih estimate) while also

satisfying other criteria through a penalty. The expraessshown below:

(3.3) argmin  Inf(xj )+ R()
2

(3.4)

argmin ( );
2

where is the new cost functiorR( ) maps to a penalty based on some characteristic -
usually data smoothness. Whers large, the resulting image will be very smooth, whereas

when is small, the estimate will be based more on the data and tagermay be rough.
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The user can choose this parameter independently. The mw@shan roughness penalty

in 1D is a quadratic penalty on the difference between na&ghg pixels:

X
(3.5) RY)= (Yo Yo 1%

n=2

whereN is the number of pixels in an image. Quadratic penalties batter noise perfor-
mance than an ML estimator, but blur the image. This is thel&nmental noise-resolution
trade off. With a PL estimator, the resolution can be quastibased on the choice of
giving the user more control on where they operate on thisconm. A multi-dimensional
guadratic penalty is similar to (3.5) but considers neigklbino each direction. Diagonal
neighbors could be given less weight than horizontal orie@rheighbors. Non-quadratic
estimators can be used to reduce noise and still not blursedge are more complicated
to analyze. One common roughness penalty used in the literéd the total variation
(TV) penalty, or an absolute value penadtyg, [7]. They are useful, but suffer from the

disadvantage of not being differentiable.

3.4 Cramér-Rao Bound

The Crangr-Rao Bound (CRB) can be used on a statistical model to medswer
bounds for any unbiased estimator. The CRB shows a regionrizinea that can not be
achieved by any unbiased estimator. While it is not speci arng particular estimator, we
can better understand how good our estimator is in relatidhé CRB. The matrix CRB is

de ned by:

AN

Cov

Fi)

where

F( )= Er2Inp(Y; )
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is the Fisher information. For an unbiased estimator, thi8fves a scalar bound for
each estimator of each parameter (the values along thertihgbthe matrix), as well as
showing bounds for the covariance between parameters. iEherfinformation measures
the average curvature of the log likelihood function by theetvalue of the parameter.

The CRB is applicable for an unbiased ML estimator. Howeueg, regularization
term in a PL estimator makes the estimator inherently biasedthe CRB does not apply.
A PL estimator can operate below the curve specied by the CRBahse of its bias.
Nevertheless, the CRB can give useful analysis for pixelsraviiee SNR is high. For
pixels where the SNR is low, on the other hand, the regulabasically just interpolates
those pixels and we are less interested in the noise preperti

PL estimators are complicated because they are de nedartiplin terms of the min-
imum of a cost function. This makes their mean and varianegacteristics very dif cult
to analyze carefully. Some methods have been developeése situations, but they deal
with asymptotic relationships of the mean squared erroiis Tias the characteristic that
mean and variance are equally weighted, whereas in applsatthe relative importance
of mean and variance may differ. Some approximations dd @tigch look at moments,

but they are not explored further in this report.

3.5 Spatial Resolution Analysis

As explained in Section 3.3, regularizing PL estimatoratzélur. To choose, itis
necessary to understand the spatial resolution propeartite estimator. Another reason
to look at the spatial resolution is to try to achieve morgamn resolution by modifying
the estimator itself. Here, by spatial resolution, we rééethe impulse response of the
estimator. Although there are several ways to de ne the ilsg@tesponse, all versions rely
on the gradient of the estimator itself. Estimators which de ned implicitly (e.g, PL
estimators) are more complicated to analyze. We would bkdenbw the impulse response

of the estimator. Although several de nitions of the impuleesponse are possible, the
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general form is similar. The impulse response is the gradéthe estimator (based on
either the data or the mean data) times the gradient of thrageelata. Regardless of the
de nition chosen, we need an expression for the gradieri@gtistimator. We require a few
set of conditions to nd the gradient - the cost function mhbave a unique minimizer, be
differentiable, and have an invertible Hessian (amongratbeditions). Then, the gradient
is de ned. PL estimators consist of a log-likelihood tekn x ) and a regularization term

R( ) as follows:

( ;x)=1(;x)+ R():

The gradient of this estimator is then de ned as (after muoip$ cation) [30]:
(3.6) o) =0r BOCx) + 1 2RO T BIGX)] 2

wherer 2% is the derivative taken twice with regard to the rst argurhénere ) and
wherer 11 is the derivative taken once with regard to each argument.

In this report, spatial resolution analysis was performedna[119] and [30] using a
Taylor's series approximation and Parseval's relation @ueeh minimizing the cost function
by taking the gradient, setting it to zero, and solving. Tikibasically the same method as

described above.

3.6  Minimization of Cost Function via lterative Methods

After de ning our model and choosing an estimator, we needdtually evaluate it.
For the methods shown in this section, estimators are threragt of a cost function. For
some problems, an analytic formula for the extrema exitswél@r, for most cost func-
tions, especially PL estimators which include a regulayi@s is not possible. Even for
problems where an analytic solution exists, the solutioofien not feasible numerically

(e.g, inverting a large matrix). Therefore, iterative methodsat converge to a local min-
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ima (or maxima) must be used. This is a large mathematicastatigtical topic with many
algorithms to choose from. Mathematical packages such daMaften contain several
built-in optimizers, such as Newton's method or the conjaggradient method. For the
joint B , T; estimation in Chapter VI, we used one general purpose omiiniz method:
preconditioned gradient descent (PGD), which is explaine8ection 3.6.2. For the rst
two estimation problems in Chapter IV and Chapter V, thesermgéparpose optimizers are
not used, because we were able to develop monotonic optsriizesed on the principles
of optimization transfer. Optimization transfer is explad in Section 3.6.1. General pur-
pose optimizers often converge faster than algorithmsymed from optimization transfer,
but for problems such as non-quadratic and non-convex enad)l these optimizers are not

always monotonic and guaranteed to converge.

3.6.1 Optimization Transfer

Optimization transfer consists of two major principles.rski we choose a surrogate
function (™. This function is normally a function with an analytical ririvizer or one
that is easy to nd. Second, we minimize the surrogate. Thigmum is not usually the
global minimum, so we must repeat these steps until the ihgorconverges. The key
lies in choosing appropriate surrogate functions. Theyumgally designed so that: 1)
The surrogate and the cost function have the same value latiteaative step, and 2) the
surrogate function lies above the cost function. When batletions are differentiable, this
implies that the tangents are also matched at each itestgyge

In this report, we use quadratic surrogates based on Huakggithm [60, p.184-5].
These have the bene t of having an analytic solution for thaimizer of the surrogate.
For a quadratic surrogate, the following iteration will nmonically decrease the original

cost function:

(3.7) (n+l) — (n) [r 2 (n)] 1 ( (n).
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However, unless (" is separable, this inverse is not computationally prattitherefore,
in this report, we use separable quadratic surrogates (S8)is explained in more detalil
in Appendix A applied speci cally to th&, eld map problem and in Appendix C applied

speci cally to theB; eld map problem.

3.6.2 Preconditioned Gradient Descent: PGD

Gradient descent, or steepest descent, algorithms areeaj@ptimization method
where each iteration descends a step along the negative gfaldient of the cost function.
In preconditioned gradient descent, the gradient of théfoostion is rst multiplied by a

preconditioning matri¥ and then descended a step sizalong that direction,

(3.8) ) = pp M,

A preconditioner can give much faster convergence. Undeaiceconditions of the gra-
dient and also the preconditioner (for example, the gradiatis es a Lipschitz condition,
true with a twice differentiable bounded cost function, #mel preconditioner is a symmet-
ric positive de nite matrix), the algorithm can be shown tonotonically decrease the cost
function. We can ensure descent and force monotonicity thyaiag the step size by half
until the cost function decreases. This guarantees dedm@ntan come a costly number
of evaluations of the cost function. This half-stepping Imoek, as well as selection is

explained further in Section 6.5.2.
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CHAPTER IV

Field Map By Estimation

4.1 Introduction

MR ! imaging technigues with long readout times, such as ecaoaplimaging (EPI)
and spiral scans, suffer from the effects of eld inhomoggnéhat cause blur and im-
age distortion. To reduce these effects via eld-corredWfd image reconstructiore.g,
[93,107,114,118], one must have available an accurat@atiof the eld map. A com-
mon approach to measuring eld maps is to acquire two scatis dviferent echo times,
and then to reconstruct the images (without eld correcftibom those two scans. The
conventional method is then to compute their phase difteremd divide by the echo time
difference4 ;. This model makes no account for noise and creates eld miagisare
very noisy in voxels with low spin density. Section 4.2 rsttioduces this model and
then reviews standard approaches for this problem. A liioiteof the standard two-scan
approach to eld mapping is that selecting the echo-tinféedence4 ; involves a trade
off: if 4 , is too large, then undesirable phase wrapping will occurjfbd ; is too small,
the variance of the eld map is large. One way to reduce théawae while also avoiding
phase unwrapping procedures is to acquire more than twesegn one pair with a small
echo time difference and a third scan with a larger echo tiifierdnce. By using multiple

echo readouts, the scan times may remain reasonable, atdett®e modest spatial reso-

1This section is based on [44]
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lutions needed in fMRI. Therefore, we present a general inthde¢ accommodates more
than two scans and describe a regularized least-squarmsnap estimation method using
those scans. Section 4.3 shows the improvements both irstimeag¢ed eld maps and the
reconstructed images using multiple scans. This is showhwith simulated results in

Section 4.3.1 and then using real MR data in Section 4.3.2.

4.2 Multiple Scan Fieldmap Estimation - Theory

4.2.1 Reconstructed Image Model

The usual approach to measuring eld maps in MRl is to acquwiescans of the object
with slightly different echo times, and then to reconstintagesy® andy?! (without eld
correction) from those two scans,g, [21, 65, 87]. We assume the following model for
those undistorted reconstructed images is

0 — ¢ . 0
i = fi+

fj glidr 4 jl;

i
I

4.1) Yi

where4 ; denotes the echo-time differendg,denotes the underlying complex transverse
magnetization in thgth voxel which is a function of the spin density, alhddenotes
(complex) noise. The goal in eld mapping is to estimate and{storted) eld map,
o= (1q;:0N); fromy% andy?, wheread = (fq;:::;fy) is a nuisance parameter
vector. This section reviews the standard approach forgtoblem, other approaches in

the literature, and then describes a new and improved method
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4.2.2 Conventional Field Map Estimator

Based on (4.1), the usual eld map estimafgruses the phase difference of the two

images, computed as follows [47,107]:
(4.2) M=\ (P y)=4

This expression is a method-of-moments approach that weaitll perfectly in the absence
of noise and phase wrapping, within voxels whirg > 0. However, (4.2) can be very
sensitive to noise in voxels where the image magnifigieis small relative to the noise
deviations. Furthermore, that estimate ignoresapriori knowledge that eld maps tend
to be smooth or piecewise smooth. Although one could try toatimthe above estimate
using a low pass lIter, usually many of tHg values are severely corrupted so smoothing
would further propagate such errors (see Fig. 4.2 top rightead, we propose below to
integrate the smoothing into the estimatior oin the rst place, rather than trying to “ x”

the noise i by post processing.

4.2.3 Other Field Map Estimators

Although the conventional estimate (4.2) is most commdmeioiethods for estimating
eld maps have appeared in the literature.

Different techniques have been proposed that incorporake map acquisition with
image acquisition ( [87] for projection reconstruction §88] for spiral scans). Cheet al.
in [15] used multiple echos during EPI acquisition and usesé¢ distorted scans to create
a nal corrected undistorted image. Priestal. in [100] used a two-shot EPI technique
to obtain a eld map for each image; this could prevent changethe eld map due to
subject motion from being propagated through an entire fiifiRé series.

Stand alone eld map acquisition techniques have also bespoged. Windischberger

et al. [132] used three echos and corrected for phase wrappingasgitying the degree
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of phase wrapping into seven categories. They then usearlregression to create a eld
map that is followed by median and Gaussian Itering. Redteal.[101] used ten separate
echo times and acquired distorted EPI images. They usechdasthphase unwrapping
technique of adding multiples @ and then spatially smoothed the image with a Gaussian
Iter. While these techniques both seek to use more echosd@ase the accuracy of the
eld map, they have several disadvantages. Neither aredbase statistical model and,
thus, do not consider any noise in developing their estimalbe ltering suggested by
both techniques also adds additional blur. Algtital. [3] used three scans, the rst two
with a small echo time and no phase unwrapping and the thitld aviarger echo time.
Two techniques were tried: 1) phase unwrapping by using tsetwo sets of data and
2) taking a Fourier transform to determine the EPI shift eéigreed. In phantom studies,
using three scans yielded half to a third of the error of twansc Because the estimator
uses a linear t, there is still error in voxels near phasecdiginuities and along areas of
large susceptibility differences.

An additional technique used to improve the conventioniirege is local (non-linear)
tting, e.g.[61, 106]. While this can improve the conventional estimate desire a more
statistical approach.

Our technique is unique in that it uses a statistical modielgusultiple scans and op-
erates without the constraint of linearity. By using a peral-likelihood cost function, we
can easily adjust the regularization parameter to contlimount of smoothing without
any additional ltering step. By using a eld map derived frothe rst two echos as the
initialization for the iterative method (assuming the twahes are close enough together),
no phase unwrapping is required. Our model also takes irdowatR, decay, which was

ignored in previous multiple echo techniques.
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4.2.4 Multiple Scan Model

We now generalize the conventional model (4.1) to the casmudfiple scansj.e.,

with more than one echo time difference. The reconstructezbes are denoted here by

echo time difference®}, decay may no longer be negligible and should be includediin ou
model. Our model for these images is:

(4.3) yj = fyelitre Rty e

original scan.e, (4 o = 0), wherej denotes the voxel number and whé&gdenotes the

value ofR, for the jth voxel. As in most eld map estimation methods stmodel assumes
implicitly there is no motion between the scans. As in (4f}),denotes the complex
transverse magnetization ah}d denotes the (complex) noise. If we choose4hevalues

carefully, this data model allows for a scan that is free ayddy free of phase wraps but
which gives a phase difference lower in SNR, as well as stavi{s wrapped phase but
higher in SNR. Including the scan(s) with a larger echo tinfieence should help reduce

noise in!y, whereas the wrap-free scan helps avoid the need for phagapioing tools.

4.2.5 Maximum-Likelihood Field Map Estimation

The conventional estimate (4.2) appears to disregard rafisets, so a natural alter-
native approach is to estimate using a maximum likelihood (ML) method based on a
statistical model for the measurements In MR, thek-space measurements have zero-
mean white gaussian complex noise [85], and we furthermgserae here that the additive

noise values ity in (4.3) have independent gaussian distributfomith the same variance

2Independence in image space is an approximation. The nelses/in k-space data are statistically
independent, but reconstruction may produce correlatiespecially in scans with non-Cartesian k-space
imaging.
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is

logp(y;f;!) = logp y';f ;!
1=0
1X\| X | 0:i4, 5 R4, 2.
(44) ﬁ yj fje-J e N :
i=1 1=0

where “ " denotes equality to within constants independerit @ind! . If the R; values

were known, the joint ML estimate &f and! could be solved by the following minimiza-

tion problem:
2 3 2 3 2
y 1
X yl glidr1g R4
(4.5) arg min . f]
2RN;f2CN oy : :
ij e{! 4L e Rj4 L

This problem is quadratic ify ; minimizing overf; yields the following ML estimate:

I:)L | 1. :
- vie 41 g R4
(4.6) f = =g :

L 2R; 4
|
1=0 & 77

Substituting this estimate back into the cost function Y4uadd simplifying considerably

yields the following cost function used for ML estimation!of

XX % .
me (1) vy ow
j=1 m=0 n=0
(4.7) 1 cos\y' \y" 1j(4n 4 n) ;

wherew™" is a weighting factor that depends By as follows:

e Ri4m+dn)

mn - _
(4.8) W = PW
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Similar weighting appeared in the weighted phase estinraigysed in [6] for angiography.
The ML cost function (! ) is periodic, similar to cost functions used in phase unwrap-
ping problemse.g, [76]. The cost function (4.7) appears to require eithenkiedge of or

a good estimate dR,. However, we note that:

Ey" =jfjieftn;

therefore, hereafter, we approximav{é“;” as follows:

m yn
@s) wpr Pl A
1=0 Y]

This approximation does not require knowledgdrgfvalues.
There is no analytical solution for the minimizér,in (4.7), exceptinthé =1 case.

Thus, iterative minimization methods are required, evetritie ML estimator.

4.2.6 Special Caset. =1 (Conventional Two Scans)

In the case wheré = 1 usually4 ; is chosen small enough that we can ignBre

decay (.e., letR, = 0) and the ML cost function in (4.7) simpli es to

X
(4.10) me (1) yoyb 1 cos\yl \y’ 14,

j=1
The ML estimate is not unique here due to the possibility efgghwrapping. But ignoring
that issue, the ML estimate of is Y} = (\ yj1 \ yjo):4 1; becausel cost) has a
minimum at zero. This ML estimate is simply the usual esten{dt2) once again to within
multiples of2 . Thus the usual eld mapping method (for= 1) is in fact an ML estimator

under the white gaussian noise model. The more general aostién (4.7) for the eld

map ML estimator fot. > 1is new to our knowledge.
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4.2.7 Penalized-Likelihood Field Map Estimation

The ML estimator ignores ow priori knowledge that eld maps tend to be spatially
smooth functions due to the physical nature of main eld imogeneity and susceptibil-
ity effects’. (We note that this assumption does not address the presésignal from
fat). A natural approach to incorporating this characteris to add a regularizing rough-
ness penalty to the cost function. Here we regularize ordypiiiase map and not the
magnetization map ; we expectf to be far less smooth because it contains anatomical
details. Such regularization is equivalent to replacing &fitimation with the following
penalized-likelihood estimator:

VS
(!“;f")=arglrpax logp y';f  R();

=0

whereR(! ) is a spatial roughness penalty (or log prior in a Bayesian MpAHosophy).
Based on (4.6) and (4.7), after solving forand substituting it back in, the resulting regu-

larized cost function has the form

(4.11) pe(!) me(P)+ R();

where we use the approximation (4.9) fog. (! ). This cost function automatically gives

low weight to any voxels where the magnitudg'y' is small. For such voxels, the reg-
ularization term will have the effect of smoothing or extoégiing the neighboring values.

Thus, this approach avoids the phase “outlier” problemplegues the usual estimate (4.2)
in voxels with low signal magnitude. If correspondsto &; N, eld map! ., then

a typical regularizing roughness penalty uses the secoiel-mite differences between

3There may be discontinuities at air/water boundaries. Enehis case, sharp boundaries can be prob-
lematic if there is motion between scans, further motivagtime use of regularization.
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horizontal and vertical neighboring voxel values as fokow

W1 1
R(! ) = (2! n;m ! n 1m ! n+1;m)
n=1 m=0
W1 1
(4.12) + @'am Tam o1 Vomen);
n=0 m=1

where is a convex “potential function.” Here, we use the quadrptitential function,

(t) = t2=2. In this paper, we used second-order differences for alllteswe found that
second-order nite differences are preferable to rst-erdlifferences because the resulting
PSF tails decrease more rapidly even when the FWHM valueslargical. A quadratic
potential function has the advantage of being differem¢iand easy to analyze, especially
with Gaussian noise. Although quadratic regularizatiamrdledges, we assume the eld
map is smooth, so a more complicated potential functionh stsscusing a Huber function
[60], is not considered here.

Usually is differentiable, so we can minimize the cost functipr ) either by con-

ventional gradient descent methods or by optimizationsfienmethods [8, 63, 72]. In
particular, in the usual case whert) =t is bounded by unity, then the following iteration

is guaranteed to decreage! ) monotonically:

1
| (N+) — | () P - 1 (Y-
(4.13) ! ! diag g+ ¢ ro( !,

wherer is the gradient of the cost function,

8
2 4; regularization with 1st-order differences
(4.14) c,
16, regularization with 2nd-order differences
and
X_ )G m,,n m;n 2
(4.15) d Yiyp wp (4n 4 m)5
m=0 n=0

37



using the approximation fow; shown in (4.9). For examples in this paper, we used a
similar minimization algorithm described in Appendix A laesse of its faster convergence
properties.

Toinitialize! ©, we used the regularized ML estimate (4.11) based on théwstsets
of datay® andy®. We choose the echo times to avoid phase wrapping betwesa skés of
data (this same idea is used in [3] in their three-point meth®herefore, there is no need
to apply phase unwrapping algorithms - the algorithm wilheerge to a local minimizer
in the “basin” of the initial estimate [63].

In [37], we considered approximating the costerm in (4.11) with its second-order
Taylor series to create a penalized weighted least squBi4$.$) cost function. A sim-
plied PWLS approach where the weights were thresholded viss eonsidered. Those
models ignore any phase wrap that may occur when evaluati@y. (They also have in-
creased error with little computational bene t. Therefaiteose simpli ed methods are not

explored further in this paper.

4.2.8 Spatial Resolution Analysis of Field Map Estimation

To use the regularized method (4.11) the user must selecethdarization parameter
, Which could seem tedious if one used trial-and-error mggh&ortunately, it is particu-
larly simple to analyze the spatial resolution propertagliis problem, using the methods
in [35] for example. We make the second-order Taylor sengs@imation for this anal-
ysis. The local frequency response of the estimator usiogrekorder nite differences at

thej th voxel can be shown to be:

1
(4.16) H( x; v) ;
1+ a 2+ 2)p
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where x and v are the Discrete Space Fourier Transform (DSFT) frequeacables.
and whergp = 1 for regularization based on rst-order differences gné 2 for second-
order nite differences as in (4.12). (See [119] for relattblyses.) From (4.16) we see
that the spatial resolution at each voxel depends on thetli@tiaghd, . In areas with small
signal magnitudes, there will be more smoothing, as desifed spatial resolution (4.16)
also depends on th&, values being used. Data from scans with largervalues have
lower"; variance (see (4.17) below), and will be smoothed less. Mewedata from these
scans will also be affected I8y, decay througle”“n if the data is not scaled to compensate
for this factor. To simplify selecting, we normalize the data by the median of the square
root of (4.15) using the approximation (4.9) fay. Normalizing by this factor allows us
to create a standardto FWHM table or graphd.g, Fig. 4.1). If this normalization were
not applied, a similar gure would need to be calculated vattth new data set (or at least
with each new set of | values) or would need to be chosen empirically. Normalizing
based on the analytical result (4.16) enables us to use the séor all scans.

We used the inverse 2D DSFT of (4.16) to compute the REBEM] and tabulate its
FWHM as a function of , assuming the previous corrections were made and thatxké pi
j hasd; = 1. Fig. 4.1 shows this FWHM as a function lofg,( ), for bothp = 1 and
p = 2. The FWHM increases monotonically with as expected, although the “knees” in
the curve are curious. Nevertheless, one can use this gragahect the appropriategiven
the desired spatial resolution in the estimated eld mape fidsulting spatial resolution will
be inherently nonuniform, with more smoothing in the regianith low magnitudes and
vice versa. One could explore modi ed regularization mekh{85] to make the resolution
uniform, but in this application nonuniform resolution seeappropriate since the goals

include “interpolating” across signal voids.
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Figure 4.1: Angularly averaged FWHM of PSF. Shown for eld nmegtimation as a func-
tion oflog, ford; =1 in (4.16).
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4.2.9 Qualitative Example:L =1

Fig. 4.2 shows an example of the data magnitlyﬁeand the usual phase estimate based
onL =1 (4.2) which is very noisy. This is real data taken from a 3T MRmer with
4 1 = 2 ms. The maximum value gf ; 4 ;j is 1.61 radians in nonzero voxels, making
the scan free of any phase wraps. Fig. 4.2 also shows theipsdikelihood estimate
based on (4.13) using two different values foand using 150 iterations. Here, we can see
the improvement from using a regularized estimator versagbnventional ML estimator.
The effect of on the smoothness of the estimate is also seen. The improvesaen is
analyzed quantitatively in Section 4.3. Fig. 4.2 also shiihveseffective FWHM (in pixels)
of the regularized algorithm based on (4.16) for both valofes. Most of the image has
a FWHM corresponding to the choserbased on Fig. 4.1. Areas of low magnitude have
a much higher FWHM (such as the sinuses) and areas of high tudgriiave the lowest

FWHM.

4.2.10 Theoretical Improvements Over 2 Data Sets

Using more than two sets of data requires a longer data atiqaisnd also involves
choosing thel | values. Analyzing the theoretical improvements that maptbeined by
using multiple data sets can help determine when the inedeasquisition time is war-
ranted and can guide our choice of #e values. Therefore, we calculated the Céam
Rao bound (CRB) for the model (4.3). This bound expresseothest achievable variance
possible for an unbiased estimator based on a given mod#iodgh a biased estimator
(the penalized-likelihood estimator) is used in our impdgrtation, the bound quanti es the
maximal improvement possible based on the model and allowa Eomparison on how
close our implementation is to the ideal, unbiased case.

Because there are multiple unknown parameters in theselsode (! ;jf;j;\ f;),
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Figure 4.2: Field map estimate example. Top row: magnitawigy; j, conventional eld
map estimate(4.2). Middle row: (eld map estimates): pere-likelihood

estimate using (4.13) with = 2 8 (left) and

= 2 3 (right). Bottom row:

Maps of the spatial resolution at each pixel measured by WelM for =

2 5 (leftyand =2 3 (right).
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the multiple parameter CRB must be used. In that case, thexnGRB is

n o
A

F*()

Cov

whereF( ) =  Er 2Inp(Y; )] is the Fisher information. Becausg is a nuisance
parameter, we focus on the CRB for the variancé gfalthough the effect of; will be
felt through the inversion of the Fisher matrix. For simpiicwe initially setR, to 0 in the
CRB derivations shown below.

Applying the CRB to thd. echo-time difference model (4.3) yields, after considerab

simpli cation, the expression:

2

417 Var f I :
i Y e agine
where,dening | = 4, =4 :
! .
1 X 1 %
Lo L+1 ! L+1 !

The variance reduces, in generallass increased. The expression fqr is the “variance”
off o; 1 L0, measuring the variance between the echo time differennegeasing
the variance (spread) of the, values will decrease the overall variance of the eld map
estimate.

FortheL =1 (2 sets of data) model, = 1=4and (4.17) simpli es to:

CRB,, — .
43jf;j°

As expected, the eld map variance decreases when the ssyeaigthjf;j, or echo time

difference4 1, increase. For an unbiased estimator based on the modgWuEL = 2
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(3 sets of data) one can show:

CRB;

4.18 CRB,, :
( ) 2 4:3( % 2+1)

Interestingly, simply using three scans, butusthg = 4, (or , = 1), would reduce
the variance by only=3.

From (4.18), increasing, should decrease the variance for an unbiased estimator.
Making , arbitrarily large, however, is not advisable for many reesdA larger , creates
more phase-wrapping. Eventually, the wrapping will leadntiba-voxel aliasing and the
desired improvement would be unattainable. Another probhath large values of | is
the effect on the MR pulse sequence length. A larg@lso causes much moRe, decay
in the signal as shown in (4.7). Choosing optiMal values requires some knowledge of
R, decay. This can be seen more clearly in the CRB bounds for tlieh(é.3) withR,
decay included. For the =1 model, one can show:

1+e2Rj41

(4.19) Vanfh g CRB; 5

For theL =2 (3 sets of data) model:

2 1+e 2Rj41+e 2Rj4 1 2

(4.20) Var,f g — ;
oA b

where

b’ eZRj41+ %e 2Rj4 1 2+(1+ % 22)e 2Rj41(l+ 2):

Using these expressions, we can optimize4hevalues, which will be inversely propor-
tional to the value oR,. In fact, forL = 1, one can show that the optimal choice is
4 gpt = 1:11=R,. Therefore, small values of, based on the amount &, decay

expected should be used.
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4.3 Experiments
4.3.1 Simulation: Comparison ofL =1 andL = 2 Methods

noisy phase a2:3 noisy phase a2:7

True field map

Conventional estimate L=1 estimate L=2 estimate a,=3 L=2 estimate a,=7

Figure 4.3: Field map Gaussian example. Top: “True” eld nfapGaussian example in
Hz; Noisy (SNR = 10dB) wrapped phase/* with , = 3, Noisy (SNR =
10dB) wrapped phase with, = 7. Bottom: Conventional estimate far=1,
PL estimatesfot. =1,L =2 with ,=3,andL =2 with ,=7. All eld
maps and estimates are shown on a colormap of [-10 128] Hz.wfagped
phase images are shown on a colormap of [}.

We compared thé& = 1 andL = 2 methods with two examples. First, we used a
simulated Gaussian true eld map (Fig. 4.3) with a magnitatkgp equal to unity at all
points. Second, we simulated a brain example. For the madmitwe used a simulated
normal T1-weighted brain image [18, 70]. We generated al&ingbd map consisting of a
4.8 cm diameter sphere of air (centered around the nasdlravnbedded in water using
simple geometrical equations [51, 104], using a slice fiygabove the sphere. Fig. 4.4
shows the eld map and magnitude imgdgj. We added complex Gaussian noise at many

levels of SNR to the images. For this paper, we used the foligwae nition of SNR:

kf k
(4.21) SNR = 20 Iogm.
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magnitude |yl| (ROI marked)

True field map noisy phase a2:3 noisy phase aZ:S

L=2 estimate a,=3 L=2 estimate a,=5

Conventional estimate L=1 estimate

L=2 a2=3 error L=2 a2=5 error

Conventional error L=1 error

Fri.

RMSE = 6.0 Hz RMSE = 3.3 Hz RMSE = 2.8 Hz RMSE = 1.0 Hz RMSE = 0.6 Hz

Figure 4.4: Field map brain example. Top: True eld map andymwude for brain example
and mask, (SNR = 8.5dB) wrapped phase for= 3 and , = 5 images.
Center and Bottom: Conventional, Conventional convolved witGaussian
Iter, PL with 2 sets L = 1), and PL with 3 setsl{ = 2) for both , = 3
and , = 5 estimated eld maps and their respective errors and RMSEe. Th
wrapped phase images are shown on a colormap of [- All eld maps and
estimates are shown on a colormap of [-2 100] Hz. Field magreare shown
on a colormap of [-15 15] Hz.
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The SNR remains consistent even when vary®gL, or

We used4 ; = 2 msec for both cases. For the = 2 case we also varied, to
produce severat , values. We used a uniform value &f, = 20 sec ! in generating our
simulations.

The eld map was reconstructed using the penalized-lileih method (4.11) using
normalization as described in Section 4.2.8 for bbt= 1 andL = 2. The algorithm
(4.13) was run at each SNR level for the= 1 case and for thé = 2 case of data with
varying values of , using 5 realizations. We ran 300 iterations of the algoritlusing

=2 3

We also applied the conventional estimator to our data. Tuae the noise, we
convolved the conventional estimate with Gaussian Itefsvarying widths ( =
0:06250:125Q:::;3:125. We chose the “optimal” based on the minimum masked
RMSE. Choosing the optimal using the true eld map gives the conventional estimate
an advantage in this example unavailable in practice.

The RMS error (in Hz) was computed between the “true” eld nzaq the eld map
reconstructed using the PL method (4.11) and the conveaaitesiimate. This RMSE was
calculated in a masked region (pixels with magnitudes att128% of the maximum true
magnitude).

Fig. 4.3 shows an example of the PL with= 1 estimate compared to the PL with
L = 2 estimate at , = 3 and , = 7 at an SNR of 10dB. Qualitatively, we can see
improvements with increases in bdthand ,. Fig. 4.4 shows similar results for the brain
example.

The largest errors in these eld maps occur where the madaiisismallest. The RMSE
is much higher using only the conventional method. We al$ocutated the RMSE in the
sinus region of the brain (the ROl is shown in Fig. 4.4). Wesghthis ROI because the low
magnitude makes the eld map dif cult to estimate here aith the eld inhomogeneity

is also greatest here. The RMSE in this ROl was 61.1 Hz fordhgentional estimate, 11.6
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Hz for the Gaussian ltered estimate, 3.4 Hz for the= 1 regularized estimate, and 1.9
Hz fortheL =2 , = 3 regularized estimate and 1.7 Hz forthe= 2 , =5 regularized
estimate. Overall, the Itered conventional estimate perfed similar to the PL method
with L = 1 over the masked region, but had higher error in the ROI. Tharfethod
with L = 2 showed a decreased error in both the masked region and the/fROAkould
expect even higher improvement over any practical Gauskered estimate because a
suboptimal would be used. The proposed regularized estimators are aum@rate in
pixels with low magnitude. Adding additional scaihsX 1) makes the PL estimate even
more accurate.

Fig. 4.5 shows the improvement (de ned as the RMS error foeBtimate with. = 1
divided by the error for PL estimate with = 2) gained by using an additional set of data
for the Gaussian example. For comparison, we also plottegtadicted improvement,
given by the square root of the ratio of the expressions {Ahé (4.20). The experimental
gains are actually higher than the improvements antichateshown by the dotted lines
(the predicted improvement) for some SNR values. Becausestl ratio of RMSEs and
the amount of bias can vary betwekn= 1 andL = 2, the unbiased CRB provides a
benchmark of expected ratios rather than an exact upper k8o, recall that (4.19) and
(4.20) considere®, to be a known value when, in fad®,, is unknown and approximated
through (4.9). The RMSE is low (in voxels with large magn#syl at high SNRs using
eitherL =1 orL = 2. At lower SNRs, however, including in voxels with low magrdes,
usingL = 2 and higher values of , greatly reduces RMS error. We repeated these sim-
ulations withR, = 0 (results not shown) and the empirical improvement almoat#y
matched (4.18).

Fig. 4.6 shows the improvement gained by using an additisetabf data for the brain
image. For alow SNR (for example 10 dB), the improvementshrge to expected. The
brain image has some areas where the magnitude is very ldangiestimation using any

method quite challenging. In addition, the eld map phaselitis less smooth than in the
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RMSE improvement over 2 sets for Gauss data, R;=20 sect

Expected a,= 7

Improvement Ratio
H
T

o—8,= 5
Expected a,= 5

Expected a,= 3

a 1 -

7772:

Expected a,= 1

SNR [dB]

Figure 4.5: Improvement in the RMSE for the Gaussian exatmplesing 3 data sets rather
than 2 sets. Expected improvements shown by dotted lines.
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RMSE improvement over 2 sets for Brain data, R;:20 sect

7 T T T I

a,= 7
Expected a,= 7
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Expected a,= 5
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Expected a,= 3
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Expected a,= 1
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N
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SNR [dB]

Figure 4.6: Improvement in the RMSE for the brain example byg 3 data sets rather
than 2 sets. Expected improvements shown by dotted lines.
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Gaussian case, making the estimation more dif cult. Forghbr SNR (for example 20
dB), the 3-set case still outperforms the 2-set case suimtgriut by less than predicted
by (4.18).

The RMSE has components of both bias error and varianceas ghown below:

q
RMSE(X) =  Varf X g+bias?(X):

Therefore, we analyzed the bias and the standard deviat@siagle representative SNR
=20dB and at , =1, 2,...7 using 500 iterations and 100 realizations fohédactor.
Fig. 4.7 compares the standard deviation for eactelative to that at , = 1 and the empir-
ical improvements were compared to those predicted by the @RI®) for the Gaussian
example. As expected, the improvements in variance areclesg to predicted. Here, the
bias is also very low at all levels of SNR - explaining the imy@ment seen in RMSE in
Fig. 4.7.

Fig. 4.8 shows the bias and standard deviation for a signi® SRO for the brain exam-
ple. The empirical variances were close to those expecthd.bias, however, introduced
in part by the regularization, was nearly constant (indejeenhof ). So for large values of

2, the bias begins to dominate the variance in RMSE calcuigtiexplaining Fig. 4.6.

Overall, the variance reductions in both examples due togusiree echo times were
close to the results predicted by the CRB. For low values ofi.e., ve or less), the ex-
pected bene t using. > 1 holds even with a moderate value®$. The RMSE reductions
are largest at lower SNRs. For phase estimation, the locR &\bends on the spin density
of each voxel as seenin (4.17). Voxels with lower spin dgrediectively have lower SNR.

It is precisely in these voxels where using 3 or more scansheagreatest bene t.
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Figure 4.7: Bias and RMSE improvement for Gaussian exanifie: Space-averaged
and absolute bias for severa values; Bottom: RMSE improvement, empiri-
cal and expected, over, = 1 for several , values.

Table 4.1: Phantom NRMSE for two representative slices
Phantom NRMSE (%) for one realization
Slice One Slice Three
Whole Image| Low Magnitude|| Whole Image| Low Magnitude
| | | |
No Field Map| 31.1 - 4.8 - 204 - 2.9 -
Conventional | 15.0| 0.5 | 6.8 0.6 155 0.2 |22 0.1
Gauss Filter | 14.3| 04 |6.1 0.4 151, 0.2 |19 0.08
L=1 13.0, 04 |40 0.4 152 0.2 |18 0.04
2 13.1] 04 |41 0.4 148 0.1 |18 0.03
5 13.5| 0.08 | 4.3 0.2 146 0.02 | 1.8 0.01
13.5| 0.09 | 4.4 0.1 146 0.02 | 1.8 0.01

2
2

I_IFI_
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Figure 4.8: Bias and RMSE improvement for brain example.: T®pace-averaged and
absolute bias for several, values; Bottom: RMSE improvement, empirical
and expected, over, = 1 for several , values.
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x| (8 shot) L=2a,=2 L=2a,=5 L = 3 Field map
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L=2a,=2 L=2a,=5

|x| (1 shot) conventional Filtered
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Figure 4.9: MR phantom data eld map reconstructed usingpsed method. First Slice
- Top: Reconstructed 8-shot image, Conventional eld mapyssan Itered
eld map, regularized eld map L=1, regularized eld map L2, = 2, reg-
ularized eld map L=2 , = 5, regularized eld map L=3. The eld maps
are displayed with a common color scale from -35 Hz to 50 HZi®Bo: Re-
constructed one-shot image with no eld map and with eachef €ld maps
above. The images are all on the same color scale. Theseldrenalone
representative realization.

4.3.2 MR phantom data: Application to Spiral Trajectories

To illustrate how improved eld map estimation leads to imyped reconstructed im-
ages, we used eld maps produced by the conventional meth@)l &nd produced by the
PL method with three scans (4.11) to correct real spiral MR flar eld inhomogeneities.
We imaged a phantom with large eld inhomogeneity. We useplieabkout trajectory with
a TE of 30 ms, TR of 2 sec, and a ip angle of 90 degrees. We tooklgies spaced 5 cm
apart over the 15 cm eld of view. First, we collected data teate the eld maps (using
eight interleaves to minimize the effect of the eld inhonewgpity) at the original 30 ms,
as well as at 32 msi(; = 2 ms) and at 34 ms4(, = 4 ms) and at 40 ms4(, = 10 ms).
We took ten realizations for each echo difference. We reicocied iteratively the result-
ing 64 64 pixel images in a masked region using [36]. Then, we usecethreages to
create (for each slice) a conventional eld map (4.2), a @mional eld map blurred with
a Gaussian lter, a PL eld map witlh. =1, aPL eld map withL =2 and ,=2,aPL
eld mapwithL =2 and ,=5,andaPL eld map with. = 3, (4.11). Weused =2 ©

54



for the regularized iterative algorithm and= :5 for the Gaussian Iter approach, approx-
imately matching the FWHM of the two approaches. Finally, whected one-shot spiral
out data with TE = 30 ms. This scan is thus much more affectesdyinhomogeneity.
We collected two realizations and then averaged them inakespWe rst reconstructed
this data iteratively without a eld map as in [36]. Uncoragtd eld inhomogeneity causes
a blurred image for spiral trajectories. Finally, we itéraly reconstructed this one-shot
data with each of the eld maps previously created as in [114]

Fig. 4.9 shows one representative slice. The regularizédingaps are less noisy than
the conventional one, especially in areas of low magnitudkaong the edges. Fig. 4.9
illustrates the blur and distortion in the one-shot imagmrestructed without a eld map.
The images reconstructed with a eld map do not have this. bNevertheless, a noisy
eld map can cause error in the reconstructed image. For @i@nn Fig. 4.9, the image
reconstructed with the conventional eld map shows mor#éaats than the eight-shot data
or either of the images reconstructed with regularized mldps. Using the eight-shot data
as “truth”, we computed the NRMSE of each image and Table Holvs the mean and
variance over the ten realizations. We include data fromrepoesentative slices to show a
range of values, although slice three is not shown. In anlditive calculated the NRMSE
in the one-shot reconstructed images in pixels where thenmuatg is less thar? times the
maximum pixel value of the eight-shot reconstructed imagsete if the regularized eld
maps reduce errors in areas of the image with low magnituties.i$ also reported in Table
4.1. We use the norm of the eight-shot 30 ms image for norai#bz. The regularized
iterative PL methods have a lower RMSE and much less vaitiathian the other methods.
Therefore, these regularized methods (especially withertttan one echo time) give a very

reliable estimate of the eld map with little variability.
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4.3.3 Application to EPI Trajectories

The search for more accurate eld map estimation methodsasvated by fast MR
imaging, such as echo-planar imaging (EPI) and spiral ingagised in fMRI. Because
these methods use long readout tintgs, eld inhomogeneities or magnetic susceptibili-
ties become more pronounced. Without any correction foraungform eld, the resulting
reconstructed images will have artifacts. Using eld mapreotion will result in an im-
proved MR image [32,74,75]. More accurate eld maps, as poed using the methods in
this paper, should further decreases the artifacts, ragutt an improved nal MR image.

To illustrate how improved eld map estimation leads to iroyped images that are re-
constructed with eld correction, we used eld maps proddd®y the conventional method
(4.2) and by two scans as well as three scans (4.11) using 5 with R, = 20 sec?!
with 150 iterations, to correct simulated EPI data for el@minhomogeneities. We used
a readout length of 30ms with a matrix size of 64x64 for thewations and used the
iterative method for reconstruction explained in [114].

Fig. 4.10 has a simple eld map of a square inside an oval usirg?2 6. Here, RMSE
was calculated in the oval region. This simpler eld map nakesual analysis of the eld
maps and their errors easier to judge. Again, the convealtietd map estimate has much
more noise, especially in areas of low magnitude. The twa sgd map has a much more
accurate eld map with lower overall RMSE. The three scand ehap is also included
here. The overall error is again much lower and the imagesss t@isy than the two-scan
eld maps.

We generated k-space data for an EPI trajectory using thesdated eld maps and
a magnitude with a grid phantom. Fig. 4.11 shows the resiiltseo eld map correction
on the reconstructed image. With no eld map correctionesalshifts occur to the grid.
Using the true eld map for the eld map correction createg tinue image with a clean
grid. The conventional eld map, although an improvemengiono eld map correction,

still has large artifacts at all locations where the magtetis small. The images using the
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Figure 4.10: Simple eld map to correct a simulated EPI tcapey. Top row: simple eld
map and estimated eld map. Bottom row: brain image and eldpmerror
images.

3 sets 32:5

True fieldmap Conventional

NRMS = 1.58% NRMS = 0.15% NRMS =0.77% NRMS =0.71% NRMS = 0.36%

Figure 4.11: Grid phantom to show effects of proper eld maprection. Top row: Grid
phantom and estimated eld maps from Fig. 4.10. Bottom rowcéhstructed
images using no eld map correction; correct eld map; contienal esti-
mate; 2 sets estimate; 3 sets estimate withb
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two scan and the three scan eld maps for the correction hes® artifacts.

As can be seen in the reconstructed images, omitting casrector magnetic eld in-
homogeneities dramatically affects the nal image qualitysing a simple, conventional
eld map estimate corrects for some of the problems, bul stitoduces image artifacts,
especially in areas of very low magnitude where eld map evitmegin to dominate. These
images show the dramatic improvements made by an improvednap. Using the meth-
ods introduced in this paper to create more accurate eldswayes much more accurate

reconstructed images.

4.3.4 Fieldmap estimation in k-space

The methods described above estimate the eldmap from twmane reconstructed
images. To work well, those images should be relatively teartifacts, blur, and dis-
tortions, necessitating appropriate data acquisitiomsypFor pulse sequences with long
readout times, it may be more appropriate to estimate thémelp directly from the raw k-
space data. A typical scenario is that we can collect twoafdtsspace data, with slightly
different echo times, from which we want to estimate the ralp! and the baseline
magnetizatiori . A reasonable model for the data is:

h i Z
EyD = fxe (040 Coixge | =0;1;::0Ls

This is a joint estimation problem like that described ingl1 One can de ne a cost
function in terms of and! , and then alternate between holdingxed and minimizing
overf (using the CG method) and then holdihg xed and minimizing over! (using
steepest descent [115] or linearization [96] or optimatiransfer methods akin to [33]).
These k-space methods require considerably more computdtan the image domain
methods, so one should rst apply an image-domain methodetoagreasonable initial

estimate of the eldmap .

58



4.4 Discussion

We described a regularized method for eld map estimatiangi$wo or more scans:
the penalized-likelihood method (4.11). This method yseleld maps that interpolate
smoothly over regions with low spin density, thereby avogdphase outliers that plague
the conventional estimate (4.2). The method has been usédLwiE 1 (without full
description) in [93, 115, 139].

Our analysis also shows that the conventional estimatg igl@ fact the ML estimate,
a property that has previously gone unnoticed to our knogded

We also analyzed the spatial resolution properties of treshiod, leading to a practi-
cal procedure for choosing the regularization parametactoeve a given desired spatial
resolution.

We studied the CRB on the variance of the estimate for this ogetimd found that our
empirical simulation results for the PL method comparedfalaly, showing a reduction in
the RMSE in comparison to using only two scans.

We collected real MR phantom data and created conventionhP& estimates of the
eld map which were used to reconstruct nal images. The Plireate reduces image
artifacts caused by the eld inhomogeneity and has a red&RRM8E, especially in areas of
very low magnitude where the conventional estimate has reammys. Omitting or using
a poor eld map estimate for image reconstruction can drécally affect the nal image
quality.

As noted in Section 4.2.4, our cost function assumes, as di atber eld map es-
timation problems, that there is no motion between scans.lé\hir analysis indicated
that a largelL is better in terms of variance, motion could be a problemrduthe larger
time required foi echo time differences. Practically,= 1 orL = 2 are the most likely
choices forL and here motion is less likely to be an issue. If a larger nurobecho dif-
ferences are desired, then the cost function could be fugteeralized to include a joint

estimation of the eld map and rigid motion parameters.
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We have focused here on the case of a single receive coil. dtrasghtforward to
generalize the method for phased array caits]80].

Although we did not estimat®R,, we used a simple weighting (4.9) in our algorithm to
partially account folR, decay; the improvements seen over estimation with two sasns
still large, especially when using a small value ¢f

While this method assumed the rst two echo time differencesenclose enough to
prevent phase wrapping, this method could, with propealizttion, extend to data with
larger echo time differences and some phase wrapping. $hespecially interesting at
higher eld strengths where wrapping still exists at low edhme differences.

Overall, this method has potential to be a reliable estim@mioMR eld maps, able
to utilize many scans to produce a good estimate. The geperallized-likelihood ap-
proach in this work is also applicable to estimating otheapeetric maps in MRI, such as
relaxation maps [46] and sensitivity maps [138]. It may dsauseful for phase unwrap-
ping problems with noisy data. In some cases, it may be @bkeito use edge-preserving
regularization in (4.12), such as the Huber potential fiomcf141].

Ultimately, this method is a tool that may help answer themupiestion of eld map-
ping: how to best allocate scan time to achieve the most atzweld map. The preliminary
CRB analysis guides choice of echo times given a set numbeaoss In future work, we
wish to further explore the relationship between numberadbfoes, signal to noise ratio,

and spatial resolution.
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CHAPTER V

B] Map Estimation

5.1 Introduction

In * MRI, RF transmit coils produce non-uniforBy eld strengths, creating varying
tip angles over the eld of view. In particular, & increases, the RF wavelength shortens,
causing moré3; inhomogeneity. Measured inhomogeneity ranges from 30-@Wdl12,
120] at high eld strengthsE,  3T). In fact, B, is inherently inhomogeneous, both in
magnitude and phase, because there is no solution to Ma&xwagliations for a uniform
RF eld over a whole volume at high frequency [56]. Uncoredt non-uniform tip angles
cause spatially varying signal and contrast in the image. €l inhomogeneity can also
degrade quanti cation, such as in measuring brain volurids].

A map of theB; eld strength, called @8] map, is essential to many methods to
help minimize and correct for this inhomogeneity. For ex@mgailored RF pulses such
as [102,111] require use of By map. Other techniques, such as myocardial perfusion
imaging [59] also require B; map. At high elds ( 3T), aB; map allows for proper
pre-scan calibration [20]. In parallel transmit excitati@wsing a coil array)e.g, [67, 108,
134,135,142,143, 145, 148], one must have a map oBtheeld strength and phase for
RF pulse design.

A conventional approach tB; mapping is to collect two scans, one of which uses

1This section is based on several conference publicatidns:43].
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twice the RF amplitude of the othex.,g, [2,12, 20,127, 128]. Using the double angle for-
mula, a standard method-of-moments estimator is usedghates noise in the data. This
estimator performs poorly in image regions with low spin sign This simple approach
also does not allow for more than two angles nor does it adcfmrmrmore complicated
physical factors such as slice selection effects.

We propose a new approach that incorporates multiple codsnaultiple tip angles as
well as accounts for noise in the model. This model also ipo@tes the RF excitation
pulse envelope to account for slice selection effects. Témative regularized estimator
estimates the unknown compl&{ map from multiple reconstructed images. The sub-
sequent sections rst review the standard approach forgroblem, and then describe our

new and improved method with examples of the improBg¢d maps.

5.2 B] Map Estimation: Theory

5.2.1 ConventionalB; map

The double angle method (DAM), a conventional approadB;to mapping, uses two
scans, one of which uses twice the RF amplitude of the otherodel for the reconstructed

images is

Y1 fjsin( j)+"1

(5.1) Yj2

fsin(2 )+ "2

wherey; denotes the complex image value in fith voxel for thelth scan [ = 1;2),
f; denotes the unknown object value andis the unknown tip angle at theh voxel.

Estimating j is equivalent to estimating tH®; eld strength magnitude at thigh voxel.
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Using the double angle formula:

Elyial _ sin j)
Elya]  sin( ;)

=2cos( j):

The standard estimate of is a method-of-moments estimator that ignores the noideein t

data:

<
N

(5.2) A = arccos

NI =
<
s

This method has several limitations. First, it performs fho image regions with low
spin densityj.e., wherey;, is small. It suffers fron2 ambiguities if ; is too large, yet
it would be sensitive to noise if; is too small. Additionally, repeatibility for small;
(under20) is poor [112]. The solution to the added noise ignored byntloelel is usually
low-pass ltering, which must be ne-tuned. Low pass Iteg can corrupt neighbors of
pixels with small ; orf; values. The estimator (5.2) also does notimmediately gdiaer
to the case where we acquire multiple scans to cover a laageerof tip angles, possibly
even angles that are larger thanin some image regions. The estimate (5.2) also does not
provide phase information and most methods do not incotp@may phase estimate.
Finally, the estimate (5.2) does not take into account afgramation about the excita-
tion pulse, thus ignoring slice selection effects. The nhetlewn in (5.1) assumes a linear
relationship between the pulse amplitude and the ip an8l&ch linearity holds for a non-
selective pulses but is only an approximation for slicedeale pulses. According to [110],
the linear approximation is adequate for sinc pulses up Godbgrees, but using a non-ideal
pulse such as a Gaussian would decrease the accuracy etrear.furhe effects of using
a nite pulse also cause residual error, but are not accaufdein published methods.
Different slice pro les affect the aboslute ip angle as wak the ip angle distributions
throughout the sample [126].

The model (5.1) usually requires a very large TR so fhais the same for botly;;
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andyj;, (i.e. the effects of boti, andT, relaxation are negligble). For an object with a
knownT; value or knownT; map, one can generalize the model (5.1) to include the sffect
of T4, e.g, [143]. Some papers, such as [128], using the conventiondkih(5.1) suggest
that shorter TR values can be used. Sequences have beestedgidpat can shorten scan
time and enable rapil; mapping, such as [20]. Some fast methods have been developed
that concurrently estimate or correct tBe eld, (e.g, [24]) to circumvent the dif culty
of a quick direct mapping. Some methods have been develd@tchte T, oblivious”
over the relevant range @f values €.g, [39]) to circumvent needing; information at all.
All currentB; mapping have disadvantages that need to be correetgd ¢w artifacts,
off-resonance, suceptibility effects), but most have laisa and low bias [81]. Because
the proposed method is built around a very general cost ifumcit is also applicable to
fast methods developed for the DAM.

Our proposed method seeks to map both the magnitude and phedB; eld. This
method uses a statistical cost function that incorporateésenand slice selection effects
ignored by the conventional estimate. Including regukian into our cost function also

circumvents the need for later Itering.

5.2.2 Signal model for multiple coils, multiple tip anglestoil combinations

Suppose there ané coils. We takeM measurements by transmitting with different
coil combinations and receiving from a common coil. (Thistineel could be generalized
to use multiple receive coils.) For each measurement, omaaoe coil(s) are driven si-

multaneously by the same RF sigihg(t) with possibly different known amplitude scaling
measurement number, ands aM K array containing the scaling factorg, . For the

problem to be tractable, we require tit> K . The complex coil patterns sum together

due to linearity to make the total transmittBg eld. This general model encompasses the
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conventional model (5.1) ifwel& =1,M =2, and

2 3

-§'L.
2

We model the resultinyl reconstructed images as follows:

X
(5.3) Yim = fjF mkZik  + "jm;
k=1
form=1;:::;M andj = 1;:::;N, wheref; denotes the underlying object transverse

magnetization in the¢th voxel (multiplied by the sensitivity of the receive codhd"n,
denotes zero-mean complex gaussian noise. Bthemap, constrained to be real in the
conventional model, is actually a complex quanty. denotes the unknown compl&q
map that relates RF amplitude to tip angle atjttrevoxel for thekth coil. When multiple
coils are driven by the same sigrm(t) (with possibly different amplitudes), then the elds
from those coils will superimpose and the complex coil pagavill add by linearity, hence
the sum ovek in (5.3). If the units of the amplitudesy, are gauss, then the units nf
will be radians per gauss. More typically, the units gfx are arbitrary, and all that is
known is their relative values. In this cagg will have units such that the product ofy
andzj, has units of radians. This should suf ce for RF pulse design.

The functionF in (5.3) replaces the typicain seen in the double angle formula and
inherently incorporates slice selection effects. The fiamcF is explained further in Ap-
pendix B.

The model (5.3) expands the one used in [41,42] and includésdiice selection ef-
fects and linear transceive coil combinations. Red&nmapping methods [10, 90] have
introduced linear combinations of transmit coils. Thes¢huds have the advantage of us-
ing much smaller tip angles while still collecting enoughrsil to produce accurate results.

The proposed method accomodates this matrix transmit igaérwith a comprehensive
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measurement model that also includes slice selectiontsffaad accounts for the noise
factors that are ignored by existing methods.

The goal is to estimate ead®, mapzy , (zw;:::;zvk) from the reconstructed
imagesf y;m g. The underlying magnetizatidn , (fq;:::;fy) is also unknown but is a
nuisance parameter. We would like the estimator to work sdipleven in image regions
wheref; is small.

If f; were allowed to be complex, then the model above would beident able so
we take the approach of constrainihgo be real.

We also note a single surface coil for receive will suf ceeawhen multiple transmit
coils are used. In this cask, will be a product of the spin density and the receive coil
sensitivity pattern.

Kerr et al. [68] considered a similar problem, except they assumgg values are
powers of twoF was the ideal sin relationship, amdvas a real quantity. They did not use
coil combinations, so each row of would correspond to an indicator function. They used

the following cost function:

4§ (Yimi J FiisinG mezi))?:

jm
This cost function does not correspond to the complex gansstatistical model for the
data. They applied a general purpose minimization methah fMATLAB . In particular
for simplicity, for each voxel they used only the value of iglex for which the tip was
closest to=2. They also applied no regularization. In contrast, we us¢hael data at
every voxel, with a statistically motivated cost functi@md a minimization algorithm that
is tailored to this problem. We allow arbitrary choices foet . values, although powers

of two may be a reasonable choice. We use the Bloch equatiaoctmmodate real pulse

sequences instead of assuming a perfect rectangular stide.p
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5.2.3 Regularized estimator

nding minimizers of the following penalized least squacesst function:

(2:fY) =argmin ( z;f);
z;f

(5.4) (z;f)=L(z;f)+ R (2);
where
Py
X4 X
(5.5) L(z;f)= - Ym fF mk Zjk
j=1 m=1 k=1
and
X
(5.6) R(z) = R(z«);
k=1

whereR(zy) is regularizing roughness penalty function for tkikh B map and is a
regularized parameter that controls the smoothness ofstimaate.

We use quadratic regularization for the map$ecaus@®; maps are expected be spa-
tially smooth, although edge-preserving regularizationld be used if needed. However,
we choose not to regularize the magnetization imageecause it will contain detailed
structural information.

There is no analytical solution for the minimizer ¢f z; f ) over both parameters, so
iterative methods are required. We consider an block aterg minimization approach in
which we minimize by cycling over each parameter and minimizing with respectrte
parameter vector while holding the other at its most recahie:

For a given estimat2("™ of z at thenth iteration, the minimizer of with respect td
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is found analytically to be:

" n ") 0]
n
1!\(n) _ m=1 real yjm F(ij)
m=1 F(ij

where we de ne the composi®; mapsx,, as follows:

k=1
For givenf’\ values, the problem of minimizing with respect to the compleR; map
zm appears nontrivial because of the nonlinearityFof Therefore, we use an iterative

algorithm of the following form:

2A+1) — A(n) D(Z‘(”);f/\(”))rlz\ 2(n);f"(n) :

whereD is a diagonal matrix that is derived using quadratic magrigrinciples [8] to
ensure that the cost functionis decreased each iteration. See Appendix C for details.
Variable projection is another possible approach (see5fd,09]) where we substitute
the linear solution of (5.7) back into the cost function (5.4) and then nd an estona
for z. However, we found no simpli cations in (5.4) in using (5, 8p we use alternating
minimization. The cost function is nonconvex, so the alternating minimization
algorithm described above will descend from the initialraates to a local minimum [63].
Thus it is desirable to choose reasonable initial estim&es Appendix E for details.
Regularized methods have the bene t of being able to choosdue for based on
guantitative analysis. In Appendix G, we analyze the speggolution of the regularized
estimator (5.4). This analysis leads to a modi ed penaltyction which achieves more
uniform spatial resolution in regions with a constintWe choose a value for based on

the desired FWHM of regularizer smoothing.
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5.3 Experiments

5.3.1 Simulation Study

B1 maps

0.839

62

Phase maps
1.56

62 0.803

200

Figure 5.1: TrueB; magnitude and phase maps and object used in simulation.

Scanfory 1 Scan fory_2 Scan fory_3 Scan fory_4

1 64
SNR =20.0 dB

Figure 5.2: Simulated MR scans for leave-one-coil-out (QOBEstimation withM = 8
measurements and with an SNR of 20dB.
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To evaluate the regularizé®l, map estimation method described above, we performed

a simulation study using the synthetic true maps shown in3:ily For the object magni-
tudef;, we used a simulated normal T1-weighted brain image [18fatOfhe truth. The

B maps were simulated based on equations for a magnetic el dircular current
loop [49, 129]. We simulated noisy reconstructed imageskfor 4 different transmit
coils using the model (5.3) and varying both the number of suementsNl = 2K

orM = K +1), ,andthe RF pulse (truncated gaussian and truncated sied\[se
pendix B for details). For our scaling matrix, we used “one-coil-at-a-time” (OAAT).€.,

forM = 2K 2 3

OAAT=2 '« g;

2 lg

wherel¢ isaK K identity matrix) and “leave-one-coil-out” (LOO).€., forM = 2K

2 3
i % g

Loozg
2 1k 2 Ik

wherely is aK K matrix of ones). There are many possible choices folbut we
focus on these two possible matrices as an illustration @mtlethod. Both matrices are
well-conditioned ( ( oaat ) =1 and ( Loo) = 3). All choices for in this paper meet
the criteria of the modi ed DAM used in Appendix E in calculag z©. We just show
images for the truncated sinc pulse as images from bothagiaitpulses look similar. We
added complex gaussian noise such that the SNR, de netDbyg,,(kyk=ky E[y]Kk);
was about 20 dB whell =2 K and about 30 dB whekl = K + 1. Fig. 5.2 shows the
data magnitudgy;n j scans for LOO aM = 8.

Fig. 5.3 and Fig. 5.4 show the initial estimates, regulariestimates and their respec-
tive errors using the methods described in Appendix E fouthealM = 8 case. Both the
conventional DAM estimate fgzj and the method of moment estimate Yoz are quite

noisy. For the rst pass through the algorithm, we ran 5 itieres and used; = 2 19
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DAM est. Reg. est. (abs)

Masked init. error Masked reg. error

Reg. est. (phase)

Masked init. error Masked reg. error

Figure 5.3: Figures for one coil at a time (OAAT). 500 itecaus, M=8, SNR about 20 dB,
=2 ! Same gure colorbar as Fig. 5.1. Error colorbar is [-.077].6br jz]
and[ =8, =8]for\ z
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DAM est. Reg. est. (abs)

Masked init. error Masked reg. error

Figure 5.4: Figures for 3 coils at a time (LOO). 150 iteraipM=8, SNR about 20 dB,
=2 1, Same colorbar as Fig. 5.3.
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and used the modi ed penalty as described in Appendix G. Tdta @as also normalized
by the median of the rst pass estimate of the object as desdrin Appendix G. We ran
the algorithm with 150 iterations, using = 2 ! and using the modi ed penalty (G.7).
The algorithm, including the rst pass, took 300 secondsuto on Matlab. Fewer iteration
could be run (whei = 2K) to further speed up processing - all estimates have less tha
10% NRMSE at 75 iterations, for example, which would almadvé the run time.

The reduced noise due to regularization and due to usinfgp@lsétan data is evident.
Fig. 5.3 shows the conventional estimate for B¢ map. Not only is this image very
noisy, but theB; map is not properly estimated in the large signal void of thels This
is expected from the very low tip angles that are used hereu{a20 degrees in the center
for the rst four scans and about 40 degrees in the centerHerrtext four scans). We
see some improvement in Fig. 5.4 even in the initial estimatrause using three coils
at a time brings the center tip to around 60 degrees for thiefasr scans and about 120
degrees for the next four scans, making the DAM much betteditioned and less prone
to error. The proposed method improves over the initialneste for both the OAAT and
LOO cases. It smoothly interpolates across this signal fmic smoothB; map in the
region of interest as seen in Fig. 5.3 and Fig. 5.4. Simi/aitynal voids can be seen in the
initial estimate of the phase map yet are smoothed apptepyim the nal estimate.

We calculated the error of both the conventional and our regiwnate for all four coils.
We used a mask to include only those points where the sigha V& non-negligiblei(e.,
wherejf;j > 0:1max (f;)). For errorin the phase of tH&; map, we looked a€? €7 .
The results are summarized in Table 5.1, where the erro@vamged over 20 realizations
(the variance of the error over the realizations is very $niegs than one percent). The
error in the new regularized estimate for tB¢ magnitude is three to ve times less than
the error of the conventional estimate. OAAT has greaterawgments due to the very
poor DAM estimate at such low ip angles. The phase estimatd @bject estimate (not

shown) are similarly good. This clearly shows the effectdesk noise and interpolating
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Table 5.1: Simulation NRMSE (%) for three selected exaitafpulses averaged over 20
realizations

[izi® [jzi™ [\ 2@ [\ z™ | SNR| #iters]|
Trunc. sinc pulsg f; > 0.1 maxf; 770 | 155 | 174 | 31 | 20 | 150
OAATM =8

Low Magnitude | 143.2| 19.3 | 63.8 | 2.7 | 20 | 150
Gaussian  pulsef; > 0:1 maxf; 783 | 16.4| 16.0 | 3.1 | 20 | 150
OAATM =8

Low Magnitude | 143.3| 22.9 | 61.7 | 2.7 20 150
ldeal sinc pulsg f; > 0:1 maxf; 676 | 136 | 136 | 25 | 20 | 150
OAAT M =38

Low Magnitude | 134.8| 18.0 | 57.1 | 2.3 20 150

Trunc. sinc pulsg f; > 0.1 maxf; 1741 49 | 285 | 6.7 | 20 | 150
LOOM =8

Low Magnitude | 58.7 | 3.9 | 77.7 | 7.0 20 150
Gaussian  pulsef; > 0:1 maxf; 268 | 83 | 291 | 55 | 20 | 150
LOOM =38

Low Magnitude | 64.0 | 7.0 | 776 | 55 20 150
ldeal sinc pulsg f; > 0:1 maxf; 141 | 39 | 242 | 54 | 20 | 150
LOOM =38

Low Magnitude | 524 | 3.2 | 708 | 55 20 150

across the signal voids. Similarly, we looked at the errothia signal voids of the brain
(the sinuses and skull) to see the improvement even mordyclééhese results are also
shown in Table 5.1 in the rows labeled “Low Magnitude”. Theas with low magnitude
have much greater error (almost 2 times greater) than arglasigher signal magnitude in
conventional estimators. Using the regularized estim#ber nal error in pixels with low
signal magnitude is similar to that of the other pixels, giey an error six to fteen times
less that of the conventional error in low magnitude pix&lsus, the regularized estimator
makes impressive improvements, especially in the signdkvo

The exibility of the signal model and regularized estimatotroduced in this paper
allows for less than the standaktl = 2K scans required by the DAM, for example. We
requireM K + 1 to properly estimate both th€ coil maps as well as the object. We
initialize this method as described in Appendix E; thisrestie is much worse for those

coils which do not have a double angle initial estimate wherane using each coil sepa-
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Initial est. Reg. est. (abs)

Masked initial error Masked reg. error
Initial (phase) est. Reg. est. (phase)
Masked init. error Masked reg. error

Figure 5.5: Figures for 3 coils at a time (LOO) with less meaments. 1000 iterations,
M=5, SNR about 30 dB, =2 *, Same colorbar as Fig. 5.3.
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Initial est. Reg. est. (abs)

Masked initial error Masked reg. error
Initial (phase) est. Reg. est. (phase)
Masked init. error Masked reg. error

Figure 5.6: Figures for one coil at a time (OAAT) with less rm@@ments. 200 iterations,
M=5, SNR about 30 dB, = 2 4, rotate initial estimate from rst coil for
subsequent coils. Same colorbar as Fig. 5.3.
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rately and the estimate is quite poor for all the coils whenuse multiple coils at a time
because we lack enough information to ascertain each aailigidual map. Even in these
conditions, as long as the coils overlap enough to providedgmverage of the object,
the estimator will provide a good solution. However, theulegzed estimator takes many
more iterations to converge to a good solution, the costahigdewer scans. At low SNR,
the object and8; estimates have more “holes” in them and the regularizechestir is es-
pecially prone to being caught in a local minima. This is esdey problematic for OAAT-
with less coil overlap, the initial estimate ft = 5 has many “holes” at an SNR less than
65 dB. Therefore, when using reduced number of scans, LO€&@mmended, especially
at low SNR. However, OAAT and LOO can be improved by using amdased number of
scansil =6, for example) or by rotating the initial estimate for theldor coil combina-
tion) with two scans for the other coil (or combination) ialtscans. Because the simulated
coil maps used here are simply rotations of each other, iimple step gives good perfor-
mance for even OAAT at an SNR of 30 dB with only 200 iteratiosisofvn in Fig. 5.6).
This is impressive considering that the algorithm perfadmuery poorly at this low SNR
without the initial coil rotation. Thus, using additionaiformation or assumptions about
the coil maps can lead to a signi cantly reduced number ohsca

The initial and nal estimates foM =5 LOO with 1000 iterations at an SNR of 30 is
shown in Fig. 5.5with =2 #. We chose a slightly lower for the low scan simulations to
put more emphasis on the likelihood term (versus the peteadiy). The initial magnitude
and phase estimates are identical for each coil (as explamAppendix E). The initial
magnitude estimate is quite uniform across the object; @glgporithm iterates, the varia-
tion across th&; magnitude map for each individual coil is corrected and apphes a
good, regularized solution. While there is still more higlueaerror for the magnitudB;
estimate, this can be further reduced using more iteratibhe phas@; estimate is very
good and reaches a good solution with low error quickly.

The results foM = 5 LOO, at an SNR of 30 at 250, 500, and 1000 iterations are
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compared to the conventional DAM method usig = 8 scans in Table 5.2. Note that
the initial magnitude error wittM = 5, which uses the DAM estimate for the rst coil
combination for all coil combinations, is not equal to the Anagnitude error wititM =

8. We use the MOM phase estimate (E.1) for the DMV= 8 phase estimate. The DAM
M =8 at an SNR of 30 has a low error in high magnitude pixels (6% aomuch higher
error in low magnitude pixels (32%). After 1000 iteratiomge achieve a similar degree
of error in low magnitude pixels (9%) and substantially reglerror in the low magnitude
pixels (8%) giving a similar error rate in all pixels withihe object mask. Phase error is
lower for all number of iterations shown for the proposed moetwithM =5 than for the
MOM M = 8 estimator and is substantially lower in low magnitude pxgly a factor of
10).

The OAAT coil combinations failed to provide good resultsiwonly 5 scans at an SNR
of 30dB with the standard initialization. However, when ve¢ated the initial estimate
for the rst coil for the subsequent coils as explained ahdiie estimator provided good
estimates with a much reduced number of iterations. Ratatiothe oval brain shape
caused more error along the edges of the oval, but overafitbgosed method coped with
the object shape irregularities quite well for OAAT (undee present implementation, the
coil combinations used in LOO did not perform well with thigation method). The nal
image using 200 iterations for this method is shown in Fi§.d&nhd error results in Table
5.2. OAAT has similar trends to LOO, but has signi cantly tegtresults than the OAAT
DAM M = 8 estimates. Because OAAT uses only one coil at a time, thesaethi ip
angles achieved are much lower and the OAAT DAM estimate hare mitial error than
that of LOO DAMM = 8 estimate. Therefore, the regularization of the proposethatk
substantially decreases the error, especially in low ntadaipixels.

Thus, using only 5 scans as opposed to the standard 8, psodumiar (for LOO) or
lower (for OAAT) NRMSE in high magnitude pixels and substalty lowered error in

low magnitude pixels, albeit at the price of a high numbertefations. Optimization of
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Table 5.2: Simulation NRMSE (%) for proposed methidd = 5 versus conventional
DAM methodM = 8 averaged over 20 realizations (truncated sinc pulse with
SNR=30dB)

| |izj© [jzj™ [\ 2@ [\ z™ | #ofiters
LOOM =5 proposed | f; > O:1maxf; | 43.5| 19.9 | 122 | 4.0 250
Low Magnitude| 49.4 | 22.8 | 25.7 | 4.8 250
f; > Oclmaxf; | 43.5 | 13.2 | 12.2 | 3.8 500
Low Magnitude| 49.4 | 135 | 25.7 | 4.3 500
f; > O0lmaxf; | 43.5| 9.1 | 122 | 3.4 1000
Low Magnitude| 49.4 | 8.0 | 25.7 | 3.7 1000
LOOM =8 DAM f; > 0:1 maxf; 5.8 111
Low Magnitude 31.6 45.2

OAAT M =5 proposed f; > 0:1maxf; | 80.5 | 17.3 | 355 | 8.4 50
Low Magnitude| 122.7| 245 | 548 | 7.4 50
f; > 0:1maxf; | 80.5| 159 | 355 | 5.9 100
Low Magnitude| 122.7| 245 | 54.8 | 3.3 100
f; > O:1maxf; | 80.5| 14.6 | 355 | 4.9 200
Low Magnitude| 122.7| 22.1 | 54.8 | 2.7 200
OAAT M =8 DAM f; > 0:1 maxf; 58.1 17.7
Low Magnitude 116.8 59.3

this method (for example, improving the initial estimatesée on information about the
relative coil patterns as suggested above) may yield evestgrimprovements in reduced
scan regularized estimation.

We tested the improvement seen by using the correct slickegor estimation versus
assuming an ideal sinc pulse pro le. The results are sunradrn Table 5.3. We see that
using the correct slice pro le gives slightly better erresults for OAAT for the truncated
sinc pulse (though curiously not for the gaussian pulse)s Tblds true for pixels with a
high signal value as well for signal voids. We would not exggeuery large difference for
OAAT, because the ip angles are very small and the diffeeemcF at these ip angles
is also small. For LOO we see bigger relative differencepgemlly among the gaussian
pulse. This is as we would expect, as the gaussian pulsediffeatly from the ideal sinc
pulse at the ip angles seen in LOO. Thus, the improved slicel@is most advantageous

at higher ip angles.
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Table 5.3: Simulation NRMSE (%) using the correct slice peofor estimation versus using the conventional ideal pplsele for

estimation

Excitation | Assumed izj9 [jzj™ [\ zO [\ zm | SNR| #iters
pulse pulse

Truncsinc | Truncsinc | OAATM =8 f; > 0:1 maxf; 770|155 174 | 31 | 20 | 150
Trunc sinc | ldeal sinc OAATM =38 f; > 0:1 maxf; 770|167 | 174 | 2.7 | 20 | 150
Trunc sinc Trunc sinc OAAT M =8 Low Mag 143.2| 193 | 63.8 | 2.7 20 150
Trunc sinc Ideal sinc OAATM =8 Low Mag 143.2] 21.0| 63.9 | 2.6 20 150
Gaussian Gaussian OAATM =38 f; > 0:1 maxf; 783|164 16.0 | 3.1 | 20 | 150
Gaussian Ideal sinc OAATM =38 f; > 0:1 maxf; 78.3| 108 | 16.0 | 2.8 | 20 | 150
Gaussian Gaussian OAATM =8 Low Mag 143.3| 229 | 61.7 | 2.7 20 150
Gaussian Ideal sinc OAATM =8 Low Mag 143.3| 12.0| 63.7 | 2.7 20 150
Trunc sinc | Trun sinc LOOM =8 f; > 0:1 maxf; 174 | 49 | 285 | 6.7 | 20 | 150
Trunc sinc | ldeal sinc LOOM =8 f; > 0:1 maxf; 174 | 47 | 2844 | 59 | 20 | 150
Trunc sinc Trunc sinc LOOM = Low Mag 587 39 | 77.7| 7.0 20 150
Trunc sinc Ideal sinc LOOM = Low Mag 587 | 46 | 776 | 6.4 20 150
Gaussian Gaussian LOOM = f; > 0:1 maxf; 268 | 83 | 29.1| 55 | 20 | 150
Gaussian Ideal sinc LOOM =38 f; > 0:1 maxf; 26.8 | 18,6 | 26.8 | 55 | 20 | 150
Gaussian Gaussian LOOM = Low Mag 640 | 70 | 776 | 55 20 150
Gaussian Ideal sinc LOOM =8 Low Mag 64.0 | 16.8| 779 | 55 20 150




5.3.2 MRI Phantom Study

We also applied this algorithm to real MR data on a phantomrsea with coils posi-
tioned to create 8, map that was much larger on one side than on the other. Weneltai
images at eighteen nominal tip angles from 10 degrees to #86eds. Fig. 5.7 shows
scans from the rst three tip angles. Fig. 5.8 shows the tedubm the conventional es-
timate (5.2) (with tips aB0 and60 ) as well as using the proposed regularized estimator
with three of the tip angles30 ; 60 ; 90 ) and with all eighteen. The regularized estimates
are much smoother than the conventional estimate. Thishastour supposition that the
phantom should have a smod@h map. We see that even using just three images produces
a much smoother image than the conventional estimate. \Wktheaegularized estimate
using all eighteen tip angles as ground “truth” and caledahe NRMSE of the regular-
ized estimate using only three tip angles and the convealtisstimate. The conventional
magnitude estimate had a NRMSE of 29.9% compared to theamged magnitude esti-
mate with an error of 15.3%. Thus, using just one extra scartfaa proposed regularized
estimate reduces the magnitude estimate's error by alnatsahd also calculates a phase
estimate with a NRMSE of 7.32%. Although both the real andreginary parts of are
smooth, the phase estimate had a small amount of phase wgapbich has been removed
in Fig. 5.8 for display. Because (5.6) regularizes the caxpbject, or effectively the real
and imaginary parts of, instead of the magnitude and phase g small amount of phase
wrapping is possible in the nal object. Simple phase unwiag algorithms can be used

as a nal step after all iterations have been completed if adimphase map is desired.

Scan for a = 30 Scan for a,= 60 Scan for a, = 90
1 664 1 664 1 664

128 0 128 0 128 0
1 128 1 128 1 128

Figure 5.7: Three of the eighteen scans taken of the phanftbese scans show the varying
contrast in the images due to tBe inhomogeneity.
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Initial estimate |B1+] using all tips 10-180 (gaussiwaveform unit)
1 0.229 1 0.229

|B1+| using 30,60,90 (gausswaveformunity —~ unwa pped phase using 30,60,90
1 0.229 1 3.14

1 128 1 128

Figure 5.8: Estimation of the phantom using proposed metfiop: conventional estimate
of B, using two images; regularized estimateBaf using all eighteen images;
Bottom: regularized estimate 8f; using three images; regularized estimate of
the phase map.

5.4 Discussion

We have described a new regularized methodB$rmapping that estimates both the
B1 magnitude and (relative) phase. This method allows foripleltoils allowing for easy
use in designing pulse sequences for parallel excitatibis Method yield8; maps that
interpolate smoothly over regions with low spin density.isTavoids noisy estimates in
these regions as well & ambiguities that plague the conventional estimate. Thgaon
tional estimate uses only two tip angles, while our methémhe for any arbitrary selection
of angles.

The simulation results show that the NRMSE of the rigywmap is much less than

that of the conventional estimate. These gains make thipampariate method even when
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using only one coil and the standard two angles.

Although results showing the improvement made by using tireect slice pro le in
the model are still very preliminary, we expect that this m@ment to the model will have
a large effect at higher tip angles whéteand sin have a larger discrepancy.

This model did not account for possible coil non-linearitypossibleT; effects. We
will explore these factors in future work.

Overall, the model and estimators explored in this papererakoother, less noisy
estimates while also allowing for the the use of multipldsand tip angles to achieve an

accurateB; and phase map for each caoil.
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CHAPTER VI

Joint B , T; Map Estimation

6.1 JointT, and BI Estimation: Motivation

The longitudinal relaxation timd&; is a quantitative value of interest in MR. Fast,
accurate, and precise mapping Bf has many applications: measuring the distribution
of contrast agents to nd tumors or assess organs [17, 84fugien imaging [27, 55],
schizophrenia, epilepsy, multiple sclerosis, and Padaifssdiagnosis [73,123,131], quan-
tifying myocardial blood ow [144], assessing lung funatig64], preparing navigation
and visualization tools for surgery [50], and, in combipatiwith accurate maps of other
parameters such 8 and spin density, arti cially creating “on the y” MR imagewith
any desired contrast.

Moreover,T; andB; mapping are usually both unknown quantities in MR pulse se-
quences. Imaging sequences for B¢ double angle estimation method, for example,
require spin echo or gradient echo sequences with a londitiepeime (TR> 5T;) to
remove anyT,; dependence from the acquired images. Fast and improveddsetor the
double angle method use scan time more ef ciently [20, 120]1 Alternatively, image
sequences which are accurate over a wide arraly afalues have been developed [136];
these pulse sequences, however, may not give accurate pif@aseation [89]. Simple
techniques that are independentTaf such as nding the 180null of the signal, do not

work well at highB, signal strengths wherB; mapping is even more crucial [28] and
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may not have good coverage over the entire volume. IdeBflyestimation would be fast,
simple, work at high signal strengths and give accurate madm and phase estimates.
One possibility is to combine some sortBf estimation into conventiond; estimation
that incorporates signal dependenceTan Especially wherB; maps are used in devel-
oping RF pulses, accuraBs’ maps that are robust to noise and less sensitivig &ffects
are required. Small differences in tB§ map can make a large difference in the nal RF
pulse design [82].

T1 mapping is also adversely affected By inhomogeneity and non-ideal achieved
slice pro les in many conventional pulse sequencB$. inhomogeneity and slice pro le
effects especially affect gradient echo and spin echo whkemgwan acquisition with a short
TR. At such a short TR, these methods are very sensitive tangle variations. Steady-
state incoherent (SSI) imaging, a very popular fast imagneghod that can be usedTq
mapping, is especially sensitive; slice pro le effectsdega an underestimation df; and
B, inhomogeneity causes large inaccuracies in uncorreEtedapping [51]. Therefore,
manyT; mapping methods currently incorporate some fornBéf mapping, though it is
often a very crude ip angle correction and ignores slice lgreffects entirely. Some other
(and unfortunately, slower) methods ©f mapping also jointly estimate a ip angle map
(for example, Look-Locker [79]) and are more insensitiveBth inhomogeneity. Ideally,
the fast SST; mapping approach would also incorporate estimatioB pfinhomogeneity
and slice pro le effects into the original problem formuitan.

This chapter rst considers curreily mapping methods in Section 6.2, including joint
B, andT; estimators in Section 6.2.4. Limitations of these methadsaplored in Sec-
tion 6.3. Next, we do a Cramer Rao bound analysis of variougppingpnethods to choose
an appropriate model in Section 6.4 with supplemental midion Appendix G. Based
on this analysis, we develop our joiBt; , T; estimator in Section 6.5 with supplemen-
tal information in Appendix | (cost function derivative®dppendix J (model derivatives),

Appendix K (initial estimates), Appendix L (spatial restdun analysis), and Appendix M
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(constrainedT; estimation modi cations). We performed simulation and pteen MR
experiments in Section 6.6. Finally, we discuss the resarts propose future work in

Section 6.7.

6.2 Overview of Current T; Mapping Methods

Many different methods have been developed to estim&ten@ap using very different
imaging sequences and algorithms. In all of these methbdsieiationship betweeh,
and the imaging data obtained is complex and a simple ekfdichula for T; can not be
written. Most of the methods depend on transformationsefigita which then use a linear
or non-linear t to several parameters which are simply tetbtoT;.

The simplest mapping method uses a ratio of two spin ech@bkigaasurements with
two separate repetition times (TR) using a saturation regopulse sequence [133]. The
effect of T, is canceled in the ratio leaving a ratio of exponentials aming T;. Obtaining
an estimate off; analytically from this ratio is not possible, so a look-upl&ais used.
For some values of; and TR, the relationship between the ratio ads quite linear; for
other values, the relationship varies very slowly and gostthetion ofT; is impossible.
Using principles of error propagation, reasonable value$k can be calculated based
on expectedr; values and a good SNR can be ensured. Using only two poingedgv
limits the accuracy of; mapping, especially in the case where a wide spredd walues
is possible. Therefore, many methods have been developaih wieasure this curve at
several points. This can be done for either spin echo or siwemrecovery measurements.
Because these methods all rely on exponential regrowthioe&hips, they have a similar
relationship to SNR; the SNR is directly proportional to theamic range of the method.
Because inversion recovery (IR) has the double the dynaanige of the spin echo, it also
has a much better SNR. IR sequences are very slow, but fagdmentations have been
developed [9,19, 103, 147].

The two most common methods currently used Tormapping are the Look-Locker
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method and the SSI measurement with multiple ip angles.

6.2.1 Look-Locker imaging sequence

Look-Locker is based on the IR imaging method and its greaidR but improves on
the inherent inef ciency of the method, which requires aebsampling time followed by
a very long waiting time before the next repetition can begmLook-Locker, very small
ip angles are applied several times during the recoveryqaersampling the longitudinal
magnetization. These pulses affect the recovery curve medvgry different results than
the IR imaging method. If the ip angles are very small, thegsence is similar to the
IR sequence, but the method is then SNR-limited. This melasd3 parameters that are
estimated using a least-squares t. The major advantagéisfrhethod is the relative
insensitivity toB; inhomogeneity; the method naturally incorporates esionadf a ip
angle map. Some recent research into this pulse sequenae/bb®d: jointly estimating
T,, T,, and the proton density with exible accuracy [130], opteation of number of
inversion times and the appropriate Tl values [95], multesacquisitions incorporating
the average ip angle and using smoothed ip angle maps [2@8] modifying the sequence

to work in cardiac imaging, where the cardiac cycle is shidhianT; [86].

6.2.2 SSlimaging sequence

Another commonT; imaging method is based on SSI (steady-state incoherestt) fa

imaging. This method applies a spoiled gradient recalldtbdSPGR) sequence consecu-
tively acquired with many ip angles and is known as the val@aip angle (VFA) method.
A spoiled FLASH (fast low angle shot) or driven equilibriunmgle pulse observation of
T, (DESPOT1) acquisition is used. The SNR of this method islamo the previously
described methods but with a much shorter total acquisitroa. However, this method is
very sensitive td; inhomogeneity and pulse pro le effects.

We will derive the SSI model under the more general conditiba complexB; map
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with a phase angle of ( = 0 when theB] is real and all along the x' vector). The signal
model is derived as follows (considering a single spin). Thepulse is applied at a tip

angle of . After the pulse is applied (at tinf& ), the longitudinal magnetization is
M,(0") = Mocos();

whereMy is the initial magnetization. The longitudinal magnetiaatthen returns to the

initial magnetization based on tAg relaxation constant for one spin as follows:

My(t) = Mo(1  exp Til)+Mz(o+)exp Til

The transverse magnetization after theulse is

M,(0") =  Mygsin( )sin( )
My(0") = Mysin( )cos( )
M- (0") = Mygsin( )exp(i );

and decays back @based on th@, relaxation constant for one spin as follows:

Mo (t) = Ms (0" ) exp Ti

Consecutive pulses are applied after a repetition timesofAt the end of each repetition

time, the longitudinal magnetization for the spin is

(6.1) M,((n+1)Tg) = M (nT3)cos() Ex + Mo(1  Ey);
where
(6.2) Ei=exp Tr
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In this derivation, we assume that the transverse magtietizdecays to 0 before the be-
ginning of the next RF pulse, or perfectly spoiled. A natiyrapoiled sequence occurs
when the repetition time is much longer th&n Otherwise, forced or external spoiling, to
reduce the transverse magnetization to zero at the end bfpedse, is required. Similarly,

the transverse magnetization is (assuming a perfectlyexpsignal)

M>((n+1)Tg) M- (nTg)E:

(6.3) = M,(nTg)sin( )exp(i ) Eq;
where
(6.4) E, = exp Te

T

The sequence achieves steady-state when, for all subsepuiers, at the end of each
repetition time the longitudinal magnetization is the saand is equal to the equilibrium
magnetization. Assuming a uniform tip angle, equilibriseffectively achieved when the
longitudinal magnetization changes by a very small peegn€.g, 1%) at the end sub-
sequent pulses. L&t be the number of pulses applied before steady-state i<{wkéy)
reached; N depends on the relative error allowed and on treadersl; andTg. After

N pulses, the magnetization is then:

M,(MTg) Mg 8m  N;

whereM is the equilibrium magnetization. This magnetization carfdund by setting
M,((n+1)Tg;) andM,(nTg) in (6.1) equal taM ;. and then solving foM ;.. Then, the

signal is measured at the end of the repetition time and rdoapto (6.3), the steady state
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signal is

(1 Eyp)sin(i)exp(i ).
1 E;cos(;) ’

(65) Si = MOE2

where ; is theith ip angle. Using multiple ip angles and keeping TR constawe can
estimate botiM andT; using a non-linear least-squares t. Alternatively, (6¢an be
transformed as follows:

.Si - E, S N
sin( ) tan( i)

(6.6) MoEzexp(i )(1 Ey):

Then, a transformation of the points; Si) into the coordinate plangzy—; sxy) gives
a line where the slope 5;. KnowingE{, we nd T; using a least-squares t.

Much work has been done using the SSI signal model. Recesanas on the SSI
image sequences is mostly in two veins - optimizing the iglas and other parameters
in the SSI sequence (usually in terms of precision and oonally accuracy) [25, 38] and
trying to correct forB; inhomogeneity, ip angle miscalibration, and/or pulse pecef-
fects [16, 24,97,116, 121, 125], the dominant source ofrénr&SI T, estimation. Other

research includes improving the estimation procedurengusgieighting to improve linear

least-squares estimation [14] and correcting for incomepRF spoiling [99].

6.2.3 SSFP pulse sequence

The SSFP (steady state free precession) pulse sequentzasite the SSI as it is also
a shortTr method using gradient echo imaging. Here, there is no sgpdind the signal
adds coherently. The steady-state magnetization thusdsma both the longitudinal and
transverse magnetization.

A non-spoiled signal is an attractive sequence for joiningsion because of the in-
creased signal available (due to coherent build of signad) reot having to use (possibly

incomplete) spoiling. However, the SSFP is a more comm@itaulse sequence to analyze,
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especially the transient part of the signal and for any weni@@d pulse sequence. The SSFP
is not aT; weighted sequence as is the SSI but is rather dependent oatithef T, to T,
(Note, this can be seen in (6.7). Tissues with a higho T, ratio have a large signal).
Imaging, therefore, shows high signal for CSF in the brain Jittlle contrast between GM
and WM. In addition, the sequence is extremely dependemoff resonance, whether
from the static eld inhomogeneity to inducd®l, inhomogeneity due to the gradients. In
fact, [51] motivates the derivation of the SSFP initially digcussing the off resonance,
because two isochromats seeing diffeBgt elds will indeed reach different steady state
values. Therefore, this pulse sequence depends heavilgtanty T,, but alsoT, andB.
B, dependence, on the other hand, seems to be much less th&8l thigr&l model.

The model can be simpli ed by assuming that the off-resoeaisczero and looking

at an extremely shoifr. In this simpli ed case, the SSFP or SSC (steady-state evter

signal is [51]:
M = Mo(l El) Sin( )
1 Ejcos() Ex(E; cos())
6.7) Mgsin( ) ;

(£+1) cog) $ 1

whereEy = exp(Tr=Ty).

There are a few examples in the literature where SSFP is @€l fquanti cation.
First, [103] motivates using TrueFISP (a fully refocused8%to avoid the problemat®;
dependence on the SSI. While acknowledging that image bgedind be a problem B
inhomogeneity was too large (250Hz), off resonance effects are otherwise ignored. They
use the model (6.7). They claim that the TrueFISP recovemyecoore closely mimics the
mono-exponential curve of; than the SSI model, which, therefore, underestimaies
(assuming nd3; correction).

[26] uses the SSFP model to do rapid combifiedndT, mapping. They claim thak;

mapping is best accomplished using the SSI signal modelratd s can then be quickly
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mapped using the SSFP given thats already known. They present a linearization of the
SSFP model similar to the linearization of the SSI model)(6ahich allows for simple
estimation of bothir; andT,.

[105] uses the IR TrueFISP pulse to estimate the three mapitametersT,, T,,
and spin density. They also ignore off resonance and acleunel that this creates some
error in their measurements (4% T, 12% inMg, and 20% inT, at an off resonance of
= 3), but do not nd this problematic, especially in their phamt and brain data. They
claim this method gives good results with a tip angle betwa&@and 70 degrees.

[45], however, questions whether IR-FISP can appropsiastimateT; andT, as in
the papers above. They claim the pulse sequence and thegcudnt results (simulations
and in vivo scans) show a “very sensitive dependence on ftiresonance], especially for
smaller ratios off, / T;".

[77] interestingly uses the RAD-SSFP model and incorpsrate approximate slice
pro le (uses atriangular function to approximate a singled sinc) to nd improved results
in estimating thel'1, T, ratio. This paper is unique in acknowledging slice pro léeets in
the SSFP sequence.

While SSFP does not require spoiling and has greater signgihitoge, SSFP depends
strongly on a larger number of variablé€E, (T,, andB,) while having only a weak depen-
dence orB,, one of the desired estimated variables. Therefore, SS&Pd®r choice for

joint T1/B, estimation and will not be further considered in this thesis

6.2.4 Overview of Current Joint T; and B, Estimation

Because SSI is so sensitiveBd inhomogeneity, many applications proposed in the
literature use a crude estimate®f . Methods used to estimai; (or, identically, ip
angles) include: conventional double angle method [16ihgihe same SSI sequence with
a very long repetition time on a phantom [97], and lookinghet signal null [121] for a

single pixel.
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However, only a few methods claim to do combined estimatibbath B; and T;.
These methods are explored here.

[28] maps theB; eld using (6.5) ignoring theT, decay (as this scales the signal
magnitude). While this method does not explicitly estimiiethe method is interesting
in using the SSI signal model solely to measBre. in that equation is replaced by the
nominal (as given to the scanner) multiplied by a ip angle scalinctéa that varies based
on position. This ip angle scaling factor, equivalent®q , is found by applying three ip
angle close td80 and looking for the signal null, which occurs irrespectieely. The
images are rst smoothed, based on the assumptionBfiavaries smoothly, to improve
SNR. They use a 3D acquisition to avoid the problem of slicel@effects. Although the
SSI method typically uses low ip angles, the authors fouhdttthe method works well
for high ip angles as well, required in nding the signal dulA small variation inB;
measured is found at very smadl=T,; due to poor SNR. This method fails with high off-
resonance as a signal null is never found and the signalsityemo longer varies linearly
with ip angle, though more ip angles could be used with a Rlamear t.

[116] presents a “joint” mapping method for contrast-erdehabdominal MRI. The
SSI model is the best approach because it is fast enoughote djinamic quantization of
contrast concentration. F&; mapping, a similar sequence, the actual ip angle sequence
[89, 136] is used. This sequence uses two different repetitmes consecutively and then
repeats the entire sequence until steady state is reacled.SSI, bothl; andB; are tied
together, but with small approximations, a formulaBjr independent of; can be found.
Measurements from this sequence are used to correct thmedsip angle required to
estimateT;. Although separate data has to be taken to solveBfpr this method has
the advantage of using very similar sequences that can lberpexd directly after each
other; any non-idealities will be similar for the two seques and motion artifacts will be
negligible compared to methods which require radicallyedént imaging procedures to

compensate foB .
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[57, 58] uses two RF pulse trains with the same ip angleThe longitudinal mag-
netization after each pulse can be written in terms of a decalya recovery component.
Subtracting two identical pulse trains with different stag magnetization removes the
common recovery component, leaving a post-subtractiomesighich only contains a de-
cay component. This method thus does not require steatyyastd uses the transient pulse
information. They develop two different methods, each ofcltuses two post-subtraction
signals. The ip-angle priority (FAP) signals are identicaith the second having double
the ip angle of the rst. The slope of the regression line bktabsolute ratio of the two
signals is related to the ip angle afd is found via curve- tting. Relaxation-time priority
(RTP) signals are identical with a common ip angle, but wadlifferent time coordinates.
T, is found via regression and then the ip angle can be foundsulastitution. Flip angle
maps were smoothed using a moving average, using an ieragthod in RTP to get the
nal map.

[146] uses the SSI signal model but looks at the transiertgiahe signal before it
reaches steady state. Ratios of the transient signal toritp@al signal are related td;
andB; and used to derive each. This method is extremely fast andeaasily combined
with any fast readout, but has limited resolution for singj@t and systematic error at low
ip angles and low SNR.

More recently, [11] uses a similar approach to our proposethod, using multiple
coil arrays to remove the need for large angles in excitirgBh eld. A parametric
model for both steady state spin warp and transient-state&® with two free parameters
(B; andT,) is used, while simultaneously incorporatiBg inhomogeneity and some slice
selection effects. The model is solved using least squassnang no inhomogeneity
effects and then iteratively re ned with a separately obeal standar®, estimate. The
method estimates relative phase and uses normalizatiorrdéfgr@nce image to eliminate
all constant factors, such &s The focus of this method is dB; , noting that thel; map

is much less accurate thd&y because the MR signal depends much less sensitively on
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relaxation than on thB; map.

[124] also uses a parametric method using the the standdr(FEASH method) to
estimate bothl; andf , but assumes th&; is known. Like [11], the initial estimate is
found via regression and then non-linear regression is tesewl a more accurate solution
under the natural constraints of tiigandf . The need for at least three or four ip angles,
in contrast to the standard two, to obtain accuracy is alsoudised.

[122] generalizes the model for both the AFI (actual ip amghaging) and SSI meth-
ods to create a new MTM model using multiple repetition tim€&kis new model, which
averages multiple measurements, can be solved eithertaadlly or numerically using
model tting. The model has the bene t of giving accurate reag bothB; andT; when
solved analytically, although the accuracy of hemaps was not further analyzed because
of the focus onB; maps. The Cramer Rao bound was also used to quickly determine
optimal scan parameters.

[137] analyzes the importance of spoiling on measuremdattsf for both the AFI
and the VFA methods fdB; mapping (corrected fof,;). Because diffusion is critical in
RF-spoiled sequences, the optimal angles and measuremé&ntice strongly dependent
on the strength of the spoiling. Spoiling is not considerethis thesis, but obviously is

necessary to consider in the future work.

6.3 Limitations of Current Methods and Possible Solutions

6.3.1 B; inhomogeneity

As mentioned previously8; inhomogeneity is the primary source of errorlipnmea-
surements and must be corrected for when using the SSI meSumde of the basic meth-
ods have been explained in the previous section. Almost efhaus blur calculateB;
maps to improve SNR without a solid understanding of thecefiee., the FWHM of the

blur, the effect ol calculation). Additionally, many methods nd a low-resthn B}
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map or one based on phantoms. Additionally, all methodsnaséi only the magnitude of
theB] map and ignore the fact that it is a complex quantity. Thelideghod would create
an accurate, pixel-by-pixel, in-vivo compld; map with high SNR without indiscrimi-

nant blurring and would not require a separate scan.

6.3.2 Slice pro le effects, Bloch equation non-linearity, ad ip angle miscalibration

Slice selective RF pulses would ideally have a rectangtlaps, exciting only the spins
in the desired slice, but this is not achievable in practiReal slice pro les have varying
ip angles over the slice. Because the measured signal in M&grates over the volume,
the varying ip angles due to the slice prole can cause enmrthe accompanying;
measurements. In addition, spins do not behave linearlenpresence of an RF eld;
i.e, doublingB] does not lead to twice the ip angle due to the non-linearityhe Bloch
equation. While this approximation works well in the smgll#tegime, using the Bloch
equation to model the achieved ip angle across the slicdgm® most accurate.

Flip angle variation and miscalibration can be particylgroblematic in SSI imaging.
The SSI signal, as a function of ip angle, passes through asspin-density weighted
and then a; weighted area. Typically, two (or more) ip angles are choséth the rst
maximizing the sensitivity and the second chosen smallgntwube spin-density weighted
and almost independent ©f.

Some papers suggest using 3D imaging (which does not reglibeselective RF
pulses) to bypass this effeetg, [28]. This must be done for all scans (including those
to estimate other parameters) to mitigate the effect sée Qt®er papers, while noting the
effect, claim it has little effect and make no modi catiomstheir methoce.g, [116]. [57]
minimizes the effect by dividing each slice into sub-slicemch with an expected uniform
ip angle. [97] directly accounts for slice selection eftedyy integrating over the signal
equation with respect to position and using the ip angle atheposition as found us-

ing the achieved slice pro le. [42] performs regularizBd map estimation incorporating
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slice-selection effects by using a Bloch-simulated signadiel.

Flip angle miscalibration is a related issue. The nomingplangle (the one input to the
scanner) is often different than the real ip angle achiewedivo. A ip angle factor is
usually integrated when calculating tBg map,e.g, [28] or the ip angle factor can be
directly integrated into the modelg, [121].

The ideal method would inherently correct for slice selattiBloch equation non-
linearity, and ip angle miscalibration, without requignany substantial increase in com-

putation time.

6.3.3 Joint estimation and signal processing

Ideal joint estimation of two quantities would incorporaiath variables into the same
signal equation and account for appropriate noise. Moshatt currently use a separate
scan to ndB4, which can introduce motion artifacts and subtle diffeenbetween the
two acquisitions that would in uence the variables diffietly. Another possible problem
with current methods is the order of estimation and the tegykrror propagation. If the
two variables depend on one another, an iterative appraaapdate each variable based
on the other would provide the most accurate estimation tf.bo

Signal processing and estimation techniques used in dunetinods also lead to more
errors. Most methods use ratios or subtraction. Ratiosrdrerently problematic, as the
noise terms are usually left out of the signal equation. Wherstgnal is small, the noise
terms dominate and the ratio is unstable. Subtraction cam la¢ problematic; noise is
added to the signal and when the subtraction occurs, thalsigay not be completely
subtracted out, leaving a harder to analyze source of noise.

Another problem with current methods is using the signabgigus to actually ndB;
andT;. There are no closed form solutions for either variable gisire SSI signal model
without making many simplifying assumptions and approstiorss, e.g, [53]. Many ap-

proximations, for example, by linearizing the exponentak only valid in a small range
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and are inef cient because of the low signal SNR in that rarijee main techniques use
regression, least-squares, curve tting, or error-pragiaan. The conventional technique
involves transforming the data (6.6) and then performingedr least-squares (LLS) t
on the transformed data. Because LLS minimizes residudigeem the transformed data
and the transformed predicted data based on the estimatiadblea the tting no longer
matches the cost function and is suboptimal, resulting iraada estimator with low ac-
curacy. Using weighted least squares with careful choicthefweights transforms the
residuals to match those of the original non-transformest fimction [14]. LLS gives an
estimate ok, and conventional methods still must estim@tan an additional step.
Ideally, the estimation techniques used would properhoantfor noise in the signal
model and therefore, avoid problematic ratios and subtmast Also, the technique would

use the most accurate, unbiased methods available.

6.4 Model Selection: A CRB approach

Many! methods have been developed recently that jointly estitate B; and T,
(see Section 6.2.4). Making an informed choice between tide wariety of pulse se-
quences where relaxation effects @l inhomogeneity feature prominently remains an
open problem. Analysis of the accuracy and precision ptessitB; andT; estimates and
the inherent trade offs can aid this selection.

In this section, we rst construct a general model for jdt, T; mapping. We then use
the Crangr Rao Bound to analyze the lowest possible variance foraselol joint estimation
of B; andT; using several speci c pulse sequences. We investigateatiance of both
estimates over a range 8f] andT; values. We also use this analysis to help optimize
timing and ip angle parameters for each pulse sequences ahalysis extends the large
body of research on optimization of parameters and prati®oT, estimation €.g, [25,

26, 38]) to include joinB; andT; estimation. Joint estimation methods usually require a

1This section is partially based on [40].
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higher resolution of one quantity3¢ or T,), often utilizing a map of the second quantity
for greater accuracy in the initial mapping. For examplég]lconcentrates oh; mapping
while utilizing aB; map, while [11] concentrates dB; mapping but also estimates a
lower-accuracyl; map. The trade offs and analysis from this section allowspgaomon of

pulse sequences depending on the particular requiredamctor bothB; andT;.

6.4.1 General Joint Estimation Model for Model Selection

MostB; or T; mapping pulse sequences can be formulated using the folipgéneral

model. Let the measured value of a single voxel forithescan be given by:

(6.8) yi = mgoF b o+ g

wheremg is the nominal voxel magnetization dependenflen(the echo time) and,. T,
is the longitudinal relaxation constart,s the RF eld strength at this voxelly; is the
repetition time for a speci ¢ pulse sequence, andis the relative amplitude of the RF
pulse, where the productbspeci es the ip angle in a given voxel. The unitless functio
F describes the MRI scan signal value variation independeiit cand T, based on the
individual pulse sequence and scan parameters and is dem8ection 6.4.1 for three
speci ¢ models. The full dat& = (y;; ;yn) consists ofN scans where eithéfr; or
i is varied. For example, for the double anglg¢ mapping method\ =2 and ,=2 ;
andTr; = Tro.  is modeled as white, Gaussian noise. While magnitude imagés s
from Rician noise, we model complex scans with complex Ganswise. We assume that
.= o8I.
The Cranér Rao Bound (CRB) expresses the lowest achievable variaoaste for
an unbiased estimator for a given model. Although pracestimators are often biased

(e.g, through smoothing or Itering the data or using approximoas to the model), the

bound quanti es the estimator variance and captures thplowueffects between the two
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unknown parameters. For simplicity, ket T,. Because = ( b;t), the multiple parameter

CRB must be used. In that case, the matrix CRB is

n o

(6.9) Cov ~  J )

where the Fisher information matrix is

(6.10) J()=ET[r InpY; )r Inp(Y; )" :

The Fisher informatiod is a2 2 matrix with entries:

1 X 2
Ju = — @@%I
Jio = Jau = L @g @¥'
- - T 5 Al = Ji
2 @b @
1 X 2
(611) Jzz = - @@¥| y
wherey; is the expected value of. We dene ;, b(tip angle) and; , Tti The

derivatives of the general model (6.8) then are:

@@Yi = Mo % FOCi )
(6.12) @@g' = Mo i F¥(Ci);

whereF 1° andF %! denote partial derivatives with respect to the rst and setarguments

of F respectively. Then,

q__
[ ()

[D ()

b, P CRB (b

q

(6.13) t pCRB(t)
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We also consider, for comparison purposes, the CRB for etigmB; with knownTy,
given by(1=J;), and the CRB for estimatingj; with knownB; , given by(1=]»,), later
in the analysis.

In this paper, we calculate the CRB for several speci ¢ moasisr a wide range of

input parameters and optimize the scan parameters.

6.4.2 Speci c Joint Estimation Models for Model Selection

For joint estimation model selection, we consider threarpaise sequences, with their
corresponding models fdt in (6.8). First, the SSI model [16] where

@ e Y)sin( i),

(6.14) = T e Teos(y)

see (6.5) in Section 6.2.2 where the SSI method was intr@duddnis pulse sequence
is used commonly foif; mapping by varying ; althoughTg; can also be varied; this
sequence also has been used successfully foBsplmapping [28].

Second, we consider the Brunner-Pruessmann method (BB)imu§&l] using a non-
selective, spoiled prepulse with a varying ip angle)followed by a slice excitation with
a ipangle b. Asin[11l], weset = :05msandb = 20 to reduce the number of
parameters to optimize. We de ne:, . We also ignore ani3, inhomogeneity and use

the following model:

cos(i)e 1 e i N+1 e

(6.15) FPP = cos( )sin(b) —— cos( ;)cos(b)e

Third, we consider pulse sequence used in the Actual FlipA(gFI) method [136].
When this pulse sequence is usedii mapping, usually approximations and ratios are
used to removd; dependence in the naB; estimator. However, the signal depends
on bothB; andT; and is a candidate for joint estimation. This model diffexanf the

previous two in that two repetition time$r; andTg,, are used simultaneously in steady
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state and thus appear in both equatibii§' andF;' as shown below:

1 e 2+(1 e t)e 2cos(j)
1 e : 2co¥( )

1 e +(1 e 2)e tcos(i).
1 e 1 2co%( {)

AFI
I:2i 1

sin( )

(6.16) Far! sin( )
This model is more dif cult to generalize tN > 2, but using an even number of scans is

one possibility.

6.4.3 Model Selection Method and Results

To compare the models using the CRB, we derived the CRB usinticitgifferenti-
ation in MATLAB. Explicit differentiation can speed ressilbut can become complicated
for more complex expressions such as (6.5} andF 1° for the SSI and AFI models are
included in Section G. The complexity of the derivatives slaet immediately show any
clear advantage to either model.

To enable fair comparison of models using different imagtmge, consider that
a scan repeatetll times gives a standard deviatiora,:IO N. Therefore, we report
~ b P PiiTRi Mo (compare [26]), de ned as the TR Compensated Deviation
(TRCD). To make optimization feasible over a very large panspace, we constrain
the search space by requiring that= i for the SSI (6.14) and BP (6.15) models. For
the AFI model, we keefir; andTr, constantand sety; ; = 5 =i . Therefore, we
optimize over only 4-5 parameters regardless of the numbscans:( ; Tgi; b; 1.

The ideal model will have a low, and~ and also be relatively insensitive to variation

in B] andT;. There is a trade off between optimizing both TRCD valuestetuee, we

optimize a scalar valued function

f( ;TribT)=~( ;Trib;T)+~( ;Tr;b;Th)
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to consider the effect of both TRCDs. (We also trieds a product of, and~; with similar
results). We seek scan parameters (tip angles and repétities) whose TRCDs have low
variation over a wide range dof; andB; values. We perform a min-max optimization;
we minimizeover the set of scan parameters the worst-case haximum f () over the
range ofB; andT; values. This is expressed mathematically as optimizinddhewing

equation:

(6.17) ("5 T =argmin maxf ( ;Tgr;b;t):
( Tr) (0D

We rst nd the TRCD over a large parameter space de ned by theeximum tip angle
N2[=49=4],Tr 2 [:1;3],t 2 [:2;1:2], andb 2 [:5; 2]; these denote the “search”

range. Typical values df; for various tissues are: 250 ms for fat, 600 ms for white natte
(WM), 900 ms for muscle, 950 ms for gray matter (GM), 1200 mddlood, and 4500 ms
for cerebrospinal uid (CSF) [51], so this range covers mogiected physiological values
of T;. This range also allows for a factor of four amplitude diffece inB; values. We
perform the optimization in (6.17). The optimal values far @hoice off are shown in
Table 6.1.

To analyze the trade off betweeg and~;, we also nd the worst case TRCD values

over the range oB; andT;. We de ne

__max . - T e
b 3TR) f;fkl)%x o( ;TR D;1);

__max . - . e ) -
1o 5 TR) max (5 Tr;b;t):

We then plot, for each{'®, the lowest achievable["™ over all andTgr values in the
range de ned above. These plots are shown in Fig. B.4-(2) and Fig. 6.5 = 8).

Next, using the optimal parameter$® andTF‘;’ipt (6.17), we calculate the TRCD over
a larger range oB; (keeping the range of; the same)b 2 [:25; :4]; this is the “display”

range. Now, we can see how robust the optimized parameterataenB; and T, are
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outside the original search range. We plot, for e&ch value in the display range, the
maximum-~ over theT; search range on one set of grapagy( ~, in plot B and~ in plot
D); and also for eacfi; value in the display range, the maximusover theB; search
range on another set of graplesd, ~, in plot A and~; in plot C). The graphs are shown

in Fig. 6.1, Fig. 6.2, and Fig. 6.3.

Table 6.1: Optimized scan parameters based on (6.17)

Model | N or T8 OF TR]_ TRZ
(radians) (sec) (sec)
SSI | 2| 1.1781 0.68 -
SSI | 4| 1.3744 0.68 -
SSI | 8 | 0.8836 0.68 -
AFI 2 | 1.0996 0.245 0.10
AFI 4 | 1.3352 0.825 0.10
AFI 8 | 1.0603 0.68 0.10
BP 2| 22776 0.825 -
BP 4 | 0.9818 0.535 -
BP 8 | 0.8836 0.825 -

6.4.4 Model Selection Discussion

In this analysis, we consider two main questions: 1) Whatestthde off betweer,
and~? and 2) How robust are the optimal parameters found in (8.17)

Fig. 6.4 and Fig. 6.5 show the trade off betwegf* and~"®*. Improved accuracy
in estimatingB; decreased; accuracy. Therefore, in scan parameter optimization, a
function of both TRCDs is required. The SSI and AFI method Haedowest achievable
worst case TRCD (the BP method is outside Fig. 6.4). CleaystBl method has the best
performance foN = 2; both the AFI and SSI method perform well fidr = 8, with the
AFI method having a slight advantage.

The optimal parameters robustness varies both on the meatimbthe number of scans
(see Figures (6.1), (6.2), and (6.3). TRCD, for all methoddpwest whenr; is small

(plots A and C), but is more robust to the valueRf (plots B and D). This is especially
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true for ~. For all methodsN = 4;8 performs much better thaN = 2, especially for
the AFI method. Using four or eight scans, both the SSI and rAEthod are relatively
insensitive to speci ¢ values d8; andT; and are appropriate to use for joint estimation,
though SSI has the lowest TRCD values consistently. The BRaddtas relatively high
TRCD values, even wheN = 8, and~, is especially sensitive to the valueBf , so this
method as implemented will have high variance for unbidgdestimation.

After analyzing the CRB for joint estimation &; andT;, the SSI method has both
the lowest worst case estimator variances and is the leasitise toB; andT; values.
The AFI method is also relatively insensitiveBd andT; values, but, overall, has higher
estimator variances. The Brunner model, as modeled hesgyda performance, although
this may be improved by further optimizing other scan paranmsein the model. Although
the results are not shown here, we also tried using the SSéhaod varyingTr, but had
very poor results. We note that this optimization does r#dd&\R constraints which may

be a problem when using a large tip angle and a short repetitite.
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6.4.5 CRB Extension: Joint estimation Versus Estimation WithOnly One Unknown

Variable

We now consider the “cost” of joint estimatione., how much higher the CRB for

estimatingB; is for joint estimation ofB;, T; compared to estimating; with known

Ty, given by(1=J4,), as well as how much higher the CRB for estimatinis for joint

estimation ofB; /T; compared to estimatin@; with knownB7, given by(1=J,,). We

make graphs similar to Fig. 6.1 with three plots for each méilone each foN = 2,

N = 4, andN = 8. Each plot shows- for joint estimation as a solid line and for

estimating one unknown variable as a dotted line. We usedine ®ptimal values found

previously in computing the graphs. These graphs are showigi 6.6, Fig. 6.7, Fig. 6.8,

Fig. 6.9, Fig. 6.10, Fig. 6.11, Fig. 6.12, Fig. 6.13, and Big4.
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As expected;~ for joint estimation is higher thar for estimating just one unknown

variable in every case. The biggest difference is seen ikElenethod forN = 2.
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Figure 6.13: BP modeN = 4, compare Fig. 6.6. Some CRB values exceeded the axis
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6.4.6 CRB Extension: Limitation of the Maximum Allowed TR

What happens to the optimal results when the maximum allolker$ limited? How
does this effect the minimum achievegland~?

Here set the lowefg search bound quite low to .01 and let the uppgrsearch bound
vary from .2 to 1.2. We looked at using two scans. As previgy$.17) was minimized
to give the optimal parameters. In Fig. 6.15, we plotted bgtAnd~ as a function of the

upperTg limit.

=Tax
B1
~max
| -—--"n

~max
S

2 Il Il Il Il Il J
0 0.5 1 15 2
upper TR limit

Figure 6.15:~, and~ as a function of uppé€fg limit.

6.4.7 CRB Extension: Effect of Bj

The previous analysis neglected the effeddgin the models (6.14), (6.15), and (6.16).
However, in the presence of magnetic eld inhomogeneitgréhs no closed form solution
to the Bloch equation for an arbitrary RF pulse [78]. Therefdo test the effect 0B
inhomogeneity, we focused on the SSI model.

We simulated the model using a Bloch simulator in MATLAB amadcalated numerical
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derivatives from the equilibrium signal values. The CRB frima simulator for g, = 0
matched the CRB when calculated with implicit or explicitfeientiation as before. We
setBp = 1:5and let g, =[0;125 250 375 500]Hz. We assumed a hard pulse (no slice
selection effects). For the SSI pulse, the number of pulseded to achieve a relative error

err is given by:

T 1
Nequ: = iln(err) > X

where[ ] is the ceiling operator. We setr = 0:001and repeated the pulse the larger of
5 0or Ngqu: times. We originally did this analysis fdd = 2, but the results are similar for
N> 2
We used the optimal design parameters found in Table 6.1.n,Tle calculated a

similar graph to Fig. 6.1. Here, in Fig. 6.16, each line cspands to a different value of

B, Clearly, we can see that the effect®§ inhomogeneity is very small and does not
overly effect the results of the previous analysis at thenagitparameters. Only when the
variance~ becomes very large is the difference between the diffeneoiats of magnetic

eld inhomogeneity even seen.

6.4.8 CRB Extension: Possible Application to Multiple Coils

This analysis focuses only on a single coil, single voxel etodith multiple coils, we
theorize the possible effect on the effective combiBédmap would be a small&; range
over the object. Therefore, we performed a similar analgstonstrainedh 2 [:81:2].

The optimal parameters using the smaBgr range are shown in Table 6.2. For the SSI
method, the optimal parameters are similar, but the optpashmeters are quite different
for the BP method.

The graphs similar to Fig. 6.1 are reproduced below in Fij7 6Fig. 6.18, and Fig. 6.19.

The SSI model performs similarly, with slightly better résuas does the AFI and we
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can see large improvements with the BP method.
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Table 6.2: Optimized scan parameters based on (6.17) widh &% range

Model | N or To OF Tr1 | Tr2
(radians) (sec) (sec)
SSI | 2 | 1.9006 0.82 -
SSI | 4 | 1.3587 0.61 -
SSI | 8 | 0.8836 0.52 -
AFl | 2 | 0.6441 0.67 0.10
AFl | 4 | 1.0132 0.61 0.10
AFl | 8 | 0.8522 0.64 0.10
BP | 2 | 0.3927 0.825 -
BP | 4| 0.1963 0.535 -
BP | 8 | 0.0982 0.825 -
A B
L 1o ~—
[l ot m S e
g ° \/ \\\\\\\ g U
2 Lleet 2 ,
o 6 \/ ‘\;\“‘—' ke 6 'ﬁr \;\I
g - g ’”’r-l-\\;
E ¢4 E 4
E o E
? 0 ’wm 0
0 0.5 1 1.5 2 0 0.5 1 15 2
Tl Bl
C D
L P o P
= S -
§ e \./ SR SETE
,g 6 /' 6
g '¢ :wn—“
E 4. »7* 4
£ -
1S L2 2
? 0 0
0 0.5 1 15 0.2 0.4 0.6 0.8 1 1.2
Tl Bl

Figure 6.19: Application to multiple coils for the BP mod€&ompare Fig. 6.1.
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6.5 JointB],T; estimation: Theory

6.5.1 Signal model for multiple coils, multiple tip angles¢oil combinations and/or

multiple TRs

Suppose there an€ coils. We takeM measurements by transmitting with different
coil combinations and receiving from a common coil. (Thistineel could be generalized
to use multiple receive coils.) For each measurement, omaaoe coil(s) are driven si-

multaneously by the same RF sigihg(t) with possibly different known amplitude scaling

number, and isaM K array containing the scaling factors,. For the problem to
be tractable, we require thtd > K + 2. The complex coil patterns sum together due
to linearity to make the total transmitte®l; eld. This general model encompasses the
conventional model ifwe le&k =1, M =2, and

2 3

-§'L.
2

We model the resultinyl reconstructed images as follows:

!
X

(6.18) Yim = f;F mk Zjk 3 Tj s
k=1

B. n .
jO,TRm + jm s

magnetization in th¢th voxel (multiplied by the sensitivity of the receive codhd"jn,
denotes zero-mean complex gaussian noidR., is the repetition time of the pulse se-
quence. Beisthe offsetin thdB, eld; we assume this is known (see [44], for example).
T is theT, map over the object.

TheB] map, constrained to be real in the conventional model, isadigta complex

quantity.zy denotes the unknown compl& map that relates RF amplitude to tip angle
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and phase at thjeh voxel for thekth coil. When multiple coils are driven by the same signal
by (t) (with possibly different amplitudes), then the elds frohwoise coils will superimpose
and the complex coil patterns will add by linearity, hence sum overk in (6.18). If
the units of the amplitudes,, are gauss, then the units Bf will be radians per gauss.
More typically, the units of x are arbitrary, and all that is known is their relative values
In this casezjk will have units such that the product of,c andzj has units of radians.
This should suf ce for RF pulse design. We would like to usdeas coil combinations as
possible, while still being able to estimate each coil patig accurately.

The functionF in (6.18) is a generalization of the SSI method that inhdyentorpo-
rates slice selection effects. The functiéns explained further in Section 6.5.3. We will
not show explicitlyF's dependence on Bc andTR because these are known constants
with respect to this model.

The model (6.18) expands the one used in [41,42] (Wh&ewas in nity) and includes
both slice selection effects and linear transceive coil loimattions. By jointly estimating
T, andB7 , the SSI signal model allows for shorfER values to be used

RecentB; mapping methods [10, 90] have introduced linear combinataf transmit
coils. These methods have the advantage of using much srilengles while still col-
lecting enough signal to produce accurate results. Thegseghmethod accommodates this
matrix transmit technique with a comprehensive measurémedel that also can include
slice selection effects and accounts for the noise fact@sdre often ignored by existing

methods.

work robustly even in image regions wheteis small.
If f; were allowed to be complex, then the model above would beident able

because we could add phaseftand subtract the same phase from eagtand Elyjy |
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would remain unchanged. We take the approach of constgainto be real. This reduces
the ambiguity to a sign change bfand a corresponding phase shift in each phase map.
This does have the disadvantage of assigning any objecg fffiam B o, for example) into
the phase of th8; maps, which may in uence the smoothness of Bie maps. Another
solution that also makes the problem identi able assumasttie rst coil's phase map is
zero and then all the other phase map values would be relatases, in which cagecan
be complex.

We also note a single surface coil for receive will suf ceeawhen multiple transmit
coils are used. In this cask, will be a product of the spin density and the receive coill

sensitivity pattern and will include a constant (ovek) phase offset from the receive coil.

6.5.2 Regularized estimator

objectf by nding minimizers of the following penalized least sgearcost function:

(2:T:f) = argmin ( z;T:f);
z;T;f

(6.19) (z;T;f;TR) L(z;T;f)+ R(z)+ tR(T)+ ¢R(f);

where
Py
X4 X
(6.20) L(z;T;f)= 5 Yim fiF mk Zik 3 T
j=1 m=1 k=1
and
X
(6.21) R(z) = R(zy);
k=1

whereR(z) is regularizing roughness penalty function for #th B; map. Each is a

regularization parameter that controls the smoothnesheoEstimate. Because one may
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desire different amounts of smoothing for each map, we labeh parameter:,; +; .
However, each parameter is user-chosen based on the dasi@eht of smoothing (ex-
plained in Appendix L) and is not a function of any variablegpaBal resolution analysis
aids in selection of each.

We use quadratic regularization for the mapsbecauseB; maps are expected be
spatially smooth, although edge-preserving regulawratould be used if needed. We
note that although there seems to be plausible reasons whytiautar B; map might
not be smooth, in the literatur®; maps are always very smooth. This is true, even in
cases such as cancer where there is a large deviation fromoth@al brain, presumably
because the main cause of RF inhomogeneity, even in abnsumjaicts, is due to air/water
susceptibility as the RF waves propagate [13]. We use edggepving regularization for
both T, (and, if desiredf ), because they contain detailed structural informatidong
with a relatively small to preserve detalil.

There is no analytical solution for the minimizer ¢fz; T ;f ) over all parameters, so
iterative methods are required.

Minimization with respect t& andT is nontrivial due to the non-linearity df. Pos-
sible minimization approaches include quadratic majoréciples (see Section 3.6.1),
or variable projection (see Section 5.2.3), or general@gttmization methods. We choose
to use the gradient descent method speci ed below. Deveatfor the gradient descent
method are described in detail in Appendix | and Appendix J.

We use a preconditioned gradient descent method. There ang possibilities for
updating all the variables. We can use either a simultanapdate for all variables or a
block alternating minimization approach. With a simultang update for all variables, let

v= z T f ,andthen

(6.22) v =y oy ).
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whered is the search direction given by the gradient of the costtfanowith respect to
each variable, letting the preconditioning matrix equalithentity matrix in this paper (see
Section | for the derivatives).

Ideally, by an exact line search, = argmin v+ d™ In practice, we

choose using Newton's method as follows [30]:

() = vm+ g
C) = vim+ g g
1) = dm°%2 ymy gm gm
= £ +) £
and nally, we let
_
N o=
10)
r v gm

(6.23)

l(r (v + dm)ydm r ( vm)dm) :
This still requires care in choosing Here, we let

_ maxjvj
"~ maxjdj

where:01 was chosen empirically. Then, to force monotonicity, falllog [71], we set
= =2until v + _dM v
We note that for a given estima#™ of z and T(™ of T at thenth iteration, the
minimizer of  with respect td , assuming no regularization of, is found analytically to

be:

n 0
M real y, F&; 1)

Jjm )

(6.24) £ =

M (g () 2

m=1 jm 7
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where we de ne the composi®; mapsx, as follows:

(6.25) Xjm mk Zjk -
k=1

In this thesis, we choose to use an alternating minimizajgoroach in each step, al-
ternating which variable we minimize wm as in (6.22) while holding the other variables
constant. We use this method because we do not regularizebfeet and also because
the step size in PGD minimization scales appropriately fmhevariable. Simultaneous
gradient descent appeared to converge slower; howevemtiepate that with a suitable
diagonal preconditioner, this method would also be actd#ptdn Section 6.6.1 and Sec-
tion 6.6.2, we used a set number of iterations that gave gaatitative results; ideally, we
would use stopping rules based on, for example, percenpehiarthe iterative estimates.

We note thafl; has a constraint that > 0. We modify the alternating PGD mini-
mization to perform constrained minimization by perforiguia variable transformation as
explained in Appendix M.

The cost function is non-convex, so the alternating minimization algorithescribed
above will descend from the initial estimates to a local mimm [63]. Thus it is essential
to choose reasonable initial estimates. See Appendix Kdtaild.

Regularized methods have the benet of being able to choosdue for based on
guantitative analysis. In Appendix L, we analyze the spagisolution of the regularized
estimator (6.19). This analysis leads to a modi ed penaliyction that achieves more
uniform spatial resolution in regions with a constdént We choose a value for each

based on the desired FWHM of regularizer smoothing.

6.5.3 F and Slice Selection Effects

In (6.18),F is a function that can incorporate both the type of pulse sege being

used as well as slice selection effects by using a Bloch exusimulator.
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After considering an appropriate coordinate rotation, &e express the functida by

the following equation:

(6.26) F(z:t) = el 2H(jzj :1):

TabulatingF would require storing a look-up table with a complex inpubile H has a
real input and we can store a lower dimensional tablecan be complex, depending on
the input RF pulse We conjecture that most symmetric RF pulsk have a reaH ; this
model is general enough to include other pulses, includogsymmetric ones. BotH
andF are potentially complex. Therefore, we tabulateand use (6.26) in our estimation
algorithm. During our Bloch simulation, we can also varywalues and, offset values to
create a more accurate table that incorporates a larger eunhleffects, albeit with longer
computation time.

Assuming no slice selection effecise(, the (unachievable) in nite sinc pulse is used,

or 3D imaging) and n® offset, we use the SSI model fbrin this paper [16] where

1 e ")sin( i),
1 e icos(;)’

(6.27) HS'(;t) =

where =TR =t.
In the case of slice selection effects®y offsets ( Be), we tabulateH by evaluating

the Bloch equation using a RF pulse and varying its amplitude we use

(6.28) bi( )= ()

_R—p
o P(s)ds

where is the pulse length anp( ) is the RF pulse shape and we vary the amplitude
T, and theB, offset to create the three-dimensional table. In the cag®bpfselective
excitation, or in the small-tip angle regime with exactly msonance excitation, would

be the excitation tip angle times tlBs map. The tabléd is calculated once for each RF
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pulse: for convenience, we normaliEeto a maximum value of 1.

In future work, we hope to investigate other common pulseb s1$ those ((B.3),(B.4))
in Appendix B.

We note that one could use a different excitation pulse foheaeasurement, in which
caseF would beF,,. For simplicity, we assume the same RF pulse is used for e@elh m
surement and suppress the subsampt\We let the subscripR denote the real part arld
denote the imaginary part of the quantity. For examplekjetlenote the real part éf and

let F, denote the imaginary part &f so
F = FR + iF|:

Fig. 6.20, Fig. 6.21, and Fig. 6.22 each show a grapH®f ; T) keeping eithefl or
constant for the idealized pulse. The (null) imaginary p&rtot shown for the example
symmetric pulses. Fig. 6.23 shows the derivativéi@f{ ; T) with respect to . Fig. 6.24

and Fig. 6.25 show the derivative Bifz ( ; T ) with respect tarl .

6.6 JointB; ,T; Experiments

6.6.1 Simulations

To evaluate the regularize®l; and T; map estimation method described above, we
performed a simulation study using synthetic true maps shawrig. 6.26. For the object
magnitudef; andT,, we used a simulated normal brain anatomical model with gagél
classi ed into one of 11 different classes [4, 5] Fby truth, we generate an image using
the classi ed model and typicdl; values for each class type. Fgrtruth, we generated a
proton density image weighted 0y, again using the typical PD anid values for each
class. To use smaller images for truth, we resized theseamasging bicubic interpolation
and anti-aliasing. ThB; maps were simulated based on equations for a magnetic eld in

a circular current loop [49, 129].
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Fr versus tips (radians) for T1=.01 Fr versus tips (radians) for T1=.96
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Figure 6.20: Graph dfig( ; T) for an idealized in nite sinc pulse holdin§, constant. We
let T; equal 0:01 Q96 196 296 andvary along the horizontal axis.
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F2r versus T1 for tips = 15 deg F2r versus T1 for tips = 30 deg
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Figure 6.21: Graph ofig( ; T) for an idealized in nite sinc pulse holdingconstant. We
let equal 15 30 45 90and varyT along the horizontal axis.
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F2r versus T1 for tips = 150 deg F2r versus T1 for tips = 200 deg
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Figure 6.22: Graph oHg(; T) for an idealized in nite sinc pulse holding; constant.
We let equal 150 200 250 300and varyT along the horizontal axis.
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F2r dbl versus tips for T1 = .01 F2r dbl versus tips for T1 = .96
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Figure 6.23: Graph of the rst derivative dfir( ; T) with respect to for an idealized
in nite sinc pulse. We holdl; constant 0:01 Q096 196 296 and vary
along the horizontal axis.
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F2r dt1 versus T1 for tips = 15 deg

F2r dt1 versus T1 for tips = 30 deg
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Figure 6.24: Graph of the rst derivative dfig( ; T) with respect tol' for an idealized
in nite sinc pulse. We hold constant 15 30 45 90and varyT along

the horizontal axis.
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F2r dtl versus T1 for tips = 150 deg F2r dt1 versus T1 for tips = 200 deg
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Figure 6.25: Graph of the rst derivative dfigr( ; T) with respect tol for an idealized
in nite sinc pulse. We hold constant 150 200 250 300and varyT
along the horizontal axis.
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Figure 6.26: True simulated maps.
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We simulated noisy reconstructed imagesHKor= 4 different transmit coils using the
model (6.18). We assumed an ideal sinc RF pulse. For oungcadatrix , we used both
“one-coil-at-a-time” (OAAT) (.e., forM = 3K

2 3

Ik
(6.29) OAAT = g 2 Ik %:

3 Ik

wherel isaK K identity matrix) and “leave-one-coil-out” (LOO).€., forM = 3K

2 3

Ik Ik
(6.30) LOO :E I 2 Ik %:

2
3 Ik 3 Ik

whereli isaK K matrix of ones). There are many possible choices fdaut we focus
on these two possible matrices to illustrate the methodh Bwitrices are well-conditioned
( ( oaar) =1 and ( Loo) = 3). In[91], these two different coil combinations are
analyzed with respect to the AFI model, but the results appBll types ofB; mapping.
They found that the LOO method has signi cantly better maliqy than the OAAT,
which has strong noise. LOO balances the trade off betweese nespecially at low ip
angles, and the complementarity of multiple coil maps amdreduce mapping error by an
order of magnitude.

We added complex gaussian noise such that the 3RRg ,(kyk=ky E[y]k); was
either about 60 or 30 dB. Some of these images are shown i 2@.

We used either 12 or 16 measurements. For 12 measurementspested each coil
combination three times at, 2 , and3 (see (6.29) and (6.30)), allowing us to use the
triple angle initialization explained in Appendix K. We alsompared the method with
16 total measurements, which also includied We xed TR = 0:68s and = 1:3744

based on the analysis in Section 6.4 for the SSI model Mith 4. We used 50 iterations
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Figure 6.27: Simulated noisy images. For the 1st, 5th, 8id, 2th measurements (cor-
responding to the respective rows in (6.30)). We used 4 ewitsleave-one-
coil-out with an SNR of 60 dB.
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(alternating which variable to minimize) with 15 internaBP iterations to show the full
extent of the estimator, although for cases of high SNR,ishexcessive. Masked NRMSE
(reported in Table 6.3) for the joir®; , T; estimation is compared to estimating ofy
using the regularization estimation explained in Chaptere#rring to this estimator as
the “previous” estimate. That method ignorBseffects, as ifTr = 1 . We note that the
initial T, estimate here is the conventiongl estimate for the SSI method described in
Section 6.2.2.

First, we compared at a high SNR of 60 dB the OAAT method (showfig. 6.28,
Fig. 6.29, Fig. 6.30, and Fig. 6.31) and LOO method (shownigqm 6.32. Fig. 6.33,
Fig. 6.34, and Fig. 6.35.) We note, in regards to the SNR, sanrentT; mapping papers
report SNRs ranging from 100 - 200 dB in the brain [14] andtdtasee signi cant bias
at about 60 dB [16], though these methods use a much loweT R 10ms). We used
only 12 measurements because both methods perform wdil tingétmost notable error in
theT; map in OAAT in Fig. 6.30. We still see some small drop-out iaTh map for LOO
Fig. 6.34, though th&; map is de nitely improved.

We also compared these methods when used at a lower SNR of. 30ed8& the OAAT
method struggled with only 12 measurements ( gures not st)pso we used 16 measure-
ments. Even at 16 measurements, the noise necessitatgdtiisiprevious method with
a small number of iterations as the initial guess. The halsee Fig. 6.39) and; (see
Fig. 6.38) strongly underestimate the interior of the braich causes some corruption of
theB; magnitude maps (see Fig. 6.36). Clearly, using LOO improllestmates, shown
in Fig. 6.40, Fig. 6.41, Fig. 6.42, and Fig. 6.43. There i stme overestimation of;
along the skull, but overall the estimates perform well atldwer SNR and with only 12
measurements.

The LOO method works reasonably well at smaller SNRs (regatt20 dB shown in
Table 6.3, gures not shown).

Overall, the simulation results shows that the proposedhatetvorks well, especially

135



True |B1]
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1 1.5 1 0.1
87 . 87 0
0.5
-0.1
1 73 1 73

Figure 6.28: Magnitud®; maps for OAAT at 60 dB with 12 measuremenjgj, 50 it-
erations with 15 internal PGD iterations, 12 measurementsijls, “one at a
time”, SNR around 60 dBB; map regularization parameter2s3, T; map
regularization parameter & °. No object regularization.
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True B1 phase
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Figure 6.29: Phas®; maps for OAAT at 60 dB with 12 measurements. Compare
Fig. 6.28.
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Initial T1 est. Final T1 est.
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Figure 6.30: T; maps for OAAT at 60 dB with 12 measurements. Compare Fig. 6.28.

using the LOO method or when using a larger number of measamtsn Areas closer
to the skull tend to have some bias, especially in OAAT meshdait theB; maps are
consistently accurate at lower TR values in comparisonégtievious method.

We chose our values for based on our analysis in Section 6.4. However, we wished
to see if that analysis, based on the CRB, translated to odrimplementation of our
joint B; , T; estimator. These preliminary results took the simulatee tnaps (with all
four coils) and generated simulated data (16 measuremattitslaave-one-out”) with an
SNR of approximately 30 dB. The rst set of results, summedizn Table 6.4, kept
constant and varied TR. Each set of parameters was onlyastihonce, so the results are
not statistically signi cant; however, the variance in tNBRMSE is not large for these maps
and we can try to extrapolate from the table's trends. Siryilahe second set of results,
summarized in Table 6.5, kept TR constant and varigty keeping the “leave-one-out”
and xingthe ,;=2 ;;and 3;=3 ;5and 45 =4 1 forj =1;23;4).

We see from Table 6.4, that using TR values around the “opitifrfa of .68 ms gave

the lowest error for thd&; maps, though a wide range of TR values gave very ggpd
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Figure 6.31:f estimates for OAAT at 60 dB with 12 measurements. Compareg=28.
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Figure 6.32: Magnitud®; maps for LOO at 60 dB with 12 measuremenig, 50 iter-
ations with 15 internal PGD iterations, 12 measurementsil4,c'leave one
out”, SNR around 60 dBB; map regularization parameter 23, T; map
regularization parameter & °. No object regularization.

140



True B1 phase

1

87

1 73

2
0
-2

Initial est. B1 phase

1

87

1 73

2
0
-2

Previous est. B1 phase

1

87

1 73

2
0
-2

Final est. B1 phase

1

87

Figure 6.33: Phas®; maps for LOO at 60 dB with 12 measurements. Compare Fig. 6.32.
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A4

Table 6.3: Masked NRMSE for simulated images for differenhumbers of measurements, and SNR

magB \ B T, f
Coilcong | SNR| M | prev| init | nal |prev] init [ nal | init | nal | prev]| init | nal
OAAT 60 | 12|0.28| 0.12| 0.02 | 0.17| 0.20| 0.16| 0.36| 0.11| 0.41| 0.13]| 0.03
LOO 60 | 12| 0.39| 0.37| 0.015| 0.18| 0.18| 0.14| 0.13| 0.10| 0.37| 0.02| 0.02
OAAT 30 [12|0.29|0.74| 0.72 | 0.18| 0.54| 0.22| 0.59| 0.66| 0.43| 0.30| 0.25
OAAT 30 |16|0.23|0.51| 0.20 | 0.18] 0.27| 0.23|0.91| 0.44| 0.45| 0.43]| 0.19
LOO 30 |12/ 0.39| 0.13| 0.06 | 0.22] 0.49| 0.15| 0.29| 0.19| 0.37| 0.09]| 0.07
LOO 20 [ 12/0.39/0.18| 0.11 | 0.29|0.39|0.19/0.44| 0.35| 0.36| 0.15| 0.14
LOO 20 | 16/0.31|0.22| 0.08 | 0.28| 0.78| 0.22| 0.48| 0.32| 0.45| 0.16| 0.12
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Figure 6.34: T; maps for LOO at 60 dB with 12 measurements. Compare Fig. 6.32.

map estimates. Estimates ©f were more variable and would require more data to be
conclusive, though a slightly longer TR seems to give be#tgults. This greater variability
(and greater dif culty in measuring;) is suggested by our previous analysis, especially in
Fig. 6.1 where higherl; values are more dif cult to estimate. We can clearly see this
Fig. 6.34 where the high; values at the center of the brain are underestimated. Thre hig
error at very low TR is predicted by Fig. 6.15. From Table &/&,see that using values
around the “optimal” of 1.3744 give the lowest errors for estimating all maps.y\farge
or very small values cause a much greater error. Assumiigj aange around 1, small
values do not cover a wide enough range of tips to succeg&stimateB; andT;. The
initialization was important for this study and using theyous estimate oB; only for
the initialization strongly improved results when a veryahor very large values of was

chosen.
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Figure 6.35:f estimates for LOO at 60 dB with 12 measurements. Compare 9. 6
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Figure 6.36: Magnitud®; maps for OAAT at 30 dB with 16 measuremenjgj, 50 it-
erations with 15 internal PGD iterations, 16 measurementsils, “one at a
time”, SNR around 30 dBB; map regularization parameter2s3, T; map
regularization parameter & °. No object regularization.

145



True B1 phase

! 2
87 0
-2
1 73
Initial est. B1 phase Initial error
1 2 1 0.2
87 0 87 0
-2 -0.2
1 73 1 73
Previous est. B1 phase Previous error
1 5 1 0.2
87 0 87 0
-2 -0.2
1 73 1 73
Final est. B1 phase Final error
1 5 1 0.2
87 0 87 0
-2 -0.2
1 73 1 73

Figure 6.37: Phas®; maps for OAAT at 30 dB with 16 measurements. Compare
Fig. 6.36.
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Figure 6.38: T, maps for OAAT at 30 dB with 16 measurements. Compare Fig. 6.36.

Table 6.4: Changes in NRMS with a change of TR, 1 estimate, |4,d® measurements,
30 iterations with 10 PGD iterations, SNR =30 dBz 1:38 [1234]
| TR value| jbj joint | jbj previous| \ bjoint | \ bprevious| T joint | f joint | f previous]

0.001 0.38 1.30 0.57 0.42 0.91 0.88 1.07
0.010 0.14 1.24 0.37 0.42 0.78 0.65 1.16
0.016 0.04 1.20 0.17 0.42 0.70 0.59 1.25
0.031 0.03 1.12 0.15 0.42 0.57 0.38 1.42
0.046 0.02 1.05 0.17 0.42 0.48 0.28 1.53
0.061 0.03 0.99 0.15 0.42 0.45 0.25 1.58
0.076 0.03 0.93 0.17 0.38 0.40 0.21 1.59
0.100 0.03 0.77 0.16 0.31 0.35 0.18 1.53
0.160 0.04 0.68 0.16 0.19 0.29 0.14 1.23
0.3 0.04 0.52 0.16 0.17 0.19 0.09 0.73
0.5 0.06 0.41 0.16 0.23 0.25 0.14 0.43
0.7 0.02 0.32 0.17 0.22 0.12 0.05 0.38
0.9 0.04 0.26 0.18 0.25 0.16 0.07 0.36
11 0.06 0.22 0.16 0.21 0.24 0.10 0.35
1.3 0.03 0.18 0.17 0.24 0.14 0.05 0.34
15 0.03 0.16 0.14 0.24 0.19 0.06 0.34
1.7 0.04 0.14 0.19 0.24 0.29 0.08 0.33
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Figure 6.39:f estimates for OAAT at 30 dB with 16 measurements. Compareg=3§.
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Figure 6.40: Magnitud®; maps for LOO at 30 dB with 12 measuremenig, 50 iter-
ations with 15 internal PGD iterations, 12 measurementsil4,c'leave one
out”, SNR around 30 dBB; map regularization parameter 23, T; map
regularization parameter & °. No object regularization.
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Figure 6.41: Phase; maps for LOO at 30 dB with 12 measurements. Compare Fig. 6.40.
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Figure 6.42: T; maps for LOO at 30 dB with 12 measurements. Compare Fig. 6.40.

Table 6.5: Changes in NRMS with a change ¢fonly 1 total scan each, 4 coils, 16 mea-
surements, 15 iterations with 5 PGD iterations, SNR = 30 dB~=T.68s
| | jb joint | jb previous| \ bjoint | \ bprevious| T joint | f joint | f previous|

0.2 2.31 2.39 0.41 0.61 0.88 0.67 0.56
0.3778| 1.04 1.12 0.35 0.53 0.89 0.49 0.48
0.5556| 0.70 0.79 0.39 0.45 0.87 0.42 0.42
0.7333| 0.52 0.65 0.35 0.37 0.87 0.38 0.39
0.9111| 0.44 0.56 0.35 0.33 0.88 0.36 0.38

1 0.21 0.53 0.27 0.31 0.47 0.22 0.38
1.0889| 0.16 0.48 0.28 0.29 0.46 0.21 0.39
1.2667| 0.06 0.42 0.24 0.25 0.22 0.07 0.39
1.4444| 0.02 0.36 0.18 0.23 0.13 0.03 0.42
1.6222| 0.05 0.31 0.21 0.21 0.22 0.07 0.47

1.8 0.09 0.27 0.33 0.19 0.34 0.12 0.52

2 0.08 0.23 0.33 0.21 0.39 0.21 0.48

3 0.49 0.11 0.86 0.21 0.77 0.54 0.48

4 2.16 0.14 111 0.24 1.02 1.07 0.43
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Figure 6.43:f estimates for LOO at 30 dB with 12 measurements. Compare Hf. 6
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6.6.2 Phantom Real MR Images

Phantom real MR data was taken using a four coil setup. Thatpirahas a stated
trueT = 1s which we measured with an inversion recovery curvé te 1:09%. For this
setup, varying TR was more reliable than varying the ip angl'herefore, rst one coll

was turned on and somplex image measurements recordechevertd of vieyv for a wide

20 40 60 80 100 120 160 200 300 500
range of TR valueg ms. Next,

1000 2000
the other three coils were turned on separately and compéasarements recorded with

TR= 2000 ms. Samples of this data are shown in Fig. 6.44.

Coil1, TR=2ms Coil2, TR=2ms
1 1
25 25
20 20
15 15
10 10
5 5
64 64
1 64 1 64
Coll3, TR=2ms Coll4, TR=2ms
1 8 1
6 15
4 10
2 5
64 64
1 64 1 64

Figure 6.44: jy| transmitting individually for each of the four coils with TR2000ms.

The initial procedure described in Appendix K. These ihidastimates are shown in
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Fig. 6.45.

Init Masked Magnitude B1 maps Init T1 Map

1 1 1
1 .
64 Uniform: 1.082P4 |1 0.5
0 64 0
1 64 1 64
Init Masked Phase B1 maps Init Object
1 1
2 40
64 0 20
-2
64
1 64 1 64

Figure 6.45: Initial phantom estimates.

Using these initial estimates and all the data, we ran theqeed joinB ] , T; estimator
with 30 iterations with 15 iterations of the preconditiongi@dient descent method algo-
rithm using alternating minimization. We regularized &g map with =2 2 and also
regularized thel; map with edge preserving regularization and= 2 ©. We performed
no object regularization. The nal regularized images dreven in Fig. 6.46. We also ran
the algorithm using no regularization to compare model tlwnal unregularized images
shown in Fig. 6.47.

Using these initial values, we measured model t. We comgdine measured magni-
tude data and compared that to the expected magnitude \vsihgethese initial values and
also using a nal estimate using our proposed algorithm withregularization. For a few
select pixels, graphs of the actual and estimated data tbetimitial B1 estimate and also
the nal regularized estimate) are shown in the graphs bdlom Fig. 6.48 to Fig. 6.51.
We repeated this graphs assuming that @gtandf are roughly constant and showing our

calculated initialB; along the x-axis. These are shown in Fig. 6.52 to Fig. 6.56raly
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Figure 6.46: Final phantom regularized estimates.
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Figure 6.47: Final phantom unregularized estimate.
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the tis very good and shows improvement over the initiaimesite, especially at very low

Bi map values.
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Model fit with b1 = 5 deg, new method, nmrs = 2%
3.4

3.2

SSI magnitude data values

2.2* |

—©6— Measured magnitude data
+ -+ Expected (regularized final)
— » — Expected (init)
2 T T T 1
0 0.5 1 1.5 2
TR

Figure 6.48: Phantom model t,=5 degrees, where= b

We also ran a second phantom study. Our rst phantom study os¢d one coil at
a time and is comparable to the “one-at-a-time” simulatitudi®s. The second phantom
study used several coils at a time and is more comparable titethve-one-out” simulation
studies. Thus, we would expect better performance fromehbersd phantom study.

In the second phantom study, all four coils were rst turnedand data was taken
atTR = 50 100 500 2000ms. Then, three of the four coils were turned on and
data was collected at the same TR values. This was repeateddh of the 4 three-coil
combinations. The same general procedure was performe abth slight modi cations.
Again, the initialB] map was estimated by minimizing the cost, but here, we estina

the (complex) composite coil map. First, we used the eséthabmposite coils map as
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SSI magnitude data values

Model fit with b1 = 25 deg, new method, nmrs = 2%

—©— Measured magnitude data
+ -+ Expected (regularized final)
— » — Expected (init)

T T T
0.5 1 15 2
TR

Figure 6.49: Phantom model t, = 25 degrees, where= b
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SSI magnitude data values
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Model fit with b1 = 50 deg, hew method, nmrs = 3%

—©— Measured magnitude data
+ -+ Expected (regularized final)
— » — Expected (init)

T T T 1

0.5 1 1.5 2
TR

Figure 6.50: Phantom model t, = 50 degrees, where= b
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Model fit with b1 = 75 deg, new method, nmrs = 100%

25+
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>
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—©— Measured magnitude data
7 + -+ Expected (regularized final)
¥ — » — Expected (init)
0 HHHHHH—++—+ + + w 1
0 0.5 1 15 2
TR

Figure 6.51: Phantom model t, = 75 degrees, where= b

160



SSI data values

Model fit with TR = 0.02, new method, nrms = 13%

—©— Measured data

+ - Expected (regularized final)

— % — Expected (init)

1
T

Bl

Figure 6.52: Phantom model t with respectto bl, TR =20 ms
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SSI data values

N
|

15+

0.5

Model fit with TR = 0.06, new method, nrms = 10%

—©— Measured data
+ - Expected (regularized final)
— % — Expected (init)

1
T

Bl

T

1

Figure 6.53: Phantom model t with respectto bl, TR = 60 ms
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SSI data values

Model fit with TR = 0.10, new method, nrms = 8%

—6&— Measured data
+ - Expected (regularized final)
— * — Expected (init)

-
T

T

1
Bl

Figure 6.54: Phantom model t with respect to b1, TR = 100 ms
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SSI data values

Model fit with TR = 0.20, new method, nrms = 11%

—6— Measured data
+ - Expected (regularized final)
— »x — Expected (init)

El
T

Bl

Figure 6.55: Phantom model t with respectto bl, TR =200 ms
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SSI data values
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Model fit with TR = 2.00, new method, nrms = 24%

—6— Measured data
+ - Expected (regularized final)
— »x — Expected (init)
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T

Figure 6.56: Phantom model

Bl

T

1

t with respect to b1, TR = 2000 ms
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an initial estimate for our regularized estimator. Theseslrown in Fig. 6.58. Next, we
kept theT; andf constant and estimated (via our regularized estimatornitigidual coil
maps to be our initial estimates for the algorithm. Thesesamvn in Fig. 6.59. Finally,
we ran the regularized algorithm with these initial estiesatThis nal step only resulted
in small changes from the previous two-step procedure apdssibly unnecessary. The
nal estimate is shown in Fig. 6.60. The magnitude data witltails turned on is shown

in Fig. 6.57. The initial estimates are shown in Fig. 6.59.

All Coils, TR =50 ms All Coils, TR =100 ms
1 5 1 7
6
4
5
3 4
2 3
2
1
1
64 64
1 64 1 64
All Colls, TR =500 ms All Colls, TR = 2000 ms
1 1
12 15
10
8 10
6
4 5
2
64 64
1 64 1 64

Figure 6.57: Phantom magnitude data with all four coils éaron at four repetition times.

Using these values, we measured model t. We compared thesumes magnitude
data and compared that to the expected magnitude value tigigg initial values and also

using a nal estimate using our proposed algorithm. For a &lect pixels, graphs of
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Masked Magnitude B1 maps
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Figure 6.58: Phantom: Regularized estimates for all caiised on.
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Figure 6.59: Phantom: estimate for individual coil maps.
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Masked Magnitude B1 maps

1
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Masked Phase B1 maps
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64 0
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T1 Map
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N W

Figure 6.60: Final regularized estimates using all dataifersecond phantom experiment.
Using 20 iterations with 5 internal PGD iterations. Reguiation parameter
for B] mapis2 2 and for theT; andf map is2 2.
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the actual and estimated data (both the initial B1 estimateaso the nal regularized

estimate) are shown in the graphs below from Fig. 6.61 to&&6. Overall, the tis very

good and shows improvement over the initial estimate. Fiognrmages, we can still see

some possible residual model mismatch. The regularizatidhe object appears to give

some residual error along the edge of themap. However, th&] maps (the parameter

of interest) in Fig. 6.60 are smooth and match the data wwlk,tachieving our goal.

SSI magnitude data values

Model fit with b1l = 7 deg, new method, nmrs = 12%

3.5
—6— Measured magnitude data
+ -+ Expected (regularized final)
— » — Expected (init)
3 —
2.5
2 —
1.5+
1 -
0.5
l‘ |
0 T T T T ™ T T * T T T T T T T T T T T 1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Each measurement

Figure 6.61: Phantom model t,= 7 degrees, where= b

This section shows the feasibility of estimating real MRadatd also varying the repe-

tition time versus the tips angles for the SSI data. In the CRaByais Section 6.4, keeping

a constant tip angle while varying TR had a much higher vaeahan the other methods.

Indeed, looking at Fig. 6.21 and Fig. 6.22, we can seeHhaaries slowly withT; (and re-
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Model fit with b1 = 15 deg, new method, nmrs = 4%
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T T T T T T T T T T T T T T T T T T T 1
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Figure 6.62: Phantom model t, = 15 degrees, where= b
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SSI magnitude data values

10

Model fit with b1 = 20 deg, hew method, nmrs = 4%

—6— Measured magnitude data
X + - Expected (regularized final)
— » — Expected (init)

T T T T T T T T T T T T T T T T T T 1
2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
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Figure 6.63: Phantom model t, = 20 degrees, where= b
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Model fit with b1 = 25 deg, nhew method, nmrs = 3%
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Figure 6.64: Phantom model t, = 25 degrees, where= b

172



Model fit with b1 = 35 deg, nhew method, nmrs = 6%
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Figure 6.65: Phantom model t, = 35 degrees, where= b
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Model fit with b1 = 43 deg, hew method, nmrs = 4%
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Figure 6.66: Phantom model t, = 43 degrees, where= b
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ciprocally, keepingl; constant and varying TR), especially at low ip angles. don in
TR does not contain as much information as variation in tgl@afcompare the differences
in the magnitude data in Fig. 6.57 where all measurementgute similar to Fig. 6.27
where each measurement has greater variation dependifg\aiues). Thus, we expect
that phantom MR studies while varying tip angle will have é&verror and better nal

estimates.

6.7 JointB], T, estimation: Discussion

We have described a new regularized method for jBihtandT; mapping. Incorporat-
ing aT, estimate allows for decreased required repetition timeevgtill estimating the
B; magnitude and phase for multiple coils, especially for uspllse sequence design.
TheB; maps interpolates smoothly in areas with low spin density wiuser-chosen de-
sired FWHM. This method allows for an arbitrary selection oftbtip angles and repetition
times, although careful selection of these aids the selecii an initial estimate.

This method is strongly based on our previous regularizethatefor B; mapping
Chapter V and is an extension that allows for shorter repeti@lues. While not investi-
gated in regards to joint estimation, this new method alkawal for incorporation oBg
inhomogeneity and correct slice pro le.

The simulation results show that the NRMSE of the new @it estimates are less
than those of our previous estimator, due to incorporatioh, effects.

In future work, we hope to investigate using different sfice les and their subsequent
effects on the nal estimates. We anticipate that additibslice pro le effects will show
a greater decrease in NRMSE compared to conventional dstisnd\Ve plan to implement
estimating phase map differences among the coils to ciremtpossible object phase that
may contribute to less smoothness in the Bjemaps. We plan to further investigate the
optimal selection of tip angles and repetition times to mizie scan time while achieving a

low NRMSE. We plan to further investigate the spatial resohy especially for the object,

175



and with multiple coils.
The model and estimators in this paper provide smooth, leisy estimates that incor-
porateT, effects and greater repetition times selection that allmvafpossibly shorter scan

time and concurrent; estimation.
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CHAPTER VII

Conclusion and Future Work

Due to the high eld strength and temporal requirements irdera MRI, eld maps
of the main eld By and of the radio frequency el@, are required for pulse design and
image correction. Many current estimators for these elds lzeuristic and not based on
a comprehensive statistical model. This thesis proposestthew penalized-likelihood
estimators based on statistical models. The eld map estim#ses multiple scans and
shows an empirical improvement with an improvement in RM8&rahe conventional or
penalized-likelihood estimator with only two scans. TBigestimator uses a model that
accounts for a multiple coil design and includes slicet@a effects and allows for any
number of arbitrary tip angles, an improvement over the tmamgle conventional esti-
mator. The estimator additionally estimates both the ntageiand phase. The joiBY] ,

T, estimator accounts for a multiple coil design and allowsafioy number of arbitrary tip
angles and repetition times while estimating the magnitudephase for each coil anda
map. Simulation and MRI studies show the reduced noise andh¢ simulation) reduced
RMSE when using each new PL estimator over the conventicrtahator. Using PL esti-
mators and a statistical model yields better results thsinysing conventional estimators.
These estimators make smoother, less noisy estimat&,fandB; andT; maps for use
in pulse design and image correction.

Ultimately, each of these methods is a tool that can only aefpwver the true question of
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mapping: the best use of scan time to create the most aceuggte\While the preliminary
CRB analyses in Section 4.2.10 and in Section 6.4 help guslegshbr to fortuitous selec-
tions of imaging parameters (the echo time in eld map estiomaor the repetition times
and tip angles in joinB, T; mapping), neither nds the ideal use of scan time for esti-
mating certain parameters. Indeed, most estimation intér@alure balances between short
scan time and accuracy in estimates, often using approxingthat allow for shortened
scan time at the cost of accuracy.

This is a complex problem. IB; mapping, for example, the long repetition times re-
quired by the regularizeB; estimator in Chapter V may steer a user toward the jBiht
T, estimator in Chapter VI. 3D imaging, however, has other dasis, such as increased
motion artifacts. Using 2D imaging, a long TR with a singl@shallows for many inter-
leaved slices and may not cost much more time when compargb imaging. This is
especially interesting when slice selection effects ateriporated in thé8; model, min-
imizing some of the negative effects of 2D imaging. In thisesahe added complexity of
the B, T, estimator (especially, when incorporating slice selecgéfects and the larger
look-up table required with the addition of another varghihay not be necessary, espe-
cially when theT; estimate itself may be a nuisance parameter. A long singl¢ sif
course, may bring susceptibility into the data, necessgdhe use of eld map estimation.
2D imaging also suffers more from through plane blood ow amcw artifacts [81]. The
joint BT, T; estimator, on the other hand, has the advantage of allowiegiser to vary
either the tip angles or the repetition times. This is usefspecially in experimental setups
where the repetition time can be picked with accuracy angetisgpossible non-linearity of
tip angles. Choosing the best estimator to use for the mosta®B; maps is a complex
problem with many different considerations.

In future work, we hope to further investigate the issue dfropl parameters and scan
time in regards tdB; mapping. Ideally, a large simulation and phantom study doul

compare 2D and 3D methods in regards to their accuracy amdtsoa. While we have

178



compared our methods to the conventioBgl estimator, a more thorough comparison
would look at more time-ef cienB; mapping procedures as well a§;" oblivious B}
mapping procedurese(g, [39]) as well as compare to the more recent jd&it and T,
estimators €.9, [11] or [124]). This would further elucidate the improvente in our
regularized model-based estimators. Further investigdti the jointB; /T; estimator of
slice selection effects is also important; these effeatsligely to be even greater at the
shorter repetition times used in this estimator. We alscehtogmprove our estimators by
estimating the phase difference between the coils, fugharanteeing a smoof;, map

in these estimators. Further, studying the minimum numbeneasurements required for
joint B, T; estimation would help reduce the required scan and esbmétne.

Another item for future work is possible multi-scale esttioa for theB; , T; estima-
tion. Because thB; maps are quite smooth, a much lower resolution map wouldostil
acceptable while using a higher resolutibnandf which contain anatomical information.
This is especially useful in positioning the estimator toedl; mapping with inherenB ;
correction.

Another item for future work is considering the effect of vath its different resonance
frequency. While fat suppression pulses are one possilbiggptioned in the thesis, these
do not always perform well, especially in areas outside ttaénb such as the neck. One
option is reformulating the model with the object as comboraof fat and water (each
with their own resonant frequency), with the percentageatfektimated as an additional
unknown parameter.

This thesis contributes three new penalized-likelihodavestors to the eld of MR pa-
rameter mapping. Each signal model incorporates impoghwsical effects such &R,
(for eld mapping), slice selection and susceptibility &tts (forB; mapping) and longi-
tudinal relaxation effects (for joirB;, T; mapping). The subsequent estimators smooth
in areas of low data magnitude in a controlled manner by asmslected value that cor-

responds to a desired FWHM. The associated Cramer Rao boulydemaid the user in
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selecting imaging parameters to give highest estimatouracy. These estimators are a
tool in the constant search for fast, high- delity paramrezstimators to aid in improved

pulse design and imaging.
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APPENDIX A

B Minimization Algorithms

To minimize the cost function (4.11) developed in this paper would like a method
that will decrease it monotonically. The simple minimipatialgorithm shown in (4.13)
is guaranteed to decreage! ) monotonically; the proof that ensures monotonicity uses
the fact that the second derivative bf cost is bounded above by unity. This algorithm
will converge to a local minimizer of( ! ) within the “basin” that contains the initial
estimate [62].

However, this simple minimization algorithm shown in (4.18only one possible op-
tion to minimize the cost function given in (4.11). In our ilementation, we used an
optimization transfer approach to re ne the iterative altjon [8, 62]. First express (4.11)

as shown below:

XX %
(A.1) (1), Cim (U)) 0 R(E);

j=1 m=0 =0

where we de ne

() Yy W™ @ 4 )y Yy
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with

"(t), 1 cost):

To minimize this cost function, we adopt an optimizatiomster approach, for which we
need a surrogate function for(s). In particular, we use the following parabola surrogate
for' :

AL, O L 9+ 5 (s )t 5

wheref sg, denotes the principle value sf Huber stated that parabola surrogate functions
(which he called a comparison function) exist forthat satisfy Huber's conditions [60,
p.184-5]; the functions must be differentiable, symmetied have curvatures ((s)) that

are bounded and monotone non-increasingsfor 0. For jsj , ' (s) shown above

satis es Huber's conditions. We note

' (s) =sin(s)

and

'(s) _ sin(s)

S S

- (s),

Replacing (t) with q(t; s), in the expression for;y (! ) above yields a quadratic sur-
rogate function for j (! ). We must pick an appropriate value ®fvhen de ning this
surrogate, and the appropriate value is when the argumentiévaluated at = ! (",
i.e.,

s=s", (!j(”)j4| 4 nmj+\y"™ \y)mod :

Making this substitution initially yields a lengthy expsésn for the surrogate, which

we denote ag™ (! |): However, after some simpli cation, one can show that theagate
§mi
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function simpli es to:

dn) .t m M My ™

1 2
+ om0 D

where its curvature is given by

_Lml (S) ZSIH(S)

S

siml (8)7 - y] y] Wm|(4 4 m)

Substituting this curvature (s) into the expression fdr;y, (! ) gives us the following

curvature for the parabola surrogate

2sln(s)

smi (S) = yjmy] Wm|(4l 4 )

'mi (S)
s

which is bounded as ! 0 and decreasing gsj increases. For values ¢dj > , we
exploit the periodicity of and nd an integek such thajs k2 j , i.e., the principal
value of the phase. Fig. A.1 shows and parabola surrogates for several values.of
Whens is an even multiple of , the curvature - is the maximum curvature of. When
s is an odd multiple of , the curvature . is zero, and_is also zero, so the surrogate
function is a constant.
Aggregating such surrogates leads to the following sutefimction for the cost func-

tion (!):

] XX X .

™ (x), m (i) + R(X)

i=1 m=0 1=0

where

g ) o m M) Lm M 1)

1
+ 5w (S0 )
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Surrogates for sinusoids
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1.5 \ V |

0.5

T
~

-2p 0 2p 4p

Figure A.1: lllustration of (t) and quadratic surrogates for several values. of
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and where

s, (tMja 4 Lj+\y" \yhmod 2[ ; I

If the roughness penalf(x) is a quadratic function, which is the natural choice for sthoo
phase maps, then the surrogat® above is a quadratic function that can be minimized
easily by any classical method such as the conjugate grealmporithm.

In our implementation, we used a separable quadratic sateagorithm to minimize
this cost function [1]. Then, the following iteration, siiani to that of (4.13), is guaranteed

to decreasq ! ) monotonically:

( )
(A.2) P =1 diag : r(rmy;
@
wherec was de ned in (4.14) and where
X X
dj(n) - Sl (Sgn)):
m=0 [=0

The advantage of (A.2) over (4.13) is th#t") d; in (4.15), so (A.2) will converge
faster [31].
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APPENDIX B

B1: F and Slice Selection Effects

In (5.3),F is a sinusoidal-like function tabulated using a Bloch epuresimulator, thus
incorporating MR effects beyond the simpli ed sin model. eféfore,F can also have a
complex output, depending on the input RF pulse. We comnjedtiat most symmetric
RF pulses will have a real output; this model is general ehdognclude other pulses,
including non-symmetric ones.

After considering an appropriate coordinate rotation, &e express the functida by

the following equation:
(B.1) F(2) =e" ?H(jzj):

TabulatingF would require storing a look-up table with a complex inpubile H has a
real input and we need store only a one-dimensional tabléh BoandF have complex
outputs. Therefore, we tabulate and use (B.1) in our estimation algorithm.

We tabulateH by evaluating the Bloch equation using a RF pulse and vanysnam-

plitude;i.e., we use

2 = ;
(B.2) b (t) _ROTp(—S)dSp(t)
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whereT is the pulse length ang(t) is the RF pulse shape and we vary the amplitude
create the one-dimensional table. In the case of non-sedetcitation, or in the small-

tip angle regime with exactly on resonance excitatiomjould be the excitation tip angle
times theB; map. The tabléd is calculated once for each RF pulse: for convenience, we
normalizeH to a maximum value of 1. We investigated two common pulsaséuin this

paper: a truncated Gaussian pulse:

(B.3) p(t)y=e @F ks rect(t= );

and a truncated sinc pulse:

(B.4) p(t) = sinc(8t= )[:54 + :46 cos(2= )];

fort= 2 [ %;3]. If the (unachievable) in nitesinc RF pulse were used, théh( ) would
simplify to sin( ). Thus, the conventional model (5.1) implicitly assumes régoe rectan-
gular slice pro le. If this pro le were used, (5.3) would bensilar to the model in [41].
Because we use the Bloch equation to tabutht@ur model (5.3) accounts for slice selec-
tion effects.

We note that one could use a different excitation pulse fohe@aeasurement, in which
caseF would beF,. For simplicity, we assume the same RF pulse is used for eaeh m
surement and suppress the subsamptWe let the subscripR denote the real part ard
denote the imaginary part of the quantity. For exampléerjetienote the real part &f and

let F, denote the imaginary part & so
F=Fg+IiF;:

Fig. B.1 shows a graph dfig( ) for the Gaussian (B.3) and the truncated sinc pulse

(B.4). The idealized modedin( ) is also shown for comparison. For both pulses, the
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function is only approximately sinusoidal. Integratedassrthe slice, the imaginary part
almost completely cancels out for symmetric pulses, lepainly a very small imaginary

part. Therefore, the imaginary part is not shown for the ggl@raymmetric pulses. Fig. B.2
shows a graph of the derivative Bifz( ) as well ascos( ) (the derivative of the idealized

model) for comparison.

) auss
0.8F ! » v g i
— — — truncated sinc

—-—-sin

0.6

0.4

0.2

Figure B.1: Graph oHg( ) for a Gaussian and truncated sinc pulse.
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derivative of FR (a)

gauss

\ . \ — — —truncated sinc

0.4

0.2

Figure B.2: Graph of the derivative &fr( ) for a Gaussian and truncated sinc pulse.
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APPENDIX C

B.: Derivation of cost function gradients and separable

surrogates

This section rst considers a simpli ed version of tig; map cost function and its
gradient. Any gradient-based algorithm uses the rst dexe of the cost function. Next,
we apply the results to our cost function (5.4). Then, we bigva quadratic surrogate for
our cost function. Finally, we perform the additional stepcteate a separable quadratic
surrogate (SQS) for (5.4) and present the nal algorithmduiee this paper. The equations
in this section rely heavily on derivatives of the functierwhich are derived (in terms of
derivatives ofH) in Appendix D.

First, consider a simple (one voxel, one measurement)orersi(5.5). We can rewrite

(5.5) as follows:

(% ) (x< )
C(z;f) = | y:f; real kZx ;imag « Zi
k=1 k=1
I(y;f;a;b) %jy G (a; bj?
(C.1) G(a;h , F(a+ib)= Gr(a;h+ iG (a;b;
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We simplify I() by ignoring terms independent of the unknown varialdes b (and

recalling thatff is constrained to be real):

I(y;f;a;b) realf ygrealf fG (a; bg
imagf ygimagf fG (a; bg
€2 + S 716 i’
I(y; f; a;b) yrfGr(a;b yifGi(a;b
c3) + 212iG(a; B

The derivative of with respect to the unknown varialdgs:

ah yrf @@gR(a; b wf @@gl (CHY
+f2Gg(a; b)@@gre(a: b

+f2G (a; b)@@gﬁ (a;b

f(yr fGr(a;b) @@gR(a; b)

f(yy fGi(a;b) @@gl (a;b

fya fGr(ah) @@gR(a; y

+if (y fG(a;b).)i@@gl(a;b)

@

(C.49) freal (y fG(a;b) @g(a;b)
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Similarly, the derivative with respect tois:

@@L yrf gga(a; D wf @@gl (a;b

+if 2 Grl(a; b)@@gsR(a;t»

+if 26 (a b)@@g. (a:h

(C.5)

freal (y fG(ab) @@bG(a;b)

The second derivatives are:

@

@a

f(yr fGr(a;b) %GR(a; b

fiyi fGi(a;b) @%lGl (a;b

2 2
E @@aGR(a;b) + @@ae.(a;t»

freal (y fG(a;b) CO%G(a;b)

|
2 2
(C.6) +f2 ggR<a;b) + @@aca.(a;t»

ot f(yr fGr(a;b) %GR(& b

of 2(@@bGR(a: )2

f(y fGi(a; b))%Gl (a;b

+f2 @@tc)s.(a;b)
_ o @
= real (y fG(a;b) @)G(a,b)
2
+f2 @@bGR(a;b)
2
7 2 So@h
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[ 1Ga(@b) o oBa(@h

+2( 2 Gn (@ D)2 Gn (@)

(161 (aib) o (@D

#1226 (D) S (aib)

_ 1 L8
= freal (y fG(ab) @@bG(a,b)
@

+12( 2@ B)( S n(ai D)
c9 1226 (@ B)( S (a:):

Q@
Ble
1

Using these derivatives, we want to derive a quadratic gates for our simpli ed
likelihood functionl(a;b) [8]. A quadratic majorizing surrogate approximates ourtcos
function locally while always lying above the original furen and, as a quadratic, can be

trivially minimized. Letv = (a;b) and de ne

I(v), IGyi=f;Lah 2

Then, we form our quadratic surrogate around the poirt (a(™; ™), our current esti-
mate ofa andb, where the derivative of the surrogate matches the der&vafi the simpli-
ed cost function (using (C.4) and (C.5)) and we use the maxinpassible curvature;

(de ned below). The quadratic surrogate fas:

C

(y) kv uk?

ay;f;v;u) o u)+ri(u) (v ou)+ >

(C.9) [(v) 8v;u;
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where

2
max r “l(v
v2R?2 ( ) F

cu(y)

f2max r 2(yj=f; La;h
a;b

(C.10) f 2c(jyj =f);

wherek k. is the Frobenius norm and the norm uses (C.6), (C.7), and (C.8&.n\W
merically evaluated (C.10) for the RF pulse shapes used snpidyper. We found(0) =
P 2 hZ(0). For the pro les used in this pape(y) is nearly piece-wise linear and depends
only onjyj. Fory close to0, c(y) = ¢(0). For largery, c(y) depends linearly ojyj. We
numerically tabulated the functiay) for use in the algorithm.

We apply these results to the (multi-voxel, multi-measuwratplikelihood (5.5) to form

a quadratic surrogate. We rewrite (5.5) using our previaiation:

XX X -
L(z;f) = 5 Ym  fiF mk Zjk
j=1 m=1 k=1
XM
= I(yjm;fj;realf[z j]mg;
j=1 m=1
(C.11) imagf[ z j]mg):

This is an additively separable cost function; therefdne,quadratic surrogate for (5.5) is

a sum of the quadratic surrogajéor eachl, which we derived in (C.9). We de ne

Vim , (realf[z j]ng;imagf[z ;]mQ)
") (0] n (0]

n
Um . (eal [z ]y simag [z "]n )

andviy = (Vim;:iivan), V = (V4;:iVi), U = (Ugm;iiiUn), U = (Ug;iitupn), and
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z = (realfzg;imagf zQ). Let

X -
QL(Z;Z(H)) ) q ij;fj i Vim 5 Ujm
j=1 m=1
X
I(ujm )+ o l(ujm) (ij ujm)
j=1 m=1
+ Cl()gm ) ijm ujm k2
X

j=1

+r-L Z_J_(n);fj(n) 2 Z~J_(n)

1
(C.12) S 500 WY 50

where the2M  2M curvature matrix is

n o
W = diag cp) I

where denotes the Kronecker produtt,is the2 2 identity matrix and

|
WIS 2 nyj(_r:)l
]
The gradient- L (z2(™; f (M) can be calculated using (C.4) and (C.5) taking care to properly
account for  factors using the chain rule.

Q. is quadratic, but not separable due to the matrix prodlﬁwj(”) . Generally, this
matrix product is too large to compute, but here the matramessmall and constant and
could be pre-computed and minimized, with conjugate gradier example. However,
when the surrogate for the regularization surrogates age@db the total surrogate, this
matrix product is no longer small or static and can not fdgdie inverted.

Therefore, we continue the derivation to ndsaparable quadratic surrogaté\Ve use
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steps similar to [22]. We rst note that we can write

X
[z jlm = mk Zjk
k=1
X h i
k
= moo—m Zie e oz
k=1 mk m
. P .
if <, mk=1land =0 ( mk = 0. Then, (if m > 08m;k)
(n) X
q yjm;fj ;ij;ujm mk
k=1
k
q YimsF T m ZO + U U

mk

Finally, combining all these steps, we nd the separabledyaiic surrogate for our likeli-

hood cost function.

XM X
QL sos = mk
j=1 m=1 k=1
k
g ym:f" "z 2+ Unium

mk

(C.13) +% 7= zn Ow(n) z 2 -
I omk Px . .
where we let r , ™ and n, ] miand
n o
W™ = diag di’ 12

The new curvatured;’ are found by taking derivatives of the né®( sqs ( rst line of
(C.13)) and are expressed in terms of the previous maximurkatuire:
o .2
(n _ ] mk]™ (n).
d“? — m n

m=1 mk ij .



Finally, we add this surrogate to that of the regularizatenm to obtain the nal sepa-

rable quadratic surrogate for (5.4).

Q - Z(n),f(n) +r- Z(n)f(n) Z Z(n) +

0
(C.14) z z™ ° diag d(”)+r l, z zM :

NI =

The factor t” depends on the choice of the regulari®ée, ) and is the maximum curvature
of (5.6). For 2nd-order nite differences with the 8 nearasighbors, this factor i4 4
2+ 2:p 2). This leads to the natural iteration for updating(wherea, = realf x,g and

b = imagf x«Q):

(n)
rl K f(n) z,

al" — o
k di
(C.15) 9 £ = iza § g
b(n+1) (n) K
k A

One way to increase the speed of the algorithm is to only @ptiet object estimate
every few iterations. Because the object is a nuisance paearand the initial estimate is
very good (based on simulation results), occasional ugdaee only marginal effects on
the nal B; map estimates. Therefore, for examples in this paper, wategdhe object
only every 10 iterations. This decreases the computatioa by a signi cant fraction (by
1/5 for simulation examples) with only a minimal increas®&iRMSE for the same number

of iterations.
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APPENDIX D

B.: Derivatives of F

This section derives the derivatives 6fin terms ofH and its derivatives, which are

tabulated as explained in Section 5.2.2.

To simplify the derivations, we use an equivalent de nitfonF . We de nez = a+ ib

and rewrite (B.1) as follows:

e{‘ZH(pa2+ )
a ib
= p + p
az+ b? az+ k?

F(2)

e @+ )

The nal line follows from using Euler's formula foe ? and expressingosandsin using

the Pythagorean Theorem. Now, we de ne the real functions

H()
r
h(r) rH_(r)r2 H(r)

2
h(r) r<M(r) 2rrl—.;_(r)+2H(r):

h(r) ,

We can either tabulate the functidndirectly or we can use the tabulated functidnto

calculateh. The derivatives oh can be numerically tabulated or expressed in terms of the
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previous equations. We can now express (B.1) as

(D.1) F(z) = F(a+ ib) = ah(jzj) + ibh(jzj) = zh(jzj):

The derivatives of (D.1) with respect toandb are:

@

3 .. a - |
@g(Z) = ah(JZJ)j7j+ h(jzj) + lbh(JZJ)Ej
a2 .. ab .. .
= j7ji:1(121)+ ﬁh(JZJ)’f h(izj)
(D.2) = «emj.%h(jzj)+ h(jz):
@ ~ b . b L
(D.3) @E(Z) = ah(JZJ)EJﬁ I[bh(JZJ)Ej+ h(jzj)]

(D.4) bj%.h(jzj)+ i (jzj):

Combining these two derivatives, we obtain:

@ @ .. @
©5) o @ . GY@+izgd)

zz
— Z|)-
szh(l )

(D.6) =

Some equations in Appendix C require the derivativeggfandF,. These can be
separately derived from the de nition &fx andF, or by simply calculating the real and
imaginary parts of expressions (D.2) and (D.4) above. Tlsis applies for the following
derivative expressions (D.9),(D.10), and (D.11).

Note thathr = Hr=r andh, = H,=r. First, we deriveFr andF, in terms ofh as
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follows.

realf F (z)g = real(zh(jzj))

Fr(2)

realfa(hr(jzj) + ih, (jz))) + ib(hr(jzi) + ih, (j2)))g

(D.7) ahr(jzj) bh(jzj):

Fi

imagfF (z)g

imagfa(hr(jzj) + ih(iz))) + ib(hr(jzj) + ih, (iz}))g

(D.8) ah, (jzj) + bhe(jz)):

The derivative of (D.7) and (D.8) with respectda@andb are:
@ _ @ . .
@ER = @a(ahR (1zj) bh(jzj))

B ooa . ab
= hR(JZJ)+j?jh-R(JZJ) j?jhi(lzl)-

@@gl - @@éah|(jzj)+ bh:(jzj))

B .oa . ab .
= h(jzj)+ j?jm(lzl)"' jﬁhR(JZJ)-

SFr = ofaa(iz) bh(z)

_ab,_ .. . L
= ptela) hi(z) b ()

SF = fahGz)+ bhu(z)
ab

5t (120) + e (iz)) J%hﬂ(jzj):
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The second derivatives &f, which are used along with (C.6), (C.7), and (C.8) to nd

c(y) in Appendix C are given by:

@ _h(jz)) 2 Z_
@éF(z) = iz z+2a ajzj2
(D.9) h(JZJ)(a 2):
jzj®
@ _ h(jzj) z
@F(z) s g z+2b b2JZJ
(D.10) + 002D iz).
]
——@E(z) = M ab+ ia ab—
1zj?
(D.11) h(JZ‘)( ab2):

1]

The derivatives of the real and imaginary part$-oére:

@ @
@FR @a hr(jzj) + J?Jh-R(J zj) Em(; zj)

= J?Jh_R(J zj) + J?JhR(jZJ) j—.th(J'ZJ')

+jZ7hR(ij) J?Jhi(lzl)"' h1(JZJ)

a’b
(D.12) Ehu (1zj):
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2
O = Q hia+ Tne+ D)

@& @ iz jzZj
a ... 2a .. . as
= — + — _
J.Zjh+(JZJ) jZJ.h+(JZJ) jzj2h1—
as b . ath ..
+jz?”| + j71-13-R(JZJ) jZ?hR(JZJ)
2
(D.13) " %hR(jzj):
@ @ ab,_ , . N < 2N
@)FR = @b j?jh-R(JZJ) h (jzj) j?jh-l(lzl)
_a, ,_.. ay . ar,
= jEhﬂ(m) J.Z?h-R(JZ]) jZ7%(121)
b . . 2b. B
j7jh+(JZJ) EMJZJH jz?m(JZJ)
03 .
(D.14) j?m (iz)):

b .. P < S
@FI _ @ a—_h1(jZJ)+ hr(jzj) + EhR(JZJ)

@b @b jzj
a al? al?
S Apn A Al
szhq(JZJ) ijZh+(JZJ)+ 27 1(J2))

b. .. 2b . . B
+Eth(JZJ)+ j?th(JZJ) jZ7%(121)

(D.15) +2HR(J'Z])Z
1Z]
@@ _ he(z), &b . H(z),
@@b® T i © @)t T @0
h(z), &, MGz, .
(D.16) E O L
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@@ _ Mh(z), &b  M(z)

== — S v 2
Q@b iz © i)t Ty @
hr(izj) al?,  He(jzj) .
(D.17) +?(a E)+ o (al):
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APPENDIX E

B1: Initial estimate for f and x

The estimator requires a good initial estimateZpto ensure the estimator descends to

a good local minimum. We need an initial estimate for the nitage and phase of th;
maps and of the object

The standard double angle method (5.2) is a natural chorcestimating the magni-
tude of B; . The DAM effectively estimates the composite mags (5.8); by forming
an appropriate~ (de ned below in (E.2)) and inverting it, we estimate the ides coill
mapszx. The DAM also requires that, for each composite map we estinvee also take
a second measurement where the relative amplitude of edldls double that of the rst
measurement,e., letm = 2K and x suchthat n+x =2 wherem=1;:::;K. If

(0

this condition is satis ed, we calculate the initial esti®a, "’ as follows.

First, we estimate the magnitude and phase of the composips.nJsing the corre-
sponding measurementse(, Yy andyny+x) in (5.2), we nd Qfﬂ) Similarly, we use a

method of moments estimator for the phas®of.

(E.1) Uxim =\ yim  \ H(xjm )
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using our estimate gk, j from (5.2). We next form the matrix

2 3
1
(E.2) ~-§ o1
k

so that

=5 ¢

2~

Then, our initial estimate of thB; map is
(E.3) 20 = ~ 1

Given2© | we estimate the objet© using (5.7).

Alternatively, suppose that we only maké = K + 1 measurements, the minimum
required to estimate both the object and each of the coil mélyss x ¢+ =2 ;as
before. Using these two measurements, we estimat#fleandf @ using (5.2), (E.1),
and (5.7). If the coil combinations are chosen wisely, teifneate should have few “holes”
and can be used as an initial estimate for the other coil coatioinsi.e., 2% = 2% for
m = 2;:::K + 1. Finally, we nd theB; mapsz,, using (E.3) and the same matrix
(E.2) as before. We note, this estimate is not as good for tiner @oils and will likely

require more iterations and a higher SNR than ifMll= 2K scans were used.
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APPENDIX F

B.: Whatif is complex?

Up to this point, we have assumed thatconsists of solely real values. However,
could be complex.qg, if we put a different phase on each coil along with changhmg t
magnitude. This does make the derivation of cost functiadignts and the nal algorithm

more complicated. Let us look at these derivations morestyos

Now, let mk = R+ i L andzx = ax + iby. Then,

X R |

real mkZjik = mk Sk mik Bk 5
k=1 k=1

and ( )

X

. . _ R + | o

Imag mkZk = mik Bk mk Sk -
k=1 k=1

np (0] np (0]
Now, bothreal = |, mzx andimag ., mzx contain bothay andhy . This

causes dif culty in evaluating (C.4), (C.5), (C.6), (C.7), or 8when the argument for
ais realnP I|<<=1 mkzjko and the argument fdbo is imagnp Ezl mk z,-ko. For example,
when is real, we can use the chain rule to solve%G(a; b and nally get the same
result as (D.2) with an extra factor of,«. When is complex, however, (D.2) is no longer
suitable, because the new argumertsand “b’ contain bothay, andb , so when we take

a derivative with respect tay , we have to consider botla® and “b'.
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Therefore, we will require a new set of derivatives. Becagsppg and @@a& are re-
quired for all the second derivatives of the cost functiond(@ae can solve all the rst

derivatives of the cost function using only these derieg)y we solve for these, rather than

8.
For shorthand, we let ( )
X
realf g , real mk Zik
k=1
and
( x )
imagfg , imag mk Zik s
k=1
and we recall that v
ﬁ X X
jZi=" ( aw)?+( b=
k=1 k=1

T @n (realf g hr(jzj) imagfg h(jzj))
r reaffg

r$1k hR(JZJ) + mk JZJ

br(iz)) i (iz)

T
ps)
I

br(jz))

, realf g imagf g
mk JZJ
r realf g imagfg
mk JZJ
. imag’fg

mk Tm (1z)):

by (jzi)

This expression is equivalent to the previous expressiof}jf = 0. We can see that
no longer factors simply out of these expressions; a naiv@ect application of the chain

rule to the previous expressions would yield wrong resuBisnilar results apply for the
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other derivatives, shown below.

ay
|

The other dif culty with a complex is deriving a separable quadratic surrogate. We

Lo realf g imagf g

@

@R
. realf
E]k h| (]ZJ) + rF§1k JZJ g

he(jzj) +

(realf g h (jzj) +imagfg hr(jzj))

h(jzj)

e ke (12])
, realf g imagfg
mk JZJ

r realf g imagfg

mk izj

hr(jz))

br(jZ)):

O (realtg he(izj) imagtg h (jz))
@))

. reaff g
:nth(JZJ) :nk JZJ
realf g ima .

r?]k g. . gfghR(JZJ)

JZ)

realf g imagf g
izj

= imag’fg

mk JZJ

br(Zj)

r?lk hi (jzj)

|
+mk

by (z))

by (jz)):

@_i (realf g h, (jzj) +imagf g hr(jzj))

, reaffg
mk 'l mk JZJ
r reaff g imagfg
mk JZJ
, reaff g imagfg
mk JZJ
= imag’fg
mk JZJ

by (jz))

r$1k hr(jzj)

b (izj) +

hr(iz))

br(jZ)):
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can no longer use the same de nition ofx and nding a valid .« for this case seems

dif cult at best. This is a matter for future work.
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APPENDIX G

B 1. Spatial Resolution Analysis

We must choose values for the regularization parameter use the proposed regu-
larized method. With conventional regularization, thikesgon requires tedious trial-and-
error methods; preferably, values would be selected basedquantitative measure, such
as the amount of smoothing to introduce. Therefore, we aedlyhe spatial resolution
of the estimated8; map2. To simplify the analysis, we focused on the single coil case
(K = 1) and assumed théf is known. Empirically, the spatial resolution of the mudtl
case matched the spatial resolution of the single coil cdsnwe usedl = 2K and a
uniform object and used the modi ed penalty described hdileis analysis naturally led
to a modi ed penalty design, allowing for a standard setatiof based on desired blur
FWHM as well as providing more uniform spatial resolutionepéndent of the particular
characteristics of thB; maps.

The local impulse response of the estimator is equal to thdignt of the estimator

multiplied by an impulse The gradient of the estimator hasftilowing form:

n2@y) = [r B 2¢y)y)] * r B 2(y)y)]
= [r B (z;y)+ r 2R (z)] *
(G.1) [r [1;1]L(Z;y)]j2:/z(y);
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wherer P4 denotes theth derivative of with respect t and theqth derivative of
with respect toy .

The second derivative %L (z;y) introduces varying spatial resolution; this can par-
tially be accounted for through clever choice of the regatar therefore, we derive this
second derivative.

Becausez andy are both complex quantities, for this analysis we treat #a and
imaginary part of each as separate variables. We vgjitewherej denotes the voxek

denotes the coil, ansldenotes the real or the imaginary part (th&,: @@aif s= Rand

9= 8jf s=1.Then, the Hessian df is:
8
2 r - -0
. 0 ifj 6]
(G.2) [r POL(Z;y)jksj xos0 = S o
fj diks jkoso(z) ifj = j°
where
b
djks ;jkoso(Z) = mk mk?©
m=1
SEall 7l oiFr(l 20+
@ @
(G.3) F ([ Zj]m) F ([ zjlm)

For purposes of analysis, we used the mean measurement f@cjoi.e.

y=y="fF (),

and then (G.3) has the same form as (C.6), (C.7), and (C.8) upprgpriate values fos

and accounting for the ,x factors due to the chain rule for differentiation. Simijanve

212



derived

@ @

r BULOGY) ks , L(z;
[ ( y)]]ks,J Om 050 @&S @jZJkoso (z;y)
2 0 ifj6&j°
(G.4) s N
fi Qs jomoso ifj =0
where
(G.5) Oikis j%mos0 = mk g'szso([ Z]m)@@lszso(xjm 0);

again using the mean measurement vector. However, we raitadithe regularization term
goes to zero, in the limit, then (G.4) times the gradient &f thean measurement vector
goes to (G.2) and understanding (G.4) becomes less negessar

Although the Hessian is not “diagonal”, the diagonal eletaeme larger than the off-
diagonal elements. Therefore, we ignore the off-diagoleghents for the remainder of the
analysis.

The resulting spatial resolution for the estimaB maps shown in (G.2) is inherently
non-uniform. Areas with a low magnitudg will be smoothed more because these areas
are more in uenced by noise; this greater smoothing is aédér. Conversely, areas with
a large magnitude, which have a greater degree of data ylelie smoothed less. We
do not want the median magnitudefgfto effect the amount of smoothing; therefore, we
normalize the data by the median valud ah areas with large signal value (in this paper,
greater than 10% of the object maximum using the rst-pasisnege of the object) giving
the object a median value of 1.

However, the effect oflys .0 SeemMs less desirable. Therefore, we modied our
penalty using quadratic penalty design to create more umifgpatial resolution. This
approach is based on certainty-based Fisher informatiproapnation [29, 34]. This ap-

proach requires an estimate of which is unknown. Therefore, our rst step is to run
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the proposed algorithm through a few iterations (says 5, wheren is the number of
iterations) to obtain a rst-pass initial estimate of We use a small for the initial rst
pass through the algorithne.g, we use = 2 '9in this paper), to allow a small level of

regularization. We then use this initialization to de neaeftainty” factor as follows:

q___
(G.6) ks = Oiks;jks (2");

wherez(™ is our initial estimate. We note that becausg is based on a noisy estimate
of z, areas wherg; is very small are particular noisy and create unreliablaveses for .

Therefore, we set these certainty factors in areas withlsmegnitude (in this paper, less
than 10% of the object maximum using the rst-pass estimatbaobject) to the average

value of over the rest of the map. Then, we use the following modi edgdey function:

XX
(G.7) R(zk) = ks tks(Ziks  Zks)?;

j=1 12N
whereN; is a neighborhood of thgth pixel using second order differences. This creates
approximately uniform average spatial resolutiofyi= 1. Thus, we eliminate most of the
effect ofds ;jk o0 from the spatial resolution, while still smoothing more meas wherd;
is small.

Finally, we can now choose based on the amount of acceptable blur. Assuming that
the modi ed penalty function (G.7) has madgs ko0 1, we used the inverse 2D FFT to
compute the PSE and tabulated its FWHM as a function &f jf;j. This graph is shown
in Fig 1 of [44]. Given the desired spatial resolution, we p&k the corresponding for
use in the algorithm. The resulting spatial resolution Wwélinherently non-uniform, with
greater smoothing in low signal magnitude areas, effelgtitiaterpolating” across signal

voids.
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APPENDIX H

B./T;: Derivatives of Signal Models: SSI and AFI

We consider both signals to be real to simplify analysis. Wesier theB; map
and theT; to be the two unknown variables and use the matrix CRB. For buitels,
we assume that the same echo time is used for both sequende$rathe AFI, for both
repetition times. We also slightly modify the de nition &, andE, to accommodate the

AFI pulse sequence

TRl
E,=ex —_—
1 p T,
and
Tr2
E, = ex —_—
2 p T

Then we can express the expectations as:

1 1 cos(i) °*

ErfnpF>®ibTh = 5 ———
T NP ! 2 1 Ejcos()
Sin( i)ElTRl 2_

TZ2(1 E;cos(i))

(H.1)
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1 (1 E;)Eq(cos(;) E
Eroor blnp':iSSI;b;T1 - 2 I(Tf(ll) Ell(cos((li)))4 !

(H.2) (1 cos(i))sin( i) Tr:

2 SSI. e — i i1 Ey) ’ _ 2.
(H3) Erghnp F>>ibiTy = — a Elcos(i))z (cos(i) Ep“:

The relevant expressions for the CRB of the AFI are:

1
Eriinp Ffibi T = =
bINP Fay 1 1 2 (1 EiEpco( ())?

cos( i)+ EiE;co8( ) Ezcos(;)
EiE2coS( )+2E,co( 1) 2EiE,cod( ;)
E» EiE;coS( i)+EiE;

2
(H.4) +E2E2cog( ;) 2Ei E;cos(i)+2EiE5cos(;) ;

and the expression fét5"' just replaces; with E, and vice versa.
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1E, sin( )

Er o rlnp FA b T, T2
o 7, INp Fi 1 2TZ(1 E;E,co8( ))*

cos( |)+E1E,cos( i) E,cos(;)
EiEZcoS( |)+2E,cod( i) 2EiE,cod( i)
E, EiE5cog( ;)+EiE;

+E2E2cod( ;) 2E;1E;cos(;)+2E1E5cos( )

Eicos(i)(Try+ Tr2)(cog i) 1)
+E1E,TricoS( i)(coq i) 1)

(H.5) Tr2 + Tr2COS( )

1 sin( ) 2 E, °
Er2inpFs:bTh = = —
P ek 2 (1 EiEsco®( ) T

Eicos(i)(Try + Tr2)(coq i) 1)
+E1E,TricoS( i)(cog i) 1)

2
(H.6) Tr2 + Tr2COS( )
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APPENDIX |

B ,T.: Derivation of cost function gradients

This section rst considers a simpli ed version of ti&; andT; map cost function
and its gradient. Any gradient-based algorithm uses thiedesivative of the cost function.
Next, we apply the results to our cost function (6.19). Theatipns in this section rely
heavily on derivatives of the functio which are derived (in terms of derivatives Hf)
in Appendix J (and are very similar to those in Appendix C wiitle addition of a third
parameter foil,).

First, consider a simple (one voxel, one measurement)areddi(6.20). We can rewrite

(6.20) as follows:

( ) ( )!
X X
C(z;t;f) = 1| y;tf; real kZx ;imag K Zk
k=1 k=1
yithab) . 5y 16 @b
(1.D) G(a;b;) , F(a+ib;t)= Ggr(a;b;t)+ iG,(a;b;1);

We simplify I( ) by ignoring terms independent of the unknown varialaes b (and
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recalling thaf is constrained to be real):

(y;t;f;a;b) realf ygrealf fG (a; b; )g
imagf ygimagdf fG (a; b; t)g
(.2) + i iG(arb; 9
I(y;t;f;a;b) yrfGr(a;b;) yifG,(a;b;Y
(1.3) + %f 2iG(a; b; hj?:

The derivative of with respect to the unknown variakdgs:

@ yrf @@gR(a;b;t) yi f @@g (a;b; 9

+f °Gg(a; b; t)@@ga(a; b; 1)

+f2G (a; b; ) @@a(:;l (a;b; 1)

f(yr fGr(a;b;?) @@ga(a; b; ?)

f(yy fGi(a;b;0) gg (a;b; 9

f(yr fGr(a;b;1) @@gR(a; b;

+if (y, fG.(a;b;t))igg.(a;b;t)

freal (y fG(a;b;?) @@g(a; b; 1)

(1.4)
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Similarly, the derivative with respect tois:

—L = Ygrf @@bGR(a;b;t) y'f@@t();' (a; b; 1)
+ i Gr(a;b;Y @@gR(a; bt

+jf > G (a; b; t)@@g| (a;b; )

(1.5) freal (y fG(a;b;t) @@bG(a; b; 1)

Similarly, the derivative with respect tas:

@lt yrf @@tGR(a; b;) wf @@9 (a;b;?)

+ jf j*Gr(a; b; Y g?R(a; b; 1)

+ it 2y (ab: t)@@%;, (@:b:Y

(1.6) freal (y fG(a;b;t) gga(a; b; 1)

When regularizing the object, the derivative with respedt te needed. The derivative is:

(1.7) @@]J = yrGr(a;b;) yiGi(a;b;d)+ jfjjG(a; b;Dj*:

We also include the second derivatives for use in a Hessiealation (for example,
for a preconditioner for gradient descent algorithms, @ltyh not currently implemented

in the algorithm). The second derivativeloiith respect to the unknown variakdas:

@ @

@l = f(y fGR(a;b;t))@GR(a;b;t)
f(yi G (a;b;1) @g;& (a;b; 9 !
2 2
(1.8) i Soa@biy + SGi(aibiy
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Similarly, the second derivative dfwith respect to the unknown variales:

%l = f(yr fGR(a;b;t))%GR(a;b;t)
f(yy fGi(a;b;0) %Gu (a;b;?) !
2 2
(1.9) +jf 2 gga(a;b;t) + @@gl(a;b;t)

The second derivative dfwith respect to the unknown variaktes:

%l = fw fGR(a;b;t))%GR(a;b;t)
f(yy fGi(a;b;9) %Q (a;b; 9 !
2 2
(1.10) +jf j? @@?R(a;b;t) + @@Pl(a;b;t)

The second derivative dfwith respect to the unknown varialies:

@

(1.11) @| = jG(a;b;9j?:
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APPENDIX J

B, T1: Derivatives of F

This section derives the derivatives Bfin terms ofH and its derivatives, which are
tabulated (when using a non-ideal slice pro le or incorfiorg By eld inhomogeneity)
or explicitly derived (assuming an ideal sinc pro le as theeriments in this thesis) as
explained in Section 6.5.1.

To simplify the derivations, we use an equivalent de nitfonF . We de nez = a+ ib

and rewrite (6.26) as follows:

F(z:t) e{\ZH(pa2+ k?; t)
a . b

[o
pa2+b2+ P H( a2+ t):

The nal line follows from using Euler's formula foe!' ? and expressingosandsin using

the Pythagorean Theorem.

Then,
Frab) = p—HC TR p—H (@B
R k) ) a2+w R ) a2+t? I )
b P a P
- — 2 . 2 C+)-
F|(a,b,t) pﬁHR( as + bZ,t)+ pmH|( as + bz,t)
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Using these equations, we can then nd the derivatives

d
%FR(a, b; 1)

d
%FR(a, b; 1)

d
%H (a;b; 9
d
%H (a;b; 9

d
&FR(a’ b;

d
aﬁ (a;b; 9

2 2
LGz SoHRGZ )+ St MLz 1)
1Z] 1Z] 1Z]

+ 200Gz 2 iz 1)

JZ) JZ)

| ab . ab .
—H(zj;t) —Hgr(jzj;t)+ —r MOHR (jzj 5 t)
1Z) 1Z] 14)
+ iy vz

JZ) JZ)

1 a2 a2
—H,(jzj:t) —H,(jzj:t)+ —r H,(jzj:t
7] 1 (jzj ;1) 2 1(jzj ;1) e 1 (jzj ;1)

A (7 )+ 22 Bz 1)

1Z) 1Z)

1 . ab . ab .
—Hr(jzj;t) —H(zj;t)+ —r BOH, (jzj ;1)
JZ) 1Z] 1Z]

B Gzt + o Wiz )

JZ) 1Z)
cos(\ z)r PUHL(jzj;t) sin(\ z)r PUH, (jzj ;1)
< exp(\ z)r PUH(jzj ;1)
cos(\ z)r PUH, (jzj;t) +sin(\ z)r PUHR(jzj ;1)

= exp(\ z)r PUH(jzj:t) :
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APPENDIX K

B, T1: Initial estimate for By, T1, and f

The algorithm requires a good initial estimate ®f and T, to ensure the iterates
descends to a good local minimum. We need an initial estirffzattehe magnitude and

phase of thé8; maps, thel; map, and the object.

Simple approach - AssumeTR = 1

We note that the standard approachTerestimation (based on (6.14) assumes that the
ip angle (and thus, thé8] map) is known. ThenT; is estimated from the data using a
transformation of the points and using a least-squaresher&fore, one approach to joint
initial estimates is nding a goo®; estimate and then use the standajdestimate and
use (6.24) to estimate the object. One obvious choice is@aguhatTR = 1 and using
the standard double angle method using for estimating thgninale ofB; . We use a

method of moments estimator for the phas®f.
(K.1) Uxim = \ym  \H i T

using our estimate ofx;n j, wherex,, are the composite maps (6.25). (Note tkhatis

de ned in (6.26).) Empirically, we found that while the pleeB; maps are of suf ciently
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good quality, the magnitud®; maps, assuming an in nite repetition time, can be greatly
improved.

An improvement over this method is using the regulariBgd estimates from Chap-
ter V with a small number of iterations. Generally, the margial estimates introduced
later in this appendix are based on our improved model andfiie perform better. How-
ever, with a low SNR, especially when only one coil is “on” atime as in OAAT, the
regularizedB; estimate is more robust to noise and can work quite well. Tishod
also has the advantage of only requiriklgy = 2 K, though all estimates show tfig
effects. One option is generating both the more compliceti¢idl estimates as well as the
simpleB] estimate described above and choosing the one with lesscermpared to the

measured data.

Triple angle method for multiple tip angles and constant TR

For our jointB] /T; estimation, we used the following initialization when thR s
constant and there is a wide range of tip angles (see exammp&esction 6.6.1). First, we

write the simpli ed SSI signal model as:

. 1 X
(K.2) S = Asin ibm;
where

TR
X =exp T—1 ;
and
TR
T= log X :

Similar to the double angle method (5.1) and (5.2), we rexqjiiree signals such that

w
1
w

1-
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Therefore, this method requires at leddt=3 K. Ifwe letc,

double and triple angle trigopnometric identities, then

cos( .0 = 2¢ 1

cos(sh) = 4¢ 3k

sin( 1b) = pﬁ

sin( ;b = 2cp7c2

sin( sh) = 3’17 @ 41 @’

We then de ne the following ratios

Z

(K.3)

and

Z3 =

(K.4) =

Then, we solve, for X :

(K.5)

S

IS

sin( ;b 1

sin( 10 1
2c(1 cX)

1 (2c2 1)X

cos( 1b X
cos( 2b X

iSsi
1Si)

sin( 3b) 1 cos( b X
sin( ;b 1 cos( 3b)X

1 cX .

@ 41 ) 1 (4@ 30X’
_ Z, 2C )
C (22 1) 2
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Using this solution foiX , we can solve foc with equationzs (using MATLAB's root, for

example) solving the following equation:

0 = (8(zz zo) 16)c*+(4z(1 z3) B+ ( 823+22,23+62,+4) &

(K.6) +(B82z3 z)C 273 Zp:

B1 magnitude Bl phase

1 2 1
2
87 1 87 0
-2
0
1 73 1 73
T1 Good pixels
1 1 1
2.5
2
1.5 87 0.5
1
87 0-5 0
1 73 1 73

Figure K.1: Intermediate initial maps using triple anglethoel. Top: left: jb right: \ b
Bottom: left: T right: f . Data using LOO method at an SNR of 60 as in
Section 6.6.1 using the true maps shown in Fig. 6.26.

We solve forc, and thus the magnitude &; map, on a pixel-by-pixel basis. We
preferentially choose those pixels with real roots suchjifja 1 and the associated value
of X (K.5) suchthaD < X < 1. We also restrict the selection of this pixels to pixels véher
the magnitude of the data is suf ciently high. We then conebihis magnitudé8; map

with the B; angle (K.1). An example of these interim maps is shown in Kig. Using
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the complexB; map values at the preferred pixels, we t a two-dimensioralypomial
function over the entire object (in this thesis, we use atfodegree polynomial) for both
the real and imaginary values Bff . (We note that tting instead to the magnitude and
phase oB] would require meeting the constraint thet 0.)

Finally, we use this new tted; map and (K.5) to get our initial estimate . This
does seem susceptible to noise when the SNR is éogy, @round 30) but produces very
good estimates with low noise and is used for the simulatidriee nal initial maps for

this example are shown in Section 6.6.1 in Fig. 6.32, Fig3,6583. 6.34, and Fig. 6.35.

Method when TR is varied

When we use the same ip angle for each measurement and inseathe repetition
time TR , neither of the above initializations apply. Here is anoihassible initialization
method that we used with the phantom data described in ®e&02. This method works
when we have a good estimate of fiemap. In the phantom data, we knew tfatwas
roughly constant over the object and the approximate values (1 ms for the phantom
used in this thesis). With this information, we t, voxel bpxel, B; using the SSI model
(6.27) assuming thaf; is known and xed by minimizing the norm of the difference (fo
example, using MATLAB's fminsearch). For the rst set of pitam data, this initiaB; is
shown in Fig. K.2. We estimate the phaseBgf using (K.1). By normalizing the data with
respect to a reference image, we also calculateyer the object and sét to a constant
value equal to its estimated mean.

When a combination of coils is used, we estimateBiemaps for the composite maps
(5.8). One option is using these maps to estimate the comeposips and then nally
solve for the individual maps at the end. This may not be dbkrwhen there are coil
cancellations. Another option is immediately estimating individual coils

As in the triple angle method, we improve the initA] map estimate by tting a

fourth order polynomial to weightefj values inside the object (the weights inversely
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Jons B1 init (cost fxn minimizied)
Il

11.6

11.4

11.2

T T 0
1 64

Figure K.2: Intermediate initia8; map when TR is varied. Initial OAAT phantom exper-
imentB] estimate assuming knowin .
proportional to the error of the data as measured betweeméasured magnitude data and
the current estimated magnitude data). These initial @esémare shown in Fig. 6.45 for
the rst phantom experiment.
From the improved compleB; map estimate, we calculated an improvBdmap

estimate using the standarg estimate and an improvdd map estimate using (6.24).
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APPENDIX L

B, T1: Spatial Resolution Analysis

We must choose values for the regularization parametdosuse the proposed regu-
larized method. With conventional regularization, thikesgon requires tedious trial-and-
error methods; preferably, values would be selected basedquantitative measure, such
as the amount of smoothing to introduce.

Therefore, we analyzed the spatial resolution of the estid; map? andT; map
T and thef f".

To simplify the analysis, we focused on the single coil cdée< 1). For B map
estimation, we assumed thigt and T are known and xed; forT; map estimation, we
assumed thdt; andbare known and xed. Empirically, the spatial resolution bétmulti-
coil case matched the spatial resolution of the single @seovhen we used = 4K and
a uniform object and used the modi ed penalty described .h€hés analysis naturally led
to a modi ed penalty design, allowing for a standard setatibf based on desired blur
FWHM as well as providing more uniform spatial resolutionependent of the particular
characteristics of thB] maps. Without this analysis, in conventional regularzatach
map would have (possibly drastically) different spatiaakition when using the same
The goal of this analysis is that, when using the saman impulse added to the true map

will result in a certain full-width half-maximum in the nadstimated map.
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The local impulse response of the estimator is equal to tadignt of the estimator
multiplied by an impulse. The gradient of the estimator Heesfollowing general form

(wherey is the data and is the variable):

n2@y) = [r B 2(y);y0 b r B 2(y);y)]
= [r BAL(z;y)+ r 2R (z)] !
(L.1) [r B0 y)]i=ny:;

wherer P4 denotes theth derivative of with respect ta and theqgth derivative of
with respect toy.

The second derivative 29 (z;y) introduces varying spatial resolution; this can par-
tially be accounted for through clever choice of the regatar therefore, we derive this
second derivative.

First, we consider the spatial resolution of B¢ mapz. Because andy are both
complex quantities, for this analysis we treat the real amajinary part of each as separate
variables. We writej,s wherej denotes the voxek denotes the coil, ansl denotes the

real or the imaginary part (thug = Zif s= Rand@= &jif s= I). Then, the Hessian

of L is:
8
2 0 ifj 6j°
(L.2) [r POl (Z;y )ik aces0 = . J j !
fidiks jkoso(z) ifj =j°
where
&
Oiks jjkoso(z) = mk  mk©
m=1
@ @
@ER([ Zj]m;tj)@%FR([ Zim;tj) +
@ @
(L.3) @gu([ Zjlm: ) g1 ZiImi 1))
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For purposes of analysis, we used the mean measurement f@cfoi.e.

y=y="fF (x;t);

and then (L.3) has the same form as (1.8) and (1.9). usingajate values fos and ac-

counting for the ¢ factors due to the chain rule for differentiation. Similaslve derived

@ @

r BUL (X Y)]iks , —L(z;
[ ( y)]]kS,] Om 050 @Ks @jZ)koso (z;y)
2 0 ifj6j°
(L4) = > L
fiGixs jomoso if] = j°
where
@ @
(L5) gj;k;s jo%mCs0 =  mk @lS:SO([ Zj]m;tj)@lszso([ Zj]mo; tj);

again using the mean measurement vector. However, we nateshthe regularization
term goes to zero, in the limit, then (L.4) times the gradiehthe mean measurement
vector goes to (L.2) and understanding (L.4) becomes lessssary.

We repeated this analysis for an unkno"v'\irmap'lA with a knownB; mapz and object

f . Now, the Hessian df is:

8
2 0ifj6j°
(L.6) [r POL(T;y)] 0= S s
T ofdy(z) ifj =0
where
X @ 2
di;(z) = —Fr( zjlmit})) +
1) - @t R J J
@ 2
(L.7) @'tzl ([ zjlmity)
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We note that the variable transformationTofslightly modi es this equation as explained
in Section M.
We repeated this analysis for an unknown object map (asgutimatt we are regularizing

the object)f'\ with a knownT; mapT andB; mapz. Now, the Hessian df is:

8

> P
(L.8) [r BOL(E y)]is0 X If] 61_ :

rij (z) ifj =j°

where

XA 2

rii(z) = (FR([ zjlm:t)) "+

m=1

(L.9) G

Although these Hessians are not “diagonal”, the diagoreahehts are larger than the
off-diagonal elements. Therefore, we ignore the off-dizgaelements for the remainder
of the analysis.

The resulting spatial resolution for the estimated mapsvsha (L.2), (L.6), and (L.8)
is inherently non-uniform. Areas with a low magnitutjewill be smoothed more because
these areas are more in uenced by noise; this greater snmgpit desirable. Conversely,
areas with a large magnitude, which have a greater degreataf delity, are smoothed
less. We do not want the median magnitudef pto effect the amount of smoothing;
therefore, we normalize the data by the median valuk iof areas with large signal value
(in this paper, greater than 10% of the object maximum ugiegrst-pass estimate of the
object) giving the object a median value of 1.

However, the effect otls k0 andd;; andrj; seems less desirable. Therefore, we
modi ed our penalties using quadratic penalty design t@atzenore uniform spatial resolu-
tion. This approach is based on certainty-based Fishemr#ton approximation [29, 34].

This approach requires an estimatebafr T or f , which is unknown. One option is is to
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run the proposed algorithm through a few iterations (say,5, wheren is the number of
iterations) to obtain a rst-pass initial estimate ofandT . and then use a smallfor the
initial rst pass through the algorithme(g, = 2 19), to allow a small level of regular-
ization. A second option is to use the initial valueszobr T used for the algorithm; we
found the estimates described in Appendix K were suf cigaitcurate to use to calculate
an improved regularization scheme.

We then use these estimates to de ne a “certainty” factoblevs:

(L.10) ks = ! iks ;jks (Z2M);
and

(L.11) [ = ) m;
and

(L.12) I = ) rig (1)

wherez(™ andT (" are our initial estimates. We note that becauggand [ and | are
based on a noisy estimateobr T orf , areas wheré; is very small are particular noisy
and create unreliable estimates férand T and fi. Therefore, we set these certainty
factors in areas with small magnitude (in this paper, leas tt0% of the object maximum
using the rst-pass estimate of the object) to the averagjgevaf  over the rest of the map.

Then, we use the following modi ed penalty function:

XX )
(L.13) R(zx) = jzks ks (Ziks  Zis)%
=1 12N
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and

XX
(L.14) R(T) = UG
j=1 |2Nj
and
XX T f 2
(L.15) R(f;) = e (Fp T05
j=1 lin N;

whereN; is a neighborhood of thgeth pixel using second order differences. This creates
approximately uniform average spatial resolutiofy i 1 and assuming quadratic regular-
ization. When tested under these assumptions, spatialtasols quite uniform foiB; .
Using the improved penalty (L.14) fdr, (with quadratic regularization and a tégt with
blocks of varyingT; values) still results in some spatial resolution variatiut is more
uniform and predictable than the original penalty. Howevdren all other variables are
known and kept constant, the improved penalty gives muclkeraoiform spatial resolu-
tion. Thus, using the improved penalties (L.13) and (L.14)eiiminate most of the effect
of dis ;jkoso andd;; from the spatial resolution, while still smoothing more reas where
f; is small.
Finally, we can now choose based on the amount of acceptable blur. Assuming that

the modi ed penalty function (L.13) has madgs ko0 1and (L.14) has madg,; 1
and (L.15) has madg; 1, we can chose a FWHM as a function sfjf;j based on the
graph shown in Fig. 4.1. Given the desired spatial resalutiee can pick the corresponding

for use in the algorithm. The resulting spatial resolutiah lae inherently non-uniform,
with greater smoothing in low signal magnitude areas, &ffely “interpolating” across

signal voids.
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APPENDIX M

B, T1: Constrained estimation for Ty

T, is physically constrained to be positive. Therefore, wehwttsconstrain
0 T < Twuax;

where we lefTyax be equal to the maximum value ®f we could physically expect in
the eld of view. In this paper, we sé€iyax = 3 S. To enforce these constraints, we let

T = ( & where we chose to be the sigmoid function

(M.1) (8= %:

We then estimate the new varialdeThe cost function (6.19) becomes

2 T:f) = argmin (z:;T:f);
z;T:0<Tj<Tmax f
(2;&f) = argmin T z;&f);
Z,&f
(M.2) Tz;&f) = L(z; (&:f)+ R(z)+ R(&:

Finally, we letT, = (*8).
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We note that the cost function gradients as derived in Sedtichange only via the

chain rule with the additional multiplication of the follamg factor:

_@D _ TMAX exp &_
(M-3) @é&_ (1+exp &2
Then,
@, .\ @ . e @ .
@J&( Z,T’f)_ @-JL(Z’T’f) JT:( & (-&)‘l' @J&&R(&

The spatial resolution also changes slightly. As we aremading and regularizing
(L.12) will also require the additional multiplication fexr (M.3) shown above.
In this paper, we rst estimat@; as explained in Section K and then convert this via

the inverse logistic function

TMAX
&= In 1
T

and then solve fo&as above. Finally, we convert this back intd@amap via (M.1).
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ABSTRACT

Regularized Estimation of Main and RF Field Inhomogeneitg bongitudinal
Relaxation Rate in Magnetic Resonance Imaging

by

Amanda K. Funai

Chair: Jeffrey A. Fessler

In designing pulses and algorithms for magnetic resonaneaging, several simpli cations
to the Bloch equation are used. However, as magnetic resen(dR) imaging requires
higher temporal resolution and faster pulses are usedistaipons such as uniform main
eld (By) strength and uniform radio-frequency (RF) transmit cald (B ) strength no
longer apply. Ignoring these non-uniformities can caugaisiant distortions. Accurate
maps of the main and RF transmit coil eld inhomogeneity aguired for accurate pulse
design and imaging. Standard estimation methods yield/moaps, particularly in image
regions having low spin density, and ignore other importaators, such as slice selection
effects inB; mapping and’, effects inBy, mapping. This thesis uses more accurate signal
models for the MR scans to derive iterative regularizedhesstiors that show improvements
over the conventional unregularized methods through @raRao Bound analysis, simu-
lations, and real MR data.

In fast MR imaging with long readout times, eld inhomogetyetauses image dis-
tortion and blurring. This thesis rst describes reguladzmethods for estimation of the
off-resonance frequency at each voxel from two or more MRisdwaving different echo
times, using algorithms that decrease monotonically alaeged least-squares cost func-

tion.



A second challenge is that RF transmit coils produce nofetmi eld strengths, so an
excitation pulse will produce tip angles that vary substdiytover the eld of view. This
thesis secondly describes a regularized metho&{omap estimation for each coil and for
two or more tip angles. Using these scans and known slicel@rthe iterative algorithm
estimates both the magnitude and phase of each &jil'map.

To circumvent the challenge in conventio®] mapping sequences of an long rep-
etition time, this thesis thirdly describes a regularizeetimod for jointB; and T; map
estimation using a regularized method based on a pendlkadidhood cost function us-
ing the steady-state incoherent (SSI) imaging sequent¢eseiteral scans with varying tip

angles or repetition times.



