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ABSTRACT

ACCELERATED STATISTICAL IMAGE RECONSTRICTION ALGORITHMS AND
SIMPLIFIED COSTFUNCTIONSFORX-RAY COMPUTEDTOMOGRAPHY

by

Someslftrivastaa

Chair: Prof. Jefrey A. Fessler

Statisticalimagereconstructioomethodsarepoisedto replacetraditionalmethoddike I-
teredback-projection(FBP) in commercialX-ray computedtomography(CT) scanners.
Statisticalmethodsoffer mary advantagesver FBPR includingincorporatingphysicalef-
fectsandphysicalconstraintsmodelingof complex imaginggeometriesandimagingat
lower X-ray doses. But, the useof statisticalmethodsis limited dueto mary practical
problems. This thesisproposesnethodsto improve four aspectof statisticalmethods:
reconstructiortime, beamhardening,non-ngatiity constraintsand organ motion. To
reducethe reconstructiortime, several novel iterative algorithmsare proposechat are
adaptedo multi-corecomputing,includingahybrid orderedsubsetgOS)/ iterative coor
dinatedescen{ICD) approachThis approacHeadsto areductionin reconstructioniime,
andit alsomakesthe ICD algorithmrobustto theinitial guessmage. Statisticalmethods
have accountedor beamhardeningoy usingmoreinformationthanneededy traditional
FBP-basednethoddik e the Joseph-SpitalJS)method. This thesisproposes statistical
methodthat usesexactly the samebeamhardeninginformationasthe JS methodwhile

suppressindpeamhardeningartifacts. Directly imposingthe non-ngatity constraints

Xi



canincreasethe computationtime of algorithmssuchas the preconditionedconjugate
gradient(PCG)method. This thesisproposesa modi cation of the penalized-likelihood
costfunctionfor monoeneggetictransmissionomographyandacorrespondingCGalgo-
rithm, thatreducereconstructiotime whenenforcingnonnegativity. Organmotionduring
a scancausesmageartifacts,andin somecasegheseartifactsare more apparentwhen
standardstatisticalmethodsareused. A preliminarysimulationstudyof a new approach
to remove motionartifactsis presentedThedistinguishingfeatureof this approachs that
it doesnot requirearny new informationfrom the scanner Thetargetapplicationsof this
researcleffort are3-D volumereconstructionor axial cone-beanandhelicalcone-beam

scanninggeometrie®f multislice CT (MSCT) scanners.
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CHAPTER 1

Intr oduction

X-ray Computedifomography(CT) is avaluabletool in medicaldiagnosislt produces
sharpmillimeter scaleresolutionmagesof theanatomyof a patientby imaginga physical
propertyof the bodytissuesknown asthe X-ray attenuatiorcoefcient. Recentadvance-
mentsin X-ray imagingtechnologyhave producedspectaculamedicalapplications.Foe
example,videosof the hearthave beenproducedusingMultislice CT (MSCT) scanners,
dueto the developmentof high-speedjantriesandmulti-row detectors All thesetechno-
logical developmentsandapplicationgposenew challengedo imagereconstruction.

Imagereconstructions the procesof mathematicallycomputingthe imageof the pa-
tientor objectbeingscannedn a X-ray CT scannerTheinputsto the mathematicatom-
putationarethe obsenationsproducedoy the scannerits physicalcharacteristicsandits
instrumensettingdor aparticularscan.Imagereconstructioriacesmary challenge$rom
thelatestscannersOnechallenges the comple« natureof the datacollectiongeometries.
Anotheronearisesfrom the needto reducethe amountof X-ray exposureto the patient,
alsoknown asthe X-ray dose.A reducedX-ray doseis consideredetterfor the general
well-beingof the patient.Also, competingmagingtechnologiesdik e Magneticresonance
imaging(MRI) do not useionizing radiationandarealmostcompletelyharmlessUnless

imagereconstructiormethodsareimproved, reconstructedmagesat reducedX-ray dose



arenoisy. Thisthesisexploresnew imagereconstructionmethodghattry to overcomethe
above challengesandmary more.

Two major families of imagereconstructiormethodsfor X-ray CT are the Filtered
back-projectior{FBP)methodsandthe Statisticaimethods FBPis thetraditionalmethod
of imagereconstructionwhereasstatisticalmethodsaremorerecent. Statisticalmethods
aremuchmore e xible thanFBR becausenodelingobsenationstatistics datacollection
geometryphysicaleffects,andphysicalconstrainton theimageis easiemwith statistical
methods. Derivation of FBP-basednethodsthat model all of the above hasproved to
bedif cult. But, statisticalmethodssuffer from one major dravbackwhencomparedo
FBP—ecessve computatiortime. A majorportionof theresearcleffort presentedn this
thesisis aimedat reducingthe computatiortime of statisticalmethods.

A statisticalimagereconstructiormethodconsistsof two componentsa costfunction
andanalgorithm. Thecostfunctionis amathematicalunctionthatmapsthereconstructed
imageinto thereal-numbetine. Thereconstructednageis ageneratermthatcanreferto
aslicethroughthepatient,or astackof slices(alsoknown asavolume),or atimesequence
of a sliceor avolume. The obsenationsmadeduring a scan,physicalcharacteristic®f
thescannerandscannemstrumensettinggarticipateascomponentsf thecostfunction.
Costfunctionsin X-ray CT areconsideredo have thepropertythattheirminimum/minima
arecloseto thetrue natureof patientanatomy The algorithmis a numericalmethodthat

nds theimagethatminimizesthe costfunction. Thatis how analgorithmtogethemwith a
costfunctionproducesnimageof the patient.Algorithmsthatminimizethecostfunction
in onesteparerare.Mostalgorithmsareiterative,i.e., they startwith acoarsenitial guess
andre ne it over andover in sucha way that the re nementspossessower and lower
valuesof thecostfunction. Thecomputatiorthatproducesachconsecutie re nementis

calledaniteration. An iterative algorithmexecutesterationsuntil certaincriteria, known



ascorvemgencecriteria, aremet. This thesisinvestigatesiew costfunctionsanditerative
algorithmsfor X-ray CT.

The computatiortime of aniterative algorithmis a productof two numbersthe num-
ber of iterationsandthe averagetime taken to executeoneiteration. The numberof it-
erationsrequiredby aniterative algorithmto meeta certaincorvergencecriteriaroughly
de nesits corvergencerate. Thus,usingiterative algorithmswith fastercorvergencerates
canreducethe overall computetime. The following algorithmsare known to have high
convergencerateapartfrom otherdesirableproperties:Ordered-subsef{®©S, alsoknown
asblock-gradient) Preconditoneadonjugategradient(PCG),andIterative coordinatede-
scent(ICD). Corvergencerate canbe furtherincreasedy creatingnew algorithmsthat
someha combineoneor moreof the algorithmslisted above. This approactof combin-
ing algorithms,calledthe hybrid-algorithmapproachere,is developedandtestedn this
thesis.

But, improvementdn corvergenceratealonearenot expectedo be sufcient to make
iterative algorithmspractical. The time taken to executeone iteration mustalso be re-
duced.Computetime periterationcanbe reducedby usingfastercomputers And faster
computersnowvadays,are parallel,i.e., they are constructedoy creatinga network of a
large numberof microprocessorsThis approachof usinga parallelcomputerto reduce
periterationcomputetime is termedasthe parallel-computatiompproachtere. To sum-
marize this thesisexplorestwo approacheto reducethe computetime of a statisticalim-
agereconstructiormethod: the hybrid-algorithmapproachandthe parallel-computation
approach.

While reducingcomputatiortime is necessaryo make statisticalmethodspractical,it
is alsonecessaryo adaptthemto correctfor variouskinds of imageartifacts. An image

artifactcanbebroadlyde ned asthesystematideviation of thereconstructetmagefrom



thetrue natureof the patientor objectbeingscannedimageartifactscanpossiblyobscure
and/ordistortimportantimagefeatureswhich could in turn effect the patientdiagnosis.
Artif actsappeaiin imageswhenthe reconstructiormethod,whetherFBP or Statistical,
fails to accountfor one or more physicalpropertiesand/orphysicaleffectsin its mathe-
maticalcomputationsOut of the mary physicalpropertiesandphysicaleffectsthatwhen
ignored can causeartifacts, threeare studiedin this thesis: non-ngative natureof the
X-ray attenuatiorcoefcient, beamhardeningandorganmotion.

X-ray attenuationcoefcient is the physicalpropertywhoseimageis createdby an
X-ray CT scanner It hasnon-ngative values. If animagereconstructiormethoddoes
not imposethe non-ngativity constrainton the imagevoxels (or, pixels), somevoxels,
especiallythosein the air regions,canbecomeneggative. Thisis a non-physicatesultand
hencemay be undesirable.Oncecanimposethe non-neatvity constrainton the image
by usingnon-ngjatively constraineatost-functiorminimizationmethods.Theimposition
of the non-ngatvity constraintis trivial in OS-basedand ICD-basedalgorithms. But,
thedirectimpositionof the non-n@atiity constrainin PCG-basedalgorithmscauseghe
computetime to increaseby nearly50% In this thesis,a simplemodi cation of the cost
function is developed. Applying PCG-basedilgorithmsto this modi ed costfunction
controlsnegative pixelsto someextentanddoesnotincur a large computetime penalty

Beamhardeningis accountedor in FBP using a post-processingnethodcalledthe
Josephand Spital (JS)method. The JSmethodcanbe appliedto statisticalmethodspro-
vided beamhardeningnformationis excludedfrom the costfunction. A betterstrategy
is to includebeamhardeningn the costfunction ratherthanwork aroundbeamharden-
ing usingthe JSmethod. Inclusionof beamhardeningn the costfunctionis especially
bene cial whenthe X-ray doseis low. A costfunctionthatincludesbeamhardenings

developedandstudiedin this thesis.



Organmotion cancauseartifactsin imagesproducedusing costfunctionsthatignore
its occurrence.In chestscans|ungsandthe heartare almostalways moving while the
scanis taken. One solutionwould be to stop or reduceorgan motion using externalin-
strumentdik e thoseusedfor breath-holdechniquesBut, notall scansanbetakenwhile
usingsuchtechniquesAn alternatve solutionwould be to detectorganmotionfrom the
datacollectedby the scanneandmodelit within the costfunction. Onesuchsolutionis
developedandtestedfor a simulated single-slice fan-beanscanin thisthesis.

X-ray CT scannerdarmgetedby the statisticalimage reconstructionmethodsdevel-
opedin this thesisarethe Multislice CT (MSCT) (alsoknown as, Multidetectorrow CT
(MDCT)) X-ray scannersThesescannerarethe currentstate-of-the-arin gantrybased
X-ray scannersDiagnosticapplicationsf thesescannerdik e cardiovascularequirenon-
standarddata-collectiorgeometries . Statisticalmethodshandlenon-standardjeometries
betterthanFBR, makingthemindispensabléor imagereconstructionn MSCT scanners.
The statisticalimagereconstructiormethodsdevelopedin this thesisare testedfor data
obtainedfrom two standardyeometries:axial cone-beanmandhelical cone-beam.These
methodsare e xible enoughto handlenon-standargeometries.

This thesisis organizedasfollows. Chapter2 presentdackgroundnformationon X-
ray CT andstatisticalimagereconstructioomethods Chapter3 presentshemodi ed cost
function developedherethat controlsnegative pixels while maintaininga low computa-
tion time in PCGalgorithms.Chapte presentsheinvestigationof the costfunctionthat
employs beam-hardeningarametersisedby the JSmethod. Chapters presentghe pre-
liminary investigatiorof a statisticaimagereconstructiommethodto controlorgan-motion
artifacts.Chapter6 compare€OS andPCGalgorithmsin simulatedsingle-slicefan-beam
scans. Chapter7 describeghe algorithm accelerationtechniquesdevelopedusing the

hybrid-algorithmandparallel-computatiompproachesChapter8 presentalgorithmde-



signsthat can be usedto further acceleratealgorithms. Finally, Chapter9 presentghe

conclusion®f this thesisandfutureresearchwork thatcanbedonebasednit.

1.1 Contributions

Chapter3

A new costfunction and a correspoding?CG algorithm were proposedo control
negative pixelsin PCGalgorithms.Comparedo the currentmethodof imposingthe
non-n@atvity constraintin PCG algorithms,the proposedPCG algorithmreduces

executiontime by a third while controllingnegative pixels.

Chapterd

A new costfunctionthatincorporategshe beamhardeningnformationusedby the
JSmethodwasdeveloped.Currentstatisticaimethoddor beamhardeningcorrection
requiremore information than the JS method,whereasthe proposedmethoduses

only theinformationusedby the JSmethodto correctthe beamhardeningartifacts.

Chapters

A new statisticalmethodto reduceorgan motion artifactswas developed. Current
methodsfor compensatingor organ motion require measurementf signalsother
than the singoramfrom the scanner Preliminary investigationsof the proposed

methodindicatethatit cancompensatér organmotionby usingthe sinogramonly.

Chapter6

A new PCGalgorithmthatis guaranteedo minimize non-quadraticostfunctions

wasdeveloped.CurrentPCGalgorithmsarenot guaranteedo nd the minimum of

non-quadraticostfunctions.

A comparisorof OS-base@&ndPCG-basealgorithmswascarriedout. It wasfound



thatOS algorithmscorvemge fasterthenPCGalgorithmsto the solutionin theinitial
iterations. But, the iteratesof the OS algorithmstopapproachinghe solutionafter
a few iterations. Thus, OS algorithmsare desirableonly if a quick, sub-optimal

solutionis sufcient.
Chapter7

A new algorithm,the hybrid OS-ICD algorithm,wasdeveloped,anda comparison
of its propertieswith thoseof an existing algorithm,the ICD algorithm,carriedout.
The hybrid OS-ICD algorithm can potentially betterthe reconstructiortime of the
ICD algorithm. The hybrid OS-ICD algorithmalsomakesthe ICD algorithmrobust

to theinitial guessmage.

Parallel computationvasdemonstratedb reducethe periterationcomputetime by
alargeamountin OS-basedlgorithms.For acomputemwith 8 parallelprocessorsa

speedumf around7 wasobsened.
Chapter8

A new algorithmthatcombinesdeasfrom OSandPCGwasderived. Thisderivation

is asteptowardsfurtherspeedingip OSalgorithms.

A new algorithmthat is similar to the PWLS.OS_SPSalgorithm but saves com-
pute time by calling computationallyexpensve non-quadratidunctionsfar lesser
numberof timeswas derived. This derivation is a steptowardsspeedingup the

PWLS OS. SPSalgorithm.

A new surrogateof thecostfunctionthatseparatearegularizedstatisticalestimation
probleminto P regularizedstatisticalestimatiornproblemsvasderivedin the context
of parallelcomputatiorfor X-ray CT. Thenumberof timestheP problemsexchange

valuesof iteratesof the parametersegmentsthey are individually responsiblefor



can be controlledwith this new surrogate. Thus, the reductionof inter-processor

communicationn parallelcomputersanbeinvestigatedisingthe new surrogate.



CHAPTER 2

Background

This chapterdescribeghe basicworking of an X-ray CT imagingsystemandthe sta-
tistical methodof imagereconstruction.Section2.1 describeghe basicconceptsbehind
an X-ray CT system. Section2.2 describeghe issuessurroundingthe samplingof the
obsenation spaceandthe parametespace(i.e., the spaceof the reconstructedjuantity).
The statisticalreconstructiormethodcomputeghe reconstructedmageby the following

steps.
1. Assigninga statisticalmodelto the obsenations(Section2.3)
2. Choosinga systenmodel(Section2.4)
3. Includingphysicaleffectslik e beamhardening Section2.5)
4. Formulatinga costfunction (Section2.6)
5. Choosinga minimizationalgorithm(Section2.7)

Section2.8 describeghe reconstructiorissuesand analyticalreconstructiormethodsin

cone-beangeometry

2.1 Basicconcepts

X-ray CT producesmagesof the X-ray attenuatiorcoefcient of the objector patient

beingscannedA typical constructiorof a X-ray scanneinvolvesa sourceanda detector
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= Gantry

Detector

Detector array

Figure2.1: Schematiaiagramof a X-ray scanner

array (seeFig. 2.1). The sourceand the detectorarray are x ed with respectto each
otherin spaceon a C-armor a gantryandtracea pathor orbit aroundthe patient. The
sourceis anincoherensourceof X-ray radiationanddetectorgecordtheintensityof the
radiationexiting the patient. As the sourceandthe detectorarray scanthe patient,each
sourcepositionanddetectorelemengpair causeathin beamof radiationto pasghroughthe
patientandrepresenbneobsenation. Let ng bethetotal numberof suchsourceposition
and detectorelementpairsandi be the index numberingthem. If the intensity of this
beamof radiation, before(liy; ) and after (I oui ) passingthroughthe patientis known,

thenBeer's law providesthetotal attenuatiorexperiencedy the beam:

z
(2.1) louti = lini €XP . (r)dr ;
where,L; is the pathof the ray throughthe patientand (r) is the distribution of X-ray
attenuationcoefcient in the patientasa function of positionin the co-ordinatesystem
x edto theroom. Thus,the obsenationsindirectly measurehe line integral of the X-

ray attenuatiorcoefcient throughthe patient.All imagereconstructioomethodsvhether

analytical(like FBP) or statistical,attemptto recoser (r) from theobsenrationsf | oyt :
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sameeneny, i.e., the X-raysusedaremonoenegetic. This law hasto be modi ed for the
morepracticalcaseof polyenegetic X-raysasshavn in Section2.5.
Thephysicalunitsof (r) arecm . Themorecommonlyusedunitsfor (r) arethe

Houns eld units (HU). Thecorversionfromcm toHU is:

(in HU) = 1000——%:

water air

This scalegivesavalueof -1000andO to air andwaterrespectiely. This makesthe pro-

cessof representin@ttenuatiorusingunsignedchumbersa little cumbersomeSo,we add

1000to valuesin HU andcontinueto call it HU which effectively makesthe formula:
(inNHU) = 1000( &)= water  ain)- "

Thesinogramof asingleslice of the objectis atwo dimensionafunctionthatcontains
theline-integral valuesthroughthe object. Its rst amgumentis the sourceposition(asan
angle)andthe secondargumentis the angularlocationof the detectorfrom the centerof
the detectorarray Note that the ideal sinogramis a function of continuousparameters
whereaghe obsened sinogramdiscretizeghe parameters.Thus,a nite numberof in-
tegralsthroughthe slice are beingusedto reconstrucsamplesof a continuousfunction

(r). This obsenationintuitively indicatesthatthe amountof detail of anobjectthatcan
bereconstructeds determinedy the numberof sinogrambinsin the obseredsinogram.
Thelineartransformthatmapsthe continuousmageto the continuoussinogramis called
the Radontransform. The inversionof the Radontransformcan be carriedout exactly
usingmathematicaanalysisby the CentralSlice Theoremor the FBP method[46]. But,
discretizationof the agumentsin the obsered sinogramleadsto approximationdeing

madeto the original theory

!Imagesstoredin HU arerequiredto be corvertedto cm ! in orderto be usedin computations. Assume 4
Oocm and waer 0:2cm ! (at100keV)[46].) = ( wu=1000) waer = ( wu=1000) 0:2cm . Thus,
(inem H=2 10 *4 4y.
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Variousdeviationsfrom theidealizedmodelof (2.1) occurdueto low dose,instrumen-
tationfeaturesand X-ray photonscattering.Lower doseis oneof the major challengedo
X-ray CT. To achiezealowerdose oneor moreof thefollowing arerequired:(a) lower X-
raytubevoltage,(b) lower X-ray tubecurrent,and(c) lowerscantime. Lowertubevoltage
leadsto lower photonenegy andincreasedbeam-hardeninglncreaseeam-hardening
changeg2.1)entirely (seeSection2.5). Lowertubecurrentleadsto lower signal-to-noise
ratio (SNR) in the obsenationsmakingthe noisein the obsenationssigni cant. Some
kind of denoisingof the obsenationsbecomesiecessary43]. An intuitively moresatis-
fying approachthestatisticaimagereconstructiompproachis to estimateheparameters
of thedistribution of the obsenations,which arenothingbut theimagepixels, ratherthan
denoisethe obsenations. The approactof denoisingthe obsenationsis calledthe sino-
gramprecorrectiorapproachin which the sinogramis modi ed prior to reconstructionn
orderto accountor noiseand/orphysicaleffects. Both approachebave their advantages
anddisadwantagesindarebeingcurrentlyinvestigatedy variousresearcherd.ower scan
time increaseghe afterglow effect and requiresa high speedgantry and detectorswith
fasterresponsdimes. Lower scantimesalso mitigate motion artifactsdueto voluntary
andinvoluntarypatientmotion. Instrumentatiorof anactualX-ray CT scannerlsocauses
distortionsin themeasurements,g., off-focal radiation,cross-talk, nite sourcespotsize,

nite detectorsizeetc.[31]. Scatteringof X-ray photonss alsobecomingsigni cant due
totheincreaseaone-anglef theradiationin 3-D systemg69]. In conclusionanidealre-
constructiormethodshouldaccountfor all of the above practicalconsideration$o obtain

anaccurataeconstructiorof the objector patientbeingimaged.
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2.2 Sampling

Samplingis the procesof representing continuousmage (r) with a nite number
of bitsin a computer The continuousmage (r) is discretizedn both spacegandtime)
andamplitude(i.e., a x ed numberof bits are assignedo eachbasiscoefcient). The
continuousmagespaces assumedo have a countablebasisout of which a nite setis
chosento approximatet: flh(r) : j = 1;:::;n,09. isthevectorof coefcients of this

truncatedbasisrepresentationrhus,theimageis representeds:

Xip

(r) ib(r):

j=1
Theindividual basisfunctionsarelocatedat differentpointsin space(andtime) andcan
be at differentscalesor the samescale. This choicecanin uence corvergenceratein
statisticalmethodsf theinitial guesss far avay from the minimum, e.g., whenstarting
with azeroimage.If theinitial imageis closeto theminimumthenbasisatthe nest scale

sufces. Substitutingtheabove expressiorfor (r) in theline integral expressiorof (2.1)

we have,
z Z o o Z oo ,
(r)dr g (r)dr = i b(r)dr = Gy ;=1[G I

Li Li :i— . L o
j=1 j=1 j=1
Z

where,Gj z B (r)dr:
Li

Thus,the matrix G playsthe role of the integrationoperationin (2.1) andis calledthe
X-ray CT systemmodelor systemmodelfor short. The operationG is known asthe
forward projectionoperation.The transpos@perationof G is calledthe backprojection
operation Forwardandbackprojectiongake up mostof thecomputatiortimein statistical
imagereconstructioomethods.

Thechoiceof thebasisfunctionsfor (r) is importantbecausét determinesheaccu-

racy of representationf the continuousmageandalsoin uencesthe implementatiorof
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thesystemmodel. Onewould prefera basisrepresentatiothat performsfastforwardand
backprojectiondgn the systemmodelwithout compromisingepresentatioaccurag. The
pixel basisthatinvolvesrectfunctionsis oneof thesimplest.lt is intuitively easyto under
standandits consequencesrethuseasyto control. Its implementatiornin systemmodels
(seeSection2.4) is also simplerandrelatively computationallyinexpensve. However,
its main disadantageis that it is not smoothandits Fourier transformhasvery a large
side-lobeamplitude.This large side-lobeamplitudecould amplify errors.Thisis because
theimagereconstructiorprocesss basicallythe Radoninversionoperation. The inver
sion processcarriesout differentiationof sinogramdatafrom a singlerow (i.e. angle).
The magnitudeof the Fourier transformof the differentiationoperationin 1-dimension
increaseginearly with frequeng with slopel. If the objecthasinaccuraciesn represen-
tationathigherfrequenciese.g. dueto largeside-lobe®f thebasisfunctions thesewill be
ampli ed by thedifferentiationoperation An alternatveis to usesmoothebasisfunctions
like B-splines[29]. The Radontransformfor imagesrepresentedn a grid (asopposed
to continuoudunctions),asis doneabove, hasbeenanobjectof studydueto theinexact
implementatiorof the Centralslice theoremusing discretizedimageand sinograms.A
notion of Radontransformfor discretedatawhich is both theoreticallysatisaictory and
practicallyuseful(verylow conditionnumbers)s presentedn [4].

Field of view (FOV) considerationsre importantfrom a practicalandaswell asa
theoreticalpoint of view. Here, FOV is de ned asthe region in spacewithin which a
given X-ray CT imaging systemcanreconstructhe objectto a high degreeof accurag.
In 2-dimensionafan-beantomographythereexists a circle within which eachpixel of
the objecthasa ray passingthroughit from eachposition of the source. We usethis
circle asaroughmeasureof FOV. Therelationbetweendetectorsize,numberof source

anglesjmageresolutionand FOV for fan-beantomographywasderivedin [48] . In the
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3-dimensionatase,Tuy's conditiondetermineshe FOV (seeSection2.8).

2.3 Assigninga statistical model to the obsewations

Thenoisepresenin the obsenationscanbe modeledusinga probability densityfunc-
tion (or probabilitymassfunction). The obsenationsmay alsobe effectedby otherphys-
ical processesvhich are assumedo be accountedor using appropriatesinogrampre-
correctiontechniques.The obsenationsy; obtainedby the scannerare pre-correctedo
obtainy;, which arethenusedfor reconstructione.g. seeSection4.1). The statistics
mainly dependon the physicalprocessesperatingwithin the detectorsystem A detailed
analysiss presentedn [19]. Themodelsinvestigatedn [19] are: (a) CompoundPoisson
and(b) CompoundPoissonwith Gaussiareadoutnoise. However, the following simple

modelshave beenfound satisfctoryin currentpractice:

1. Poisson[1, 23] : A detailedobsenation modelfor an X-ray CT systemhasbeen
investigatedn [43]. We usea simpli ed versionof [43, Eq. 9] here. For a source-
detectotpairi, by is theinitial intensity of the beamexpressedasnumberof counts
(alsocalled blank-scancounts)andr; accountsfor the read-outnoise (also called

randomcounts)andscatter Theobsenationsareassumedo be distributedas:
(2.2) yi Poissonhe [© Ji +r,

2. WeightedleastsquareqWLS) ( [23,56]) : The negative log-likelihoodof (2.2) is
approximatedisinga quadratidunctionin [23]. This quadraticapproximatioreads
usto the following variabletransformationl; 2 In(%). The quadraticapproxi-
mationimpliesthatl; is aGaussiamandomvariable.Theparametersf thequadratic

approximatiorsuggesthatthemeanandvarianceof |; are[G J; andy®?s=(y°°s r;)2
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respectrely. By akbusingnotationallittle bit we write :

y_obs
. |
(2.3) i NG Jiges Ty
Onecouldalsouseelementaryprobability theoremsandsimplifying assumptionso
arrive attheabove approximatedistribution. Most of thealgorithmsin thisthesisare

basedn either(2.2) or (2.3).

2.4 Choosinga systemmodel

G modelsthe integral operationover the part of the imagecoveredby a ray thatis
passingfrom the sourceto the detector It is one of the key componentf a statistical
method- the choiceof the systemmodel affects both imagequality andreconstruction
time. The operatorG is alsocalledthe forward-projectionoperationandis computation-
ally intensve. The variousapproacheso implementinga system-modetanbe divided
into threecateyories: direct[13], Fourier[70] andhierarchical6, 7]. Directapproaches
(distance-druenforwardandbackprojector$13]) have beenusedin the currentwork due
to the availability of a high speednumericalimplementationfrom our collaboratorsat
GeneraElectricHealthcardnc.. Blob-basedsystemmodelsfor SPECThave beeninves-
tigatedin [68]. Finite-sizedsourcesanbe modeledoy modifying G by post-multiplying
it by a sparsesquarematrix of sizeny ng; G is saidto bein afactoredform whenthis
post-multiplicationis performed.Having G in afactoredform causegshe OS methodto
becomesub-optimaP. This necessitatethe useof PCG-basedlgorithms.Otherphysical
processethatcould possiblybe accountedor usingthe systemmodelareafteglow [32]
andscattef69]. A preliminaryanalysispointsto afactoredsystemmatrix in thesecases

also.

2WhetherOSmethodswill still workin presencef factoredsystenmatricesneedso bechecledusingexperiments.
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Storageof the entirematrix G is not possible,evenin a sparseformat. The domain
andrangesizesof G for a medium-sizechelical conebeamreconstructiorproblemare
bothin the rangeof 200 million. After sparsityconsiderationsthe numberof non-zero
entriesin G would be of the orderof 100 billion andwould occupy atleastl terabyte
of memory Computationand storageof G is time consumingand requiresexcessve
computerresources.Thus,the entriesof G arecomputedvhenthe needto accesshem

arisesduringcomputation.

2.5 Including physical effectslik e beamhardening

Beamhardeningis the phenomenonn which the meanenegy of the photonsof an
X-ray beamincreasesisthe beamprogressethroughthebody. This happendecausehe
materialsthatmake up the humanbody attenuatdower enegy photonsmorethanhigher
enegy photons. This causeghe Beers Law of (2.1) to no longer hold, and hasto be
replacedasshown belov. Neglectingbeamhardeningn imagesin two typesof artifacts:
cuppingandstreaks.Someform of beamhardeningcorrectionis necessaryf anaccurate
measuremerdf the X-ray attenuatiorcoefcient is desired.A generaintroductionto the
interactionof X-ray photonswith matterandbeamhardeningcanbefoundin [46].

In currentclinical CT practice,mostphysicaleffectsarecorrectedor usingsinogram
pre-correctiortechniqueswhich areusuallydeterministiomethods.The JSmethodis the
preferredmethodfor beamhardeningsinogrampre-correction.However, with reducing
dose,inclusionof the physicaleffectsinto the modelandthe costfunction becomesec-
essaryln therestof this section thedistribution of the obsenationthatincludesthebeam

hardeningeffectis derived.
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ThePoissormodelis modi ed to includethe beam-hardeningffect asfollows [20] :
Z

R
yi  Poisson Ii(E)e t "BYHE+
where |l (E) istheenegy spectrunof theincidentX-rays, (r;E) istheX-ray attenuation
coefcient for enegy E at locationr in the object. The attenuationcoefcient is the

productof massattenuatiorcoefcient m(E) andthe materialdensity (r) [46] :
(riE) = m(E) (r):

Notethatm and dependnly onE andr respectiely.

The tissueswithin the body can be divided into two types, soft-tissueand bone,on
the basisof variationof m(E) with respecto E. The mass-attenuationoefcient of the
varioustypessoft-tissuedik e muscle fat, breastetc, aresimilar to water Thereforethe
termswater and soft-tissueare usedinterchangeably This simplistic classi cationinto
two classesemoves the most apparentbeamhardeningartifacts, but it doesnot yield
accurateCT numbersgspeciallyin single-enagy abdominalkscang54]. Dual-enegy CT
hasbeenshavn to quantify fat contentmoreaccurately{54,67], but hasnot yet replaced
single-eneagy CT, which continuedo be the standard.The eld of X-ray CT technology
is moving towardsthe implementationof dual-enegy CT by developingnew detectors,
X-ray tubes,andscanningnethods.

The X-ray attenuatiorata pointcanbewritten asthe sumof attenuatiordueto thetwo

substanceasfollows:
(r;E)= s(r;E)+ g(r;E)=mg(E) fs(r) (r)+ mg(E) fe(r) (r)

(r) is thetotal materialdensityat locationr . f 5(r) is therelative amountof softtissue
presenttpointr andits valuevariesfrom 0to 1. Valuesof f 5(r) andf g (r) canbefound

by imageseggymentatiorf20] or canbe x edasa functionof density (r) [21]. Thelatter
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approachs possiblebecausehe densitiesof soft-tissuedik e brain, muscleandlung are
closeto water i.e., 1.0g/ccandthedensityof bonetissueis closeto 1.9g/cc. Theimages
currentlybeingproducedareat sucha coarsescale(abouta millimeter) andthe structure
of bonetissueis suchthatthe numberof pixelsinvolving purelythe bonetissueis small.
As a consequencanary pixels are partly boneand partly soft-tissueand imagequality
is in uenced by how accuratelythe fractionsare obtained. Thus, the distribution of the

obsenationsthatincorporatehe beam-hardeningffect canbe written as:

(2-4) Vi Poissonhe fi(Ts;i Tei) + o
Z
fi(Ts;i; Tai) E In @e( ms(B)Tsi me (B)Te i) dE:
; ; . b
hd 1(B)dE
Z
T5§i = fS(r) (r)dr [GIS ]|,

yal

‘fB(r) (r)dr  [Glg I

Li

15

TB i

is thevectorof densityvaluesof theimageand| s andl g arediagonalmatricescontain-

ing the pixelizedvaluesof f s andf s . * We usethis modelin Chapter4.
2.6 Formulating a costfunction

The costfunction consistsof the negative log-likelihoodfunction, which is computed
from the statisticalmodelsobtainedabove. A penaltyfunctionor a Bayesiarprior onthe
imageis addedo thelik elihooddependingpnadditionalrequirementsAdditionalrequire-
mentsincludestatisticalpriorsontheimage,edgepreseration,increasedhoisereduction,
non-ngative image pixels, space-imariantimage resolutionand space-imariantimage

noise. The penaltyfunction alsoassistan fastercorvergence.It hasbeenobsenred that

3Theunitof is g/cc. Thevalueis easilycorvertedto HU by multiplying it by 1000.
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the conditionnumberof the problemis reducedby regularization thusspeedingcorver
gence.Thenegative log-likelihoodfor the Poissorand WLS caseswith beam-hardening

pre-correcteds :

X
(2.5) L( )= h(G ]);

8:1

EYi yi In(yi); yi = he i + r;; Poisson

hi(ti) =
v (t. ]2 :

. §yl(t| )% WLS:
Whenbeam-hardening takeninto accounin thePoissormodel ,thenegativelog-likelihood
is:

Xd
(2.6) LC )= hi(yi);
i=1

hi(yi) =vyi VYiln(y);

yi = hexp( fi([Gls [i;[Gls 1)) + ri;

where f; wasde nedin (2.4).

2.6.1 Regularization

A penaltyfunction or regularizationfunction is addedto the negative log-likelihood

andis usuallyof theform :

Kk
(2.7) R( )= k([C lk):

k=1
The main goalsof the penaltyfunction areto reducenoiseand presere edges. This is
doneby discouraginghe differencesbetweemeighboringimagepixels from becoming
too large. The differencebetweenthe pixels of the kth pixel pair aredenotedby [C k.

k is calledthe potentialfunctionandits form denotegshe amountof regularizationfor a

particularvalueof the pixel difference.Choiceof ¢ in uencesthereconstructedmnage.
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Table2.1: Expressiongor potentialfunctions, (t), andcorrespondingveightingfunctions,! (t).

For example,when | is a quadraticfunction the edgesin the reconstructedmageare
smooth. In orderto preventthis, a non-quadratidunction thatis not too large for large
valuesof the pixel differenceslik e the Huberfunction,is used[34]. The potentialfunc-
tionsusedandinvestigatedn thisthesisarelistedin Table2.1. The eld of regularization
designinvolveschoosinga penaltyfunctionto meeta speci ¢ aim. It is inspiredby alarge
numberof elds likerobuststatisticstotal variationmethodsanddiffusionequations.
The parameter®f the penaltyfunction (embeddednside ) could be space-ariant
or space-imariant. Space-imariantparametersneanthat andotherparameter®f non-
guadratiaegularization,e.g., in Huberpotentialfunction,do notdependnthelocation
of the pixels. It hasbeenshavn in [26] thatspace-imariantpenaltiescanleadto a space-
variantlocal impulseresponsesomeareasof the reconstructedmageare moreblurred
thanthe others. The penaltyfunction suggestedn [26] adjuststhe penaltyfunction pa-
rameterssothata nearuniform impulseresponseanbe achiesed. This penaltyfunction
is referredto asthe space-ariantpenalty The preconditionerof PCG algorithmsare
differentwhendifferentpenaltiesareused(seeSection2.7.3).

Thus,theoverall costfunctionis :

( )= L)+ R(C):

is a positive parametethatdecideshow “strong” the regularizationis. If the obsered
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datais relatively noise-freethenthe preferredvalueof  would be smallandvice versa.
The methodof choosing isto rst createreconstructionsitdifferent values,andthen
choosehe accordingto somecriterion. Variouscriterialik e L-curves,cross-alidation,
local-resolutionand bias-\ariancetrade-of have beensuggestedn literature. The so
chosenwould not only dependon the noise-level of the obsenations(i.e., initial source
intensity)but alsoon theroughsizeof the patient. So,atableof valueswill haveto be

createdduringthecalibrationof the scanneandits reconstructiorsoftware.

2.6.2 Costfunction properties
The costfunction constructedabove hasto be minimizedin orderto computethe re-
constructedmage.A few questionave to beaddressedt this point:
Doesaminimumexist?

Do imagescloseto the minimumor imageswith sufciently low costfunctionvalue

possessatishictoryimageproperties?

If aminimumexists,isit unique?

Are minimaof the costfunctionglobalor local?

Do local minimapossessatishictoryimageproperties?

Suchquestionganbeansweredy mathematicahrgumentdy usingtheoremgrom opti-
mizationtheoryandchecled, atleastpartially, by experiments Theabove questionsarea
bit moredif cult to answelin the constrainedcasethanin the unconstrained¢ase.When
the reconstructedmageis constrainedo lie within a targetset,e.g. whenthe pixels of
theimagearerequiredto bepositive,theminimization(or optimization)is saidto becon-

strained.Suchquestionsanbe posedwith respecto thecontinuoué image (r) instead

4Continuousn the senseof the domainbeingcontinuousasopposedo discreteor pixelized.
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of its approximation . Someanalysistoolsconsider (r) asa distribution ratherthana
continuousmage. This view aidsin a easierhandlingof edgeswhich arethenreferred
to assingularitieg53]. In this case analysisrequiresthe slightly moreinvolvedconcepts
from functionalanalysis. Analysisusing is easierdueto the useof conceptdrom linear
algebrae.g. null spacesinatrix ranketc. The costfunctionmaynot bedifferentiabledue
to certainpotentialfunctionsin the regularizationnot being differentiable(e.g. broken
parabola)and analysisfor non-differentiablefunctionshasto be used. Theoreticalan-
swersto suchquestionsallow usto predictthe propertiesof the reconstructedmageand
the statisticalreconstructiormethod. Sometimessuchtheoreticalquestionsare of lesser
importancahanthemorepracticalgoalof producinganimageof acceptabl@isualquality
in anacceptablemountof time. The above acceptabilityis with respecto the end-users
of theapplications.g. theradiologists.

In summary the reconstructedmage, *, is relatedto the costfunction, () asfol-
lows:
agmin ( ); (Unconstraineaptimizatior);

N =

argmin ,¢ ( ), SEf 2R"™: 8 =1::5;ng ;  Og

TV AR 00

(Non-nayatively constraineaptimization:
Dependingon factorslik e the trade-of betweeraccurag andspeedanunconstrainear

aconstraineaptimizationalgorithmis used.

2.7 Choosinga minimization algorithm

The costfunctionhasto be minimizedin orderto producea reconstructionOnestep
solutionsto minimizationof costfunctionsarerare. Instead pnestartswith aguess, ©,
andproceeddo re ne it over andover, attemptingto reducethe value of the costfunc-

tion atevery step. The numericalmethodsusedto minimize the costfunctions,known as
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algorithms,are usually basedon gradients.Sometimesion-differentiablecostfunctions
canbe approximatedy differentiablefunctionsanda reconstructiorcomputed.Two fa-
vorablepropertieghatanalgorithmcould possesaremonotonicityandconvergence. An

algorithmis saidto be corvergentif thereexists animageto which the iteratesgetarbi-
trarily closeto. An algorithmis saidto be monotonicif eachnewer iterateachievesa cost
functionvaluethatis lesserthanor equalto the costfunctionvalueof the currentiterate.
Most algorithmshave a stoppingor corvergencecriteria. For example,if the changen

imagepixels or the changein costfunction valuesbecometoo small thenthe algorithm
is stopped. Sometimesrisual quality experiencedby an end-uselis usedas a stopping
criteria. Dueto the nite word-lengthandmemoryof the computersused,algorithmscan
not proceedinde nitely to the theoreticalminimum of the costfunction and have to be
stopped.

The initial guessis usuallyanimagefrom a traditional methodlike FBPR If the cost
function propertiesdo not guaranteeorvergenceto a single global minimum, e.qg., if it
haslocal minimaor is non-comwvex, thena goodinitial guesss necessaryFor cornvex cost
functionswith a uniqueminimum, a uniform imageof zerossufces asa nitializer. But,
theminimizationusuallytakesalargernumberof iterationsto corverge/stopvhenstarting
from auniformzeroimageratherthanthe FBPimage becaus¢éheformeris usuallyfarther
from the minum/minimaof the costfunction.

Therestof thesubsectiong this sectionareorganizedasfollows. Themethodof opti-
mizationtransferin derving algorithmsis describedn Section2.7.1. Varioustechniques

aresuitableto acceleratalgorithmcorvergencefor costfunctionsseenin X-ray CT:
1. Orderedsubset4OS)(Section2.7.2),
2. Preconditioneadonjugategradient(PCG)(Section2.7.3),and

3. IncrementalCoordinateDescen{ICD) (Section2.7.4).



25

Non-ngyatively constrainedlgorithmsaredescribedn Section2.7.5.Finally, the proper

tiesof variousalgorithmsaresummarizedn Section2.7.6.

2.7.1 lIterati ve minimization using optimization transfer

A surrogateof the costfunctionis a function whoseminimizationleadsto the mini-
mizationor reductionof thevalueof the costfunction. Surrogatdaseptimizationalgo-
rithmsarealsoreferredto asoptimizationtransfermethodsor MM algorithms[36]. The
surrogateoffers certainadvantagedik e makingthe function being minimized quadratic
andguaranteeingnonotonicity Surrogatesisedto be computedby statisticalaguments
andresultedn algorithmscalledEM algorithms.EM algorithmshave beenincludedin a
larger setof surrogateshatinclude quadraticfunctions. The quadraticsurrogatesfford
fastercorvergencethanEM algorithmsandallow the possibility of usingunconstrained
andconstrainedlgorithmsalreadyinventedin the eld of quadraticoptimization.

Let our initial guessbe @, andtheiteratescomputedby an algorithmbe (;n =
0;1;2;:::. Thesurrogatefunction, ( ; M), of the costfunction, (), is a function
thatis computedat the nth iterate. The surrogatdunction hasthe propertythatreducing
its value, reduceghe value of the costfunction,i.e, ( ™% ; M) ( M My

( () (  ™M). Thus, reducingthe value of the surrogatefunction guarantees
a monotonicreductionin the value of the costfunction. The following conditionsare
sufcient for afunction ( ; ™) to bea surrogateof a costfunction ( ) at the nth

iterate[44, EqQ. 2] :

(2.8) (M. my= ( )y

(2.9) (™ ()8 2Ry

When ( ; ™M) and ( ) aredifferentiable the gradientsof the surrogatefunction and
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the original costfunctionat thecurrentiterate (" shallbeequal:

@ ™3 _ae )3 .
@ =m @ =0

(2.10)

P ng ho e .
2 h([A 1) thenit is saidto be

Whena function of theimageis of theform ()
additively-separable A quadraticsurrogatefor the above function canbe determinedf
we majorizeeachof thetermsusing:

(211) A qAts) 2 hAs)+ At 9+ At s)?and

0
d

(5 ™= 1A BIA O
i=1
Determiningthe cunvaturescX(s) is the crucialcomputatiorin the above equationbecause
it in uencesthe corvergencerateto a large extent. In generalthe smallerthe value of
cXs), thelargerwill bethe steptakenby analgorithm,andfastemwill betheconvergence.

Oneof the methodsto computecurvaturesfor the negative log-likelihoodpartis shavn

in [1], andfor theregularizationpartin [34].

2.7.2 Orderedsubsetg0S)

Orderedsubset®r incrementagradientis amethodto approximatelycomputethegra-
dientusingonly a subsetof the obsered data. A setof subsetof the obsened datais
x edandthe gradientis obtainedn acyclic orderfrom eachof them. If eachsubsefpro-
videsnearlythe samegradientthenthe conditionis calledsubsebalance.This condition
is vital for the OS approacho work. Usingalimited amountof dataresultsin signi cant
computationakarings. Recallfrom Section2.6 that the costfunctionis usually of the
form:

X X«
( )= L)+ R(C); LC)= (G I); R()= (IC 1)

i=1 k=1
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TheOSapproximatioris usedusuallyfor L( ). Theobseneddatasetfy;:::;y,,gis
P
dividedinto M subset@nd L( ) canbeexpresseds: L( )= M m( ). Thus,

m=1

r( L() = P mzl r m( ). Bythesubset-balanceondition,r ( ) r ()
r-wm( ). Thus,r ( L( )) Mr (). The gradientscomputedusingOS

are obsenred to be good approximationsonly when the iteratesare far away from the
minimum. Thus,OSis not suitedfor stringentcornvergencecriteria. A corvergentversion
of OS called incrementaloptimizationtransfer(I0T) was recently proposed[3] but it
suffersfrom large memoryrequirements.The memoryrequirement®f IOT may be too
largefor the 3-D helicalcone-beanCT applicationconsideredn Chapter7 .

A recentandrelatedOS algorithmis the incrementalaggrgatedgradient(IAG) [9].
A distributedimplementationof IAG is alsodescribedn the above paper WhenlAG
is adaptedo the contet of X-ray CT, it turnsout thatthe memoryrequiremenf IAG

areatleastoneimagevolume per subset.This memoryrequiremenis solarge thatIAG

becomesmpracticalfor X-ray CT.

2.7.3 Preconditionedconjugategradient (PCG)

Whenminimizing a differentiablecostfunction or its quadraticsurrogatejt is neces-
saryto computethe gradient.However, the gradientdirectionis notthe bestsearchdirec-
tion. For example,a 2-agumentunimodalfunctionwith highly elliptical contourshasa
gradientat mostpointsin the domainthatpointsin a directionaway from the minimum.
In the conjugategradientmethod a betterdescentlirectionis producedoy combiningthe
gradientat the currentiteratewith the descentlirectionat the previousiterate. The basis
for sucha combinations in thetheoryof Krylov spacemethods.TheKrylov spacemeth-
odsareapplicableherebecauseninimizing a quadratidunctionis equialentto solvinga

systemof equationsThis is anothemotivationfor usingquadraticsurrogatesNumerous
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methodsexist evenin the conjugategradientcateyory andonesuchis outlinedbelow.

Preconditionings incorporatednto theconjugate-gradiemhethodo produceghePCG
method. A preconditioneiis an approximationto inverseof the Hessianor an easilyin-
vertible matrix thatis an approximationto the Hessian. Preconditioningransformsthe
variablessoasto causeheiteratesto converge fasterby improving the conditionnumber
of the problem. One notesherethatif the preconditionerP is the exact inverseof the
Hessianof a quadraticsurrogatehenthe iterationwould corverge in one stepby using
theNewton's method.Onemajoradwantageof PCGover OSis thatany approximatiorto
theinverseof the Hessiancanactasa preconditionelaslong asit is positive de nite. A
monotonicalgorithmwill be obtainedaslong aswe have a valid preconditioner This is
in contrastto the OS basednethodswvhereapproximategradientcomputatiorresultsin a
non-monotonialgorithm.

The PCGmethodcomputeghe descentirectionby rst computingthe gradient.The
gradientis multiplied by a preconditionematrix to obtainan intermediatevector p(™.
The previous descentdirection is weightedby a factor (™ and addedto the negative
of the intermediatevectorto obtainthe nal descendirection. The whole procedures

summarizedsfollows:

g =r ()j= Gradient
pM = pgm; Pre-conditionedradient
8
% 0 n=0;
(n) = : Polak-Ribierdormulg
MTgm gn D
; p(n(gl)Tg(% 1) > n>0
2.12)
dm=pM4+ Mgh D Pre-conditionedonjugategradientdirection

Oncethedescentirectionfor eitherthe costfunctionor its surrogates determineda step
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sizeis choserto computethe new iterateasfollows :

(2.13) (n+1) M 4 (Mg

aig ming 5. o M M4 gy

where, ™

This is calleda line search.For a quadraticsurrogatethis stepcanbe doneanalytically
For a non-quadratidunction a surrogateover is computed?25]. Sometimesthe De-
Pierro's trick [15] is employed to createa surrogatein which the individual pixels are
separatedrom eachother This permitsusto createa pixel updateandsucha surrogates

referredto asa separablesurrogate.

2.7.4 lterati ve Coordinate Descent(ICD)

The iterative coordinatedescentlgorithmreduceghe value of the costfunction one
voxel at a time [56,61]. At a giveniterate,all voxels exceptoneare held constant. A
new valueof thevariablevoxel thatreducegshe costfunctionvalueis computed.Thenext
voxel shallbe updatedusingthe newly computedvalueof the currentvoxel. This process
is repeatedvith all voxels,overandover, till corvergencecriteriaaresatis ed.

ICD is acorvergentalgorithmwith ahigh cornvergencerate, which makesit anearideal
algorithm.However, it hascertaindravbacks,oneof which we try to overcomeusingthe
hybrid OS-ICD algorithmin Section7.1.2. ICD hasthe propertythatthe high frequeng
component®f theimagecorverge at a high corvergencerate,whereaghelow frequeng
componenthiave a low corvergencerate. In somecasesdueto the greedynatureof the
algorithmandits high-corvergencerate thevoxel valuesovershootheminimum/minima,
taking a large numberof iterationsto corverge to the solution. This happensvhenthe
differencebetweerthecurrentiterateandthesolutionis large. Anotherdravbackis thatits
implementation®n general-purposenicroprocessorbaze memorybottlenecks.Due to

voxel basedatureof thealgorithm,the forwardandbackprojectorimplementationhave
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to be voxel based.Voxel-basedorojectorimplementationdiave a highly non-sequential
memoryaccessgausingthe microprocessocacheto becomeuselessCachesrevital in
moderngeneral-purposmicroprocessorbecausehe microprocessorarefasterthanthe
randomaccessnemory Without cacheutilization codeexecutionslows down. OS and
PCG basedmethodsdo not suffer from this dravback becauseheir implementation®of

forwardandbackprojectorshave moresequentiamemoryaccesgatterns.

2.7.5 Non-negatvely constrainedalgorithms

The algorithmsusedfor constrainedmore speci cally, non-ngatively constrained)
andunconstraineaninimizationdiffer a greatdealin PCGbasedalgorithms. This is be-
causdahenon-n@atity constraintnakestheline search(2.13)complicated OSmethods
usuallyrequirethe creationof a separable&uadraticsurrogatewhich makesthe applica-
tion of non-ngativity constrainttrivial. Thus,OS methodsare bettersuitedto the appli-
cationof the non-n@atiity constrainthanthe PCGbasedmethods.The non-ngatiity
constraintcanbe appliedeasilyto ICD basedmethodsalsobecausef their voxel-based
updates.

Numerousmethoddor applyingthe non-n@atuvity constrainto gradientbasedmeth-
odshave beendescribedn literature.For example LBFGS-Balgorithm[10] andamethod
for handlingnon-ngjative componentsn conjugatedirectionmethoddn [28]. Numerous
applicationsof LBFGS-Balgorithmhave beeninvestigatedbut it hasnotyetbeenproven
to be usefulfor 3-D reconstructione®f MSCT data. Otherexamplesare,aninterior-point
methodfor PET[37], andanon-ngatively constrainedCG methodfor astronomicaimag-
ing [5]. All of the abore methodsare genericin nature,asthey usethe quasi-Nevton

preconditioner
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(OS] PCG ICD
Monotonicity No Yes Yes
Corvergencerate High Medium Low
(low frequencies)
Corvergenceate High Medium High
(high frequencies)
Memoryaccess Sequential| Sequential| Non-sequential
Applicationof non-neyativity Easy Hard Easy
constraint
Factoredsystemmatrix No Yes Yes

Table2.2: Propertieof candidatealgorithmsfor X-ray CT.

2.7.6 Summary of algorithm properties

OS,PCG,andICD arecandidatealgorithmsfor usein statisticalimagereconstruction
methodsin X-ray CT. Their propertiesaresummarizedn Table2.2. Fromthetable,it is
evidentthat onesingle algorithmdoesnot containall the desirablefeatures. Therefore,

furtherdevelopmeniof new algorithmsis a necessity

2.8 Cone-beamgeometry

A 2-D fan-beamX-ray scannerhas a single sourceand a single row of detectors
(Fig. 2.1) andit collectssinogramdor only oneslice,in onerotationof the gantry Mul-
tiple rotationsof the gantryandbed positionshave to be usedto scanmultiple slicesof
the patientanatomy The cone-beangeometryis createdrom the fan-beangeometryby
addingrows of detectorgin the axial-direction)on eitherside of the centralrow of de-
tectors(seeFig. 2.2). This allows multiple slicesto be scannedn onerotation,hencethe
name,Multislice CT (MSCT) scanner If thereis no bed-motionthenthe sourcetraces
a circular orbit aroundthe patient. Sucha data-collectiongeometryis called the axial
cone-beangeometry If thereis bed motion at a constantspeedalong with the gantry
rotation,thenthe sourcemovesin a helicalpatharoundthe patientandthe data-collection

geometryis calledthe helical cone-beangeometry Specializedapplicationsof MSCT



32

é’-i”f—’-—--- \\\ N &#$"' *+I$,ll|
6.7+58+"9 E

Figure2.2: Axial andhelicalconebeamX-ray CT.

scanner®.g., cardiac,createa morecomplex data-collectiorgeometryby choosingdata
from axial or helical scansusingan externalsignal,e.g., electro-cardiogran(ECG). The
reconstructioomethodsshouldbe e xible enoughto reconstrucimagedrom all theabove
data-collectiorgeometries.

Not all geometriexanbe usedto reconstructhe region-of-interestcorrectly; a nec-
essaryandsufcient conditionfor a geometryto be usefulwasgivenin [58]. Theabove

condition(asquotedin [47]) is

If on everyplanethatintersectsheobject,there existsat leastoneconebeamsouice

point,thenonecanreconstructhe object.
Anothersimilar conditionis the Pl-sufciency condition(asquotedin [52]) is

Theso-calledPI-sufciency conditionrequiresthat eat point mustbeilluminatedby the

sourceoveranangularspanof , asseenfromthepoint.

Accordingto boththe above conditions,it is apparenthat off-centerslicesin axial cone-
beamgeometrycannotbe reconstructeatorrectly Helical geometrysatis esthe above

conditionsif the objectlies within the helix. But, if the objectextendsbeyondthe sizeof
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the helix thenthe above conditionsare not satis ed leadingto the long objectproblem.
Varioussolutionsto thelong objectproblemhave beensuggestedh [16,40,60].

Variousanalyticalmethodshave beenproposedo reconstructhe objectfrom its 3D
projectionsfor both axial and helical cone-beangeometries Somemethodsaretheoret-
ically exact (basedon soundmathematicswhile othersare approximate(use intuition
or a simplifying obsenation). A few of the exact methodsare due to Grangeat[27],
Tuy [64], Tam [60] and Katsevich [40]. Most exact methodsare computationallyin-
tensve except[40]. Approximatemethodstypically requiremuchlesscomputationand
producesatishctoryimagesalongwith a smallamountof artifact. Computationasavings
in approximatemethodsaretypically producedoy derving FBP-like methods.e. meth-
odsinvolving oneor moreof weighting,rebinning,shift-invariant Itering and3D or 2D
back-projection.A well-known approximatealgorithmfor axial cone-beangeometryis
the FDK algorithm[22]. The algorithm computesthe incrementto a voxel dueto the
sourcebeinglocatedat a particularangleby assumingan equialentin nitesimal circu-
lar rotationin thetilted plane(the planeof the sourceanda row of off-centerdetectors).
Amongthe plethoraof approximatanethodghe notableonesarethe PI-method63] and
thewedge-beammethodof [65]. The PI-methodhasbeenexpandedn [52] to includethe
casewhenthe pitch of the helix is smallwhencomparedo the detectorsize.

To computeaninitializer for iterative reconstructionan approximatenethodsuchas
FBPis sufcient. Thisis becausehe iterative reconstructioralgorithmsshall correctthe
artifactsproduceddue to the inexact analyticalreconstructiormethodsalso, apartfrom

their regularfunctionslik e noisereduction.



CHAPTER 3

Costfunction for the non-negatvity constraint

A basicpropertyof the X-ray linear attenuationcoefcient is thatit takesonly non-
negative values.FBP andotherconventionalanalyticalmethodsdo not take this factinto
accountduringtheinversionprocessThesemethodsmposethe non-n@ativity constraint
asan afterthoughtleadingto a sub-optimalreconstructionln contrastto FBP, statistical
methodghatuseconstrainedptimizationalgorithmsallow the non-negativity constraint
to beimposedduringtheinversionprocess.

As describedin Section2.7, the requirementof low computationtime in statistical
methoddeadsusto useOS andPCGbasedalgorithms. The advantageof OSover PCG
basedlgorithmds thattheimpositionof thenon-neatwity constraintanbedonewithout
ary computetime overhead Whereasin thelatterthe overheads 50%(seeSection3.1).
However, incorporationof variousphysicaleffectscausethe OS methodgo becomesub-
optimal (seeSection2.4). Moreover, OS hasto be replacedoy PCGwhenmonotonicity
is desired.Thisis becausenonotonicitycanbe achiezed muchmoreeasilyin PCGwhen
comparedo OS.Thereforereducingthecomputeime overheadf PCGbasedalgorithms
is essentialf non-ngative reconstructionaredesiredn areasonablamountof time. In
our solution,we abandorthe explicit impositionof the non-ngatiity constraintandlet

regularizationcontrolthenegative pixels. In orderto controlthenegative pixelsfurther, we

34
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modify the negative log-likelihood(in amannerthatbearssomelik enesgo penaltybased
constrainedptimization[45]). The resultingalgorithmis unconstrainedmonotonic(in
the modi ed costfunction) and controlsnegative pixels. The methoddevelopedin this
chapteris for the mono-enggetic Poissoncasebut it canbe easilyextendedto the poly-
enepeticcase.

A generahon-n@atively constrainedmageestimatevasde ned Section2.7.5,andis

repeatederefor corvenience

N=agmin ,5( );

Xd X
( )= LC)+ RC)  LC)=  h(G ]J); R()= ([C 1)
i=1 k=1
where,S £ f 2 R™ : 8 = L1,::5;np ;  0Og, is the non-n@ative orthant. For the
mono-engyeticPoissorcasewe have,
(3.1) hi(t)=be "+ ri yiin(bhe "+ ri):

After the costfunction modi cation (describedbelow), the imageestimatewould be ob-

tainedthroughunconstraine@ptimizationas

~=agmin ~( );
Xd Kk
)= b))+ RO EC)= WG L) R()= «(IC )
i=1 k=1

Ideally, onewouldliketo achiere ~ ",

3.1 Increaseof computetime in PCG algorithms dueto the non-negatvity
constraint

We considerthe casef monotonicandnon-monotonid®CGalgorithmsseparately
A monotonicPCGalgorithmmustusequadraticsurrogate®asedn optimalcunvatures

[1, PSOCalgorithm]in orderto monotonicallyminimizethecostfunction. But, thePSOC
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(a) Case 1 (b) Case 2
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(c) Case 3 (d) Case 3 (Fig. 1(c) zoomed in)

Figure3.1: Plotsof h;j(t) (solidline) andh;(t) (dashedine) for thethreecategories.ri = 10,3 = 8, and
Vi = 4;15and25in (a), (b) and(c) aboverespectiely. Notethath; = h; fort 0 anddiffers
only for non-physicalaluesof the attenuatiorcoefcients.

algorithmrequiresthe non-ngatuvity constrainto be enforcedon theimageatevery step
in orderto ensuremonotonicity Due to the requirementf the imposition of the non-

negatvity constrainin PSOCtheline searchof (2.13)hasto be changedo :
(3.2) (n+1) — [ (n) 4+ (n)d(n)]+:

Theuseof line searchof (2.13)allows onelessforward projectionoperationperiteration
in theimplementation.Thus, usingline searchof (3.2) raisesthe computationaload by
about50%

Non-monotonidPCG algorithmsusequadraticsurrogatesasedon the pre-computed
curvaturesin orderto increasehe corvergencerate. Thesealgorithmshave to usetheline
searchof (3.2) insteadof (2.13)too in orderto imposenon-ngatiity. Thus,thereis an

overheadf 50%in this casetoo.

3.2 Costfunction modi cation

In this sectiontheintuition behindthe costfunctionmodi cation is discussedThisis

followed by the de nition of the modi ed likelihood. Next, the quadraticsurrogatefor
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themodi ed likelihoodis presentedThe proof of majorizationof the quadraticsurrogate
overthemodi ed costfunctioncanbefoundin SectionA.2.2.

Theintuition behindthe modi cation of thelik elihoodis asfollows. The negative log
likelihoodis a sumof functions,h;, thatdependon the valuesof Iy, r; andthe measure-
mentsy;. The agumentsof thesefunctionsare[G ;. If [G ]; is negative thenat least
oneof the ;'sisnegative. Thisis becaus¢heelementof thematrixG arenon-ngatie.

To statemoreconcisely

(3.3) [G Ji<0 ) 9jsuchthat ; < O:

The condition ; < O indicatesthat underconsiderationis not physically possible.
Thus,we arguethatthevalueof h; for * < 0 is someavhatarbitraryandit is not essential
for it to matchtheusuallog-likelihoodfunctionsincenegative valuesof * arenotphysical.
Thereforewe proposeo replacethecostfunctionsh; (") for © < 0 with functionsthatare
suitedto our goalof controllingnegative pixels.

The methodto derive themodi ed likelihoodis shovn belowv. We divide theraysinto

threecategyoriesdependingon their representate plotsin Fig. 3.1:

Catgyory 1 (Highly attenuatedays): l,=fi:y; rig
Catgyory 2 (Attenuatedays): l,=fi:ri<y; ri+hg
Categgory 3 (Almost unattenuatedays): Is=fi:ri+ h<yg

We proposethe following modi cation to h;. In categgoriesl and2, fort < O we replace
h; with a straightline suchthatthe continuity of the functionis maintainedandthe slope
of theline is equalto h;(0). A straightline is choserasopposedo a parabolabecauset

permitsthe surrogateto have a low curvature. Low cunaturesare advantageousisthey
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increasdahe corvergencespeedf thealgorithm.For cateyoriesl and2, we de ne :

% hi(t); t 0

.§hi O) + l(O); t< O

In category 3, it is not possibleto replaceh; for t < 0 with a straightline that hasa
negative slope. Having a line with negative slopewould make h; non-differentiable.We
rejectthis choiceaswe only considerdifferentiablefunctionsin this report. For sake of
simplicity, we choosea parabolao replaceh; for t < 0. Theparabolas chosersuchthat
the continuity of h; andh; aremaintained.For reasonf computationakimplicity, the
curvatureof the paraboldas computedusing[1, eq.29]. For category 3, we de ne :

.y Ehi(t); t O
i(t) =

Z hi(0)+ B+ 1U 2 t< 0

Thenew negative log-likelihoodcanbethuswritten asfollows :

X X X
(34) [C() = (A )+ R(A )+ WA L)

§|1 i21 i213

% hi (t) ift 0 P21 2] Is
(3.5) m(t) = hi (0) + h; (O)t ift<0 1211 Iy

:

hi(0) + bt + Y42 ift< 0 i 21
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A quadraticsurrogateof [C( ) wasderivedas:
(3.6) (s M= (A A M)
i=1
(3.7) i (t;s) = gi(s) +R(s)(t s)+ ia(s)(t 9%
: MO0 s> 02l 1y
G(s) = _ h(0); s 021 Iy

_E i ri)2.

bt i 215

where h;(t) = d?h;(t)=dt*:
Theproofof majorizationof = over [LC( ) onS = Ry isin SectionA.2.2.

3.3 Simulationsand results

The modi ed costfunctionwasinitially developedfor transmissiortomography but
themonoenggetic Poissormodelis applicableto X-ray CT also. Transmissiortomogra-
phyis usedto obtainattenuatiormapsfor usein PET reconstructionn PET/CTsystems.
The simulationsand resultspresentechereare for transmissiortomography An algo-
rithm thatis well-known, but is missingfrom the picturehereis LBFGS-B.LBFGS-Bis
aconstrainedlgorithmfor boundconstrainedninimization. It canbe saidto be roughly
composedf an active constraintalgorithmand an unconstrainealgorithm. It is easily
changednto anunconstraine@lgorithmby disablingall constraintgbothin theoryand
computercode). LBFGS-B however hasthe dravbackof storingmoreandmoreimage
sizedvolumesto increasehe corvergencerate. This memory-corergenceratetrade-of
of LBFGS-Bwill ultimatelydecideits usein practicalsituations.

The size of the attenuatiormap of the phantomusedin the simulationswas128x128
andthe size of eachpixel was4 4mm. The numberof angleswas 80 and numberof

bins per anglewas 136. We useda simple forward and back projectorbasedon simple
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geometricalnterpolationdo testthealgorithms.A maskof supportwascomputecaround
thephantonmusingthetrue phantom.Themasknot only saszescomputatiortime by reduc-
ing the numberof pixelsto be estimatedjt alsoincorporateghe informationthat mary
pixelsaroundtheimagerepresenair whoseattenuatiorconstanis closeto zero.Poisson
noisewith parameteryy = 10° andr; = 10wasaddedto the sinogram.Initial estimate
of theattenuatiommap, o, wasthe FBPreconstructiorwith negative pixelsto zero. The

algorithmscomparedvere

1. ConstrainedOS algorithmwith 5 subsetsand precomputecturvaturescalled OS-

SPS-PC,

2. UnconstrainedPCG algorithmwith precomputedurvaturesusingPCG.LS_QS al-

gorithm(Section6.1.1)calledQS-PCG-PC,

3. UnconstrainedCGalgorithmwith optimalcurvaturesusingPCG.LS_QSalgorithm

(Section6.1.1)calledQS-PCG-OCand

4. Unconstrained®CGalgorithmon the modi ed costfunctionusingQS_PCGLS al-

gorithm (Section6.1.3)calledQS-PCG-MOD.

Edge-preservingpace-imariantregularizationbasedntheHuberpotentialfunction(see
Table2.1)wasused.lts parameters, and , weredeterminedy trial-and-erroito produce
acceptableisual quality. The simulationsweredoneusingMATLAB.

The reconstructiongrom all the algorithmswere similar (Fig. 3.2 andFig. 3.3), and
alsohadsimilar propertieswith respecto the negative pixels (Fig. 3.6). All theuncon-
strainedalgorithmsattainedsimilar valuesof costfunctions(Fig. 3.4 andFig. 3.5). It is
alsoobsenred from theseplots that the cornvergencerate of QS-PCG-MODwasslightly
lower thanthe otheralgorithms. This is not a major disadantagebecausea goodagree-

mentin costfunctionvaluesis attainedn arelatively smallnumberof iterations.
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3.4 Summary

Theneggativelog-likelihoodfor themonoeneageticandPoissorstatisticscasevasmod-
i ed to permitthe creationof a monotoneunconstrainedCGalgorithm. This algorithm
doesnotincur the 50% computetime overheadhatwasincurredwith the requiremenbdf
monotonicityin previousPCGalgorithms.Thenon-n@atiity constraintvasnotimposed
explicitly andregularizationwasusedto control the negative pixels. Since,the modi -
cationof the neggative log-likelihoodis similar to penaltybasedconstrainedptimization,
negative pixelscanbecontrolledfurtherby increasinghepenaltyastheiterationsproceed.

Furthermorethe modi cation of thelik elihoodwasdoneonly for non-physicalvaluesof

theimage.
True phantom QS PCG PC
1 0.017
128 0

1 128

OS SPS PC QS PCG MOD

Figure3.2: Imagesof the“True Phantomandits reconstruction®y variousalgorithms.
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Figure3.3: Thedifferencemagesbetweerthe reconstructiongindthe true phantom.NRMSEis de ned as
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CHAPTER 4

Simpli ed costfunction for beamhardening

Iterative statisticainethodghathave beenusedto accounfor beam-hardeningethods
[14,21] have usedphysicalinformationthatis not requiredby the JSmethod[38]. The
disadwantageof theJSmethods thatit wasdevisedfor usewith FBPreconstructionThus,
it is desirableto adaptthe JS methodto the statisticalimagereconstructiorphilosophy
The simpli ed costfunction developedhereaccomplisheshis goal. The JS methodis
describedn termsof our notationin Sectiord.1. Theadaptatiorof theJSmethodhappens
in atrivial fashionfrom thatdescriptionin Section4.2.

Therearetwo waysof accountfor beamhardeningn statisticalmethods.The rst is
to representhe X-ray attenuatiorcoefcient usingphysicaleffects[14]. And thesecond
is to representhe X-ray attenuatiorcoefcient usingbasismaterialg21]. Both methods
have usedmorecalibrationinformationthanis usedby the JSmethod.In this sectionwe
shov how to modify the basismaterialsapproacto useonly theinformationusedby the

JSmethodto correctbeamhardeningartifacts.

4.1 Sinogrampre-correctionfor beamhardening : Joseph-Spital(JS)
method

Artif actsdue to beam-hardeningre of two types: cuppingandstreaks.Cuppingis

obseredin all uncorrectedeconstructionsyhereastreaksarepresentvhenbonecontent

44
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is high in the object. Cuppingcanbe removed by watercorrection. Water correctionis
the processof computingthe waterequivalentlengthsfor eachray. The waterequivalent
lengthsarede ned asfollows. Firstde ne, f 5(Ts) 2 (Ts; 0). Obsenefrom Fig. 4.1(a)
thatf s is aninvertiblefunction. It is calledthewatercorrectiortablein [38]. f ¢ *(I;) £ Te
is calledthe waterequivalentlength. If the objectconsistedof soft-tissueonly thenT,
would bethe exactline integral of soft tissuedensityandthe cuppingwould be removed
perfectly Indeed this hasbeenfoundto bethe casefor abdominalkcand43]. Theabove
approximatiordoesnot hold in headscansasthe bonecontents relatively higher

Now, considerthe two-materialmodelof Section2.5, andfor simplicity, assumehat
the noiseis absent.From (2.4), we would have ! f (Ts;; Tsi) = In(b=(y; 1)) £ li.
f (Ts; Tg) is alsoreferredto asthe waterandbonecorrectiontable. This setof equations
cannot be solved mathematicallyfor Ts;; andTg,; without invoking physicalconsider
ationsand/orpracticalobsenations. This is becausdor every value of the function f ,
everypointonacurwein the(Ts;; Tg.i) planeis asolution(seeFig. 4.1(a)). Thesolutions
for Ts; andTg.; areobtainedoy dual-enegy methodsandthe JSmethodin two different
ways.Dual-enegy methodgyatherdataat a seconcenegy which providesa seconccurve
in the(Ts;i; Ts:) plane. Thus,Ts,; andTg, aresolvedfor exactly. The JSmethodesti-
matesthevalueof Tg; usinga practicalobsenation. Theestimateof Tg; in turngivesus
thevalueof Ts;. Eventhoughthe JSmethodis not asrigorousasthe Dual-enegy meth-
ods, the artifact removal of the JSmethodhasbeenfoundto be satishctory This gives
theJSmethodanedgeoverthedual-enegy methodsasit usesonelessscanandkeepshe

radiationdoselow.

Thereis a possibility of taking log of negative sinogrambins herein regionswherey; valuesarelow i.e. rays
passinghougha lot of material. Theextremelylow valuesof y; causestreaksThevalueof y; canbeadjustedisingan
adaptve trimmedmeanlter [30] to preventnoisestreaks A simplersolutioncouldsimplyincreaseheoffendingvalues
in orderto provide non-n@ative line integrals. The secondapproacttancausebiasandstreaksn thereconstructions.
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The waterequivalent-lengthof boneregionsareroughlyin proportionto the density
ratio of boneto soft-tissue.But, the effect is non-lineardueto the factthatms(E) and
mg (E) arenot relatedby a constantratio at every enegy [38]. To statethe above fact
in termsof f , the non-linearmatureof f is responsibldor beam-hardeningrtifacts[38].
Non-linearityof f increasesvith adecrease voltagesettingof theX-ray tube. (Ts; Tg)
is de ned asthe scalingrequiredfor the bone-tissualensitylength (Tg) to obtainthe
waterequialentlengthi.e. it mustsatisfy: f (Ts; Tg) = f(Ts + (Ts;Tg)Tg;0). One

caneasilyshowv that (seeFig. 4.%(b))de ned asfollows, satis estheaboverequirement

fo1(f(Ts;Te)) Ts .
31, ch Ts 6 0;

(Ts; Tg) =

flf(TsT) T A
S((_SI_))S TB—O.

~lim o
JoseptandSpitalfoundthat? (Ts; Tg) is approximatecdequatelyoy A B Tg, where
A andB arefree tuning parameters.This approximationis possiblebecausen actual
imagesthe amountof boneis small enoughand the viewing window for the imageis

large. A largerviewing window enablesus to toleratea larger amountof error The JS

methodcanbe describedn our notationasfollows:

1. ComputeT = f¢1(ly).

2. Back-projecfT; to createawatercorrectedeconstructionCallit .

3. Sgmenttheregionsof , thatexceeda giventhreshold ; asboneregions. Joseph
and Spital found that the bonedensityis approximatelyover-estimatecdby a factor

o- Thus,forwardprojectthe estimatedoneregion anddivideit by  toobtainTg,

theestimateof bonedensityintegral.

4. ComputeTf™ = T¢ + Ty usingTg + (A BTg)Ty = Te andthevaluesof Tg

andTg from stepsl and3 above.

2 (Ts;Ts) = . intheirnotation.
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@)f (Ts;Ts) (b) (Ts;Ts)

Figure4.1: Plotof f (Ts; Tg) and (Ts; Tg). Unitsof Ts andTg areg/cmz.

5.1; = TE™ is the sinogramto which FBP canbe appliedto geta beam-hardening-
artifactfreereconstructionFor statisticalmethodsy; = b exp fs(li ) + r; isthe

guantityusedin reconstructions.
4.2 Statistical reconstructionmethods

The negative log-likelihood that takes beam-hardeningnto accountwas derived in

(2.6). It is repeatedhere(afterchanginghede nition of h;) for corvenience

Xd
(4.1) L()= hi(f ([Gls ];[Gle ));

i=1
hi(t) 2 (be '+ 1) yiln(he '+ r,):
FromSectiond.1we have,

(4.2) f(Ts;Te) fs(Ts+ (A BTg)Ts):

Combiningthe abore equationgivesusthelik elihoodfor the statisticalmethodthatuses
the JSmethodto accountfor beam-hardeningin the above equationf may be depend

ontherayi whena bowtie- Iter is used[62] andthe costfunction would be modi ed
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accordingly Following [59], we have the following choicesfor statisticalreconstruction

methods

1. 1-parametermethod: We usea constanto approximate (Ts; Tg) insteadof using
(4.2),i.e, setB = 0. Thisisequvalentto[38, Eq.(20)]. Thismethods usedo verify
thattheamountof bonein the phantomis signi cant from the point of view of beam-
hardeningandmorethanonetuning parameters requiredfor the approximatiorto

begood.

2. 2-parametermethod: This leadsto the simpli ed costfunction and uses(4.2) to
approximate (Ts; Tg).

3. Exactmethod: Theexactvalueof (Ts;Tg), hencetheexactvalueoff (Ts;Tg), is

known in simulations.This methodis almostidenticalto [20].

4. Adhocmethod In this method we performthe statisticalreconstructiomssuminga
watercorrectiormodelandprocessheobtainedmageby theJSmethod.We assume
thatthenoisecanberemovedby includingthewatercorrectionmodel(i.e. setA = 1
andB = 0) only in the measuremennodel. Now, the JSmethodis usedto getrid
of the beam-hardeningrtifacts. This is not a systematicallyderived methodbut is
attractve dueto its simplicity. It is includedherefor the purposeof comparisorwith

the 2-parametemethod.

4.2.1 1-parameterand Ad hoc methods

Thenegative log-likelihoodfor thesemethodsarewritten as

Xd
LC) = hi(fs(G: ]);
8:1

% G; Ad hocmethod

1B

G1
.§ G(ls + Alg); 1-parametemethod
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Usingthe optimal curvaturescomputedn [1], theapproximatesurrogates expresseds

Xd
Qi ; M= hi(fs((G1 ™M) + hFs(Gr ™1)  (Fs((G1 1) fs(G1 M)+

i=1

w(fs(G1 1) fs((G1 M)*

Obsenationsof f 5(Ts) suggesthatit is aconcae function. UsingLemmas3 and4 of [1]

we canprove thefollowing :

FATNTs T)  fs(Ts)  Fs(TE);

fs(TM)

o JTs T ifs(Ts) fs(TEM)i:
S

(n)
Obsenationsof f s(Ts) alsosuggesthatf 2(0) jfsgns) )
S

J. Thus,we havethe nal form

for thesurrogate

Xd
Qo ; M= hi(fs((G1 ™M) + hXfs([G1 ™1)  F(G1 MIIGa( M)+

i=1

16(f 3(0))*[Ga( MF:

The above surrogatefor the log-likelihoodis usedin the QS PCGLS algorithm (Sec-
tion 6.1.3). Thesemethodswill not have nice corvergencepropertiesike monotonicity
dueto the beam-hardeningpproximationsmadeto the exact measurementodel and
the useof masksls andlg. The 1-parametemethodis initialized with a 1-parameter
JSreconstructiorand the Ad hoc methodis initialized with a watercorrectedFBP re-

construction. 1-parameteand Ad hoc methodsrequireoneforward projectionandone

back-projectiorevery iteration.

4.2.2 2-parameterand Exact methods

Thengyativelog-likelihoodfor thesemethodsarewritten as:

Xd

L( )= hi(f ([Gls 1;[Gls ]i)):

i=1
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It mightbe possibleto derive anexact2-D surrogatdor this negative log-likelihoodalong
the lines of [1] but the procedureappeardo be very complicated. A simplerway is to
approximatd (Ts; Tg) by alocal Taylor seriesexpansiorfor every pairof (TZ; Tg) atthe

currentiterateandhopethatthis approximatiorholdsfor the stepsizesgenerated
2 3

n n TS Tsn
f (TS;TB) f (TS;TB) + f—ko(Tg;Té]) f-&,l(TSn;Té]) 2 g :
Tg Tg

Thequadratiapproximatesurrogatecanbe now written as:

Qs M=K+ (G W ™)+ %( M)TG,Tdiagc)G(  ™);
(] £ hi(f ((Gls ™J;[Gls ™]));
2 32 3
G O |
Got  diagfso) diagfer) 4 54 6

0 G s

The above surrogatefor the log-likelihoodis usedin the QS.PCGLS algorithm (Sec-
tion 6.1.3).Dueto the Taylor seriesexpansionanduseof masksthesealgorithmsarenot
guaranteedo be monotonic. However, they have beenfoundto performsatistctorily in

practice.The2-parametemethodis initialized by a 2-parametedSreconstructiorandthe
Exactmethodis initialized by a JSmethodusingthewaterandbonecorrectiontable. The

2-parameteandExactmethodsequiretwo forwardandbackprojectionsevery iteration.
4.3 Simulation and results

A 2-D fan-beamX-ray CT scannemwassimulatedin this study The geometryof the
scanners similar to the centralslice of a GE LightspeedProscannerSinogramdatawas
collectedovera 360 rotationovera50cm eld-of-view (FOV). Thesinogramdimensions
were984anglesby 888binsperangle. An 80kVp spectrumwasusedandthe blankscan

countsummecbvertheentireX-ray spectrunwasl1:1 1P perbin. r; weresetto zerofor



51

this study The phantomsizewas1024 1024pixelsandthereconstructiorwasdoneon
a256 256grid. A 1024sizegrid permitsthe phantomto have anaveragebonemineral
width of about1:5mm.

The reconstructiorfrom the watercorrected=BP method(Fig. 4.2) is noisy andcon-
tainsabeamhardeningstreakartifactin the centerof theimage.The 1-parametemethod
(Fig. 4.3 andFig. 4.4, top left) providesa reconstructiorwhich is free from noisebut it
still containsthe streak. The reconstructiorfrom the 2-parametemethod(Fig. 4.3 and
Fig. 4.4,topright) is free of the noiseaswell asthe streakartifact. Theimagequality is
comparabldo that of the Exactmethod(Fig. 4.3 andFig. 4.4, bottomleft). The Ad hoc
method(Fig. 4.3 andFig. 4.4, bottomright) removesthe beamhardeningstreakartifact
but failsto removethenoisecompletely The 2-parametemethodshouldbethe methodof
choicewhencomparedo the Ad hoc methodasit follows the measuremennodelmore
closelyanduseshe samebeam-hardeningformation(watercorrectiontableandtuning

parameters).

4.4 Summary

Polyenegeticstatisticaimagereconstructiormethodslevelopedn the pastusedmore
beam-hardeningalibrationinformationthantheFBPmethods TheFBPmethodsachieved
signi cant artifactreductionby usingthe sinogrampre-correctiortechniqueknown asthe
JS method. The polyenegetic statisticalmethoddevelopedhereeliminatesthe needto
obtainthe extra beam-hardeningalibrationinformation,andreuseghe parametersised

in the JSmethod.
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(a) Truephantom (b) JSwatercorrected=BP reconstruction

Figure4.2: Imageof thetrue phantomandJSwatercorrected=-BP reconstructionWindow = 400HU. Note
thebeam-hardeningtreakin the centerof the FBP reconstruction.
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Figure4.3: Reconstructiorusing statisticalmethods. Window = 400HU. Clockwise from top left : 1-
parameter2-parameterAd hoc,Exact.
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20

Figure4.4: Differenceimagesbetweenreconstructionausing statisticalmethodsand the true phantom.
Clockwisefromtopleft : 1-parameter2-parameterAd hoc,Exact.



CHAPTER 5

Statistical methodto reduceorgan motion artifacts

This is a shortchapterthat investigatesa solutionto a particular simulated,simple,
organmotionproblemin X-ray CT. The goalhereis to createa motion-compensatesta-
tistical reconstructiormethodby usingonly the obsened projectionsandsimpleimage-
processingperationdik e thresholding.We hopethatthe perspectiesaboutmotion de-
velopedin the givensolutionto this simpleproblem,will be applicableto morepractical
problemd. Section5.1 presentsackgroundon the motion problemin general,and X-
ray CT in particular Section5.2 de nes the simulatedproblembeinginvestigatechere.
Section5.3 presentghe proposedsolutionto the problemde ned in Section5.2. Finally,

Section5.5summarizeshe proposedsolution,its advantagesandits disadwantages.

5.1 Background

The problemof motionis a very basicone. Whena patientis in the scannerthereis
motion dueto a lot of phenomenabreathing,beatingheart, peristalsis(e.g., motion of
esophaguandintestine),musclecontractionsaandexpansionsmovementdueto discom-
fort etc. Thereforethesingleimageproduceddy thescanis somesortof anaverageover

the durationof the scan. Somekinds of motion, like breathingand cardiacmotion are

1Specialthanksto Bruno De Man, for sharinghis intuition on this topic.
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qguasi-periodicwhile in otherkinds, the moving objectsdo not returnto their respectie
initial statesduringthe scan. We focuson the secondproblem,eventhoughboth kinds
of motion arecloselyrelated. An exampleof the type of problemthatwe wish to focus
onis asfollows. In alung scanwhosedurationis muchlessthanthe durationof a single
breath,the diaphragmwall would move a certaindistanceduring the scanandnot return
to its initial state.

To imagequasi-periodianotion, a plethoraof scanningtechniquesandimagerecon-
structionmethodshave beendevelopedin the pastfew years. Evena new scannemwith
two X-ray sourceshasbeenproposed.An exampleof imagereconstructiorwith quasi-
periodicmotionis describechext. In cardiacX-ray CT, animageof the heartis required
to be producedat a particularphasein the electro-cardiogranfECG) signal. An ECG
signalis collectedalongwith projectiondata. In somecases projection-datacollection
is triggeredby the ECG signal, called prospectre-gating,andin others,projectiondata
is collectedfor a durationof time andthe relevant piecesof projectiondataare selected
basedon the ECG signal, called retrospectie gating. Thus, for cardiacX-ray CT, it is
possiblethatwe maynotbeableto collectall therequireddatafor agivenheart-phasdt-
eratve algorithmsproduceimageswith lower artifactthanFBP basednethodsvhensuch
adata-insutciency is encountered49]. In [33], authorshave proposedan new scanning
geometrythatreduceghe X-ray doserequiredfor cardiacimaging.

Oneway to beatthe motion problemis to take all the requiredobsenationsin atime
thatis muchshorterthanthe motion. This kind of solutionis attemptedwith a electron-
beamcomputedomography(EBCT) scannerlt hasno moving partsandthe X-ray beam
is rotatedelectronically Onerotationtakesonly 50 millisecondswhich is muchsmaller
thanthe durationof a heartbeatat 120 beatsper minute, 0:5 seconds.EBCT scanners

howeverarevery expensveandnoteasilyavailable.So,newerscanningechniquesnd/or
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imagereconstructiormethoddor the slower gantrybasedVISCT scannersvould have to
bedeveloped.A solutionto the motionproblemhasbeentestedn [17] by addinganother
X-ray sourceto the scannessimilar to a ying focal spot,which the authorsstateis very
costly In an accompaying paper[18], the sameauthorsproposea signal processing
approactthatis slightly sub-optimabut removesthe needfor anextra X-ray source.The
suggestednethodsarehardto adaptto moregeneralproblems.

Previouswork relatedto the currentproblemhasbeenexploredwith FBP basedneth-

ods. In [12], the authorscreateda parametricmotion modelto reducemotion artifacts
causedoy breathing. Somesolutionsto similar problemshave beenproposedn related
elds. In cardiacX-ray CT, projectionshave beenusedto synthesizean signalcalledthe
kymogramthatis ananalogueof the ECGsignal[39]. In singlephotonemissioncomput-
erizedtomographySPECT) theauthorsof [50] computeanoptical o w vector eld from
theobsernedtomographioviews.

The approachon which the motion-compensateninage reconstructiormethodpro-
posedhereis derivedis differentfrom the currently known methods. The currentap-
proachdoesnot parameterizéhe objectbeingimagedwith atime variable. Neitherdoes
it attemptto differenceconsecutre views to obtain motion information. The proposed
method rst createsa motion-uncompensateéconstructiorby traditionalmethods.And
thenit useghis reconstructiomndthe obsenedsinogramo createamotion-compensated

reconstruction.

5.2 Problemde nition

A simulationwith a single-slice,fan-beanscannels setupasfollows. An objectis
scanneavith a 360degreerotationemploying 984views. Theobjectis amodi ed Shepp-

loganphantomwhich remainsin statel (Fig. 5.1(left)) for views 1 to 491, andin state2
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(Fig. 5.1(right)) for views 492to 984 Onecannoticethatthe statetransitionoccursdue
to amoving ellipselocatedin the top-centerof the object. At view 492 theray from the
X-ray sourceto the centerof detectorarrayis roughly parallelto the major axis of the

moving ellipse.No noiseis addedo the obseredsinogram.

5.3 Proposedstatistical reconstructionmethod

Theproposednethodis basedn ourintuitive understandingf the X-ray CT scanner
It is apre-andpost-processintypeof amethod.andwe do notclaimit hasary optimality
properties Also, the proposednethodis tailoredto the problemde nition of Section5.2.
However, it doesprovide somenew insightsinto objectmotionin X-ray CT scans.The

stepsin theproposednethodareasfollows:

1. A regular(i.e. motion-uncompensated@constructions madeusingFBP (aregular

izediterative algorithmcanbe usedwhenobsenationsarenoisy).

2. The differencesinogrambetweenthe forward projectionof the motion uncompen-
satedreconstructiorandthe obsenedsinogramis calledtheresidualsinogramhere.
In the residualsinogram bins outsidethe range[ 100Q 1000]HU aresetto 1 and
therestto O to producea secondsinogram(Fig. 5.2(top-left)). This sinograntells us
the obsenationsthataregoingto containalarge residual.The moving objectwould
bemainly responsibldor thelargeresidualdecause¢hetheinitial reconstructiordid
nottake motioninto account.

3. Theabove sinogramis back-projectedqFig. 5.2(top-right)).Thisimageroughlytells
how muchvariousregionsof theobjectcontributeto thethelarge-residuategionsof
theresidualsinogram.

4. Theaboreimageis thresholdect300to produceheimagemaskshowvnin Fig. 5.2(bottom-

left). This mask,called motion mask,roughly tells us wherethe motion could be
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happeningln otherwords,within the motion mask,imagepixels changewith view

numberandoutsidethe motionmaskthey do not.

5. The methodto computethe view at which objectmotion happenss asfollows. In
the residualsinogram,we consideronly thoserays that passthroughthe motion
mask,and setthe restto 0 (Fig. 5.3(left)). Now, the rst half of the views of the
obsered sinogramcomefrom an objectin which the moving ellipse waslarge in
size, and the secondhalf comesfrom an objectin which the ellipse was smaller
But, the motion-uncompensateaéconstructiotakesinto accountall views, produc-
ing areconstructionthatis intermediatédbetweenrst andsecondstatesof the object
(Fig. 5.4(left)). So,the obseredsinogramwould be greaterthanthe forward projec-
tion of themotion-uncompensatesinogramin the rst half of theviews,andsmaller
in the secondhalf. This changein sign could roughly tell us the view wherethe
objectmovesfrom statel to state2. Thus,we sumthe residualsinogramover the
detectordimension,and producea one dimensionalfunction (Fig. 5.3(right)). The
signchangan this functiongivesus an estimateof the view at which objectmotion
happensThetransitionview, calledif29, is computechereas491
Note herethatthis ad hoc procedureof estimating f 29 shouldwork in the presence

of noisealso,dueto theaveragingtakingplaceoverthesinograndetectordimension.

6. During reconstructionpixels outsidethe motion maskare reconstructedising all
views. But, pixels within the motion maskare changingwith view number To
accountfor this fact, multiple imagesare reconstructedavithin the motion maskas
describedelon. A mappingbetweerthesamagesandview numberds alsocreated.
In the currentproblem,thereare 2 imageswithin the motion mask: the rst image

correspondso views 1 to i 429 andthe secondmageto viewsif429 to 984

7. Thenegativelog-likelihoodfor theweighted-least-squarasdmotion-uncompensated
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casds

Xd
L( )= | wi([G T )%

i=1
where, istheimagebeingestimatedny is the numberof obsenations(i.e. sino-
grambins),l; andw; aretheline-integral obsenationandweightat sinogrambin i,

andG is theforwardprojectionoperator It is modi ed for motionasfollows:

flg. f2g)

I—motion( I,%; Im® Im

iX;ZQ Xd
= G L 1) wi(G )

i=1 i=ifli2041

(= L();for o= T2=)

2 3 2 3
ix;zg f%g Xd f%g
=7 aw(eq PEy )2+ wi(c§ "L 12
i=1 ]Icig i=ifLi2041 Trzng
2 3 2 3
%20 o NG o
=" aw(@ed "Ly 1)+ wi(cq L e
i=1 ]Icig i=ifli2041 Tig
2 3
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i=1 " Ilg
G
2 3
f1
Xd Glmg ? 3
I3
+ Wi (86, o ' NG
i=if 12041 129
f 2 m
G,mg
ix;Zg
= wi([Gig 10l + G 9] 1)
i=1
)Qd
+ Wi[Grg 19l + [GIP [P e )2
i=if1i29+1

Thede nitions of varioussymbolsareasfollows.
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9 and 729 : Full-sizeimagedor objectstatesl and2 respectiely.
i"129 : Thesinogrambin atwhich statetransitionis estimatedo occur

| » andl 2 : Motion maskandits complementespectiely.

f;g and f:f’ : Regionsof 9 outsideandinsidethemotionmaskrespectiely.
f2g f2g

1o and *“: Regionsof '20 outsideandinsidethemotionmaskrespectiely.

1o . Outsidethemotionmask thesameparameterareto beestimatedThere-

4 fig4d f2
fore, 19 = 1o°= |5

G, ¢ : Forward-projectothatprojectsmageregionsoutsidethe motionmaskto

all sinogrambins.

G/ Forward-projectothat projectsimageregionsinsidethe motion maskto

Im *

sinogrambins1toif%2,

G2 Forward-projectothat projectsimageregionsinsidethe motion maskto

Im *

sinogrambinsif29 + 1tong.

8. Suitableimageregularizationtermsareaddedto L motion ( 19 ; f1g. fig) andal-

Im?

ternatingminimizationis performedto estimate g, fig and fig Finally, the

above estimatesare combinegito obtainthg nal geconstructedmagesfor motion

statesl and?2 : flg:? Ir?’gand f29=9 I'%EZ;.
f1g f29

|m |m

5.4 Results

The proposedmagereconstructioomethodassumeshatthe objectbeingscannedas
two statesandatransitionview atwhich the statetransitionoccurs.For the problemsetup
here,this is indeedthe case.The proposednethod nds the transitionview correctlyas

491asshownin Fig. 5.3(right). The proposednethodis alsoableto localizecorrectlythe
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imageregionwherethemotionoccurs,.e., themotionmaskis accuraten Fig. 5.4(right).
Thereconstructiorproducedoy the proposednethodhaslower motion artifactthanthat
producedy thetraditionalmethod.Thisfactis evidentwhenwe visually compare-ig. 5.4

andFig. 5.5. More evidencefor this canbe seenin Fig. 5.6.
5.5 Summary

The solution proposedherehasbeentestedin the absencef noiseand works satis-
factorily for the fan-beancase. In the presenceof noise,two parametergstimatedoy
image-processingperationspnamelythe motion maskandthe transitionview, will have
to be adjustedasthe iterationsproceed. The proposedsolutionwould only provide an
initializer to theseparametersOne problemis that, the imageparameterizatiochanges
with theestimateof themotionmask.Thedependencef theimageparametersntheob-
seneddataalsochangewith the estimateof thetransitionview. The motionmaskcould
expandto cover the entireimageif it is not regularizedproperly Becausef thesefacts,
the propertiesof the negative log-likelihoodcannot be predictedn the presencef noise.

More investigationis required.
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Range: [0 2000] Range: [0 2000]

504 504
1 512 1 512
True image for views 1 to 491 (image window = [800,1200] HU) True image for views 492 to 984 (image window = [800,1200] HU)

Figureb.1: Trueimages.Left: Objectin statel, andRight: Objectin state2. Imagewindow = [800; 1200]
HU.
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Range: [0 1] Range: [0 564.212]
1 1
984 504
1 888 1 512
Sinogram mask showing sinogram bins in which forward proj of FBP differs Back projection of the sinogram in the left top figure

with the actual observations by more than 1000HU

Range: [0 1]

504

1 512
Image mask showing pixels where the the right top figure exceeds 300
i.e. these are the pixels where each pixel has roughly more than 300 "erroneous” rays passing through it

Figureb.2: Motion maskcomputatiorprocedureTop-left: Thresholdedesidualsinogram;Top-right: Back
projectionof thresholdedesidualsinogramandBottom-left:Motion mask.
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Range: [ 6758.35 13056.4]
5000 1
05 1
ok 4
984 5000 05 | J
1 888
residual sinogram for rays passing through the motion mask
1k 4

15 i i i i
0 200 400 600 800 1000
sum of residuals in bins in a particular view in the adjoining sinogram

Figure5.3: Computingthe transitionview. Left: Residualkinogramfor rayspassinghroughmotionmask,
andRight: Sumof sinogramon theleft overthe detectordimension.
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Range: [ 100.793 2024.33] Range: [ 100.793 2024.33]

504 504

FBP reconstruction FBP reconstruction with the motion mask overlayed

Figureb5.4: FBPreconstructiomndmotionmask.Left: FBPreconstructionandRight: FBPreconstruction
with motionmasksuperimposedmagewindow = [800, 1200]HU.
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Range: [ 230.225 2132.75] Range: [ 172.878 2132.75]

504 504
1 512 1 51.
Iterative recon for views 1 to 491 (image window = [800,1200] HU) Iterative recon for views 492 to 984 (image window = [800,1200] HU)

Figureb.5: Iterative reconstruction.Left: Motion statel, and Right: Motion state?2. Imagewindow =
[80C; 1200]HU.



Range: [ 255.796 355.225]

504

1 512
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Figureb.6: Error images. Top-left: True motion statel - iterative motion statel, Top-right: True motion
state? - iterative motionstate2, Bottom-left: True motionstatel - FBR andBottom-right: True
motionstate2 - FBP Imagewindow =[ 30; 30]HU.



CHAPTER 6

ComparisonsbetweenOS and PCG algorithms

This chaptercompare0S-basedind PCG-basedlgorithms. Section6.1 compares
two PCGalgorithms: PCGLS_QS (or, PLQ, for short) and QS.PCGLS (or, QPL, for
short). PCGLS_QS hasbeenknown in literature[25] but is not guaranteedo minimize
non-quadratidunctions. So, we derive a nev PCGalgorithm,QS PCGLS, thatis guar
anteedto do so. This guarantednowever comesat the price of slightly reducedcorver
gencerate.Section6.2 describeshe OrderedSubsetgOS)idea. OSalgorithmsfor image
reconstructiorin X-ray CT andothercloselyrelated elds have beenknown [2, 8, 35],
andwe summarizéhe PWLS OS SPSalgorithmin this section.In Section6.3,we com-
parePWLS OS SPSandPWLS PLQalgorithmsandshowv thatPWLS OS SPScornverges
fasterwhentheiteratesarefar away from the minimum/minima.But, we alsoremarkthat
the potentialof PCG algorithmsis still untappedbecausegreconditionersievelopedin

other elds have notyetbeenusedin X-ray CT.

6.1 Conjugate-gradientalgorithms

6.1.1 PCG_LS_QS(or PLQ)

ThePCGLS_QSalgorithmcomputegshedescentirectionfrom theoriginal costfunc-
tion usingthe PCGideaof (2.12). We note herethat the descentin this direction on

the original costfunctionis a line searchon the original costfunction (2.13). This line
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searchs equvalentto theminimizationof a single-\ariablenon-quadrati¢unction. In the
original costfunction, the notationof the negative log-likelihoodandpenaltyfunctionare

combinedfor the purpose®f this algorithmasfollows:

0
d

L()+R()Z hY(A T):

i=1

4

()

At the currentiterate (", the searchdirectiond(™ is computedby using PCG (2.12)
on (). Oncethedescentirectionis computedthe single-\ariablenon-quadraticost
functionis de ned as:
V)= MA@+ dO)):
i=1
Tominimize Y ), wedesignquadraticsurrogatesvith respecto for eachof N, subit-
erations:

Ty i mE QA @+ dO)[AC @+ nd™)]); (QSusing(2.11))

i=1

=T RGAC D ndADYLC )

i=1

+16IAC @+ ndAd DR )%

Since { ; .)isquadratidn ,thenextiterateof is obtainedanalyticallyasfollows:

"= agmin g om);
1 P8 A O+ nd™))Ad O]
(6.1) ) M= om g .

Y GA( M+ pd®)])[Ad M
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Thepseudacodeis
1. Initialize © = max( ggp;0)
2. for n=0,1,2, ::: N;-1
2.1 Compute d™ using (2.12) and initialize m=0
2.2 for m=0,1,2, ::: N»-1
2.2.1 mig = M Pi"=§1 hi([A( MW+ md™M))[Ad (]
P9 GA( W+ md™)])Ad (WP
2.2 end
23 () = )4 g
2' end

Thetotal numberof forwardandbackprojectionoperationsn thisalgorithmis 2 N;.
This algorithmis guaranteedo be monotonic;the costfunction is reducedevery it-
eration. For non-quadraticostfunctions,this algorithm could get stuckin unfavorable
directionsas a surrogatethat majorizesthe costfunction globally is not created. Even
thoughfor a quadraticcostfunction, this algorithmis guaranteedo nd a solutionin a
nite numberof steps,quadraticcostfunctionsarerarely usefulin imagereconstruction.
Quadraticcostfunctionsdo not allow us to performedge-preservingnagereconstruc-
tions, usuallyyielding eithertoo blurry (high ) or too noisy (low ) reconstructionsTo
guaranteghe minimization of non-quadraticostfunctions,the algorithm QS.PCGLS

(Section6.1.3)shouldbeused.
6.1.2 PWLS_PCG_LS QS (or PWLS_PLQ)
The PWLS. PLQ algorithmis obtainedby settingthe likelihood partin the previous

sectionfor WLS using (2.5). The chosenpenaltyfunctionand are substitutedn the

regularizationpartto obtainthe nal PWLS_PLQ algorithm.
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6.1.3 QS_PCG.LS (or QPL)

The QS.PCGLS algorithm rst computesa quadraticsurrogate,  ( ; ™), for the
likelihood part at the currentiterate, (9. Now, the cost function is composedof a
guadratidunctionandthe penaltyfunction,whichis typically non-quadraticSubiterates,

(nm) "are computedby settingup quadraticsurrogates, g( ; ™™)), overthe penalty
function part. Thus,within theinneriteration,the costfunctionbeingminimizedis com-
pletelyquadratic.Now, thedescentlirectionis computedisingthePCGtechniquele ned
in (2.12). Eventhoughthe previousdescentirectionis from a differentcostfunction,no
signi cant degradationin performanceas obsered. Now, a line search(2.13)is usedto
obtainthe new iterate, (™™*1 A line searchon a quadraticfunction alonga descent
directioncanbe doneanalyticallyin onestepandis shovn below. The algorithmis sum-

marizedasfollows:

1. ©0 = max( rgp;0)

2. for n=0,1,2, ::: N;-1

2.1 Compute ( ; ™9)

2.2 for m=0,1,2, ::: Nyp-1

2.2.1 Compute g( ; ™M)

2.2.2 mm) yE (2 M0y 4 ;)
2.2.3 Compute descent direction d™™) using PCG
224 Compute (see below).

2.2.5 (nm+1) = (nm) 4 g(mm)

2.2 end

23 (n+1;0) —  (NN2)

2' end
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We call the two-stepsurrogate, (m™)( ), the nestedsurrogate We show in SectionA.1
thatareductionin the valueof the nestedsurrogatecauses reductionin the valueof the
objectve function (). Thetotal numberof forward andbackprojectionoperationss

2 N; Ny

Computing

Thequadraticsurrogates  ( ; ™9)and g( ; ™M) canbewrittenas:

(o (n;O)): a (G 1[G (n;O)]i);
i=1
i (t;8) = hi(s) + hi(s)(t )+ LG(s)(t  9)%
X
(5 ™M)= &(C TilC "™

k=1

Re(t;8) = k() + «(S)(t )+ ta(s)(t  9)*

Thus,theline searchin the nestedsurrogatecanbe written as:

agmin , "M Om 4 gmmy.

(n;m)( (mm) 4 d(n;m))

L( (mm) 4 g(mm). (n;O))+ r( (mm) 4 g(mm). (n;m)):

Substitutingthede nitionsof ( ; ™9)and g( ; ™) yields,
d
L( (mm) 4 gmm). (n;O)): hi([G (n;O)]i)

i=1

+B(G "O) [G( ™ CO) 4+ [Gd™]
#

+1¢ [G( (nm) (n;O))]i+ [Gd(”;m)]i ? ;

X
and g( (mm) 4 g(mm). (n;m)): «([C (n;m)]k)+ «([C (n;m)]k)[Cd(n;m)]k
k=1
#
+ sa([Cd™™])? 2 -
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Substituting (™M) + dm). MOy and g( ™M) + dmm); (M) jn theexpres-

sionfor the (™™)( ) in line searchabove anddifferentiatingwith respecto , we get,

d Xd N 0]
T (n:m)( (mm) 4 d(n:m)): hi ([G (n:O)]i)+ GlG( (n;m) (n;O))]i [Gd(”;m)]i
i=1 #
+6[Gd "™}
! #
+ «(C "MIICAT™] + 6 (Cd ™M),
k=1
Usingamorecompactotation,we write,
d h i

T (n;m)( (mm) 4 d(n;m))= h(G (n;O))+ D(c) G (nm) g (MmO T(Gd(n;m))
+(Gd™™)TD(6)(Gd ™)
+ _T(C (n;m))(Cd(n;m))+ (Cd(”;m))TD(Ck)(Cd(”;m)) .

Equatingtheaboveto 0 yieldsthefollowing expressiorfor the stepsize:

(6.2)

h_T(G (n:O))+(G (mm) G (n;O))TD(Ci) (Gd(”;m))+ _T(C (n:m))(Cd(n;m)).
(GA™M)TD(G)(Gd ™M) + (Cd™™)TD(c)(Cdm™) |

Also, notethat

2
dS 5 (n;m)( (mm) 4 d(n;m)) = (Gd(”;m))TD(Ci)(Gd(”;m)) + (Cd(”;m))TD(Ck)(Cd(”;m));

0:
Thisis becausé¢he curvaturesc; andc, arenon-ngjative.

This algorithmis monotonicbecause&uadraticsurrogategunctionsare setupevery it-
erationanda reductionin the quadraticsurrogateunction valueresultsin the reduction
of the value of the original costfunction. But, the main advantageof this algorithmis
thatit could be usedto achieze a minimum of non-quadraticostfunctions. Becauseat
every iterationandsubiterationthe quadraticsurrogatesnajorizethe costfunction over

theentireparametespace.
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6.1.4 Preconditioners

Corvergenceratesof PCG algorithmscan be increasedoy using preconditioners.A
preconditionelis a matrix or an operatorthat approximateshe inverseof the Hessianof
the original costfunction or its surrogate.Preconditioneriave beenknown in numeri-
cal methoddliteratureand usedfor the solutionof a systemof equations.For example,
limited-memoryBFGSmatricesareusedto approximatehe Hessiar{10]. However, pre-
conditionerscanhave non-trivial memoryrequirement@nda trade-of hasto be consid-
eredbetweercorvergencerateimprovementandmemoryrequirementsFroma memory
view point,thosepreconditionershatrequirea storageof aboutthesizethereconstruction
volumearemostappealingo be studiedinitially. DiagonalandFourier pre-conditioners
meetthe above requirementsThesehave beenderivedin [25].

Preconditionersor costfunctionswith space-ariantpenaltiesdescribedn [26] have
beenimplementedor fan-beansystemsandshav considerabl@romise(seeSection6.3).
Thesepreconditionerganbeimprovedby usingpropertieof thefan-beansystemmodel
studiedin [57]. Preconditionergor usewhenspace-imariantpenaltiesare usedare de-
scribedin [25].

Variouspreconditionerhiave beendescribedn literature.A non-Fourierlow-memory
preconditionemwasgiven by Vogel [66]. Preconditionersor Toeplitz systemshave been
consideredby Chan[11]. Variouspreconditioneraisingthe Sherman-Morrisoriormula
have alsobeensuggested51,55]. Otherpossiblepreconditionerswith possiblyhigher
memoryrequirementshat could be consideredarebanded sparseandslant-stackbased.
Variousimagerestorationtechniquesould be employed aspreconditionersThis factis
implied by the factthat Fourier anddiagonalpre-conditionerslo not requirethe explicit

useof thesystemmodel.
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6.1.5 ComparisonbetweenPCG_LS_QSand QS PCG.LS

We comparedhe PCGLS_QSandQS PCGLS algorithmsfor a fan-beansimulated
datasetvith Poissomegative log-likelihood(see(2.5)) anda space-ariantpenaltyfunc-
tion [26]. Thepreconditionenf [25, Eq.(32)]wasused.Thevariationof the costfunction
valuewith iterationnumberis shovnin Fig. 6.1. ObsenethatthePCG.LS_QShasafaster
convergenceratethanQS_PCGLS in theinitial iterations.Sincewe focusedon the con-
vergenceratein initial iterations,we avoidedthe optimal curvaturesastheir computation
involvesanextra back-projectionWe usedprecomputeaunaturesnstead1].

x 10
12

I
PCG_LS_QS
O QS_PCG_LS

K]

10r b

©
T
|

Cost function value (arbitrary units)
[e2]
T
|

8 10 12 14 16 18 20
Iteration number

Figure6.1: CorvergenceratecomparisorbetweerPCGLS_QSandQS_ PCGLS algorithms

6.2 Ordered-subsefalgorithms

6.2.1 OS_SPSalgorithm for an unregularized costfunction

The minimizationof a regularizednegative log-likelihoodcostfunctionusingOS and

separabl@araboloidaburrogate$SPS)wasdescribedn [2]. We rst focusonthesurro-
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gatefor thenegativelik e-likelihoodpart. Thiswill motivatethe PWLS_.OS_SPSalgorithm
in Section6.2.2. This sectionalsohelpsmotivatethe derivationof the OS PCGLS algo-
rithmin Section8.1. The separablesurrogatdor thelikelihoodpartis derivedasfollows.
First, a quadraticsurrogatds setupat the currentiterateusing(2.11). The curvaturesfor
the Poissonlik elihood are computedusing precomputecdr optimal curvatures[1]. The
negative likelihoodin the WLS caseis alreadyin the quadraticform. Next, the gradi-
entcomputations approximatedisingOS. Dueto the OS approximatiorto the gradient,
the gradientcomputatiortime is reducedby a factorequalto the numberof subsetsN.
Finally, De Pierro’s trick [15] allows usto constructa separablejuadraticcostfunction.
Withoutthe De Pierro'strick it would notbe possibleto utilize thesavingsaffordedby OS
approximatiorof thegradient.Onewould expectthatthe cornvergencenould beslowedby
separating quadraticfunctioninto a sumof quadraticfunctions,eachof which depends
on a singlevoxel. In practice,for a mediumto large numberof subsets©OS algorithms
for X-ray CT have fastercorvergenceratesthan PCG. This factis alsodemonstratedh
Section6.3.

Theabove proceduras summarizedsfollows :

X
L ™M= asi(tis)

i=1
X h &

= h(G MHIG( M+ 1VIG( (M)]2; (from (2.11))
i=1 i=1

= (GTh-(n))T( (n)) + %( (n))TGTD(Ci(n))G( (n));
(NSG:h.En))T( (n)) + %( (n))TGTD(Ci(n))G( (n));

(by OSapproximatiorto thegradient)
X

(NsG:h-E”))T( (n)) + %( (n))T D( Ci(n)GijGij J)( (n));

i=1

(by DePierros trick)
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P
where,G; = jnz"l jGijj ], Ng is thenumberof subsetsindG, is the systemmodelfor the
r'" subset.The separableostfunction derived abose permitsthe expressiorfor a pixel

update:

1
(6.3) (= ™ D(p ———)NGG/ h{":
s GGy ] r

P
Note that in the WLS case,c™ = w;, andthe denominatarD( 1%, <" GijG;j) =
P
D( 1 wiGijGj j). Thus,thedenominatoneedgo becomputecbnly once.If N, is the
total numberof iterationsthenthetotal numberof equivalentforwardandbackprojections

is 2 Nj.
Imposing the non-negatvity constraint

Theabove surrogatecanbe usedto monotonicallyreduce(for Ng = 1) thevalueof the
costfunction. This statementholdstrue whenthe non-n@atiity constraintis imposed,
i.e.,, whena minimizer of the costfunction in the non-n@ative orthantis sought. The
above surrogatas separablén theelementf the parametewector andcanbeexpressed

P
generallyasfollows: [, 1a/( j h)? where,a ;hj areconstantsTheunconstrained

.....

ement,we obtainthe minimizeras ; = argmin g ( h)2. This problemis easy
g 10
| hih o
enoughto be solvedgraphicallyas: ; = ,i.e, ; = [g]+ . Karush-Kuhn
-0 bh<O0

Tucker (KKT) conditionscanalsobeusedto yield thesameresult. Thus,thenon-negative

minimizerof the separablesurrogatecanbedervedas:

1

(6.4) (n+1) — [ (n) D(P -
GV GiiG;

j)NSGrTb-En)]+:
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6.2.2 PWLS_OS_SPSalgorithm

Thesurrogatdor thelikelihoodpartis derivedin Section6.2.1as:

L8 M= (NGTRMTC M+ )T ),

4 X
DV =D(  "GiiGj)):

i=1
Now the surrogatefunctionis the sumof a quadraticfunction andthe penaltyfunction,
whichis typically non-quadraticWe usethe nestedsurrogatesdeaof Section6.1.3here.

Thesurrogatdor thepenaltypartis madeseparabl@nddepend®nthesub-iterate (™),

It is derivedasfollows:

(6.5)
Xk Xk
r( 5 ™) = ru(ti;s) = (C ™™)IC( MmNk
k=1 k=1
SR A (TGN W
(6.6) = (€T Myt M+ M)TeTp(g™)c( ™

(CT _(n;m))T( (n;m))
k

X ) _
+ %( (n:m))TD( C‘((ﬂ,m)ckjckjj)( (n,m));

k=1
(by De Pierro's trick)
= (CT _(n;m))T( (n;m)) + %( (n;m))TDén;m)( (n;m)):

Theoverallsurrogatdunction(ignoringthe constanterms)to beoptimizedis thuswritten

as:
(n;m)( Y= ( ; (n))+ r( (n;m));
= (NsGThM + CT (mWmhHT 4 1 (n))TDI(_n)( ™)

+30 OMTEDFMC M)
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Differentiatingthe above with respecto  andequatingthe gradientthe zero,we getthe

updateontheimage:

(NG by

+

CT _(n;m)) + DI(_n)( (n)) + ( Dén;m))( (n;m)) =0

(n) (nm)
()DL( ;W ()DR( )
n nym n nym

DL + DR DL + DR

1
N.G
(n) (n;m)( s
D™+ DO

) (nm+1) — (n;m)

rTb'En)-I_ CT _(n;m));

= D(”) N D(n;m)(( Dan (n;m) CT _(n,m)) + (DLn (n) NsGrTh-En))),
L R

1 (nm)  (n;m) T (nm) (n)
; ; _(m; + .
DI(_n) + Dl(:an;m) (( DR C ) Z )’

(6.7) zM 2 p™ ™ NGThM:

Using similar agumentsfor the non-n@atiity constraintasin Section6.2.1,we obtain

thenon-ngatively constrainedipdateas:

. 1 . ) .
(6.8) (nm+l) = [D(n) + D(n;m)(( Dl(?n’m) (n:m) cT —(n'm)) + Z(n))]+:
L R

The pseudacodefor theserialPWLS.OS SPSis :



81

1. © = max( rgp;0)
2. for n=0,1,2, :::;; N; Ng-1
2.1 Choose subset r = bit _reverse( n mod Ny)
2.2 Compute z™M =DM ™  NGTh{",
2.3 for m=0,1,2, ::: N»-1
2.3.1 Compute
(nm+1) = [ 1 (M) (m) G T _m)y 4 g ()],

, D
DI(_n) + Dl(qnm)(( R

2.3 end
2.4 (n+1) = (mN2)
2' end

Thetotal numberof equivalentforwardandbackprojectionoperationgs 2 Nj.

6.3 ComparisonbetweenPWLS_OS_SPSand PWLS_PLQ

In the following simulations,the corvergencerate of OS and PCG basedalgorithms
are compared. Fan-beamgeometrysimilar to the centerrow of detectorsof GE Light-
speedVCT scannemwas used. The sinogramhas 888 bins in eachof the 984 angles
and the reconstructiorgrid sizeis 512 512 The blank-scancountsare2 10° per
ray, ri = 0 andthe WLS costfunctionwasused. The regularizationwas space-ariant,
non-quadratichyperbolawith = 50HU - seeTable2.1) andthe valueof is chosen
SO asto target a resolutionat the centerof 1.7 pixels. The preconditionersonsidered
herearediagonal[25, Eq.(8)], circ1 [25, M] andcircl cdc[25, Eq.(32)]. The average
of reconstructiong1000iterations)from 4 PCGalgorithms(threeusethe above precon-

ditionersand a PCG reconstructiorwithout using a preconditioner)s usedasthe nal
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L79<1HU | L; < 1HU
CG-none 70 328
CG-circl 50 243
CG-diag 34 165
CG-circl-cdc 16 75
SPS-0S-41 33 -
SPS-0S-246 -

Table6.1: Numberof iterationsrequiredto satisfycorvergencecriteria

imageto comparecorvergencerates. Two OS algorithms,oneusing41 subsetsandthe
otherusing 246 subsetsare comparedalongsidethe PCG algorithms. Two metricsare
usedto computethe distancebetweenthe iteratesand the nal image obtainedabove:
LI ; )=Pj”£1j,- j=mpandly (; )=max ; jij = LN
Fig. 6.2 shawvs thatboth PCGand OS basedmethodsproduceacceptableeconstruc-
tions at the window level of 40(HU. From Fig. 6.3 andFig. 6.4, we obsene thatthe OS
algorithmsreducethe costfunction valuefasterthan PCGalgorithmsin theinitial itera-
tions. However, from Table6.1we nd thatthe PCGalgorithmwith circ1l_cdc precondi-
tionermeetsbothL "% < 1HU andL; < 1HU corvergencecriteriain the fewestnumber
of iterations. The OS algorithmsbecomenon-monotonicandare unableto get closeto
the nal image.Thisfactis alsoevidentfrom Fig. 6.3. Also notefrom Fig. 6.4 thatthere
is atradeof betweerthe numberof subsetsisedandcorvergenceratein OSalgorithms.
Fig. 6.4andFig. 6.3alsosuggesatradeof betweemumberof subsetandtheiterationat
which an OS algorithmbecomesion-monotonic.Theseplots motivatea hybrid strateyy
in thesesimulations.First, we would run the OS algorithmwith 246 subsetdor 30 iter-
ationsandcreatean intermediatamage. And thenwe would useto the PCG algorithm,
initialized with this intermediatemage,that usesthe circ1_cdc preconditionetill image

guality is satishictoryor corvergencecriteriaaremet.



83

FBP recon, Window=400 HU. PWLS PCG recon.

512 512

PWLS SPS OS 41 recon. PWLS SPS OS 246 recon.

512 512
1 512 1 512

Figure6.2: Reconstructionfrom statisticalalgorithms.Window = 400HU.

6.4 Summary

Monotonic algorithmsare importantbecausehey arethe rst steptowards nding
cornvergent algorithms. Non-monotonicalgorithmsstop reducingthe value of the cost
functionafterafew iterations,andthusmaynotbeusefulfor someapplications Between
OS and PCG, only PCG basedalgorithmscan achieze monotonicity PCG algorithms
known till now did not guaranteenonotonicityfor non-quadraticostfunctions,andthis
void was lled in this chaptemwith thederivationof QS PCGLS. It wasalsoshovedthat
monotonicitycanbe achiezed without sacri cing cornvergencerate. While monotonical-
gorithmsare requiredfor achieving the bestpossiblereconstructiora costfunction can
offer, high corvergenceratealgorithmsarerequiredto make statisticalmethodpractical.
VariousOS basedmethodsand PCG methodswith differentpreconditionersvere com-
pared,andit wasfoundthata highercornvergencerate canbe achieved using OS based

methodswvhentheinitial imageis FBP
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L3 differences between iterates and x;, . (HU) L, differences between iterates and x, ., (HU)

10° T T T T T T T 10° T T T T T I I 3
no precon no precon 4
circl circl
circl_cdc circl_cdc
diag diag
sps 0s 41 sps 0s 41

10" b sps 0s 246 |1 10° sps 0s 246 ||

1 1 5 I I I I I I I I
10
0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000

Figure6.3: Differenceplots betweenstatisticalreconstructionsand nal reconstruction, 1000 iterations.
Left L9, Right L .
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Figure6.4: Differenceplots betweerstatisticalreconstructionand nal reconstruction,rst 100iterations.
Left L9, Right L .



CHAPTER 7

Algorithm accelerationusing hybrid-algorithm and
parallel-computation approaches

Statisticaimagereconstructiomethodsieedio beacceleratetb produceeconstructed
imagedrom aX-ray CT scannein areasonablamountof time. Two approacheswards
algorithmacceleratiorare discussedn this chapter: hybrid-algorithm(Section7.1) and
parallel-computatiorfSection7.2). The hybrid-algorithmapproachaimsto createan it-
erative algorithmwith a highercorvergence-ratdy combiningexisting algorithms. The
goal of the parallel-computatiormpproachs to reduceexecutiontimes of existing algo-
rithms by distributing their mathematicatomputationsamongthe individual processors
of a parallel-computer The ICD algorithmis being usedby our colleaguesat General
Electric Healthcardnc. to reconstrucimagesfrom the dataof the MSCT scannerGE
LightspeedvCT. We investigatewhetherthe ICD's computetime canbe reducedby the
OS-ICD hybrid algorithm (proposedn Section7.1) runningon a parallel-computer In
Section7.2.1,we rst discusghederivationof theParallelPWLS OS SPSalgorithmfrom
the PWLS.OS_SPSalgorithmof Section6.2.2.1n Section7.2.2,we thendescribeheout-
line of theimplementatiorof the Parallel PWLS OS SPSalgorithm. In Section7.3, we
presenthe resultsfrom reconstructinga datasetobtainedfrom the GE LightspeedvCT

scanneuwusingthe OS-ICD hybrid algorithm.

86
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7.1 Hybrid-algorithm approach

7.1.1 Basicprinciple

Empirical obsenation hasshown thatdifferentalgorithmshave differentcornvergence
ratesdependingon how far the currentiterateis from the minimum/minimaof the cost
function. Thisdifferencan corvergenceratescanbeexploitedto combinetwo algorithms
into a hybrid algorithmasfollows. Initialize the rst algorithmwith theinitial image(as-
sumethattheinitial imageis faraway from theminimum/minimaof the costfunction)and
runit for afew iterationsto produceanintermediateeconstructedmage.Then,initialize
thesecondalgorithmwith theintermediatamageandrun it until corvergencecriteriaare
met. This combinationmethodwould reducethe overall computetime if two conditions
aresatis ed. Firstly, the rst algorithmshouldbefasterthanthesecondvheninitializedby
animagefaraway from theminimum/minima.And secondlythesecondlgorithmshould
befasterthanthe rst wheninitialized by animagecloserto the minimum/minimaof the
costfunction. A differentcombinationmethodwould be to take the “numericaltricks”
of eachalgorithmandsomeha combinethosetricks to producea hybrid-algorithm.The
secondmethodis usedto designa hybrid OS-PCGalgorithmin Section8.1,andwill not

be exploredin this chapter

7.1.2 OS-ICD hybrid algorithm

Threealgorithmshave beenusedin this studyfor the imagereconstructionn X-ray
CT: OS,PCG,andICD. ThelCD algorithmhasbeenusedby our collaboratorextensvely
to produceimagereconstructionsandwith a high corvergenceratein mary caseg61].
However, in somecasesintermediatdCD iteratesovershoothe the minimum/minimaof
thecostfunction,resultingin alarge numberof iterationsto meetthe corvergencecriteria.

Theseovershootgypically happenwhenthe currentiterateis far away from the mini-
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mum/minima;for example, whenregionsof theimageareat, say OHU, while the recon-
structedvaluesin thoseregionswould typically be 100HU. Thetwo candidatealgorithms
to counterthe overshootproblemare OS andPCG.Chapter6 shavedthat, startingfrom
FBPR, OSreduceghe costfunctionvaluefasterthanPCG.Eventhoughthosecomparisons
arefor fan-beanscansempiricalcornvergenceratesof PCGarenotexpectedo behigher
thanOSin axialandhelicalcone-beanscans.Thereasoris theclosegeometricsimilarity
betweerfan-beanmandaxial andhelicalcone-beanscans.Thus,the OS-ICD hybrid algo-
rithm is a bettercandidatehanPCG-ICDhybrid algorithmfor beatingthe computetime

of apurelCD algorithm.

7.2 Parallel-computation approach

The overall computatiortime of aniterative statisticalimagereconstructioralgorithm
is the productof numberof iterationsand the periteration computetime. The number
of iterationscanbereducedoy usingalgorithmswith fastercorvergencerates;thisis ac-
complishedby the hybrid-algorithmapproachn Section7.1. Reductionof periteration
computetime canbeaccomplishedby usingfastercomputetardwareandsoftware. Only
algorithm acceleratiorusing fastercomputerhardware is explored here. Use of faster
computersoftware,e.g., assembljfanguaggrogrammingto acceleratalgorithmsis be-
yondthe scopeof this thesis.Oneway to build afastercomputeris to aggrgatemultiple
microprocessorito a parallel-computer The mathematicacomputationsof the algo-
rithm canthenbe distributedamongthe processorso run concurrently An otherway to
createa fastercomputers to usespecializechardwarelik e graphicsprocessarcell pro-
cessorand eld programmablegate-array(FPGA). In this thesis,we focus on the use
of parallel-computer$o speedup iterative algorithms. This thesisdealswith the distri-

bution of the computationsf the PWLS OS SPSalgorithm (Section6.2.2) amongthe
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individual processorsf a parallel-computerTheresultingalgorithmis calledthe Parallel
PWLS OS SPSalgorithm(Section7.2.1).

Recentwork on algorithmacceleratiorusing parallelcomputerscanbe foundin [42]
and[41]. In [42], theauthorsreporteda speedupf 30 in reconstructingnimageof size

512 512 400for aC-armCT scannerTheauthorsusediwo stratgiesfor parallelism:

1. Sharethereconstructiorvolumeamongprocessoranddistribute the sinogramrays

([42,0SC-ang])and

2. Distributethereconstructiorvolumeamongprocessorandsharethe sinogranrays

([42, 0SC-wl]).

In [41], theauthorsdescribegheimplementatiorof the AM-OS algorithmfor MSCT scan-

nerdataon a parallel-computewith 64 processors.

7.2.1 Parallel PWLS_OS_SPS

The PWLS. OS SPSalgorithmof Section6.2.2is repeatederefor corvenience.

1. © = max( rgp;0)
2. for n=0,1,2, :::; N; Ns-1
2.1 Choose subset r = bit _reverse( n mod N;)
2.2 Compute z™W =D, ™ NGTh (G, M),
2.3 for m=0,1,2, ::: N»-1
2.3.1 Compute
ey = (( Da(C ™) M CT LC_ M)+ 2
D+ Dg(C (mm)
2.3 end
2.4 (n+1) = (nN2)

2' end



90

Endslices
A A A A
Y .
1 l1 7
; A >
¢ i
PR I2 7
. : . T
v Region of : -7
. v >
interest >
: .
A >
A ; Cox
P I'p
. N
. . A .
\ \ % v
Endslices
N
(a)Image (b) Sinogram

Figure7.1: Division of imageandsinogramspaceamongP = 4 processorsl.ongitudinali.e., z-axis,view
is presentedhere.

Two changesare madefrom Section6.2.2. First, DE”) is independenbf (™ for the
WLS negative log-likelihoodandcanbe replacecby D, . And secondD{"™™ is replaced
by Dr(C (™M) to shaw explicitly thevariablesit dependn.

The methodusedhereto distributethe computation®f PWLS.OS SPSamongP pro-

cessorss asfollows:

1. Divide theimagevoxel variablesof into P disjoint subsets.Furtherassumehat

Eachs%bseﬁs a stackof contiguousslices. This division is denotedhereas =

1

. Also enforcethe following constraints.First, only the pth processomay

P
updatevariablesof . And secondary processomayreadfrom ary componenbf
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Figure7.2: lllustrationof p,po for P = 4 processors.

. This, in effect, meanghat, pth processors “responsible’for . SeeFig. 7.1(a).

In Fig. 7.1(a),the region of interesti.e., the setof slicesto be scannedis speci ed
by the radiologistat the beginning of the scan. All rayspassinghroughthe region
of interestarecollected(seeFig. 7.1(b)). Thereforetheregion of interestis aswell-
sampledas possible. The slicesneededo computeforward and back projections
for raysthat do not completelylie in the region of interestare called extra slices.
Thus, extra sliceshave to be estimatedalsofor the statisticalmethodto work, even
thoughenoughdatafor themis notavailable. Thisis aconsequencef thelong-object

problemfor statisticaimethods.

Eachray of | , mustpassthroughatleastonevoxel of ,. | , cannotbedisjointhere

becaus®f the obliquenatureof mary raysin the cone-beangeometry Also, if the
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Fig. 7.1(b).

Thedivisionof obsenationsdescribederehelpsusto understantheproblembetter
However, the directimplementatiorof the parallelPWLS_OS_SPSalgorithmbased
on this division causeswo or more processorso repeatsomenumericalcomputa-
tions. Theimplementatiorof the parallelPWLS OS SPSalgorithmmustavoid such

repetition.Ourimplementatioravoidsthis repetition(Section7.2.2).

. Now, duringthe computatiorprocessgachprocessowould forwardproject , into
rays (or, sinogrambins) of | ,. Sinceoneor moreraysof | , would passthrough
neighboringmagesementsjmageslicesfrom neighboringmagesegmentswould
berequired.Denoteby .0, thoseslicesof imagesegmentp®neededo computethe
forwardprojectionof ,intol ,. Also notethat, . issimply ,. Seeexamplesof

ope fOor P = 4in Fig. 7.2.

. The additively-separabléorms of both negative likelihoodandthe penaltyfunction
bring to light the following analogy:“What raysareto sinogramsyoxel differences
areto the supersebdf regularizationneighborhoods”. Thus,in sameveinas .,

dene  ppopen-

. The computationof z(" in step2.2 of the above pseudo-codean be split into P

componentsas
2 3 2 3 2 3
Z:(Ln) (ln) Vgn)
4
1 7=Dph : : 2:vW = NG/ h (G, ™):
Zén) fjn) Vl(jn)

For the pth componentof z(™, we can write the abose computationas zé”) =
Dip E)”) vf;”), where, the diagonalmatrix D is split into p diagonalmatrices

D., in exactly the sameway as is split into p image components.The tricky



93

partis thecompuatatlomfv(”) Note thatthe operatorG in the equationv(™ £
NsGTh, (G, M) mapsrth subsetview errorsinto v(™. But, to computev™
we only needthoseviews from the the rth subsetview that belongto | ,. So,

we only needthoseimage sligesthroughwhich the rays of | , pass. Theseim-
(n)

pil
ageslicesaregivenby 8 : 7. Thus,the computationof v$" canbe written as
(n)
2 5
(n)
P
(”) = N G h, (G, g : 7Z) ,wherethenotation[ ], meanghe pth component
p
(n)
piP

of ie,[JhZ o
6. Usingsimilar agumentsfrom the previous step,theimageupdatein step2.3.1can

bewrittenin the“parallel” form as

h i
ey Dra(C ™) g CT(C ™) p)+zé”’
n;m —_ .
P =1 Dipgt Dgrp(C (M) b
(n;m) (n;m)
p;1;pen p;Lpend .
( DRp(cé Loy e cT 4c§ >+z<”>
(n;m) (nm)
p;P;pen pPpen
= h v ]+.
(n;m)
p;1;pen
DL;p + DR;p(C : )
(n;m)
p;P;pen

Thepseudo-codéor the parallelPWLS.OS_SPSis asfollows:
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1. © = max( rgp;0)
2. for n=0,1,2, :::;; N; Ng-1
2.1 Choose subset r = bit _reverse( n mod N;)
2.2 for p=1, :::;,P compute in parallel
2 3
(rji
h A
Z[()n) = Dyyp én) Ns GrTh-r(Gr L 1) ]
(n)
;P
2.3 for m=0,1,2, ::: N»-1
2.3.1 for p=1, :::;,P compute in parallel
2 2 3
(n;m) (n;m)
p;1;pen h p;1;pen
( DR;p(Cg ) ™ cTqcg o) )+z
p
(n;m) (n;m)
(nm+1) — [ p;P;pen 5 Q p;P;pen
P (n;m)
p;1;pen
DL;p+ DR;p(C )
(n;m)
p;P;pen
2.3 end
2.4 (n+1) = (nN2)
2' end

7.2.2 Implementation aspectsof the Parallel PWLS_OS_SPSalgorithm

TheparallelPWLS OS SPSalgorithmwasderivedin Section7.2. Theimplementation

of thealgorithmin softwareis outlinedin this section.

J+:
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Theimplementatiordescribedcherehasthreevery usefulproperties:

1. Computerarchitectureadaptve
Theorganizationof processorén a computeiis hierarchicale.g., a multi-processar
multi-core computerconsistsof mary processorsanda processoconsistsof mary
cores.We call the rst level of the processohierarchythe MPU (memoryprocessor
unit) andthe secondevel, the BPU (baseprocessounit). The softwareimplemen-
tation consistsof mary threadsrunning concurrently If the datasharingbetween
threadgcalled,inter-processocommunicationgxecutingontheassignedMPUsand
BPUsfollows the processohierarchy thenthe utilization of memorybusescanbe
controlledprecisely This would allow maximumutilization of resource®f a given
computer

2. Memoryef cient
Dividing theprobleminto alargenumberof processorsausesnemoryrequirements
to increasdinearly. Thisis becaus@f the creationof a large numberof .0 image
segments.For the programto work, the memoryrequirementsnustnot exceedthe
maximumamountof randomaccessnemory(RAM) available. Theimplementation
describedheredividesthe probleminto only as mary MPUs as permittedby the
availableRAM. EachMPU is thenassignedPUsto maximizeprocessoutlilization.
Thus,in presencef memoryconstraintsthe MPU-BPU division might not follow
the processolhierarchyof a given computerand, the utilization of memorybuses
would besub-optimal.

3. Repetetre numericalcomputatioravoidance
In Section7.2, the Parallel PWLS OS SPSalgorithmwas designedusingan over-
lappingdivision of the obsenations,| ,;p = 1;:::;P. Thisdivisionis intuitive and

helpsin understandinghe problem.But, this division causesomecalculationdo be
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Figure7.3: Imageandobsenationspacdlivisionfor P = 4 MPUs

repeatedy two or moreprocessorsThis implementations designedo avoid such
a repetitionwhile still performingthe computationsf the Parallel PWLS.OS_SPS

algorithm.

Themajoraspect®f the softwareimplementatioraredescribecdext.

Image and obsewation spacedivision

The division of the obsenation spaceamongMPUs is no longer overlapping. It is
disjoint (Fig. 7.3). A consequencef this disjointdivision is thatsomeof therayspassing
through,say i, arein | ,. Theforward andbackprojectionoperationswill have to be
adaptedo this schemeMore onthislater.

The imagespaceis divided amongMPUs just as beforebut the de nition of .0 is
different. ,.poisthatsggmentof p whichis non-zerowhenauniformsinogramof ones

correspondindo | , is back-projectednto . Theimage | is representeth the code
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2 3
pil

asownvol [p] (shortfor“ownvolume”).TheimageE : 7 isrepresenteth thecodeas
piP

fullvol  [p] (shortfor “full volume”).

Full and subsetforward projection

Sincesubsetforward projectionis a subsetof the full forward projection,the image
spacdlivisionde ned above canberetained.For simplicity, let usconsidethefull foward
projectiononly; the extensionto the subseforward projectionis trivial.

The forward projectionis divided into MPUs as follows. MPU p computesthe pth
componendf thesinogram| . For thisto happenall imageslicesrelevantto thecompu-
tationof | , will have to copiedto MPU p. Thus,the processocopiesthe corresponding
slicesof o intoslicesof .. Thisoperations denotedn thecodeassync (Fig. 7.4).

Theviewsin | , arefurtherdividedinto BPUs. Thedivision of sinogramsimongBPUs
is alsodisjoint. The forward projectioninvolvesreadingimageslicesandeachBPU can
do the readingwithout coordinatingwith other BPUs. This is in contrastto the back-

projection(describechext).

Full and subsetback projection

Sincesubsebackprojectionis a subsedf thefull backprojection.,theimagespacedi-
visionde ned abovecanberetained For simplicity, let usconsidetthefull backprojection
only; theextensionto the subsebackprojectionis trivial.

Thebackprojectionis dividedinto MPUsasfollows. MPU p computeghe pth compo-

nentof theimage, ,. Now, ,wouldrequireraysnotonly from! , butalsootherMPUs.
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2 3

This is accomplisheasfollows. EachMPU p back-projectd , ontog : 7. Now, the

piP
backprojectionof raysfrom | ,o onto , would be storedin e, (thisis dueto thede -

nition of ,.50). Thus,thebackprojectionof , is computedoy addingslicesof o, to
correspondinglicesof . Thisoperations denotedn thecodeassum (Fig. 7.5).
Theviewsin | , arefurtherdividedinto BPUs. Thedivision of sinogramsimongBPUs
is alsodisjoint. The backprojectionoperationinvolveswriting to imageslicesandeach
BPU hasto coordinatewith otherBPUs. The accessontrolis performedusing mutual
exclusionlocksof the pthreadibrary. Thisis in contrasto forward-projectiondescribed

previously).
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7.3 Results

Resultdfrom imagereconstructionsf ahelicalcone-beandatasefrom aMSCT scan-
ner, GE Lightspeedusingthe hybrid OS-ICD andICD algorithmsrunningon a parallel

computerarepresentedhere.

7.3.1 Scannerand datasetdescription

The GE Lightspeedscanneis a 3'¢ generatiorCT scannewith a singleX-ray source
andanarc-detectoarrayplacedoppositeeachother onagantryThedetectorarrayhas64
detectosrows and888detectorchannelgerrow. Eachdetectoris roughly Imm  1mm
in size. Theradiusof rotationof the sourceanddetectorarrayareroughly54cmand4l1cm
respectrely. In the currentdataset3062views of the objectare taken with the pitch of
the helix beingnearly 1:1 anda sourcetranslationof nearly4cm per rotation. The pitch

of thehelix is de ned hereasthe ratio betweerthe sourcetranslationin thelongitudinal
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directionin onerotationof the gantry andthewidth of the detectorarraymeasuredtthe
isocenterof the gantry 984 views are obtainedin a 360 rotation of the gantry giving
usslightly morethan3 rotationsaroundthe patient. The raw projection-dataandscanner

parametersvereprovidedby GE Healthcare.

7.3.2 Hardware and software

The parallel computerhardware usedin this researchs madeof 4 AMD dual-core
processorsonnectedo 16GB of sharedandomaccessnemory Thus,this computeras
8 processors thesensef theword processousedbefore(we countacoreasaprocessor
here). The OSalgorithmwasimplementedn the C languageandthe pthreaddibrary was

usedto implementparallelprocessingThe operatingsystemusedwas64-bit linux.

7.3.3 Reconstructedimages

Two reconstructetmagesareproducedusinglCD andhybrid OS-ICD algorithmsand
comparedwith eachotherhere. The initial imagefor both algorithmsis an FBP image,
andwasprovided by GE Healthcare.The imagegrid coversa large eld-of-view in the
axial plane,a circle of diameterof about70cm. The extent of the region of interestin
thelongitudinaldirection(i.e., z-direction)is aboutécm. Dueto the obliquenatureof the
cone-beanmraysandthe large coneangleof 64 slice (i.e., 64 detectofrow) scannersye
needto reconstructinimagegrid whoseextentin z-directionis about12cm. The voxel
dimensionsareaboutl:dmm 1:4mm 0:6mm,andtheimagegrid sizeis 512 512
185

The cost function usedhere was the sum of the WLS negative log-likelihood and
space-imariantnon-quadratipenaltyfunction. The parametersf the WLS negative log-
likelihoodwere provided by GE Healthcarewhich they hadcomputedrrom the raw ob-

senationsgeneratedy the GE Lightspeedscanner The potentialfunction usedinitially
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in the penaltyfunction was g-GGMRF (seeTable 2.1). This was later replacedby the

Generalized-&ir (seeTable 2.1) potentialfunction to achieve signi cant computetime

savzingswithout compromisingmagequality. Dueto the 3-D natureof theimagevolume
andtheuseof rst-order differencesn theregularizationthe numberof voxel neighbors
employedin regularizationwas26.

Fig. 7.6 shavs a coronal(x  z) slice of the FBP image(top), andthe intermediate
image(bottom)producedat the endof the OS part of the hybrid OS-ICD algorithm. 12
iterationsof the OS algorithmwith 41 subsetsandinitialized by FBP wererun to pro-
ducetheintermediatémage.Fig. 7.7 shavs a coronalslice of the hybrid OS-ICD recon-
struction(top) andthe ICD reconstructior(bottom). The hybrid OS-ICD reconstruction
wasobtainedwhenthe ICD algorithmwasinitialized by the intermediatamageobtained
above. The ICD reconstructiorwasobtainedwhenthe ICD algorithmwasinitialized by
FBPR The implementatiornof the ICD algorithmwas provided by GE Healthcarewhile
theimplementatiorof the OS algorithm, exceptthe systemmodel,wascarriedout here,
at the University of Michigan. The systemmodelimplementationwas provided by GE
Healthcare.

Topslicesin the FBPimagearereplicationsof theendslice. This is becaus¢op slices
are not sampledfully by the helical cone-beangeometry And, FBP algorithmsdo not
respondwell to datainsufciency. So,thelastwell-reconstructedliceis usedfor all the
top slicesin FBP. Furthernotethatboth statisticalalgorithms,|ICD andhybrid OS-ICD,
reconstructnorenumberof end-sliceshanFBP Also notethatthelCD algorithmdoesnot
updatetheimagein thetop andbottomsliceswhile theOSalgorithmdoesupdatethem. In
agivenend-slice atleasionevoxel hasaray passinghroughit. But, theentireslicehasto
beincludedin thereconstructionvith the OSalgorithmto keeptheimplementatiorsimple

andfast. For thevoxelsthathave no or very few rayspassinghroughthem,we inherently
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dependnregularizationto updatehem. Thatis why end-slicesreveryblurredin the OS

reconstructionThis blurringis obsenedto someextentin thelCD reconstructioralso.

Range: [ 25.2371 2671.95]

370

1 512

Figure7.6: FBPimageandintermediatémagefrom hybrid OS-ICDalgorithm.Top: Initial FBPimage,and
Bottom: Intermediateeconstructionlmagewindow = [800; 1200]HU.

7.3.4 Computetime of the algorithms

The computetime of the algorithmsdependson the hardware andthe software opti-
mizationof thealgorithmimplementation Softwareoptimizationis the procesof chang-
ing the software implementatiorto make a programrun fasterand/orits memoryfoot-
print smallerby variousmethoddik e changingthe organizationof the memoryallocated
by the software,usingassemblyprogramming)oad-balancing- adjustingthe amountof

numbercrunchinggivento a particularthreadetc. Software optimizationwasdoneon
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Figure7.7: Hybrid OS-ICD and ICD reconstructions.Top: OS-ICD reconstructionand Bottom: I1CD
reconstructionimagewindow = [800; 1200]HU.

the OSimplementatioronly to make its memoryrequirement$ow enoughsothatit could
run onthe parallelcomputerusedin this researchThereis scopefor moresoftware opti-
mization.Onthesamehardware,softwareimplementation®f the sameprogramcanhave
very differentcomputeimesdependingpntheamountof softwareoptimization.Compute
time canbe reducedby 10to 100timesby propersoftware optimization. This shouldbe
keptin mind while consideringhefollowing results.

The ICD algorithmtook 140 minutesand executed3:9 equits. While the ICD algo-

rithm in the hybrid OS-ICD algorithmtook 100 minutesand executed2:5 equitswhen

1An equitis theshortform for equivalentiterationin thelCD algorithm.An equitcanberoughlysaidto becompleted
if all voxels of theimagehave beenupdated.
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initialized by the intermediatémage. The OSalgorithmthatcreatedhe intermediatém-
agefrom theFBPimageusedl2iterationsfor atotaltime of about215minutes.Thus,the
hybrid OS-ICD algorithmtook muchlongerthanthe ICD algorithm. This is an unfavor-
ableresultfor the hybrid OS-ICD algorithm, but it is not discouragingasmary possible
methodsto acceleratehe OS algorithmstill exist (Section7.3.5). As the OS algorithm
is acceleratednoreiterationscanberunin lessertime, andthe noisein the intermediate
imageshallbereducedurther A betterintermediatamageshallfurtherreducethetime
takenfor the ICD partof thehybrid OS-ICDalgorithm.

Thereconstructiortime of the parallelOS algorithmis reducedby a factorof about7

when8 processocoresareusedinsteadof 1.

7.3.5 Candidate methodsto acceleratethe OS-algorithm

Variouscandidatenethodgo acceleratéhe OS algorithmareavailable.

The rst is the useof alarger numberof subsets.Considey the Total timein the rst
columns(labeledNong of Table7.1,7.2andTable7.3. In goingfrom OS 1-subseto OS
41-subsetwe getatheoreticalcorvergencerateincreaseof 41i.e., needl iterationof OS
41-subsetinsteadof 41iterationsof OS 1-subsetwith a computetime increaseof just 6%.
Similarly, in goingfrom OS41-subseto OS 256-subsetwe getatheoreticakorvergence
rate increaseof about6 with a computetime increaseof just 36% Thesenumbersare
similar but slightly worse,whenregularizationis included. But the behaior of the OS
256-subsetalgorithmis unpredictablen the top andbottomslices. The probablereason
for this behaior andpossiblesolutionsaresuggestedh Section7.3.6.

Anothermethod asdescribedgreviously, would beto optimizethesoftwareimplemen-
tationof the OS algorithm.

Oneof thesolutionsthatreducedhe computetime the OSalgorithmwasthe useof the
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Generalized-&ir (GF) potentialfunctioninsteadof the q-GGMRFpotentialfunction. The
GF potentialapproximateshe g-GGMRFpotentialfunction closelybut doesnot involve
time-consumindunction callsto the power function. A large percentagef the compute
time of the OS algorithmis attributableto regularizationbecauseallsto thegradientand
denominatorevaluationof the penaltyfunction are nesteddeeplyin nested-loop®f the
PWLS OS SPSalgorithm (seeSection6.2.1). Evena small reductionin the time spent
in regularizationcanhave a large effect on the overall computetime. From Table7.2 and
Table 7.3, we can seethat the total computetime is reducedby a greatdeal whenthe
g-GGMRFpotentialfunctionis replacedoy the GF potentialfunction.
Anotherproposedsolutionis the useof quadraticregularizationin the latter OSitera-
tions,andno regularizationin theinitial OSiterations.If a singleglobalparameter , of
thequadratiaegularizationcanbefoundto matchthe GF potentialfunctionovertheentire
imagewell, thenthis methodcanleadto alarge computetime reduction.In Table7.3,the
computetime reducesy nearly25%for OS 256-subsetalgorithms whenwe replaceGF
potentialfunctionwith quadratic.But, suchaglobal might notexist. To overcomethis

dif culty , a new algorithmthat usesquadraticsurrogatesn the regularizationiterations

andis still monotonicin the original costfunctionis derivedin Section8.2.

None Quadratic GF g-GGMRF

Totaltime

13.1(100%)

13.1(100%)

13.0(100%)

13.9(100%)

Forwardprojection

6.1(46.7%)

6.1(46.8%)

6.2 (47.7%)

6.1(44.1%)

Backprojection

6.9(53.0%)

6.9(52.8%)

6.7 (51.6%)

6.9(49.6%)

Regularization

0.0(0.0%)

0.1(0.4%)

0.1(0.6%)

0.8(6.1%)

Arithmetic

0.0(0.3%)

0.0(0.0%)

0.0(0.1%)

0.0(0.1%)

Table7.1: Periterationcomputdimes(in minutes)andtheirbreak-ugfor OS-basedlgorithmswith 1 subset
and4 differentregularizationfunctions.




106
7.3.6 Reconstructionsfrom OS-basedalgorithms in the endslices

OS-basedlgorithmsacceleratecornvergenceby using a subsetof the obsened data.
Theimagegradientcomputedoy the OS-algorithmis anapproximatiorto theimagegra-
dientthatwould be producedoy the entireobsened data. In the end-slicesof theimage
volumein the z-direction, the voxels are sampledsparselydue the natureof the helical
cone-beangeometry Whenthe OS-algorithmsareusedto reconstructheseend-slicesa
subsetbf thealreadyinsufcient datais usedio computeéheimagegradient.Thus,thegra-
dientapproximationin the endslicesgetsworseasmoreandmoresubsetareemployed.
Thisleadsto streakingartifactsin theendslices(seeFig. 7.8). We have demonstratethat
the OS41-subsetlgorithmproducesacceptableeconstructiongn the endslices,andwe
canalsoseefrom Fig. 7.8 thatthe OS 256-subsetalgorithmproducesacceptablemages
in themiddleslices.Thus,apossiblesolutionwould beto somehav reducethe numberof

subsetgor the end-slicesvhile usingalarge numberof subsetsn themiddleslices.

None Quadratic GF g-GGMRF
Totaltime 13.8(100%) | 15.5(100%) | 17.5(100%) | 58.4(100%)
Forwardprojection | 6.5(46.8%) | 6.6(42.5%) | 6.5(37.2%) | 6.5(11.2%)
Backprojection 7.1(51.3%) | 7.0(44.9%) | 7.5(42.8%) | 7.1(12.1%)
Regularization 0.0(0.0%) | 1.6(10.4%) | 3.1(17.7%) | 44.6(76.3%)
Arithmetic 0.3(1.9%) | 0.3(2.2%) | 0.4(2.3%) 0.2(0.4%)

Table7.2: Periteration computetimes (in minutes)and their break-upfor OS-basedalgorithmswith 41
subset@nd4 differentregularizationfunctions.

None Quadratic GF g-GGMRF
Totaltime 18.8(100%) | 29.0(100%) | 39.6(100%) | 307.5(100%)
Forwardprojection| 8.3(44.4%) | 8.3(28.7%) | 8.2(20.6%) 8.3(2.7%)
Backprojection 8.8(46.7%) | 8.6(29.7%) | 9.1(22.8%) 8.7 (2.8%)
Regularization 0.0(0.0%) | 10.2(35.4%) | 19.9(50.3%) | 288.6(93.8%)
Arithmetic 1.7 (8.9%) 1.8(6.2%) 2.5(6.3%) 2.0(0.6%)

Table7.3: Periteration computetimes (in minutes)and their break-upfor OS-basedilgorithmswith 256
subset@nd4 differentregularizationfunctions.
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Figure7.8: A coronalslice of theimagereconstructiorusingthe OS 256-subsetlgorithm.

7.4 Summary

The goalsetin this chaptemwasto lower the computetime of ICD algorithmfor prac-
tical sizedproblems.Two approacheghehybrid OS-ICDandparallel-computationyere
tried. The hybrid OS-ICD approachwasusedto initialize the ICD algorithmwith a re-
constructiormproducedoy the parallelPWLS_OS_SPSalgorithminsteadof FBP. SinceOS
algorithmshave a higherconvergencerateatlow imagefrequencieshanlCD algorithms,
the new initialization schemewould bene t the ICD for datasetsvherethe FBP imageis
very inaccuratege.g., insufciently sampledmageregions. For the particulardatasein-
vestigatechere,OS algorithmsdid not reducethe computetime dueto data-insutciency
in the end-sliceof helical cone-beangeometry Possiblesolutionsto this problemwere
suggested.The computetime of OS algorithmswasloweredwithout degradingthe im-
agequality whenthe g-GGMRF potentialfunction wasreplacedoy the computationally
cheapeiGeneralized-&ir potentialfunction. The parallelversionof the PWLS OS SPS
algorithmwasderived. Theparallel-computatiompproactwasshavn to achieve areduc-

tion in computetime by alargefactorin PWLS OS SPSalgorithms.
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7.5 Futurework

This sectioncontainghreeideasthatcanpossiblyleadto imagequality improvements.
Two of thempertainto OS algorithms,andthe third could be usedwith otheralgorithms

also.

7.5.1 Modi cation of OSalgorithms for helical cone-beamgeometry

We found in this chaptey for the helical cone beamgeometry that end slices (ES,
Fig. 7.1(a)) are reconstructedvell only with OS algorithmsthat use a low numberof
subsetse.g., 41. While theregion of interest(ROI, Fig. 7.1(a))canbereconstructedvell
with a higher numberof subsetse.g., 256 Thus, the currentOS algorithm hasto be
modi ed to reconstrucbothROI andESwith a high quality andlow reconstructioriime.
Two ideasare proposedor this purpose:Non-uniformorderedsubsetsand alternating

minimizationbetweernregion-of-interes{ROI) andendslices(ES).

Non-uniform ordered subsets

We rst divide the full negative log-likelihoodinto a large numberof subsetssay
256 Now, OS with a large numberof subsetscanreconstructROI well, but it cannot
reconstructeS. So, to eachsubset,we include more rays (or, rays belongingto entire
views) thatpasghroughES.This effectively reduceghe numberof subset$rom thepoint
of view of ES.

Theinclusionof moreraysis donein sucha way thatthe sumof individual negative
log-likelihoodsof all subsetsyields the full negative log-likelihood. Thus,if arayi is
in M; subsetghenthe negative log-likelihood correspondingdo thatray is multiplied by
1=M;. For example,if aray is presenin two subsetghena factorof 0:5 is multiplied to

thetwo piecesof negativelog-likelihoodcorrespondingo thatray.
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The disadwantageof this approachs thatthe total numberof views visited for forward
and back projectionduring a given iterationincreasedy a large number Thus, each

iterationtakeslongerto execute.

Alter nating minimization betweenregion-of-interest(ROI) and endslices(ES)

In thisapproach,rst, ESis heldconstanindROI is reconstructedor a few iterations
using OS with a large numberof subsets.Then, ROl is held constantand ES is recon-
structedusing OS with a smallernumberof subsets.This approachgivesthe algorithm
designere xibility in choosingthe numberof iterationsof eachOS algorithmto execute.
This makes the image quality-reconstructiortime trade-of easier In the non-uniform
orderedsubsetsaapproachsucha trade-of is not possible. This is dueto the x edratio
betweenthe numberof iterationsat highersubsetsandthe numberof iterationsat lower
subsetsThisis ratiois equalto theratio of highernumberof subsets&ndthelowernumber

of subsets.

7.5.2 Modi cation of distance-driven projector for oblique rays

Theerrorin forwardandbackprojectionan thedistance-drenprojectoris highestfor
obliquerays,i.e., thoseraysthat roughly make anangleof 45 with the x-axis. For the
obliquerays,imaginethe squarecartesiargrid sitting on top of the original grid thatis at
45 dggreesto theoriginalgrid in thex  y plane.Thenew cartesiargrid hasdimensions
thatarelzp 2 of theoriginal grid. This grid hassamplepointsfrom original grid andsome
new points. Thesenew pointsaresurroundecequidistantlyby 4 pointsof theoriginal grid.

Interpolatingfor thenew grid pointsshouldbe computationallynexpensve - additions
anddivide-by-2's. Fortheobliquerays,theDD projectoronthenew grid would becostlier
by factorof 2. Thiswould bedueto theincreasen thenumberof samplepoints.

In summarytheproposednodi cation mustbeableto reducetheerrorin forwardand
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backprojectionoperationsvithout a high computetime penalty



CHAPTER 8

Algorithm designsfor even more acceleration

This chaptercontainghreederivationsto furtheracceleratémagereconstructioralgo-
rithms. In Section8.1,analgorithmthatcombineghefeaturesof OSandPCGis derived.
Thisalgorithmis expectedo betterthecornvergencerateof OSalgorithmsby usingabetter
searchdirection. In Section8.2, arelative of the PWLS OS SPSalgorithmis derived. It
aimsto reducethe overall computetime by decreasinghe numberof timescomputation-
ally expensve functionsare computed. Computationallyexpensve functionsare found
in the negative log-likelihoodpartwhencomple statisticalmodelsareemployed,andin
the regularizationpartwhencomplex imagepriors areused. In Section8.3, we derive a
surrogatdunctionthatdividestheimagereconstructiomprobleminto P separat@roblems
amongP processorsf a computer The algorithmdesigneicontrolsthe numberof times
theinformationis exchangedetweertheP problemsthuscontrollingtheinter-processor

communication.

8.1 OS-PCGhybrid algorithm: OS.PCG_LS

We derive a new algorithmthat combinesideasfrom OS andPCG.OS.PCGLS al-
gorithm rst computesan approximatequadraticsurrogate, .;( ; (™), atthe current

iterate, (M. The gradientin this approximatesurrogateis the gradientapproximation
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computedusingthe OS method.This approximatesurrogatas thusderivedasfollows.
X
(s M= qutiss)
i=1
Xd Wd
h(G ™I)IG( M+ 1V [G( (MY]2; (from (2.11))

i=1 i=1

@M M+ MTETDE)G( ),

(NsG/ ™)™ ( M) + 1( MTGTD(™)G( ()

(by OSapproximatiorto thegradient)

e

L s (n));

Now, the searchdirection,d(™, is computedusingthe PCG procedureoutlinedin (2.12).
The currentgradient,NsGTh{™, andthe previous searchdirection,d™ ' are usedin
(2.12). A line searchis performedin this directionon .;( ; ™). Theline searchsets
upthecostfunction q ) asfollows.

4

V)= @+ d; 0,

(NGThM)Td™  + 1d™TGTD(EM)Gd™ 2:

Thisline searcron ) would bevery expensve asaforward projectionwould have to
be performedto computethe cunatured ™' GT D(c™)Gd ™ at every subiteration(this
subiteratiorrefersto iterationover subsets)Usingthe De Pierro's trick, a curvaturethat
is greaterthanthe previous oneis computed.A greatercurvatureis requiredin orderto
createa surrogatehatmajorizes q ):

X
L) (NGTRMTA® +1d®'D( VG jGyj)d™ 2

i=1

P
D( q-(”)GijGij j) doesnot require excessve computationcostasit needsto be

computedonly oncein the WLS case. In the Poissoncase the useof the precomputed
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curvaturesfor ci(”) canbe explored; precomputedunaturesarealsocomputedonce. As
we have alreadyusedthe OS method,high cornvergencerate is the only adwantageous
propertythatour algorithmcanpossiblypossessThatis why the precomputed@urvatures
would beusedin the Poissorcase.

Thus,thestepsizeis derivedanalyticallyas:

(N;G 7 hi"”)Td™
dmTD( % dVGijGy j)d™’

and,theimageupdateis computeds,

(NsGTRITA® oy,

(8.1) (n+1) — (n)
dmTD( M MGGy j)d™

Comparingthe update(8.1) with (6.3), we nd thatwe are descendingn the direction
provided by PCG methodinsteadof pixel-wise scaledgradientapproximatedy the OS
method.Notethatthedirectioncomputedy the PCGmethodimprovesthegradientcom-
putedby the OS method.Whetherthe new algorithmimprovescorvemgencerateremains
to be checledby experimentswith realandsimulateddata.

Thepseudo-codes :

1. © = max( rgp;0)

2. for n=0,1,2, :::;; N; Ng-1

2.1 Choose subset r = bit _reverse( n mod Nj)
2.2 Compute d(™ by first  computing N¢GTh"
2.3 Compute ™D using (8.1)

2 end

Reyularizationcanbe addedeasilyto this algorithm. The total numberof equivalentfor-

wardandbackprojectionss2 N;.
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8.2 PWLS_0OS SPSwith reducednumber of non-linear function eval-
uations

Regularizationinvolvesdifferencingneighboringroxelsandapplyinganon-linearfunc-
tion to the differences.This non-linearfunctionis calledthe potentialfunction, , here.
Evaluationof the potentialfunction is a computationallyexpensve operationespecially
when mathematicabperationdik e power areinvolved [61]. The PWLS.OS_SPSalgo-
rithm describedabove evaluateshe potentialfunction every regularizationsub-iteration.
Thereforejf N1, Ng andN, arethe numberof iterations,subsetsandregularizationsub-
iterationsrespectrely, the PWLS OS SPSalgorithm evaluatesthe non-linearpotential
functionateveryvoxelN; Ng Ny N, times;N, isthenumberof neighborf avoxel
consideredor regularization(N,, = 26 for rst-order regularizationin 3-dimensions).
Thealgorithmproposedn this sectionevaluateghe non-linearpotentialfunctionat every
voxelN; N, timesandevaluategshe muchcomputationall}cheapequadratigootential
functionN; Ns N, N, times. This saszing in computetime comesat the costof
slightly reducedconvergencerate. Thecorvergenceateis expectedo reduceslightly due
to asmallincreasen cunatures.

As a by-productof the derivation of this method,we shall nd a methodto adjustthe
weightssinogramof the negative log-likelihoodpartastheiterationsproceed.

Beforethe algorithmis derived, a closerlook at the representatioandnotationof the
penaltyfunction, R( ), is required. The penaltyfunction usedhereis basedon [26].
This penaltyfunction hasthe advantageof providing a way of achiezing nearuniform
resolutionover theimage.lt is written as:

Xp Xe
(8.2) R( )= Niojoo G50 )
j=1 I=1

Thepenaltyfunctionis a sumover neighboringvoxelsof theresultof the evaluationof the
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potentialfunction, , onthevoxeldifference. j, is afactorthatdecideshow muchweight
is given to regularizationwith respectto the negative log-likelihood. It is alsousedto

changeheregularizationdependingon therelative positionanddirectionof neighboring
voxelsin theco-ordinatesystem Here, ;; depend®njj |j for neighboringvoxels,and
so, only 13 uniquevaluesof j; needto be computedandstored. is animagesized
vectorthatis usedto achieve nearuniform resolutionover theimage(see[26]). N, is an

N, N, sizematrix thatis usedto representhe neighborhooaf all voxels. Its elements
take oneof thetwo values: 1 or 0. To counteachpair of neighboringvoxelsonly once,
Nj; mustsatisfy: if Nj; = 1, thenN;; = 0. Oneout of the mary valuesof Nj, that

meetsall of theabove requirementss :
8

% 1; lisintheneighborhoofj; and,l > j inlexicographicorder,

20

Nj =

;| isnotin theneighborhoodf j; or,| j inlexicographicorder
Thisnotationof thepenaltyfunctionis hardto manipulatevhencomputinghegradient

andthe hessian. A simplernotationis de ned asfollows. The double-sumof (8.2) is

expandedand eachtermin the expansionis representedby a uniquevalue of the index

k. Let K bethetotal numberof termsin the expansion.Thus,eachpair of voxels being

differencedj.e. (j; I) suchthatN; = 1, hasauniqueindex k. Thus,for eachk, de ne

e

W i 1 ji. De ne adifferencingmatrix,C, of sizeK  np, asfollows. C transforms
animageinto the setof voxel-differencesEachrow of C is indexedby k, Within thekth

row, all but two termsarenon-zero;,Cy; = 1;Cy; = 1, where(j; |) is the voxel-pair
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correspondingo k. The penaltyfunctionof (8.2) cannow bewritten as
X
(8.3) R()= w (C Ik);
k=1
where k indexesthesetf (j; 1) : Nj; = 1g;
K is thetotal numberof differenced/oxel-pairs
4

Wik il

The proposedalgorithmrepeatedlycreatesa quadraticcostfunctionthatmajorizesthe
original costfunction, ( ) = L( )+ R( )1 Thevalueof the quadraticcostfunc-
tion so createds thenreducedusingary of the known traditionalalgorithms. Thus, all
evaluationsof non-quadrati¢unctionslik e power, exponentiationjogarithm,etc, areper
formedin the outermositeration. In the following section,we rst shav the creationof
the quadraticcostfunction, andthenwe shav how the OS_SPSalgorithmfor the PWLS
costfunctionis appliedto the computedquadraticcostfunction. We alsoshawv that by
makingvery simplesubstitutionsthe derived algorithmcanbe usedfor complex statisti-
calmodels.

Theoverall costfunctionis de ned asfollows:

( )= L()+R( )
Xd
L( )= hi([G T);

i=1

Xe Xp
R( )= Nig g1 (g 1) (from (8.2))
j=1 I=1
P
= w ([C J): (from (8.3))
k=1

Now, we createaquadratidunctionthatmajorizes arounctheiterate (™. Thepotential

1( )isusuallyde nedas L( )+ R( ).But,R( ) usednhereisde nedin (8.2),whichhas absorbedntoit.
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function (t) is majorizedarounda points usingthefollowing inequality:

(1) O+ L)t 9+ (I 9%

where,! (s) = s)=s. To majorizeR( ) around ™, for eachk, sett = [C ]« and

s=[C ®™]. Thus,

(IC 1w (C M+ (C ™MIC Kk [C ML)
+1 (IC ™)IC Kk [C ™)?
o C MIC K+ (C M(C k [C ™

(droppingtermsindependentf )

Thequadratiamajorizerfor the penaltypartcanbe now written as:

X
rC: ™M)= wie (LC MIC L+ # (C M(IC k € M)%;

k=1
X
=OW) { @)TC + 2wl (C PAC K € VL
k=1
= (CTD(w) { ™)

1>Qp >Qp g g g ag
+ 2 N ! (0 ™, o P My
i=1 1=1

The storagerequirementor ! ( j(“) ,(”)) in the above surrogateis huge: 13 image

volumes.We overcomethis problemby creatinga new surrogatehatrequiresstorageof



118

just1imagevolumeasfollows.

(") RETI RN M (My2
r( 5 ™) (P RC ™))+ > P N ooy ) () )
j=1 1=1

where! " 2 max 1 (™ M)(note:! (t)> 0;8t2R);

fl:Nj =19
:|_)Qp X
=(rR(C )T +3 Nt ™ w0 (7 5
j=1 1=1
(M) T X (r) (M1 \2
=(rRC™) + w( )NC Kk [C ™)
k=1
wherew ( ™) £ 1 M1 s andk indexesthesetf (j; 1) 1 Nj; = 1g:

The weightedleastsquaregWLS) negative log-likelihoodis a costfunctionthatdoes
not involve evaluationsof expensve functionslike logarithm. But, for complex obser
vation statisticslike Poisson,Poisson+GaussiarGompound-Poissoetc, the negative
log-likelihood could involve expensve exponentiationand logarithm operations.In the
initial iterations,far from the corvergedsolution, it is conjecturedhat large bene tsin
termsof imagequality are not obtainedby the exact evaluationof theseexpensve func-
tions. It shouldbe possibleto usea quadraticcostfunctioninsteadof the exact negative
log-likelihoodin initial iterations.In this section we derive sucha quadraticnajorizerto
the exactnegative log-likelihood. The quadraticomajorizerderived herewill helptestthis
conjecture.

We majorizeh; (t) usingthefollowing inequality:

hi(t)  hi(s) + bi(s)(t )+ iG(s)(t )%
o+ (st 9)”

(whens is a constante.g. whens is afunctionof aniteratelike (™:)

We majorize L( ) around ™ by settingfor eachi,t = [G ], ands = [G (], as
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follows:
)Qd
L M= w6 MPIG T+ (G MG T G ™M
i=1
)Qd
=h( MG )+ 1wy ™IG T 6 M%
i=1
(wherew; ( ™) 2 (G ™)
Xd
=(G'h( ™)NT +  w( MG T G M)
i=1
= (L™ + w6 T [6 M*
i=1

Computingr ( L) isancomputationallyexpensve operationput in theinitial iterations
thecomputationallycheape©OSapproximatiortor ( L) shouldsufce.
Thus, the quadraticmajorizerfor the objective function for the generalnegative log-

likelihoodis :

T M= o M+ w(5 O

=@ LC)T + w6 T I6 ™))

i=1
X
+(rRCONT + wm( M)[C Kk € M3
k=1
=(r ()T + d wi ()G T [ M))?

i=1

X
+ aw( M)C Lk IC€ M)A ()= L()+R())
k=1

Note herethatthe weightssinogramw_ is beingadjustedasthe iterationsproceed.The
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guadratianajorizerfor the objectve functionfor the WLS negative log-likelihoodis :

(5 ™= L)+ r(C O

Xd
Wwi([G T )2+ (r RC ™)T

i=1

(8.4)

X

+  awm( M)(IC Lk € M*

k=1
Therearemary similaritiesin boththeconstruction®f ~. By exploiting thesesimilarities,
the algorithmsusedto minimize ~ for the WLS casecanbe reusedor the moregeneral
case.If wereplacedr R( ™) byr (= ™), I; by [G ™];, andw; by w; ( (M), we
corvert ~ from the WLS caseto the generalcase. Thesereplacementarevalid because
the quantitieschangecdareconstantsn theloop over r. Thesesimilaritiesalsoimply that
we have changedhe generalimagereconstructiorprobleminto a sequencef QPWLS
problems.

The skeletonof the proposedalgorithmis shavn in Table8.1. This concludeghe rst

partof thederwation.

Initialize (m = initial

loop over m
=argmin T ; (M) (see (8.4))
(R) =

end loop

Table8.1: Skeletonof algorithmfor reducingnon-linearfunctionevaluations

We now apply the framework derived above to the PWLS costfunction. We usethe
OS SPSalgorithmto performthe minimizationshown in Table8.1. Thefollowing algo-
rithm usesthe samestructureasthe algorithmfrom Section6.2.2. Therearetwo levels of
surrogatesmplementedisinganouterloop (indexedby n) andaninnerloop (indexedby

m). In the outerloop, the rst surrogatds createdasa quadraticfunction by majorizing
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theneggative log-likelihoodpart. In theinnerloop, the secondsurrogatas alsoa quadratic
costfunctionthatmajorizeshe penaltypart.

First, let us apply the ordered-subsetsieaand DePierros trick to the quadraticcost
functionmajorizingthelik elihoodpart,asis donein Section6.2.1:

Xd
wi([G T 1h)?
i=1
Xd
= h(G 1); (deneherehi(t) = twi(t 1)?);

i=1
(NG/RM)TC ™)+ M)TeTdMW)G( ™)

(OSapproximatiorto thegradienj

d
(NsG/ B{M)T( M)+ 5( MTD( wGijGyj)( ™;
i=1
4>ap
(by DePierrostrick andG; = jGj j);
j=1

= (NsG/D(W (G ™ 11)7( ™)+ 1( M)TDL( ™),

X
(whereD, £ D( W,GijG;j))

i=1

Before going to the surrogatefor the regularizationpart, let us prove the following

property:

(C k [€ ™M?

=(C k [C ™™k+[C "™ [C M)

=(C k [C ™))+ (C "™ [C ™)’
+2(C k [C "™MlyIc ™™k [C M)

o (Cc @™} [C MIC Kk [C ™M)+ (C Lk [C ™M)
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Thesurrogatdor the penaltypartcannow bewritten as:

wmi( M)([C Kk [C M])?
k=1

X
U w( ™) (Cc @™ [C ®l)(IC Kk [C @™y +(C k [C ™™)? ;
k=1

= (Dw( ™)c( *m  MyTc(  m)
+3CC OM)TDw( O)XC( ™)),
= (CTD(w( M)c( m eyt o)

+3( O™)TECTDw( M)cg( ™),

Nl

(CTD(Wk( (ﬁ)))C( (n;m) (ﬁ)))T( (n;m))_l_ %( (n;m))TD'(?I“r)( (n;m))

X
(by DePierrostrick, CTD(wi( ™)C DM 2 D( wi( ™)CyiCyi);

k=1

4 Xe

Cv=  JCyl):

j=1
Thus,theinnermostguadraticcostfunctionis :
(r RC ™)7
+E™TC M+ Mo ™)
@™ MM+ M)TDPC M),

where g™ £ NGTD(W,)(G, ™ 1,);g™™ £ CTD(w( M)C( ™m  m).
The rst derivative of the costfunctionis :

rRC ™M+ g"+D( M+ gimeD( My,

=@.+Dg) (O ™ ¢") (OF "™ rR(™) &™)

Settingthe rst derivativeto 0, we gettheimageupdateas:

(nm+1) — [(Dgf) (n;m) gén;m))+ (D, ™M gl(_n)) r R( ™M)
D+ DY

L.
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The nal overall algorithmis shavn in Table8.2. The implementatiorof the new algo-
rithm needsthreemoreimagevolumesthanthe traditional PWLS OS_SPSalgorithm of
Section6.2.2: ™ 1 M “andr R( (M). WhenOSis employed andthis algorithm
is usedwherecomple statisticsare involved, one extra forward and back projectionis
involvedin theloop over r. The extra projectionoperationswill probablynotberequired
whenCG methodsareemployed. Becausesimpli cation dueto the full forward projec-
tion resultbeingusedtwice would be possible Anotherinterestingfeatureof this method
is thatall division operationsanalsobe performedin the outermosioop. In traditional
PWLS OS SPSwith non-quadraticegularization division operationsarerequiredin the

innermostoop.

Initialize ™ = initial
loop over m
Compute 8j; ! m"j‘x = maxg N, =1g'
Note 8k;w ( ("’))4=P! ma< ;o g koindexes  f(j; 1) 1Ny = 1g
Compute DY’ = D 12y wi( M)CijCuj))
Compute Dy = D( [ wiGijGj j)
Compute r R( (M)
Save (M
Initialize (M= (m
loop over n
Compute subset r = bit _reverse( n mod Ns)
Compute zf”) =D, M ( )NSGrTD(Wr)(Gr M)
n

( j(r-r) |(ﬁ))

Initialize (mm) =
loop over m
g'gn;m) - CTD(Wk( (ﬁ)))c( (n;m) (ﬁ))
(nm +1) — [(Dg*) (mm) gl(Qn;m))+ ZI(_n) r R( (ﬁ))]+:
D, + DY

end loop over m
Update (™ with last value of (™M)
end loop over n
Update (™ with last value of (M)
end loop over r
(M is the output image

Table8.2: Algorithm for reducingnon-linearfunctionevaluations
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8.3 Surrogatecostfunction for reducedinter-processorcommunica-
tion

Inter-processorcommunicationis a potential bottleneckwhen image reconstruction
will be implementedon computerswith a large numberof processoicores. Advance-
mentsin computingspeedn the nearfuture arelik ely to happerby additionof moreand
more coresratherthanby anincreasean clock speed.The solutionto this problempro-
posedn thissectionjsto rst dividethereconstructedmagevolumeamongthe Memory
and Processobnits (MPUSs) of the computef. A new surrogatecostfunction thatis a
sumof costfunctions,eachof which individually dependsn theimagevolumesegment
allotedto a MPU is thenderived. If a sinogram-binin the negative log-likelihoodor a
voxel-differencan the penaltydependsolelyontheimagevolumefor thatMPU thenthe
correspondingermfrom the original costfunctionis retained.If thatis notthe casethen
the correspondingerm from the original costfunctionis replacedby a sumof quadratic
surrogatesNow, eachMPU produces new iterateof its imagevolumesegmentby opti-
mizing its costfunctionin parallelwith otherMPUs. Next, the MPUs exchangethe latest
iteratesof theimagevolumesegmentsfrom neighboringMPUs. This processs repeated
overandover until convergencecriteriaaremet.

The costfunction derived hereis a true surrogateof the original costfunction, and
so, the value of the original costfunctionis guaranteedo reduceevery iteration. Also,
the costfunction derived hereis independenbf the algorithmbeingemployed. In other
words, OS, CG andICD algorithmscanbe usedwithin the framewvork introducedhere.
The cost function derived here can also be easily usedfor tamgetedreconstructionsee

Section8.3.1). While the costfunction hasthe potentialof providing big advantagesit

2An MPU is de ned hereasa coreor agroupof coresalongwith fastaccessibléocal random-accessiemory
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alsoproducessomeoverhead(seeSection8.3.2). Experimentsare neededo checkthat
the overheaddoesnot outweighthe bene ts.

First, let ustacklethe negative log-likelihoodpart. The techniquesisedfor likelihood
would be employed againfor the penaltypart. Consideythe negative log-likelihoodpart
of theoriginal costfunction:

N
L(C )= h(G J):

i=1

2 3

Let usdivide theimagevolume into P disjointseggments, = § : 7 (seeFig.7.1and

P
Fig.7.2).If arayi liessolelyin animagevolumesegmentp, thenthe correspondingerm

in the nggative log-likelihood, h;, is retainedwithout modi cation. Now, let P; bethe set
of imagevolumesgmentghroughwhichtherayi passesThereforefor rayi thatpasses
througha singleimagevolumeseggmentp, P; = f pg, aquadraticsurrogateover h; is not
created.Correspondingo theimagevolumesegmentdivision de ned above, the system
model G canbe written asa concatenatiorf operatorsasfollows: G = [G;:::Gp].
Thus,[G | = [P E:l Gp oli = [P o2p; Gp pli = i o2p, [Gp pli- Forarayi thatpasses

throughmorethanoneimagevolumesegment,we canwrite the quadraticsurrogatdor it
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atsurrogatgoint (™ as:

h(G 1) B(IG ™G I 6 ™+ ia(G PG I 6 ™%

ot X X
=h(G M)  [Gp pi+ia(G ™I [Ge( » )%

p2P p2P |
X X 1
= (G ™M) [Gp olit+ :a(G MI) w—I[Gp( p
P2P i p2P | Lp
X
(0< |'p<l; |p:1),
p2P
X X 1
h(G ™) [Gp oli + :G([G ™) ip(—I[Gp( p ;()ﬁ))]i)z;
p2P| p2P Lp
X . (™1,
=" e G, 8 Ve, oy
p2P P

opt X i ™),
2" ne e, o+ Ve, 2 26, Plie,

p2P hP

X . "1, . "1

-7 wae y SC Wig, ey, g+ 96 g, g
02P, i:p i:p
X ' (M1 ) (M1

=7 8 T 6, 2 26, M1 IS Tl

2P i Pe(G ™))

X . (M1 . (M1
opt 1 C,([G ]I) ] )1 ) h“([G ]' 2-
i p2P, ’ ip (s ol (G5 7] "a(G (ﬁ)]i)) '

This costfunction suggestghat the line integral for the estimationof , usingray i is

My b(e ™My I (=TI 0 T (TN 0 (M7 —
[Gp p ]| ip Ci([G (ﬁ)]i)' WeChOOSG ip [G (ﬁ)]i P pzpi[Gp éﬂ)]i (If [G ]l - 0!

thenwe canuse ;, = 1=card(P;)). Thisvalueof ;, satis esthe cornvexity property
andit givesusanintuitively satisfyingresultin the WLS case.In the WLS case h;(t) =

twi(t  1;)%, andb;(t) = wi(t ;) andg(t) = w;. Thus,

G, o  B(S Mh_o @y G Iw(G L 1), [Gp 5l
S (LI D I ' w, G ™
Theline integral obsenedfor rayi is |;, andthefractionof |; dueto ,is %Ii. Note

()7,
thatthe line-integral derived above for estimationof |, is [[((53" (‘;,)]3' li, which is analogous

tr ue 1.
to %Ii. Thecunatureis correspondinglyncreasedy afraction [f ot
: pop i
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Thus,thesurrogatdor the negative log-likelihoodcannow bewritten as:

Xd
cC; M= m(IG ;G ™))

i=1

Vé/here,fTi([G I;[G ™)) 2

% hi([G  ]i); card(P;) = 1,
3P

G ™Mc(c ™)) (" h(G ™M) 2, .
[Gp (n 1 [Gp p]l [Gp p ]I(l [G ™M]c(G (n)]i)) ) Card(Pi) > 1

Nl

p2P
We move the sumover p into the costfunctionto nd :

Xa X
c(; ™M)= Mip((Gp o [G ™M1);

i=1 p2P;

where i (1Gp 5l [G ™) =

% hi([Gp pl); card(P;) = 1;
3 1[G Miic(G ™M) G, i [G (ﬁ)]_ (1 hi (G ™} ) . card(P) > 1
* 2 Gp (ﬂ I p pl p P I [G M]ic(G ™M) ’ I .

We canrearrangehetermsof the doublesumto thefollowing form :

X
O L !
p=1

X
Co( o0 ™2 hp(G, JJi[G ™)

i2l p

where,| , = fi : p2 P;gisthesetof rayspassinghroughimagevolumesegmentp, and
Co( o ™M) isthesurrogateof the negative log-likelihoodfor the pth imagevolume.
Now, for theregularizationpart. Recallfrom (8.2),thede nition of thepenaltyfunction

implementedchereas:

Xp Xe
R( )= N g (5 )
i=1 I=1
2 3
1
Oncetheimagevolumeis splitinto P componentas = g : 7, the penaltyfunction
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canbewrittenas:

x
R( )= Rp( )
p=1
. XX
Rp( )= Ngojorg (5 )
jij2 pl=1
Our goalhereis to createa surrogatefunction R, over Ry( ) suchthatR, has | asits
independentariable.Let usconsideithespeci c casewherethedivisionof intoimage
volumeseggments , is doneby de ning , asabunchof contiguousslices.In this case,
we nd thatfor voxel-differenceshatsolelydependnthevoxelsof ,( j and | areboth
elementof ), thecorrespondingermin R, canbe retainedwithout changesWe also
notethatat the top andbottomslicesof , voxel differencesaretakenbetween , and
its neighboringimagevolume segments.For voxel-differenceghat straddleneighboring

imagevolumesegments , and 4, we aimto replacethe correspondingermsin R, and

Ry with quadraticsurrogates.



129

Considerthe quadraticsurrogateof (| )at ™
...( i . j(l“r) I(ﬁ))
= _( j(ﬁ) I(ﬁ))(ﬁ j("‘f) I("‘f)) + %| ( j(ﬁ) I(ﬁ))( j j(ﬁ) I(ﬁ))Z;

7 M M2 (7 M P
P M0 M2 (P M+ 7
(using,(a+ b)? 2(a®+ IF);a;b2 R);

=" M M2 (7 G M
07 MG M2 (0 e Py
(since, { )= {0;! (=1 ()

") )

@5 (m) () (m) ('(ﬁ)
] R ) s J
= 32 (i )0 i +2| ((ﬁ) (ﬁ))

12
(r) (r)
l(ﬁ)+ _( | i ) )2
2 (7"

w120 (" )y
(using,ax + 1bx2 2 1b(x + %)2):

An interestingobsenation canbe madewhenthe potentialfunctionis quadratic, (t) =

(M, (m
ot

12, Here, (t) = t;! (t) = L,andso, (; j(ﬁ) My = 12( )2+
() (m)

12( %)2. This is an intuitively satisfyingresultwhich showvs that whenthe

penaltyfunction :( )2 is decouplednto a sumof two quadraticsurrogatgunctions

thatdependon ; and  individually, the resultingpenaltyfunctiontriesto bring ; and
(M, (M _ ]

| closerto the averageof old iteratevalues: % The resultingcostfunctionalso

preventsthe algorithmfrom takinglarge stepsin thedirectionof averageof old iteratesby

doublingthe curvatures.
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Thesurrogateof R( ) cannow bewritten as:

R( ; ™)
X X X0

Njg g (50 1)
p:lJJZ p |=1,|2 p

= Ni g G 1)

o My
() (m) () i ' 2
+ Nioj o132 (5 Ly j o0 (™ ™ )
|=1; |2 p ( J ! )
N M ey
(®) (m) (®) [ j 2 .
+ Nj| i |j|%2' (| j )( | 2l (r) (ﬁ)) !
1=1 |2 p ( I J )
X X Xr
= Nt o T
p=1j:;2 p I=1
NG N (m) _(ﬁ))
(r) (m) (r) I ] 2 .
+ N2t G 0 o o=y
1 2g (| i)
where, 7, ™
_( .ﬁ' ﬂ) . .
2t (M My M4 W)'m))z’ 12y
P {

Thequadraticsurrogatelerivedovertheoriginal costfunction, , hastwo quadratiderms.
This hascausedjeneratiorof extratermsalongthe boundarie®f two neighboringmage

volumesggments.All of theseextratermscanbe neatlyincludedinto theoriginal form if
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we expandthede nition of N;; asfollows:

8
% Nji; 5 1 inthesamemagevolumesegment
4
NG, = %1; i; 1 indifferentimagevolumesegmentsand,Nj; = 1orN;; = 1,
0 i; 1 indifferentimagevolumesegmentsand,N;; = OandN;; = O:
A necessaryonditionthat hasto be satis ed hereis ;; = ;. All penaltyfunctions
consideredn this thesissatisfythis condition.
Thus,
X X X X
R( ; ™M)= NG T = Rp( pi ™);
p=1j:j2 p =1 p=1
s XXe
Rp( p; (ﬁ)): NG o1 g T
'é i2 pl=1
2 (i ) 2 o
where, 7 = .
(7) (m) (r) <" ") \o. .
. %2' (JI“r |ﬁ)( j jﬁ+m2, |% p-

Thus,thesurrogateover the overall costfunctionis

X
T M= = ™)

p=1

~

4
p( o; (ﬁ)): E“p( o (ﬁ)).,. Rp( o; (ﬁ));

X
Col i ™M)= hip(Gp plii[G ™)
i2
X X _
Ro( pi ™) = NG g T
j: j2 p I=1



132

Mip((Gp plis[G ™) =
8,p([ p olis 1)

Ehi([Gp oli); card(P)) = 1,
2t g;g,f‘(;fﬁ]i DG, Gy P S o) Y card(P) > L
5 _E ( ) 12
’ 210 (™M e %)2; 2

Theskeletonof aparallelalgorithmthatuseshis quadraticsurrogates shovn in Table8.3.

Initialize ™ = initial
loop over mn
loop over p (execute in parallel)
Compute parameters of

p=argmin  Tp( p; M)

end loopy 3
1
) = § . L
end loop

Table8.3: Skeletonof parallelalgorithmfor reducinginter-processocommunication

8.3.1 Application to targetedreconstruction

An importantapplicationof the new costfunctionderived hereis targetedreconstruc-
tion. In targetedr%con%{ructiontheimagevolume is dividedinto two disjoint regions,

rand 1o :2 TE). 1 is thetargetedimageregion, wherethe best-possibleeso-

TO
lution affordedby the scanneis desired.Theimagevolumeoutsidethe targetedvolume

is 1o, Wherethe bestpossiblereconstructions not necessaryo be achiezed. Whenthe
above ideais appliedto targetedreconstructionywe nd thatwe candivide the objectve

functioninto two parts,~r( t; ™) and~ro( 1o, (™). We starttwo groupsof threads.
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In eachthreadgroup, the numberof threadsis equalto the numberof processorcores.
Thesethreadgroupsarefairly scheduledy the operatingsystemto run concurrentlyon
the processocores. We give ~1( 1; () tothe rst threadgroup,and ~to( to; (M)
to the secondthreadgroup. The secondthreadgroup quits early on mostiterations,say
every 4 out of 5, returningits initial imageasits next iterate. So, in every 4 out of 5
iterationswe devote all the processingpower to the reconstructiorof the tagetedimage
region. The non-tagetedimageregion is updatedonly oncein every 5 iterations. Of
course gxperimentdor a givenapplicationarerequiredto testif this schemes goingto
be adwantageousln ary casethis setupis guaranteedo decreas¢he valueof the overall

costfunction.

8.3.2 Overheads

While the proposedcostfunction reducesexecution-timeby reducinginter-processor
communicationsomeoverheadsrealsointroduced.First overheads the possibility of
anincreasen thenumberof iterationsdueto apossiblereductionin corvergenceate. The
convergenceatecouldreducebecaus®f two reasonsFirstly, somecunatureshave to be
increasedo produceavalid quadraticsurrogate And secondlydueto areductionin inter-
processocommunicationthe algorithmupdatinga givenimagevolume segmentwould
be usingolder iteratesof neighboringimagevolume segments. Another execution-time
overheads dueto a forward-projectionneededor thoserays that crossimagevolume
segmentboundaries. This forward-projectionis carriedout oncein the loop over p. It

might be possibleto avoid this overheadoy usingthefraction W asanapproxi-
[Gp &

mationto =z

. Memoryoverheadlueto likelihoodhastwo parts.The rst partis due
to thefactthatevery MPU muststoreall therayspassinghroughit. And the secondoart

is dueto the factthatevery MPU mustalso storethosepiecesof the neighboringimage
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volumesgmentghatit need€or computingtheparametersf ~,. Memoryoverheadiue
to the penaltyis insigni cant whencomparedo the likelihoodpart: 2 imageslicesper

neighbomperMPU.



CHAPTER 9

Conclusionsand futur e work

9.1 Conclusions

Thereis ade nite needfor statisticaimagereconstructioomethodsn X-ray CT. How-

ever, thesemethodshave to be madepractical rst. Variousproblemschallengingtheuse

of statisticalmethodsn practicalsettingswverestudiedin thisthesis,andsolutionsto them

proposedHerearethe conclusionghatcanbedravn from the proposedsolutions.

Impositionof thenon-neatvity constrainincurredasigni cant computdime penalty
in PCGbasedmethods. To avoid this computetime penalty a modi cation of the
Poissomegative log-likelihoodwasdeveloped.The PCGalgorithmminimizing the
modi ed costfunction could control negative pixels without a hugecomputetime
overhead. Thus, we can concludeherethat the non-ngativity constraintdoesnot

imposeanexcessve compute-timeoverheacdon PCGalgorithms.

A statisticalimagereconstructiomethodthatproducedeconstructionfreeof beam
hardeningartifacts and usedthe samebeamhardeningcalibrationinformation as
traditionalmethodswasdeveloped. The practicaluseof previously known polyen-
ergetic statisticalmethodswas hindereddue to their needfor extra calibrationin-
formation. The proposedmethodremoved this hindrance. The conclusionhereis

thatstatisticaimethodscanbe madeaspracticalasthe traditionalFBP methodswith

135
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respecto beamhardeningcorrection.

A brandnew approachtowardsmotion-compensateithagereconstructiorwaspro-
posed. It wasshown to work for a limited, thoughchallenging,classof simulated
problems.No conclusionsanbe dravn regardingthe utility of this methodin prac-

tical situationsput thenecessaryst stepstowardsthatgoalweretaken.

Monotonicityis a desirablepropertythatcanbe achievedin PCGbasedalgorithms.
But, monotonicPCG algorithmsfor non-quadraticostfunctionswere not known.
And, non-quadraticcost functionsare essentialto prevent the edgesfrom getting
blurredin statisticalreconstructionsA monotonicPCGalgorithmfor non-quadratic
costfunctionswastestedn thesis.It providedmonotonicitywithout sacri cing con-
vergencerate. Thus,we canconcludeherethatPCGalgorithmscanactuallyprovide

apathto achierzing the bestpossiblereconstructiora costfunction canoffer.

A comparisonof cornvergenceratesof OS and PCG basedmethodsprovided def-
inite answergegardingthe suitability of OS and PCGin differentsituations. The
conclusiondravn from that comparisonwasthat, startingfrom an FBP image,OS
algorithmsprovide a fastercorvergencerate,but they becomenon-monotoneaftera
few iterations.After the OSalgorithmbecomesion-monotonemnonotonealgorithms

like PCGandICD mustbeusedto re ne imagesfurther.

A single algorithm that hasall the desiredpropertiesdoesnot exist till date. An
attemptto createanalgorithmwith mary desirablepropertiesvasmadein theform
of the hybrid OS-ICD algorithm. The hybrid algorithm approachshavs promise,

eventhoughit hasnotmetexpectationget.

Parallelcomputatioris avery directapproacho achievzing a practicalreconstruction

time. Its usefulnesso OS algorithmswasprovedbeyonddoubt.
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The parallel OS algorithm developedhere had the shortcomingof frequentinter-
processocommunication.A new surrogatefunction thatreduceghe frequeny of
inter-processocommunicatiorwhile producinga monotonicreductionin the value
of the original costfunctionwasproposed.Thus,we canconcludethata monotone
algorithmthatcanreduceanter-processocommunicatiorexists. Whetheiit will have

acomparableonvergencerate,remaingto be shavn.

Two morealgorithmswere proposedo reducethe overall computetime. The rst
algorithmusesP CGtechniquesn anattemptto computea searchdirectionthatis an
improvementover the searchdirectioncomputedby the OS algorithm. The second
algorithmattemptgo reducethe numberof timesa computationallyexpensve func-
tion is evaluatedwhile still producinga monotonicdecreasén the valueof the cost
function (up to the OS approximation)was proposed. Theseproposedalgorithms
indicateto usthatsolutionsto currentproblemsthatarebasedon known techniques

exist.

9.2 Futurework

The main themeof this thesisis practicalapplication. Therefore the evaluationof
costfunctionsandimagereconstructioralgorithmsdevelopedheremustbe carried

outfor clinical datasets.

Sophisticatedegularizationdesignshave beendevelopedfor bias-\ariancetradeof
in the pastfew years.Thosedesignsshouldreplacethespace-imariantregularization

andspace-wriantregularizationof [26] usedin this thesis.

An importantcomponentf a statisticalreconstructiormethodleft unexploredin
this thesisis the systemmodel. While the distance-dren (DD) projectoris fast,

it makes certainapproximationsyvhich causesa small amountof artifact. A more
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accuratesystemmodelwith computationatequirementgomparabléo DD needgo

bedeveloped.

Theuseof theLBFGS-Balgorithmto implementon-negativity constrainshouldbe

explored.

Most algorithmsexplored hereusethe monoeneagetic obseration model,andthey
canbe expandedeasilyto work with a polyenegeticmodel. The parametersisedto
approximatehe nonlinearitydueto beamhardeningcould alsobe jointly estimated

from the obsereddata,insteadof beingmeasuredbeforehand.

The motion-compensatesitatisticalreconstructiormethodtestedhereis for simu-
latedfan-beanscanslit mustbe adaptecandtestedfor multislice CT scannerskFur-
ther, the useof this methodfor quasi-periodianotionlike cardiacX-ray CT should

beexplored.

Varouspreconditionersreknown in literatureandtheirusein PCGbasedalgorithms
for X-ray CT shouldbe explored. Theremight exist a high corvergence-ratemono-

tonicalgorithmbasedon PCG.

An OSalgorithmthatbehaesasa OS 256-subsetalgorithmin the middle slicesof
thereconstructestolume,andasa OS41-subsetlgorithmin theendslicesof helical
cone-beangeometrycould be found easily This could make the hybrid OS-ICD

algorithma success.

Furtheracceleratiorof the algorithmsdevelopedherecanbe doneeasilyusingmore

sophisticatedeaturesof theunderlyinghardwareandsoftware.

Two surrogatdunctionsthatareprovedto producea monotonicdecreasén the cost
functionvaluewhile reducingcomputeimesin practicalsituationshave beenderived

in Chapter8. They mustbeimplementedandtheir usefulnessn practicalsituations
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shouldbetested.A hybrid OS-PCGalgorithmhasalsobeenderivedin thatchapter

A regularizedalgorithmbasedn it shouldbe derived,implementedandtested.
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APPENDIX A

Mathematical proofs

A.1 Prooffor reduction of costfunction value in the QS_.PCG_LS al-
gorithm

LemmaA.1.1. For ™™ ( Yand ( ) de nedin Sectior6.1.3wehave

(n;m)( (n;m+l)) (n;m)( (n;m))) ( (n+1;0)) ( (n;O))

Proof.

De ne,

()F (s BN+ RC);
)5 W)= (3 BN+ R( M)
Fromthehypothesisye have,
o( (MY (M,
(AD ) (O O (M ) () ()
+ (M .
Fromthe secondpartof themajorizationconditionson g (2.9),

R( (n;m+1)) r( (n;m+1); (n;m)):
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Usingthisin theL.H.S. of (A.1),
L( M Oy R (M (om0 g g (m) (),

Fromthe rst partof the majorizationconditionson  (2.8),

R( (WM (M = R( ().
Usingthisin theR.H.S.of theabove inequality

LM @0y ¢ R MMy () (0 4 R (.
By applyingthede nition of ;, we have,
1( (n:m+l)) A (n:m)):

Fromtheaboveinequality we have, (( (™N2))  ( (N2 Dy .. (W0),
Fromthede nition of thealgorithm, wehave ("N2) = (n+1:0),

We thushave,
l( (n+1;0)) 1( (n;O)):
Substitutingthede nition of ; in theabove inequality we get,
(A.2) (0 Oy ¢ (O (O Oy 4 R( (M)
Fromthe secondpartof themajorizationconditions(2.9)on |,
L( (1) L( (10, (n0)y.
Usingthisin theL.H.S. of (A.2),

L( (n+l;0))+ R( (n+1;0)) L( (n:0). (n;O))+ R( (n;O)):
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Fromthe rst partof the majorizationconditionson | (2.8),
L( (n:O); (n:O))= L( (n:O)):
Usingthisin theR.H.S.of theabove inequality
L( (n+1:0))+ R( (n+1:0)) L( (n;O))+ R( (n;O)):

Usingthede nition of (), weget,

( (n+1:0)) ( (n;O)):

O

A.2 Majorization proof for the quadratic surrogate of the modi ed
costfunction

The key resultj.e. the majorizationproof, is in LemmaA.2.5. The proof is basedon
generaffactsaboutdifferentiablefunctionsthatareprovedin LemmasA.2.1,A.2.2,A.2.3
andA.2.4. Theinformationabouteachof thetermsof the negative log-likelihoodthatis

usedin LemmaA.2.5is collectedbeforehandin the preliminariessectionbelow.

A.2.1 Preliminaries

Thederwative of h; canbefoundby differentiating(3.1):

Yi
he '+ r;

(A.3) hi(t) = be '

Thederivative of h; canbefoundby differentiating(3.5):

(A.4) m(t) =

8
%mm ift 0 i21.[ Io[ Is
Em@ ift<0 i21.[ 1,

T m(0)+ Ut ift< 0 121,



144

For simplicity, we dropthesubscripi from h;, b, b; andf; in thelatterpartof this sec-
tions. In thefollowing sectionsve derive a few propertiesof h; andobtainrepresentatie

illustrationsfor h;, i, by andB; fori 2 11;1, andl .

I 2 1, From(A.4), we have

R(t) = h(t) fort O

= h(0) fort< O

Thus,fort < 0, Bt) is a constantwith valueh(0). From (A.3), we have h(0) =
bh(yi=b +r) 1) O Sincei21;) vi ri) yi (b+r) *h O For
t 0; A(t) = h(t). FromLemmal of [1] we know thath(t) is strictly concae and
monotonicallyincreasingand

. R t Yi
tI!Ilm h(t) = tl!llm be he t+ r;
=0

Thus,we getarepresentate plot of ; in Fig. A.1. Similarly, representatie plots of

h;; h; andh; canbeobtained.

N

/

FigureA.1: lllustrationof h;, Aj, by andf; fori 2 1.

i 2 1, From(A.4), we have

R(t) = h(t) fort 0

= h(0) fort< 0
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Propertyl. Thus,fort < 0, K(t) is aconstantith valueh(0). From(A.3), we have
h(0)=h(yi=b+r) 1) O *i2l2) vi (b+r).

Property2. Fort  0O; A(t) = h(t). FromLemma2 in [1], h(t) hasexactly one

maximizercallitt (=~ in[1]).
!
t =1 d
=g pP=—"—
(yiri) i )
b Yi
=log —— +log 1+ p=
g v T g pT.
>0 *1212) i<y, b+

Property3. h(t ) = (p (yiri) ri)(gf;: 1)>0*i21;) ri<y b+
Property4. From(P3)in Lemma2 of [1], we have h(t) is strictly concare andmono-
tonicallyincreasingort < t .

Property5. From(P4)in Lemmaz2 of [1], we have h(t) is monotonicallydecreasing
fort >t .

Property6.

Yi

s :0
he '+ r;

. — . t
fm B(© = Jim be
Combiningpropertiedl.. .6, we getarepresentate plot of & in Fig. A.2. Similarly,

representate plotsof h;; h; andh; canbeobtained.

3

FigureA.2: lllustrationof h;, hj, h;y andf; for | ,.
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i 2 13 From(A.4), we have

R(t) = h(t) fort 0

— h (i ri)?
= hi(0) + RV

t fort< O

Property7. Thus,for t < 0, R(t) is a straightline with a positive slopeequalto
(yi ri)?=y. From(A.3),wehaveh(0) = b(yi=(bh +r)) 1)>0*i213)
yi > (b +r;). Wecanalsosafelyassumdy 6 0O; otherwiseh(t) wouldbeaconstant.

Property8. Fort  0; K(t) = h(t). FromLemmaz2 in [1], h(t) hasexactly one

maximizercallitt (= ° in[1]).
I
t =1 d
=10 pP=—""
(yiri) 1 )
b Y,
=log —— +log 1+ p=
g v T g PTI
Py b
=t;+log 1+ p= Lett; = lo
1 g PTI 1 g v T
TO dependingny;; b andr;

Property 9. h(t) = 0 hasa singlereal solution; call it t;. Using (A.3), we get
ty=loglb=(yi 1)) <0 *i2l3) vi>h+r;.

Propertyl0. Fromproperty8, wehavet > t;;* i 2 13) Yy > ri. Combiningthis
with properties8,4,5 and6 , wehave h(t) > 0;8t > 0> t;.

Thus,whent > 0 we getFig. A.3; whent 0 we get Fig. A.4. Similarly,

representate plotsof h;; h; andh; canbe obtained.

A.2.2 Results
LemmaA.2.1. Givenl-D differentiablereal functionsh(t) andq(t; s) (wheesisa xed

parameter),in order to satisfyq(t;s) h(t); 8t st is sufcient thath(s) = q(s;s)

andq(v;s) h(v),8v s.
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FigureA.3: lllustrationof h;, Aj, by andf; for 1 3 andmaximumof h; occursin the positive quadrant.

A A

R
h o t
. .
| e
.
.
.
.
.
.
-

S . E
> .

. h.
t e |
R

FigureA.4: lllustrationof h;, i, by andf; for 1 3 andmaximumof h; occursin thenegative quadrant.

Proof.
Zt
h(t) = h(s)+ h(v)dv; 8t2 R
S
Zt
qt;s) = a(s;s)+  d(v;s)dv; 8t 2 R
Z, s

) alt;s)  h(t) a(v;s) b(v)dv; (* q(s;s) = h(s))

0; 8t s;(* qv;s) h(v); 8v 9):
[

Lemma A.2.2. Givenl-D differentiablereal functionsh(t) andq(t; s) (wheesis a xed
parameter),in order to satisfyq(t;s) h(t); 8t st is sufcient thath(s) = q(s;s)

andg(v;s) h(v),8v s.

Proof. Theproofisidenticalto LemmaA.2.1. O
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Lemma A.2.3. Givenl-D real functionsh(t) andg(t) , h(t) is monotonicallyincreasing
overasetS R, g(t) is monotonicallydeceasingoverS and9s 2 S; sud thath(s)

g(s), thenh(t) g(t); 8t s;t2 S

Proof.

It is giventhat,h(s) g(s). Sinceh is monotonicallyincreasing,
h(t) h(s); 8 s;t2S
Sinceg is monotonicallydecreasing,

g(s) og(t); 8 s;t2S

) h(t) g(t); 8 s;t2S

O

Lemma A.2.4. Givenl-D real functionsh(t) andg(t) , h(t) is monotonicallyincreasing
overasetS R, g(t) is monotonicallydeceasingoverS and9s 2 S;h(s) g(s), then

h(t) g(t);8 s;t2S
Proof. Theproofisidenticalto LemmaA.2.3. 0J

LemmaA.2.5. Thefunction~_( ; ™9) (de nedin (3.6)) majorizes C( ) (de nedin
(3.4))i.e. (2.8)and(2.9) hold.

(For sale of simplicity, wedrop 0 from (%0))

Proof.

Partl: (2.8)holds
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=
) t=s; 8i=1 ;ngin(3.7)
) ai(t;s) = hi(s) from (3.7)
) (™ M= ai(A KA M)
i=1
Nd
= m(A ™))
i=1
X
= mA ™)
I I2[ I3
= (™ in (3.4)
) (2.8)holds.
Part2 : (2.9)holds
We needto prove L ( ; M) L( ); 8 2 Rp. Werewrite 7 in aform similar to
(3.4) asfollows:
X X
GHRR B (A A DD+ a(A LA ™
iZIX 213
(A.5) + (A A ™M)
i213

andshow thateachof thetermsin eachof theabove sumsexceedghecorrespondingerm
in (3.4).

P P
We split thesums  ,,. qi([A Ji;[A ™])and ,,, ACA J;[A ™)) asfol-
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lows:

X

w(A LA M= a(A LA M)
i213 210
x|

+ @i (A 1A ™)
2100,

X
A Ti[A ™M) = A Ti[A ™)

i213 2105

X
+ ACA 1:1A ™))
210G

Wherdongi2|3jti Og

199 =fi2lst < Og

Thoughthe form of the surrogatds the samefor both |1 % and| ° the proofsareslightly
different. We handlel % casein case3 and| %} in case4. For simplicity, we drop the
subscript from h;, b, h;, &, h; andg; similarly, we dropLi from q; .

Casel (i 2 14).

From(A.4)

R(t) = h(t) ift 0

= h(0) ift<O

Casel.l(s 0).

From(3.7),

o(t;s) = A(t) + A(s)(t )+ Lh(O)(t s)?
) alt;s) = R(s) + h(O)(t s)

Note: g(s;s) = K(S)
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FigureA.5: Representatk illustrationfor Casel.1( 2 11;s Q).

Casel.l.1(s 0O;t< s).

Now, R(t) = h(0) = R(s)
ot;s) = R(s) + h(O)(t 9)
) at;s) < A1) 8t<s

By LemmaA.2.2,q(t;s) h(t); 8t < s.

Casel.l.2(s 0;s t 0.

Now, F(t) = h(0) = K(s)
q(t;s) = K(s) + h(O)(t s)
) alt;s) K (t) 8s t
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FigureA.6: Representatk illustrationfor Casel.2( 2 11;s > 0).

Casel.1.3(s 0;0< t).

qt;s) = A(s) + h(O)(t )

= (0;s) + h(O)t
Z t
= g(0;s) + h(0)dv
z°,
> q(0;s) + h(v)dv *t>0
0

* h(v) < h(0);forv  Oby (E3)of Lemma2 of [1]

Z t

> RK(0) + h(v)dv from Casel.1.2
Z°,

= KO)+  h(v)dv by de nition of i (t)
0

= K1) 8t> 0

By combiningcasesl.1.2and1.1.3we satisfyconditionsfor LemmaA.2.1.) ((t;s)

h(t),8t s.
By combiningtheabove caseswe obserethatq(t;s) h(t),8s O.

Casel.2(s > 0).
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From(3.7),

qt;9) = h(s) + Kt )+ 12 PO g

S
h(s) h(0)

) dt9 =R+ O )

Also, 22 2O > o(using(E4) of Lemmaz2 of [1]).

Casel.2.1(s> O;t s).
9(0;s) = h(0)
a(s;s) = R(s) = h(s)

Fromthe formulationof g(t; s), we know thatit is a straightline. Fromabove, we know
thatit intersectda(t) atO ands. h(t) is strictly concae by (E3) of Lemmaz2 of [1]. Using

Lemma4 of [1], we have,
q(t;s) h(t) = R(t); 8t s
UsinglemmaA.2.1,we have
qt;s) A(t); 8t s

Casel.2.2(s> 0;0 t<ys).

Usingagumentdrom Casel.2.1,we have

alt;s) h(t) = K(t); 80 t<s
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Casel.2.3(s> 0;t < 0).

at;s) = Ko + 2 ¢
= g(0;s) + b(s) h(0) S h(O)t
= K0) + Mt usingCasel.2.1andR(0) = h(0)
< K0)
= R(t) by de nition of Fqt)

) alt;s) R(t);8t<0

Fromcasesdl.2.2and1.2.3,we have ((t;s) FK(t);8t < s. UsingLemmaA.2.2, we
have q(t;s) HR(t); 8t < s. Usingthe above resultand combiningwith casel.2.1,we

have,
q(t;s) F(t);8s>0

Usingcasesl.1andl1.2,we have,
q(t;s) FH(t); 8 s2 R

From(A.4),

Case2 (i 2 1,).

8
2 .
h(t) ift O
() =
- h(0) ift<O
Case2.1(s 0).

Fig. A.7 shonvs arepresentate illustrationfor case2.1. From (3.7),

q(t;s) = (s) + B(s)(t  s)+ Lth(O)(t s)°

) At;s) = R(s) + h(O)(t s)
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FigureA.7: Representatk illustrationfor Case2.1( 2 13;s

Case2.1.1(s 0O;t< s).

ot;s) = R(s) + h(O)(t 9)
= b(0) + h(O)(t 9)

Usingequation(30) of [1],
_ Yili
hO) =B =)
) At;s) h(0)
= R(t)
FromLemmaA.2.2,we have
q(t; s)

Case2.1.2(s 0;s t 0.

0).

by de nition of B(s)

by de nition of A (t)

n(t);8t< s
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Usingargumentsof case?.1.1,

ot;s) = R(s) + h(O)(t )
F(t)

Case2.1.3(s 0;0<t t).
SeeSectionA.2.1for thede nition of t . Usingfactsfrom Lemma2 of [1], we have h(t)
is monotonicallydecreasindgor t < t* (= "#in[1]). Also,t < t*.) 0 t t )
h(O) h(t) Nh(t).

Z t

ot;s) = a0;8) +  ¢(v;s)dv
Z°,
= q(0;s) + h(0)dv

t

g(0;s) + h(v)dv seeabove
0
Z
= R(s)+ h(0)( s)+ h(v)dv substitutingfor g(0; s)
Z, 0
R(s) + h(v)dv *hO) O0s O
2z,
= RKO0) + h(v)dv by de nition of A(s)
ya
= R0) + fi(v)dv by de nition of A(s)
0
= Rt)

Case2.1.4(s 0Ot <1t).
From case2.1.3,we have q(t; s) R(t ). q(t;s) is monotonicallyincreasingbecause

h(0) > 0. A(t) = h(t) is monotonicallydecreasindort > t . By LemmaA.2.3,we have

qt;s) HA(t); 8t>t

Combiningcase.1.2...2.1.4,wehaveq(t;s) h(t),8t s.BylLemmaA.2.1,

q(t;s) h(t);8t s
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FigureA.8: Representatk illustrationfor Case2.2( 2 1,;0< st ).

Combiningthis with case2.1.1,
q(t;s) h(t);8t2R;s 0

Case2.2(0<s t).

o) = h(s) + Kt )+ 12X PO

S
h(s) h(0)

Q) = (S + >t 9)

Case2.2.1(0<s t;0 t 5s).

Here,K(t) = h(t). From(P3)of lemma2 of [1],h (t) isconcaeover0 t t . Now,
g(0;s) = A(s) Ms = h(0) = R0). Also, g(s;s) = A(s). Thus,by formulation
g(t; s) is astraightline thatintersectsa concae curve K(t) at0 ands. Thus,by Lemma4
of [1] we have,

qg(t;s) HA(t);80 t s

Case2.2.2(0<s t;s<t t).
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Argumentdn case2.2.1areapplicablehere.Thus,by Lemma4 of [1] we have,
q(t;s) B(t);8s t<t
Now, g(t; s) andR(t) arecontinuousatt andq(t;s) HR(t),8s t< t . Therefore,
tI!irp alt;s) tI!ir? B (t):

Thereforeq(t ;s) At ).

Case2.2.3(0<s t;t <t).

From (P3) of Lemmaz2 of [1], we have h(s) > h(0). Therefore,(h(s) h(0))=s> 0.
Thus, (t; s) is a monotonicallyincreasingfunction .From (P4) of Lemmaz2 of [1], we

have F(t) is amonotonicallydecreasindgunction. UsinglemmaA.2.3,

g(t;s) Rt);8t>t

Case2.2.4(0<s t;t<O0).

Z,
qt;s) = a0;s) +  ¢(v;s)dv
z,°
= h(0)+  ¢(v;s)dv from case2.2.1
z°
= RKt)+ ¢(v;s)dv de nition of A (t)
0
- 1w+ BO_BO),
<H—(t) *h'(s)sh'(o)>o;t<o

Combiningcase®.2.1and2.2.4,q(t;s) HA(t); 8t s. UsinglemmaA.2.2we have,
q(t;s) HR(t); 8t s. Combiningcase.2.2and2.2.3,g(t;s) Hk{t); 8t > s. Using

lemmaA.2.1we have,q(t;s) KA (t); 8t > s. Thus,

q(t;s) HA(t);8t2 R;0<s<'t
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FigureA.9: Representateillustrationfor Case?.3( 2 1,;t < s).
Case2.3(t < s).

2

o) = h(s) + Kt )+ 120 PO

s
h(s) h(0)

at;s) = () + ~ (L 9)

From(A.3), h(0) = b(yi=(h + r;) 1) O,sincei 2 1,) (b + ri). From
property3 we have, h(t ) > 0. From (P4) of Lemma2 of [1], we have h(t) is mono-
tonically decreasindor t > t . From property6 we have, limy; h(t) = 0. Therefore,
h(t) > 0;8t > t , sincet; < t from property8. Therefore,h(s) h(0) > 0andso
(h(s) h(0))=s> 0.

Case2.3.1(t < s;s t).

By de nition of ((t; s), q(s; s) = B(S). ((t; s) ismonotonicallyincreasingpecauséh(s)
h(0))=s > 0. From (P4)of Lemma2 of [1], we have K(t) is monotonicallydecreasing.

By lemmaA.2.3,q(t;s) H(s);8t s. UsinglemmaA.2.1we have,

qt;s) h(t);8t s
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Case2.3.2(t <s;t t<ys).
By de nition of g(t; s), q(s; s) = A(S). q(t; s) ismonotonicallyincreasingpecaus€h(s)
h(0))=s > 0. From (P4)of Lemma2 of [1], we have F{t) is monotonicallydecreasing.

By lemmaA.2.4,q(t;s) K(s);8t s. UsinglemmaA.2.2we have,
q(t;s) h(t);8 t<s

Case2.3.3(t <s;0 t<t).
Wede ne, r(t) = h(0)+ 22O Notethat,g(0;s) = r(0). h(t ) h(0) > h(s) h(0),
sinceh(s) is monotonicallydecreasingor s > t (by (P4)of Lemmaz2 of [1]). Therefore,
(h(t ) B(0))=t > (h(s) h(0))=s Thus,
r(t) q(t); 8t O

Now, F{0) = r(0) andBR(t ) = r(t ). Also, R(t) is strictly concaefor0< t < t and
intersectgheliner(t) at0O andt . By Lemma4 of [1] we have,

R(t) r(t);0 t t:
Therefore,

Bt) q(t;s);0 t<t

Case2.3.4(t < s;t< 0).

By de nition of q(t;s),

at;s) = h(o) + = _BO - hO),
< h.(O) * M > O't <0
< R(t) by de nition of A(t)

By combiningcase®.3.2...2.3.4wehaveq(t;s) HK(t), 8t < s. BylemmaA.2.2we
have,

q(t;s) h(t);8t < s:
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Combiningthis with case2.3.1we have

q(t;s) R(t);8t2 R;t <s

Combiningcase<.1,2.2and2.3we have

q(t;s) HA(t); 8t;s2 Randi 2 1,

FigureA.10: Representaie illustrationsfor Case3.1( 2 1%;s 0), Case3.2G 2 1%;0< s t )and
Case3.3( 2 1%;t < s).

Case3 (i 2 1%).

8
2 ht) ift 0
n(t) = > 2
~ h(0) + h(O)t+%%t2 ift< 0
8 .
2 .
h(t) ift O
Ft = ,
h(0)+ ¥l ift<o0
o(t;s) = h(s)+ K(s)(t S)+;(yiy7_ri)2(t s)?
ats) = Ko+ Y Ve g
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Case3.1(s 0).

Case3.1.1(s 0;t 0). By de nition of q(t;s),

at;s) = F(S) + (yiy—i“)z(t 9
= h(0) + M(s) " M(t s)  substitutingfor K(s)
RV A
- R) from de nition of F(t)

Applying lemmaA.2.2fort s, wehave

q(t;s) h(t);t s;s O

Case3.1.2(s 0;0<t t).

Z t
q(t;s) = q(0;s) +  ¢(v;s)dv
0 z
_ (yi 1i)? b - _
=hs) ——s+ ¢(v; s)dv substitutingfor g(0; s)
Yi 0 Z,
)2 Y
= h(0) + i i) S i 1) s+ e(v;s)dv substitutingfor B(s)
Z, Yi Yi 0
= KO) + ¢(v; s)dv from de nition of &
0
Fromproperty9 we have,
ti = log(b=(yi i)
tp - Yi i
ht)= (1 ﬁ)be t Fromequation(30) of [1]
) Rty = i )’

Fromproperty9 we know thatt; < 0. Fromlemmaz2 of [1] we know thath(t) is mono-
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tonicallydecreasingort t .Thusit; <0 v t ) h(ty) > h(0) h(v) h(t).
Z t
) at;s) KO)+  h(v)dv
Z°,
mO)+  F(v)dv from de nition of A(t)
0

A(t)

Case3.1.3(s 0Ot <1t).
Fromcase3.1.2we have,q(t ;s) FR(t ). q(t;s) is monotonicallyincreasingsinceit is a
straightline andits slope(y‘yii”)2 > 0. From (P4)of lemmaz2 of [1]we know that, F(t) is
monotonicallydecreasindort > t . UsinglemmaA.2.3we have,
qt;s) Rt);t>t
Combiningcases3.1.1...3.1.3we have,q(t;s) HA(t;s);t s. UsinglemmaA.2.1,
q(t;s) RA(t;s);t s. Combiningthis with theresultin case3.1.1we have,

g(t;s) N(t;s);8t2R;s 0

Case3.2(0<s t).

Case3.2.1(0<s t;s t t).

ot;s) = afs;s) + Zst &(v; s)dv
= F(s) + Zsth(v; s)dv fromcase3.1.2t; <0 v t )
A(ty) > h(0) h(v) h(t)
B(s) + ‘ tFf(v; s)dv from de nition of f(t)

S

A(t)

Thus,q(t;s) HR(t);s t t;0<s t.
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Case3.2.2(0<s t;t <t).
Fromcase3.2.1,q(t ;s) Kt ). From(P4)of lemma2 of [1], A(t) is monotonically
decreasingort > t . By lemmaA.2.3,q(t;s) HA(t);t m< t.

Combiningcases3.2.1and3.2.2we have,q(t;s) FR(t);t s. BylemmaA.2.1,

q(t;s) HAt);t s;0<s t

Case3.2.3(0<s t;0 t<ys).

g(t;s) = A(s) + h(t)(t ) usingexpressiorfor h(t,) from case3.1.2
Z S
= F(s) h(t)dv
Z
A(s) h(v;s)dv h(s) is monotonicallydecreasing
t
fort <t ; ,fromcase3.1.2
V4 t

= R(s) + h(v;s)dv h(s)

= A1)

Case3.2.4(0< s t ;t< 0). Fromcase3.2.3we know that,q(0;s)  K(0).

ot;s) = R(s) + h(t)(t )

= (0;s) + h(tt substitutingfor g(0; s)
R(0) + h(t)t seeabove
= R(t) from de nition of Ry(t)

Combiningcases3.2.3and3.2.4we have, (t;s) HA(t);8t s. By lemma2 of [1],
ot;s) At s

Combiningtheresultsfrom case3.2.2and3.2.4,

q(t;s) h(t);82 R;0< s<'t



165

Case3.3(t < s).

Case3d.3.1(t < s;s t).

qt;s) is monotonicallyinc:reasingsince(yiyii”)2 > 0. By (P4)of lemmaz2 of [1], A(t) is
monotonicallydecreasindort s> t . By theirrespectie de nitions, ((s;s) = BS).
By lemmaA.2.3we have, (t;s) K(t);8t s. By lemmaA.2.1 we have, ((t;S)
n(t);8t s.

Case3.3.2(t <s;t t<ys).

q(t;s) is monotonicallyincreasingsince(yiyii“)2 > 0. By (P4)of lemmaz2 of [1], Kt) is
monotonicallydecreasindor t t < s. By theirrespectie de nitions, (s;s) = R(S).

By lemmaA.2.4wehave,q(t;s) HA(t);8 t<s.

Case3.3.3(t <s;0 t<t).

Z t
ait;s) = ot ;) +  g(v;s)dv
z /!
A(t ) ¢(v; s)dv from case3.2.3
Z,
= Rt ) h(t,)dv usingexpressiorfor h(t;) from case3.1.2
Z,
A(t ) h(v;s)dv h(s) is monotonicallydecreasing
t
fort <t ; ,fromcase3.1.2
V4 t

= R(s) + h(v;s)dv

t

= R(1)
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Case3.3.4(t < s;t < 0). Fromcase3.3.3we have,q(0;s) F{0).

q(t;s) = R(s) + h(ty)(t  9)

= ¢(0;s) + h(tt substitutingfor g(0; s)
R{(0) + h(t)t seeabove
= At) from de nition of A(t)

Combiningcases3.3.2,3.3.3and3.3.4we have,q(t;s) HR(t);8t s. BylemmaA.2.2,
qlt;s) R(t);8t s

Combiningresultsfrom case3.3.1and3.3.4we have,
q(t;s) RA(t);8t2 R;t <s
Combiningresultsfrom cases3.1...3.3we have,
q(t;s)  A(t);i21%

Case4 (i 2 199).

8
2 h(t) ift 0
) = 2
~ h(0) + bO)t + 12 ift< 0
8 I
2 .
h(t) ift 0
A1) = )
h(0)+ Y-l ift<o0
qt:s) = h(s) + B(s)(t s)+%u(t s)?
ats = K+ IV g

Cased4.1(s 0).



FigureA.11: Representatkillustrationsfor Case4.1( 2 1°3;s 0) andCase4.2( 2 1°%;0< s).

Case4.1.1(s 0O;t 0). By de nition of (t; s),

a9 = e+ g
- ho)+ ¥ yiri)25+ i yi“)z(t s)  substitutingfor F(s)
oy U,
= Rt) from de nition of F(t)

Applying lemmaA.2.2fort s, wehave

q(t;s) h(t);t s;s O

Cased4.1.2(s 0;0< t).

Fromcased.1.1we have,q(0;s) K(0). q(t;s) is monotonicallyincreasingsinceit is a

straightline andits slope(y‘yii”)2 > 0. From (P4)of lemmaz2 of [1]we know that, F(t) is
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monotonicallydecreasindort > 0> t . UsinglemmaA.2.3we have,

qit;s) HRt);t>0

Combiningcasest.1.1...4.1.2we have,q(t;s) HA(t;s);t s. UsinglemmaA.2.1,

q(t;s) A(t;s);t s. Combiningthis with theresultin cased.1.1we have,
g(t;s) N(t;s);8t2R;s 0

Cased4.2(0< s).

Cased4.2.1(0< s;s ).

q(t;s) is monotonicallyincreasingsinceM > 0. By (P4)of lemma2 of [1], B{t)
Yi

is monotonicallydecreasingort s> 0> t . By lemmaA.2.3 we have, ((t;s)

F(t); 8t s. By theirrespectie de nitions, g(s;s) = Ks). By lemmaA.2.1 we have,

q(t;s) A(t);8t s.

Case4.2.2(0< s;0 t<s).

q(t;s) is monotonicallyincreasingsinceM > 0. By (P4)of lemmaz2 of [1], B(t) is
Yi

monotonicallydecreasingor 0 t < s. By lemmaA.2.4we have,q(t;s) Ht); 80

t<s.

Cased.2.3(0< s;t < 0). Fromcase4.2.2we have,q(0;s) KO).

q(t;s) = A(s) + h(ty)(t  9)

= (0;s) + h(tt substitutingfor g(0; s)
R{(0) + h(t)t seeabove
= Rt) from de nition of A(t)

Combiningcases4.2.2 and 4.2.3 we have, ((t; s) R(t); 8t s. By lemmaA.2.2,

qit;s) R(t);8t s
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Combiningresultsfrom case4.2.1and4.2.3we have,
q(t;s) h(t);8t2 R;0< s
Combiningresultsfrom casest.1and4.2we have,
a(t;s)  M(t);i21%

Fromcasesl, 2, 3 and4 we seethateachtermof ~ L ([A Ji;[A (™]) exceedseach

termof [( ) forallvaluesof 2 S= Rj. Thus,

s ™) C( )8 2S=R
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