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ABSTRACT

ACCELERATED STATISTICAL IMAGERECONSTRUCTION ALGORITHMS AND
SIMPLIFIED COSTFUNCTIONSFORX-RAY COMPUTEDTOMOGRAPHY

by

SomeshSrivastava

Chair: Prof. Jeffrey A. Fessler

Statisticalimagereconstructionmethodsarepoisedto replacetraditionalmethodslike �l-

teredback-projection(FBP) in commercialX-ray computedtomography(CT) scanners.

Statisticalmethodsoffer many advantagesoverFBP, includingincorporatingphysicalef-

fectsandphysicalconstraints,modelingof complex imaginggeometries,andimagingat

lower X-ray doses.But, the useof statisticalmethodsis limited dueto many practical

problems. This thesisproposesmethodsto improve four aspectsof statisticalmethods:

reconstructiontime, beamhardening,non-negativity constraints,andorganmotion. To

reducethe reconstructiontime, several novel iterative algorithmsare proposedthat are

adaptedto multi-corecomputing,includingahybridorderedsubsets(OS)/ iterativecoor-

dinatedescent(ICD) approach.Thisapproachleadsto a reductionin reconstructiontime,

andit alsomakestheICD algorithmrobustto theinitial guessimage.Statisticalmethods

haveaccountedfor beamhardeningby usingmoreinformationthanneededby traditional

FBP-basedmethodslike theJoseph-Spital(JS)method.This thesisproposesa statistical

methodthat usesexactly the samebeamhardeninginformationasthe JSmethodwhile

suppressingbeamhardeningartifacts. Directly imposingthe non-negativity constraints

xi



can increasethe computationtime of algorithmssuchas the preconditionedconjugate

gradient(PCG)method.This thesisproposesa modi�cation of the penalized-likelihood

costfunctionfor monoenergetictransmissiontomography, andacorrespondingPCGalgo-

rithm, thatreducereconstructiontimewhenenforcingnonnegativity. Organmotionduring

a scancausesimageartifacts,andin somecasestheseartifactsaremoreapparentwhen

standardstatisticalmethodsareused.A preliminarysimulationstudyof a new approach

to removemotionartifactsis presented.Thedistinguishingfeatureof thisapproachis that

it doesnot requireany new informationfrom thescanner. Thetargetapplicationsof this

researcheffort are3-D volumereconstructionsfor axialcone-beamandhelicalcone-beam

scanninggeometriesof multisliceCT (MSCT) scanners.
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CHAPTER 1

Intr oduction

X-ray ComputedTomography(CT) is avaluabletool in medicaldiagnosis.It produces

sharpmillimeterscaleresolutionimagesof theanatomyof apatientby imagingaphysical

propertyof thebodytissuesknown astheX-ray attenuationcoef�cient. Recentadvance-

mentsin X-ray imagingtechnologyhave producedspectacularmedicalapplications.Foe

example,videosof thehearthave beenproducedusingMultislice CT (MSCT) scanners,

dueto thedevelopmentof high-speedgantriesandmulti-row detectors.All thesetechno-

logicaldevelopmentsandapplicationsposenew challengesto imagereconstruction.

Imagereconstructionis theprocessof mathematicallycomputingtheimageof thepa-

tientor objectbeingscannedin aX-ray CT scanner. Theinputsto themathematicalcom-

putationaretheobservationsproducedby thescanner, its physicalcharacteristics,andits

instrumentsettingsfor aparticularscan.Imagereconstructionfacesmany challengesfrom

thelatestscanners.Onechallengeis thecomplex natureof thedatacollectiongeometries.

Anotheronearisesfrom theneedto reducetheamountof X-ray exposureto thepatient,

alsoknown astheX-ray dose.A reducedX-ray doseis consideredbetterfor thegeneral

well-beingof thepatient.Also, competingimagingtechnologieslikeMagneticresonance

imaging(MRI) do not useionizing radiationandarealmostcompletelyharmless.Unless

imagereconstructionmethodsareimproved,reconstructedimagesat reducedX-ray dose

1



2

arenoisy. This thesisexploresnew imagereconstructionmethodsthattry to overcomethe

abovechallengesandmany more.

Two major families of imagereconstructionmethodsfor X-ray CT are the Filtered

back-projection(FBP)methods,andtheStatisticalmethods.FBPis thetraditionalmethod

of imagereconstruction,whereasstatisticalmethodsaremorerecent.Statisticalmethods

aremuchmore�e xible thanFBP, becausemodelingobservationstatistics,datacollection

geometry, physicaleffects,andphysicalconstraintson theimageis easierwith statistical

methods. Derivation of FBP-basedmethodsthat modelall of the above hasproved to

bedif�cult. But, statisticalmethodssuffer from onemajordrawbackwhencomparedto

FBP–excessivecomputationtime. A majorportionof theresearcheffort presentedin this

thesisis aimedat reducingthecomputationtimeof statisticalmethods.

A statisticalimagereconstructionmethodconsistsof two components:a costfunction

andanalgorithm.Thecostfunctionis amathematicalfunctionthatmapsthereconstructed

imageinto thereal-numberline. Thereconstructedimageis ageneraltermthatcanreferto

aslicethroughthepatient,or astackof slices(alsoknownasavolume),or atimesequence

of a sliceor a volume. The observationsmadeduringa scan,physicalcharacteristicsof

thescanner, andscannerinstrumentsettingsparticipateascomponentsof thecostfunction.

Costfunctionsin X-rayCT areconsideredtohavethepropertythattheirminimum/minima

arecloseto thetruenatureof patientanatomy. Thealgorithmis a numericalmethodthat

�nds theimagethatminimizesthecostfunction.Thatis how analgorithmtogetherwith a

costfunctionproducesanimageof thepatient.Algorithmsthatminimizethecostfunction

in onesteparerare.Mostalgorithmsareiterative,i.e., they startwith acoarseinitial guess

andre�ne it over andover in sucha way that the re�nementspossesslower and lower

valuesof thecostfunction.Thecomputationthatproduceseachconsecutivere�nementis

calledaniteration.An iterative algorithmexecutesiterationsuntil certaincriteria,known
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asconvergencecriteria,aremet. This thesisinvestigatesnew costfunctionsanditerative

algorithmsfor X-ray CT.

Thecomputationtime of aniterativealgorithmis a productof two numbers:thenum-

ber of iterationsandthe averagetime taken to executeoneiteration. The numberof it-

erationsrequiredby an iterative algorithmto meeta certainconvergencecriteria roughly

de�nesits convergencerate.Thus,usingiterativealgorithmswith fasterconvergencerates

canreducethe overall computetime. The following algorithmsareknown to have high

convergencerateapartfrom otherdesirableproperties:Ordered-subsets(OS,alsoknown

asblock-gradient),Preconditonedconjugategradient(PCG),andIterative coordinatede-

scent(ICD). Convergenceratecanbe further increasedby creatingnew algorithmsthat

somehow combineoneor moreof thealgorithmslistedabove. This approachof combin-

ing algorithms,calledthehybrid-algorithmapproachhere,is developedandtestedin this

thesis.

But, improvementsin convergenceratealonearenot expectedto besuf�cient to make

iterative algorithmspractical. The time taken to executeone iterationmustalso be re-

duced.Computetime per iterationcanbereducedby usingfastercomputers.And faster

computersnowadays,are parallel, i.e., they are constructedby creatinga network of a

large numberof microprocessors.This approachof usinga parallelcomputerto reduce

per-iterationcomputetime is termedastheparallel-computationapproachhere.To sum-

marize,this thesisexplorestwo approachesto reducethecomputetimeof astatisticalim-

agereconstructionmethod: the hybrid-algorithmapproachandthe parallel-computation

approach.

While reducingcomputationtime is necessaryto make statisticalmethodspractical,it

is alsonecessaryto adaptthemto correctfor variouskindsof imageartifacts.An image

artifactcanbebroadlyde�nedasthesystematicdeviationof thereconstructedimagefrom
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thetruenatureof thepatientor objectbeingscanned.Imageartifactscanpossiblyobscure

and/ordistort importantimagefeatures,which could in turn effect thepatientdiagnosis.

Artif actsappearin imageswhenthe reconstructionmethod,whetherFBP or Statistical,

fails to accountfor oneor morephysicalpropertiesand/orphysicaleffectsin its mathe-

maticalcomputations.Outof themany physicalpropertiesandphysicaleffectsthatwhen

ignoredcan causeartifacts, threeare studiedin this thesis: non-negative natureof the

X-ray attenuationcoef�cient, beamhardening,andorganmotion.

X-ray attenuationcoef�cient is the physicalpropertywhoseimageis createdby an

X-ray CT scanner. It hasnon-negative values. If an imagereconstructionmethoddoes

not imposethe non-negativity constrainton the imagevoxels (or, pixels), somevoxels,

especiallythosein theair regions,canbecomenegative. This is a non-physicalresultand

hencemay be undesirable.Oncecanimposethe non-negativity constrainton the image

by usingnon-negatively constrainedcost-functionminimizationmethods.Theimposition

of the non-negativity constraintis trivial in OS-basedand ICD-basedalgorithms. But,

thedirect impositionof thenon-negativity constraintin PCG-basedalgorithmscausesthe

computetime to increaseby nearly50%. In this thesis,a simplemodi�cation of thecost

function is developed. Applying PCG-basedalgorithmsto this modi�ed cost function

controlsnegativepixelsto someextentanddoesnot incura largecomputetimepenalty.

Beamhardeningis accountedfor in FBP usinga post-processingmethodcalled the

JosephandSpital (JS)method.TheJSmethodcanbeappliedto statisticalmethodspro-

vided beamhardeninginformationis excludedfrom the costfunction. A betterstrategy

is to includebeamhardeningin thecostfunction ratherthanwork aroundbeamharden-

ing usingthe JSmethod. Inclusionof beamhardeningin the costfunction is especially

bene�cial whenthe X-ray doseis low. A costfunction that includesbeamhardeningis

developedandstudiedin this thesis.
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Organmotioncancauseartifactsin imagesproducedusingcostfunctionsthat ignore

its occurrence.In chestscans,lungsandthe heartarealmostalwaysmoving while the

scanis taken. Onesolutionwould be to stopor reduceorganmotion usingexternal in-

strumentslike thoseusedfor breath-holdtechniques.But, notall scanscanbetakenwhile

usingsuchtechniques.An alternative solutionwould beto detectorganmotionfrom the

datacollectedby thescannerandmodelit within thecostfunction. Onesuchsolutionis

developedandtestedfor asimulated,single-slice,fan-beamscanin this thesis.

X-ray CT scannerstargetedby the statistical image reconstructionmethodsdevel-

opedin this thesisaretheMultislice CT (MSCT) (alsoknown as,Multidetectorrow CT

(MDCT)) X-ray scanners.Thesescannersarethecurrentstate-of-the-artin gantrybased

X-ray scanners.Diagnosticapplicationsof thesescannerslikecardiovascularrequirenon-

standarddata-collectiongeometries.Statisticalmethodshandlenon-standardgeometries

betterthanFBP, makingthemindispensablefor imagereconstructionin MSCT scanners.

The statisticalimagereconstructionmethodsdevelopedin this thesisaretestedfor data

obtainedfrom two standardgeometries:axial cone-beamandhelical cone-beam.These

methodsare�e xible enoughto handlenon-standardgeometries.

This thesisis organizedasfollows. Chapter2 presentsbackgroundinformationon X-

rayCT andstatisticalimagereconstructionmethods.Chapter3 presentsthemodi�ed cost

function developedherethat controlsnegative pixels while maintaininga low computa-

tion time in PCGalgorithms.Chapter4 presentstheinvestigationof thecostfunctionthat

employs beam-hardeningparametersusedby theJSmethod.Chapter5 presentsthepre-

liminary investigationof astatisticalimagereconstructionmethodto controlorgan-motion

artifacts.Chapter6 comparesOSandPCGalgorithmsin simulatedsingle-slicefan-beam

scans. Chapter7 describesthe algorithm accelerationtechniquesdevelopedusing the

hybrid-algorithmandparallel-computationapproaches.Chapter8 presentsalgorithmde-



6

signsthat canbe usedto further acceleratealgorithms. Finally, Chapter9 presentsthe

conclusionsof this thesisandfutureresearchwork thatcanbedonebasedon it.

1.1 Contributions

Chapter3

� A new cost function anda correspodingPCGalgorithmwereproposedto control

negativepixelsin PCGalgorithms.Comparedto thecurrentmethodof imposingthe

non-negativity constraintin PCGalgorithms,the proposedPCGalgorithmreduces

executiontimeby a third while controllingnegativepixels.

Chapter4

� A new costfunction that incorporatesthe beamhardeninginformationusedby the

JSmethodwasdeveloped.Currentstatisticalmethodsfor beamhardeningcorrection

requiremore information than the JS method,whereasthe proposedmethoduses

only theinformationusedby theJSmethodto correctthebeamhardeningartifacts.

Chapter5

� A new statisticalmethodto reduceorganmotion artifactswasdeveloped. Current

methodsfor compensatingfor organmotion requiremeasurementof signalsother

than the singoramfrom the scanner. Preliminary investigationsof the proposed

methodindicatethatit cancompensatefor organmotionby usingthesinogramonly.

Chapter6

� A new PCGalgorithmthat is guaranteedto minimize non-quadraticcost functions

wasdeveloped.CurrentPCGalgorithmsarenot guaranteedto �nd theminimumof

non-quadraticcostfunctions.

� A comparisonof OS-basedandPCG-basedalgorithmswascarriedout. It wasfound
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thatOSalgorithmsconvergefasterthenPCGalgorithmsto thesolutionin theinitial

iterations.But, the iteratesof theOS algorithmstopapproachingthesolutionafter

a few iterations. Thus, OS algorithmsare desirableonly if a quick, sub-optimal

solutionis suf�cient.

Chapter7

� A new algorithm,the hybrid OS-ICD algorithm,wasdeveloped,anda comparison

of its propertieswith thoseof anexisting algorithm,theICD algorithm,carriedout.

The hybrid OS-ICD algorithmcanpotentiallybetterthe reconstructiontime of the

ICD algorithm.Thehybrid OS-ICDalgorithmalsomakestheICD algorithmrobust

to theinitial guessimage.

� Parallelcomputationwasdemonstratedto reducetheper-iterationcomputetime by

a largeamountin OS-basedalgorithms.For acomputerwith 8 parallelprocessors,a

speedupof around7 wasobserved.

Chapter8

� A new algorithmthatcombinesideasfrom OSandPCGwasderived.Thisderivation

is asteptowardsfurtherspeedingup OSalgorithms.

� A new algorithm that is similar to the PWLS OS SPSalgorithm but saves com-

pute time by calling computationallyexpensive non-quadraticfunctionsfar lesser

numberof times was derived. This derivation is a step towardsspeedingup the

PWLS OS SPSalgorithm.

� A new surrogateof thecostfunctionthatseparatesaregularizedstatisticalestimation

probleminto P regularizedstatisticalestimationproblemswasderivedin thecontext

of parallelcomputationfor X-ray CT. Thenumberof timestheP problemsexchange

valuesof iteratesof the parametersegmentsthey are individually responsiblefor
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can be controlledwith this new surrogate. Thus, the reductionof inter-processor

communicationin parallelcomputerscanbeinvestigatedusingthenew surrogate.



CHAPTER 2

Background

This chapterdescribesthebasicworking of anX-ray CT imagingsystemandthesta-

tistical methodof imagereconstruction.Section2.1 describesthebasicconceptsbehind

an X-ray CT system. Section2.2 describesthe issuessurroundingthe samplingof the

observationspaceandtheparameterspace(i.e., thespaceof thereconstructedquantity).

Thestatisticalreconstructionmethodcomputesthereconstructedimageby thefollowing

steps.

1. Assigningastatisticalmodelto theobservations(Section2.3)

2. Choosinga systemmodel(Section2.4)

3. Includingphysicaleffectslikebeamhardening(Section2.5)

4. Formulatingacostfunction(Section2.6)

5. Choosinga minimizationalgorithm(Section2.7)

Section2.8 describesthe reconstructionissuesandanalyticalreconstructionmethodsin

cone-beamgeometry.

2.1 Basicconcepts

X-ray CT producesimagesof theX-ray attenuationcoef�cient of theobjector patient

beingscanned.A typical constructionof aX-ray scannerinvolvesasourceandadetector

9
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Figure2.1: Schematicdiagramof aX-ray scanner.

array (seeFig. 2.1). The sourceand the detectorarray are �x ed with respectto each

other in spaceon a C-armor a gantryandtracea pathor orbit aroundthe patient. The

sourceis anincoherentsourceof X-ray radiationanddetectorsrecordtheintensityof the

radiationexiting the patient. As the sourceandthe detectorarrayscanthe patient,each

sourcepositionanddetectorelementpaircauseathin beamof radiationto passthroughthe

patientandrepresentoneobservation. Let nd bethetotal numberof suchsourceposition

anddetectorelementpairs and i be the index numberingthem. If the intensityof this

beamof radiation,before(I in;i ) andafter (I out;i ) passingthroughthe patientis known,

thenBeer's law providesthetotal attenuationexperiencedby thebeam:

I out;i = I in;i exp
�

�
Z

L i

� (r )dr
�

;(2.1)

where,L i is thepathof the ray throughthepatientand� (r ) is thedistribution of X-ray

attenuationcoef�cient in the patientasa function of position in the co-ordinatesystem

�x ed to the room. Thus, the observationsindirectly measurethe line integral of the X-

rayattenuationcoef�cient throughthepatient.All imagereconstructionmethodswhether

analytical(like FBP)or statistical,attemptto recover � (r ) from theobservationsf I out;i :

i = 1; : : : ; ndg. Notethat(2.1)assumesthattheX-ray photonsin anX-ray beamhave the
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sameenergy, i.e., theX-raysusedaremonoenergetic. This law hasto bemodi�ed for the

morepracticalcaseof polyenergeticX-raysasshown in Section2.5.

Thephysicalunitsof � (r ) arecm� 1. Themorecommonlyusedunitsfor � (r ) arethe

Houns�eld units(HU). Theconversionfrom cm� 1 to HU is :

� (in HU) = 1000
� � � water

� water � � air
:

This scalegivesa valueof -1000and0 to air andwaterrespectively. This makesthepro-

cessof representingattenuationusingunsignednumbersa little cumbersome.So,we add

1000to � valuesin HU andcontinueto call it HU which effectively makestheformula:

� (in HU) = 1000(� � � air)=(� water � � air). 1

Thesinogramof asinglesliceof theobjectis a two dimensionalfunctionthatcontains

the line-integral valuesthroughtheobject. Its �rst argumentis thesourceposition(asan

angle)andthesecondargumentis theangularlocationof thedetectorfrom thecenterof

the detectorarray. Note that the ideal sinogramis a function of continuousparameters

whereasthe observed sinogramdiscretizesthe parameters.Thus,a �nite numberof in-

tegralsthroughthe slice arebeingusedto reconstructsamplesof a continuousfunction

� (r ). This observationintuitively indicatesthattheamountof detailof anobjectthatcan

bereconstructedis determinedby thenumberof sinogrambinsin theobservedsinogram.

Thelineartransformthatmapsthecontinuousimageto thecontinuoussinogramis called

the Radontransform. The inversionof the Radontransformcanbe carriedout exactly

usingmathematicalanalysisby theCentralSliceTheoremor theFBPmethod[46]. But,

discretizationof the argumentsin the observed sinogramleadsto approximationsbeing

madeto theoriginal theory.

1Imagesstoredin HU arerequiredto be convertedto cm� 1 in orderto be usedin computations.Assume� air �
0cm� 1 and� water � 0:2cm� 1 (at 100keV) [46]. ) � = (� H U =1000) � � w ater = (� H U =1000) � 0:2cm� 1 . Thus,
� (in cm� 1) = 2 � 10� 4 � H U .
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Variousdeviationsfrom theidealizedmodelof (2.1)occurdueto low dose,instrumen-

tationfeaturesandX-ray photonscattering.Lower doseis oneof themajorchallengesto

X-ray CT. To achievealowerdose,oneor moreof thefollowing arerequired:(a) lowerX-

raytubevoltage,(b) lowerX-ray tubecurrent,and(c) lowerscantime. Lowertubevoltage

leadsto lower photonenergy andincreasesbeam-hardening.Increasedbeam-hardening

changes(2.1)entirely(seeSection2.5).Lower tubecurrentleadsto lowersignal-to-noise

ratio (SNR) in the observationsmakingthe noisein the observationssigni�cant. Some

kind of denoisingof theobservationsbecomesnecessary[43]. An intuitively moresatis-

fying approach,thestatisticalimagereconstructionapproach,is to estimatetheparameters

of thedistributionof theobservations,whicharenothingbut theimagepixels,ratherthan

denoisetheobservations. Theapproachof denoisingtheobservationsis calledthesino-

gramprecorrectionapproachin which thesinogramis modi�ed prior to reconstructionin

orderto accountfor noiseand/orphysicaleffects.Both approacheshave their advantages

anddisadvantagesandarebeingcurrentlyinvestigatedby variousresearchers.Lowerscan

time increasesthe afterglow effect andrequiresa high speedgantryanddetectorswith

fasterresponsetimes. Lower scantimesalsomitigatemotion artifactsdueto voluntary

andinvoluntarypatientmotion.Instrumentationof anactualX-ray CT scanneralsocauses

distortionsin themeasurements,e.g., off-focal radiation,cross-talk,�nite sourcespotsize,

�nite detectorsizeetc.[31]. Scatteringof X-ray photonsis alsobecomingsigni�cant due

to theincreasedcone-angleof theradiationin 3-D systems[69]. In conclusion,anidealre-

constructionmethodshouldaccountfor all of theabovepracticalconsiderationsto obtain

anaccuratereconstructionof theobjector patientbeingimaged.
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2.2 Sampling

Samplingis theprocessof representinga continuousimage� (r ) with a �nite number

of bits in a computer. Thecontinuousimage� (r ) is discretizedin bothspace(andtime)

andamplitude(i.e., a �x ed numberof bits areassignedto eachbasiscoef�cient). The

continuousimagespaceis assumedto have a countablebasisout of which a �nite setis

chosento approximateit: f bj (r ) : j = 1; : : : ; npg. � is thevectorof coef�cients of this

truncatedbasisrepresentation.Thus,theimageis representedas:

� (r ) �
npX

j =1

� j bj (r ):

The individual basisfunctionsarelocatedat differentpointsin space(andtime) andcan

be at differentscalesor the samescale. This choicecan in�uence convergencerate in

statisticalmethodsif the initial guessis far away from theminimum,e.g., whenstarting

with azeroimage.If theinitial imageis closeto theminimumthenbasisat the�nest scale

suf�ces. Substitutingtheaboveexpressionfor � (r ) in theline integralexpressionof (2.1)

wehave,

Z

L i

� (r )dr �
Z

L i

npX

j =1

� j bj (r )dr =
npX

j =1

� j

Z

L i

bj (r )dr =
npX

j =1

G ij � j
4
= [G� ]i ;

where,G ij
4
=

Z

L i

bj (r )dr :

Thus, the matrix G playsthe role of the integrationoperationin (2.1) and is calledthe

X-ray CT systemmodelor systemmodelfor short. The operationG� is known as the

forwardprojectionoperation.Thetransposeoperationof G is calledthebackprojection

operation.Forwardandbackprojectionstakeupmostof thecomputationtimein statistical

imagereconstructionmethods.

Thechoiceof thebasisfunctionsfor � (r ) is importantbecauseit determinestheaccu-

racy of representationof thecontinuousimageandalsoin�uencestheimplementationof
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thesystemmodel.Onewouldpreferabasisrepresentationthatperformsfastforwardand

backprojectionsin thesystemmodelwithoutcompromisingrepresentationaccuracy. The

pixel basisthatinvolvesrectfunctionsis oneof thesimplest.It is intuitivelyeasyto under-

standandits consequencesarethuseasyto control. Its implementationin systemmodels

(seeSection2.4) is alsosimplerand relatively computationallyinexpensive. However,

its main disadvantageis that it is not smoothandits Fourier transformhasvery a large

side-lobeamplitude.This largeside-lobeamplitudecouldamplify errors.This is because

the imagereconstructionprocessis basicallythe Radoninversionoperation.The inver-

sion processcarriesout differentiationof sinogramdatafrom a singlerow (i.e. angle).

The magnitudeof the Fourier transformof the differentiationoperationin 1-dimension

increaseslinearly with frequency with slope1. If theobjecthasinaccuraciesin represen-

tationathigherfrequencies,e.g. dueto largeside-lobesof thebasisfunctions,thesewill be

ampli�ed by thedifferentiationoperation.An alternativeis to usesmootherbasisfunctions

like B-splines[29]. The Radontransformfor imagesrepresentedon a grid (asopposed

to continuousfunctions),asis doneabove,hasbeenanobjectof studydueto theinexact

implementationof the Centralslice theoremusingdiscretizedimageandsinograms.A

notion of Radontransformfor discretedatawhich is both theoreticallysatisfactoryand

practicallyuseful(very low conditionnumbers)is presentedin [4].

Field of view (FOV) considerationsare importantfrom a practicaland as well as a

theoreticalpoint of view. Here, FOV is de�ned as the region in spacewithin which a

givenX-ray CT imagingsystemcanreconstructtheobjectto a high degreeof accuracy.

In 2-dimensionalfan-beamtomography, thereexists a circle within which eachpixel of

the object hasa ray passingthroughit from eachposition of the source. We usethis

circle asa roughmeasureof FOV. Therelationbetweendetectorsize,numberof source

angles,imageresolutionandFOV for fan-beamtomographywasderivedin [48] . In the
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3-dimensionalcase,Tuy'sconditiondeterminestheFOV (seeSection2.8).

2.3 Assigninga statistical model to the observations

Thenoisepresentin theobservationscanbemodeledusingaprobabilitydensityfunc-

tion (or probabilitymassfunction).Theobservationsmayalsobeeffectedby otherphys-

ical processeswhich are assumedto be accountedfor using appropriatesinogrampre-

correctiontechniques.The observationsyi obtainedby the scannerarepre-correctedto

obtain �yi , which are then usedfor reconstruction(e.g. seeSection4.1). The statistics

mainlydependon thephysicalprocessesoperatingwithin thedetectorsystem.A detailed

analysisis presentedin [19]. Themodelsinvestigatedin [19] are: (a)CompoundPoisson

and(b) CompoundPoissonwith Gaussianreadoutnoise.However, the following simple

modelshavebeenfoundsatisfactoryin currentpractice:

1. Poisson[1, 23] : A detailedobservation model for an X-ray CT systemhasbeen

investigatedin [43]. We usea simpli�ed versionof [43, Eq. 9] here.For a source-

detector-pair i , bi is the initial intensityof thebeamexpressedasnumberof counts

(alsocalledblank-scancounts)and r i accountsfor the read-outnoise(alsocalled

randomcounts)andscatter. Theobservationsareassumedto bedistributedas:

�yi � Poisson
�

bi e� [G� ]i + r i

	
:(2.2)

2. Weightedleastsquares(WLS) ( [23,56]) : The negative log-likelihoodof (2.2) is

approximatedusingaquadraticfunctionin [23]. Thisquadraticapproximationleads

us to the following variabletransformation:�l i
4
= ln( bi � r i

�yi
). Thequadraticapproxi-

mationimpliesthat�l i is aGaussianrandomvariable.Theparametersof thequadratic

approximationsuggestthatthemeanandvarianceof �l i are[G� ]i and�yobs
i =( �yobs

i � r i )2
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respectively. By abusingnotationa little bit wewrite :

�l i � N
�

[G� ]i ;
�yobs

i

( �yobs
i � r i )2

�
(2.3)

Onecouldalsouseelementaryprobabilitytheoremsandsimplifying assumptionsto

arriveat theaboveapproximatedistribution. Mostof thealgorithmsin this thesisare

basedon either(2.2)or (2.3).

2.4 Choosinga systemmodel

G modelsthe integral operationover the part of the imagecoveredby a ray that is

passingfrom the sourceto the detector. It is oneof the key componentsof a statistical

method– the choiceof the systemmodelaffectsboth imagequality andreconstruction

time. TheoperatorG is alsocalledtheforward-projectionoperationandis computation-

ally intensive. The variousapproachesto implementinga system-modelcanbe divided

into threecategories: direct [13], Fourier [70] andhierarchical[6,7]. Direct approaches

(distance-drivenforwardandbackprojectors[13]) havebeenusedin thecurrentwork due

to the availability of a high speednumericalimplementationfrom our collaboratorsat

GeneralElectricHealthcareInc.. Blob-basedsystemmodelsfor SPECThavebeeninves-

tigatedin [68]. Finite-sizedsourcescanbemodeledby modifying G by post-multiplying

it by a sparsesquarematrix of sizend � nd; G is saidto bein a factoredform whenthis

post-multiplicationis performed.Having G in a factoredform causestheOSmethodto

becomesub-optimal2. Thisnecessitatestheuseof PCG-basedalgorithms.Otherphysical

processesthatcouldpossiblybeaccountedfor usingthesystemmodelareafterglow [32]

andscatter[69]. A preliminaryanalysispointsto a factoredsystemmatrix in thesecases

also.

2WhetherOSmethodswill still work in presenceof factoredsystemmatricesneedsto becheckedusingexperiments.
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Storageof the entirematrix G is not possible,even in a sparseformat. The domain

andrangesizesof G for a medium-sizedhelical conebeamreconstructionproblemare

both in the rangeof 200million. After sparsityconsiderations,the numberof non-zero

entriesin G would be of the order of 100 billion and would occupy atleast1 terabyte

of memory. Computationand storageof G is time consumingand requiresexcessive

computerresources.Thus,theentriesof G arecomputedwhentheneedto accessthem

arisesduringcomputation.

2.5 Including physical effectslik e beamhardening

Beamhardeningis the phenomenonin which the meanenergy of the photonsof an

X-ray beamincreasesasthebeamprogressesthroughthebody. Thishappensbecausethe

materialsthatmake up thehumanbodyattenuatelower energy photonsmorethanhigher

energy photons. This causesthe Beer's Law of (2.1) to no longerhold, and hasto be

replacedasshown below. Neglectingbeamhardeningin imagesin two typesof artifacts:

cuppingandstreaks.Someform of beamhardeningcorrectionis necessaryif anaccurate

measurementof theX-ray attenuationcoef�cient is desired.A generalintroductionto the

interactionof X-ray photonswith matterandbeamhardeningcanbefoundin [46].

In currentclinical CT practice,mostphysicaleffectsarecorrectedfor usingsinogram

pre-correctiontechniques,whichareusuallydeterministicmethods.TheJSmethodis the

preferredmethodfor beamhardeningsinogrampre-correction.However, with reducing

dose,inclusionof thephysicaleffectsinto themodelandthecostfunctionbecomesnec-

essary. In therestof thissection,thedistributionof theobservationthatincludesthebeam

hardeningeffect is derived.
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ThePoissonmodelis modi�ed to includethebeam-hardeningeffect asfollows [20] :

yi � Poisson
� Z

I i (E)e�
R

L i
� (r ;E)dr dE + r i

�
;

where,I i (E) is theenergy spectrumof theincidentX-rays,� (r ; E) is theX-ray attenuation

coef�cient for energy E at location r in the object. The attenuationcoef�cient is the

productof massattenuationcoef�cient m(E) andthematerialdensity� (r ) [46] :

� (r ; E) = m(E)� (r ):

Notethatm and� dependonly onE andr respectively.

The tissueswithin the body canbe divided into two types,soft-tissueandbone,on

thebasisof variationof m(E) with respectto E. Themass-attenuationcoef�cient of the

varioustypessoft-tissueslike muscle,fat, breastetc., aresimilar to water. Therefore,the

termswaterandsoft-tissueareusedinterchangeably. This simplistic classi�cation into

two classesremoves the most apparentbeamhardeningartifacts,but it doesnot yield

accurateCT numbers,especiallyin single-energy abdominalscans[54]. Dual-energy CT

hasbeenshown to quantify fat contentmoreaccurately[54,67], but hasnot yet replaced

single-energy CT, which continuesto bethestandard.The �eld of X-ray CT technology

is moving towardsthe implementationof dual-energy CT by developingnew detectors,

X-ray tubes,andscanningmethods.

TheX-ray attenuationatapointcanbewrittenasthesumof attenuationdueto thetwo

substancesasfollows:

� (r ; E) = � S(r ; E) + � B (r ; E) = mS(E) � f S(r )� (r ) + mB (E) � f B (r )� (r )

� (r ) is thetotal materialdensityat locationr . f S(r ) is therelative amountof soft tissue

presentatpoint r andits valuevariesfrom 0 to 1. Valuesof f S(r ) andf B (r ) canbefound

by imagesegmentation[20] or canbe�x edasa functionof density� (r ) [21]. Thelatter
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approachis possiblebecausethedensitiesof soft-tissueslike brain,muscleandlung are

closeto water, i.e., 1.0g/ccandthedensityof bonetissueis closeto 1.9g/cc.Theimages

currentlybeingproducedareat sucha coarsescale(abouta millimeter) andthestructure

of bonetissueis suchthat thenumberof pixelsinvolving purelythebonetissueis small.

As a consequence,many pixels arepartly boneandpartly soft-tissueandimagequality

is in�uenced by how accuratelythe fractionsareobtained.Thus,the distribution of the

observationsthatincorporatethebeam-hardeningeffect canbewrittenas:

yi � Poisson
�

bi e� f i (TS;i ;TB ;i ) + r i
	

;(2.4)

f i (TS;i ; TB ;i )
4
= � ln

Z
I i (E)

bi
e(� mS (E)TS;i � mB (E)TB ;i )dE;

bi
4
=

Z
I i (E)dE;

TS;i
4
=

Z

L i

f S(r )� (r )dr � [GI S � ]i ;

TB ;i
4
=

Z

L i

f B (r )� (r )dr � [GI B � ]i ;

� is thevectorof densityvaluesof theimageandI S andI B arediagonalmatricescontain-

ing thepixelizedvaluesof f S andf B . 3 Weusethismodelin Chapter4.

2.6 Formulating a costfunction

Thecostfunctionconsistsof thenegative log-likelihoodfunction,which is computed

from thestatisticalmodelsobtainedabove. A penaltyfunctionor a Bayesianprior on the

imageisaddedto thelikelihooddependingonadditionalrequirements.Additionalrequire-

mentsincludestatisticalpriorson theimage,edgepreservation,increasednoisereduction,

non-negative imagepixels, space-invariant imageresolutionand space-invariant image

noise. Thepenaltyfunctionalsoassistsin fasterconvergence.It hasbeenobserved that

3Theunit of � is g/cc.Thevalueis easilyconvertedto HU by multiplying it by 1000.
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theconditionnumberof theproblemis reducedby regularization,thusspeedingconver-

gence.Thenegative log-likelihoodfor thePoissonandWLS caseswith beam-hardening

pre-correctedis :

� L(� ) =
ndX

i =1

hi ([G� ]i );(2.5)

hi (t i ) =

8
>>><

>>>:

�yi � �yi ln( �yi ); �yi = bi e� t i + r i ; Poisson;

1
2 �yi (t i � �l i )2; WLS:

Whenbeam-hardeningis takenintoaccountin thePoissonmodel,thenegativelog-likelihood

is :

� L(� ) =
ndX

i =1

hi ( �yi );(2.6)

hi ( �yi ) = �yi � yi ln( �yi );

�yi = bi exp(� f i ([GI S� ]i ; [GI B � ]i )) + r i ;

where,f i wasde�ned in (2.4).

2.6.1 Regularization

A penaltyfunction or regularizationfunction is addedto the negative log-likelihood

andis usuallyof theform :

R(� ) =
nKX

k=1

 k([C � ]k):(2.7)

The main goalsof the penaltyfunction areto reducenoiseandpreserve edges.This is

doneby discouragingthe differencesbetweenneighboringimagepixels from becoming

too large. Thedifferencebetweenthepixelsof thekth pixel pair aredenotedby [C � ]k .

 k is calledthepotentialfunctionandits form denotestheamountof regularizationfor a

particularvalueof thepixel difference.Choiceof  k in�uencesthereconstructedimage.
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 (t) !  (t)
Quadratic t2=2 1

Huber

(
t2=2 jtj � �
� jt j � � 2=2 jtj > �

(
1 jt j � �
� =jt j jt j > �

Hyperbola � 2[
p

1 + (t=� )2 � 1] 1p
1+( t=� )2

q-GGMRF[61] j t j p

1+ j t=� j p � q
j t j p � 2

1+ j t=� j p � q (p � (p � q) j t=� j p � q

1+ j t=� j p � q )

GeneralizedFair [24] � 2

2b3 (2b(b� a)jt=� j 1+ aj t=� j
1+ bj t=� j

+ ab2jt=� j2

+2( a � b) log(1 + bjt=� j))

Table2.1: Expressionsfor potentialfunctions, (t), andcorrespondingweightingfunctions,!  (t).

For example,when k is a quadraticfunction the edgesin the reconstructedimageare

smooth. In orderto prevent this, a non-quadraticfunction that is not too large for large

valuesof thepixel differences,like theHuberfunction, is used[34]. Thepotentialfunc-

tionsusedandinvestigatedin this thesisarelistedin Table2.1.The�eld of regularization

designinvolveschoosingapenaltyfunctionto meetaspeci�c aim. It is inspiredby a large

numberof �elds like robuststatistics,total variationmethods,anddiffusionequations.

The parametersof the penaltyfunction (embeddedinside k) could be space-variant

or space-invariant. Space-invariantparametersmeanthat � andotherparametersof non-

quadraticregularization,e.g., � in Huberpotentialfunction,donotdependon thelocation

of thepixels. It hasbeenshown in [26] thatspace-invariantpenaltiescanleadto a space-

variant local impulseresponse;someareasof the reconstructedimagearemoreblurred

thanthe others. The penaltyfunction suggestedin [26] adjuststhe penaltyfunction pa-

rameterssothata nearuniform impulseresponsecanbeachieved. This penaltyfunction

is referredto as the space-variantpenalty. The preconditionersof PCG algorithmsare

differentwhendifferentpenaltiesareused(seeSection2.7.3).

Thus,theoverall costfunctionis :

�( � ) = � L(� ) + � R(� ):

� is a positive parameterthatdecideshow “strong” theregularizationis. If theobserved
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datais relatively noise-freethenthepreferredvalueof � would be smallandvice versa.

Themethodof choosing� is to �rst createreconstructionsat different� values,andthen

choosethe� accordingto somecriterion. Variouscriteria likeL-curves,cross-validation,

local-resolutionandbias-variancetrade-off have beensuggestedin literature. The � so

chosenwould not only dependon the noise-level of the observations(i.e., initial source

intensity)but alsoon theroughsizeof thepatient.So,a tableof � valueswill have to be

createdduringthecalibrationof thescannerandits reconstructionsoftware.

2.6.2 Cost function properties

Thecostfunctionconstructedabove hasto be minimizedin orderto computethe re-

constructedimage.A few questionshave to beaddressedat thispoint :

� Doesaminimumexist?

� Do imagescloseto theminimumor imageswith suf�ciently low costfunctionvalue

possesssatisfactoryimageproperties?

� If aminimumexists,is it unique?

� Are minimaof thecostfunctionglobalor local?

� Do local minimapossesssatisfactoryimageproperties?

Suchquestionscanbeansweredby mathematicalargumentsby usingtheoremsfrom opti-

mizationtheoryandchecked,at leastpartially, by experiments.Theabovequestionsarea

bit moredif�cult to answerin theconstrainedcasethanin theunconstrainedcase.When

the reconstructedimageis constrainedto lie within a target set,e.g. whenthe pixels of

theimagearerequiredto bepositive,theminimization(or optimization)is saidto becon-

strained.Suchquestionscanbeposedwith respectto thecontinuous4 image� (r ) instead

4Continuousin thesenseof thedomainbeingcontinuousasopposedto discreteor pixelized.
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of its approximation� . Someanalysistoolsconsider� (r ) asa distribution ratherthana

continuousimage. This view aidsin a easierhandlingof edgeswhich arethenreferred

to assingularities[53]. In this case,analysisrequirestheslightly moreinvolvedconcepts

from functionalanalysis.Analysisusing� is easierdueto theuseof conceptsfrom linear

algebrae.g. null spaces,matrix ranketc.. Thecostfunctionmaynot bedifferentiabledue

to certainpotentialfunctionsin the regularizationnot beingdifferentiable(e.g. broken

parabola)andanalysisfor non-differentiablefunctionshasto be used. Theoreticalan-

swersto suchquestionsallow usto predictthepropertiesof thereconstructedimageand

thestatisticalreconstructionmethod.Sometimessuchtheoreticalquestionsareof lesser

importancethanthemorepracticalgoalof producinganimageof acceptablevisualquality

in anacceptableamountof time. Theabove acceptabilityis with respectto theend-users

of theapplicationse.g. theradiologists.

In summary, the reconstructedimage,�̂ , is relatedto the costfunction, �( � ) asfol-

lows :

�̂ =

8
>>>>>>><

>>>>>>>:

arg min� �( � ); (Unconstrainedoptimization);

arg min� 2 S�( � ); S
4
= f � 2 R np : 8j = 1; : : : ; np; � j � 0g

(Non-negatively constrainedoptimization):

Dependingon factorslike thetrade-off betweenaccuracy andspeed,anunconstrainedor

aconstrainedoptimizationalgorithmis used.

2.7 Choosinga minimization algorithm

Thecostfunctionhasto beminimizedin orderto producea reconstruction.Onestep

solutionsto minimizationof costfunctionsarerare.Instead,onestartswith a guess,� (0) ,

andproceedsto re�ne it over andover, attemptingto reducethe valueof the cost func-

tion at every step.Thenumericalmethodsusedto minimizethecostfunctions,known as
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algorithms,areusuallybasedon gradients.Sometimesnon-differentiablecostfunctions

canbeapproximatedby differentiablefunctionsanda reconstructioncomputed.Two fa-

vorablepropertiesthatanalgorithmcouldpossessaremonotonicityandconvergence.An

algorithmis saidto be convergentif thereexistsan imageto which the iteratesgetarbi-

trarily closeto. An algorithmis saidto bemonotonicif eachnewer iterateachievesacost

functionvaluethat is lesserthanor equalto thecostfunctionvalueof thecurrentiterate.

Most algorithmshave a stoppingor convergencecriteria. For example,if the changein

imagepixels or the changein costfunction valuesbecometoo small thenthe algorithm

is stopped.Sometimesvisual quality experiencedby an end-useris usedasa stopping

criteria.Dueto the�nite word-lengthandmemoryof thecomputersused,algorithmscan

not proceedinde�nitely to the theoreticalminimum of the cost function andhave to be

stopped.

The initial guessis usuallyan imagefrom a traditionalmethodlike FBP. If the cost

function propertiesdo not guaranteeconvergenceto a singleglobal minimum, e.g., if it

haslocal minimaor is non-convex, thenagoodinitial guessis necessary. For convex cost

functionswith a uniqueminimum,a uniform imageof zerossuf�ces asa initializer. But,

theminimizationusuallytakesalargernumberof iterationsto converge/stopwhenstarting

fromauniformzeroimageratherthantheFBPimage,becausetheformeris usuallyfarther

from theminum/minimaof thecostfunction.

Therestof thesubsectionsin thissectionareorganizedasfollows. Themethodof opti-

mizationtransferin deriving algorithmsis describedin Section2.7.1.Varioustechniques

aresuitableto acceleratealgorithmconvergencefor costfunctionsseenin X-ray CT:

1. Orderedsubsets(OS)(Section2.7.2),

2. Preconditionedconjugategradient(PCG)(Section2.7.3),and

3. IncrementalCoordinateDescent(ICD) (Section2.7.4).
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Non-negatively constrainedalgorithmsaredescribedin Section2.7.5.Finally, theproper-

tiesof variousalgorithmsaresummarizedin Section2.7.6.

2.7.1 Iterati veminimization usingoptimization transfer

A surrogateof the cost function is a function whoseminimizationleadsto the mini-

mizationor reductionof thevalueof thecostfunction.Surrogatebasedoptimizationalgo-

rithmsarealsoreferredto asoptimizationtransfermethodsor MM algorithms[36]. The

surrogateoffers certainadvantageslike makingthe function beingminimizedquadratic

andguaranteeingmonotonicity. Surrogatesusedto becomputedby statisticalarguments

andresultedin algorithmscalledEM algorithms.EM algorithmshave beenincludedin a

larger setof surrogatesthat includequadraticfunctions. Thequadraticsurrogatesafford

fasterconvergencethanEM algorithmsandallow the possibility of usingunconstrained

andconstrainedalgorithmsalreadyinventedin the�eld of quadraticoptimization.

Let our initial guessbe � (0) , andthe iteratescomputedby an algorithmbe � (n) ; n =

0; 1; 2; : : :. The surrogatefunction, � (� ; � (n)), of the cost function, �( � ), is a function

that is computedat thenth iterate.Thesurrogatefunctionhasthepropertythatreducing

its value,reducesthevalueof thecostfunction, i.e., � (� (n+1) ; � (n)) � � (� (n) ; � (n)) )

�( � (n+1) ) � �( � (n)). Thus, reducingthe value of the surrogatefunction guarantees

a monotonicreductionin the value of the cost function. The following conditionsare

suf�cient for a function � (� ; � (n)) to be a surrogateof a cost function �( � ) at the nth

iterate[44, Eq. 2] :

� (� (n) ; � (n)) = �( � (n));(2.8)

� (� ; � (n)) � �( � ); 8� 2 Rn
p :(2.9)

When� (� ; � (n)) and�( � ) aredifferentiable,thegradientsof thesurrogatefunctionand
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theoriginalcostfunctionat thecurrentiterate� (n) shallbeequal:

@� (� ; � (n))
@� j

?
?
?

� = � ( n )
=

@�( � )
@� j

?
?
?

� = � ( n )
; j = 1; : : : ; np:(2.10)

Whena functionof theimageis of theform �( � ) =
P n0

d
i =1 h0

i ([A� ]i ) thenit is saidto be

additively-separable.A quadraticsurrogatefor the above function canbe determinedif

wemajorizeeachof thetermsusing:

h0
i (t) � q0

i (t; s)
4
= h0

i (s) + _h0
i (s)( t � s) + 1

2 �c0
i (s)( t � s)2 and;(2.11)

� (� ; � (n))
4
=

n0
dX

i =1

q0
i ([A� ]i ; [A� (n) ]i )

Determiningthecurvatures�c0
i (s) is thecrucialcomputationin theaboveequationbecause

it in�uences the convergencerateto a large extent. In general,the smallerthe valueof

�c0
i (s), thelargerwill bethesteptakenby analgorithm,andfasterwill betheconvergence.

Oneof the methodsto computecurvaturesfor the negative log-likelihoodpart is shown

in [1], andfor theregularizationpartin [34].

2.7.2 Ordered subsets(OS)

Orderedsubsetsor incrementalgradientis amethodto approximatelycomputethegra-

dient usingonly a subsetof the observed data. A setof subsetsof the observed datais

�x edandthegradientis obtainedin a cyclic orderfrom eachof them.If eachsubsetpro-

videsnearlythesamegradientthentheconditionis calledsubsetbalance.This condition

is vital for theOSapproachto work. Usinga limited amountof dataresultsin signi�cant

computationalsavings. Recall from Section2.6 that the cost function is usuallyof the

form :

�( � ) = � L(� ) + � R(� ); � L(� ) =
ndX

i =1

hi ([G� ]i ); R(� ) =
nKX

k=1

 k([C � ]k):
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TheOSapproximationis usedusuallyfor � L(� ). Theobserveddatasetf y 1; : : : ; ynd g is

dividedinto M subsetsand� L(� ) canbeexpressedas: � L(� ) =
P M

m=1 � m (� ). Thus,

r (� L(� )) =
P M

m=1 r � m (� ). By thesubset-balancecondition,r � 1(� ) � r � 2(� ) �

� � � � r � M (� ). Thus,r (� L(� )) � M r � m (� ). The gradientscomputedusingOS

are observed to be good approximationsonly when the iteratesare far away from the

minimum.Thus,OSis notsuitedfor stringentconvergencecriteria.A convergentversion

of OS called incrementaloptimizationtransfer(IOT) was recentlyproposed[3] but it

suffers from large memoryrequirements.The memoryrequirementsof IOT may be too

largefor the3-D helicalcone-beamCT applicationconsideredin Chapter7 .

A recentandrelatedOS algorithmis the incrementalaggregatedgradient(IAG) [9].

A distributed implementationof IAG is alsodescribedin the above paper. When IAG

is adaptedto the context of X-ray CT, it turnsout that the memoryrequirementof IAG

areatleastoneimagevolumepersubset.This memoryrequirementis so large that IAG

becomesimpracticalfor X-ray CT.

2.7.3 Preconditionedconjugategradient (PCG)

Whenminimizing a differentiablecostfunctionor its quadraticsurrogate,it is neces-

saryto computethegradient.However, thegradientdirectionis not thebestsearchdirec-

tion. For example,a 2-argumentunimodalfunctionwith highly elliptical contourshasa

gradientat mostpointsin thedomainthatpointsin a directionaway from theminimum.

In theconjugategradientmethod,abetterdescentdirectionis producedby combiningthe

gradientat thecurrentiteratewith thedescentdirectionat theprevious iterate.Thebasis

for suchacombinationis in thetheoryof Krylov spacemethods.TheKrylov spacemeth-

odsareapplicableherebecauseminimizingaquadraticfunctionis equivalentto solvinga

systemof equations.This is anothermotivationfor usingquadraticsurrogates.Numerous
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methodsexist evenin theconjugategradientcategory andonesuchis outlinedbelow.

Preconditioningis incorporatedinto theconjugate-gradientmethodto producethePCG

method.A preconditioneris an approximationto inverseof the Hessianor an easilyin-

vertible matrix that is an approximationto the Hessian.Preconditioningtransformsthe

variablessoasto causetheiteratesto convergefasterby improving theconditionnumber

of the problem. Onenotesherethat if the preconditionerP is the exact inverseof the

Hessianof a quadraticsurrogatethenthe iterationwould converge in onestepby using

theNewton'smethod.Onemajoradvantageof PCGoverOSis thatany approximationto

the inverseof theHessiancanactasa preconditioneraslong asit is positive de�nite. A

monotonicalgorithmwill beobtainedaslong aswe have a valid preconditioner. This is

in contrastto theOSbasedmethodswhereapproximategradientcomputationresultsin a

non-monotonicalgorithm.

ThePCGmethodcomputesthedescentdirectionby �rst computingthegradient.The

gradientis multiplied by a preconditionermatrix to obtainan intermediatevector, p (n) .

The previous descentdirection is weightedby a factor 
 (n) and addedto the negative

of the intermediatevector to obtain the �nal descentdirection. The whole procedureis

summarizedasfollows:

g(n) = r �( � )j � = � ( n ) ; Gradient;

p(n) = P g(n) ; Pre-conditionedgradient;


 (n) =

8
>>><

>>>:

0 n = 0;

p ( n ) T
(g( n ) � g( n � 1) )

p ( n � 1) T g( n � 1)
n > 0;

Polak-Ribiereformula;

d(n) = � p(n) + 
 (n)d(n� 1); Pre-conditionedconjugategradientdirection:

(2.12)

Oncethedescentdirectionfor eitherthecostfunctionor its surrogateis determinedastep
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sizeis chosento computethenew iterateasfollows:

� (n+1) = � (n) + � (n)d(n)(2.13)

where,� (n) = arg minf � 2R :� � 0g� (n) (� (n) + � d(n))

This is calleda line search.For a quadraticsurrogate,this stepcanbedoneanalytically.

For a non-quadraticfunction a surrogateover � is computed[25]. Sometimes,the De-

Pierro's trick [15] is employed to createa surrogatein which the individual pixels are

separatedfrom eachother. Thispermitsusto createapixel updateandsuchasurrogateis

referredto asa separablesurrogate.

2.7.4 Iterati veCoordinate Descent(ICD)

The iterative coordinatedescentalgorithmreducesthe valueof the costfunction one

voxel at a time [56,61]. At a given iterate,all voxels exceptoneareheld constant.A

new valueof thevariablevoxel thatreducesthecostfunctionvalueis computed.Thenext

voxel shallbeupdatedusingthenewly computedvalueof thecurrentvoxel. Thisprocess

is repeatedwith all voxels,overandover, till convergencecriteriaaresatis�ed.

ICD is aconvergentalgorithmwith ahighconvergencerate,whichmakesit anear-ideal

algorithm.However, it hascertaindrawbacks,oneof which we try to overcomeusingthe

hybrid OS-ICDalgorithmin Section7.1.2. ICD hasthepropertythat thehigh frequency

componentsof theimageconvergeata highconvergencerate,whereasthelow frequency

componentshave a low convergencerate. In somecases,dueto thegreedynatureof the

algorithmandits high-convergencerate,thevoxel valuesovershoottheminimum/minima,

taking a large numberof iterationsto converge to the solution. This happenswhenthe

differencebetweenthecurrentiterateandthesolutionis large.Anotherdrawbackis thatits

implementationson general-purposemicroprocessorshave memorybottlenecks.Due to

voxel basednatureof thealgorithm,theforwardandbackprojectorimplementationshave
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to be voxel based.Voxel-basedprojectorimplementationshave a highly non-sequential

memoryaccess,causingthemicroprocessorcacheto becomeuseless.Cachesarevital in

moderngeneral-purposemicroprocessorsbecausethemicroprocessorsarefasterthanthe

randomaccessmemory. Without cacheutilization codeexecutionslows down. OS and

PCGbasedmethodsdo not suffer from this drawbackbecausetheir implementationsof

forwardandbackprojectorshavemoresequentialmemoryaccesspatterns.

2.7.5 Non-negatively constrainedalgorithms

The algorithmsusedfor constrained(more speci�cally, non-negatively constrained)

andunconstrainedminimizationdiffer a greatdealin PCGbasedalgorithms.This is be-

causethenon-negativity constraintmakestheline search(2.13)complicated.OSmethods

usuallyrequirethecreationof a separablequadraticsurrogate,which makestheapplica-

tion of non-negativity constrainttrivial. Thus,OSmethodsarebettersuitedto theappli-

cationof thenon-negativity constraintthanthePCGbasedmethods.Thenon-negativity

constraintcanbeappliedeasilyto ICD basedmethodsalsobecauseof their voxel-based

updates.

Numerousmethodsfor applyingthenon-negativity constraintto gradientbasedmeth-

odshavebeendescribedin literature.Forexample,LBFGS-Balgorithm[10] andamethod

for handlingnon-negativecomponentsin conjugatedirectionmethodsin [28]. Numerous

applicationsof LBFGS-Balgorithmhavebeeninvestigated,but it hasnotyetbeenproven

to beusefulfor 3-D reconstructionsof MSCT data.Otherexamplesare,aninterior-point

methodfor PET[37], andanon-negativelyconstrainedCGmethodfor astronomicalimag-

ing [5]. All of the above methodsaregenericin nature,as they usethe quasi-Newton

preconditioner.
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OS PCG ICD
Monotonicity No Yes Yes
Convergencerate High Medium Low
(low frequencies)
Convergencerate High Medium High
(high frequencies)
Memoryaccess Sequential Sequential Non-sequential
Applicationof non-negativity Easy Hard Easy
constraint
Factoredsystemmatrix No Yes Yes

Table2.2: Propertiesof candidatealgorithmsfor X-ray CT.

2.7.6 Summary of algorithm properties

OS,PCG,andICD arecandidatealgorithmsfor usein statisticalimagereconstruction

methodsin X-ray CT. Their propertiesaresummarizedin Table2.2. Fromthetable,it is

evident that onesinglealgorithmdoesnot containall the desirablefeatures.Therefore,

furtherdevelopmentof new algorithmsis anecessity.

2.8 Cone-beamgeometry

A 2-D fan-beamX-ray scannerhas a single sourceand a single row of detectors

(Fig. 2.1)andit collectssinogramsfor only oneslice,in onerotationof thegantry. Mul-

tiple rotationsof the gantryandbedpositionshave to be usedto scanmultiple slicesof

thepatientanatomy. Thecone-beamgeometryis createdfrom thefan-beamgeometryby

addingrows of detectors(in the axial-direction)on eithersideof the centralrow of de-

tectors(seeFig. 2.2). This allows multiple slicesto bescannedin onerotation,hencethe

name,Multislice CT (MSCT) scanner. If thereis no bed-motionthenthe sourcetraces

a circular orbit aroundthe patient. Sucha data-collectiongeometryis called the axial

cone-beamgeometry. If thereis bedmotion at a constantspeedalongwith the gantry

rotation,thenthesourcemovesin ahelicalpatharoundthepatientandthedata-collection

geometryis called the helical cone-beamgeometry. Specializedapplicationsof MSCT
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Figure2.2: Axial andhelicalconebeamX-ray CT.

scannerse.g., cardiac,createa morecomplex data-collectiongeometryby choosingdata

from axial or helicalscansusinganexternalsignal,e.g., electro-cardiogram(ECG).The

reconstructionmethodsshouldbe�e xible enoughto reconstructimagesfrom all theabove

data-collectiongeometries.

Not all geometriescanbe usedto reconstructthe region-of-interestcorrectly; a nec-

essaryandsuf�cient conditionfor a geometryto beusefulwasgivenin [58]. Theabove

condition(asquotedin [47]) is

If on everyplanethat intersectstheobject,thereexistsat leastoneconebeamsource

point, thenonecanreconstructtheobject.

Anothersimilar conditionis thePI-suf�ciency condition(asquotedin [52]) is

Theso-calledPI-suf�ciency conditionrequiresthateach pointmustbeilluminatedby the

sourceoveran angularspanof � , asseenfromthepoint.

Accordingto boththeabove conditions,it is apparentthatoff-centerslicesin axial cone-

beamgeometrycannotbe reconstructedcorrectly. Helical geometrysatis�es the above

conditionsif theobjectlies within thehelix. But, if theobjectextendsbeyondthesizeof
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the helix thenthe above conditionsarenot satis�ed leadingto the long objectproblem.

Varioussolutionsto thelongobjectproblemhavebeensuggestedin [16,40,60].

Variousanalyticalmethodshave beenproposedto reconstructthe object from its 3D

projectionsfor bothaxial andhelicalcone-beamgeometries.Somemethodsaretheoret-

ically exact (basedon soundmathematics)while othersare approximate(useintuition

or a simplifying observation). A few of the exact methodsare due to Grangeat[27],

Tuy [64], Tam [60] and Katsevich [40]. Most exact methodsare computationallyin-

tensive except[40]. Approximatemethodstypically requiremuchlesscomputationand

producesatisfactoryimagesalongwith asmallamountof artifact.Computationalsavings

in approximatemethodsaretypically producedby deriving FBP-like methodsi.e. meth-

odsinvolving oneor moreof weighting,rebinning,shift-invariant�ltering and3D or 2D

back-projection.A well-known approximatealgorithmfor axial cone-beamgeometryis

the FDK algorithm [22]. The algorithm computesthe incrementto a voxel due to the

sourcebeinglocatedat a particularangleby assumingan equivalentin�nitesimal circu-

lar rotationin the tilted plane(theplaneof thesourceanda row of off-centerdetectors).

Amongtheplethoraof approximatemethodsthenotableonesarethePI-method[63] and

thewedge-beammethodof [65]. ThePI-methodhasbeenexpandedin [52] to includethe

casewhenthepitchof thehelix is smallwhencomparedto thedetector-size.

To computean initializer for iterative reconstruction,anapproximatemethodsuchas

FBPis suf�cient. This is becausethe iterative reconstructionalgorithmsshallcorrectthe

artifactsproduceddueto the inexact analyticalreconstructionmethodsalso,apartfrom

their regularfunctionslikenoisereduction.
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Cost function for the non-negativity constraint

A basicpropertyof the X-ray linear attenuationcoef�cient is that it takesonly non-

negativevalues.FBPandotherconventionalanalyticalmethodsdo not take this fact into

accountduringtheinversionprocess.Thesemethodsimposethenon-negativity constraint

asanafter thoughtleadingto a sub-optimalreconstruction.In contrastto FBP, statistical

methodsthatuseconstrainedoptimizationalgorithmsallow thenon-negativity constraint

to beimposedduringtheinversionprocess.

As describedin Section2.7, the requirementof low computationtime in statistical

methodsleadsusto useOSandPCGbasedalgorithms.Theadvantageof OSover PCG

basedalgorithmsis thattheimpositionof thenon-negativity constraintcanbedonewithout

any computetime overhead.Whereas,in thelattertheoverheadis 50%(seeSection3.1).

However, incorporationof variousphysicaleffectscausetheOSmethodsto becomesub-

optimal (seeSection2.4). Moreover, OShasto be replacedby PCGwhenmonotonicity

is desired.This is becausemonotonicitycanbeachievedmuchmoreeasilyin PCGwhen

comparedto OS.Therefore,reducingthecomputetimeoverheadof PCGbasedalgorithms

is essentialif non-negativereconstructionsaredesiredin a reasonableamountof time. In

our solution,we abandonthe explicit impositionof the non-negativity constraintandlet

regularizationcontrolthenegativepixels.In orderto controlthenegativepixelsfurther, we

34
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modify thenegative log-likelihood(in amannerthatbearssomelikenessto penaltybased

constrainedoptimization[45]). The resultingalgorithmis unconstrained,monotonic(in

the modi�ed cost function) andcontrolsnegative pixels. The methoddevelopedin this

chapteris for themono-energeticPoissoncasebut it canbe easilyextendedto thepoly-

energeticcase.

A generalnon-negatively constrainedimageestimatewasde�ned Section2.7.5,andis

repeatedherefor convenience:

�̂ = arg min� 2 S�( � );

�( � ) = � L(� ) + � R(� ); � L(� ) =
ndX

i =1

hi ([G� ]i ); R(� ) =
nKX

k=1

 k ([C � ]k);

where,S
4
= f � 2 R np : 8j = 1; : : : ; np; � j � 0g, is the non-negative orthant. For the

mono-energeticPoissoncasewehave,

hi (t) = bi e� t + r i � �yi ln(bi e� t + r i ):(3.1)

After thecostfunctionmodi�cation (describedbelow), the imageestimatewould beob-

tainedthroughunconstrainedoptimizationas

~� = arg min�
~� (� );

~�( � ) = � ~L(� ) + � R(� ); � ~L(� ) =
ndX

i =1

~hi ([G� ]i ); R(� ) =
nKX

k=1

 k ([C � ]k):

Ideally, onewould like to achieve ~� � �̂ .

3.1 Incr easeof computetime in PCGalgorithms dueto thenon-negativity
constraint

Weconsiderthecasesof monotonicandnon-monotonicPCGalgorithmsseparately.

A monotonicPCGalgorithmmustusequadraticsurrogatesbasedonoptimalcurvatures

[1, PSOCalgorithm]in orderto monotonicallyminimizethecostfunction.But, thePSOC
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(d) Case 3 (Fig. 1(c) zoomed in)

Figure3.1:Plotsof hi (t) (solid line) and~hi (t) (dashedline) for thethreecategories.r i = 10, bi = 8, and
yi = 4; 15 and25 in (a), (b) and(c) aboverespectively. Notethat~hi = hi for t � 0 anddiffers
only for non-physicalvaluesof theattenuationcoef�cients.

algorithmrequiresthenon-negativity constraintto beenforcedon theimageateverystep

in order to ensuremonotonicity. Due to the requirementof the impositionof the non-

negativity constraintin PSOCtheline searchof (2.13)hasto bechangedto :

� (n+1) = [� (n) + � (n)d(n) ]+ :(3.2)

Theuseof line searchof (2.13)allows onelessforwardprojectionoperationper iteration

in the implementation.Thus,usingline searchof (3.2) raisesthecomputationalloadby

about50%.

Non-monotonicPCGalgorithmsusequadraticsurrogatesbasedon the pre-computed

curvaturesin orderto increasetheconvergencerate.Thesealgorithmshaveto usetheline

searchof (3.2) insteadof (2.13)too in orderto imposenon-negativity. Thus,thereis an

overheadof 50%in this casetoo.

3.2 Cost function modi�cation

In this sectiontheintuition behindthecostfunctionmodi�cation is discussed.This is

followed by the de�nition of the modi�ed likelihood. Next, the quadraticsurrogatefor
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themodi�ed likelihoodis presented.Theproof of majorizationof thequadraticsurrogate

over themodi�ed costfunctioncanbefoundin SectionA.2.2.

Theintuition behindthemodi�cation of thelikelihoodis asfollows. Thenegative log

likelihoodis a sumof functions,hi , thatdependon thevaluesof bi , r i andthemeasure-

ments�yi . Theargumentsof thesefunctionsare[G� ]i . If [G� ]i is negative thenat least

oneof the� j 's is negative.This is becausetheelementsof thematrixG arenon-negative.

To statemoreconcisely,

(3.3) [G� ]i < 0 ) 9 j suchthat� j < 0:

The condition � j < 0 indicatesthat � underconsiderationis not physically possible.

Thus,we arguethat thevalueof hi for ` < 0 is somewhatarbitraryandit is not essential

for it to matchtheusuallog-likelihoodfunctionsincenegativevaluesof ` arenotphysical.

Therefore,weproposeto replacethecostfunctionshi (`) for ` < 0 with functionsthatare

suitedto ourgoalof controllingnegativepixels.

Themethodto derive themodi�ed likelihoodis shown below. We divide theraysinto

threecategoriesdependingon their representativeplotsin Fig. 3.1:

Category1 (Highly attenuatedrays): I 1 = f i : �yi � r i g

Category2 (Attenuatedrays): I 2 = f i : r i < �yi � r i + bi g

Category3 (Almost unattenuatedrays): I 3 = f i : r i + bi < �yi g

We proposethefollowing modi�cation to hi . In categories1 and2, for t < 0 we replace

hi with a straightline suchthat thecontinuityof thefunctionis maintainedandtheslope

of theline is equalto _hi (0). A straightline is chosenasopposedto a parabolabecauseit

permitsthesurrogateto have a low curvature. Low curvaturesareadvantageousasthey
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increasetheconvergencespeedof thealgorithm.For categories1 and2, wede�ne :

~hi (t)
4
=

8
>>><

>>>:

hi (t); t � 0

hi (0) + _hi (0)t; t < 0:

In category 3, it is not possibleto replacehi for t < 0 with a straightline that hasa

negative slope.Having a line with negative slopewould make hi non-differentiable.We

rejectthis choiceaswe only considerdifferentiablefunctionsin this report. For sake of

simplicity, we choosea parabolato replacehi for t < 0. Theparabolais chosensuchthat

the continuity of hi and _hi aremaintained.For reasonsof computationalsimplicity, the

curvatureof theparabolais computedusing[1, eq.29]. For category 3, wede�ne :

~hi (t)
4
=

8
>>><

>>>:

hi (t); t � 0;

hi (0) + _hi (0)t + 1
2

( �yi � r i )2

�yi
t2; t < 0:

Thenew negative log-likelihoodcanbethuswrittenasfollows :

� ~L(� ) =
X

i 2 I 1

~hi ([A� ]i ) +
X

i 2 I 2

~hi ([A� ]i ) +
X

i 2 I 3

~hi ([A� ]i );(3.4)

~hi (t)
4
=

8
>>>>><

>>>>>:

hi (t) if t � 0; i 2 I 1 [ I 2 [ I 3;

hi (0) + _hi (0)t if t < 0; i 2 I 1 [ I 2;

hi (0) + _hi (0)t + 1
2

(yi � r i )2

yi
t2 if t < 0; i 2 I 3:

(3.5)
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A quadraticsurrogateof � ~L(� ) wasderivedas:

~� L (� ; � (n;0)) =
ndX

i =1

qLi ([A� ]i ; [A� (n;0)]i );(3.6)

qLi (t; s) = ~hi (s) + _~hi (s)( t � s) + 1
2 �ci (s)( t � s)2;(3.7)

�ci (s) =

8
>>>>><

>>>>>:

_h i (s)� _h i (0)
s ; s > 0; i 2 I 1 [ I 2;

•hi (0); s � 0; i 2 I 1 [ I 2;

(yi � r i )2

yi
; i 2 I 3;

where,•hi (t) = d2hi (t)=dt2:

Theproofof majorizationof ~� L over � ~L(� ) onS = Rn
p is in SectionA.2.2.

3.3 Simulationsand results

The modi�ed cost function wasinitially developedfor transmissiontomography, but

themonoenergeticPoissonmodelis applicableto X-ray CT also.Transmissiontomogra-

phy is usedto obtainattenuationmapsfor usein PETreconstructionin PET/CTsystems.

The simulationsand resultspresentedhereare for transmissiontomography. An algo-

rithm that is well-known, but is missingfrom thepicturehereis LBFGS-B.LBFGS-Bis

a constrainedalgorithmfor boundconstrainedminimization. It canbesaidto beroughly

composedof an active constraintalgorithmandan unconstrainedalgorithm. It is easily

changedinto anunconstrainedalgorithmby disablingall constraints(both in theoryand

computercode). LBFGS-B however hasthe drawbackof storingmoreandmoreimage

sizedvolumesto increasetheconvergencerate. This memory-convergenceratetrade-off

of LBFGS-Bwill ultimatelydecideits usein practicalsituations.

Thesizeof theattenuationmapof thephantomusedin thesimulationswas128x128

andthe sizeof eachpixel was4 � 4mm. The numberof angleswas80 andnumberof

bins per anglewas136. We useda simpleforward andbackprojectorbasedon simple
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geometricalinterpolationsto testthealgorithms.A maskof supportwascomputedaround

thephantomusingthetruephantom.Themasknotonly savescomputationtimeby reduc-

ing the numberof pixels to be estimated,it alsoincorporatesthe informationthat many

pixelsaroundtheimagerepresentair whoseattenuationconstantis closeto zero.Poisson

noisewith parametersbi = 106 andr i = 10 wasaddedto thesinogram.Initial estimate

of theattenuationmap,� 0, wastheFBPreconstructionwith negativepixelsto zero.The

algorithmscomparedwere

1. ConstrainedOS algorithm with 5 subsetsand precomputedcurvaturescalled OS-

SPS-PC,

2. UnconstrainedPCGalgorithmwith precomputedcurvaturesusingPCG LS QS al-

gorithm(Section6.1.1)calledQS-PCG-PC,

3. UnconstrainedPCGalgorithmwith optimalcurvaturesusingPCG LS QSalgorithm

(Section6.1.1)calledQS-PCG-OC,and

4. UnconstrainedPCGalgorithmon themodi�ed costfunctionusingQS PCGLS al-

gorithm(Section6.1.3)calledQS-PCG-MOD.

Edge-preserving,space-invariantregularizationbasedontheHuberpotentialfunction(see

Table2.1)wasused.Itsparameters,� and� , weredeterminedby trial-and-errortoproduce

acceptablevisualquality. ThesimulationsweredoneusingMATLAB.

The reconstructionsfrom all the algorithmsweresimilar (Fig. 3.2 andFig. 3.3), and

alsohadsimilar propertieswith respectto the negative pixels (Fig. 3.6). All the uncon-

strainedalgorithmsattainedsimilar valuesof costfunctions(Fig. 3.4 andFig. 3.5). It is

alsoobserved from theseplots that the convergencerateof QS-PCG-MODwasslightly

lower thantheotheralgorithms.This is not a majordisadvantagebecausea goodagree-

mentin costfunctionvaluesis attainedin a relatively smallnumberof iterations.
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3.4 Summary

Thenegativelog-likelihoodfor themonoenergeticandPoissonstatisticscasewasmod-

i�ed to permit thecreationof a monotone,unconstrainedPCGalgorithm.This algorithm

doesnot incur the50%computetime overheadthatwasincurredwith therequirementof

monotonicityin previousPCGalgorithms.Thenon-negativity constraintwasnot imposed

explicitly andregularizationwasusedto control the negative pixels. Since,the modi�-

cationof thenegative log-likelihoodis similar to penaltybasedconstrainedoptimization,

negativepixelscanbecontrolledfurtherby increasingthepenaltyastheiterationsproceed.

Furthermore,themodi�cation of thelikelihoodwasdoneonly for non-physicalvaluesof

theimage.

True phantom
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Figure3.2: Imagesof the“TruePhantom”andits reconstructionsby variousalgorithms.
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Figure3.3:Thedifferenceimagesbetweenthereconstructionsandthetruephantom.NRMSEis de�ned as
k[� (n ) ]+ � � tr uek=k� tr uek.
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CHAPTER 4

Simpli�ed costfunction for beamhardening

Iterativestatisticalmethodsthathavebeenusedtoaccountfor beam-hardeningmethods

[14,21] have usedphysicalinformationthat is not requiredby the JSmethod[38]. The

disadvantageof theJSmethodis thatit wasdevisedfor usewith FBPreconstruction.Thus,

it is desirableto adaptthe JSmethodto the statisticalimagereconstructionphilosophy.

The simpli�ed cost function developedhereaccomplishesthis goal. The JSmethodis

describedin termsof ournotationin Section4.1.Theadaptationof theJSmethodhappens

in a trivial fashionfrom thatdescriptionin Section4.2.

Therearetwo waysof accountfor beamhardeningin statisticalmethods.The �rst is

to representtheX-ray attenuationcoef�cient usingphysicaleffects[14]. And thesecond

is to representtheX-ray attenuationcoef�cient usingbasismaterials[21]. Both methods

haveusedmorecalibrationinformationthanis usedby theJSmethod.In this section,we

show how to modify thebasismaterialsapproachto useonly theinformationusedby the

JSmethodto correctbeamhardeningartifacts.

4.1 Sinogrampre-correctionfor beamhardening : Joseph-Spital(JS)
method

Artif actsdueto beam-hardeningareof two types: cuppingandstreaks.Cuppingis

observedin all uncorrectedreconstructions,whereasstreaksarepresentwhenbonecontent

44
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is high in the object. Cuppingcanbe removedby watercorrection. Watercorrectionis

theprocessof computingthewater-equivalentlengthsfor eachray. Thewater-equivalent

lengthsarede�ned asfollows. First de�ne, f S(TS)
4
= f (TS; 0). Observe from Fig. 4.1(a)

thatf S is aninvertiblefunction.It iscalledthewater-correctiontablein [38]. f � 1
S (l i )

4
= T �

E

is calledthe water-equivalent length. If the objectconsistedof soft-tissueonly thenT �
E

would betheexact line integral of soft tissuedensityandthecuppingwould beremoved

perfectly. Indeed,this hasbeenfoundto bethecasefor abdominalscans[43]. Theabove

approximationdoesnothold in headscansasthebonecontentis relatively higher.

Now, considerthe two-materialmodelof Section2.5, andfor simplicity, assumethat

the noiseis absent.From (2.4), we would have 1 f (TS;i ; TB ;i ) = ln(bi =(yi � r i ))
4
= l i .

f (TS; TB ) is alsoreferredto asthewaterandbonecorrectiontable.This setof equations

cannot be solved mathematicallyfor TS;i andTB ;i without invoking physicalconsider-

ationsand/orpracticalobservations. This is becausefor every valueof the function f ,

everypointonacurve in the(TS;i ; TB ;i ) planeis asolution(seeFig. 4.1(a)).Thesolutions

for TS;i andTB ;i areobtainedby dual-energy methodsandtheJSmethodin two different

ways.Dual-energy methodsgatherdataatasecondenergy whichprovidesasecondcurve

in the (TS;i ; TB ;i ) plane. Thus,TS;i andTB ;i aresolved for exactly. The JSmethodesti-

matesthevalueof TB ;i usingapracticalobservation.Theestimateof TB ;i in turngivesus

thevalueof TS;i . EventhoughtheJSmethodis not asrigorousastheDual-energy meth-

ods,the artifact removal of the JSmethodhasbeenfound to be satisfactory. This gives

theJSmethodanedgeoverthedual-energy methodsasit usesonelessscanandkeepsthe

radiationdoselow.

1Thereis a possibility of taking log of negative sinogrambins herein regionswhereyi valuesare low i.e. rays
passingthougha lot of material.Theextremelylow valuesof yi causestreaks.Thevalueof yi canbeadjustedusingan
adaptivetrimmedmean�lter [30] to preventnoisestreaks.A simplersolutioncouldsimplyincreasetheoffendingvalues
in orderto provide non-negative line integrals.Thesecondapproachcancausebiasandstreaksin thereconstructions.
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Thewaterequivalent-lengthsof boneregionsareroughly in proportionto thedensity

ratio of boneto soft-tissue.But, the effect is non-lineardueto the fact that mS(E) and

mB (E) arenot relatedby a constantratio at every energy [38]. To statethe above fact

in termsof f , thenon-linearnatureof f is responsiblefor beam-hardeningartifacts[38].

Non-linearityof f increaseswith adecreasein voltagesettingof theX-ray tube.
 (TS; TB )

is de�ned as the scalingrequiredfor the bone-tissuedensity length (TB ) to obtain the

water-equivalentlengthi.e. it mustsatisfy: f (TS; TB ) = f (TS + 
 (TS; TB )TB ; 0). One

caneasilyshow that
 (seeFig.4.1(b))de�nedasfollows,satis�estheaboverequirement:


 (TS; TB ) =

8
>>><

>>>:

f � 1
S (f (TS ;TB )) � TS

TB
TB 6= 0;

limT ! 0
f � 1

S (f (TS ;T )) � TS

T TB = 0:

JosephandSpitalfoundthat2 
 (TS; TB ) is approximatedadequatelyby A � BTB , where

A andB are free tuning parameters.This approximationis possiblebecausein actual

imagesthe amountof boneis small enoughand the viewing window for the imageis

large. A larger viewing window enablesus to toleratea larger amountof error. The JS

methodcanbedescribedin ournotationasfollows:

1. ComputeT �
E = f � 1

S (l i ).

2. Back-projectT �
E to createawater-correctedreconstruction.Call it � w.

3. Segmenttheregionsof � w thatexceeda giventhreshold� 1 asboneregions.Joseph

andSpital found that the bonedensityis approximatelyover-estimatedby a factor

� 0. Thus,forwardprojecttheestimatedboneregionanddivide it by � 0 to obtainT �
B ,

theestimateof bonedensityintegral.

4. ComputeT f inal
E = T �

S + T �
B usingT �

S + (A � BT �
B )T �

B = T �
E andthevaluesof T �

E

andT �
B from steps1 and3 above.

2
 (TS ; TB ) = � L in their notation.
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Figure4.1: Plot of f (TS ; TB ) and
 (TS ; TB ). Units of TS andTB areg/cm2.

5. �l i = T f inal
E is the sinogramto which FBP canbe appliedto geta beam-hardening-

artifactfreereconstruction.For statisticalmethods,�yi = bi exp
�
� f S(�l i

�
) + r i is the

quantityusedin reconstructions.

4.2 Statistical reconstructionmethods

The negative log-likelihood that takes beam-hardeninginto accountwas derived in

(2.6). It is repeatedhere(afterchangingthede�nition of hi ) for convenience:

� L(� ) =
ndX

i =1

hi (f ([GI S� ]i ; [GI B � ]i )) ;(4.1)

hi (t)
4
= (bi e� t + r i ) � yi ln(bi e� t + r i ):

FromSection4.1wehave,

f (TS; TB ) � f S(TS + (A � BTB )TB ):(4.2)

Combiningtheaboveequationsgivesusthelikelihoodfor thestatisticalmethodthatuses

the JSmethodto accountfor beam-hardening.In the above equationf may be depend

on the ray i whena bowtie-�lter is used[62] and the cost function would be modi�ed
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accordingly. Following [59], we have the following choicesfor statisticalreconstruction

methods:

1. 1-parametermethod: We usea constantto approximate
 (TS; TB ) insteadof using

(4.2),i.e., setB = 0. Thisis equivalentto [38,Eq.(20)].Thismethodis usedto verify

thattheamountof bonein thephantomis signi�cant from thepointof view of beam-

hardening,andmorethanonetuningparameteris requiredfor theapproximationto

begood.

2. 2-parametermethod: This leadsto the simpli�ed cost function anduses(4.2) to

approximate
 (TS; TB ).

3. Exactmethod: Theexactvalueof 
 (TS; TB ), hencetheexactvalueof f (TS; TB ), is

known in simulations.Thismethodis almostidenticalto [20].

4. Adhocmethod: In thismethod,weperformthestatisticalreconstructionassuminga

water-correctionmodelandprocesstheobtainedimageby theJSmethod.Weassume

thatthenoisecanberemovedby includingthewatercorrectionmodel(i.e. setA = 1

andB = 0) only in themeasurementmodel. Now, theJSmethodis usedto get rid

of the beam-hardeningartifacts. This is not a systematicallyderived methodbut is

attractivedueto its simplicity. It is includedherefor thepurposeof comparisonwith

the2-parametermethod.

4.2.1 1-parameterand Ad hocmethods

Thenegative log-likelihoodfor thesemethodsarewrittenas

� L(� ) =
ndX

i =1

hi (f S([G1� ]i )) ;

G1
4
=

8
>>><

>>>:

G; Ad hocmethod;

G(I S + AI B ); 1-parametermethod:
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Usingtheoptimalcurvaturescomputedin [1], theapproximatesurrogateis expressedas

Q1(� ; � (n)) =
ndX

i =1

hi (f S([G1� (n) ]i )) + h0
i (f S([G1� (n) ]i )) � (f S([G1� ]i ) � f S([G1� (n) ]i ))+

1
2 �ci (f S([G1� ]i ) � f S([G1� (n) ]i ))2:

Observationsof f S(TS) suggestthatit is aconcavefunction.UsingLemmas3 and4 of [1]

wecanprove thefollowing :

f 0
S(T (n)

S )(TS � T (n)
S ) � f S(TS) � f S(T (n)

S );
�
�
�
�
�
f S(T (n)

S )

T (n)
S

�
�
�
�
�
jTS � T (n)

S j � jf S(TS) � f S(T (n)
S )j:

Observationsof f S(TS) alsosuggestthatf 0
S(0) � j f S (T ( n )

S )

T ( n )
S

j. Thus,we have the�nal form

for thesurrogate:

Q2(� ; � (n)) =
ndX

i =1

hi (f S([G1� (n) ]i )) + h0
i (f S([G1� (n) ]i )) � f 0

S([G1� (n) ]i )[G1(� � � (n))]i +

1
2 �ci (f 0

S(0))2[G1(� � � (n))]2
i :

The above surrogatefor the log-likelihood is usedin the QS PCGLS algorithm (Sec-

tion 6.1.3). Thesemethodswill not have nice convergencepropertieslike monotonicity

due to the beam-hardeningapproximationsmadeto the exact measurementmodel and

the useof masksI S and I B . The 1-parametermethodis initialized with a 1-parameter

JS reconstructionand the Ad hoc methodis initialized with a water-correctedFBP re-

construction.1-parameterandAd hoc methodsrequireoneforward projectionandone

back-projectionevery iteration.

4.2.2 2-parameterand Exact methods

Thenegative log-likelihoodfor thesemethodsarewrittenas:

� L(� ) =
ndX

i =1

hi (f ([GI S� ]i ; [GI B � ]i )) :
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It mightbepossibleto deriveanexact2-D surrogatefor thisnegative log-likelihoodalong

the lines of [1] but the procedureappearsto be very complicated.A simplerway is to

approximatef (TS; TB ) by a localTaylorseriesexpansionfor everypairof (T n
S ; Tn

B ) at the

currentiterateandhopethatthisapproximationholdsfor thestepsizesgenerated:

f (TS; TB ) � f (Tn
S ; Tn

B ) +
�

_f 1;0(Tn
S ; Tn

B ) _f 0;1(Tn
S ; Tn

B )

�
2

6
4

TS � Tn
S

TB � Tn
B

3

7
5 :

Thequadraticapproximatesurrogatecanbenow writtenas:

Q3(� ; � (n)) = K + (G2
T _h)T (� � � (n)) +

1
2

(� � � (n))T G2
T diag(�ci )G2(� � � (n));

[ _h]i
4
= _hi (f ([GI S� (n) ]i ; [GI B � (n) ]i )) ;

G2
4
=

�

diag( _f 1;0) diag( _f 0;1)

�
2

6
4

G 0

0 G

3

7
5

2

6
4

I S

I B

3

7
5 :

The above surrogatefor the log-likelihood is usedin the QS PCGLS algorithm (Sec-

tion 6.1.3).Dueto theTaylor seriesexpansionanduseof masks,thesealgorithmsarenot

guaranteedto bemonotonic.However, they have beenfound to performsatisfactorily in

practice.The2-parametermethodis initializedby a2-parameterJSreconstructionandthe

Exactmethodis initializedby aJSmethodusingthewaterandbonecorrectiontable.The

2-parameterandExactmethodsrequiretwo forwardandbackprojectionsevery iteration.

4.3 Simulation and results

A 2-D fan-beamX-ray CT scannerwassimulatedin this study. The geometryof the

scanneris similar to thecentralsliceof a GE LightspeedProscanner. Sinogramdatawas

collectedovera360� rotationovera50cm�eld-of-view (FOV). Thesinogramdimensions

were984anglesby 888binsperangle.An 80kVp spectrumwasusedandtheblankscan

countsummedovertheentireX-ray spectrumwas1:1� 106 perbin. r i weresetto zerofor
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this study. Thephantomsizewas1024� 1024pixelsandthereconstructionwasdoneon

a 256� 256grid. A 1024sizegrid permitsthephantomto have anaveragebonemineral

width of about1:5mm.

Thereconstructionfrom thewater-correctedFBPmethod(Fig. 4.2) is noisyandcon-

tainsabeamhardeningstreakartifactin thecenterof theimage.The1-parametermethod

(Fig. 4.3 andFig. 4.4, top left) providesa reconstructionwhich is free from noisebut it

still containsthe streak. The reconstructionfrom the 2-parametermethod(Fig. 4.3 and

Fig. 4.4, top right) is freeof thenoiseaswell asthestreakartifact. The imagequality is

comparableto thatof theExactmethod(Fig. 4.3 andFig. 4.4,bottomleft). TheAd hoc

method(Fig. 4.3 andFig. 4.4, bottomright) removesthe beamhardeningstreakartifact

but fails to removethenoisecompletely. The2-parametermethodshouldbethemethodof

choicewhencomparedto theAd hocmethodasit follows themeasurementmodelmore

closelyandusesthesamebeam-hardeninginformation(water-correctiontableandtuning

parameters).

4.4 Summary

Polyenergeticstatisticalimagereconstructionmethodsdevelopedin thepastusedmore

beam-hardeningcalibrationinformationthantheFBPmethods.TheFBPmethodsachieved

signi�cant artifactreductionby usingthesinogrampre-correctiontechniqueknown asthe

JSmethod. The polyenergetic statisticalmethoddevelopedhereeliminatesthe needto

obtaintheextra beam-hardeningcalibrationinformation,andreusestheparametersused

in theJSmethod.
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(a) Truephantom (b) JSwater-correctedFBPreconstruction

Figure4.2: Imageof thetruephantomandJSwater-correctedFBPreconstruction.Window = 400HU. Note
thebeam-hardeningstreakin thecenterof theFBPreconstruction.
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Figure4.3:Reconstructionusing statisticalmethods. Window = 400HU. Clockwise from top left : 1-
parameter, 2-parameter, Ad hoc,Exact.
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�20

 20

Figure4.4:Differenceimagesbetweenreconstructionsusing statisticalmethodsand the true phantom.
Clockwisefromtop left : 1-parameter, 2-parameter, Ad hoc,Exact.



CHAPTER 5

Statistical method to reduceorganmotion artifacts

This is a shortchapterthat investigatesa solution to a particular, simulated,simple,

organmotionproblemin X-ray CT. Thegoalhereis to createa motion-compensatedsta-

tistical reconstructionmethodby usingonly theobservedprojectionsandsimpleimage-

processingoperationslike thresholding.We hopethat theperspectivesaboutmotionde-

velopedin thegivensolutionto this simpleproblem,will beapplicableto morepractical

problems1. Section5.1 presentsbackgroundon the motion problemin general,andX-

ray CT in particular. Section5.2 de�nes the simulatedproblembeinginvestigatedhere.

Section5.3presentstheproposedsolutionto theproblemde�ned in Section5.2. Finally,

Section5.5summarizestheproposedsolution,its advantages,andits disadvantages.

5.1 Background

Theproblemof motion is a very basicone. Whena patientis in thescanner, thereis

motion dueto a lot of phenomena:breathing,beatingheart,peristalsis(e.g., motion of

esophagusandintestine),musclecontractionsandexpansions,movementdueto discom-

fort etc.. Therefore,thesingleimageproducedby thescanis somesortof anaverageover

the durationof the scan. Somekinds of motion, like breathingandcardiacmotion are

1Specialthanksto BrunoDe Man,for sharinghis intuition on this topic.
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quasi-periodic,while in otherkinds, the moving objectsdo not returnto their respective

initial statesduring the scan. We focuson the secondproblem,even thoughboth kinds

of motionarecloselyrelated.An exampleof the type of problemthatwe wish to focus

on is asfollows. In a lung scanwhosedurationis muchlessthanthedurationof a single

breath,thediaphragmwall would move a certaindistanceduring thescanandnot return

to its initial state.

To imagequasi-periodicmotion,a plethoraof scanningtechniquesandimagerecon-

structionmethodshave beendevelopedin the pastfew years. Even a new scannerwith

two X-ray sourceshasbeenproposed.An exampleof imagereconstructionwith quasi-

periodicmotion is describednext. In cardiacX-ray CT, animageof theheartis required

to be producedat a particularphasein the electro-cardiogram(ECG) signal. An ECG

signal is collectedalongwith projectiondata. In somecases,projection-datacollection

is triggeredby the ECG signal,calledprospective-gating,andin others,projectiondata

is collectedfor a durationof time andthe relevantpiecesof projectiondataareselected

basedon the ECG signal,calledretrospective gating. Thus, for cardiacX-ray CT, it is

possiblethatwemaynotbeableto collectall therequireddatafor agivenheart-phase.It-

erativealgorithmsproduceimageswith lowerartifactthanFBPbasedmethodswhensuch

a data-insuf�ciency is encountered[49]. In [33], authorshave proposedannew scanning

geometrythatreducestheX-ray doserequiredfor cardiacimaging.

Oneway to beatthemotionproblemis to take all the requiredobservationsin a time

that is muchshorterthanthemotion. This kind of solutionis attemptedwith a electron-

beamcomputedtomography(EBCT)scanner. It hasnomoving partsandtheX-ray beam

is rotatedelectronically. Onerotationtakesonly 50 milliseconds,which is muchsmaller

thanthe durationof a heartbeatat 120 beatsper minute,0:5 seconds.EBCT scanners

howeverareveryexpensiveandnoteasilyavailable.So,newerscanningtechniquesand/or
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imagereconstructionmethodsfor theslowergantrybasedMSCT scannerswould have to

bedeveloped.A solutionto themotionproblemhasbeentestedin [17] by addinganother

x-ray sourceto thescannersimilar to a �ying focal spot,which theauthorsstateis very

costly. In an accompanying paper[18], the sameauthorsproposea signal processing

approachthatis slightly sub-optimalbut removestheneedfor anextra X-ray source.The

suggestedmethodsarehardto adaptto moregeneralproblems.

Previouswork relatedto thecurrentproblemhasbeenexploredwith FBPbasedmeth-

ods. In [12], the authorscreateda parametricmotion model to reducemotion artifacts

causedby breathing.Somesolutionsto similar problemshave beenproposedin related

�elds. In cardiacX-ray CT, projectionshave beenusedto synthesizeansignalcalledthe

kymogramthatis ananalogueof theECGsignal[39]. In singlephotonemissioncomput-

erizedtomography(SPECT),theauthorsof [50] computeanoptical�o w vector�eld from

theobservedtomographicviews.

The approachon which the motion-compensatedimagereconstructionmethodpro-

posedhereis derived is different from the currently known methods. The currentap-

proachdoesnot parameterizetheobjectbeingimagedwith a time variable.Neitherdoes

it attemptto differenceconsecutive views to obtainmotion information. The proposed

method�rst createsa motion-uncompensatedreconstructionby traditionalmethods.And

thenit usesthis reconstructionandtheobservedsinogramto createamotion-compensated

reconstruction.

5.2 Problemde�nition

A simulationwith a single-slice,fan-beamscanneris setupasfollows. An object is

scannedwith a360degreerotationemploying 984views. Theobjectis amodi�ed Shepp-

loganphantomwhich remainsin state1 (Fig. 5.1(left)) for views 1 to 491, andin state2
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(Fig. 5.1(right))for views 492to 984. Onecannoticethat thestatetransitionoccursdue

to a moving ellipselocatedin thetop-centerof theobject. At view 492, theray from the

X-ray sourceto the centerof detectorarray is roughly parallel to the major axis of the

moving ellipse.No noiseis addedto theobservedsinogram.

5.3 Proposedstatistical reconstructionmethod

Theproposedmethodis basedonour intuitiveunderstandingof theX-ray CT scanner.

It is apre-andpost-processingtypeof amethod,andwedonotclaimit hasany optimality

properties.Also, theproposedmethodis tailoredto theproblemde�nition of Section5.2.

However, it doesprovide somenew insightsinto objectmotion in X-ray CT scans.The

stepsin theproposedmethodareasfollows:

1. A regular(i.e. motion-uncompensated)reconstructionis madeusingFBP(a regular-

izediterativealgorithmcanbeusedwhenobservationsarenoisy).

2. The differencesinogrambetweenthe forward projectionof the motion uncompen-

satedreconstructionandtheobservedsinogramis calledtheresidualsinogramhere.

In the residualsinogram,bins outsidethe range[� 1000; 1000]HU aresetto 1 and

therestto 0 to produceasecondsinogram(Fig. 5.2(top-left)).Thissinogramtellsus

theobservationsthataregoingto containa largeresidual.Themoving objectwould

bemainlyresponsiblefor thelargeresidualsbecausethetheinitial reconstructiondid

not takemotioninto account.

3. Theabovesinogramis back-projected(Fig. 5.2(top-right)).This imageroughlytells

how muchvariousregionsof theobjectcontributeto thethelarge-residualregionsof

theresidualsinogram.

4. Theaboveimageis thresholdedat300toproducetheimagemaskshownin Fig.5.2(bottom-

left). This mask,calledmotion mask,roughly tells us wherethe motion could be
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happening.In otherwords,within themotionmask,imagepixelschangewith view

number, andoutsidethemotionmaskthey do not.

5. The methodto computethe view at which objectmotionhappensis asfollows. In

the residualsinogram,we consideronly thoserays that passthrough the motion

mask,andset the rest to 0 (Fig. 5.3(left)). Now, the �rst half of the views of the

observed sinogramcomefrom an object in which the moving ellipsewas large in

size, and the secondhalf comesfrom an object in which the ellipse was smaller.

But, themotion-uncompensatedreconstructiontakesinto accountall views,produc-

ing a reconstructionthatis intermediatebetween�rst andsecondstatesof theobject

(Fig. 5.4(left)). So,theobservedsinogramwouldbegreaterthantheforwardprojec-

tion of themotion-uncompensatedsinogramin the�rst half of theviews,andsmaller

in the secondhalf. This changein sign could roughly tell us the view wherethe

objectmovesfrom state1 to state2. Thus,we sumthe residualsinogramover the

detectordimension,andproducea onedimensionalfunction (Fig. 5.3(right)). The

signchangein this functiongivesusanestimateof theview at which objectmotion

happens.Thetransitionview, calledi f 1;2g, is computedhereas491.

Noteherethatthisadhocprocedureof estimatingi f 1;2g shouldwork in thepresence

of noisealso,dueto theaveragingtakingplaceoverthesinogramdetectordimension.

6. During reconstruction,pixels outsidethe motion maskare reconstructedusing all

views. But, pixels within the motion maskare changingwith view number. To

accountfor this fact, multiple imagesarereconstructedwithin the motion maskas

describedbelow. A mappingbetweentheseimagesandview numbersis alsocreated.

In the currentproblem,thereare2 imageswithin the motionmask: the �rst image

correspondsto views1 to i f 1;2g andthesecondimageto views i f 1;2g to 984.

7. Thenegativelog-likelihoodfor theweighted-least-squaresandmotion-uncompensated
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caseis

� L(� ) =
ndX

i =1

1
2 wi ([G� ]i � l i )2;

where,� is the imagebeingestimated,nd is thenumberof observations(i.e. sino-

grambins), l i andwi arethe line-integral observationandweightat sinogrambin i ,

andG is theforwardprojectionoperator. It is modi�ed for motionasfollows :

� Lmotion (� I 0
m

; � f 1g
I m

; � f 2g
I m

)

=
i f 1;2gX

i =1

1
2 wi ([G� f 1g]i � l i )2 +

ndX

i = i f 1;2g +1

1
2 wi ([G� f 2g]i � l i )2;

(= � L(� ); for � f 1g = � f 2g = � )
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I m
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I m
]i � i f 1;2g � l i )2:

Thede�nitions of varioussymbolsareasfollows.
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� � f 1g and� f 2g : Full-sizeimagesfor objectstates1 and2 respectively.

� i f 1;2g : Thesinogrambin atwhich statetransitionis estimatedto occur.

� I m andI 0
m : Motion maskandits complementrespectively.

� � f 1g
I 0

m
and� f 1g

I m
: Regionsof � f 1g outsideandinsidethemotionmaskrespectively.

� � f 2g
I 0

m
and� f 2g

I m
: Regionsof � f 2g outsideandinsidethemotionmaskrespectively.

� � I 0
m

: Outsidethemotionmask,thesameparametersareto beestimated.There-

fore, � I 0
m

4
= � f 1g

I 0
m

4
= � f 2g

I 0
m

.

� G I 0
m

: Forward-projectorthatprojectsimageregionsoutsidethemotionmaskto

all sinogrambins.

� G f 1g
I m

: Forward-projectorthatprojectsimageregionsinsidethemotionmaskto

sinogrambins1 to i f 1;2g.

� G f 2g
I m

: Forward-projectorthatprojectsimageregionsinsidethemotionmaskto

sinogrambinsi f 1;2g + 1 to nd.

8. Suitableimageregularizationtermsareaddedto � L motion (� I 0
m

; � f 1g
I m

; � f 2g
I m

) andal-

ternatingminimization is performedto estimate� I 0
m

, � f 1g
I m

and � f 2g
I m

. Finally, the

above estimatesare combinedto obtain the �nal reconstructedimagesfor motion

states1 and2 : � f 1g =

2

6
4

� I 0
m

� f 1g
I m

3

7
5 and� f 2g =

2

6
4

� I 0
m

� f 2g
I m

3

7
5.

5.4 Results

Theproposedimagereconstructionmethodassumesthattheobjectbeingscannedhas

two statesanda transitionview atwhich thestatetransitionoccurs.For theproblemsetup

here,this is indeedthecase.Theproposedmethod�nds the transitionview correctlyas

491asshown in Fig. 5.3(right).Theproposedmethodis alsoableto localizecorrectlythe
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imageregionwherethemotionoccurs,i.e., themotionmaskis accuratein Fig. 5.4(right).

Thereconstructionproducedby theproposedmethodhaslower motionartifact thanthat

producedby thetraditionalmethod.Thisfactis evidentwhenwevisuallycompareFig.5.4

andFig. 5.5. Moreevidencefor this canbeseenin Fig. 5.6.

5.5 Summary

The solutionproposedherehasbeentestedin the absenceof noiseandworks satis-

factorily for the fan-beamcase. In the presenceof noise,two parametersestimatedby

image-processingoperations,namelythemotionmaskandthe transitionview, will have

to be adjustedas the iterationsproceed.The proposedsolutionwould only provide an

initializer to theseparameters.Oneproblemis that, the imageparameterizationchanges

with theestimateof themotionmask.Thedependenceof theimageparametersontheob-

serveddataalsochangeswith theestimateof thetransitionview. Themotionmaskcould

expandto cover theentireimageif it is not regularizedproperly. Becauseof thesefacts,

thepropertiesof thenegative log-likelihoodcannot bepredictedin thepresenceof noise.

More investigationis required.
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Range: [0 2000]

True image for views 1 to 491 (image window = [800,1200] HU)
1 512

1

504

Range: [0 2000]

True image for views 492 to 984 (image window = [800,1200] HU)
1 512

1

504

Figure5.1:Trueimages.Left: Objectin state1, andRight: Objectin state2. Imagewindow = [800; 1200]
HU.
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Range: [0 1]

Sinogram mask showing sinogram bins in which forward proj of FBP differs
with the actual observations by more than 1000HU

1 888

1

984

Range: [0 564.212]

Back�projection of the sinogram in the left top figure
1 512

1

504

Range: [0 1]

Image mask showing pixels where the the right top figure exceeds 300
i.e. these are the pixels where each pixel has roughly more than 300 "erroneous" rays passing through it

1 512

1

504

Figure5.2:Motion maskcomputationprocedure.Top-left: Thresholdedresidualsinogram,Top-right: Back
projectionof thresholdedresidualsinogram,andBottom-left:Motion mask.
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Range: [�6758.35 13056.4]

residual sinogram for rays passing through the motion mask
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sum of residuals in bins in a particular view in the adjoining sinogram

Figure5.3:Computingthetransitionview. Left: Residualsinogramfor rayspassingthroughmotionmask,
andRight: Sumof sinogramon theleft over thedetectordimension.
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Range: [�100.793 2024.33]

FBP reconstruction
1 512

1

504

Range: [�100.793 2024.33]

FBP reconstruction with the motion mask overlayed
1 512

1

504

Figure5.4:FBPreconstructionandmotionmask.Left: FBPreconstruction,andRight: FBPreconstruction
with motionmasksuperimposed.Imagewindow = [800; 1200]HU.
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Range: [�230.225 2132.75]

Iterative recon for views 1 to 491 (image window = [800,1200] HU)
1 512

1

504

Range: [�172.878 2132.75]

Iterative recon for views 492 to 984 (image window = [800,1200] HU)
1 512

1

504

Figure5.5: Iterative reconstruction.Left: Motion state1, andRight: Motion state2. Imagewindow =
[800; 1200]HU.



68

Range: [�255.796 355.225]

Error image (true � iterative) for views 1 to 491 (image window = [�30, 30] HU)
1 512

1

504

Range: [�255.796 264.094]

Error image (true � iterative) for views 492 to 984 (image window = [�30, 30] HU)
1 512

1

504

Range: [�305.38 249.663]

Error image (true � FBP) for views 1 to 491 (image window = [�30, 30] HU)
1 512

1

504

Range: [�305.38 249.663]

Error image (true � FBP) for views 492 to 984 (image window = [�30, 30] HU)
1 512

1

504

Figure5.6:Error images.Top-left: True motion state1 - iterative motion state1, Top-right: True motion
state2 - iterativemotionstate2, Bottom-left:Truemotionstate1 - FBP, andBottom-right:True
motionstate2 - FBP. Imagewindow = [� 30; 30]HU.



CHAPTER 6

ComparisonsbetweenOSand PCG algorithms

This chaptercomparesOS-basedandPCG-basedalgorithms. Section6.1 compares

two PCGalgorithms:PCG LS QS (or, PLQ, for short ) andQS PCGLS (or, QPL, for

short). PCG LS QShasbeenknown in literature[25] but is not guaranteedto minimize

non-quadraticfunctions.So,we derive a new PCGalgorithm,QS PCG LS, that is guar-

anteedto do so. This guaranteehowever comesat the price of slightly reducedconver-

gencerate.Section6.2describestheOrderedSubsets(OS)idea.OSalgorithmsfor image

reconstructionin X-ray CT andotherclosely related�elds have beenknown [2, 8,35],

andwe summarizethePWLS OS SPSalgorithmin this section.In Section6.3,we com-

parePWLS OS SPSandPWLS PLQalgorithmsandshow thatPWLS OS SPSconverges

fasterwhentheiteratesarefaraway from theminimum/minima.But, wealsoremarkthat

the potentialof PCG algorithmsis still untappedbecausepreconditionersdevelopedin

other�elds havenotyet beenusedin X-ray CT.

6.1 Conjugate-gradientalgorithms

6.1.1 PCG LS QS (or PLQ)

ThePCG LS QSalgorithmcomputesthedescentdirectionfrom theoriginalcostfunc-

tion using the PCG idea of (2.12). We note herethat the descentin this direction on

the original cost function is a line searchon the original cost function (2.13). This line

69
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searchis equivalentto theminimizationof asingle-variablenon-quadraticfunction.In the

original costfunction,thenotationof thenegative log-likelihoodandpenaltyfunctionare

combinedfor thepurposesof thisalgorithmasfollows:

�( � )
4
= � L(� ) + R(� )

4
=

n0
dX

i =1

h0
i ([A� ]i ):

At the currentiterate� (n) , the searchdirection d (n) is computedby using PCG (2.12)

on �( � ). Oncethedescentdirectionis computed,thesingle-variablenon-quadraticcost

functionis de�ned as:

� 0(� )
4
=

n0
dX

i =1

h0
i (A (� (n) + � d(n))) :

To minimize� 0(� ), wedesignquadraticsurrogateswith respectto � for eachof N2 subit-

erations:

� 0(� ) � � 0(� ; � m )
4
=

n0
dX

i =1

q0
i ([A (� (n) + � d(n))]i ; [A (� (n) + � md(n))]i ); (QSusing(2.11))

=
n0

dX

i =1

_hi ([A (� (n) + � m d(n))]i )[Ad (n) ]i (� � � m )

+ 1
2 �ci ([A (� (n) + � m d(n))]i )[Ad (n) ]2i (� � � m )2:

Since� 0(� ; � m ) is quadraticin � , thenext iterateof � is obtainedanalyticallyasfollows:

� m+1 = arg min � 0(� ; � m );

) � m+1 = � m �
P n0

d
i =1

_hi ([A (� (n) + � m d(n))]i )[Ad (n) ]i
P n0

d
i =1 �ci ([A (� (n) + � m d(n))]i )[Ad (n) ]2i

:(6.1)
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Thepseudocodeis

1. Initialize � (0) = max(� F B P ; 0)

2. for n=0,1,2, : : :, N1-1

2.1 Compute d(n) using (2.12) and initialize � m = 0

2.2 for m=0,1,2, : : :, N2-1

2.2.1 � m+1 = � m �
P n 0

d
i =1

_h i ([A (� ( n ) + � m d ( n ) )] i )[Ad ( n ) ]i
P n 0

d
i =1 �ci ([A (� ( n ) + � m d ( n ) )] i )[Ad ( n ) ]2i

2.2' end

2.3 � (n+1) = � (n) + � N2 d(n)

2' end

Thetotal numberof forwardandbackprojectionoperationsin thisalgorithmis 2 � N1.

This algorithmis guaranteedto be monotonic;the cost function is reducedevery it-

eration. For non-quadraticcost functions,this algorithmcould get stuckin unfavorable

directionsasa surrogatethat majorizesthe cost function globally is not created. Even

thoughfor a quadraticcost function, this algorithmis guaranteedto �nd a solutionin a

�nite numberof steps,quadraticcostfunctionsarerarelyusefulin imagereconstruction.

Quadraticcost functionsdo not allow us to performedge-preservingimagereconstruc-

tions,usuallyyielding eithertoo blurry (high � ) or too noisy(low � ) reconstructions.To

guaranteethe minimizationof non-quadraticcost functions,the algorithmQS PCG LS

(Section6.1.3)shouldbeused.

6.1.2 PWLS PCG LS QS (or PWLS PLQ)

The PWLS PLQ algorithmis obtainedby settingthe likelihoodpart in the previous

sectionfor WLS using(2.5). The chosenpenaltyfunction and � aresubstitutedin the

regularizationpartto obtainthe�nal PWLS PLQalgorithm.
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6.1.3 QS PCG LS (or QPL)

TheQS PCG LS algorithm�rst computesa quadraticsurrogate,� L (� ; � (n;0)), for the

likelihood part at the current iterate, � (n;0). Now, the cost function is composedof a

quadraticfunctionandthepenaltyfunction,which is typically non-quadratic.Subiterates,

� (n;m ) , arecomputedby settingup quadraticsurrogates,� R (� ; � (n;m )), over thepenalty

functionpart. Thus,within theinner iteration,thecostfunctionbeingminimizedis com-

pletelyquadratic.Now, thedescentdirectionis computedusingthePCGtechniquede�ned

in (2.12).Eventhoughthepreviousdescentdirectionis from a differentcostfunction,no

signi�cant degradationin performanceis observed. Now, a line search(2.13) is usedto

obtain the new iterate,� (n;m +1) . A line searchon a quadraticfunction alonga descent

directioncanbedoneanalyticallyin onestepandis shown below. Thealgorithmis sum-

marizedasfollows:

1. � (0;0) = max(� F B P ; 0)

2. for n=0,1,2, : : :, N1-1

2.1 Compute � L (� ; � (n;0))

2.2 for m=0,1,2, : : :, N2-1

2.2.1 Compute � R (� ; � (n;m ))

2.2.2 � (n;m ) (� )
4
= � L (� ; � (n;0)) + � R(� ; � (n;m ))

2.2.3 Compute descent direction d(n;m ) using PCG

2.2.4 Compute � � (see below).

2.2.5 � (n;m +1) = � (n;m ) + � � d(n;m )

2.2' end

2.3 � (n+1 ;0) = � (n;N 2)

2' end
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We call the two-stepsurrogate,� (n;m )(� ), thenestedsurrogate.We show in SectionA.1

thata reductionin thevalueof thenestedsurrogatecausesa reductionin thevalueof the

objective function �( � ). The total numberof forward andbackprojectionoperationsis

2 � N1 � N2.

Computing � �

Thequadraticsurrogates� L (� ; � (n;0)) and� R(� ; � (n;m )) canbewrittenas:

� L (� ; � (n;0)) =
ndX

i =1

qLi ([G� ]i ; [G� (n;0)]i );

qLi (t; s) = hi (s) + _hi (s)( t � s) + 1
2 �ci (s)( t � s)2;

� R(� ; � (n;m )) =
KX

k=1

qRk ([C � ]k ; [C � (n;m ) ]k);

qRk (t; s) =  k(s) + _ k(s)( t � s) + 1
2 �ck(s)( t � s)2:

Thus,theline searchin thenestedsurrogatecanbewrittenas:

� � = arg min� � 0� (n;m )(� (n;m ) + � d(n;m ));

� (n;m ) (� (n;m ) + � d(n;m )) = � L (� (n;m ) + � d(n;m ) ; � (n;0)) + � R (� (n;m ) + � d(n;m ) ; � (n;m )):

Substitutingthede�nitions of � L (� ; � (n;0)) and� R(� ; � (n;m )) yields,

� L (� (n;m ) + � d(n;m ) ; � (n;0)) =
ndX

i =1

"

hi ([G� (n;0)]i )

+ _hi ([G� (n;0)]i )
�

[G(� (n;m ) � � (n;0))]i + � [Gd (n;m ) ]i
�

+ 1
2 �ci

�
[G(� (n;m ) � � (n;0))]i + � [Gd (n;m ) ]i

� 2
#

;

and� R(� (n;m ) + � d(n;m ) ; � (n;m )) =
KX

k=1

"

 k([C � (n;m ) ]k) + _ k([C � (n;m ) ]k)[C d(n;m ) ]k �

+ 1
2 �ck([C d(n;m ) ]k)2� 2

#

:
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Substituting� L (� (n;m ) + � d(n;m ) ; � (n;0)) and� R(� (n;m ) + � d(n;m ) ; � (n;m )) in theexpres-

sionfor the� (n;m )(� ) in line searchaboveanddifferentiatingwith respectto � , weget,

d
d�

� (n;m ) (� (n;m ) + � d(n;m ) ) =
ndX

i =1

"
n

_hi ([G� (n;0)]i ) + �ci [G(� (n;m ) � � (n;0))]i

o
[Gd (n;m ) ]i

+ �ci [Gd (n;m ) ]
2
i �

#

+
KX

k=1

"

_ k([C � (n;m ) ]k)[C d(n;m ) ]k + �ck([C d(n;m ) ]k)2�

#

:

Usingamorecompactnotation,wewrite,

d
d�

� (n;m ) (� (n;m ) + � d(n;m ) ) =
h

_h(G� (n;0)) + D(�ci )
�
G� (n;m ) � G� (n;0)

� i T
(Gd (n;m ) )

+ (Gd (n;m ) )T D(�ci )(Gd (n;m ) )�

+ _ T (C � (n;m ))(C d(n;m ) ) + (C d(n;m ) )T D(�ck)(C d(n;m ) )� :

Equatingtheabove to 0 yieldsthefollowing expressionfor thestepsize:

� � = �

� _h T (G� (n;0)) + (G� (n;m ) � G� (n;0))T D(�ci )
	

(Gd (n;m ) ) + _ T (C � (n;m ) )(C d(n;m ) )
(Gd (n;m ))T D(�ci )(Gd (n;m ) ) + (C d(n;m ) )T D(�ck)(C d(n;m ) )

:

(6.2)

Also, notethat

d2

d2� 2
� (n;m ) (� (n;m ) + � d(n;m ) ) = (Gd (n;m ) )T D(�ci )(Gd (n;m ) ) + (C d(n;m ) )T D(�ck)(C d(n;m ) );

� 0:

This is becausethecurvatures�ci and�ck arenon-negative.

This algorithmis monotonicbecausequadraticsurrogatefunctionsaresetupevery it-

erationanda reductionin the quadraticsurrogatefunction valueresultsin the reduction

of the valueof the original cost function. But, the main advantageof this algorithmis

that it couldbeusedto achieve a minimumof non-quadraticcostfunctions. Because,at

every iterationandsubiteration,the quadraticsurrogatesmajorizethe costfunctionover

theentireparameterspace.
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6.1.4 Preconditioners

Convergenceratesof PCGalgorithmscanbe increasedby usingpreconditioners.A

preconditioneris a matrix or anoperatorthatapproximatesthe inverseof theHessianof

the original cost function or its surrogate.Preconditionershave beenknown in numeri-

cal methodsliteratureandusedfor the solutionof a systemof equations.For example,

limited-memoryBFGSmatricesareusedto approximatetheHessian[10]. However, pre-

conditionerscanhave non-trivial memoryrequirementsanda trade-off hasto beconsid-

eredbetweenconvergencerateimprovementandmemoryrequirements.Froma memory

view point,thosepreconditionersthatrequireastorageof aboutthesizethereconstruction

volumearemostappealingto bestudiedinitially. DiagonalandFourierpre-conditioners

meettheaboverequirements.Thesehavebeenderivedin [25].

Preconditionersfor costfunctionswith space-variantpenaltiesdescribedin [26] have

beenimplementedfor fan-beamsystemsandshow considerablepromise(seeSection6.3).

Thesepreconditionerscanbeimprovedby usingpropertiesof thefan-beamsystemmodel

studiedin [57]. Preconditionersfor usewhenspace-invariantpenaltiesareusedarede-

scribedin [25].

Variouspreconditionershave beendescribedin literature.A non-Fourierlow-memory

preconditionerwasgivenby Vogel [66]. Preconditionersfor Toeplitzsystemshave been

consideredby Chan[11]. Variouspreconditionersusingthe Sherman-Morrisonformula

have alsobeensuggested[51,55]. Otherpossiblepreconditionerswith possiblyhigher

memoryrequirementsthatcouldbeconsideredarebanded,sparseandslant-stackbased.

Variousimagerestorationtechniquescouldbeemployedaspreconditioners.This fact is

implied by the fact thatFourieranddiagonalpre-conditionersdo not requiretheexplicit

useof thesystemmodel.
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6.1.5 ComparisonbetweenPCG LS QS and QS PCG LS

We comparedthePCG LS QSandQS PCG LS algorithmsfor a fan-beamsimulated

datasetwith Poissonnegative log-likelihood(see(2.5))anda space-variantpenaltyfunc-

tion [26]. Thepreconditionerof [25, Eq.(32)]wasused.Thevariationof thecostfunction

valuewith iterationnumberis shown in Fig.6.1.ObservethatthePCG LS QShasafaster

convergenceratethanQS PCG LS in theinitial iterations.Sincewe focusedon thecon-

vergenceratein initial iterations,we avoidedtheoptimalcurvaturesastheir computation

involvesanextraback-projection.Weusedprecomputedcurvaturesinstead[1].
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Figure6.1: ConvergenceratecomparisonbetweenPCGLS QSandQS PCG LS algorithms

6.2 Ordered-subsetalgorithms

6.2.1 OS SPSalgorithm for an unregularizedcostfunction

Theminimizationof a regularizednegative log-likelihoodcostfunctionusingOSand

separableparaboloidalsurrogates(SPS)wasdescribedin [2]. We �rst focuson thesurro-



77

gatefor thenegativelike-likelihoodpart.Thiswill motivatethePWLS OS SPSalgorithm

in Section6.2.2.This sectionalsohelpsmotivatethederivationof theOS PCGLS algo-

rithm in Section8.1. Theseparablesurrogatefor thelikelihoodpart is derivedasfollows.

First, a quadraticsurrogateis setupat thecurrentiterateusing(2.11). Thecurvaturesfor

the Poissonlikelihoodarecomputedusingprecomputedor optimal curvatures[1]. The

negative likelihood in the WLS caseis alreadyin the quadraticform. Next, the gradi-

entcomputationis approximatedusingOS.Dueto theOSapproximationto thegradient,

thegradientcomputationtime is reducedby a factorequalto thenumberof subsets,N s.

Finally, De Pierro's trick [15] allows us to constructa separablequadraticcostfunction.

Without theDePierro's trick it wouldnotbepossibleto utilize thesavingsaffordedby OS

approximationof thegradient.Onewouldexpectthattheconvergencewouldbeslowedby

separatinga quadraticfunctioninto a sumof quadraticfunctions,eachof which depends

on a singlevoxel. In practice,for a mediumto large numberof subsets,OS algorithms

for X-ray CT have fasterconvergenceratesthanPCG.This fact is alsodemonstratedin

Section6.3.

Theaboveprocedureis summarizedasfollows:

� L (� ; � (n)) =
ndX

i =1

qL;i (t i ; si )

=
ndX

i =1

_hi ([G� (n) ]i )[G(� � � (n))]i +
ndX

i =1

1
2 �c(n)

i [G(� � � (n))]2
i ; (from (2.11))

= (GT _h (n))T (� � � (n)) + 1
2 (� � � (n))T GT D(�c(n)

i )G(� � � (n));

� (NsGT
r

_h (n)
r )T (� � � (n)) + 1

2 (� � � (n))T GT D(�c(n)
i )G(� � � (n));

(by OSapproximationto thegradient)

� (NsGT
r

_h (n)
r )T (� � � (n)) + 1

2 (� � � (n))T D(
ndX

i =1

�c(n)
i G i jG ij j)( � � � (n));

(by DePierro's trick)
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where,G i =
P np

j =1 jG ij j, Ns is thenumberof subsetsandG r is thesystemmodelfor the

r th subset.The separablecostfunctionderivedabove permitsthe expressionfor a pixel

update:

� (n+1) = � (n) � D(
1

P nd
i =1 �c(n)

i G i jG ij j
)NsGT

r
_h (n)

r :(6.3)

Note that in the WLS case,�c(n)
i = wi , and the denominator, D(

P nd
i =1 �c(n)

i G i jG ij j) =

D(
P nd

i =1 wi G i jG ij j). Thus,thedenominatorneedsto becomputedonly once.If N1 is the

totalnumberof iterationsthenthetotalnumberof equivalentforwardandbackprojections

is 2 � N1.

Imposing the non-negativity constraint

Theabovesurrogatecanbeusedto monotonicallyreduce(for Ns = 1) thevalueof the

cost function. This statementholdstrue whenthe non-negativity constraintis imposed,

i.e., when a minimizer of the cost function in the non-negative orthantis sought. The

abovesurrogateis separablein theelementsof theparametervector, andcanbeexpressed

generallyasfollows:
P np

j =1
1
2 aj (� j � bj )2, where,aj ; bj areconstants.Theunconstrained

minimizer would be just [bj ]j =1 ;:::;np . Imposingthenon-negativity constrainton eachel-

ement,we obtain the minimizer as � �
j = arg min

� j � 0

1
2 aj (� j � bj )2. This problemis easy

enoughto besolvedgraphicallyas: � �
j =

8
>>><

>>>:

bj ; bj � 0;

0; bj < 0;

, i.e., � �
j = [bj ]+ . Karush-Kuhn

Tucker(KKT) conditionscanalsobeusedto yield thesameresult.Thus,thenon-negative

minimizerof theseparablesurrogatecanbederivedas:

� (n+1) = [� (n) � D(
1

P nd
i =1 �c(n)

i G i jG ij j
)NsGT

r
_h (n)

r ]+ :(6.4)
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6.2.2 PWLS OS SPSalgorithm

Thesurrogatefor thelikelihoodpartis derivedin Section6.2.1as:

� L (� ; � (n)) = (NsGT
r

_h (n)
r )T (� � � (n)) + 1

2 (� � � (n))T D (n)
L (� � � (n));

D (n)
L

4
= D(

ndX

i =1

�c(n)
i G i jG ij j):

Now the surrogatefunction is the sumof a quadraticfunction andthe penaltyfunction,

which is typically non-quadratic.We usethenestedsurrogatesideaof Section6.1.3here.

Thesurrogatefor thepenaltypartis madeseparableanddependsonthesub-iterate� (n;m ) .

It is derivedasfollows:

� R(� ; � (n;m )) =
nkX

k=1

qR;k (tk ; sk) =
nkX

k=1

_ ([C � (n;m ) ]k)[C (� � � (n;m ))]k

(6.5)

+ 1
2 �c(n;m )

k ([C (� � � (n;m ) )]k)2;

= (C T _ (n;m ) )T (� � � (n;m )) + 1
2 (� � � (n;m ))T C T D(�c(n;m )

k )C (� � � (n;m ));(6.6)

� (C T _ (n;m ))T (� � � (n;m ) )

+ 1
2 (� � � (n;m ))T D(

nkX

k=1

�c(n;m )
k Ck jCkj j)( � � � (n;m ) );

(by DePierro's trick)

= (C T _ (n;m ) )T (� � � (n;m )) + 1
2 (� � � (n;m ))T D (n;m )

R (� � � (n;m )):

Theoverallsurrogatefunction(ignoringtheconstantterms)to beoptimizedis thuswritten

as:

� (n;m )(� ) = � L (� ; � (n)) + � � R(� ; � (n;m ));

= (NsGT
r

_h (n)
r + � C T _ (n;m ))T � + 1

2 (� � � (n))T D (n)
L (� � � (n))

+ 1
2 (� � � (n;m ))T (� D (n;m )

R )( � � � (n;m ) ):
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Differentiatingtheabove with respectto � andequatingthegradientthezero,we getthe

updateon theimage:

(NsGT
r

_h (n)
r + � C T _ (n;m )) + D (n)

L (� � � (n)) + (� D (n;m )
R )( � � � (n;m )) = 0

) � (n;m +1) =
D (n)

L

D (n)
L + � D (n;m )

R

� (n) +
� D (n;m )

R

D (n)
L + � D (n;m )

R

� (n;m )

�
1

D (n)
L + � D (n;m )

R

(NsGT
r

_h (n)
r + � C T _ (n;m ));

=
1

D (n)
L + � D (n;m )

R

(( � D (n;m )
R � (n;m ) � � C T _ (n;m )) + (D (n)

L � (n) � NsGT
r

_h (n)
r )) ;

=
1

D (n)
L + � D (n;m )

R

(( � D (n;m )
R � (n;m ) � � C T _ (n;m )) + z (n));

z (n) 4
= D (n)

L � (n) � NsGT
r

_h (n)
r :(6.7)

Using similar argumentsfor the non-negativity constraintasin Section6.2.1,we obtain

thenon-negatively constrainedupdateas:

� (n;m +1) = [
1

D (n)
L + � D (n;m )

R

(( � D (n;m )
R � (n;m ) � � C T _ (n;m )) + z (n))]+ :(6.8)

Thepseudocodefor theserialPWLS OS SPSis :
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1. � (0) = max(� F B P ; 0)

2. for n=0,1,2, : : :, N1 � Ns-1

2.1 Choose subset r = bit reverse( n mod Ns)

2.2 Compute z (n) = D (n)
L � (n) � NsGT

r
_h (n)

r .

2.3 for m=0,1,2, : : :, N2-1

2.3.1 Compute

� (n;m +1) = [
1

D (n)
L + � D (n;m )

R

(( � D (n;m )
R � (n;m ) � � C T _ (n;m )) + z (n) )]+

2.3' end

2.4 � (n+1) = � (n;N 2)

2' end

Thetotal numberof equivalentforwardandbackprojectionoperationsis 2 � N1.

6.3 ComparisonbetweenPWLS OS SPSand PWLS PLQ

In the following simulations,the convergencerateof OS andPCGbasedalgorithms

arecompared.Fan-beamgeometrysimilar to the centerrow of detectorsof GE Light-

speedVCT scannerwas used. The sinogramhas888 bins in eachof the 984 angles

and the reconstructiongrid size is 512� 512. The blank-scancountsare 2 � 105 per

ray, r i = 0 andthe WLS costfunction wasused. The regularizationwasspace-variant,

non-quadratic(hyperbolawith � = 50HU - seeTable2.1) andthe valueof � is chosen

so as to target a resolutionat the centerof 1:7 pixels. The preconditionersconsidered

herearediagonal[25, Eq.(8)], circ1 [25, M 0] andcirc1 cdc [25, Eq.(32)]. The average

of reconstructions(1000iterations)from 4 PCGalgorithms(threeusetheabove precon-

ditionersanda PCGreconstructionwithout usinga preconditioner)is usedas the �nal
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L av g
1 < 1HU L 1 < 1HU

CG-none 70 328
CG-circ1 50 243
CG-diag 34 165

CG-circ1-cdc 16 75
SPS-OS-41 33 -
SPS-OS-246 - -

Table6.1: Numberof iterationsrequiredto satisfyconvergencecriteria

imageto compareconvergencerates. Two OS algorithms,oneusing41 subsetsandthe

otherusing246subsets,arecomparedalongsidethe PCGalgorithms. Two metricsare

usedto computethe distancebetweenthe iteratesand the �nal imageobtainedabove:

Lavg
1 (� ; � � ) =

P np
j =1 j� j � � �

j j=np andL1 (� ; � � ) = maxfj � j � � �
j j : j = 1; : : : ; npg.

Fig. 6.2 shows that both PCGandOS basedmethodsproduceacceptablereconstruc-

tionsat thewindow level of 400HU. FromFig. 6.3 andFig. 6.4, we observe that theOS

algorithmsreducethecostfunctionvaluefasterthanPCGalgorithmsin the initial itera-

tions. However, from Table6.1we �nd that thePCGalgorithmwith circ1 cdcprecondi-

tionermeetsbothL avg
1 < 1HU andL 1 < 1HU convergencecriteriain thefewestnumber

of iterations. The OS algorithmsbecomenon-monotonicandareunableto get closeto

the�nal image.This fact is alsoevidentfrom Fig. 6.3. Also notefrom Fig. 6.4 thatthere

is a tradeoff betweenthenumberof subsetsusedandconvergenceratein OSalgorithms.

Fig. 6.4andFig. 6.3alsosuggesta tradeoff betweennumberof subsetsandtheiterationat

which anOSalgorithmbecomesnon-monotonic.Theseplotsmotivatea hybrid strategy

in thesesimulations.First, we would run theOS algorithmwith 246subsetsfor 30 iter-

ationsandcreatean intermediateimage. And thenwe would useto thePCGalgorithm,

initialized with this intermediateimage,thatusesthecirc1 cdcpreconditionertill image

quality is satisfactoryor convergencecriteriaaremet.



83

FBP recon,  Window=400 HU.
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Figure6.2: Reconstructionsfrom statisticalalgorithms.Window = 400HU.

6.4 Summary

Monotonic algorithmsare importantbecausethey are the �rst steptowards�nding

convergent algorithms. Non-monotonicalgorithmsstop reducingthe value of the cost

functionaftera few iterations,andthusmaynotbeusefulfor someapplications.Between

OS and PCG,only PCG basedalgorithmscan achieve monotonicity. PCG algorithms

known till now did not guaranteemonotonicityfor non-quadraticcostfunctions,andthis

void was�lled in this chapterwith thederivationof QS PCG LS. It wasalsoshowedthat

monotonicitycanbeachievedwithout sacri�cing convergencerate. While monotonical-

gorithmsarerequiredfor achieving the bestpossiblereconstructiona cost function can

offer, highconvergenceratealgorithmsarerequiredto makestatisticalmethodspractical.

VariousOS basedmethodsandPCGmethodswith differentpreconditionerswerecom-

pared,andit wasfound that a higherconvergenceratecanbe achieved usingOS based

methodswhentheinitial imageis FBP.
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Figure6.3:Differenceplots betweenstatisticalreconstructionsand �nal reconstruction,1000 iterations.
Left: L av g

1 , Right: L 1 .
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Figure6.4:Differenceplotsbetweenstatisticalreconstructionsand�nal reconstruction,�rst 100iterations.
Left: L av g

1 , Right: L 1 .



CHAPTER 7

Algorithm accelerationusinghybrid-algorithm and
parallel-computation approaches

Statisticalimagereconstructionmethodsneedtobeacceleratedtoproducereconstructed

imagesfrom aX-ray CT scannerin areasonableamountof time. Two approachestowards

algorithmaccelerationarediscussedin this chapter:hybrid-algorithm(Section7.1) and

parallel-computation(Section7.2). The hybrid-algorithmapproachaimsto createan it-

erative algorithmwith a higherconvergence-rateby combiningexisting algorithms.The

goal of the parallel-computationapproachis to reduceexecutiontimesof existing algo-

rithms by distributing their mathematicalcomputationsamongthe individual processors

of a parallel-computer. The ICD algorithm is beingusedby our colleaguesat General

Electric HealthcareInc. to reconstructimagesfrom the dataof the MSCT scanner, GE

LightspeedVCT. We investigatewhetherthe ICD's computetime canbereducedby the

OS-ICD hybrid algorithm(proposedin Section7.1) runningon a parallel-computer. In

Section7.2.1,we�rst discussthederivationof theParallelPWLS OS SPSalgorithmfrom

thePWLS OS SPSalgorithmof Section6.2.2.In Section7.2.2,we thendescribetheout-

line of the implementationof theParallel PWLS OS SPSalgorithm. In Section7.3, we

presenttheresultsfrom reconstructinga datasetobtainedfrom theGE LightspeedVCT

scannerusingtheOS-ICDhybridalgorithm.

86
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7.1 Hybrid-algorithm approach

7.1.1 Basicprinciple

Empiricalobservationhasshown thatdifferentalgorithmshave differentconvergence

ratesdependingon how far the currentiterateis from the minimum/minimaof the cost

function.Thisdifferencein convergenceratescanbeexploitedto combinetwo algorithms

into a hybrid algorithmasfollows. Initialize the�rst algorithmwith theinitial image(as-

sumethattheinitial imageis farawayfrom theminimum/minimaof thecostfunction)and

run it for a few iterationsto produceanintermediatereconstructedimage.Then,initialize

thesecondalgorithmwith theintermediateimageandrun it until convergencecriteriaare

met. This combinationmethodwould reducetheoverall computetime if two conditions

aresatis�ed.Firstly, the�rst algorithmshouldbefasterthanthesecondwheninitializedby

animagefarawayfrom theminimum/minima.And secondly, thesecondalgorithmshould

befasterthanthe�rst wheninitialized by animagecloserto theminimum/minimaof the

cost function. A differentcombinationmethodwould be to take the “numerical tricks”

of eachalgorithmandsomehow combinethosetricks to producea hybrid-algorithm.The

secondmethodis usedto designa hybrid OS-PCGalgorithmin Section8.1,andwill not

beexploredin this chapter.

7.1.2 OS-ICD hybrid algorithm

Threealgorithmshave beenusedin this studyfor the imagereconstructionin X-ray

CT: OS,PCG,andICD. TheICD algorithmhasbeenusedby ourcollaboratorsextensively

to produceimagereconstructions,andwith a high convergenceratein many cases[61].

However, in somecases,intermediateICD iteratesovershootthetheminimum/minimaof

thecostfunction,resultingin alargenumberof iterationsto meettheconvergencecriteria.

Theseovershootstypically happenwhen the currentiterateis far away from the mini-
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mum/minima;for example,whenregionsof theimageareat, say, 0HU, while therecon-

structedvaluesin thoseregionswouldtypically be1000HU. Thetwo candidatealgorithms

to countertheovershootproblemareOSandPCG.Chapter6 showedthat,startingfrom

FBP, OSreducesthecostfunctionvaluefasterthanPCG.Eventhoughthosecomparisons

arefor fan-beamscans,empiricalconvergenceratesof PCGarenotexpectedto behigher

thanOSin axialandhelicalcone-beamscans.Thereasonis theclosegeometricsimilarity

betweenfan-beamandaxialandhelicalcone-beamscans.Thus,theOS-ICDhybridalgo-

rithm is a bettercandidatethanPCG-ICDhybrid algorithmfor beatingthecomputetime

of apureICD algorithm.

7.2 Parallel-computation approach

Theoverall computationtime of aniterativestatisticalimagereconstructionalgorithm

is the productof numberof iterationsand the per-iterationcomputetime. The number

of iterationscanbereducedby usingalgorithmswith fasterconvergencerates;this is ac-

complishedby the hybrid-algorithmapproachin Section7.1. Reductionof per-iteration

computetimecanbeaccomplishedby usingfastercomputerhardwareandsoftware.Only

algorithm accelerationusing fastercomputerhardware is explored here. Use of faster

computersoftware,e.g., assemblylanguageprogramming,to acceleratealgorithmsis be-

yondthescopeof this thesis.Oneway to build a fastercomputeris to aggregatemultiple

microprocessorsinto a parallel-computer. The mathematicalcomputationsof the algo-

rithm canthenbedistributedamongtheprocessorsto run concurrently. An otherway to

createa fastercomputeris to usespecializedhardwarelike graphicsprocessor, cell pro-

cessor, and �eld programmablegate-array(FPGA). In this thesis,we focuson the use

of parallel-computersto speedup iterative algorithms. This thesisdealswith the distri-

bution of the computationsof the PWLS OS SPSalgorithm (Section6.2.2)amongthe
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individualprocessorsof aparallel-computer. Theresultingalgorithmis calledtheParallel

PWLS OS SPSalgorithm(Section7.2.1).

Recentwork on algorithmaccelerationusingparallelcomputerscanbe found in [42]

and[41]. In [42], theauthorsreporteda speedupof 30 in reconstructinganimageof size

512� 512� 400for aC-armCT scanner. Theauthorsusedtwo strategiesfor parallelism:

1. Sharethereconstructionvolumeamongprocessorsanddistributethesinogramrays

( [42, OSC-ang]),and

2. Distributethereconstructionvolumeamongprocessorsandsharethesinogramrays

( [42, OSC-vol]).

In [41], theauthorsdescribetheimplementationof theAM-OS algorithmfor MSCTscan-

nerdataon aparallel-computerwith 64processors.

7.2.1 Parallel PWLS OS SPS

ThePWLS OS SPSalgorithmof Section6.2.2is repeatedherefor convenience.

1. � (0) = max(� F B P ; 0)

2. for n=0,1,2, : : :, N1 � Ns-1

2.1 Choose subset r = bit reverse( n mod N1)

2.2 Compute z (n) = DL � (n) � NsGT
r

_h r (G r � (n)).

2.3 for m=0,1,2, : : :, N2-1

2.3.1 Compute

� (n;m +1) = [
(� DR(C � (n;m ) )� (n;m ) � � C T _ (C � (n;m ) )) + z (n)

DL + � DR(C � (n;m ))
]+ :

2.3' end

2.4 � (n+1) = � (n;N 2)

2' end
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� P
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interest

Endslices

Endslices

(a) Image

I 1

I 2

...

I P

(b) Sinogram

Figure7.1:Divisionof imageandsinogramspacesamongP = 4 processors.Longitudinali.e., z-axis,view
is presentedhere.

Two changesare madefrom Section6.2.2. First, D (n)
L is independentof � (n) for the

WLS negative log-likelihoodandcanbereplacedby DL . And second,D (n;m )
R is replaced

by DR(C � (n;m ) ) to show explicitly thevariablesit dependson.

Themethodusedhereto distributethecomputationsof PWLS OS SPSamongP pro-

cessorsis asfollows:

1. Divide the imagevoxel variablesof � into P disjoint subsets.Furtherassumethat

eachsubsetis a stackof contiguousslices. This division is denotedhereas � =2

6
6
6
6
6
6
6
6
4

� 1

� 2

...

� P

3

7
7
7
7
7
7
7
7
5

. Also enforcethe following constraints.First, only thepth processormay

updatevariablesof � p. And second,any processormayreadfrom any componentof
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I 1
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I 4

� 1

� 1;2

� 2

� 2;1

� 2;3

� 3

� 3;2

� 3;4

� 4

� 4;3

Figure7.2: Illustrationof � p;p 0 for P = 4 processors.

� . This, in effect,meansthat,pth processoris “responsible”for � p. SeeFig. 7.1(a).

In Fig. 7.1(a),the region of interesti.e., thesetof slicesto be scanned,is speci�ed

by the radiologistat thebeginningof thescan.All rayspassingthroughthe region

of interestarecollected(seeFig. 7.1(b)).Therefore,theregionof interestis aswell-

sampledaspossible. The slicesneededto computeforward andbackprojections

for rays that do not completelylie in the region of interestarecalledextra slices.

Thus,extra sliceshave to beestimatedalsofor thestatisticalmethodto work, even

thoughenoughdatafor themis notavailable.Thisisaconsequenceof thelong-object

problemfor statisticalmethods.

2. Divide theobserveddatai.e., sinogram,into P subsets,I p; p = 1; : : : ; P, asfollows.

Eachrayof I p mustpassthroughatleastonevoxel of � p. I p cannotbedisjointhere

becauseof theobliquenatureof many raysin thecone-beamgeometry. Also, if the

subsetsI p; p = 1; : : : ; P weredisjoint,wewouldhaveP independentproblems.See
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Fig. 7.1(b).

Thedivisionof observationsdescribedherehelpsustounderstandtheproblembetter.

However, thedirect implementationof theparallelPWLS OS SPSalgorithmbased

on this division causestwo or moreprocessorsto repeatsomenumericalcomputa-

tions.Theimplementationof theparallelPWLS OS SPSalgorithmmustavoid such

repetition.Our implementationavoidsthis repetition(Section7.2.2).

3. Now, duringthecomputationprocess,eachprocessorwould forwardproject� p into

rays (or, sinogrambins) of I p. Sinceoneor more raysof I p would passthrough

neighboringimagesegments,imageslicesfrom neighboringimagesegmentswould

berequired.Denoteby � p;p0, thoseslicesof imagesegmentp0neededto computethe

forwardprojectionof � p into I p. Also notethat,� p;p is simply � p. Seeexamplesof

� p;p0 for P = 4 in Fig. 7.2.

4. Theadditively-separableformsof bothnegative likelihoodandthepenaltyfunction

bring to light thefollowing analogy:“What raysareto sinograms,voxel differences

are to the supersetof regularizationneighborhoods”.Thus, in samevein as � p;p0,

de�ne � p;p0;pen.

5. The computationof z (n) in step2.2 of the above pseudo-codecanbe split into P

componentsas
2

6
6
6
6
6
4

z (n)
1

...

z (n)
P

3

7
7
7
7
7
5

= DL

2

6
6
6
6
6
4

� (n)
1

...

� (n)
P

3

7
7
7
7
7
5

�

2

6
6
6
6
6
4

v (n)
1

...

v (n)
P

3

7
7
7
7
7
5

; v (n) 4
= NsGT

r
_h r (G r � (n)):

For the pth componentof z (n) , we can write the above computationas z (n)
p =

DL;p � (n)
p � v (n)

p , where, the diagonalmatrix DL is split into p diagonalmatrices

DL;p in exactly the sameway as � is split into p imagecomponents.The tricky
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part is the compuatationof v (n)
p . Note that theoperatorG T

r in the equationv (n) 4
=

NsGT
r

_h r (G r � (n)) mapsr th subsetview errors into v (n) . But, to computev (n)
p

we only needthoseviews from the the r th subsetview that belong to I p. So,

we only needthoseimageslices throughwhich the rays of I p pass. Theseim-

ageslicesare given by

2

6
6
6
6
6
4

� (n)
p;1

...

� (n)
p;P

3

7
7
7
7
7
5

. Thus, the computationof v (n)
p can be written as

v (n)
p = Ns

h
GT

r
_h r (G r

2

6
6
6
6
6
4

� (n)
p;1

...

� (n)
p;P

3

7
7
7
7
7
5

)
i

p
, wherethenotation[� ]p meansthepth component

of � i.e., [� ]p
4
= � p.

6. Usingsimilar argumentsfrom thepreviousstep,the imageupdatein step2.3.1can

bewritten in the“parallel” form as

� (n;m +1)
p = [

(� DR;p(C � (n;m ))� (n;m )
p � �

h
C T _ (C � (n;m ))

i

p
) + z (n)

p

DL;p + � DR;p(C � (n;m ) )
]+ ;

= [

(� DR;p(C

2

6
6
6
6
6
4

� (n;m )
p;1;pen

...

� (n;m )
p;P;pen

3

7
7
7
7
7
5

)� (n;m )
p � �

h
C T _ (C

2

6
6
6
6
6
4

� (n;m )
p;1;pen

...

� (n;m )
p;P;pen

3

7
7
7
7
7
5

)
i

p
) + z (n)

p

DL;p + � DR;p(C

2

6
6
6
6
6
4

� (n;m )
p;1;pen

...

� (n;m )
p;P;pen

3

7
7
7
7
7
5

)

]+ :

Thepseudo-codefor theparallelPWLS OS SPSis asfollows:
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1. � (0) = max(� F B P ; 0)

2. for n=0,1,2, : : :, N1 � Ns-1

2.1 Choose subset r = bit reverse( n mod N1)

2.2 for p=1, : : :,P compute in parallel

z (n)
p = DL;p � (n)

p � Ns

h
GT

r
_h r (G r

2

6
6
6
6
6
4

� (n)
p;1

...

� (n)
p;P

3

7
7
7
7
7
5

)
i

p

.

2.3 for m=0,1,2, : : :, N2-1

2.3.1 for p=1, : : :,P compute in parallel

� (n;m +1)
p = [

(� DR;p(C

2

6
6
6
6
6
4

� (n;m )
p;1;pen

...

� (n;m )
p;P;pen

3

7
7
7
7
7
5

)� (n;m )
p � �

h
C T _ (C

2

6
6
6
6
6
4

� (n;m )
p;1;pen

...

� (n;m )
p;P;pen

3

7
7
7
7
7
5

)
i

p
) + z (n)

p

DL;p + � DR;p(C

2

6
6
6
6
6
4

� (n;m )
p;1;pen

...

� (n;m )
p;P;pen

3

7
7
7
7
7
5

)

]+ :

2.3' end

2.4 � (n+1) = � (n;N 2)

2' end

7.2.2 Implementation aspectsof the Parallel PWLS OS SPSalgorithm

TheparallelPWLS OS SPSalgorithmwasderivedin Section7.2.Theimplementation

of thealgorithmin softwareis outlinedin this section.
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Theimplementationdescribedherehasthreeveryusefulproperties:

1. Computerarchitectureadaptive

Theorganizationof processorsin a computeris hierarchical,e.g., a multi-processor,

multi-corecomputerconsistsof many processors,anda processorconsistsof many

cores.Wecall the�rst level of theprocessorhierarchy, theMPU (memoryprocessor

unit) andthesecondlevel, theBPU (baseprocessorunit). Thesoftwareimplemen-

tation consistsof many threadsrunningconcurrently. If the datasharingbetween

threads(called,inter-processorcommunication)executingontheassignedMPUsand

BPUsfollows the processorhierarchy, thenthe utilization of memorybusescanbe

controlledprecisely. This would allow maximumutilization of resourcesof a given

computer.

2. Memoryef�cient

Dividing theprobleminto a largenumberof processorscausesmemoryrequirements

to increaselinearly. This is becauseof thecreationof a largenumberof � p;p0 image

segments.For theprogramto work, thememoryrequirementsmustnot exceedthe

maximumamountof randomaccessmemory(RAM) available.Theimplementation

describedheredivides the probleminto only as many MPUs as permittedby the

availableRAM. EachMPU is thenassignedBPUstomaximizeprocessorutlilization.

Thus,in presenceof memoryconstraints,theMPU-BPU division might not follow

the processorhierarchyof a given computerand, the utilization of memorybuses

wouldbesub-optimal.

3. Repetetivenumericalcomputationavoidance

In Section7.2, the Parallel PWLS OS SPSalgorithmwasdesignedusingan over-

lappingdivision of theobservations,I p; p = 1; : : : ; P. This division is intuitiveand

helpsin understandingtheproblem.But, thisdivisioncausessomecalculationsto be
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Figure7.3: Imageandobservationspacedivision for P = 4 MPUs

repeatedby two or moreprocessors.This implementationis designedto avoid such

a repetitionwhile still performingthe computationsof the Parallel PWLS OS SPS

algorithm.

Themajoraspectsof thesoftwareimplementationaredescribednext.

Imageand observation spacedivision

The division of the observation spaceamongMPUs is no longeroverlapping. It is

disjoint (Fig. 7.3). A consequenceof thisdisjointdivision is thatsomeof therayspassing

through,say� 1, arein I 2. The forward andbackprojectionoperationswill have to be

adaptedto this scheme.Moreon this later.

The imagespaceis divided amongMPUs just asbeforebut the de�nition of � p;p0 is

different.� p;p0 is thatsegmentof � p0 which is non-zero,whenauniformsinogramof ones

correspondingto I p is back-projectedonto � p0. The image� p is representedin thecode
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asownvol [p] (shortfor “own volume”). Theimage

2

6
6
6
6
6
4

� p;1

...

� p;P

3

7
7
7
7
7
5

is representedin thecodeas

fullvol [p] (shortfor “full volume”).

Full and subsetforward projection

Sincesubsetforward projectionis a subsetof the full forward projection,the image

spacedivisionde�nedabovecanberetained.For simplicity, let usconsiderthefull foward

projectiononly; theextensionto thesubsetforwardprojectionis trivial.

The forward projectionis divided into MPUs as follows. MPU p computesthe pth

componentof thesinogram,I p. For this to happen,all imageslicesrelevantto thecompu-

tationof I p will have to copiedto MPU p. Thus,theprocessorcopiesthecorresponding

slicesof � p0 into slicesof � p;p0. Thisoperationis denotedin thecodeassync (Fig. 7.4).

Theviewsin I p arefurtherdividedinto BPUs.Thedivisionof sinogramsamongBPUs

is alsodisjoint. The forwardprojectioninvolvesreadingimageslicesandeachBPU can

do the readingwithout coordinatingwith other BPUs. This is in contrastto the back-

projection(describednext).

Full and subsetback projection

Sincesubsetbackprojectionis asubsetof thefull backprojection,theimagespacedi-

visionde�nedabovecanberetained.For simplicity, let usconsiderthefull backprojection

only; theextensionto thesubsetbackprojectionis trivial.

Thebackprojectionis dividedinto MPUsasfollows. MPU p computesthepth compo-

nentof theimage,� p. Now, � p would requireraysnotonly from I p but alsootherMPUs.
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Figure7.4: Thesync operation.

This is accomplishedasfollows. EachMPU p back-projectsI p onto

2

6
6
6
6
6
4

� p;1

...

� p;P

3

7
7
7
7
7
5

. Now, the

backprojectionof raysfrom I p0 onto� p would bestoredin � p0;p (this is dueto thede�-

nition of � p;p0). Thus,thebackprojectionof � p is computedby addingslicesof � p0;p to

correspondingslicesof � p. Thisoperationis denotedin thecodeassum (Fig. 7.5).

Theviewsin I p arefurtherdividedinto BPUs.Thedivisionof sinogramsamongBPUs

is alsodisjoint. Thebackprojectionoperationinvolveswriting to imageslicesandeach

BPU hasto coordinatewith otherBPUs. The accesscontrol is performedusingmutual

exclusionlocksof thepthreadlibrary. This is in contrastto forward-projection(described

previously).
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Figure7.5: Thesum operation.

7.3 Results

Resultsfrom imagereconstructionsof ahelicalcone-beamdatasetfrom aMSCTscan-

ner, GE Lightspeed,usingthehybrid OS-ICDandICD algorithmsrunningon a parallel

computerarepresentedhere.

7.3.1 Scannerand datasetdescription

TheGE Lightspeedscanneris a 3r d generationCT scannerwith a singleX-ray source

andanarc-detectorarrayplacedoppositeeachother, onagantry.Thedetector-arrayhas64

detector-rows and888detectorchannelsper row. Eachdetectoris roughly1mm � 1mm

in size.Theradiusof rotationof thesourceanddetector-arrayareroughly54cmand41cm

respectively. In the currentdataset,3062views of the objectaretaken with the pitch of

thehelix beingnearly1:1 anda sourcetranslationof nearly4cm per rotation. Thepitch

of thehelix is de�ned hereastheratio betweenthesourcetranslationin the longitudinal
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directionin onerotationof thegantry, andthewidth of thedetectorarraymeasuredat the

isocenterof the gantry. 984 views areobtainedin a 360� rotationof the gantry, giving

usslightly morethan3 rotationsaroundthepatient.Theraw projection-dataandscanner

parameterswereprovidedby GEHealthcare.

7.3.2 Hardwareand software

The parallel computerhardware usedin this researchis madeof 4 AMD dual-core

processorsconnectedto 16GB of sharedrandomaccessmemory. Thus,this computerhas

8 processorsin thesenseof thewordprocessorusedbefore(wecountacoreasaprocessor

here).TheOSalgorithmwasimplementedin theC languageandthepthreadslibrary was

usedto implementparallelprocessing.Theoperatingsystemusedwas64-bit linux.

7.3.3 Reconstructedimages

Two reconstructedimagesareproducedusingICD andhybridOS-ICDalgorithmsand

comparedwith eachotherhere. The initial imagefor both algorithmsis an FBP image,

andwasprovidedby GE Healthcare.The imagegrid coversa large �eld-of-view in the

axial plane,a circle of diameterof about70cm. The extent of the region of interestin

thelongitudinaldirection(i.e., z-direction)is about6cm. Dueto theobliquenatureof the

cone-beamraysandthe large coneangleof 64 slice (i.e., 64 detector-row) scanners,we

needto reconstructan imagegrid whoseextent in z-directionis about12cm. The voxel

dimensionsareabout1:4mm� 1:4mm� 0:6mm,andtheimagegrid sizeis 512� 512�

185.

The cost function usedhere was the sum of the WLS negative log-likelihood and

space-invariantnon-quadraticpenaltyfunction.Theparametersof theWLS negative log-

likelihoodwereprovidedby GE Healthcare,which they hadcomputedfrom the raw ob-

servationsgeneratedby theGE Lightspeedscanner. Thepotentialfunctionusedinitially
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in the penaltyfunction wasq-GGMRF(seeTable2.1). This was later replacedby the

Generalized-Fair (seeTable2.1) potentialfunction to achieve signi�cant computetime

savingswithout compromisingimagequality. Dueto the3-D natureof theimagevolume

andtheuseof �rst-order differencesin theregularization,thenumberof voxel neighbors

employedin regularizationwas26.

Fig. 7.6 shows a coronal(x � z) slice of the FBP image(top), andthe intermediate

image(bottom)producedat the endof theOS partof thehybrid OS-ICD algorithm. 12

iterationsof the OS algorithmwith 41 subsetsand initialized by FBP were run to pro-

ducetheintermediateimage.Fig. 7.7shows a coronalsliceof thehybrid OS-ICDrecon-

struction(top) andthe ICD reconstruction(bottom). The hybrid OS-ICD reconstruction

wasobtainedwhentheICD algorithmwasinitialized by theintermediateimageobtained

above. The ICD reconstructionwasobtainedwhenthe ICD algorithmwasinitialized by

FBP. The implementationof the ICD algorithmwasprovided by GE Healthcare,while

the implementationof theOSalgorithm,exceptthesystemmodel,wascarriedout here,

at the University of Michigan. The systemmodel implementationwasprovided by GE

Healthcare.

Topslicesin theFBPimagearereplicationsof theendslice.This is becausetopslices

arenot sampledfully by the helical cone-beamgeometry. And, FBP algorithmsdo not

respondwell to datainsuf�ciency. So,the lastwell-reconstructedslice is usedfor all the

top slicesin FBP. Furthernotethatboth statisticalalgorithms,ICD andhybrid OS-ICD,

reconstructmorenumberof end-slicesthanFBP. Also notethattheICD algorithmdoesnot

updatetheimagein thetopandbottomsliceswhile theOSalgorithmdoesupdatethem.In

agivenend-slice,atleastonevoxel hasaraypassingthroughit. But, theentireslicehasto

beincludedin thereconstructionwith theOSalgorithmto keeptheimplementationsimple

andfast.For thevoxelsthathavenoor very few rayspassingthroughthem,we inherently
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dependonregularizationto updatethem.Thatis why end-slicesareveryblurredin theOS

reconstruction.Thisblurring is observedto someextentin theICD reconstructionalso.

Range: [�25.2371 2671.95]

1 512

1

370

Figure7.6:FBPimageandintermediateimagefrom hybridOS-ICDalgorithm.Top: Initial FBPimage,and
Bottom: Intermediatereconstruction.Imagewindow = [800; 1200]HU.

7.3.4 Compute time of the algorithms

The computetime of the algorithmsdependson the hardwareandthe softwareopti-

mizationof thealgorithmimplementation.Softwareoptimizationis theprocessof chang-

ing the software implementationto make a programrun fasterand/orits memoryfoot-

print smallerby variousmethodslike changingtheorganizationof thememoryallocated

by thesoftware,usingassemblyprogramming,load-balancing– adjustingtheamountof

number-crunchinggiven to a particularthreadetc.. Softwareoptimizationwasdoneon
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Range: [�1.41475 2727.35]
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370

Figure7.7:Hybrid OS-ICD and ICD reconstructions.Top: OS-ICD reconstruction,and Bottom: ICD
reconstruction.Imagewindow = [800; 1200]HU.

theOSimplementationonly to makeits memoryrequirementslow enoughsothatit could

run on theparallelcomputerusedin this research.Thereis scopefor moresoftwareopti-

mization.Onthesamehardware,softwareimplementationsof thesameprogramcanhave

verydifferentcomputetimesdependingontheamountof softwareoptimization.Compute

time canbereducedby 10 to 100timesby propersoftwareoptimization.This shouldbe

keptin mindwhile consideringthefollowing results.

The ICD algorithmtook 140minutesandexecuted3:9 equits1. While the ICD algo-

rithm in the hybrid OS-ICD algorithmtook 100 minutesandexecuted2:5 equitswhen

1An equitis theshortform for equivalentiterationin theICD algorithm.An equitcanberoughlysaidto becompleted
if all voxelsof theimagehave beenupdated.
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initialized by theintermediateimage.TheOSalgorithmthatcreatedtheintermediateim-

agefrom theFBPimageused12iterationsfor a total timeof about215minutes.Thus,the

hybrid OS-ICDalgorithmtook muchlongerthantheICD algorithm. This is anunfavor-

ableresultfor thehybrid OS-ICDalgorithm,but it is not discouraging,asmany possible

methodsto acceleratethe OS algorithmstill exist (Section7.3.5). As the OS algorithm

is accelerated,moreiterationscanberun in lessertime, andthenoisein theintermediate

imageshallbereducedfurther. A betterintermediateimageshall furtherreducethetime

takenfor theICD partof thehybridOS-ICDalgorithm.

Thereconstructiontime of theparallelOSalgorithmis reducedby a factorof about7

when8 processorcoresareusedinsteadof 1.

7.3.5 Candidatemethodsto acceleratethe OS-algorithm

Variouscandidatemethodsto acceleratetheOSalgorithmareavailable.

The �rst is theuseof a largernumberof subsets.Consider, theTotal time in the �rst

columns(labeled,None) of Table7.1,7.2andTable7.3. In goingfrom OS1-subsetto OS

41-subset,we geta theoreticalconvergencerateincreaseof 41 i.e., need1 iterationof OS

41-subsetinsteadof 41iterationsof OS1-subset,with acomputetimeincreaseof just6%.

Similarly, in goingfrom OS41-subsetto OS256-subset,wegeta theoreticalconvergence

rate increaseof about6 with a computetime increaseof just 36%. Thesenumbersare

similar but slightly worse,whenregularizationis included. But the behavior of the OS

256-subsetalgorithmis unpredictablein the top andbottomslices. The probablereason

for thisbehavior andpossiblesolutionsaresuggestedin Section7.3.6.

Anothermethod,asdescribedpreviously, wouldbeto optimizethesoftwareimplemen-

tationof theOSalgorithm.

Oneof thesolutionsthatreducedthecomputetimetheOSalgorithmwastheuseof the
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Generalized-Fair (GF)potentialfunctioninsteadof theq-GGMRFpotentialfunction.The

GF potentialapproximatestheq-GGMRFpotentialfunctioncloselybut doesnot involve

time-consumingfunctioncalls to thepower function. A largepercentageof thecompute

time of theOSalgorithmis attributableto regularizationbecausecallsto thegradientand

denominatorevaluationof the penaltyfunction arenesteddeeplyin nested-loopsof the

PWLS OS SPSalgorithm(seeSection6.2.1). Even a small reductionin the time spent

in regularizationcanhave a largeeffect on theoverall computetime. FromTable7.2and

Table7.3, we can seethat the total computetime is reducedby a greatdeal when the

q-GGMRFpotentialfunctionis replacedby theGFpotentialfunction.

Anotherproposedsolutionis theuseof quadraticregularizationin the latterOSitera-

tions,andno regularizationin theinitial OSiterations.If a singleglobalparameter, � , of

thequadraticregularizationcanbefoundto matchtheGFpotentialfunctionovertheentire

imagewell, thenthismethodcanleadto a largecomputetime reduction.In Table7.3,the

computetime reducesby nearly25%for OS256-subsetalgorithms,whenwe replaceGF

potentialfunctionwith quadratic.But, sucha global � might not exist. To overcomethis

dif�culty , a new algorithmthat usesquadraticsurrogatesin the regularizationiterations

andis still monotonicin theoriginal costfunctionis derivedin Section8.2.

None Quadratic GF q-GGMRF
Total time 13.1(100%) 13.1(100%) 13.0(100%) 13.9(100%)
Forwardprojection 6.1(46.7%) 6.1(46.8%) 6.2(47.7%) 6.1(44.1%)
Backprojection 6.9(53.0%) 6.9(52.8%) 6.7(51.6%) 6.9(49.6%)
Regularization 0.0(0.0%) 0.1(0.4%) 0.1(0.6%) 0.8(6.1%)
Arithmetic 0.0(0.3%) 0.0(0.0%) 0.0(0.1%) 0.0(0.1%)

Table7.1:Per-iterationcomputetimes(in minutes)andtheirbreak-upfor OS-basedalgorithmswith 1 subset
and4 differentregularizationfunctions.
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7.3.6 Reconstructionsfr om OS-basedalgorithms in the endslices

OS-basedalgorithmsaccelerateconvergenceby usinga subsetof the observed data.

Theimagegradientcomputedby theOS-algorithmis anapproximationto theimagegra-

dient thatwould beproducedby theentireobserveddata. In theend-slicesof the image

volumein the z-direction, the voxels aresampledsparselyduethe natureof the helical

cone-beamgeometry. WhentheOS-algorithmsareusedto reconstructtheseend-slices,a

subsetof thealreadyinsuf�cient datais usedto computetheimagegradient.Thus,thegra-

dientapproximationin theendslicesgetsworseasmoreandmoresubsetsareemployed.

This leadsto streakingartifactsin theendslices(seeFig. 7.8).Wehavedemonstratedthat

theOS41-subsetalgorithmproducesacceptablereconstructionsin theendslices,andwe

canalsoseefrom Fig. 7.8 that theOS256-subsetalgorithmproducesacceptableimages

in themiddleslices.Thus,apossiblesolutionwouldbeto somehow reducethenumberof

subsetsfor theend-sliceswhile usinga largenumberof subsetsin themiddleslices.

None Quadratic GF q-GGMRF
Total time 13.8(100%) 15.5(100%) 17.5(100%) 58.4(100%)
Forwardprojection 6.5(46.8%) 6.6(42.5%) 6.5(37.2%) 6.5(11.2%)
Backprojection 7.1(51.3%) 7.0(44.9%) 7.5(42.8%) 7.1(12.1%)
Regularization 0.0(0.0%) 1.6(10.4%) 3.1(17.7%) 44.6(76.3%)
Arithmetic 0.3(1.9%) 0.3(2.2%) 0.4(2.3%) 0.2(0.4%)

Table7.2:Per-iteration computetimes (in minutes)and their break-upfor OS-basedalgorithmswith 41
subsetsand4 differentregularizationfunctions.

None Quadratic GF q-GGMRF
Total time 18.8(100%) 29.0(100%) 39.6(100%) 307.5(100%)
Forwardprojection 8.3(44.4%) 8.3(28.7%) 8.2(20.6%) 8.3(2.7%)
Backprojection 8.8(46.7%) 8.6(29.7%) 9.1(22.8%) 8.7(2.8%)
Regularization 0.0(0.0%) 10.2(35.4%) 19.9(50.3%) 288.6(93.8%)
Arithmetic 1.7(8.9%) 1.8(6.2%) 2.5(6.3%) 2.0(0.6%)

Table7.3:Per-iterationcomputetimes(in minutes)andtheir break-upfor OS-basedalgorithmswith 256
subsetsand4 differentregularizationfunctions.
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Figure7.8: A coronalsliceof theimagereconstructionusingtheOS256-subsetalgorithm.

7.4 Summary

Thegoalsetin this chapterwasto lower thecomputetime of ICD algorithmfor prac-

tical sizedproblems.Two approaches,thehybridOS-ICDandparallel-computation,were

tried. The hybrid OS-ICD approachwasusedto initialize the ICD algorithmwith a re-

constructionproducedby theparallelPWLS OS SPSalgorithminsteadof FBP. SinceOS

algorithmshaveahigherconvergencerateat low imagefrequenciesthanICD algorithms,

thenew initialization schemewould bene�t theICD for datasetswheretheFBPimageis

very inaccurate,e.g., insuf�ciently sampledimageregions. For theparticulardatasetin-

vestigatedhere,OSalgorithmsdid not reducethecomputetime dueto data-insuf�ciency

in theend-slicesof helicalcone-beamgeometry. Possiblesolutionsto this problemwere

suggested.The computetime of OS algorithmswasloweredwithout degradingthe im-

agequality whenthe q-GGMRFpotentialfunctionwasreplacedby thecomputationally

cheaperGeneralized-Fair potentialfunction. The parallelversionof the PWLS OS SPS

algorithmwasderived.Theparallel-computationapproachwasshown to achievea reduc-

tion in computetimeby a largefactorin PWLS OS SPSalgorithms.
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7.5 Futur e work

Thissectioncontainsthreeideasthatcanpossiblyleadto imagequality improvements.

Two of thempertainto OSalgorithms,andthethird couldbeusedwith otheralgorithms

also.

7.5.1 Modi�cation of OS algorithms for helical cone-beamgeometry

We found in this chapter, for the helical conebeamgeometry, that end slices(ES,

Fig. 7.1(a))are reconstructedwell only with OS algorithmsthat usea low numberof

subsets,e.g., 41. While theregion of interest(ROI, Fig. 7.1(a))canbereconstructedwell

with a higher numberof subsets,e.g., 256. Thus, the currentOS algorithm hasto be

modi�ed to reconstructbothROI andESwith ahigh qualityandlow reconstructiontime.

Two ideasareproposedfor this purpose:Non-uniformorderedsubsets,andalternating

minimizationbetweenregion-of-interest(ROI) andendslices(ES).

Non-uniform ordered subsets

We �rst divide the full negative log-likelihood into a large numberof subsets,say,

256. Now, OS with a large numberof subsetscanreconstructROI well, but it cannot

reconstructES. So, to eachsubset,we include more rays (or, rays belongingto entire

views) thatpassthroughES.Thiseffectively reducesthenumberof subsetsfrom thepoint

of view of ES.

The inclusionof moreraysis donein sucha way that thesumof individual negative

log-likelihoodsof all subsetsyields the full negative log-likelihood. Thus, if a ray i is

in M i subsetsthenthenegative log-likelihoodcorrespondingto that ray is multiplied by

1=M i . For example,if a ray is presentin two subsetsthena factorof 0:5 is multiplied to

thetwo piecesof negative log-likelihoodcorrespondingto thatray.
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Thedisadvantageof thisapproachis thatthetotal numberof viewsvisitedfor forward

and back projectionduring a given iteration increasesby a large number. Thus, each

iterationtakeslongerto execute.

Alter nating minimization betweenregion-of-interest(ROI) and endslices(ES)

In thisapproach,�rst, ESis heldconstantandROI is reconstructedfor a few iterations

usingOS with a large numberof subsets.Then,ROI is held constantandES is recon-

structedusingOS with a smallernumberof subsets.This approachgivesthe algorithm

designer�e xibility in choosingthenumberof iterationsof eachOSalgorithmto execute.

This makes the imagequality-reconstructiontime trade-off easier. In the non-uniform

orderedsubsetsapproach,sucha trade-off is not possible.This is dueto the �x ed ratio

betweenthenumberof iterationsat highersubsetsandthenumberof iterationsat lower

subsets.Thisis ratiois equalto theratioof highernumberof subsetsandthelowernumber

of subsets.

7.5.2 Modi�cation of distance-driven projector for oblique rays

Theerrorin forwardandbackprojectionsin thedistance-drivenprojectoris highestfor

obliquerays,i.e., thoseraysthat roughly make an angleof 45� with the x-axis. For the

obliquerays,imaginethesquarecartesiangrid sitting on top of theoriginal grid that is at

45 degreesto theoriginal grid in thex � y plane.Thenew cartesiangrid hasdimensions

thatare1=
p

2 of theoriginalgrid. Thisgrid hassamplepointsfrom originalgrid andsome

new points.Thesenew pointsaresurroundedequidistantlyby 4 pointsof theoriginalgrid.

Interpolatingfor thenew grid pointsshouldbecomputationallyinexpensive- additions

anddivide-by-2's. For theobliquerays,theDD projectoronthenew grid wouldbecostlier

by factorof 2. Thiswouldbedueto theincreasein thenumberof samplepoints.

In summary, theproposedmodi�cation mustbeableto reducetheerrorin forwardand
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backprojectionoperationswithoutahighcomputetimepenalty.



CHAPTER 8

Algorithm designsfor even moreacceleration

Thischaptercontainsthreederivationsto furtheraccelerateimagereconstructionalgo-

rithms. In Section8.1,analgorithmthatcombinesthefeaturesof OSandPCGis derived.

Thisalgorithmis expectedtobettertheconvergencerateof OSalgorithmsbyusingabetter

searchdirection. In Section8.2,a relative of thePWLS OS SPSalgorithmis derived. It

aimsto reducetheoverall computetime by decreasingthenumberof timescomputation-

ally expensive functionsarecomputed.Computationallyexpensive functionsare found

in thenegative log-likelihoodpartwhencomplex statisticalmodelsareemployed,andin

the regularizationpartwhencomplex imagepriorsareused.In Section8.3, we derive a

surrogatefunctionthatdividestheimagereconstructionprobleminto P separateproblems

amongP processorsof a computer. Thealgorithmdesignercontrolsthenumberof times

theinformationis exchangedbetweentheP problems,thuscontrollingtheinter-processor

communication.

8.1 OS-PCGhybrid algorithm: OS PCG LS

We derive a new algorithmthat combinesideasfrom OS andPCG.OS PCG LS al-

gorithm �rst computesan approximatequadraticsurrogate,� L; 1(� ; � (n)), at the current

iterate,� (n) . The gradientin this approximatesurrogateis the gradientapproximation

111
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computedusingtheOSmethod.Thisapproximatesurrogateis thusderivedasfollows.

� L (� ; � (n)) =
ndX

i =1

qL;i (t i ; si )

=
ndX

i =1

_hi ([G� (n) ]i )[G(� � � (n))]i +
ndX

i =1

1
2 �c(n)

i [G(� � � (n))]2
i ; (from (2.11))

= (GT _h (n))T (� � � (n)) + 1
2 (� � � (n))T GT D(�c(n)

i )G(� � � (n));

� (NsGT
r

_h (n)
r )T (� � � (n)) + 1

2 (� � � (n))T GT D(�c(n)
i )G(� � � (n));

(by OSapproximationto thegradient)

4
= � L; 1(� ; � (n));

Now, thesearchdirection,d (n) , is computedusingthePCGprocedureoutlinedin (2.12).

The currentgradient,NsGT
r

_h (n)
r , and the previous searchdirection, d (n� 1) are usedin

(2.12). A line searchis performedin this directionon � L; 1(� ; � (n)). Theline searchsets

up thecostfunction� 0(� ) asfollows.

� 0(� )
4
= � L; 1(� (n) + � d(n) ; � (n));

= (NsGT
r

_h (n)
r )T d(n) � + 1

2 d(n) T
GT D(�c(n)

i )Gd (n) � 2:

This line searchon � 0(� ) would bevery expensiveasa forwardprojectionwould have to

beperformedto computethecurvatured (n) T
GT D(�c(n)

i )Gd (n) at every subiteration(this

subiterationrefersto iterationover subsets).UsingtheDe Pierro's trick, a curvaturethat

is greaterthantheprevious oneis computed.A greatercurvatureis requiredin orderto

createasurrogatethatmajorizes� 0(� ):

� 0(� ) � (NsGT
r

_h (n)
r )T d(n) � + 1

2 d(n) T
D(

ndX

i =1

�c(n)
i G i jG ij j)d(n) � 2:

D(
P nd

i =1 �c(n)
i G i jG ij j) doesnot requireexcessive computationcost as it needsto be

computedonly oncein the WLS case. In the Poissoncase,the useof the precomputed
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curvaturesfor �c(n)
i canbeexplored;precomputedcurvaturesarealsocomputedonce.As

we have alreadyusedthe OS method,high convergencerate is the only advantageous

propertythatouralgorithmcanpossiblypossess.Thatis why theprecomputedcurvatures

wouldbeusedin thePoissoncase.

Thus,thestepsizeis derivedanalyticallyas:

� � = �
(NsGT

r
_h (n)

r )T d(n)

d(n) T D(
P nd

i =1 �c(n)
i G i jG ij j)d(n)

;

and,theimageupdateis computedas,

� (n+1) = � (n) �
(NsGT

r
_h (n)

r )T d(n)

d(n)T D(
P nd

i =1 �c(n)
i G i jG ij j)d(n)

d(n) :(8.1)

Comparingthe update(8.1) with (6.3), we �nd that we aredescendingin the direction

providedby PCGmethodinsteadof pixel-wisescaledgradientapproximatedby the OS

method.Notethatthedirectioncomputedby thePCGmethodimprovesthegradientcom-

putedby theOSmethod.Whetherthenew algorithmimprovesconvergencerateremains

to becheckedby experimentswith realandsimulateddata.

Thepseudo-codeis :

1. � (0) = max(� F B P ; 0)

2. for n=0,1,2, : : :, N1 � Ns-1

2.1 Choose subset r = bit reverse( n mod N1)

2.2 Compute d(n) by first computing NsGT
r

_h (n)
r

2.3 Compute � (n+1) using (8.1)

2' end

Regularizationcanbeaddedeasilyto this algorithm. Thetotal numberof equivalentfor-

wardandbackprojectionsis 2 � N1.
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8.2 PWLS OS SPSwith reducednumber of non-linear function eval-
uations

Regularizationinvolvesdifferencingneighboringvoxelsandapplyinganon-linearfunc-

tion to thedifferences.This non-linearfunction is calledthepotentialfunction,  , here.

Evaluationof the potentialfunction is a computationallyexpensive operationespecially

whenmathematicaloperationslike power are involved [61]. The PWLS OS SPSalgo-

rithm describedabove evaluatesthepotentialfunctionevery regularizationsub-iteration.

Therefore,if N1, Ns andN2 arethenumberof iterations,subsetsandregularizationsub-

iterationsrespectively, the PWLS OS SPSalgorithm evaluatesthe non-linearpotential

functionateveryvoxel N1 � Ns � N2 � Nn times;Nn is thenumberof neighborsof avoxel

consideredfor regularization(Nn = 26 for �rst-order regularizationin 3-dimensions).

Thealgorithmproposedin this sectionevaluatesthenon-linearpotentialfunctionatevery

voxel N1 � Nn timesandevaluatesthemuchcomputationallycheaperquadraticpotential

function N1 � Ns � N2 � Nn times. This saving in computetime comesat the costof

slightly reducedconvergencerate.Theconvergencerateis expectedto reduceslightly due

to a smallincreasein curvatures.

As a by-productof thederivationof this method,we shall �nd a methodto adjustthe

weightssinogramof thenegative log-likelihoodpartastheiterationsproceed.

Beforethealgorithmis derived,a closerlook at therepresentationandnotationof the

penaltyfunction, R(� ), is required. The penaltyfunction usedhereis basedon [26].

This penaltyfunction hasthe advantageof providing a way of achieving near-uniform

resolutionover theimage.It is written as:

R(� ) =
npX

j =1

npX

l=1

N j;l � j � l � j;l  (� j � � l ):(8.2)

Thepenaltyfunctionis asumoverneighboringvoxelsof theresultof theevaluationof the
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potentialfunction, , onthevoxel difference.� j;l is afactorthatdecideshow muchweight

is given to regularizationwith respectto the negative log-likelihood. It is alsousedto

changetheregularizationdependingon therelative positionanddirectionof neighboring

voxelsin theco-ordinatesystem.Here,� j;l dependson jj � l j for neighboringvoxels,and

so, only 13 uniquevaluesof � j;l needto be computedandstored. � is an imagesized

vectorthatis usedto achievenear-uniform resolutionover theimage(see[26]). N j;l is an

np � np sizematrix that is usedto representtheneighborhoodof all voxels. Its elements

take oneof the two values: 1 or 0. To counteachpair of neighboringvoxelsonly once,

N j;l mustsatisfy: if N j;l = 1, thenN l ;j = 0. Oneout of the many valuesof N j;l that

meetsall of theaboverequirementsis :

N j;l =

8
>>><

>>>:

1; l is in theneighborhoodof j; and,l > j in lexicographicorder;

0; l is not in theneighborhoodof j; or, l � j in lexicographicorder:

Thisnotationof thepenaltyfunctionis hardto manipulatewhencomputingthegradient

and the hessian.A simplernotationis de�ned as follows. The double-sumof (8.2) is

expandedandeachterm in the expansionis representedby a uniquevalueof the index

k. Let K bethetotal numberof termsin theexpansion.Thus,eachpair of voxelsbeing

differenced,i.e. (j; l ) suchthatN j;l = 1, hasa uniqueindex k. Thus,for eachk, de�ne

wk
4
= � j � l � j;l . De�ne adifferencingmatrix,C , of sizeK � np, asfollows. C transforms

animageinto thesetof voxel-differences.Eachrow of C is indexedby k, Within thekth

row, all but two termsarenon-zero;C k;j = 1; Ck;l = � 1, where(j; l ) is the voxel-pair
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correspondingto k. Thepenaltyfunctionof (8.2)cannow bewrittenas

R(� ) =
KX

k=1

wk  ([C � ]k);(8.3)

where,k indexesthesetf (j; l ) : N j;l = 1g;

K is thetotal numberof differencedvoxel-pairs;

wk
4
= � j � l � j;l :

Theproposedalgorithmrepeatedlycreatesa quadraticcostfunctionthatmajorizesthe

original costfunction, �( � ) = � L(� ) + R (� ) 1. Thevalueof thequadraticcostfunc-

tion so createdis thenreducedusingany of the known traditionalalgorithms. Thus,all

evaluationsof non-quadraticfunctionslikepower, exponentiation,logarithm,etc., areper-

formedin theoutermostiteration. In the following section,we �rst show thecreationof

thequadraticcostfunction,andthenwe show how theOS SPSalgorithmfor thePWLS

cost function is appliedto the computedquadraticcost function. We alsoshow that by

makingvery simplesubstitutions,thederivedalgorithmcanbeusedfor complex statisti-

calmodels.

Theoverall costfunctionis de�ned asfollows:

�( � ) = � L(� ) + R(� );

� L(� ) =
ndX

i =1

hi ([G� ]i );

R(� ) =
npX

j =1

npX

l=1

N j;l � j � l � j;l  (� j � � l ); (from (8.2))

=
KX

k=1

wk  ([C � ]k): (from (8.3))

Now, wecreateaquadraticfunctionthatmajorizes� aroundtheiterate� (~n) . Thepotential

1�( � ) is usuallyde�ned as� L (� ) + � R (� ). But, R(� ) usedhereis de�ned in (8.2),whichhas� absorbedinto it.
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function (t) is majorizedaroundapoint s usingthefollowing inequality:

 (t) �  (s) + _ (s)( t � s) + 1
2 !  (s)( t � s)2;

where,!  (s) = _ (s)=s. To majorizeR(� ) around� (~n) , for eachk, sett = [C � ]k and

s = [C � (~n) ]k . Thus,

 ([C � ]k) �  ([C � (~n) ]k) + _ ([C � (~n) ]k)([C � ]k � [C � (~n) ]k)

+ 1
2 !  ([C � (~n) ]k)([C � ]k � [C � (~n) ]k)2

opt
= _ ([C � (~n) ]k)[C � ]k + 1

2 !  ([C � (~n) ]k)([C � ]k � [C � (~n) ]k)2:

(droppingtermsindependentof � )

Thequadraticmajorizerfor thepenaltypartcanbenow writtenas:

� R(� ; � (~n) ) =
KX

k=1

wk � ( _ ([C � (~n) ]k)[C � ]k + 1
2 !  ([C � (~n) ]k)([C � ]k � [C � (~n) ]k)2);

= (D(wk) _ (� (~n) ))T C � +
1
2

KX

k=1

wk !  ([C � (~n) ]k)([C � ]k � [C � (~n) ]k)2;

= (C T D(wk) _ (� (~n) ))T �

+
1
2

npX

j =1

npX

l=1

N j;l � j � l � j;l !  (� (~n)
j � � (~n)

l )(( � j � � l ) � (� (~n)
j � � (~n)

l ))2;

The storagerequirementfor !  (� (~n)
j � � (~n)

l ) in the above surrogateis huge: 13 image

volumes.We overcomethis problemby creatinga new surrogatethat requiresstorageof
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just 1 imagevolumeasfollows.

� R(� ; � (~n) ) � (r R(� (~n)))T � +
1
2

npX

j =1

! max
 ;j

npX

l=1

N j;l � j � l � j;l (( � j � � l ) � (� (~n)
j � � (~n)

l ))2;

where,! max
 ;j

4
= max

f l :N j;l =1 g
!  (� (~n)

j � � (~n)
l )(note:!  (t) > 0; 8t 2 R);

= (r R(� (~n)))T � +
1
2

npX

j =1

npX

l=1

N j;l ! max
 ;j � j � l � j;l (( � j � � l ) � (� (~n)

j � � (~n)
l ))2;

= (r R(� (~n)))T � +
KX

k=1

1
2 ~wk(� (~n) )([C � ]k � [C � (~n) ]k)2;

where,~wk(� (~n) )
4
= ! max

 ;j � j � l � j;l ; andk indexesthesetf (j; l ) : N j;l = 1g:

Theweightedleastsquares(WLS) negative log-likelihoodis a costfunctionthatdoes

not involve evaluationsof expensive functionslike logarithm. But, for complex obser-

vation statisticslike Poisson,Poisson+Gaussian,Compound-Poissonetc., the negative

log-likelihoodcould involve expensive exponentiationand logarithmoperations.In the

initial iterations,far from the convergedsolution, it is conjecturedthat large bene�ts in

termsof imagequality arenot obtainedby theexactevaluationof theseexpensive func-

tions. It shouldbepossibleto usea quadraticcostfunction insteadof theexactnegative

log-likelihoodin initial iterations.In this section,we derive sucha quadraticmajorizerto

theexactnegative log-likelihood.Thequadraticmajorizerderivedherewill helptestthis

conjecture.

Wemajorizehi (t) usingthefollowing inequality:

hi (t) � hi (s) + _hi (s)( t � s) + 1
2 �ci (s)( t � s)2;

opt
= _hi (s)t + 1

2 �ci (s)( t � s)2:

(whens is a constant.e.g. whens is a functionof aniteratelike � (~n) :)

We majorize� L(� ) around� (~n) by settingfor eachi , t = [G� ]i ands = [G� (~n) ]i , as
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follows :

� L (� ; � (~n) ) =
ndX

i =1

_hi ([G� (~n) ]i )[G� ]i + 1
2 �ci ([G� (~n) ]i )([G� ]i � [G� (~n) ]i )2;

= _h(� (~n) )T (G� ) +
ndX

i =1

1
2 ~wL;i (� (~n) )([G� ]i � [G� (~n) ]i )2;

(where,~wL;i (� (~n))
4
= �ci ([G� (~n) ]i ))

= (GT _h(� (~n)))T � +
ndX

i =1

1
2 ~wL;i (� (~n) )([G� ]i � [G� (~n) ]i )2;

= (r (� L)( � (~n)))T � +
ndX

i =1

1
2 ~wL;i (� (~n))([G� ]i � [G� (~n) ]i )2:

Computingr (� L) is ancomputationallyexpensiveoperation,but in theinitial iterations

thecomputationallycheaperOSapproximationto r (� L) shouldsuf�ce.

Thus,the quadraticmajorizerfor the objective function for the generalnegative log-

likelihoodis :

~�( � ; � (~n) ) = � L (� ; � (~n)) + � R(� ; � (~n) );

= (r � L(� (~n)))T � +
ndX

i =1

1
2 ~wL;i (� (~n) )([G� ]i � [G� (~n) ]i )2

+ (r R(� (~n) ))T � +
KX

k=1

1
2 ~wk(� (~n) )([C � ]k � [C � (~n) ]k)2;

= (r �( � (~n) ))T � +
ndX

i =1

1
2 ~wL;i (� (~n) )([G� ]i � [G� (~n) ]i )2

+
KX

k=1

1
2 ~wk(� (~n) )([C � ]k � [C � (~n) ]k)2: (* �( � ) = � L(� ) + R(� ))

Noteherethat theweightssinogram ~wL is beingadjustedasthe iterationsproceed.The
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quadraticmajorizerfor theobjective functionfor theWLS negative log-likelihoodis :

~� (� ; � (~n)) = � L(� ) + � R(� ; � (~n) );

=
ndX

i =1

1
2 wi ([G� ]i � l i )2 + (r R(� (~n)))T �(8.4)

+
KX

k=1

1
2 ~wk(� (~n))([C � ]k � [C � (~n) ]k)2:

Therearemany similaritiesin boththeconstructionsof ~� . By exploiting thesesimilarities,

thealgorithmsusedto minimize ~� for theWLS casecanbereusedfor themoregeneral

case. If we replacedr R(� (~n)) by r �( � (~n) ), l i by [G� (~n) ]i , andwi by ~wL;i (� (~n)), we

convert ~� from theWLS caseto thegeneralcase.Thesereplacementsarevalid because

thequantitieschangedareconstantsin theloop over ~n. Thesesimilaritiesalsoimply that

we have changedthe generalimagereconstructionprobleminto a sequenceof QPWLS

problems.

Theskeletonof theproposedalgorithmis shown in Table8.1. This concludesthe�rst

partof thederivation.

Initialize � ( ~n ) = � initial

loop over ~n
� � = argmin �

~�( � ; � ( ~n ) ) (see (8.4))
� ( ~n ) = � �

end loop

Table8.1: Skeletonof algorithmfor reducingnon-linearfunctionevaluations

We now apply the framework derived above to the PWLS costfunction. We usethe

OS SPSalgorithmto performtheminimizationshown in Table8.1. Thefollowing algo-

rithm usesthesamestructureasthealgorithmfrom Section6.2.2.Therearetwo levelsof

surrogatesimplementedusinganouterloop (indexedby n) andaninnerloop (indexedby

m). In theouterloop, the �rst surrogateis createdasa quadraticfunctionby majorizing
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thenegative log-likelihoodpart. In theinnerloop, thesecondsurrogateis alsoaquadratic

costfunctionthatmajorizesthepenaltypart.

First, let us apply the ordered-subsetsideaandDePierro's trick to the quadraticcost

functionmajorizingthelikelihoodpart,asis donein Section6.2.1:

ndX

i =1

1
2 wi ([G� ]i � l i )2

=
ndX

i =1

hi ([G� ]i ); (de�ne here,hi (t) = 1
2 wi (t � l i )2);

� (NsGT
r

_h (n)
r )T (� � � (n)) + 1

2 (� � � (n))T GT D(wi )G(� � � (n));

(OSapproximationto thegradient)

� (NsGT
r

_h (n)
r )T (� � � (n)) + 1

2 (� � � (n))T D(
ndX

i =1

wi G i jG ij j)( � � � (n));

(by DePierro's trick andG i
4
=

npX

j =1

jG ij j);

= (NsGT
r D(w r )(G r � (n) � l r ))T (� � � (n)) + 1

2 (� � � (n))T DL (� � � (n));

(where,DL
4
= D(

ndX

i =1

wi G i jG ij j))

Before going to the surrogatefor the regularizationpart, let us prove the following

property:

([C � ]k � [C � (~n) ]k)2

= ([C � ]k � [C � (n;m ) ]k + [C � (n;m ) ]k � [C � (~n) ]k)2;

= ([C � ]k � [C � (n;m ) ]k)2 + ([C � (n;m ) ]k � [C � (~n) ]k)2

+ 2([C � ]k � [C � (n;m ) ]k)([C � (n;m ) ]k � [C � (~n) ]k);

opt
= 2 �

�
([C � (n;m ) ]k � [C � (~n) ]k)([C � ]k � [C � (n;m ) ]k) + 1

2 ([C � ]k � [C � (n;m ) ]k)2
�

:
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Thesurrogatefor thepenaltypartcannow bewrittenas:

KX

k=1

1
2 ~wk(� (~n))([C � ]k � [C � (~n) ]k)2

opt
=

KX

k=1

~wk(� (~n))
�

([C � (n;m ) ]k � [C � (~n) ]k)([C � ]k � [C � (n;m ) ]k) + 1
2 ([C � ]k � [C � (n;m ) ]k)2

�
;

= (D( ~wk(� (~n)))C (� (n;m ) � � (~n)))T C (� � � (n;m ))

+ 1
2 (C (� � � (n;m ) ))T D( ~wk(� (~n) )(C (� � � (n;m ) )) ;

= (C T D( ~wk(� (~n) ))C (� (n;m ) � � (~n)))T (� � � (n;m ))

+ 1
2 (� � � (n;m ))T f C T D( ~wk(� (~n) )C g(� � � (n;m ) );

� (C T D( ~wk(� (~n)))C (� (n;m ) � � (~n)))T (� � � (n;m ) ) + 1
2 (� � � (n;m ) )T D (~n)

R (� � � (n;m ) )

(by DePierro's trick, C T D( ~wk(� (~n) ))C � D (~n)
R

4
= D(

ndX

k=1

~wk(� (~n))Ck jCkj j);

Ck
4
=

npX

j =1

jCkj j):

Thus,theinnermostquadraticcostfunctionis :

(r R(� (~n) ))T �

+ (g(n)
L )T (� � � (n)) + 1

2 (� � � (n))T DL (� � � (n))

+ (g(n;m )
R )T (� � � (n;m ) ) + 1

2 (� � � (n;m ) )T D (~n)
R (� � � (n;m ) );

where,g(n)
L

4
= NsGT

r D(w r )(G r � (n) � l r ); g(n;m )
R

4
= C T D( ~wk(� (~n) ))C (� (n;m ) � � (~n)):

The�rst derivativeof thecostfunctionis :

r R(� (~n)) + g(n)
L + DL (� � � (n)) + g(n;m )

R + D (~n)
R (� � � (n;m ));

= (DL + D (~n)
R )� � (DL � (n) � g(n)

L ) � (D (~n)
R � (n;m ) � r R(� (~n) ) � g(n;m )

R ):

Settingthe�rst derivativeto 0, wegettheimageupdateas:

� (n;m +1) = [
(D (~n)

R � (n;m ) � g(n;m )
R ) + (DL � (n) � g(n)

L ) � r R(� (~n))

DL + D (~n)
R

]+ :
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The �nal overall algorithmis shown in Table8.2. The implementationof the new algo-

rithm needsthreemoreimagevolumesthanthe traditionalPWLS OS SPSalgorithmof

Section6.2.2 : � (~n) , ! max
 , andr R(� (~n)). WhenOS is employed andthis algorithm

is usedwherecomplex statisticsare involved, oneextra forward andbackprojectionis

involvedin theloop over ~n. Theextraprojectionoperationswill probablynot berequired

whenCG methodsareemployed. Because,simpli�cation dueto thefull forwardprojec-

tion resultbeingusedtwicewouldbepossible.Anotherinterestingfeatureof thismethod

is thatall division operationscanalsobeperformedin theoutermostloop. In traditional

PWLS OS SPSwith non-quadraticregularization,division operationsarerequiredin the

innermostloop.

Initialize � ( ~n ) = � initial

loop over ~n
Compute 8j; ! max

 ;j = maxf l :N j;l =1 g !  (� ( ~n )
j � � ( ~n )

l )

Note 8k; ~wk (� ( ~n ) )
4
= ! max

 ;j � j � l � j;l ; k indexes f (j; l ) : N j;l = 1g

Compute D ( ~n )
R = D(

P n d
k=1 ~wk (� ( ~n ) )Ck jCk j j)

Compute DL = D(
P n d

i =1 wi G i jG ij j)
Compute r R(� ( ~n ) )
Save � ( ~n )

Initialize � (n ) = � ( ~n )

loop over n
Compute subset r = bit reverse( n mod Ns)
Compute z(n )

L = DL � (n ) � NsGT
r D(w r )(G r � (n ) � l r )

Initialize � (n;m ) = � (n )

loop over m
g(n;m )

R = C T D( ~wk (� ( ~n ) ))C (� (n;m ) � � ( ~n ) )

� (n;m +1) = [
(D ( ~n )

R � (n;m ) � g(n;m )
R ) + z(n )

L � r R(� ( ~n ) )

DL + D ( ~n )
R

]+ :

end loop over m
Update � (n ) with last value of � (n;m )

end loop over n
Update � ( ~n ) with last value of � (n )

end loop over ~n
� ( ~n ) is the output image

Table8.2: Algorithm for reducingnon-linearfunctionevaluations
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8.3 Surrogatecost function for reducedinter-processorcommunica-
tion

Inter-processorcommunicationis a potentialbottleneckwhen imagereconstruction

will be implementedon computerswith a large numberof processorcores. Advance-

mentsin computingspeedin thenearfuturearelikely to happenby additionof moreand

morecoresratherthanby an increasein clock speed.The solutionto this problempro-

posedin thissection,is to �rst dividethereconstructedimagevolumeamongtheMemory

andProcessorUnits (MPUs) of the computer2. A new surrogatecost function that is a

sumof costfunctions,eachof which individually dependson theimagevolumesegment

alloted to a MPU is thenderived. If a sinogram-binin the negative log-likelihoodor a

voxel-differencein thepenaltydependssolelyon theimagevolumefor thatMPU thenthe

correspondingtermfrom theoriginal costfunctionis retained.If thatis not thecase,then

thecorrespondingtermfrom theoriginal costfunction is replacedby a sumof quadratic

surrogates.Now, eachMPU producesa new iterateof its imagevolumesegmentby opti-

mizing its costfunctionin parallelwith otherMPUs. Next, theMPUsexchangethelatest

iteratesof theimagevolumesegmentsfrom neighboringMPUs. This processis repeated

overandoveruntil convergencecriteriaaremet.

The cost function derived hereis a true surrogateof the original cost function, and

so, the valueof the original cost function is guaranteedto reduceevery iteration. Also,

the costfunctionderivedhereis independentof the algorithmbeingemployed. In other

words,OS,CG andICD algorithmscanbe usedwithin the framework introducedhere.

The cost function derived herecan also be easily usedfor targetedreconstruction(see

Section8.3.1). While the costfunction hasthe potentialof providing big advantages,it

2An MPU is de�ned hereasa coreor a groupof coresalongwith fastaccessiblelocal random-accessmemory.
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alsoproducessomeoverhead(seeSection8.3.2). Experimentsareneededto checkthat

theoverheaddoesnotoutweighthebene�ts.

First, let ustacklethenegative log-likelihoodpart. Thetechniquesusedfor likelihood

would beemployedagainfor thepenaltypart. Consider, thenegative log-likelihoodpart

of theoriginalcostfunction:

� L(� ) =
ndX

i =1

hi ([G� ]i ):

Let usdivide theimagevolume� into P disjoint segments,� =

2

6
6
6
6
6
4

� 1

...

� P

3

7
7
7
7
7
5

(seeFig. 7.1and

Fig. 7.2). If a ray i liessolelyin animagevolumesegmentp, thenthecorrespondingterm

in thenegative log-likelihood,hi , is retainedwithout modi�cation. Now, let P i betheset

of imagevolumesegmentsthroughwhich theray i passes.Therefore,for ray i thatpasses

througha singleimagevolumesegmentp, P i = f pg, a quadraticsurrogateover hi is not

created.Correspondingto the imagevolumesegmentdivision de�ned above, thesystem

modelG canbe written asa concatenationof operatorsasfollows : G = [G 1 : : : GP ].

Thus,[G� ]i = [
P P

p=1 Gp� p]i = [
P

p2P i
Gp� p]i =

P
p2P i

[Gp� p]i . For a ray i thatpasses

throughmorethanoneimagevolumesegment,wecanwrite thequadraticsurrogatefor it
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at surrogatepoint � (~n) as:

hi ([G� ]i ) � _hi ([G� (~n) ]i )([G� ]i � [G� (~n) ]i ) + 1
2 �ci ([G� (~n) ]i )([G� ]i � [G� (~n) ]i )2;

opt
= _hi ([G� (~n) ]i )

X

p2P i

[Gp� p]i + 1
2 �ci ([G� (~n) ]i )(

X

p2P i

[Gp(� p � � (~n)
p )]i )2;

= _hi ([G� (~n) ]i )
X

p2P i

[Gp� p]i + 1
2 �ci ([G� (~n) ]i )(

X

p2P i

� i;p
1

� i;p
[Gp(� p � � (~n)

p )]i )2;

(0 < � i;p < 1;
X

p2P i

� i;p = 1);

� _hi ([G� (~n) ]i )
X

p2P i

[Gp� p]i + 1
2 �ci ([G� (~n) ]i )

X

p2P i

� i;p (
1

� i;p
[Gp(� p � � (~n)

p )]i )2;

=
X

p2P i

_hi ([G� (~n) ]i )[Gp� p]i + 1
2

�ci ([G� (~n) ]i )
� i;p

[Gp(� p � � (~n)
p )]2

i ;

opt
=

X

p2P i

_hi ([G� (~n) ]i )[Gp� p]i + 1
2

�ci ([G� (~n) ]i )
� i;p

([Gp� p]2i � 2[Gp� (~n)
p ]i [Gp� p]i );

=
X

p2P i

( _hi ([G� (~n) ]i ) �
�ci ([G� (~n) ]i )

� i;p
[Gp� (~n)

p ]i )[Gp� p]i + 1
2

�ci ([G� (~n) ]i )
� i;p

[Gp� p]2i ;

=
X

p2P i

1
2

�ci ([G� (~n) ]i )
� i;p

�
[Gp� p]2i � 2([Gp� (~n)

p ]i � � i;p

_hi ([G� (~n) ]i
�ci ([G� (~n) ]i )

)[Gp� p]i
�

;

opt
=

X

p2P i

1
2

�ci ([G� (~n) ]i )
� i;p

�
[Gp� p]i � ([Gp� (~n)

p ]i � � i;p

_hi ([G� (~n) ]i
�ci ([G� (~n) ]i )

)
� 2

:

This cost function suggeststhat the line integral for the estimationof � p usingray i is

[Gp� (~n)
p ]i � � i;p

_h i ([G� ( ~n ) ]i
�ci ([G� ( ~n ) ]i )

. We choose� i;p = [G p � ( ~n )
p ]i

[G� ( ~n ) ]i
= [G p � ( ~n )

p ]i
P

p2P i
[G p � ( ~n )

p ]i
(if [G� (~n) ]i = 0,

thenwe canuse� i;p = 1=card(Pi )). This valueof � i;p satis�es the convexity property,

andit givesusanintuitively satisfyingresultin theWLS case.In theWLS case,hi (t) =

1
2 wi (t � l i )2, and _hi (t) = wi (t � l i ) and�ci (t) = wi . Thus,

[Gp� (~n)
p ]i � � i;p

_hi ([G� (~n) ]i
�ci ([G� (~n) ]i )

) = [Gp� (~n)
p ]i �

[Gp� (~n)
p ]i

[G� (~n) ]i

wi ([G� (~n) ]i � l i )
wi

) =
[Gp� (~n)

p ]i
[G� (~n) ]i

l i :

Theline integralobservedfor rayi is l i , andthefractionof l i dueto � p is [G p � tr ue
p ]i

[G� tr ue ]i
l i . Note

that the line-integral derivedabove for estimationof � p is [G p � ( ~n )
p ]i

[G� ( ~n ) ]i
l i , which is analogous

to [G p � tr ue
p ]i

[G� tr ue ]i
l i . Thecurvatureis correspondinglyincreasedby a fraction [G� ( ~n ) ]i

[G p � ( ~n )
p ]i

.
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Thus,thesurrogatefor thenegative log-likelihoodcannow bewrittenas:

� ~L(� ; � (~n) ) =
ndX

i =1

~hi ([G� ]i ; [G� (~n) ]i );

where,~hi ([G� ]i ; [G� (~n) ]i )
4
=

8
>>><

>>>:

hi ([G� ]i ); card(Pi ) = 1;

P
p2P i

1
2

[G� ( ~n ) ]i �ci ([G� ( ~n ) ]i )

[G p � ( ~n )
p ]i

�
[Gp� p]i � [Gp� (~n)

p ]i (1 �
_h i ([G� ( ~n ) ]i

[G� ( ~n ) ]i �ci ([G� ( ~n ) ]i )
)
� 2

; card(Pi ) > 1:

Wemovethesumoverp into thecostfunctionto �nd :

� ~L(� ; � (~n) ) =
ndX

i =1

X

p2P i

~hi;p ([Gp� p]i ; [G� (~n) ]i );

where,~hi;p ([Gp� p]i ; [G� (~n) ]i )
4
=

8
>>><

>>>:

hi ([Gp� p]i ); card(Pi ) = 1;

1
2

[G� ( ~n ) ]i �ci ([G� ( ~n ) ]i )

[G p � ( ~n )
p ]i

�
[Gp� p]i � [Gp� (~n)

p ]i (1 �
_h i ([G� ( ~n ) ]i

[G� ( ~n ) ]i �ci ([G� ( ~n ) ]i )
)
� 2

; card(Pi ) > 1:

Wecanrearrangethetermsof thedoublesumto thefollowing form :

� ~L(� ; � (~n) ) =
PX

p=1

� ~Lp(� p; � (~n) );

� ~Lp(� p; � (~n) )
4
=

X

i 2I p

~hi;p ([Gp� p]i ; [G� (~n) ]i )

where,I p = f i : p 2 Pi g is thesetof rayspassingthroughimagevolumesegmentp, and

� ~Lp(� p; � (~n) ) is thesurrogateof thenegative log-likelihoodfor thepth imagevolume.

Now, for theregularizationpart.Recallfrom (8.2),thede�nition of thepenaltyfunction

implementedhereas:

R(� ) =
npX

j =1

npX

l=1

N j;l � j � l � j;l  (� j � � l ):

Oncethe imagevolumeis split into P componentsas� =

2

6
6
6
6
6
4

� 1

...

� P

3

7
7
7
7
7
5

, the penaltyfunction
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canbewrittenas:

R(� ) =
PX

p=1

Rp(� );

Rp(� )
4
=

X

j :� j 2 � p

npX

l=1

N j;l � j � l � j;l  (� j � � l ):

Our goalhereis to createa surrogatefunction ~Rp over Rp(� ) suchthat ~Rp has� p asits

independentvariable.Let usconsiderthespeci�c case,wherethedivisionof � into image

volumesegments� p is doneby de�ning � p asa bunchof contiguousslices.In this case,

we�nd thatfor voxel-differencesthatsolelydependonthevoxelsof � p (� j and� l areboth

elementsof � p), thecorrespondingtermin Rp canberetainedwithout changes.We also

notethatat the top andbottomslicesof � p, voxel differencesaretakenbetween� p and

its neighboringimagevolumesegments.For voxel-differencesthatstraddleneighboring

imagevolumesegments� p and� q, we aim to replacethecorrespondingtermsin Rp and

Rq with quadraticsurrogates.
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Consider, thequadraticsurrogateof  (� j � � l ) at � (~n) :

~ (� j � � l ; � (~n)
j � � (~n)

l )

= _ (� (~n)
j � � (~n)

l )( � j � � l � � (~n)
j � � (~n)

l ) + 1
2 !  (� (~n)

j � � (~n)
l )( � j � � l � � (~n)

j � � (~n)
l )2;

� _ (� (~n)
j � � (~n)

l )( � j � � (~n)
j ) + 1

2 2!  (� (~n)
j � � (~n)

l )( � j � � (~n)
j )2

+ _ (� (~n)
j � � (~n)

l )( � � l + � (~n)
l ) + 1

2 2!  (� (~n)
j � � (~n)

l )( � � l + � (~n)
l )2

(using,(a + b)2 � 2(a2 + b2); a;b2 R);

= _ (� (~n)
j � � (~n)

l )( � j � � (~n)
j ) + 1

2 2!  (� (~n)
j � � (~n)

l )( � j � � (~n)
j )2

+ _ (� (~n)
l � � (~n)

j )( � l � � (~n)
l ) + 1

2 2!  (� (~n)
l � � (~n)

j )( � l � � (~n)
l )2

(since, _ (� t) = � _ (t); !  (� t) = !  (t)) ;

opt
= 1

2 2!  (� (~n)
j � � (~n)

l )( � j � � (~n)
j +

_ (� (~n)
j � � (~n)

l )

2!  (� (~n)
j � � (~n)

l )
)2

+ 1
2 2!  (� (~n)

l � � (~n)
j )( � l � � (~n)

l +
_ (� (~n)

l � � (~n)
j )

2!  (� (~n)
l � � (~n)

j )
)2

(using,ax + 1
2 bx2 opt

= 1
2 b(x +

a
b

)2):

An interestingobservationcanbemadewhenthepotentialfunction is quadratic, (t) =

1
2 t2. Here, _ (t) = t; !  (t) = 1, andso, ~ (� j � � l ; � (~n)

j � � (~n)
l ) = 1

2 2(� j �
� ( ~n )

j + � ( ~n )
l

2 )2 +

1
2 2(� l �

� ( ~n )
l + � ( ~n )

j

2 )2. This is an intuitively satisfyingresult which shows that when the

penaltyfunction 1
2 (� j � � l )2 is decoupledinto asumof two quadraticsurrogatefunctions

thatdependon � j and� l individually, theresultingpenaltyfunctiontries to bring � j and

� l closerto theaverageof old iteratevalues:
� ( ~n )

l + � ( ~n )
j

2 . The resultingcostfunctionalso

preventsthealgorithmfrom takinglargestepsin thedirectionof averageof old iteratesby

doublingthecurvatures.
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Thesurrogateof R(� ) cannow bewrittenas:

~R(� ; � (~n))

=
PX

p=1

X

j :� j 2 � p

� npX

l=1 ;� l 2 � p

N j;l � j � l � j;l  (� j � � l )

+
npX

l=1 ;� l =2 � p

N j;l � j � l � j;l
~ (� j � � l ; � (~n)

j � � (~n)
l )

�
;

=
PX

p=1

X

j :� j 2 � p

� npX

l=1 ;� l 2 � p

N j;l � j � l � j;l  (� j � � l )

+
npX

l=1 ;� l =2 � p

N j;l � j � l � j;l

�
1
2 2!  (� (~n)

j � � (~n)
l )( � j � � (~n)

j +
_ (� (~n)

j � � (~n)
l )

2!  (� (~n)
j � � (~n)

l )
)2

+ 1
2 2!  (� (~n)

l � � (~n)
j )( � l � � (~n)

l +
_ (� (~n)

l � � (~n)
j )

2!  (� (~n)
l � � (~n)

j )
)2

��
;

=
PX

p=1

X

j :� j 2 � p

� npX

l=1 ;� l 2 � p

N j;l � j � l � j;l  (� j � � l )

+
npX

l=1 ;� l =2 � p

N j;l � j � l � j;l
1
2 2!  (� (~n)

j � � (~n)
l )( � j � � (~n)

j +
_ (� (~n)

j � � (~n)
l )

2!  (� (~n)
j � � (~n)

l )
)2

+
npX

l=1 ;� l =2 � p

N j;l � j � l � j;l
1
2 2!  (� (~n)

l � � (~n)
j )( � l � � (~n)

l +
_ (� (~n)

l � � (~n)
j )

2!  (� (~n)
l � � (~n)

j )
)2

�
;

=
PX

p=1

X

j :� j 2 � p

� npX

l=1

N j;l � j � l � j;l
~ j;l

+
npX

l=1 ;� l =2 � p

N j;l � j � l � j;l
1
2 2!  (� (~n)

l � � (~n)
j )( � l � � (~n)

l +
_ (� (~n)

l � � (~n)
j )

2!  (� (~n)
l � � (~n)

j )
)2

�
;

where, ~ j;l
4
=

8
>>><

>>>:

 (� j � � l ); � l 2 � p;

1
2 2!  (� (~n)

j � � (~n)
l )( � j � � (~n)

j +
_ (� ( ~n )

j � � ( ~n )
l )

2!  (� ( ~n )
j � � ( ~n )

l )
)2; � l =2 � p:

Thequadraticsurrogatederivedovertheoriginalcostfunction, , hastwo quadraticterms.

Thishascausedgenerationof extra termsalongtheboundariesof two neighboringimage

volumesegments.All of theseextra termscanbeneatlyincludedinto theoriginal form if
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weexpandthede�nition of N j;l asfollows :

~N j;l
4
=

8
>>>>>>><

>>>>>>>:

N j;l ; � j ; � l in thesameimagevolumesegment;

1; � j ; � l in differentimagevolumesegments,and,N j;l = 1 or N l ;j = 1;

0; � j ; � l in differentimagevolumesegments,and,N j;l = 0 andN l ;j = 0:

A necessarycondition that hasto be satis�ed hereis � j;l = � l ;j . All penaltyfunctions

consideredin this thesissatisfythis condition.

Thus,

~R(� ; � (~n)) =
PX

p=1

X

j :� j 2 � p

npX

l=1

~N j;l � j � l � j;l
~ j;l =

PX

p=1

Rp(� p; � (~n) );

Rp(� p; � (~n))
4
=

X

j :� j 2 � p

npX

l=1

~N j;l � j � l � j;l
~ j;l ;

where, ~ j;l =

8
>>><

>>>:

 (� j � � l ); � l 2 � p;

1
2 2!  (� (~n)

j � � (~n)
l )( � j � � (~n)

j +
_ (� ( ~n )

j � � ( ~n )
l )

2!  (� ( ~n )
j � � ( ~n )

l )
)2; � l =2 � p:

Thus,thesurrogateover theoverall costfunctionis

~�( � ; � (~n) ) =
PX

p=1

~� p(� p; � (~n) );

~� p(� p; � (~n) )
4
= � ~Lp(� p; � (~n) ) + ~Rp(� p; � (~n) );

� ~Lp(� p; � (~n) ) =
X

i 2I p

~hi;p ([Gp� p]i ; [G� (~n) ]i );

Rp(� p; � (~n) ) =
X

j :� j 2 � p

npX

l=1

~N j;l � j � l � j;l
~ j;l ;



132

~hi;p ([Gp� p]i ; [G� (~n) ]i ) =
8
>>><

>>>:

hi ([Gp� p]i ); card(Pi ) = 1;

1
2

[G� ( ~n ) ]i �ci ([G� ( ~n ) ]i )

[G p � ( ~n )
p ]i

�
[Gp� p]i � [Gp� (~n)

p ]i (1 �
_h i ([G� ( ~n ) ]i

[G� ( ~n ) ]i �ci ([G� ( ~n ) ]i )
)
� 2

; card(Pi ) > 1;

~ j;l =

8
>>><

>>>:

 (� j � � l ); � l 2 � p;

1
2 2!  (� (~n)

j � � (~n)
l )( � j � � (~n)

j +
_ (� ( ~n )

j � � ( ~n )
l )

2!  (� ( ~n )
j � � ( ~n )

l )
)2; � l =2 � p:

Theskeletonof aparallelalgorithmthatusesthisquadraticsurrogateis shown in Table8.3.

Initialize � ( ~n ) = � initial

loop over ~n
loop over p (execute in parallel)

Compute parameters of ~� p

� �
p = argmin � p

~� p(� p; � ( ~n ) )
end loop

� ( ~n +1) =

2

6
4

� �
1

...
� �

P

3

7
5

end loop

Table8.3: Skeletonof parallelalgorithmfor reducinginter-processorcommunication

8.3.1 Application to targetedreconstruction

An importantapplicationof thenew costfunctionderivedhereis targetedreconstruc-

tion. In targetedreconstruction,the imagevolume� is dividedinto two disjoint regions,

� T and� T 0 (� =

2

6
4

� T

� T 0

3

7
5). � T is thetargetedimageregion,wherethebest-possiblereso-

lution affordedby thescanneris desired.Theimagevolumeoutsidethetargetedvolume

is � T 0, wherethebestpossiblereconstructionis not necessaryto beachieved. Whenthe

above ideais appliedto targetedreconstruction,we �nd thatwe candivide theobjective

functioninto two parts,~� T (� T ; � (~n) ) and~� T 0(� T 0; � (~n)). Westarttwo groupsof threads.
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In eachthreadgroup, the numberof threadsis equalto the numberof processorcores.

Thesethreadgroupsarefairly scheduledby theoperatingsystemto run concurrentlyon

the processorcores. We give ~� T (� T ; � (~n) ) to the �rst threadgroup,and ~� T 0(� T 0; � (~n) )

to the secondthreadgroup. The secondthreadgroupquits early on mostiterations,say

every 4 out of 5, returningits initial imageas its next iterate. So, in every 4 out of 5

iterationswe devoteall theprocessingpower to the reconstructionof the targetedimage

region. The non-targetedimageregion is updatedonly oncein every 5 iterations. Of

course,experimentsfor a givenapplicationarerequiredto testif this schemeis goingto

beadvantageous.In any case,this setupis guaranteedto decreasethevalueof theoverall

costfunction.

8.3.2 Overheads

While the proposedcostfunction reducesexecution-timeby reducinginter-processor

communication,someoverheadsarealsointroduced.First overheadis thepossibilityof

anincreasein thenumberof iterationsdueto apossiblereductionin convergencerate.The

convergenceratecouldreducebecauseof two reasons.Firstly, somecurvatureshaveto be

increasedto produceavalid quadraticsurrogate.And secondly, dueto areductionin inter-

processorcommunication,thealgorithmupdatinga given imagevolumesegmentwould

be usingolder iteratesof neighboringimagevolumesegments.Anotherexecution-time

overheadis dueto a forward-projectionneededfor thoserays that crossimagevolume

segmentboundaries.This forward-projectionis carriedout oncein the loop over p. It

might bepossibleto avoid thisoverheadby usingthefraction [G p � initial;p ]i
[G� initial ]i

, asanapproxi-

mationto [G p � ( ~n )
p ]i

[G� ( ~n ) ]i
. Memoryoverheaddueto likelihoodhastwo parts.The�rst partis due

to thefact thatevery MPU muststoreall therayspassingthroughit. And thesecondpart

is dueto the fact thatevery MPU mustalsostorethosepiecesof theneighboringimage
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volumesegmentsthatit needsfor computingtheparametersof ~� p. Memoryoverheaddue

to the penaltyis insigni�cant whencomparedto the likelihoodpart : 2 imageslicesper

neighborperMPU.



CHAPTER 9

Conclusionsand futur ework

9.1 Conclusions

Thereis ade�nite needfor statisticalimagereconstructionmethodsin X-ray CT. How-

ever, thesemethodshave to bemadepractical�rst. Variousproblemschallengingtheuse

of statisticalmethodsin practicalsettingswerestudiedin this thesis,andsolutionsto them

proposed.Herearetheconclusionsthatcanbedrawn from theproposedsolutions.

� Impositionof thenon-negativity constraintincurredasigni�cant computetimepenalty

in PCGbasedmethods.To avoid this computetime penalty, a modi�cation of the

Poissonnegative log-likelihoodwasdeveloped.ThePCGalgorithmminimizing the

modi�ed cost function could control negative pixels without a hugecomputetime

overhead.Thus,we canconcludeherethat the non-negativity constraintdoesnot

imposeanexcessivecompute-timeoverheadonPCGalgorithms.

� A statisticalimagereconstructionmethodthatproducedreconstructionsfreeof beam

hardeningartifactsand usedthe samebeamhardeningcalibration information as

traditionalmethodswasdeveloped.The practicaluseof previously known polyen-

ergetic statisticalmethodswashindereddue to their needfor extra calibrationin-

formation. The proposedmethodremoved this hindrance.The conclusionhereis

thatstatisticalmethodscanbemadeaspracticalasthetraditionalFBPmethodswith

135
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respectto beamhardeningcorrection.

� A brandnew approachtowardsmotion-compensatedimagereconstructionwaspro-

posed. It wasshown to work for a limited, thoughchallenging,classof simulated

problems.No conclusionscanbedrawn regardingtheutility of this methodin prac-

tical situations,but thenecessary�rst stepstowardsthatgoalweretaken.

� Monotonicity is a desirablepropertythatcanbeachievedin PCGbasedalgorithms.

But, monotonicPCGalgorithmsfor non-quadraticcost functionswerenot known.

And, non-quadraticcost functionsare essentialto prevent the edgesfrom getting

blurredin statisticalreconstructions.A monotonicPCGalgorithmfor non-quadratic

costfunctionswastestedin thesis.It providedmonotonicitywithoutsacri�cing con-

vergencerate.Thus,wecanconcludeherethatPCGalgorithmscanactuallyprovide

apathto achieving thebestpossiblereconstructionacostfunctioncanoffer.

� A comparisonof convergenceratesof OS andPCG basedmethodsprovided def-

inite answersregardingthe suitability of OS andPCGin differentsituations. The

conclusiondrawn from that comparisonwasthat, startingfrom an FBP image,OS

algorithmsprovidea fasterconvergencerate,but they becomenon-monotoneaftera

few iterations.After theOSalgorithmbecomesnon-monotone,monotonealgorithms

likePCGandICD mustbeusedto re�ne imagesfurther.

� A single algorithm that hasall the desiredpropertiesdoesnot exist till date. An

attemptto createanalgorithmwith many desirablepropertieswasmadein theform

of the hybrid OS-ICD algorithm. The hybrid algorithm approachshows promise,

eventhoughit hasnotmetexpectationsyet.

� Parallelcomputationis averydirectapproachto achieving apracticalreconstruction

time. Its usefulnessto OSalgorithmswasprovedbeyonddoubt.
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� The parallel OS algorithm developedherehad the shortcomingof frequentinter-

processorcommunication.A new surrogatefunction that reducesthe frequency of

inter-processorcommunicationwhile producinga monotonicreductionin thevalue

of theoriginal costfunctionwasproposed.Thus,we canconcludethata monotone

algorithmthatcanreduceinter-processorcommunicationexists.Whetherit will have

acomparableconvergencerate,remainsto beshown.

� Two morealgorithmswereproposedto reducethe overall computetime. The �rst

algorithmusesPCGtechniquesin anattemptto computeasearchdirectionthatis an

improvementover thesearchdirectioncomputedby theOSalgorithm. Thesecond

algorithmattemptsto reducethenumberof timesacomputationallyexpensivefunc-

tion is evaluatedwhile still producinga monotonicdecreasein thevalueof thecost

function (up to the OS approximation)wasproposed.Theseproposedalgorithms

indicateto usthatsolutionsto currentproblemsthatarebasedon known techniques

exist.

9.2 Futur e work

� The main themeof this thesisis practicalapplication. Therefore,the evaluationof

costfunctionsandimagereconstructionalgorithmsdevelopedheremustbecarried

out for clinical datasets.

� Sophisticatedregularizationdesignshave beendevelopedfor bias-variancetradeoff

in thepastfew years.Thosedesignsshouldreplacethespace-invariantregularization

andspace-variantregularizationof [26] usedin this thesis.

� An importantcomponentof a statisticalreconstructionmethodleft unexplored in

this thesisis the systemmodel. While the distance-driven (DD) projectoris fast,

it makescertainapproximations,which causesa small amountof artifact. A more
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accuratesystemmodelwith computationalrequirementscomparableto DD needsto

bedeveloped.

� Theuseof theLBFGS-Balgorithmto implementnon-negativity constraintshouldbe

explored.

� Most algorithmsexploredhereusethe monoenergetic observationmodel,andthey

canbeexpandedeasilyto work with a polyenergeticmodel.Theparametersusedto

approximatethenonlinearitydueto beamhardeningcouldalsobejointly estimated

from theobserveddata,insteadof beingmeasuredbeforehand.

� The motion-compensatedstatisticalreconstructionmethodtestedhereis for simu-

latedfan-beamscans.It mustbeadaptedandtestedfor multisliceCT scanners.Fur-

ther, theuseof this methodfor quasi-periodicmotion like cardiacX-ray CT should

beexplored.

� Varouspreconditionersareknown in literatureandtheirusein PCGbasedalgorithms

for X-ray CT shouldbeexplored.Theremight exist a high convergence-rate,mono-

tonicalgorithmbasedonPCG.

� An OSalgorithmthatbehavesasa OS256-subsetalgorithmin themiddleslicesof

thereconstructedvolume,andasaOS41-subsetalgorithmin theendslicesof helical

cone-beamgeometrycould be found easily. This could make the hybrid OS-ICD

algorithmasuccess.

� Furtheraccelerationof thealgorithmsdevelopedherecanbedoneeasilyusingmore

sophisticatedfeaturesof theunderlyinghardwareandsoftware.

� Two surrogatefunctionsthatareprovedto producea monotonicdecreasein thecost

functionvaluewhile reducingcomputetimesin practicalsituationshavebeenderived

in Chapter8. They mustbeimplementedandtheir usefulnessin practicalsituations
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shouldbetested.A hybrid OS-PCGalgorithmhasalsobeenderivedin thatchapter.

A regularizedalgorithmbasedon it shouldbederived,implemented,andtested.
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APPENDIX A

Mathematical proofs

A.1 Proof for reduction of costfunction value in the QS PCG LS al-
gorithm

Lemma A.1.1. For � (n;m ) (� ) and�( � ) de�nedin Section6.1.3wehave,

� (n;m ) (� (n;m +1) ) � � (n;m ) (� (n;m )) ) �( � (n+1 ;0)) � �( � (n;0))

Proof.

De�ne,

� 1(� )
4
= � L (� ; � (n;0)) + R(� );

� 2(� )
4
= � (n;m )(� ) = � L (� ; � (n;0)) + � R (� ; � (n;m )):

Fromthehypothesis,wehave,

� 2(� (n;m +1) ) � � 2(� (n;m ));

) � L (� (n;m +1) ; � (n;0)) + � R(� (n;m +1) ; � (n;m )) � � L (� (n;m ) ; � (n;0))(A.1)

+ � R (� (n;m ) ; � (n;m )):

Fromthesecondpartof themajorizationconditionson � R (2.9),

R(� (n;m +1) ) � � R(� (n;m +1) ; � (n;m )):
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Usingthis in theL.H.S.of (A.1),

� L (� (n;m +1) ; � (n;0)) + R(� (n;m +1) ) � � L (� (n;m ) ; � (n;0)) + � R(� (n;m ) ; � (n;m )):

Fromthe�rst partof themajorizationconditionson � R (2.8),

� R (� (n;m ) ; � (n;m )) = R(� (n;m ) ):

Usingthis in theR.H.S.of theabove inequality,

� L (� (n;m +1) ; � (n;0)) + R(� (n;m +1) ) � � L (� (n;m ) ; � (n;0)) + R(� (n;m ) ):

By applyingthede�nition of � 1, wehave,

� 1(� (n;m +1) ) � � 1(� (n;m )):

Fromtheabove inequality, wehave, � 1(� (n;N 2)) � � 1(� (n;N 2 � 1)) � : : : � � 1(� (n;0)).

Fromthede�nition of thealgorithm, wehave � (n;N 2) = � (n+1 ;0).

We thushave,

� 1(� (n+1 ;0)) � � 1(� (n;0)):

Substitutingthede�nition of � 1 in theabove inequality, weget,

� L (� (n+1 ;0); � (n;0)) + R(� (n+1 ;0)) � � L (� (n;0); � (n;0)) + R(� (n;0)):(A.2)

Fromthesecondpartof themajorizationconditions(2.9)on � L ,

� L(� (n+1 ;0)) � � L (� (n+1 ;0); � (n;0)):

Usingthis in theL.H.S.of (A.2),

� L(� (n+1 ;0)) + R(� (n+1 ;0)) � � L (� (n;0); � (n;0)) + R(� (n;0)):
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Fromthe�rst partof themajorizationconditionson � L (2.8),

� L (� (n;0); � (n;0)) = � L(� (n;0)):

Usingthis in theR.H.S.of theabove inequality,

� L(� (n+1 ;0)) + R(� (n+1 ;0)) � � L(� (n;0)) + R(� (n;0)):

Usingthede�nition of �( � ), weget,

�( � (n+1 ;0)) � �( � (n;0)):

A.2 Majorization proof for the quadratic surrogateof the modi�ed
costfunction

Thekey result,i.e. themajorizationproof, is in LemmaA.2.5. Theproof is basedon

generalfactsaboutdifferentiablefunctionsthatareprovedin LemmasA.2.1,A.2.2,A.2.3

andA.2.4. The informationabouteachof thetermsof thenegative log-likelihoodthat is

usedin LemmaA.2.5 is collectedbeforehandin thepreliminariessectionbelow.

A.2.1 Preliminaries

Thederivativeof hi canbefoundby differentiating(3.1) :

(A.3) _hi (t) = bi e� t

�
yi

bi e� t + r i
� 1

�

Thederivativeof ~hi canbefoundby differentiating(3.5):

_~hi (t) =

8
>>>>><

>>>>>:

_hi (t) if t � 0; i 2 I 1 [ I 2 [ I 3

_hi (0) if t < 0; i 2 I 1 [ I 2

_hi (0) + (yi � r i )2

yi
t if t < 0; i 2 I 3

(A.4)
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For simplicity, wedropthesubscripti from hi , ~hi , _hi and_~hi in thelatterpartof thissec-

tions. In thefollowing sectionswe derivea few propertiesof hi andobtainrepresentative

illustrationsfor hi , ~hi , _hi and _~hi for i 2 I 1; I 2 andI 3.

i 2 I 1 From(A.4), wehave

_~h(t) = _h(t) for t � 0

= _h(0) for t < 0

Thus,for t < 0, _~h(t) is a constantwith value _h(0). From (A.3), we have _h(0) =

bi (yi =(bi + r i ) � 1) � 0. Since,i 2 I 1 ) yi � r i ) yi � (bi + r i ) * bi � 0. For

t � 0; _~h(t) = _h(t). FromLemma1 of [1] we know that _h(t) is strictly concave and

monotonicallyincreasingand

lim
t !1

_h(t) = lim
t !1

bi e� t

�
yi

bi e� t + r i
� 1

�

= 0:

Thus,wegeta representativeplot of _~hi in Fig. A.1. Similarly, representativeplotsof

_hi ; hi and~hi canbeobtained.

 

 
! "

#
! "

$
! "

#
! "

$

FigureA.1: Illustrationof hi , ~hi , _hi and _~hi for i 2 I 1.

i 2 I 2 From(A.4), wehave

_~h(t) = _h(t) for t � 0

= _h(0) for t < 0
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Property1. Thus,for t < 0, _~h(t) is a constantwith value _h(0). From(A.3), wehave

_h(0) = bi (yi =(bi + r i ) � 1) � 0; * i 2 I 2 ) yi � (bi + r i ).

Property2. For t � 0; _~h(t) = _h(t). From Lemma2 in [1], _h(t) hasexactly one

maximizer, call it t � (= ` � in [1]).

t � = log

 
bip

(yi r i ) � r i

!

= log
�

bi

yi � r i

�
+ log

�
1 +

p
yip
r i

�

> 0 * i 2 I 2 ) r i < yi � bi + r i

Property3. _h(t � ) = (
p

(yi r i ) � r i )(
p

y ip
r i

� 1) > 0; * i 2 I 2 ) r i < yi � bi + r i .

Property4. From(P3)in Lemma2 of [1], wehave _h(t) is strictly concaveandmono-

tonically increasingfor t < t � .

Property5. From(P4)in Lemma2 of [1], wehave _h(t) is monotonicallydecreasing

for t > t � .

Property6.

lim
t !1

_h(t) = lim
t !1

bi e� t

�
yi

bi e� t + r i
� 1

�
= 0

Combiningproperties1.. .6, wegeta representativeplot of _~hi in Fig. A.2. Similarly,

representativeplotsof _hi ; hi and~hi canbeobtained.

hi

~
hi

.
hi

~
hi

.

t

t

FigureA.2: Illustrationof hi , ~hi , _hi and _~hi for I 2.
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i 2 I 3 From(A.4), wehave

_~h(t) = _h(t) for t � 0

= _hi (0) +
(yi � r i )2

yi
t for t < 0

Property7. Thus, for t < 0, _~h(t) is a straightline with a positive slopeequalto

(yi � r i )2=yi . From(A.3), we have _h(0) = bi (yi =(bi + r i ) � 1) > 0; * i 2 I 3 )

yi > (bi + r i ). Wecanalsosafelyassumebi 6= 0; otherwise,h(t) wouldbeaconstant.

Property8. For t � 0; _~h(t) = _h(t). From Lemma2 in [1], _h(t) hasexactly one

maximizer, call it t � (= ` � in [1]).

t � = log

 
bip

(yi r i ) � r i

!

= log
�

bi

yi � r i

�
+ log

�
1 +

p
yip
r i

�

= t1 + log
�

1 +
p

yip
r i

�
Let t1 = log

�
bi

yi � r i

�

T 0 dependingonyi ; bi andr i

Property 9. _h(t) = 0 hasa single real solution; call it t1. Using (A.3), we get

t1 = log(bi =(yi � r i )) < 0; * i 2 I 3 ) yi > bi + r i .

Property10. Fromproperty8, wehave t � > t1; * i 2 I 3 ) yi > r i . Combiningthis

with properties8,4,5 and6 , wehaveh(t) > 0; 8t > 0 > t1.

Thus, when t � > 0 we get Fig. A.3; when t � � 0 we get Fig. A.4. Similarly,

representativeplotsof _hi ; hi and~hi canbeobtained.

A.2.2 Results

Lemma A.2.1. Given1-D differentiablereal functionsh(t) andq(t; s) (where s is a �xed

parameter),in order to satisfyq(t; s) � h(t); 8t � s it is suf�cient that h(s) = q(s; s)

and _q(v; s) � _h(v), 8v � s.
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hi

~
hi

~
hi

.

.
hi

t

t

FigureA.3: Illustrationof hi , ~hi , _hi and _~hi for I 3 andmaximumof _hi occursin thepositivequadrant.

t

t.
hi

~
hi

.

hi

~
hi

FigureA.4: Illustrationof hi , ~hi , _hi and_~hi for I 3 andmaximumof _hi occursin thenegativequadrant.

Proof.

h(t) = h(s) +
Z t

s
h(v)dv; 8t 2 R

q(t; s) = q(s; s) +
Z t

s
q(v; s)dv; 8t 2 R

) q(t; s) � h(t) =
Z t

s
_q(v; s) � _h(v)dv; (* q(s; s) = h(s))

� 0; 8t � s; (* _q(v; s) � _h(v); 8v � s):

Lemma A.2.2. Given1-D differentiablereal functionsh(t) andq(t; s) (where s is a �xed

parameter),in order to satisfyq(t; s) � h(t); 8t � s it is suf�cient that h(s) = q(s; s)

and _q(v; s) � _h(v), 8v � s.

Proof. Theproof is identicalto LemmaA.2.1.
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Lemma A.2.3. Given1-D real functionsh(t) andg(t) , h(t) is monotonicallyincreasing

over a setS � R, g(t) is monotonicallydecreasingover S and9s 2 S; such thath(s) �

g(s), thenh(t) � g(t); 8t � s; t 2 S

Proof.

It is giventhat,h(s) � g(s). Sinceh is monotonicallyincreasing,

h(t) � h(s); 8t � s; t 2 S

Sinceg is monotonicallydecreasing,

g(s) � g(t); 8t � s; t 2 S

) h(t) � g(t); 8t � s; t 2 S

Lemma A.2.4. Given1-D real functionsh(t) andg(t) , h(t) is monotonicallyincreasing

overa setS � R, g(t) is monotonicallydecreasingoverS and9s 2 S;h(s) � g(s), then

h(t) � g(t); 8t � s; t 2 S

Proof. Theproof is identicalto LemmaA.2.3.

Lemma A.2.5. Thefunction ~� L (� ; � (n;0)) (de�nedin (3.6))majorizes� ~L(� ) (de�nedin

(3.4)) i.e. (2.8)and(2.9)hold.

(For sakeof simplicity, wedrop0 from� (n;0).)

Proof.

Part 1 : (2.8)holds
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� = � (n)

) t = s; 8i = 1; � � � ; nd in (3.7)

) qLi (t; s) = ~hi (s) from (3.7)

) ~� L (� (n) ; � (n)) =
ndX

i =1

qLi ([A� (n) ]i ; [A� (n)]i )

=
ndX

i =1

~hi ([A� (n) ]i )

=
X

I 1 [ I 2 [ I 3

~hi ([A� (n) ]i )

= � ~L(� (n)) in (3.4)

) (2.8)holds.

Part2 : (2.9)holds

We needto prove ~� L (� ; � (n)) � � L(� ); 8� 2 Rn
p . We rewrite ~� L in a form similar to

(3.4)asfollows:

~� L (� ; � (n)) =
X

i 2 I 1

qLi ([A� ]i ; [A� (n) ]i ) +
X

i 2 I 2

qLi ([A� ]i ; [A� (n)]i )

+
X

i 2 I 3

qLi ([A� ]i ; [A� (n)]i )(A.5)

andshow thateachof thetermsin eachof theabovesumsexceedsthecorrespondingterm

in (3.4).

We split the sums
P

i 2 I 3
qLi ([A� ]i ; [A� (n) ]i ) and

P
i 2 I 3

~h([A� ]i ; [A� (n) ]i ) as fol-
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lows :

X

i 2 I 3

qLi ([A� ]i ; [A� (n) ]i ) =
X

i 2 I 03

qLi ([A� ]i ; [A� (n) ]i )

+
X

i 2 I 003

qLi ([A� ]i ; [A� (n) ]i )

X

i 2 I 3

~h([A� ]i ; [A� (n) ]i ) =
X

i 2 I 03

~h([A� ]i ; [A� (n) ]i )

+
X

i 2 I 003

~h([A� ]i ; [A� (n) ]i )

whereI 0
3 = f i 2 I 3j t �

i � 0g

I 00
3 = f i 2 I 3j t �

i < 0g

Thoughthe form of thesurrogateis thesamefor both I 0
3 andI 00

3 theproofsareslightly

different. We handleI 0
3 casein case3 and I 00

3 in case4. For simplicity, we drop the

subscripti from hi , ~hi , _hi ,
_~hi , •hi and�ci ; similarly, wedropLi from qLi .

Case1 (i 2 I 1).

From(A.4)

_~h(t) = _h(t) if t � 0

= _h(0) if t < 0

Case1.1(s � 0).

From(3.7),

q(t; s) = ~h(t) + _~h(s)(t � s) + 1
2
•h(0)(t � s)2

) _q(t; s) = _~h(s) + •h(0)(t � s)

Note: _q(s; s) = _~h(s)



151

ts

q
.

~
%
.

FigureA.5: Representative illustrationfor Case1.1(i 2 I 1; s � 0).

Case1.1.1(s � 0; t < s).

Now, _~h(t) = _h(0) = _~h(s)

_q(t; s) = _~h(s) + •h(0)(t � s)

) _q(t; s) < _~h(t) 8t < s

By LemmaA.2.2,q(t; s) � h(t); 8t < s.

Case1.1.2(s � 0; s � t � 0).

Now, _~h(t) = _h(0) = _~h(s)

_q(t; s) = _~h(s) + •h(0)(t � s)

) _q(t; s) � _~h(t) 8s � t � 0
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FigureA.6: Representative illustrationfor Case1.2(i 2 I 1; s > 0).

Case1.1.3(s � 0; 0 < t).

_q(t; s) = _~h(s) + •h(0)(t � s)

= _q(0; s) + •h(0)t

= _q(0; s) +
Z t

0

•h(0)dv

> _q(0; s) +
Z t

0

•h(v)dv * t > 0

* •h(v) < •h(0); for v � 0 by (E3)of Lemma2 of [1]

> _~h(0) +
Z t

0

•h(v)dv from Case1.1.2

= _~h(0) +
Z t

0

•~h(v)dv by de�nition of ~h (t)

= _~h(t) 8t > 0

By combiningcases1.1.2and1.1.3we satisfyconditionsfor LemmaA.2.1. ) q(t; s) �

h(t), 8t � s.

By combiningtheabovecases,weobserve thatq(t; s) � h(t), 8s � 0.

Case1.2(s > 0).
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From(3.7),

q(t; s) = _h(s) + _~h(s)(t � s) + 1
2

_h(s) � _h(0)
s

(t � s)2

) _q(t; s) = _~h(s) +
_h(s) � _h(0)

s
(t � s)

Also,
_h(s)� _h(0)

s > 0(using(E4)of Lemma2 of [1]).

Case1.2.1(s > 0; t � s).

_q(0; s) = _h(0)

_q(s; s) = _~h(s) = _h(s)

Fromthe formulationof _q(t; s), we know that it is a straightline. Fromabove,we know

thatit intersects_h(t) at0 ands. _h(t) is strictly concaveby (E3)of Lemma2 of [1]. Using

Lemma4 of [1], wehave,

_q(t; s) � _h(t) = _~h(t); 8t � s

UsinglemmaA.2.1,wehave

q(t; s) � ~h(t); 8t � s

Case1.2.2(s > 0; 0 � t < s).

Usingargumentsfrom Case1.2.1,wehave

_q(t; s) � _h(t) = _~h(t); 80 � t < s
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Case1.2.3(s > 0; t < 0).

_q(t; s) = _~h(s) +
_h(s) � _h(0)

s
(t � s)

= _q(0; s) +
_h(s) � _h(0)

s
t

= _~h(0) +
_h(s) � _h(0)

s
t usingCase1.2.1and _~h(0) = _h(0)

< _~h(0)

= _~h(t) by de�nition of _~h(t)

) _q(t; s) � _~h(t); 8t < 0

Fromcases1.2.2and1.2.3,we have _q(t; s) � _~h(t); 8t < s. UsingLemmaA.2.2, we

have q(t; s) � _~h(t); 8t < s. Using the above resultandcombiningwith case1.2.1,we

have,

q(t; s) � _~h(t); 8s > 0

Usingcases1.1and1.2,wehave,

q(t; s) � _~h(t); 8t; s 2 R

From(A.4),

Case2 (i 2 I 2).

_~h(t) =

8
><

>:

_h(t) if t � 0

_h(0) if t < 0

Case2.1(s � 0).

Fig. A.7 showsa representative illustrationfor case2.1.From(3.7),

q(t; s) = ~h(s) + _~h(s)(t � s) + 1
2
•h(0)(t � s)2

) _q(t; s) = _~h(s) + •h(0)(t � s)
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FigureA.7: Representative illustrationfor Case2.1(i 2 I 2; s � 0).

Case2.1.1(s � 0; t < s).

_q(t; s) = _~h(s) + •h(0)(t � s)

= _h(0) + •h(0)(t � s) by de�nition of _~h (s)

Usingequation(30)of [1],

•h(0) = bi (1 �
yi r i

(bi + r i )2
) � 0

) _q(t; s) � _h(0)

= _~h(t) by de�nition of _~h (t)

FromLemmaA.2.2,wehave

q(t; s) � ~h(t); 8t < s

Case2.1.2(s � 0; s � t � 0).
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Usingargumentsof case2.1.1,

_q(t; s) = _~h(s) + •h(0)(t � s)

� _~h(t)

Case2.1.3(s � 0; 0 < t � t � ).

SeeSectionA.2.1 for thede�nition of t � . Usingfactsfrom Lemma2 of [1], we have •h(t)

is monotonicallydecreasingfor t < tz (= `z in [1]). Also, t � < tz. ) 0 � t � t � )

•h(0) � •h(t) � •h(t � ).

_q(t; s) = _q(0; s) +
Z t

0
•q(v; s)dv

= _q(0; s) +
Z t

0

•h(0)dv

� _q(0; s) +
Z t

0

•h(v)dv seeabove

= _~h(s) + •h(0)(� s) +
Z t

0

•h(v)dv substitutingfor _q(0; s)

� _~h(s) +
Z t

0

•h(v)dv * •h(0) � 0; s � 0

= _~h(0) +
Z t

0

•h(v)dv by de�nition of ~h(s)

= _~h(0) +
Z t

0

•~h(v)dv by de�nition of ~h(s)

= _~h(t)

Case2.1.4(s � 0; t � < t).

From case2.1.3,we have _q(t; s) � _~h(t � ). _q(t; s) is monotonicallyincreasingbecause

•h(0) > 0. _~h(t) = _h(t) is monotonicallydecreasingfor t > t � . By LemmaA.2.3,wehave

_q(t; s) � _~h(t); 8t > t �

Combiningcases2.1.2. . .2.1.4,wehave _q(t; s) � _h(t), 8t � s. By LemmaA.2.1,

q(t; s) � h(t); 8t � s
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FigureA.8: Representative illustrationfor Case2.2(i 2 I 2; 0 < s � t � ).

Combiningthiswith case2.1.1,

q(t; s) � h(t); 8t 2 R; s � 0

Case2.2(0 < s � t � ).

q(t; s) = _h(s) + _~h(s)(t � s) + 1
2

_h(s) � _h(0)
s

(t � s)2

_q(t; s) = _~h(s) +
_h(s) � _h(0)

s
(t � s)

Case2.2.1(0 < s � t � ; 0 � t � s).

Here, _~h(t) = _h(t). From(P3)of lemma2 of [1], _h (t) is concave over 0 � t � t � . Now,

_q(0; s) = _~h(s) �
_h(s)� _h(0)

s s = _h(0) = _~h(0). Also, _q(s; s) = _~h(s). Thus,by formulation

_q(t; s) is a straightline thatintersectsa concave curve _~h(t) at 0 ands. Thus,by Lemma4

of [1] wehave,

_q(t; s) � _~h(t); 80 � t � s

Case2.2.2(0 < s � t � ; s < t � t � ).
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Argumentsin case2.2.1areapplicablehere.Thus,by Lemma4 of [1] we have,

_q(t; s) � _~h(t); 8s � t < t �

Now, _q(t; s) and _~h(t) arecontinuousat t � and _q(t; s) � _~h(t), 8s � t < t � . Therefore,

lim
t ! t �

_q(t; s) � lim
t ! t �

_~h(t):

Therefore,_q(t � ; s) � _~h(t � ).

Case2.2.3(0 < s � t � ; t � < t).

From (P3) of Lemma2 of [1], we have _h(s) > _h(0). Therefore,( _h(s) � _h(0))=s > 0.

Thus, _q(t; s) is a monotonicallyincreasingfunction .From (P4) of Lemma2 of [1], we

have _~h(t) is amonotonicallydecreasingfunction.UsinglemmaA.2.3,

_q(t; s) � _~h(t); 8t > t �

Case2.2.4(0 < s � t � ; t < 0).

_q(t; s) = _q(0; s) +
Z t

0
•q(v; s)dv

= _h(0) +
Z t

0
•q(v; s)dv from case2.2.1

= _~h(t) +
Z t

0
•q(v; s)dv de�nition of _~h (t)

= _~h(t) +
_h(s) � _h(0)

s
t

< _~h(t) *
_h(s) � _h(0)

s
> 0; t < 0

Combiningcases2.2.1and2.2.4, _q(t; s) � _~h(t); 8t � s. UsinglemmaA.2.2wehave,

q(t; s) � _~h(t); 8t � s. Combiningcases2.2.2and2.2.3, _q(t; s) � _~h(t); 8t > s. Using

lemmaA.2.1wehave,q(t; s) � _~h(t); 8t > s. Thus,

q(t; s) � _~h(t); 8t 2 R; 0 < s < t �
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FigureA.9: Representative illustrationfor Case2.3(i 2 I 2; t � < s).

Case2.3(t � < s).

q(t; s) = _h(s) + _~h(s)(t � s) + 1
2

_h(s) � _h(0)
s

(t � s)2

_q(t; s) = _~h(s) +
_h(s) � _h(0)

s
(t � s)

From (A.3), _h(0) = bi (yi =(bi + r i ) � 1) � 0, sincei 2 I 2 ) yi � (bi + r i ). From

property3 we have, _h(t � ) > 0. From (P4) of Lemma2 of [1], we have _h(t) is mono-

tonically decreasingfor t > t � . Fromproperty6 we have, lim t !1
_h(t) = 0. Therefore,

_h(t) > 0; 8t > t � , sincet1 < t � from property8. Therefore,_h(s) � _h(0) > 0 andso

( _h(s) � _h(0))=s > 0.

Case2.3.1(t � < s;s � t).

By de�nition of _q(t; s), _q(s; s) = _~h(s). _q(t; s) is monotonicallyincreasingbecause( _h(s)�

_h(0))=s > 0. From (P4)of Lemma2 of [1], we have _~h(t) is monotonicallydecreasing.

By lemmaA.2.3, _q(t; s) � _~h(s); 8t � s. UsinglemmaA.2.1wehave,

q(t; s) � h(t); 8t � s
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Case2.3.2(t � < s; t � � t < s).

By de�nition of _q(t; s), _q(s; s) = _~h(s). _q(t; s) is monotonicallyincreasingbecause( _h(s)�

_h(0))=s > 0. From (P4)of Lemma2 of [1], we have _~h(t) is monotonicallydecreasing.

By lemmaA.2.4, _q(t; s) � _~h(s); 8t � s. UsinglemmaA.2.2wehave,

q(t; s) � h(t); 8t � � t < s

Case2.3.3(t � < s;0 � t < t � ).

Wede�ne, r (t) = _h(0)+
_h(t � )� _h(0)

t � t. Notethat, _q(0; s) = r (0). _h(t � ) � _h(0) > _h(s) � _h(0),

since_h(s) is monotonicallydecreasingfor s > t � (by (P4)of Lemma2 of [1]). Therefore,

( _h(t � ) � _h(0))=t� > ( _h(s) � _h(0))=s. Thus,

r (t) � _q(t); 8t � 0:

Now, _~h(0) = r (0) and _~h(t � ) = r (t � ). Also, _~h(t) is strictly concave for 0 < t < t � and

intersectstheline r (t) at 0 andt � . By Lemma4 of [1] wehave,

_~h(t) � r (t); 0 � t � t � :

Therefore,

_~h(t) � _q(t; s); 0 � t < t �

Case2.3.4(t � < s; t < 0).

By de�nition of _q(t; s),

_q(t; s) = _h(0) +
_h(s) � _h(0)

s
t

< _h(0) *
_h(s) � _h(0)

s
> 0; t < 0

< _~h(t) by de�nition of _~h(t)

By combiningcases2.3.2. . .2.3.4wehave _q(t; s) � _~h(t), 8t < s. By lemmaA.2.2we

have,

q(t; s) � h(t); 8t < s:
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Combiningthiswith case2.3.1wehave

q(t; s) � ~h(t); 8t 2 R; t � < s

Combiningcases2.1,2.2and2.3wehave

q(t; s) � _~h(t); 8t; s 2 R andi 2 I 2

t*s
s s

~
h
.
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&
.

&
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.
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'C+s,-3.30'C+s,-3.20

FigureA.10: Representative illustrationsfor Case3.1(i 2 I 0
3; s � 0), Case3.2(i 2 I 0

3; 0 < s � t � ) and
Case3.3(i 2 I 0

3; t � < s).

Case3 (i 2 I 0
3).

~h(t) =

8
><

>:

h(t) if t � 0

h(0) + _h(0)t + 1
2

(yi � r i )2

yi
t2 if t < 0

_~h(t) =

8
><

>:

_h(t) if t � 0

_h(0) + (yi � r i )2

yi
t if t < 0

q(t; s) = h(s) + _~h(s)(t � s) + 1
2

(yi � r i )2

yi
(t � s)2

_q(t; s) = _~h(s) +
(yi � r i )2

yi
(t � s)
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Case3.1(s � 0).

Case3.1.1(s � 0; t � 0). By de�nition of q(t; s),

_q(t; s) = _~h(s) +
(yi � r i )2

yi
(t � s)

= _h(0) +
(yi � r i )2

yi
(s) +

(yi � r i )2

yi
(t � s) substitutingfor _~h(s)

= _h(0) +
(yi � r i )2

yi
t

= _~h(t) from de�nition of _~h(t)

Applying lemmaA.2.2 for t � s, wehave

q(t; s) � h(t); t � s;s � 0

Case3.1.2(s � 0; 0 < t � t � ).

_q(t; s) = _q(0; s) +
Z t

0
•q(v; s)dv

= _~h(s) �
(yi � r i )2

yi
s +

Z t

0
•q(v; s)dv substitutingfor _q(0; s)

= _h(0) +
(yi � r i )2

yi
s �

(yi � r i )2

yi
s +

Z t

0
•q(v; s)dv substitutingfor _~h(s)

= _~h(0) +
Z t

0
•q(v; s)dv from de�nition of _~h

Fromproperty9 wehave,

t1 = log(bi =(yi � r i ))

) e� t1 =
yi � r i

bi

•h(t) = (1 �
yi r i

(bi e� t + r i )2
)bi e� t Fromequation(30)of [1]

) •h(t1) =
(yi � r i )2

yi

Fromproperty9 we know that t1 < 0. Fromlemma2 of [1] we know that •h(t) is mono-
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tonicallydecreasingfor t � t � . Thus,t1 < 0 � v � t � ) •h(t1) > •h(0) � •h(v) � •h(t � ).

) _q(t; s) � _~h(0) +
Z t

0

•h(v)dv

� _~h(0) +
Z t

0

•~h(v)dv from de�nition of ~h(t)

� _~h(t)

Case3.1.3(s � 0; t � < t).

Fromcase3.1.2we have, _q(t � ; s) � _~h(t � ). _q(t; s) is monotonicallyincreasingsinceit is a

straightline andits slope (yi � r i )2

yi
> 0. From(P4)of lemma2 of [1]we know that, _~h(t) is

monotonicallydecreasingfor t > t � . UsinglemmaA.2.3 wehave,

_q(t; s) � _~h(t); t > t �

Combiningcases3.1.1. . .3.1.3we have, _q(t; s) � _~h(t; s); t � s. UsinglemmaA.2.1,

q(t; s) � ~h(t; s); t � s. Combiningthiswith theresultin case3.1.1wehave,

q(t; s) � ~h(t; s); 8t 2 R; s � 0

Case3.2(0 < s � t � ).

Case3.2.1(0 < s � t � ; s � t � t � ).

_q(t; s) = _q(s; s) +
Z t

s
•q(v; s)dv

= _~h(s) +
Z t

s

•h(v; s)dv from case3.1.2,t1 < 0 � v � t � )

•h(t1) > •h(0) � •h(v) � •h(t � )

� _~h(s) +
Z t

s

•~h(v; s)dv from de�nition of ~h(t)

� _~h(t)

Thus, _q(t; s) � _~h(t); s � t � t � ; 0 < s � t � .
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Case3.2.2(0 < s � t � ; t � < t).

From case3.2.1, _q(t � ; s) � _~h(t � ). From (P4) of lemma2 of [1], _~h(t) is monotonically

decreasingfor t > t � . By lemmaA.2.3, _q(t; s) � _~h(t); t � m < t.

Combiningcases3.2.1and3.2.2wehave, _q(t; s) � _~h(t); t � s. By lemmaA.2.1,

q(t; s) � _~h(t); t � s;0 < s � t �

Case3.2.3(0 < s � t � ; 0 � t < s).

_q(t; s) = _~h(s) + •h(t1)( t � s) usingexpressionfor •h(t1) from case3.1.2

= _~h(s) �
Z s

t

•h(t1)dv

� _~h(s) �
Z s

t

•h(v; s)dv •h(s) is monotonicallydecreasing

for t < t � ; ,from case3.1.2

= _~h(s) +
Z t

s

•h(v; s)dv •h(s)

= _~h(t)

Case3.2.4(0 < s � t � ; t < 0). Fromcase3.2.3weknow that, _q(0; s) � _~h(0).

_q(t; s) = _~h(s) + •h(t1)( t � s)

= _q(0; s) + •h(t1)t substitutingfor _q(0; s)

� _~h(0) + •h(t1)t seeabove

= _~h(t) from de�nition of _~h(t)

Combiningcases3.2.3and3.2.4we have, _q(t; s) � _~h(t); 8t � s. By lemma2 of [1],

q(t; s) � _~h(t); t � s

Combiningtheresultsfrom case3.2.2and3.2.4,

q(t; s) � ~h(t); 8t 2 R; 0 < s < t �
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Case3.3(t � < s).

Case3.3.1(t � < s;s � t).

_q(t; s) is monotonicallyincreasingsince (yi � r i )2

yi
> 0. By (P4)of lemma2 of [1], _~h(t) is

monotonicallydecreasingfor t � s > t � . By their respective de�nitions, _q(s; s) = _~h(s).

By lemmaA.2.3 we have, _q(t; s) � _~h(t); 8t � s. By lemmaA.2.1 we have, q(t; s) �

~h(t); 8t � s.

Case3.3.2(t � < s; t � � t < s).

_q(t; s) is monotonicallyincreasingsince (yi � r i )2

yi
> 0. By (P4)of lemma2 of [1], _~h(t) is

monotonicallydecreasingfor t � � t < s. By their respective de�nitions, _q(s; s) = _~h(s).

By lemmaA.2.4 wehave, _q(t; s) � _~h(t); 8t � � t < s.

Case3.3.3(t � < s;0 � t < t � ).

_q(t; s) = _q(t � ; s) +
Z t

t �
•q(v; s)dv

� _~h(t � ) �
Z t �

t
•q(v; s)dv from case3.2.3

= _~h(t � ) �
Z t �

t

•h(t1)dv usingexpressionfor •h(t1) from case3.1.2

� _~h(t � ) �
Z t �

t

•h(v; s)dv •h(s) is monotonicallydecreasing

for t < t � ; ,from case3.1.2

= _~h(s) +
Z t �

t

•h(v; s)dv

= _~h(t)
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Case3.3.4(t � < s; t < 0). Fromcase3.3.3wehave, _q(0; s) � _~h(0).

_q(t; s) = _~h(s) + •h(t1)( t � s)

= _q(0; s) + •h(t1)t substitutingfor _q(0; s)

� _~h(0) + •h(t1)t seeabove

= _~h(t) from de�nition of _~h(t)

Combiningcases3.3.2,3.3.3and3.3.4we have, _q(t; s) � _~h(t); 8t � s. By lemmaA.2.2,

q(t; s) � _~h(t); 8t � s.

Combiningresultsfrom case3.3.1and3.3.4wehave,

q(t; s) � ~h(t); 8t 2 R; t � < s

Combiningresultsfrom cases3.1. . .3.3wehave,

q(t; s) � ~h(t); i 2 I 0
3

Case4 (i 2 I 00
3).

~h(t) =

8
><

>:

h(t) if t � 0

h(0) + _h(0)t + 1
2

(yi � r i )2

yi
t2 if t < 0

_~h(t) =

8
><

>:

_h(t) if t � 0

_h(0) + (yi � r i )2

yi
t if t < 0

q(t; s) = h(s) + _~h(s)(t � s) + 1
2

(yi � r i )2

yi
(t � s)2

_q(t; s) = _~h(s) +
(yi � r i )2

yi
(t � s)

Case4.1(s � 0).
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FigureA.11: Representative illustrationsfor Case4.1(i 2 I 00
3; s � 0) andCase4.2(i 2 I 00

3; 0 < s).

Case4.1.1(s � 0; t � 0). By de�nition of q(t; s),

_q(t; s) = _~h(s) +
(yi � r i )2

yi
(t � s)

= _h(0) +
(yi � r i )2

yi
s +

(yi � r i )2

yi
(t � s) substitutingfor _~h(s)

= _h(0) +
(yi � r i )2

yi
t

= _~h(t) from de�nition of _~h(t)

Applying lemmaA.2.2 for t � s, wehave

q(t; s) � h(t); t � s;s � 0

Case4.1.2(s � 0; 0 < t).

Fromcase4.1.1we have, _q(0; s) � _~h(0). _q(t; s) is monotonicallyincreasingsinceit is a

straightline andits slope (yi � r i )2

yi
> 0. From(P4)of lemma2 of [1]we know that, _~h(t) is
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monotonicallydecreasingfor t > 0 > t � . UsinglemmaA.2.3 wehave,

_q(t; s) � _~h(t); t > 0

Combiningcases4.1.1. . .4.1.2we have, _q(t; s) � _~h(t; s); t � s. UsinglemmaA.2.1,

q(t; s) � ~h(t; s); t � s. Combiningthiswith theresultin case4.1.1wehave,

q(t; s) � ~h(t; s); 8t 2 R; s � 0

Case4.2(0 < s).

Case4.2.1(0 < s;s � t).

_q(t; s) is monotonicallyincreasingsince (yi � r i )2

yi
> 0. By (P4) of lemma2 of [1], _~h(t)

is monotonicallydecreasingfor t � s > 0 > t � . By lemmaA.2.3 we have, _q(t; s) �

_~h(t); 8t � s. By their respective de�nitions, _q(s; s) = _~h(s). By lemmaA.2.1 we have,

q(t; s) � ~h(t); 8t � s.

Case4.2.2(0 < s;0 � t < s).

_q(t; s) is monotonicallyincreasingsince (yi � r i )2

yi
> 0. By (P4)of lemma2 of [1], _~h(t) is

monotonicallydecreasingfor 0 � t < s. By lemmaA.2.4 we have, _q(t; s) � _~h(t); 80 �

t < s.

Case4.2.3(0 < s; t < 0). Fromcase4.2.2wehave, _q(0; s) � _~h(0).

_q(t; s) = _~h(s) + •h(t1)( t � s)

= _q(0; s) + •h(t1)t substitutingfor _q(0; s)

� _~h(0) + •h(t1)t seeabove

= _~h(t) from de�nition of _~h(t)

Combiningcases4.2.2 and 4.2.3 we have, _q(t; s) � _~h(t); 8t � s. By lemmaA.2.2,

q(t; s) � _~h(t); 8t � s.
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Combiningresultsfrom case4.2.1and4.2.3wehave,

q(t; s) � ~h(t); 8t 2 R; 0 < s

Combiningresultsfrom cases4.1and4.2wehave,

q(t; s) � ~h(t); i 2 I 00
3

From cases1, 2, 3 and4 we seethat eachterm of ~� L ([A� ]i ; [A� (n) ]i ) exceedseach

termof � ~L(� ) for all valuesof � 2 S = Rn
p . Thus,

~� L (� ; � (n)) � � ~L(� ); 8� 2 S = Rn
p
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