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ABSTRACT

NOISEPROPERTIESOFREGULARIZEDIMAGERECONSTRUCTION IN X-RAY
COMPUTEDTOMOGRAPHY

by

YingyingZhang-O'Connor

Chair: Jeffrey A. Fessler

X-ray computedtomography (CT) hasroutineusein medicaldiagnosis.Technology

advancementsenablefurtherclinicalapplications,suchascardiacimagingandlungcancer

screening.It alsohasusein industrialapplications.

Thespatialresolutionandnoisepropertiesof imagereconstructionmethodsareimpor-

tantfor imagingsystemdesign,reconstructionmethodcomparisonsandreconstructionpa-

rameterselection.Currentreconstructionmethodsfall into two maincategories:analytical

anditerativemethods.Therepresentativeof theformercategory is �ltered backprojection

(FBP)or convolutionbackprojection(CBP).Theiterativemethodscanbefurtherdivided

into algebraicandstatisticalmethods.The spatialresolutionandnoisepropertiesof an-

alytical methodsarewell studiedandunderstood.Thestatisticalreconstructionmethods

have thepotentialto offer improved imagequality andbetterbias-varianceperformance.

They arebasedonmodelsfor measurementstatisticsandphysics,andcaneasilyincorpo-

ratetheprior information,thesystemgeometryandthedetectorresponse.They canalso

modelComptonscatteringandthepolyenergeticspectrumof theX-ray source.Themain

xi



disadvantagesof thestatisticalreconstructionmethodsarethelongercomputationtimeof

iterativealgorithmsthatis usuallyrequiredto minimizecertaincostfunctions,andthelack

of insightsinto theresolutionandnoisepropertiesof thereconstructedimages.

This thesisaddressesthesetwo concernsof statisticalreconstructionmethodsby de-

velopingthe fastnon-uniformFFT (NUFFT)-basedforward andback-projectorsandby

deriving an analyticalapproachto study the noisepropertiesof the statisticallyrecon-

structedimages. The overall computationfor the NUFFT-based2D fan-beamforward

projector is akin to previous hierarchicalmethods,and is about two times fasterthan

the distance-driven (DD) forward projectorwhile providing comparableaccuracy. The

proposedanalyticalnoisevariancepredictionsfor the2D fan-beamgeometryprovide ac-

curacy comparableto FFT-basedpredictionsandagreewell with empiricalvariancesin

fan-beamCT, but requiremuch lesscomputationthan the traditionalFFT method. An

extensionto 3D cylindrical CT is alsodeveloped.

xii



CHAPTER 1

Intr oduction

The tasksof medicalimagingcanbe groupedinto two genericcategories: classi�ca-

tion andestimation.Classi�cationusuallyinvolvesa decision-makingprocess,determin-

ing from which classof underlyingobjectsthedatais derived. In thecaseof estimation

tasks,quanti�cation of a variety of parametersis performedbasedon the measurements

to describetheobjects.Imagereconstructionis a commonexampleof anestimationtask:

estimatingthe spatialdistribution of a certaincharacteristicof the object. For example,

thedistribution of attenuationin transmissiontomography andthedistribution of the ra-

dioisotopesin emissiontomography aretheparametersof interestto reconstruct.

Objective assessmentof imagequality is task-speci�c. In thecontext of imagerecon-

struction,thetaskcanbeperformedby differentestimators,suchasa Bayesianestimator,

an algebraicestimatoror a maximum-likelihood(ML) estimator. Bias andvarianceare

two commonmeasuresto assessestimatorperformance.Thequality of reconstructedim-

agesis oftencharacterizedby thespatialresolutionandnoise.In thisdissertation,wefocus

on tomographicimagingsystems,particulartransmissioncomputedtomography (TCT).

Theconventionalmethodto reconstructtheattenuationimagesfrom computedtomog-

raphy (CT) measurementsis �ltered backprojection(FBP)or convolutionbackprojection

(CBP).FBP reconstructionmethodis a deterministicmethodbasedon the propertiesof
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2

the Radontransformandthe centralslice theorem. ThereforeFBP methodassumesan

idealrealizationof tomographicimaging.Theeffectof noiseis oftenreducedby aspatial-

invariant�lter . Anotherclassof methodsthatpartially accountfor thedatastatisticsare

somewhat “semi-statistical”,eitherusinga spatial-variant�lter to smooththe projection

data[3,29,82], or �rst statistically“restoring” thesinogram[10,46,58,95] beforeapply-

ing FBP. The “fully” statisticalreconstructionmethods,on the otherhand,arebasedon

modelsfor measurementstatisticsandphysics.They caneasilyincorporatetheprior infor-

mation,thesystemgeometryandthedetectorresponse,andmodelscatteringandenergy

spectrumof theX-ray source.Therefore,they have thepotentialto offer improvedimage

quality, betterbias-varianceperformanceandreduceddose. Of all the statisticalrecon-

structionmethods,maximumlikelihoodreconstructionis mostcommon.Becauseimage

reconstructionis an ill-posedproblem,maximumlikelihoodreconstructionleadsto very

noisy imagesthatareunacceptable.Noisereductioncanbeachievedby augmentingthe

originaloptimizationproblemwith aregularizer. Penalized-likelihood(PL) reconstruction

addsa roughnesspenaltyto thenegative log likelihood.Basicallythesepenaltyfunction-

als canbe viewed asexpressingprior informationaboutthe underlyingobject. Usually

an iterative algorithmis neededto minimizePL costfunctions.Theresolutionandnoise

propertiesarein�uencedby boththedatacollectionmethodandreconstructionparameter

selection.

Oneof themaindisadvantagesof statisticalreconstructionmethodsis thelongercom-

putationtimeof iterativealgorithmsthatusuallyarerequiredtominimizethecostfunction.

Most iterativealgorithmsrequireoneforwardprojectionandoneback-projectionfor each

iteration. The primary computationburdenof iterative imagereconstructionmethodsis

theseforwardandback-projections.All projection/back-projectionmethodsareapproxi-

mationsto therealphysicalmodels.Thereareatleast� vepracticaltypesof backprojection
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approaches(includingours): rotation-based,pixel-driven,ray-driven,distance-drivenand

Fourier-based.Wewill discusstheseapproachesin Chapter3.

The statisticalpropertiesof the reconstructedimageshave not beenwell studiedpre-

viously. Typically, the varianceor standarddeviation imagesareestimatedempirically.

This requiresmultiple realizationsof imagereconstructionand thereforeis impractical

dueto the long computationtime. The choicesof regularizationparametersthat control

thetrade-off betweenthedata-�tting andtheimagesmoothnessarebasedmainly on trial

anderror. Accuratepredictionof variancemapsfor iteratively reconstructedimagescan

beusefulfor algorithmanalysisandfor thedesignof regularizationmethods.Theexist-

ing variancepredictionmethodscanbe divided into iterationbasedandestimatorbased

methods.Theiteration-basedvariancepredictionsarestudiedin e.g., [15,98] asafunction

of the iterationnumberfor the maximum-likelihoodexpectationmaximization(MLEM)

algorithmthatis basedona“stoppingrule” to terminatetheiterationsbeforeconvergence.

Theestimator-basedvariancepredictionsarethepropertiesof theconvergentimages,and

independentof theparticularalgorithmanditerations,[32,78,91]. We focuson thelatter

approachbecausethe predictionsdependonly on the selectedcost function, not on the

particularalgorithm.

1.1 Contrib utions and Outline

Thework in this dissertationhasbeenfocusedon acceleratingthe forwardandback-

projectionandstudyingnoisepropertiesassociatedwith statisticalimagereconstruction

in X-ray transmissionCT:

1. Chapter3 developsa fastFourier-basedprojectionandback-projectionpair in 2D

fan-beamCT.

(a) Becausethereis no suitableFourierslice theoremin divergent-beamgeometry
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andit is notevidenthow to usefor forwardprojectionarecentextension[21] that

is suitablefor analyticalreconstruction,we usetheusualparallel-beamFourier

slicetheoremandinterpolatethesamplesinto thefan-beamcoordinates.To en-

suregoodaccuracy andcomputationef�ciency, we usea min-maxoptimized

nonuniformfastFouriertransform(NUFFT) approachfor theradial“interpola-

tion”. Thebackprojectionis theadjointoperationof theforwardprojection.

(b) BecauseFouriermethodsareef�cient only for shift-invariantdetectorresponse

models,weapproximatethedetectorresponseby theeffectivewidthatthecenter

of the�eld of view whenthevariationin detectorresponseover the�eld of view

is oftenfairly modest.

2. The proposedNUFFT-basedfan-beamforward andbackprojectorswork generally

for arbitraryfan-beamsamplingpatterns.For theusual3rd-generationCT fan-beam

geometry, theoverall computationfor theNUFFT-basedfan-beamforwardprojector

is O(N 2 logN ), akin to previous hierarchicalmethods[16], whereasmost space-

basedforward projectorsrequireO(N 3) operations.Therefore,the NUFFT-based

forward andbackprojectorsaremuchfasterthanthe line or beam-basedspaceap-

proaches.They arecomparableto the distance-driven projectorsfor small images

andareabout2 to 4 timesfasterfor largerimages.

3. Chapter4 proposesananalyticalvariancepredictionapproachthatcancomputethe

variancemapef�ciently andaccurately. Thederivationof theclosed-formapproxi-

mationsprovidesinsightinto thenoisepropertiesof thequadraticallypenalizedlike-

lihood (QPL) reconstructedimagesin 2D fan-beamCT:

(a) Neglectingthedepth-dependentdetectorblur, westartwith thecontinuous-space

counterpartof theexistingmatrix-basedcovarianceapproximation[32], andde-
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rive a “pure” analyticallocal frequency responseof Gramoperator. This step

helpsusunderstandtheissueintuitively.

(b) By usingdiscrete-spaceFourier transform(DSFT) andParseval's theorem,we

are able to bridge the discretespaceto continuousspaceand derive an accu-

rateanalyticalexpressionfor varianceprediction,basedonlocalshift-invariance

approximationsandlocalFourieranalysis.

(c) Thesimplestof thesevariancepredictionsrequireonly a singlebackprojection

anda few minoroperationsto produceanentirevariancemap,sothey aremuch

fasterthanthetraditionalFFT approachthatwould requirea repetitive forward

andbackprojectionfor eachpixel in theimage.

4. Chapter5 extendstheanalytical2D variancepredictionmethodsinto a3D cylindrical

cone-beamgeometry.



CHAPTER 2

Background

Statisticalmethodsfor imagereconstructioncanbeusedin differentmedicalimaging

modalities,suchas magneticresonanceimaging (MRI), positronemissiontomography

(PET)anddigital tomosynthesis.This thesisfocuseson tomographicimaging.Thischap-

ter brie�y reviews the principlesin tomographicimaging,particularlyX-ray computed

tomography (CT).

2.1 Review of Principles of X-Ray ComputedTomography

Conventionaltomography depictsa three-dimensionalobject into a two-dimensional

image. The word ”tomography” is derived from the Greek: tomos(slice) and graphia

(to write). In transmissiontomography, the object to be imagedis the spatialattenua-

tion distribution, while the object to be imagedin emissionimagingis the radioactivity

distribution. Themain limitationsof conventionaltomography aretheblurredoverlying

structuressuperimposedon theimageandthelargex-raydoseto thepatient.

Thebasicideaof today'stomography wasproposedasearlyasin 1940byGabrielFrank

[45] andby Allan Cormackindependently. Computedtomography waslater introduced

into clinical practicein early 1970swith �rst clinically availableCT device installedat

Atkinson-Morley Hospital in Wimbledon,UK by Godfrey Houns�eld, JamesAmbrose

andLouis Kreel, [8]. Unlike conventionaltomography, computedtomography is ableto

6
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produceimagesof thin slicesof theobjectwith enhancedcontrastandreducedstructure

noise[19]. Tomographicimagingsystemscollect setsof projectionsand imagerecon-

structionalgorithmsrecover theoriginalobjectsfrom theseprojections.

2.1.1 Evolution of X-Ray CT Scanners

Thetypical transmissionCT scannerconsistsof aX-ray tube,a rotationgantry, a table

anda detectorwith oneor moredetectorcells. The typesof CT scannershave evolved

over � vemajorgenerationsover thepastfew decades.

Figure2.1showsthetypical �rst-generationCT scannergeometrythatis characterized

by a singleX-ray sourceanda singledetectorelement. It representsthe parallelbeam
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Figure2.1: First generationCT scanner.

geometry. In thisscanninggeometry, X-ray tubeanddetectorundergobothlineartransla-

tion androtation.For agivenprojectionangle,aparallel-beamprojectionmeasurementis

collectedby translatingtheX-ray tubeandthedetectoralongastraightline segment.The

X-ray sourceanddetectorassemblyis translatedin adirectionthatis perpendicularto the

X-ray directionandrotatedto obtainprojectionmeasurementsat differentview angles.
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The advantagesof this designaresimplicity and the ability to accommodateobjectsof

differentsizes.Thedisadvantageis thelongscantime.

Thesecond-generationCT scanneris alsoin a translation-rotationmodewith multiple

detectors.A fan-beamof radiationis used.By usinga small fan-beamangle,projection

dataat differentview anglesarecollectedfor eachtranslation.This designhelpsreduce

scanningtimeby reducingtherotationstep.Like the�rst-generationscanner, thesecond-

generationscanneralsohasthe�e xibility to accommodateawiderangeof differentobject

sizes.Thispropertyenablesimportantapplicationsin someindustrialareas.

Thethird-generationCT scannerutilizesa largenumberof detectorelementsandhas

a muchwider fan-beamangleso that ideally X-rays cover the entireobjectat all times,

shown in Figure2.2. Thereis no needfor translationin this geometry, leadingto faster

scanningtime. The X-ray tubeanddetectorsassemblyis operatedonly in the rotation

mode,asshown in Figure2.2. However, to cover the entireobjectduring the scan,the

rangeof differentobjectsizesis limited by themaximumfanangleandthedistancebe-

tweentheX-ray tubeandtheobject.Furthermore,having all detectorelementscontribut-

ing to eachview imposemorestringentrequirementsondetectorperformancethanearlier

generations.

Thefourth-generationscanneris alsoarotation-onlyscannerwith amulti-elementring

detectorsinstalledaroundtheobject.Only theX-ray tubeis rotatedwhile thering detector

is stationary.

Themechanismof �fth-generationscanneris very differentfrom thatof all theearlier

generationsdiscussedabove in which theX-ray sourceand/orthedetectorsmove within

theaxial plane.The�fth-generationgeometryis characterizedby multiple X-ray sources

arrangedinto a circular arrayandan areadetectorwith multiple elements.Thereis no

mechanicalmotioninvolved. Instead,theX-ray sourcesareelectronicallyswitchedon or
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off duringthedataacquisition.A largevolumeof theobjectis coveredduringeachscan

anda seriesof 2D projectionsarecollected. An exampleof this approachis whenthe

X-ray sourceis producedby aelectron-beamtomography (EBT) scanner, [45].
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Figure2.2: Third generationof CT scanner.

During the1980s,thedevelopmentof slip ring technologyenabledspiral/helicalscan-

ning so that fan-beamhelical scanningbecamethe standardmedicalCT mode;seeFig-

ure2.3. TheX-ray sourcerotatescontinuouslyin onedirectionwhile thetableon which

the patientis lying translatesat a constantspeed. The introductionof helical scanning

allowsevenlargerbodycoverageduringonesinglebreathhold. Thereforeartifactsdueto

patientmotionarereduced.However, therecanbeartifactsdueto missingdatain helical

acquisition.
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Figure2.3: Illustrationof fan-beamhelicalCT scan.

AlthoughhelicalCT improvesthevolumecoverage,highervolumecoverageandthin-
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nerslicesarestill demandedin many clinical situations.Multi-slice or multi-detectorCT

scannersareavailablenow commercially. They incorporatemultiplerowsof detectorrings

andacquiremultiple slicesper rotation. Multi-threadedcone-beamCT scannerswith up

to threeX-ray tubesandcorrespondingdetectorsareproposedto improvetemporalresolu-

tion andreducecone-beamartifactsfor multi-sliceCT scanners[57]. Recentlyresearchers

developedaninverse-geometryCT (IGCT) system[63,67,83]. In this IGCT architecture,

ascannedareasourceandoneor moresmalldetectorsareused.

2.1.2 X-Ray CT MeasurementPhysics

Despitethe differentgeometriesmentionedin section2.1.1,X-ray CT measurement

physicsare the samefor all geometries.For simplicity, our following discussionis re-

strictedto the2D parallel-beamgeometry. ThedetectormeasurestheX-ray photon�ux

emerging from theobjectat differentangles,shown in Figure2.1. Let Yi denotethemea-

surementfor thei th ray of theincidentspectrum.For a ray L i of in�nitesimal width, the

meanof theprojectionmeasurementscouldbeexpressedas:

(2.1) E[Yi ] =
Z

I i (E) e�
R

L i
� (x;y ;E) d` dE+ r i

wherei = 1; : : : ; Nd andNd is the numberof the rays. � (x; y; E) denotesthe unknown

spatially-andenergy-dependentattenuationdistribution,
R

L i
� d` is the“line integral” func-

tion alongline L i , andI i (E) incorporatesthe sourcespectrumandthe detectorgain. In

reality, themeasurementssuffer from backgroundsignalssuchasComptonscatter, dark

currentandnoise.Theensemblemeanof thoseeffects(for thei th ray) is denotedr i .

2.1.3 RadonTransform and Fourier SliceTheorem

TheCT measurementsf Yi g
Nd
i =1 indirectly correspondto theprojectionsof theobject's

attenuationcoef�cient � (x; y; E). Thecollectionof line integralsis relatedto theRadon
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transform. The Radontransformandits associatedFourier slice theoremplay a funda-

mentalrole in tomographicimagingsystemsanddeserveanin-depthreview.
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Figure2.4: 2D functionandits Line integrals.

sinogram for a NCAT phantom sinogram for a point object

Figure2.5:Exampleof sinograms.Left: asinogramof aNCAT phantom(seeFigure4.5).Right: asinogram
of apointobject.

For simplicity, weonly considerthe2D caseshown in Figure2.4.TheRadontransform
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relatesa2D imagef (x; y) to its line integralsasfollows [62]:

p' (r ) = (P f )(r; ' ) =
Z

L (r ;' )
f (x; y) d`

=
Z 1

�1
f (r cos' � ` sin'; r sin' + ` cos' ) d`

=
Z 1

�1

Z 1

�1
f (x; y)� (x cos' + y sin' � r ) dx dy(2.2)

whereP denotesprojectionoperator, r is theradialdistancefrom theorigin and' is the

view anglemeasuredcounter-clockwisefrom the y-axis to the ray direction. The �nal

expressionin (2.2) is de�ned in polar coordinates,(r 0; � ). If the projectionsp' (r ) from

differentanglesarearrangedasanarraywith oneaxisof projectionangle' andtheother

axis of projectionbins at the detector(radial distancer ), thenthis 2D function is called

sinogrambecausethesinogramof apointobjecttracesasinusoid,seeFigure2.5.Thegoal

of imagereconstructionis to estimatef (x; y), moreparticularly� (x; y; E) in transmission

tomography, fromameasuredsinogramthatis obtainedfrom(noisy)samplesof projection

datap' (r ). In practice,theanalyticalreconstructionmethodsneedto estimatêp' (r ) from

measurementsf Yi g. Statisticalreconstructionmethodsestimate� (x; y; E) directly from

measurementsf Yi g.

The Fourier slice theoremis alsoknown asthe central sectiontheoremor projection

slice theorem. This theoremis the foundationof the tomographicreconstructionmethod

(�ltered back-projection)thatis widelyusedin commercialCT scanners.Let P' (� ) denote

1D Fouriertransformof p' (r ):

P' (� ) ,
Z 1

�1
p' (r ) e� i 2� �r dr :

Plugging(2.2)into P' (� ) yieldsthefollowing mathematicalstatementof theFourierslice

theorem[62]:

(2.3) P' (� ) =
Z 1

�1

Z 1

�1
f (x; y) e� i 2� � (x cos' + y sin ' ) dx dy = F (� cos'; � sin' );
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whereF (f x ; f y) denotesthe2D Fouriertransformof objectf (x; y) andf x = � cos'; f y =

� sin' . The 2D Fourier slice theorem(2.3) statesthat the 1D Fourier transformof the

projectionat view angle' is equalto a centralslice of the 2D Fourier transformof the

objectat thesameangle.

2.2 Review of ImageReconstructionMethods for X-Ray CT

Theoverall goalof x-ray CT imagereconstructionis to reconstructtheunderlyingob-

jectbeingimagedfrom theprojectionmeasurements,particularly� (x; y; E) from f Yi g
Nd
i =1

in transmissiontomography. Imagereconstructionmethodsor algorithmscan divided

into two maincategories:analyticalanditerativemethods.Mostconventionalreconstruc-

tion methodssuchas �ltered back-projection(FBP) and backprojected-�ltration(BPF)

areanalyticalmethods.Iterative imagereconstructionmethodscanbefurtherdividedinto

algebraicandstatisticalmethods.Algebraicreconstructiontechnique(ART) andmulti-

plicativealgebraicreconstructiontechnique(MART) aretwo examplesof algebraicmeth-

ods[9,48,88,100]. Weightedleastsquares(WLS) andpenalizedlikelihood(PL) recon-

structionarestatisticalreconstructionmethods.Mostconventionalreconstructionmethods

ignoretheenergy spectrumof thebeam.In contrast,statisticalreconstructionmethodscan

incorporatethis energy spectruminto their statisticalmodels. We give a brief review of

someof thereconstructionmethodsin thissection.

2.2.1 Dir ectFourier Reconstructionand Filter edBack Projection

Both direct Fourier reconstruction(DFR) and�ltered backprojection(FBP) areana-

lytical imagereconstructionmethods.FourierslicetheoremandRadontransformarethe

foundationof theseapproaches.
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Dir ectFourier Reconstruction

ThedirectFourierreconstruction(DFR)methodis verystraightforwardwith thedirect

applicationof theFourierslice theorem(2.3). To reconstructf (x; y) from themeasured

projectionsp' (r ), oneperformsthefollowing stepsdepictedin Fig. 2.6:

1. Take 1D Fourier transformof eachp' (r ) for each' to get P' (� ). Basedon the

relationshipin (2.3), we have the 2D FT of the object f (x; y) in polar coordinates

F (�; ' ).

2. ConvertF (�; ' ) in thepolarcoordinatesinto F (f x ; f y) in Cartesiancoordinates.

3. Take2D inverseFouriertransformof F (f x ; f y) to getf (x; y).

2D IFTGridding
1D FTs

along eachang 

PSfragreplacements

p' (r )

'

f (x; y)P' (� ) F (f x ; f y )

F (�; ' )

Figure2.6: Basicstepsof directFourierreconstruction.

In practice,weprocessthediscretizedversionsof thesecontinuousfunctions,asshown

in Figure2.7. Hencetheconversionfrom polarfrequency samplesto Cartesianfrequency

samplesusuallyinvolvesFourierdomaininterpolation(gridding). Fourier domaininter-

polationis non-trivial sincelocal interpolationerrorin frequency domaincancauseglobal

artifactsin imagedomain.Laterin Chapter3, weproposeaFourier-basedforwardprojec-

tor thatusesaKaiser-Bessel(KB) interpolatoroptimizedin min-maxsensein thegridding

step.

Filter edBackprojection (FBP)

Filteredbackprojection(FBP)is themostcommonanalyticalreconstructiontechnique

that is basedon the Radontransform. The basicideabehindthis methodis to “smear”
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Gridding

PSfragreplacements

f x
f x

f yf y

Figure2.7: Illustrationof griddingstepthatinterpolatespolarsamplesof F (�; ' ) of ontoCartesiansamples
of F (f x ; f y ).

measuredsinogramvaluesbackinto theobjectspacealongthecorrespondingrays:

(2.4) (P � p)(x; y) = b(x; y) =
Z �

0
p' (x cos' + y sin' ) d' :

This operatorP � is calledthebackprojectionoperatorthat is theadjoint operatorof the

forwardprojectionoperatorin equation(2.2).Theback-projectionoperationin (2.4)does

not recover the original object f (x; y), unfortunately. A blurred versionof the object

b(x; y) calledlaminogramis yieldedinstead.

In practicewe do not measurep' (r ) directly, we needto estimatetheprojectionsfrom

the transmittedintensitiesf Yi g. ConventionalFBP assumesmono-energetic propertyof

theX-ray spectrumI i (E) = I i (E0)� (E � E0), thenthemeanintensitiesin (2.1)aregiven

by Beer's law:

(2.5) E[Yi ] = I i (E0) e�
R

L i
� (x;y ;E0 ) d` + r i :

Theestimatedprojectionscanbeobtainedby takingthelogarithmof themeasurements:

(2.6) p̂' (r ) , � log
�

Yi � r i

I i (E0)

�
�

Z

L i

� (x; y; E0) d` :

As mentionedearlier, theresultinglaminogramb(x; y) from (2.4)is ablurredversionof

theobjectf (x; y). To deblur, weapplya1D “ramp” �lter to eachprojectionateachangle
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'
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Figure2.8: Basicstepsof FBPreconstruction.

' . The basicstepsof FBP areillustratedin Figure2.8. In reality, the ideal ramp�lter

doesnot reallyexist andmustbesetzerobeyondcertaincutoff frequency. Theramp�lter

is oftenapodizedwith a window functionto reducenoise.SincetheFourier transformis

implementedusinga FFT, thezero-paddedsinogramis usedto avoid aliasingbefore1D

Fouriertransformateachview and�ltering.

Most CT scannersoffer various�lter optionsthat the operatorcanselectto enhance

eithersoft tissuefeaturesor bonedetailsfor differentclinical applications.For example,

GELightSpeedCT scannerhassix typesof �lters: soft,standard,detail,lung,bone,edge

�lters [45].

ConventionalFBPis basedon themonochromaticityassumptionof X-ray source.Us-

ing themonoenergeticphotonsourceis impracticalin diagnosticCT becauseof thesignal-

to-noiseratio(SNR)consideration.In reality, thephotonsemittedfromaX-ray tubehavea

spreadof energies.Thephoton�ux densityor intensitydemonstratesanenergy-dependent

distribution. Theshapeof theX-ray spectrumis like a humptoppedwith severalspikes.

The continuousspectrumis generatedby Bremsstrahlungradiation. The spikesresult

from thecharacteristicradiationthatis not continuous.
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2.2.2 Statistical X-Ray CT ImageReconstruction

Statisticalimagereconstructionmethodsarebasedonmeasurementstatisticsandphysics

modelsandoffer numerousadvantages,suchasthepotentialfor improvedbias-variance

performanceandproviding quantitatively accurateCT values.Conventionally, theX-ray

CT measurementsareassumedto follow discretePoissonstatistics.However, mostCT

detectorsareenergy-integrating,not photon-counting.Dueto thepolyenergeticproperty

of the X-ray beam,althoughindividual X-ray quantawill leadto Poissonstatistics,the

overall recordedsignalwill notbePoisson.

A compoundPoissonprobabilitydistributionfunction(pdf) of X-ray CT measurements

wasderived by Whiting [97] usinga momentgeneratingfunction approach.The pdf is

dependenton theX-ray energy quanta,�ux level andquantizationstepsize. It hasbeen

shown thatthecompoundPoissonlikelihoodis similar to theordinaryPoissonlikelihood

for the normal clinical exposuresand deviatessigni�cantly from the ordinary Poisson

likelihoodin situationsof low counts.ThecompoundPoissonstatisticshasacomplicated

likelihoodthathindersits directapplicationin statisticalreconstructions.An approximate

likelihoodwasderivedby Elbakrietal. in [28] usingageneralizedsaddle-pointintegration

method. Their proposedapproximatelikelihood is more accuratethan regular Poisson

likelihood. All the modelsabove can be generalizedto incorporateadditive electronic

noisethat is usuallyassumedto be independentof the quantameasurements.Variance

predictionsin Chapter4 andChapter5 arebasedon regularPoissonlikelihood.However,

becausevarianceis second-orderstatistics,the proposedvariancepredictionmethodis

applicableto essentiallyany statisticalmodel.

We focuson the caseof normalclinical exposureswhereregular Poissonstatisticsis

fairly accurate.Themeasurementsareoftenmodeledasthesumof a Poissondistribution

representingphoton-countingstatistics(2.1)andazero-meannormalnormaldisctribution



18

representingadditiveelectronicnoise:

(2.7) Yi � Poissonf E[Yi ]g+ N(0; � e);

where� e denotesthestandarddeviation of electronicnoise.Because(2.7)doesnot leads

to a tractablelikelihoodfunction,anapproximateshiftedPoissonlikelihoodfunctionthat

matchesthe�rst andsecondmomentsis oftenused[80,85,102]:

(2.8) Yi + � e � Poissonf E[Yi ] + � eg:

Forsimplicity, weignoretheelectronicnoiseanduseasinglematerialobjecttodemon-

stratetheideasbehindstatisticalimagereconstruction.Wediscretizethecontinuousatten-

uationfunction � (x; y; E) andparameterizeboth thespatialandenergy dependence.We

parameterizetheobjectspaceasfollows:

(2.9) � (x; y; E) =
pX

j =1

� j (E)bj (x; y);

where� j (E) denotestheunknown attenuationcoef�cient in pixel j andbj (x; y) is thepixel

basisfunctioncenteredat pixel j . We furthermodeltheunknown attenuationcoef�cient

as

(2.10) � j (E) = m(E)� j ;

wherem(E) is themassattenuationcoef�cient of thesingleobjectmaterial(e.g., water)

and� j is the (unknown) densityof the object in pixel j . Figure2.9 givessometypical

massattenuationcoef�cients for variousmaterials.

Substituting(2.9)and(2.10)into (2.1),weobtainthefollowing measurementstatistics:

(2.11) Yi � Poisson
� Z

I i (E) e� m(E)[A � ]i dE+ r i

�
;

whereA is the systemmatrix with entriesaij =
R

L i
bj (x; y) d`. For a mono-energetic

X-ray source,Beer's law applies:

(2.12) Yi � Poisson
�

I i (E0) e� m(E0 )[A � ]i + r i
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Figure2.9: Energy-dependentmassattenuationcoef�cients m(E) for bone,waterandfat.

Now thereconstructiongoalbecomesto estimate� = (� 1; : : : ; � p) from f Yi g
Nd
i =1 . When

theassumptionthattheobjectconsistsof onesinglematerialis invalid, onemustparame-

terizeboththespatialandenergy dependency asClinthorneetal. [22,92,93] asfollows:

(2.13) � (x; y; E) =
LX

l=1

ml (E)� l (x; y)

whereml (E) denotestheenergy-dependentmassattenuationcoef�cients of thelth mate-

rial and� l (x; y) is the(unknown) spatially-dependentdensityof thelth material.

Penalized-likelihood (PL) Reconstruction

Basedon thestatisticaldistribution of themeasurements,we canestimate� usingpe-

nalized likelihood estimation. For the mono-energetic model (2.13), the negative log-

likelihoodhastheform

� L(� ) =
NdX

i =1

�
Yi log

� �Yi (� )
�

� �Yi (� )
	

=
NdX

i =1

�
Yi log

�
I i (E0) e� m(E0 )[A � ]i + r i

�
�

�
I i (E0) e� m(E0 )[A � ]i + r i

�	
(2.14)
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where�Yi (� ) , E [Yi j� ] is themeanof themeasurementdataalongpathL i . For reconstruc-

tion, weaddaroughnesspenaltytermto thenegative likelihood,resultingin thefollowing

penalized-likelihood(PL) costfunction:

(2.15) �( � ) = � L(� ) + � R(� );

wherethe(pairwise)penaltytermhasthefollowing form

R(� ) =
pX

j =1

X

k2N j

 (� j � � k);

� is a scalarthat controlsthe trade-off of data�t andsmoothnessof image, (�) is an

edge-preservingpotentialfunctionandN j is someneighborhoodof pixel j .

PenalizedWeightedLeastSquares(PWLS) Reconstruction

ThePoissonlog-likelihoodin (2.14)is basedon thestatisticalpropertiesof thetomo-

graphicreconstructionproblem.However, becausePoissonnegative log-likelihood(2.14)

is non-convex andnon-quadratic,theminimizationalgorithmsrequiredcanbecomplex.

To simplify, onecanapplya second-orderTaylor expansionto thePoissonlog-likelihood

in (2.14),[30,31]. This quadraticapproximationleadsto weightedleastsquares(WLS)

likelihoodfunction:

(2.16) � L(� ) =
NdX

i =1

wi
1
2

(� log(Yi ) � [A � ]i )2;

wherewi valuesarestatisticalweightingfactorsthat dependon the model for the mea-

surementstatistics.For the caseof shiftedPoissonlikelihood,wi � ( �Yi (� )+ � e � r i )2

�Yi (� )+ � e
. For

thecaseof regularPoissonlikelihood,wi � ( �Yi (� )� r i )2

�Yi (� ) . Plugging(2.16)into (2.15)yields

penalizedweightedleastsquares(PWLS)costfunction.In practice,oneoftenusessimply

wi = Yi .
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Iterative algorithmsareoftenappliedto minimize(2.15)subjectto certainobjectcon-

straintssuchasnon-negativity:

(2.17) �̂ = argmin� � 0�( � ):

To �nd the minimizer of (2.15), optimizationtransfermethods[2, 25,27] can be used

to replacea complex likelihoodas in (2.14) with surrogatecost functionsthat aresim-

pler andeasierto minimize. Optimizationtransfermethodsalsoensurethecostfunction

monotonicallydecreasesaftereachiteration.Theresultingalgorithmis oftenadiagonally-

preconditionedgradientdescentmethodof thefollowing form:

(2.18) � n+1 = [� n � D � 1r �( � n )]+

wherer �( � n ) is the gradientof the costfunction evaluatedat currentestimates� n , D

is a diagonalmatrix and[� ]+ enforcesnon-negativity constraint.Thediagonalmatrix D ,

whosenonzerodiagonalentriesarethesecondderivativesof thesurrogatefunction,is the

key thatcontrolstherateof convergenceandmonotonicityof thealgorithm. Thesecond

derivative of the surrogate function hasa curvatureterm that in�uences the rate of the

convergenceparticularly. Wehaveseveraldifferentchoicesof thecurvatureterm:

� Iteration-dependentoptimalcurvaturethatkeepsstepsizeaslargeaspossible,but re-

quiresmorecomputation[1].

� Iteration-independentmaximumcurvaturethat ensuresthe monotonicityof the algo-

rithm, but leadsto aslowerconvergence[1].

� Iteration-independentprecomputedcurvaturethat compromisesthe monotonicityand

achieves fasterconvergence. It is usually usedin the ordered-subsetversionof the

algorithm[2].

Thecolumngradientof thecostfunctionin (2.18)hasthefollow matrix form:

(2.19) r �( � ) = � A 0D
�
Yi =�Yi (� ) � 1

�
r �

�Y (� ) + � r R :
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From (2.12)and(2.19),we canseethat oneforward projectionandonebackprojection

areinvolved in eachiteration. Therefore,fast forward andback-projectorsareessential

in computationtime reduction.This is themotivationfor our work in next chapteron the

developmentof fastNUFFT-basedforwardandbackprojectors.

2.2.3 Beam-HardeningArtifacts Corr ection

Thephenomenonof beamhardeningarisesfrom thenatureof a polychromaticX-ray

sourceandthenon-linearitybetweentheattenuationandthematerialthickness.Thelower

energy raysarepreferablyattenuatedthanthehigherenergy rays,asthey penetratethrough

amaterial.As aresult,theeffectivebeamenergy shiftsupwardduringtheprocess.In other

words,thebeambecomes“harder”. This phenomenonis referredto beamhardening.If

thisbeam-hardeningeffect is ignored,“cupping” artifactswill appearin thereconstructed

imagesandthe reconstructedattenuationis not quantitatively accurate.The cuppingar-

tifactsarecausedby the fact that the rayspassingthoughthe centerof the phantomare

harderthantheonespassingthroughtheedges.Theresultantattenuatedpro�les displaya

cuppedshapecomparedto theidealpro�les withoutbeamhardening.Thebeam-hardening

artifactsbecomemoreseverefor highly attenuatingmaterials.

Correctionof beam-hardeningerrorsis essentialin quantitative computedtomography

(QCT). Currentcorrectionmethods[7,26,49,50,56,68,101] canbedivided into single-

energy anddual-energy correctiontechniques.Two mostcommonlyusedsingle-energy

techniquesare the water and bonecorrections. Water correctiontechniqueassumesa

single-materialobject consistingof water. Bonecorrectiontechniqueusuallyperforms

water correction�rst and then additionalcorrectionfor bone is performed. Sincethe

single-materialassumptionis only partiallyvalid, thetechniquescannotleadto anoptimal

correction.Dual-energy techniqueusestwo polyenergeticx-ray sourcesandcollectstwo
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setsof measurements.Wesummarizetwo techniqueshere:water-correctedFBPanddual-

energy statisticalreconstruction.

Water-Corr ectedFBP

Water-correctedFBPis theprimaryreconstructionmethodusedclinically to eliminate

someof the beam-hardeningartifacts. It takes into accountthe X-ray spectrumin the

pre-FBPprocessing.

Thismethodassumesasingle-materialobjectconsistsonly of water:

(2.20) � (x; y; E) = m(E)� (x; y)

and(2.1)becomes

E[Yi ] =
Z

I i (E) e�
R

L i
� (x;y ;E) d` dE

=
Z

I i (E) e� m(E)
R

L i
� (x;y ) d` dE:

Beforedetailinghow thismethodworks,we �rst de�ne thefollowing notations:

` i (� ) , �
Z

L i

� (x; y) d`

f i (`) , � log
� R

I i (E) e� m(E)` dE
I i

�
(2.21)

wherea total intensityis de�ned

I i =
Z

I i (E)dE:

Sincemwater (E) dependsonly onthespectralcharacteristicsof thematerialattenuation

coef�cient propertiesandwe assumethattheobjectconsistsof wateronly, mwater (E) can

bemeasuredwithin thediagnosticx-rayenergy range.By scanningawater-only phantom

with a known shape(usuallya cylinder), theline integral function` i (� ) canbecalculated

analyticallyalongdifferentpathsL i . In principle,this waterphantomscanonly needsto
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bedoneoncefor agivenscannerandsourcekVp setting.Thenf i (`) is known asafunction

of `. In reality, thewaterphantomscanneedscarefulcalibrationandwehaveonly a �nite

numberof measurements.An empiricalwatercorrectionmethodis used[87].

By takingthelogarithmof themeasurements,

(2.22) f̂ i , � log
�

Yi

I i

�
;

wegettheestimatesdenotedby f̂ i of thefunctionf i (`). Wecanuseapolynomialfunction

to approximatethecontinuousfunction f i (`) (or morepreciselyf � 1
i ), or build a look-up

tablefor acertainrangeof `. Thentheestimated̂̀ i of the` i 's canbeobtainedby

(2.23) ^̀
i = f � 1

i

�
f̂ i

�
:

Multiplying ^̀
i by watermassattenuationcoef�cient mwater (E0) for somereferenceenergy

E0 yieldstheestimatedsinogram

(2.24) p̂' (r )
�
�
�
L i (r ;' )

= mwater (E0) ^̀
i :

Thenwe applytheregularFBPmethodmentionedin section2.2.1to this estimatedsino-

gramto estimatê� (x; y; E0). Comparingequations(2.6)and(2.24),wecanseethatwater-

correctedFBPpartially takesinto accountthepolyenergeticpropertyof theincidentspec-

trumby estimating^̀
i from thelogarithmof themeasurements.

Water-correctionFBP greatly reducesthe beamhardeningartifactsand provides vi-

sually pleasingimages.However, sincethe humanbody doesnot consistof only water,

thereconstructedimageusingthis methodwill bebiased.Thereforewater-correctedFBP

doesnotprovidequantitatively accurateCT values.

Dual-Energy ImageReconstruction

Dual-kVp or dual-energy imagereconstructionapproach[7, 38,93] doublesthe mea-

surementsby usingtwo x-ray spectra,i.e., s = 1; 2 in (2.26). Usingthesemeasurements
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from two diversespectra,oneis ableto reconstructseparatesoft tissueandboneimages.

Thedual-energy reconstructionapproachhasshown promisingpotentialfor materialchar-

acterizationandfor quantitatively accurateCT values.Theconventionaldisadvantageof

this methodis theincreasedscantime andnoiseampli�cation dueto thematerialdecom-

positionprocess.

A moregeneralparameterizationcouldbeused:

(2.25) � (x; y; E) =
LX

l=1

pX

j =1

� l j (E)bj (x; y);

where� l j (E) = ml (E)� l j is theunknown attenuationcoef�cient in pixel j for l th material,

L is thenumberof differentmaterials,i.e., thenumberof thespectralbasisfunctions.In

dual-kVpcase,weassumetheobjectconsistingof two materials,waterandcorticalbone,

whereL = 2 in (2.25).Themeanmeasurementfor sth scanis givenas

(2.26) E[Ysi ] =
Z

I si (E) e�
P L

l =1 m l (E)[A � l ]i dE;

ignoringthebackgroundevents.A is a systemmatrix with entriesaij =
R

L i
bj (x; y) d` :

We canusenegative penalizedlog likelihood cost function as in (2.15) andapply opti-

mizationtransfermethodsto �nd theminimizer[38].

Water-correctedFBPcanproduceoneimagefor eachx-rayenergy becauseit assumes

theobjectconsistsof only wateranduseone-materialmodel.Althoughthismethodover-

comessomeof the beam-hardeningartifactsandproducesvisually plausibleimages,it

introducesbias to the boneCT valueswhich is not appropriatefor the applicationsin

which thequantitative accuracy is required,especiallyfor bonemineraldensitymeasure-

ments.On theotherhand,dual-energy reconstructionis ableto reconstructsoft tissueand

bonedensitymapseparatelyandhasthe potentialto provide the quantitatively accurate

CT valuesat thepriceof the increasednumberof unknownsandpossiblyincreasedscan

timeandX-ray dose.
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2.3 Summary

Thischapterbrie�y reviews theX-ray CT measurementphysicsandthereconstruction

methodsof X-ray CT. Radontransformand Fourier slice theoremare also introduced.

TheseconceptsareessentialaswedeveloptheNUFFT-basedforwardandbackprojectors

andproposeananalyticalvariancepredictionmethodin thefollowing chapters.

In chapter3, we extendtheFourier-basedprojectorsto a fan-beamgeometrybasedon

Fourier slice theoremandfan-to-parallelrebinning. For properlychosenparameters,an

O(N 2 logN ) forward/backprojectorpair is developed.

Statisticalimagereconstructionmethodsoffer betterbias-variancetradeoff over con-

ventionalimagereconstructionmethods.However, noisepropertiesof the reconstructed

imageshave not beenwell studied. In chapter4 and 5, analyticalvarianceprediction

methodsareproposedfor 2D fan-beamand3D cone-beamgeometries.



CHAPTER 3

Nonuniform Fourier Transform-BasedProjectors for Fan-Beam
TransmissionTomography 1

Theclassicalapproachto reconstructingtomographicimagesis �ltered back-projection.

Statisticalimagereconstructionmethodsarebasedon modelsfor measurementstatistics

andphysics,andoffer someattractive featuressuchasthepotentialfor improved image

quality andreduceddose.A drawbackof statisticalimagereconstructionmethods(com-

paredto FBP)is thelongercomputationtimeof theiterativealgorithms.

Most iterative algorithmsrequireone forward projectionandonebackprojectionfor

eachiteration.Theseprojectionstepsarethecomputationalbottleneck.TheFourier-slice

theoremrelatesthe 2D Fourier transformof the object and the 1D Fourier transforms

of sinogramdataalong radial directionat different view angles. It suggestsa forward

projectionschemeinvolving taking 2D Fourier transformof the object followed by the

1D inverseFourier transformsat differentviews. This forwardprojectionschemeshould

work exactly in thecontinuousspaces.For thediscretespacesin whichcomputedtomog-

raphy works,discreteFouriertransformcanbeimplementedusingfastFouriertransform

(FFT) thatis verycomputation-ef�cient. Therefore,Fourier-basedprojectorshave thepo-

tentialto greatlyreducethecomputationtime. However, theFFTresultsdoesnotgive the

1Thischapteris basedonmaterialfrom [106].
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samplesat thesamefrequency locationsasshown in Figure2.7. In parallel-beamtomog-

raphy, theFourier-basedforwardprojectorinvolvesa non-uniformfastFourier transform

(NUFFT)obtainingpolarspectralsamplesthatarenon-uniformlyspacedin Cartesianco-

ordinatesfrom Cartesianimagessamples. Someinterpolationis neededhereand low

interpolationerroris thekey for thegoodperformanceof this typeof projectors.

Two importantrequirementsareimposedontheNUFFTthataresuitablefor developing

Fourier-basedprojectorsin computedtomography: interpolationaccuracy andcomputa-

tion ef�ciency. Matej et al. evaluatedforward andbackprojectors[34,41,64,65] that

useda NUFFT with a min-maxoptimizedKaiser-Bessel(KB) interpolationkernel[42].

Their resultsshowedlow interpolationerrorandgoodcomputationef�ciency. This chap-

ter presentsanextensionof this NUFFT approachto the fan-beamgeometrythat is used

widely in X-ray CT systems[104].

Therearetwo complicationsin extendingFourier-basedprojectorsto a fan-beamge-

ometry. Firstly, in thefan-beamcasethereis no suitableFourierslicetheorem.(A recent

extensionis suitablefor analyticalreconstruction[21], but it is not evidenthow to useit

for forward projection.) Therefore,we usethe usualFourier slice theoremandinterpo-

late into the fan-beamcoordinates.To ensuregoodaccuracy andcomputeef�ciency, we

useamin-maxoptimizedKB NUFFTapproachfor theradial“interpolation.” Thesecond

complicationis thatFourier-methodsareef�cient only for shift-invariantdetectorresponse

models.In emissiontomography with converging (fan-beam)collimators,thedetectorre-

sponseis highly shift variant,andit is unlikely thatFourier-basedmethodscanbesuitable.

Wefocushereontransmissiontomography for thefan-beamgeometriesof typicalclinical

X-ray CT scanners,wherethevariationin detectorresponseover the�eld of view is often

fairly modest.We approximatethedetectorresponseby theeffective width at thecenter

of the �eld of view, andinvestigatethe effect of this approximation.We focuson itera-
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tive reconstructionbut we notefor completenessthatNUFFT-baseddirectFourier image

reconstructionmethodshavealsobeeninvestigated[23] [43].

3.1 Nonuniform Fourier Transform (NUFFT)

Thepracticalimplementationof discreteFouriertransform,fastFouriertransform(FFT)

is very computationallyef�cient whenuniformly-spacedfrequency samplesareneeded.

FFT requiresO(N logN ) operationsratherthan O(N 2) direct computationof discrete

Fourier transformin 2D casewhenwe have N by N imagesamples.However, in some

applicationswherenon-uniformfrequency domainsamplingis needed,FFT is not appli-

cable. The fastapproximationof the non-uniformFourier transform[12] is requiredto

retainthecomputationadvantagesof fastalgorithmlikeFFT. It is callednon-uniformfast

Fourier transform(NUFFT). Interpolationerrorsarea limitation.

Recently, theNUFFT usingmin-maxinterpolationhasbeenproposedby Fessler[42],

andnumericalresultsshowedthat this approachhaslower approximationerror thancon-

ventionalinterpolationmethods.It hasalsobeenfoundthattheconventionalinterpolators

suchasKaiser-BesselandGaussianbell interpolators,with min-maxoptimizedparam-

etersprovide a comparableaccuracy asthe min-maxinterpolatorif larger neighborhood

J is chosen.Particularly, Kaiser-Besselinterpolator, if suitablyoptimized,canprovide a

reasonabletrade-off betweenaccuracy andcomputationsimplicity.

Min-Max Non-Uniform FFT

In parallel-beamandfan-beamtomography, 2D non-uniformFFT is needed.For sim-

plicity, we consider1D case�rst. Theextensionto 2D caseis straightforward. Thedis-

cussionfollows themainideain [42]. Thebasicstepsof a1D NUFFTare:
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1. Calculationof aK =N timesoversampledandscaledFFT:

(3.1) Y[k] =
N � 1X

n=0

s[n]x[n] e� i
 kn

for k = 0; : : : ; K � 1 and
 = 2� =K . s[0]; : : : ; s[n � 1] arethepredeterminedscaling

factors.

2. Interpolationontothedesired,non-uniformlyspacedfrequency locations! m , where

m = 1; : : : ; M with J nearestneighbors:

(3.2) X̂ (! m ) =
J � 1X

j =0

u�
mj Y[f k0(! m ) + j gK ];

whereumj s arethe interpolationcoef�cients, “ � ” denotescomplex conjugate,f� gK

denotesmodule-K operationandk0(! ) is integeroffsetde�ned as:

(3.3) k0(! ) =

8
><

>:

(arg mink2 Z j! � 
 kj) � J +1
2 ; J odd

(maxf k 2 Z : ! � 
 kg) � J
2 ; J even

:

Theintegeroffsetfunctionsatis�esthefollowing shift property:

k0(! + l 
 ) = l + k0(! ); 8l 2 Z:

For min-max interpolator, we choosethe interpolatorum , (um0; : : : ; um(J � 1)) and

scalingfactorss , (s[0]; : : : ; s[n � 1]) thatminimizestheworstapproximationerror:

min
s

max
!

min
u(! )

max
x :kx k� 1

�
�
�X̂ (! ) � X (! )

�
�
� :

As shown in [42], theinneroptimizationof theinterpolationcoef�cients u(! ) for a �x ed

scalingvectors hasananalyticalsolutionby �rstly �nding theworstcasesignalx using

Cauchy-Schwartzinequalityandthentransformingtheinneroptimizationinto anordinary

least-squaresminimization.Theouteroptimizationrequiresnumericalevaluation.

Onecritical problemremainsin thedesignof themin-maxinterpolator:theappropriate

choiceof the scalingfactors,s. The simplestchoiceis a unity scalingvectorsuchthat
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s[n] = 1 for all n (trivial scalingin [69] or uniformscalingin [42]). A moresophisticated

choicerequiresexhaustiveminimizationonthemaximumerror. A truncatedFourierseries

is usedto expands[n]s:

(3.4) s[n] =
LX

l= � L

cl ei
 � (n� N � 1
2 ) ;

for n = 0; : : : ; N � 1. clsareHermitiansymmetricFouriercoef�cients and� is thedesign

parameter. Brutal-forceglobalsearchis usedjointly to �nd thebestcls and� . Theunity

scalingvectoris a specialcaseof (3.4)suchthat � = 0 andcl = 1=(2L + 1). Thecosine

scalingfactorsconsideredin (3.4),[69] is anotherspecialcasecorrespondingto � = 0 and

c = (0; 1=2). As shown in [42], usingthe scalingvectorby exhaustive searchprovides

lower interpolationerror thanusingthe unity scalingvectorthat in turn outperformsthe

cosinescalingvector. However, thecomplexity of this choiceof scalingfactorsincreases

greatlyas truncationlengthL increases.Therefore,we needa practicalprocedurethat

gives a good trade-off betweencomputationsimplicity and interpolationaccuracy. We

discussthisprocedurenext.

2D non-uniformFFT is a straightforward generalizationof 1D case. We computea

K 1K 2=N1N2 timesoversampledandscaled2D FFT:

(3.5) Y[k1; k2] =
N1 � 1X

n1=0

N2 � 1X

n2=0

s[n1; n2]x[n1; n2] e� i (
 1k1n1+ 
 2k2n2 )

For simplicity, weuseseparablescalingfactorss[n1; n2] = s[n1]s[n2] in [34].

Min-Max Optimized Kaiser-BesselNon-Uniform FFT

Although exhaustively minimizedscalingfactorsin (3.4) yields low interpolationer-

ror, theoptimizationof thescalingfactorsremainsa complex problemandimposescom-

putationchallenge. A practicalprocedureis proposedin [42] usingsuitablyoptimized

conventionalshift-invariantinterpolators,suchasGaussianbell or Kaiser-Besselinterpo-
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lators. Error analysisshows that for a given interpolationkernelg(�) with �nite support,

thefollowing scalingfactorsminimizetheworstcaseerrorat theDFT samplelocations:

(3.6) s[n] =
1

RJ=2� 1
l= � J=2 ei
 l (n� N � 1

2 ) g(l) dl
:

Using the min-maxcriterion, the conventionalinterpolatorsarealsoable to provide

theaccuracy comparableto min-maxinterpolator. In our studies,themin-maxoptimized

Kaiser-Besselinterpolatoris usedfor its reasonabletrade-off betweenaccuracy andsim-

plicity. Wewill focusonKaiser-Besselinterpolatorfrom now on. ThegeneralizedKaiser-

Besselfunction[60] hasthefollowing form:

(3.7) g(� )m;J ;� = f m
J (� )

I m (� f J (� ))
I m (� )

where� is thedistancefrom KB window center, I m denotesthemodi�ed Besselfunction

of orderm, J is window sizeandparameter� controlsthe kernelshapeandfrequency

characteristics[60,66].

(3.8) f m
J (� ) =

8
><

>:

r

1 �
�

�
J=2

� 2
; j� j < J

2

0; otherwise

Numericalresultsin [42,65] show thattheapproximationerrordecreasesrapidlywith the

increaseof oversamplingfactorK =N andfor a �x edK =N , themin-maxoptimalBessel

functionorderis m � 0. For a �x edoversamplingfactorK =N andat m = 0, theoptimal

ratio � =J is around2:34for a rangeof kernelsize.

Min-Max Non-Uniform inverseFFT

By dualityi.e., by changingthesignin theexponentof (3.1),onecanusetheabovepro-

cedureof computingNUFFTto evaluateanonuniforminverseFFTwhengivenuniformly-

spacedspectralsamples,andnon-uniformlyspacedspatialsamplesareneeded.
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3.2 NUFFT-BasedForward andBack-Projectorsin Parallel-BeamTo-
mography

Min-max NUFFT hasbeenappliedrecentlyto parallel-beamiterative imagerecon-

structionby Matej et al. [65] and the resultsshow low approximationerrorsandcom-

putationef�ciency. The Fourier slice theoremis the basisof the Fourier-basedforward

andback-projectionsin parallelbeamCT imagereconstruction.Figure3.1 illustratesthe

NUFFT-basedforwardprojector.

Detector frequency response
(radially shift-invariant)

Data spectrum (Polar)

 

Image

2D FFT Interpolation

Image spectrum (Cartesian)

radially
1D IFFTs

 

Projections

Scale Basis function filter 

2 4

5

6

1 3

Figure3.1: Basicstepsof NUFFT forwardprojector.

Step1 and2 giveusthespectralsamplesuniformly-spacedin Cartesiangrid:

(3.9) Y[k1; k2] =
N1 � 1X

n1=0

N2 � 1X

n2=0

s[n1]s[n2]x[n1; n2] e� i (
 1k1n1+ 
 2k2n2 )

In thepracticeof imagereconstruction,wework onadiscretizedversionof continuous

image,representedasasumof weightedbasisfunctions:

(3.10) f (x; y) =
N1 � 1X

n1=0

N2 � 1X

n2=0

f [n1; n2]b(x � n14 1; y � n24 2)

wheref [n1; n2] denotesthevaluesof thecontinuousimagef (x; y) andb(x � n14 1; y �

n24 2) is thebasisfunctionsuchassquarepixelsor blob at location[n14 1; n24 2)]. Typ-

ically, the basisfunctionsare spatially invariant and thereforecould be imitated in the

imagefrequency domainby includingabasisfunction�lter . In ourstudies,weusesquare
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pixels

(3.11) b(x; y) = rect
�

x
4 1

�
rect

�
y

4 2

�

Therefore,thebasisfunction�lter usedin step3 is

(3.12) B(f x ; f y) = 4 1 4 2 sinc(4 1f x )sinc(4 2f y)

Step3 performsthemultiplicationbetweentheimagespectralsamplesandthesamplesof

B(f x ; f y):

(3.13) Z [k1; k2] = Y[k1; k2]� B [k1; k2]

whereB[k1; k2] is thebasisfunction�lter sampledatlocations(2� k1=K1; 2� k2=K2), k1 =

� K 1=2; : : : ; K 1=2 � 1 andk2 = � K 2=2; : : : ; K 2=2 � 1, assumingK 1, K 2 areeven.

Step4 interpolatesthe uniformly-spacedCartesiansamplesZ [k1; k2] into polar grid

andZ � [k]'s areobtained.

In parallel beamgeometry, the radially invariant detectorblur can also be modeled

by multiplying the dataspectrumZ � [k]'s radially by the samplesH [k]'s of the detector

frequency responseH (� ). A choicefor h(r ) is

(3.14) h(r ) =
1
w

rect
� r

w

�

wherew is the�nite width of thedetectorelements.

3.3 NUFFT-BasedForward andBack-Projectorsin Fan-beamTomog-
raphy

Therearetwo complicationsin extendingFourier-basedprojectorsto a fan-beamge-

ometry. Firstly, in thefan-beamcasethereis no suitableFourierslicetheorem.(A recent

extensionis suitablefor analyticalreconstruction[21], but it is not evidenthow to useit
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for forward projection.) Therefore,we usethe usualFourier slice theoremandinterpo-

late into the fan-beamcoordinates.To ensuregoodaccuracy andcomputeef�ciency, we

useamin-maxoptimizedKB-NUFFT approachfor theradial“interpolation.” Thesecond

complicationis thatFourier-methodsareef�cient only for shift-invariantdetectorresponse

models.In emissiontomography with converging (fan-beam)collimators,thedetectorre-

sponseis highly shift variant,andit is unlikely thatFourier-basedmethodscanbesuitable.

We focushereon transmissiontomography andthe fan-beamgeometriesof typical clin-

ical X-ray CT scanners,wherethevariationin detectorresponseover the�eld of view is

often fairly modest.We approximatethe detectorresponseby the effective width at the

centerof the�eld of view, andinvestigatetheeffect of this approximation.This effective

detectorwidth is calculatedby multiplying the actualdetectorwidth by the ratio of the

source-to-isocenterdistanceover thesource-to-detectordistance.

TheFourierslice theorem[52] is the foundationof Fourier-basedforwardprojection.

Let � denotethe2D imageanddenoteits 2D FT in polarcoordinatesby

(3.15) G' (� ) ,
ZZ

g(x; y) e� {2� � (x cos' + y sin' ) dx dy :

Theideal line-integral projectionof g(x; y) at angle' (takencounter-clockwisefrom the

y axis)asa functionof theradialdistancer from theorigin is givenby

(3.16) p' (r ) =
Z

� [r cos' � ` sin'; r sin' + ` cos' ] d` :

For our purposes,the mostconvenientform of the Fourier slice theoremexpresseseach

projectionasa1D inverseFouriertransformof G' (� ) asfollows:

(3.17) p' (r ) =
Z

G' (� ) e{2� �r d� :

Fourier-basedprojectorsusediscretizedversionsof (3.15) and (3.17), whereasspace-

basedprojectorsdiscretize(3.16).
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Figure3.2: Angularcoordinatesin fan-beamgeometry.

3.3.1 Fan-BeamTomography

As illustratedin �gure 3.2, fan-beamraysareindexed by angularcoordinates(� ; 
 ),

where� is theangleof thesourcerelativeto they axis,and
 is theangleof therayrelative

to thesource.Fan-beamFBPmethodsexist only for specialdetectorcon�gurations[18].

Herewe accommodateany setof samples
 m , m = 1; : : : ; N 
 , where
 = s=Dsd. We

assumethat � is sampleduniformly, i.e., � = 2� k
N �

; k = 0; : : : ; N � � 1; althoughthis

couldberelaxed.

To developa Fourier-basedprojectorfor fan-beamgeometries,we usethewell-known

relationbetweenparallel-beamandfan-beamcoordinates[73]:

r = Ds0 sin
(3.18)

' = � + 
 ;(3.19)

whereDs0 is the sourceto rotationcenterdistance,illustratedin �gure 3.2. For typical

angularsamplesf 
 mg, thecorrespondingradialsamplesr m , Ds0 sin
 m arespacednon-

uniformly. And when� is sampleduniformly, for agiven
 m (or equivalentlyagivenr m ),

thecorrespondingvaluesof ' arealsoequallyspacedbut shiftedby 
 m .
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Figure3.3:Basicstepsof NUFFT forward projectionin fan-beamCT. 1) 2D NUFFT of imageto obtain
polarspectrumsamples.2) Multiply radiallyby thefrequency responseof theeffectivedetector
blur. 3) 1D NUFFTsalongradialdirectionr for each' . 4) 1D shifts in ' usinginterpolation
with periodicendcondition.

3.3.2 NUFFT-BasedFan-BeamForward and Back Projectors

Figure3.3showsthefour majorstepsof theproposedfan-beamNUFFT-basedforward

projector. Thesefour stepsaresummarizednext.

2D Non-Uniform FastFourier Transform

Step1 in �gure 3.3usesa 2D NUFFT to evaluatea discretizedversionof (3.15). The

input is N1 � N2 samplesof the image� . Theoutputis polarcoordinatesamplesof G+

thatareequally-spacedalong� at locationsf n� � g, for n = � N1=2; : : : ; N1=2� 1, where

� � is thesamplespacingin � . N1 is chosenbasedon thechoiceof � � andtheextentof

thespectralsamples.In light of (3.19),we use' samplesthatmatchthe � samples,i.e.

� k = 2� k
N �

.

Step1 is identical to the parallel-beamcasethat is detailedin [34,41,42,64,65]. It

involvesthefollowing operations.

(i) Multiply the2D imagesamplesby ascalingfunctionthatprecompensatesfor imper-

fectionsin thefrequency-domaininterpolator. We useseparableKaiser-Besselscaling

functionsfor simplicity [42].

(ii) Calculatea K 1 � K 2 point (oversampled)2D FFT of the scaleddiscreteimage.

Typically K 1 = 2N1 andK 2 = 2N2.

(iii) Interpolateonto the desired,non-uniformlyspacedfrequency locationsfrom the
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J � J nearestneighbors,usingtheKaiser-Besselinterpolatorthatminimizestheworst-

caseapproximationerror[47,72].

(iv) Multiply by thespectrumof theimage-domainbasisfunction(typically squarepix-

els).

By choosingsuf�cient oversamplingandsuf�ciently largeJ � J neighborhood,veryhigh

accuracy is achieved[42,65].

Approximating DetectorResponse

In parallel-beamtomography, onecanmodel shift-invariantdetectorblur in the fre-

quency domainby multiplying theimagespectrumG+ with thefrequency responseof the

detectorblur [65]. In fan-beamtomography, detectorblur effectsdependon thedistances

betweeneachimagepixel andthedetectorelements,andhencecannotbemodeledexactly

in the frequency domain. For example,in theCT systemdescribedin Section4.5.4,the

effective detectorwidth variesfrom 0.22mm to 0.64mm over a 40 cm �eld of view. For

simplicity, we approximatethedepth-dependentdetectorresponseby theeffective beam

width attherotationcenter, calculatedby multiplying theactualdetectorwidth by theratio

of thesource-to-isocenterdistanceover thesource-to-detectordistance.

Simulationsin Section4.5.4evaluatetheeffectsof thisshift-invariantapproximation.

The next two stepsin �gure 3.3 alsodiffer betweenthe parallel-beamandfan-beam

geometries.

1D Non-Uniform IFFTs

Step3 in �gure 3.3evaluatesadiscretizedversionof (3.17).In theparallel-beamcase,

a simple1D inverseFFT alongr for each� k will suf�ce [65]. For thefan-beamcase,the

desiredradialsamplesr m arespacedunequally, per(3.18).Wediscretize(3.17)asfollows
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for m = 1; : : : ; M :

(3.20) p� k (rm ) �

N 1
2X

n= � N 1
2

G� k (n� � ) � � e{2� � � nr m ;

wherewechoose� � � 1
2r max

to avoid aliasing.

Sincethe rm valuesarespacedunequally, whereasthe � n = n� � valuesarespaced

equally, we evaluate(3.20) for each� k usinga 1D NUFFT with “frequency” locations

� 2� � � rm [42].

1D Shifts UsingFFT-BasedInter polations

After step3 in �gure 3.3, we have projectiondatathat is non-uniformlyspacedin r

(correspondingto each
 m ), anduniformly-spacedin ' . For eachm = 1; : : : ; N 
 , a 1D

shift (by 
 m , see(3.19))in the' directionis needed.Sinceprojectionsare2� periodicin

' , Dirichlet-like “periodicsinc” interpolationis anaturalchoiceto “fractionally shift” the

resultingprojectiondatain thepreviousstepinto thedesired' locations.Weuse1D FFTs

for this �nal step[44].

Symmetry Properties

Becausetheinput image,g(x; y) is real in CT, its FourierTransform,G+ is Hermitian

symmetric.Thus,only half of theFouriersamplesmustbecalculatedin the2D NUFFT

(step1) andthe1D NUFFT(step3). In particular, we implement(3.17)asfollows:

(3.21) p� k (rm ) � G� (0) + 2 � real

8
<

:

N 1
2X

n=1

G� k (n� � ) � � e{2� � � nr m

9
=

;
:

This approachreducescomputationandalsoensuresthat theprojectionsareentirelyreal

valued. Theremay still be small negative valueseven if g is nonnegative. For some

iterativealgorithmsthesemayneedbesetto zero.
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For furthersavings,we exploit theRadonsymmetryproperty:p� (� r ) = p� � � (r ). So

we only needto computethepolar frequency samplesfor � 2 [0; � ) insteadof [0; 2� ) in

step1 shown in �gure 3.3.

Backprojection

Iterative algorithmsrequirerepeatedforward and back-projections,wherethe back-

projectoris theadjointoperatorof theforwardprojector. Weimplementtheback-projector

by “r eversing” (not inverting!) the linear stepsabove. This approachprovidesan exact

adjoint,sotheforwardandbackprojectorsarematchedperfectly.

3.3.3 Theoretical Analysisof Operation Flops

NUFFT-based space-based
steps FFT interpolation (line integral)

2D NUFFT 2N 2 logN J 2N 
 N � =4
1D NUFFTs N � N 
 logN 
 J1N 
 N � O(N � N 
 N )

1D shifts 2N � logN �

Table3.1:Floating-pointoperationsfor NUFFT-basedandspace-basedforwardprojectors.AssumesN � N
imageandN1 � N 
 .

Table 3.1 summarizesthe dominantoperationcountsfor the NUFFT-basedforward

projector. The expressionsare for a N � N imageanda N 
 � N � sinogram. We use

a J � J neighborhoodof 2D DFT samplesfor interpolationin the 2D NUFFT, andJ1

neighborsfor the 1D NUFFT. The 2D NUFFT computesN1 � N � =4 polar frequency

samples.

For comparison,a line-lengthspace-basedforwardprojectorrequiresO(N � N 
 N ) op-

erations,wheretheproportionalityconstantcanbelargewhentheintersectionlengthsare

computedon the�y (ratherthanprecomputed)dueto thevery largeimagesizesin CT.

In the usual3rd-generationCT fan-beamgeometrywhereN 
 � 2N andN � � 2N ,

theoverall computationfor theNUFFT-basedforwardprojectoris O(N 2 logN ), akin to
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previoushierarchicalmethods[16], whereasmostspace-basedforwardprojectorsrequire

O(N 3) operations.

3.4 Simulation and RealData Results

We simulateda 3rd-generationfan-beamX-ray CT systemwith sinogramsizeof ap-

proximately1:7N radial bins by 2N views over 360
�
. The sourceto detectordistance,

Dsd, is about949mm, andtherotationcenterto detectordistanceis about408mm. Thus

Ds0 = 541mm. For example,whenN = 512, the correspondingsinogramsize is 888

samplesin 
 , spacedby 4 
 � 0:06
�

and984sourcepositionsover 360
�
, so4 � � 0:37

�
.

A quarterdetectoroffset is alsoincludedto reducealiasing. Exceptwherenotedbelow,

we useN � = 1:7N and� � = 1=FOV in (3.21).In all simulations,we usedShepp-Logan

digital phantomandassumemono-energeticX-ray source.

TheFourier-basedmethodis implementedin Matlab(version7.0.4)usingdoublepre-

cision; the NUFFT spectralinterpolatoris an ANSI C MEX routine. The space-based

projectoris anANSI C MEX routineusingsingleprecision.All projectorsareevaluated

onaDell 670ncomputerwith dualIntel Xeon3:40GHzCPU.

Thespace-basedprojectorusedherewasdesignedoriginally for coordinate-wisealgo-

rithms,e.g., [39]. It wasnotoptimizedfor ray-drivencalculationof theline-integralmodel

describedin Model1 in section3.4.1.Its primaryrolehereis for accuracy comparisons.

3.4.1 Forward and Back-Projector asSingleModules

WeevaluatedtheNUFFT-basedfan-beamforwardandback-projectorsusingtheShepp-

Logandigital phantom.Thebrain-size�eld of view is approximately308mm, thuspixel

sizeis about0:6mm for N = 512.
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Forward Projector

We investigatedfour differentscenarios,involving threedifferentanalyticalmodels.

All modelsusedtheanalyticalformulafor thefan-beamprojectionsof ellipsesto provide

a “gold standard”referencesinogram.

Analytical model1: line integral model.

Herewe usedthe analyticalformula for the fan-beamline-integral projectionsof an

ellipse,sampledat thecenterof eachdetectorelement.For theNUFFT approachwe

setthedetectorfrequency responseto unity. For thespace-basedapproachwesetaij to

theusuallengthof intersectionof thei th raywith thej th pixel. (Thiswasimplemented

by settingthe beam-widthin Model 2 below to zero, rather than by developing an

optimized,ray-drivenline-integralalgorithm.)This line-integralmodelis oftenusedin

evaluatingforwardprojectors.

Analytical model2: linear averagingmodel.

The line-integral model is unrealisticsincedetectorshave �nite width andthey aver-

agethe incomingsignalacrossthat width. For Model 2, we generatedthe reference

sinogramby linearlyaveraging8 analyticalrayssampledacrosseachdetectorelement.

This also accountsfor depth-dependentdetectorresponse.For the NUFFT method,

we accountedfor the �nite beamwidth approximatelyby usingthebeamwidth at the

centerof the�eld of view. For thespace-basedapproach,we computedaij asthearea

of intersectionbetweenthe j th pixel and the thin-wedgeconnectingthe point X-ray

sourcewith thei th �nite-width detector. Thatspace-basedmodelaccountsfor distance

dependentbeam-widthbut increasescomputation.

Analytical model3: nonlinear averagingmodel.

Due to the nonlinearityof Beer's law, the linear averagingmodel is imperfect. For

Model 3, insteadof linearly averagingthe 8 analyticallycomputedline integralsper
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analyticalmodels Model1 Model2 Model3a Model3b
discretizedmodels space NUFFT space NUFFT space NUFFT space NUFFT

max% error 7:03 6:13 2:31 2:15 2:91 2:71 2:64 2:67
`1 % error 0:13 0:10 0:07 0:08 0:07 0:08 0:07 0:09

% nrmserror 0:28 0:25 0:16 0:16 0:17 0:17 0:16 0:16

Table3.2:Space-basedandNUFFT-basedforward projectorsof 512 � 512 imagecomparedto exact an-
alytical projectionsfor threedifferentanalyticalmodels. Model 1: analytical,space-basedand
NUFFT-basedmethodsall useline integrals. Model 2: analyticalmethodlinearly average8
raysacrossonedetectorelement;space-basedmethodusesthe thin-wedgebeamandNUFFT-
basedmethodapproximatesthebeamwidth at therotationcenter. Model 3a: analyticalmethod
nonlinearlyaverage8 raysacrossonedetectorelementbeforetakingthelogarithm;space-based
methodusesthin-wedgebeam;NUFFT-basedmethodusesthe beamwidth at the rotationcen-
ter. Model 3b: As in Model 3a exceptNUFFT andspace-basedboth usemulti-line nonlinear
averaging.

detectorelementusedin Model 2, we formedthe referencesinogramby computing

thenegative logarithmof theaverageof theexponentialsof thenegativesof theseray

valuesmultiplied by 0.02/mm. This nonlinearaveragingintroducesthe “exponential

edgegradienteffect” thatoccursin practice[51].

For this referencesinogram,we comparedtwo differentapproachesto pixelizedfor-

ward projectors. For Model 3a we usedthe sameNUFFT andspace-basedforward

projectorsdescribedunderModel2. Thoseprojectorsuselinearaveragingsoincreased

errorsareexpected.For Model 3b we usedover-sampledversionsof the line-integral

modelsdescribedunderModel 1 andnonlinearlyaveragedthe resultingline integrals

over eachdetectorelement.Theseover-samplingapproachesrequiremuchmorecom-

putationthanmaybepracticalfor routineuse,but bettermatchthenonlinearlyaveraged

analyticalsinogram.In this model,all of themethodsaccountfor distance-dependent

beamwidth.

Forall of theabovescenarios,wecomputedthenormalizedmaximumerror, max j (jx j � yj j)
max j (jx j j) ;

andthenormalized̀ p error, kx j � yj kp

kx j kp
; speci�cally thenormalizedabsoluteerror(`1 error)

andthe normalizedroot meansquare(NRMS) error. For 1D and2D NUFFT, we used

FFToversamplingfactorK =N = 2 andthenumberof neighborsamplesJ = 5. Table3.2
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cpu = 120.2 s 
 range [0.0 303.5]
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300

cpu = 2.1 s 
 range [-0.6 303.5]

NUFFT(J=5)

50

300

range [0.0 303.0]

Analytical

50

300

range [0.0 2.0]
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0.9

1.1

2.31% max; 
 0.16% nrms 
 range [0 7.01]

space |error|
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2.15% max; 
 0.16% nrms 

 range [4.32e-08 6.52]

NUFFT |error|

0

1

Figure3.4:Simulationresultsfor forwardprojectorsof imagesize512� 512in Model 2: sinogramsizeof
888binsby 984views. Thegray-scalerangeswerechosento show details.Theexactrangeare
shown below eachFigure.

summarizesthe comparisonsunderthesethreedifferent models. The space-basedand

NUFFT-basedforwardprojectorsperformsimilarly for all situations,despitetheapproxi-

mateddetectorresponsemodel.

Wealsoperformedtheforwardprojectionsonvariousimagesizes,N = 128; 256; 384; 512

and1024. �gure 3.4shows theprojectionsof animageof size5122 in Model2. Thesino-

gramsarevisually indistinguishable.Theaccuracy of theNUFFT-basedmethodis compa-

rablewith thespace-basedmethod,while thecomputationtime (usingMatlabcputime

command)is about57 timesfaster. This accelerationfactordoesnot equalto N
log N dueto

otherconstants.

Table3.3furthercomparesthecomputationtimesandaccuraciesfor imagesof various

sizes.To furtherdemonstratethecomputationef�ciency, wealsoincludetheperformance
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Imagesize CPUtime (in seconds) max% error % nrmserror
Space NUFFT DD Space NUFFT DD Space NUFFT DD

(line) (beam) (beam) (beam)
1282 1:7 1:9 0:1 0:1 3:57 3:82 3:58 0:64 0:63 0:61
2562 13:5 15:2 0:5 0:7 3:05 3:76 3:05 0:31 0:31 0:30
3842 45:4 50:9 1:2 2:1 2:34 2:97 2:34 0:21 0:21 0:20
5122 106:9 120:2 2:1 5:0 2:31 2:15 2:31 0:16 0:16 0:15
10242 852:5 956:3 8:6 39:2 1:53 1:58 1:53 0:08 0:08 0:07

Table3.3:Comparisonof space-based,NUFFT-basedanddistance-driven(DD) forwardprojectorsfor var-
iousimagesizes.

of thefastdistance-driven(DD) projectorproposedrecentlyby DeManetal. [24], which

is a O(N 3) method,implementedasa C MEX interfaceto C++ codeprovidedby those

authors.The computationtime of the NUFFT-basedforward projectoris comparableto

thedistance-drivenforwardprojectorfor small imagesandis about2 to 4 timesfasterfor

larger images. The bene�ts of a O(N 2 logN ) methodimprovesasN increases,but in

practice,thepreferredmethodwill dependonhardwareconsiderationslikepipelining.

2 3 4 5 6 7 8 9
0
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%
 e

rr
or

max % error

% normalized RMS

K/N = 1.5
K/N = 2
K/N = 3

Figure3.5:Trade-off betweenNUFFT-basedforwardprojectoraccuracy andoversamplingfactorK =N and
neighborhoodJ � J for 5122 image.

Figure3.5 shows theaccuracy asa functionof theoversamplingfactorK =N andthe

neighborhoodsizeJ . This plot suggeststhat J = 4 would be adequate.However, this
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plot showsonly theaccuracy in thesinogramdomain.In theimagedomain,someringing

artifactsappearedin theNUFFT imagefor J = 4, suggestingthat thesinogramdomain

doesnotadequatelyrevealhigh frequencies.Thereforein all subsequentresults,wechose

J = 5.

Back-Projector

To evaluatetheback-projector, weprocessedthesinogramobtainedfrom theanalytical

projectionswith the �rst two stepsin the fan-beamFBP method.Sincethereis no easy

wayto calculatetheexactback-projectionsanalytically, hereweappliedonly space-based

andNUFFT-basedmethodsto thisprocessedsinogram.

In resultsnot shown, the computationef�ciencies and accuracieswere very similar

to thosein Table 3.3, as is expectedbecausethe back-projectoris the exact adjoint of

the forward projector. For a 5122 image,the back-projectiontimesfor the space-based,

NUFFTandDD methodswere245:2, 2:4 and5:1 seconds,respectively.

3.4.2 Forward and Back-Projectorswithin Iterati veReconstruction

Becauseevensmallapproximationerrorsmight accumulateaftermany iterations,it is

necessaryto evaluatetheaccuracy of theNUFFT-basedprojectorsin iterative reconstruc-

tion methods.

Simulation Study

Weusedtheanalyticalmethodmentionedunder“Model 2” in section3.4.1to simulate

a noiselesssinogramy from a Shepp-Loganphantom.Thesinogramsizewas888radial

binsby 984views over 360
�
. We ran200 iterationsof theconjugategradientalgorithm,

initialized with x = 0, for the following penalizedweightedleast-squarescostfunction
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with aquadraticroughnesspenalty(QPWLS-CG)

�( x) =
NdX

i =1

wi
1
2

(yi � [Ax ]i )2 + � R(x)(3.22)

R(x) =
X

k

 ([Cx ]k);(3.23)

whereyi is thenegativelog of themeasuredsinogram,wi sarestatisticalweightingfactors,

A is thesystemmatrix,C is adifferencingmatrixand (t) is thepotentialfunction.Here

 (t) = t2=2, a quadraticpenalty. For this simulation,we usedwi = exp(� � [Ax ]i ) where

� is a scalingfactorchosento set the maximumvalueof � [Ax ]i to about5. We chose

� = 28 for thissimulation.EvaluatingthePSFusingtheapproximationsdescribedin [40]

shows that theFWHM is about2.1 pixels, i.e., 1:3mm, for this valueof � . We usedthe

modi�ed quadraticroughnesspenaltyin [40] to obtainapproximatelyuniformresolution.

WeranQPWLS-CGusingthedistance-driven,space-basedandNUFFT-basedforward

andbackprojectorsrespectively. Here,weusedN � = 1332in (3.21).

Figure3.6showsthatthereconstructedimagesarevisually indistinguishableevenwith

a 200HU window. Figure3.7 shows the pro�les throughthe region of interestcontain-

ing thesmall featuresin lower partof thephantom.Themaxpercentdifferencebetween

NUFFT-basedandspace-basedanddistance-driven methodsis lessthan1:4% andnor-

malizedRMS is about0:3%. This differenceis muchsmallerthanthe3:7%NRMS error

of the PWLS estimatesthemselves(comparedto the true object). The NUFFT method

exhibits oscillationsof about1HU in this region. This couldbereducedby increasingN �

at thepriceof increasedcomputation.Thecomputationtime is reducedby a factorof 80

for the NUFFT approachcomparedto the space-basedmethodanda factorof 2 for the

NUFFTapproachcomparedto thedistance-drivenmethod.
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 DDNUFFTSpace�based

% nrms error 3.74% % nrms error 3.66% % nrms error 3.71%
0.9

1.1

 |NUFFT � DD| |NUFFT � Space| |DD � Space|

max % diff 1.39% 
 % nrms diff 0.20%

max % diff 1.36% 
 % nrms diff 0.24%

max % diff 1.10% 
 % nrms diff 0.13%

    0
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Figure3.6:QPWLS-CGreconstruction(200 iterations)for Shepp-Logan phantomwith projectorsfrom
Model2: noiselessdata,squarepixels.
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Figure3.7:Horizontal pro�les throughregion of interestof the reconstructedimagesof distance-driven,
space-basedandNUFFT-basedmethodsat the200thiteration.
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RealX-Ray CT Data

WefurthertestedtheNUFFTapproachwithin iterativereconstructionusingreal(noisy)

CT data. Transmissiondatafrom a humanshoulderphantomwere acquiredon a GE

Lightspeedscanner. The �eld of view is 500mm, thuspixel sizeis about1:0mm. Other

parameters,suchasDsd, Ds0 andthedetectoroffsetareasthesameasthoseusedin the

previousnoiselessdatasimulation.Theinitial imageis theramp-�lteredFBPimagewith

median�ltering usinga3-by-3 neighborhood.

Weran60iterationsof conjugategradientalgorithmfor aPWLScostfunction(PWLS-

CG) [37]. We again usetheexpressionin (3.22)and(3.23)exceptherewe usedanedge-

preserving“hyperbola”penaltyfunction:

(3.24)  (t) =
� 2

3
(
p

1 + 3(t=� )2 � 1):

The regularizationparameterswere � = 100HU and � = 29 which gives FWHM 1.7

pixels,i.e., about1:6mm. We alsousedthemodi�ed penaltydescribedin [40]. We chose

wi to correspondto the2ndderivativeof thetransmissionPoissonlog-likelihood[81].

Figure3.8 shows the resultsof iterative reconstructionon real datawith space-based

andNUFFT-basedprojectors,respectively, usinga standarddisplaywindow width of 400

Houns�eld units (HU). The reconstructedimagesfrom the reconstructionmethodswith

space-basedandNUFFT-basedprojectorsareagain visually indistinguishable,with the

maxdifferencelessthan3:4%(178.3HU) andnormalizedrmsaround1:0%. Thelargest

differenceswereat theedgesof theFOV.

This chapterhaspresenteda NUFFT-basedprojectionmethodfor fan-beamtomogra-

phy. This framework is anextensionof parallel-beamNUFFT-basedprojectors.Our re-

sultsshow that themin-maxNUFFT approachprovidesanaccurateandef�cient method

for fan-beamforwardandback-projection.Softwareis availableonline[36].
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Figure3.8:PWLS-PCGreconstruction(60 iterations)for realX-ray CT fan-beamsinogramdatawith pro-
jectorsfrom Model2.

The NUFFT-basedforward and back-projectorswith min-max interpolationkernels

areef�cient computationallycomparedto space-basedmethods,andarereasonablyaccu-

rate. As expected,thecomputationadvantageincreaseswith largerdatasize(Table3.3).

Theapproximationerror remainslow evenaftermany iterations.We have proposedthis

NUFFT approachfor iterative fan-beamreconstruction. It is unclearhow the NUFFT

methodcouldbeuseddirectly for fan-beamFBP, sincethatapproachrequiresa weighted

backprojection.However, onecould �rst rebin from fan-beamto parallel-beamraysand

thenapplyanNUFFT-typemethod.
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3.5 Conclusionand Discussion

WehaveusedanNUFFTmethodthatworksgenerallyfor arbitraryfan-beamsampling

patterns.Furtheraccelerationmaybepossibleif oneusesa speci�c 2D NUFFT approach

that is tailoredto thepolarsamplingpatternrequiredfor theRadontransform,e.g., [11].

Many suchmethodshavebeenproposedfor directFourierreconstruction,e.g., [13,17,59,

74,96]. Presumablysomeof thesemethodscouldbeadaptedto iterative reconstruction,

for bothparallel-beamandfan-beamgeometries.Themethodalsocanbeextendedto the

helicalcone-beamgeometry.

However this methodis poorly suitedfor “ordered-subsets”algorithmssinceit must

computean oversampled2D FFT even if only a few projectonviews areneeded.This

propertylimits its applicationto algorithmswhereordered-subsetsarenot needed.Exist-

ing O(N 2 logN ) methodsalsohave this limitation [99].



CHAPTER 4

Analytical NoiseAnalysis for Fan-BeamTransmissionTomography
with Quadratic Regularization 1

Statisticalimagereconstructionmethodsoffer improved resolutionand noisetrade-

off over conventionalreconstructionmethodssuchas FBP. However, iterative methods

basedonmaximum-likelihoodcriteriaoftenleadto verynoisyreconstructedimagesupon

convergence.Thereareseveralwaysto reducetheundesirablenoise:stoppingtheiteration

long beforeconvergence,post-�ltering the convergent images,or including a roughness

penaltyterm in the objective function. The latter is referredto aspenalized-likelihood

(PL) criteria.Ourprimaryinterestis penalized-likelihoodimagereconstruction.

Accuratepredictionsof imagevariancescan be useful for reconstructionalgorithm

analysisandfor thedesignof regularizationmethods.Computingthepredictedvariance

at every pixel usingmatrix-basedapproximations[32] is impractical.Evenmostrecently

adoptedmethodsthatarebasedon local discreteFourierapproximationsareimpractical

sincethey wouldrequireaforwardandback-projectionandtwo FFTcalculationsfor every

pixel, particularlyfor shift-variantsystemslike fan-beamtomography.

Thischapterdescribesnew “analytical” approachesto predictingtheapproximatevari-

ancemapsof 2D imagesthat arereconstructedby penalized-likelihoodestimationwith

1Thischapteris basedonmaterialfrom [107].

52
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quadraticregularizationin fan-beamgeometries.Thesimplestof theproposedanalytical

approachesrequirescomputationequivalentto oneback-projectionandsomesummations,

so it is computationallypracticaleven for the datasizesin X-ray CT. Simulationresults

show thatit givesaccuratepredictionsof thevariancemaps.Theparallel-beamgeometry

is a simplespecialcaseof the fan-beamanalysis.The analysisis alsoapplicableto 2D

PET.

We startwith a brief review on the matrix approximationproposedin [32] andthen

presentananalyticalvariancepredictionmethodthatcanbeappliedto any 2D tomogra-

phy. Insteadof working in thediscretespace,we usethediscretespaceFouriertransform

(DSFT)andParseval's theoremto bridgefrom thediscretespaceto thecontinuousspace.

Usinglocalshift-invarianceapproximationsandlocalFourieranalysis,wederive “analyt-

ical” closed-formexpressionsfor thelocal impulseresponseandlocal frequency response

of theGramoperatorandtheregularizationoperator. The�nal approximationseliminate

theneedof FFTsfor variancepredictions,greatlyreducingcomputationfor caseswhere

thevarianceis to bepredictedatnumerouspixel locations.Furthermore,theseapproxima-

tionsprovide insightinto theresolutionandnoisepropertiesof thereconstructedimages.

4.1 Review of Existing NoiseAnalysisMethods

Statisticalimagereconstructionmethodsareusuallynonlinearandshift-variant.To an-

alyzethestatisticalcharacteristicsof thereconstructedimages,onewouldliketo beableto

predictthevariancesandcovariancesof estimatedpixel values.Thevarianceinformation

providesanuncertaintymeasureof thereconstructedimageandmayaidregularizationpa-

rameterselection.Theexistingnoiseanalysismethodscanbedividedinto two categories:

iterationbasedandestimatorbased.Theiteration-basedvariancepredictionsarestudiedin

e.g., [15,98] asafunctionof theiterationnumberfor themaximum-likelihoodexpectation
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maximizationalgorithmbasedon the “stopping rule” to terminatethe iterationsbefore

convergence. The estimator-basedvariancepredictionsare independentof the particu-

lar algorithmanditerations,[32,78,91]. Ourproposedmethodfalls in theestimator-based

category. In thissection,wegiveabrief overview ontheexistingestimator-basedmethods

andourproposedmethod.

Theestimator-basedanalysisfor themeanandvarianceproposedin [32] usesthepar-

tial derivativesof the costfunction andTaylor approximations.The approximationsare

in matrix form andgive accurateresults.However, thepredictionsinvolve the inversion

of theHessianmatricesandthereforearecomputationallyexpensive. Basedon thiswork,

a greatdealof effort hasbeengivento simplify thesematrix methods[78,91]. All these

methods,thatwe refer to astheDFT approximations,arebasedon a factorizationof the

systemmatrix andcirculantapproximationsto the Hessianmatricesto precomputeand

storea greatportion of the calculations.The factorizationof the systemmatrix into ge-

ometric and object-dependentportionsis speciallyuseful for the shift-varying imaging

systems. However, theseDFT approximationsstill requirein precomputationone for-

ward andbackprojectionandtwo FFT calculations,onefor likelihoodHessianandone

for penaltyHessian,for eachlocationof interest.Moreover, theseexpressionsarestill in

matrix form andprovide little directinsightinto thenoiseproperties.

Becauseour analysisis built on the previous work [32], we brie�y repeatits main

resultshere. Thegoalof transmissionimagereconstructionis to estimateanattenuation

image� [~n] from projectiondataY , where~n is a vector denotingthe 2D imagepixel

location.Wefocushereonpenalized-likelihoodestimatorsobtainedby minimizingacost

functionasfollows:

�̂ = argmin
�

�( � ; Y );

where� = (� [~n1]; : : : ; � [~np]) 2 Rp (p-dimensionalrealspace).Thecostfunctionincludes
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anegative log-likelihoodtermanda regularizationterm:

(4.1) �( � ; Y ) = � L(� ; Y ) + � R(� );

where� is a global regularizationparameter, controlling the trade-off betweenthe reso-

lution andnoise.As a concreteexample,for transmissiontomography underthePoisson

noisemodel,thelog-likelihoodis

(4.2) L(� ; Y ) =
X

i

Yi log
� �Yi (� )

�
� �Yi (� ):

For mono-energetictransmissionscans,themeasurementmeansaremodeledby

(4.3) �Yi (� ) = bi e� [A� ]i + r i ;

whereA is thesystemmatrix,bi denotestheblankscan,andr i denotestheadditive con-

tributionof scatterto thei th ray.

We focuson regularizationtermsof thefollowing form:

R(� ) =
4X

l=1

Rl (� )(4.4)

Rl (� ) =
X

~n;~n� ~m l 2S

r l [~n]
1
2

(� [~n] � � [~n � ~ml ])
2 ;(4.5)

whereS , f ~nj : j = 1; : : : ; pg denotesthe subsetof the N � M lattice that is esti-

matedand~ml 2 f (1; 0); (0; 1); (1; 1); (� 1; 1)g. Theroughnesspenalty(4.4)involvesthe

horizontal,vertical,anddiagonalneighborsandallows for the possibilityof usingregu-

larizationcoef�cients f r l [~n]g thatvarybothwith spatiallocationanddirection[35,84]. In

general1 � p � N M andp < N M becausethephysical �eld of view (FOV) is a subset

of thelattice(seeFigure4.1).

Thegoalof this work is to approximatethecovariancematrix Covf �̂ g ef�ciently yet

accurately, motivatedby the problemof designingthe regularizerR(� ). The proposed
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Figure4.1:A N � M latticewith approximatelycircularFOV. Only thepixelswith indicesareestimated.
In thisexample,p = jSj = 12.

predictionmethodscanbe generalizedto otherlog-likelihoodtermsincluding 2D emis-

sion tomography by modifying W in (4.7) below. An accurateestimationof the Fisher

informationmatrix in emissiontomography is essential[61].

Thefollowing approximationto thep � p covariancematrixof �̂ wasderivedin [32]:

(4.6) K = (A 0W A + � R ) � 1A 0Covf Yi gA (A 0W A + � R ) � 1;

whereR is theHessianmatrix of theroughnesspenalty. Usually, W � diag
� �Yi

	
based

on models(4.1) and (4.2). The weightingmatrix W dependson the cost function we

usein imagereconstructionandthediagonalcovariancematrixof measurementsCovf Yi g

dependson thestatisticalmodel. This generalform of covariancematrix approximation

(4.6) is accuratefor any cost functionsusedin imagereconstructions,provided that the

measurements'second-ordermomentscanbeaccuratelyestimated.

For transmissiontomography with thesimplePoissonstatisticalmodel(4.3),Covf Yi g =

diag
� �Yi

	
. Theapproximation(4.6)becomes

(4.7) K = (A 0W A + � R ) � 1A 0W A (A 0W A + � R ) � 1;
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In practice�Yi is unknown, sowe plug in Yi asanapproximation[33]. Althoughwe focus

on (4.7) hereafter, the analysisgeneralizeseasilyto morecomplicatedstatisticalmodels

andlog-likelihoods,using(4.6). The covariancebetweenpixels �̂ [~nk ] and �̂ [~nj ] canbe

approximatedusing(4.7)asfollows:

(4.8) Covf �̂ [~nj ]; �̂ [~nk ]g � e0
j K ek ;

whereej denotesthej th unit columnvectorof lengthp.

The matrix methoddescribedin (4.7) and (4.8) has beenusedin various applica-

tions [75,91]. Simulationandexperimentalresultshave con�rmed the accuracy of this

covarianceapproximationin imageregionswherethenon-negativity constraintis usually

inactive. However, evaluating(4.8) is relatively expensive. In this chapter, we introduce

“continuousspaceanalysis”anduse“local stationarity” to develop fastapproximations

for thevarianceandcovarianceof thereconstructedimage�̂ [~n].

4.2 Local Shift-InvarianceApproximations

Thematrix methoddescribedin (4.7)and(4.8) is very expensive to compute,evenfor

the varianceat a singlepixel. To acceleratecomputation,local shift-invarianceapproxi-

mationsareusuallyusedin practice,(e.g., [54,75,78,79,91]). Figure4.2demonstratesthe

ideabehindlocal shift-invarianceapproximations.Whentwo pixelsaresuf�ciently close

to eachother, the local impulseresponsesat thesepixels aresimilar. We statethis idea

mathematicallyin thefollowing context.

Let M denoteoneof thep � p matricesin (4.7),suchasA0W A or R , or inversesor

sumsthereof.Thenamatrix-vectoroperationy = M x canbeexpressedequivalentlyas

y[~n] = � S[~n]
X

~n02S

h(~n;~n0) x[~n0]

= � S[~n]
X

~n0

h(~n; ~n0) x[~n0]� S[~n0];(4.9)
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Figure4.2:Local impulse responses(LIR) of A0 W A at three different pixels: (0; 0), (3� ; 0) and
(� 27� ; 0). Thecontoursshown areat95%; 75%; 50%; 30%; 15%of LIR maximum.

where� S[~n] is anindicatorfunctionof ~n de�ned asfollows:

(4.10) � S[~n] ,

8
><

>:

1; ~n 2 S

0; otherwise.

In otherwords,theelementsof M correspondto M kj = h(~nk ; ~nj ) :

Neara given location~n0 of interest,we de�ne a local impulseresponseof M asfol-

lows2:

h0( ~m) , h(~n0 + � ~m;~n0 � (1 � � ) ~m)

� S[~n0 + � ~m]� S[~n0 � (1 � � ) ~m];(4.11)

where ~m 2 Z2, Z denotesthe set of integers. Usually we choose� = 1: However,

sometimeswe canapproximateh evenfor non-integerarguments,in which case� = 1=2

mayalsobeuseful[14, p. 870].

2Throughoutthepaperweusethesubscript“0” to indicatedependenceonagivenpixel location~n 0 .
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Wesaythath(~n;~n0) is locally shift invariantnear~n0 if h(~n;~n0) � h0(~n � ~n0) for ~n and

~n0 closeto ~n0. Theapproximationshouldbeaccurateprovided~n and~n0 are“suf�ciently

close”to ~n0 relative to thewidth of h0. Thus,if theoperatorM is approximatelylocally

shift invariantnear~n0, thenwecanapproximatethesuperpositionsum(4.9)by (almost)a

convolutionsum:

(4.12) y[~n] � � S[~n]
X

~n0

h0(~n � ~n0) x[~n0]� S[~n0];

orequivalentlyy � M 0x , wherethep� pmatrixM 0 isde�nedby [M 0]kj = h0(~nk � ~nj ) :

Theexpression(4.12)is almostaconvolutionsum,exceptfor the“edgeconditions”of the

indicator functions. If the point ~n0 is not “too close” to the boundariesof the support

maskS, thenwe mayableto disregardtheindicatorfunctionsandtreattheexpressionas

aconvolution.

Let T betheN M � p matrixsuchthat

T 1+ n+ mN ;j =

8
><

>:

1; ~nj = (n; m)

0; otherwise,

for n = 0; : : : N � 1 andm = 0; : : : M � 1. Thepurposeof T is to embedthep elements

of � (asshown in �gure 4.1)backto the2D N � M lattice.ThenM 0 = T 0 �M 0T , where

( �M 0)~n;~n0 = h0(~n � ~n0) is anN M � N M matrix thatis block Toeplitzwith Toeplitzblocks

(BTTB). Thuswecanmakeacirculantapproximationto �M 0, ( [20]). Suchapproximations

are often reasonablyaccurateexcept nearthe edgesof the FOV, wherethe differences

between“Toeplitz” and“circulant” endconditionsarelargest.Thelocal impulseresponse

(4.11)andthecorrespondingcirculantapproximationaretwo key toolsfor analysis.
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4.3 VariancePredictionsfor Fan-BeamTomography

In the spirit of the local shift-invarianceapproximationspresentedin Section4.2, we

approximatethecovariancematrix in (4.7)nearagivenlocation~n0 by

K � K 0 , T 0 �K 0T

�K 0 , (F0 + � R 0)� 1F0(F0 + � R 0)� 1;

whereF0 andR 0 arethe N M � N M BTTB approximationscorrespondingto A0W A

andR , respectively. Thenwe approximatethecovariancebetweenpixels �̂ [~n] and�̂ [~n0]

in (4.8)by thefollowing innerproduct:

(4.13) Covf �̂ [~n]; �̂ [~n0]g � h �K 0e~n0; e~n i ;

wheree~n is ~nth unit vectorof lengthN M .

Two usefulapproximationsto (4.13)follow from Parseval's theorem.Oneoptionis to

interprettheargumentsin (4.12)with a suitablemoduloN or M . In this case,the inner

productde�ned in (4.13)is in theform of circulantconvolution andcanbeapproximated

by FFTs:

(4.14) Covf �̂ [~n]; �̂ [~n0]g �
1

N M

~N � 1X

~k= ~0

Pd0[~k] ei ~! ~k �(~n� ~n0) ;

for ~n; ~n0 � ~n0, where ~N = (N; M ), ~! ~k = (2� k1=N; 2� k2=M ) and

Pd0[~k] ,
� 0[~k]

(� 0[~k] + � 
 0[~k])2
;

with

F0 � Q� 0Q0

R 0 � Q
 0Q0;
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whereQ is the2D (N; M )-point orthonormalDFT matrix. Thediagonalmatrices� 0 and


 0 have diagonalelements� 0[~k] and
 0[~k] thatarethe2D DFT coef�cients of the local

impulseresponseof A 0W A andR near~n0, respectively. This DFT/FFTapproximation

hasbeenusedin [37,78,90] to predictvarianceatasinglepixel:

Varf �̂ [~n0]g � h �K 0e~n ; e~n i

�
1

N M

~N � 1X

~k=0

� 0[~k]

(� 0[~k] + � 
 0[~k])2
:(4.15)

Generally, evaluatingthisexpressionfor asinglepixel requiresa forwardandbackprojec-

tion andtwo FFTs.Computationof thisDFT approximationis still expensive for realistic

imagesizeswhenthevariancemustbecomputedfor many or all pixels,particularlyfor

shift-variantsystemslike fan-beamtomography.

An alternative optionis to consider� [~n] to bede�ned over all of Z2 (two-dimensional

integer space),in which case(4.13) is in the form of ordinaryconvolution that can be

expressedusingthediscrete-spaceFouriertransform(DSFT)asfollows:

(4.16) Covf �̂ [~n]; �̂ [~n0]g �
Z �

� �

Z �

� �
Pd0(~! ) ei ~! �(~n� ~n0) d~!

(2� )2
;

wherePd0(~! ) is thelocal spectrumof �K 0, givenasfollows:

(4.17) Pd0(~! ) ,
Hd0(~! )

[Hd0(~! ) + � Rd0(~! )]2
;

whereHd0(~! ) is the local frequency responseof theGrammatrix A 0W A andRd0(~! ) is

the local frequency responseof R near~n0. To our knowledge,this paperis the �rst to

use(4.16)to developanalyticalvarianceapproximationsasa fasteralternative to theDFT

approach(4.15).

For regularizerdesign,the standarddeviation mapof the reconstructedimageis one

quantity of interest,and our numericalinvestigation will focus on varianceprediction.

However, themethodologyappliesreadilyto approximatecovariances.
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Using the DSFT approximation(4.16), we approximatethe varianceat pixel ~n0 as

follows:

(4.18) Varf �̂ [~n0]g �
Z �

� �

Z �

� �
Pd0(~! )

d~!
(2� )2

:

Let � denotethesamplespacingin thereconstructedimage.By makingthechangeof

variable,~! = (2� � �) ~e� where~e� , (cos� ; sin�) , we rewrite (4.18) in termsof polar

frequency coordinates(�; � ) asfollows:

(4.19) Varf �̂ [~n0]g � � 2
Z 2�

0

Z � max(�)

0
P0(�; �) � d� d� ;

where� max(�) = 1
2� maxfj cos� j;jsin � jg , andwede�ne

(4.20) P0(�; �) , Pd0(2� � � ~e� ) =
H0(�; �)

[H0(�; �) + � R0(�; �)] 2
:

We de�ned H0 andR0 similarly in termsof Hd0 andRd0. Thevarianceprediction(4.19)

appliesto any 2D geometrywith appropriatelocal frequency responsesH 0(�; �) and

R0(�; �) . We will specialize(4.19) by �nding H 0(�; �) for fan-beamgeometryand

R0(�; �) for quadraticregularization.

4.4 “Pur e” Analytical Variance Predictions for Ideal Fan-BeamTo-
mography

We �rst presenta “pure” analyticalanalysisin continuousspacefor anidealfan-beam

scannerthathasin�nitesimal beamsandzero-widthdetectors.In this idealcase,thesys-

temoperatorA is thecontinuouscounterpartof thesystemmatrixA in (2.11)andis same

asthefan-beamprojectionoperatorP .

Theresultdevelopedunderthis idealizedsituationis not practicalbut servedasa nat-

ural startingpoint of andprovides�rst intuition on the noisepropertiesof the fan-beam

tomography.
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4.4.1 Local FrequencyResponseof The Gram Operator

ThelinearoperatorA transformsa signalf (x; y) in imagespaceinto a signalp(s; � )

in fan-beamprojectionspace:

p(s; � ) , (A f )(s; � ) =
Z 1

�1
f (x; y)� (x cos' (s; � ) + y sin' (s; � ) � r (s)) dx dy :

Theusualinnerproductfor fan-beamprojectionspaceis givenasthefollowing:

(4.21) hp1; p2i =
Z smax

� smax

Z � max

0
p1(s; � ) p2(s; � ) dsd� ;

wherep1(s; � ) and p2(s; � ) are two signalsin fan-beamprojectionspace. This is the

naturalinnerproductwhenconsideringtheusualcaseof samplesthatareequally-spacedin

thearclengths andin sourceangle� for equiangularcase.Theparallel-fanrelationships

aregiven in (3.18)and(3.19). For convenience,we repeatthe resultsherewith slightly

differentnotations:

r (s) = Ds0 sin
 (s)(4.22)

' (s; � ) = � + 
 (s);(4.23)

whereDs0 is thesourceto rotationcenterdistanceand
 (s) is theangleof therayrelativeto

thesource.
 (s) = s=Dsd for equiangularcaseand
 (s) = arctan(s=Dsd) for equidistant

case.Weconsiderequiangularcaseonly here.

For theinnerproduct(4.21),theadjointof P is givenby

(P � p)(x; y) =
Z smax

� smax

Z � max

0
� (x cos' (s; � ) + y sin' (s; � ) � r (s)) p(s; � ) dsd� :

Toanalyzetheimpulseresponseof theGramoperatorP � W P ; consideranimpulseobject

� 0(x; y) = � (x � x0; y � y0) asfollows:

h(x; y; x0; y0) = (P � W P � 0) (x; y)

=
Z 2�

0

Z smax

� smax

� (x cos' (s; � ) + y sin' (s; � ) � r (s))

� � (x0 cos' (s; � ) + y0 sin' (s; � ) � r (s)) w(s; � ) dsd� :(4.24)
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We assumehereafterthat w(s; � ) is chosensuch that w(s; � ) = 0 when � > � max .

Thuswe canassume� max = 2� for the analysis,yet the resultsarestill applicableto

“short” scansprovided w(s; � ) is chosenappropriately. For convenience,we express

the point (x0; y0) in polar coordinates(r 0; ' 0). Now make the changeof variablesr 0 =

Ds0 sin
 (s); ' 0 = � + 
 (s); theimpulseresponsein (4.24)becomes

h(x; y; x0; y0) =
Z 2�

0

Z r max

� r max

� (x cos' 0+ y sin' 0� r 0) � (r0 cos(' 0 � ' 0) � r 0)

� w(s(r 0); � (r 0; ' 0)) J (r 0) dr 0d' 0

=
Z 2�

0
� (x cos' 0+ y sin' 0� r 0

0) �w(r0(' 0); ' 0)J (r0(' 0)) 1fj r 0 ( ' 0)j� r max g d' 0;

whereJ (r ) is thedeterminantof theJacobianmatrix of transformingfrom thefan-beam

coordinatesto parallel-beamcoordinatesand �w(r; ' ) is rebinnedw(s; � ) in parallelcoor-

dinates:

J (r ) =

�
�
�
�

D 2
sd

arcsin(r=Ds0)

�
�
�
�

�w(r; ' ) = w(s(r ); � (r; ' ))

r0(' 0) = r0 cos(' 0 � ' 0)

s(' 0) = Dsd arcsin
�

r0(' 0)
Ds0

�

� 0 = ' 0 � arcsin
�

r 0
0

Ds0

�
:(4.25)

Wefocusonlocationswithin the�eld of view (FOV) wherer 0 � rmax , Ds0 sin
 (smax).

In thespirit of local shift invariance,x � x0 + r cos' andy � y0 + r sin' . Considerthe

following local impulseresponse:

h0(r; ' ) , h(x0 + r cos'; y0 + r sin' ; x0; y0)

=
Z 2�

0
� (r cos(' � ' 0)) �w(r 0(' 0); ' 0)J (r0(' 0)) d' 0

=
1
jr j

�
�w(r0(' 0); ' 0)J (r0(' 0))

�
�
�
' 0= ' + �

2

+ �w(r0(' 0); ' 0)J (r0(' 0))
�
�
�
' 0= ' � �

2

�
;(4.26)
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Thus,for thefan-beamcasethelocal impulseresponseof theGramoperatoris

(4.27) h0(r; ' ) =
1
jr j

w0(' + � =2);

wheretheangular-dependentweightingis

(4.28) w0(' ) , �w(r 0(' 0); ' 0)J (r0(' 0))
�
�
�
' 0= '

+ �w(r0(' 0); ' 0)J (r0(' 0))
�
�
�
' 0= ' � �

:

The local impulseresponseh0(r; ' ) is in form of 1
r thatdecaysrapidly with the increase

of thedistancer with respectto thelocation(x0; y0).

Wecanobtainthelocalfrequency responseof theGramoperatorby takinglocalFourier

transformof h0(r; ' ) in (4.27):

H0(�; �) =
Z �

0

Z 1

�1
h0(r; ' ) e� {2� r � cos(' � �) jr j dr d'

=
Z �

0
w0(' + � =2)

Z 1

�1
� (� cos(' � �)) d'

=
1

j� j

Z �

0
w0(' 0) � (sin(' 0 � �)) d' 0

=
w0(�)

j� j
;(4.29)

wherew0(�) is a location-dependentangularweightingfunction.

4.4.2 Local FrequencyResponseof Quadratic Regularization Operator

Analogousto thediscrete-spaceregularization(4.4) in Section4.1,naturalapproaches

to quantify the continuous-spaceroughnessinvolve the derivativesof the image� (x; y).

De�ne D � ` to bethedifferentiationoperatoralongdirection[cos� ` sin� ` ]
T :

(D � ` � )(x; y) =
p

r l ;0

�
cos� `

@
@x

+ sin� `
@
@y

� m

� (x; y);

wherer l ;0 is auser-designedweightalongdirection[cos� ` sin� ` ]
T . Usually, m = 1 or 2.

For theusualL 2 normwehave

kD � ` � k2 =
ZZ �

�
�
�
p

r l ;0

�
cos� `

@
@x

+ sin� `
@
@y

� m

�

�
�
�
�

2

dx dy;
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Thesenormsquantify the roughnessof � . (To usesuchsemi-normswe must restrict

attentionto the subspaceof functionswith squareintegrablederivatives.) We canwrite

thisdifferentiationoperatorin frequency domain:

D � ` = F � 1
2 D

� p
r l ;0({2� u cos� ` + {2� v sin� ` )m

�
F 2

= F � 1
2 D

�
({2� � )mp

r l ;0(cos� cos� ` + sin� sin� ` )m
�
F 2

= F � 1
2 D

�
({2� � )mp

r l ;0 cosm (� � � ` )
�

F 2;(4.30)

where(u = � cos� ; v = � sin�) denotesthe frequency domainCartesiancoordinates.

Theadjointoperatorof D � ` canbeeasilyobtainedfor theusualinnerproductin L 2(R2):

(4.31) D �
� `

= F � 1
2 D

�
(� {2� � )mp

r l ;0 cosm (� � � ` )
�

F 2:

Wecanshow from (4.30)and(4.31)that

D �
� `

D � ` = F � 1
2 D

�
(2� � )2m � r l ;0 cos2m (� � � ` )

�
F 2:

Thenwede�ne thefollowing regularizationoperator:

R ,
LX

`=1

(D �
� `

D � ` ) = F � 1
2 R0(�; �) F 2;

wherethefrequency responseof R is separablein � and� :

(4.32) R0(�; �) = (2� � )2m
LX

`=1

r l ;0 cos2m (� � � ` ) = (2� � )2m ~R0(�) ;

with angular-dependentregularization

(4.33) ~R0(�) ,
LX

`=1

r l ;0 cos2m (� � � ` ) :

Considerthe usualquadraticregularizationdesignwherem = 1 for the �rst-order

derivatives:R(�; �) = CR(2� � )2 ~Rj (�) :Thevarianceapproximationbecomes

Varf �̂ 0g�
Z 2�

0

Z � max

0

w0(�) =j� j
�

w0 (�)
j� j + � (2� � )2 ~Rj (�)

� 2 � d� d�

=
1
3

Z 2�

0

1
h
w0(�) =� 3

max + � 4� 2 ~R0(�)
i d� ;(4.34)
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where�̂ 0 , �̂ (x0; y0) andthe inner integral over � canbe computedanalytically. The

angular-dependentweighting function w0(�) is equivalent to oneback-projection.The

approximation(4.34)is notaccuratefor realisticfan-beamCT, however it agreeswith one

versionof ourpracticalderivationin next section,theSI approximationin (4.71).

4.5 Fast Variance Predictionsfor Non-Ideal Fan-BeamTransmission
Tomography

In this section,we conducta differentanalysison local frequency responsesof Gram

matrix andquadraticregularizationin fan-beamtomography. Theanalysistakesinto ac-

countof thediscretizationeffectandgivesclosed-formexpressionfor P0(�; �) . With these

results,thevariancepredictionin (4.19)is practicalandaccuratefor implementation.

The following analysisis focusedon equiangularfan-beamtransmissiontomography

with an arc detector. However, the methodgeneralizesreadily to �at detectors,i.e.,

equidistantsamplingandto parallel-beamgeometries.

4.5.1 AnalysisFor Fan-BeamGram Matrix

To accuratelypredictvarianceimagesin realisticfan-beamtransmissiontomography

using(4.19),weneedto determinethelocal frequency responseH 0(�; �) , or equivalently

Hd0(~! ). We �rst �nd thelocal impulseresponse.

Local Impulse Response

Considerthe2D objectmodelbasedon a commonbasisfunction � (~x) superimposed

onaN � M Cartesiangrid asfollows:

(4.35) � (~x) =
X

~n2S

� [~n] �
�

~x � ~xc[~n]
�

�
;
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where~x 2 R2 denotesthe2Dcoordinatesof thecontinuousimagespace,and~xc[~n] denotes

thecenterof thebasisfunction.Typically

~xc[~n] = (~n � ~w~x )� ; ~n 2 S

~w~x = ( ~N � ~1)=2 + ~c~x ;

where ~N = (N; M ) andtheuser-selectableparameter~c~x denotesanoptionalspatialoffset

for theimagecenter.

For simplicity, we assumeherethat the detectorblur b(s) is locally shift invariant,

independentof sourceposition� , andactsonly alongthe s coordinate.Thenwe model

themeanprojectionsasfollows:

(4.36) �y� [sk ] =
Z

b(sk � s0) p~' (s0;� )(r (s0)) ds0

for sk = (k � wS)� S andk = 1; : : : ; ns; where� S is thesamplespacingin s, wS is de�ned

akin to ~w~x , andp' (r ) is the2D Radontransformof � (~x):

p' (r ) =
Z

� (r cos' � ` sin'; r sin' + ` cos' ) d` :

Substitutingthe basisexpansionmodel in (4.35) for the object into the measurement

model(4.36)andsimplifying leadsto thelinearmodel

�y� [sk ] =
X

~n2S

a(sk ; � ; ~n)� [~n];

wherethe fan-beamsystemmatrix elementsaresamplesof the following fan-beampro-

jectionof asinglebasisfunctioncenteredat~xc[~n]:

(4.37) a(s; � ;~n) =
Z

b(s � s0) � g
�

r (s0) � r ' (s0;� ) [~n]
�

; ' (s0; � )
�

ds0;

whereg(�; ' ) is theRadontransformof � (~x) atangle' and

r ' [~n] , ~xc[~n] � ~e' ;
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with ~e' , (cos'; sin' ).

Thentheelementsof theGrammatrixaregivenexactlyby

hd[~n;~n0] =

8
><

>:

[A0W A ]j j 0; ~n = ~nj 2 S;~n0 = ~nj 0 2 S

0; otherwise

= �hd[~n;~n0]� (~xc[~n])� (~xc[~n0])(4.38)

where� (~xc[~n]) , 1f ~n2S g;

(4.39) �hd[~n;~n0] ,
nAX

l=1

nsX

k=1

w(sk ; � l ) a(sk ; � l ; ~n)a(sk ; � l ; ~n0)

andw(s; � ) denotestheweightingassociatedwith W andnA denotesthenumberof sam-

plesof thesourceposition� . To simplify (4.38),we �rst usean integral to approximate

thesummationin (4.39)asfollows:

(4.40) �hd[~n;~n0] �
1

� �

1
� S

Z 2�

0

Z 1

�1
w(s; � ) a(s; � ;~n)a(s; � ;~n0)dsd� ;

where� � is the sourceangularsamplinginterval. Notice that �hd[~n;~n0] in (4.40) is not

shift invariant.

Wedeveloplocallyshift-invariantapproximationsto �hd[~n;~n0] in (4.40)by re-parameterizing

variabless, � usinganalogsof fan-to-parallelbeamrebinning.Reparameterizevariables

s and� in (4.40)accordingto theinversionof (4.22)and(4.23):

s ! ~s(r ) = Dsd arcsin(r=Ds0)

� ! ~� (r; ' ) = ' � arcsin(r=Ds0) :

Thenthefan-to-parallelbeamrebinningof a(s; � ;~n) is

a(~s(r ); ~� (r; ' ); ~n) �
Z

b(~s(r ) � ~s(r 0)) � g
�

r 0 � r ' [~n]
�

; '
� �

� _~s(r 0)
�
� dr 0;

, a(r; ' ; ~n)(4.41)
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becauser (~s(r 0)) = r 0and ~' (~s(r 0); ~� (r; ' )) � ' for r � r 0.

A �rst-order Taylorexpansionof ~s(r ) aroundr 0yields

~s(r ) � ~s(r 0) � _~s(r 0)(r � r 0):

Substitutinginto (4.41),thesystemmatrixelementsbecome

(4.42) a(r; ' ; ~n) �
Z

b
� _~s(r 0)(r � r 0)

�
� g

�
r 0 � r ' [~n]

�
; '

� �
� _~s(r 0)

�
� dr 0:

Substituting(4.42)into (4.40)andchangingvariablesfrom (s, � ) to (r , ' ) using(4.22)

and(4.23)yieldsthelocal impulseapproximation,

�hd[~n;~n0] �
1

� �

1
� S

Z 2�

0

Z 1

�1
�w(r; ' )a(r; ' ; ~n)a(r; ' ; ~n0) jJ (r )j dr d'

=
1

� �

1
� S

Z 2�

0
�w(' ;~n;~n0)�h' [~n;~n0] d';(4.43)

wherejJ (r )j =
�
� _~s(r )

�
� is thedeterminantof Jacobianmatrix,and

�h' [~n;~n0] ,
Z 1

�1
a(r � r ' [~n]; ' ; ~n) a(r � r ' [~n0]; ' ; ~n0) dr(4.44)

�w(' ;~n;~n0) ,

R1
�1 �w(r; ' ) jJ (r )j a(r � r ' [~n]; ' ) a(r � r ' [~n0]; ' ) dr

R1
�1 a(r � r ' [~n]; ' ) a(r � r ' [~n0]; ' ) dr

�w(r; ' ) , w(~s(r ); ~� (r; ' )) :

Let r0(' ) , r ' [~n0]. Because_~s(r ) is fairly smooth,we make thefollowing approxima-

tion for r 0 � r0(' ):

(4.45) _~s(r 0) � _~s(r0(' )) , m0(' ) :

Substituting(4.45)into (4.42)andsimplifying yields

a(r; ' ; ~n) � a(r; ' ; ~n0) , a0(r; ' )

=
Z

b0(r � r ' [~n] � r 00; ' )� g
�

r 00

�
; '

�
dr 00;(4.46)
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with r 00= r 0 � r ' [~n] and

(4.47) b0(r; ' ) , m0(' ) b(m0(' ) r ) :

Therefore,we furthersimply (4.43)asfollows

(4.48) �hd[~n;~n0] �
1

� �

1
� S

Z 2�

0
w0(' )�h0(�( ~n � ~n0) � ~e' ; ' ) d';

wherebecause�w(r; ' ) often variesslowly in r relative to the typically sharppeakof

a0(r; ' ) at r = 0,

�h0(r; ' ) , a0(r; ' ) ?a0(r; ' );

�w(' ;~n;~n0) �

R1
�1 �w(r; ' ) jm0(' )j a2

0(r � r ' [~n0]; ' ) dr
R1
�1 a2

0(r � r ' [~n0]; ' ) dr

� jm0(' )j �w(r 0(' ); ' ) , w0(' );(4.49)

where? denotesa 1D autocorrelationwith respectto r anda0(r; ' ) is a locally parallel-

beamversionof thesystemmodelde�ned in (4.46).

Theangle-dependentweightingw0(' ) is associatedwith pixel ~n0, accountingfor the

position-dependentmagni�cationasfollows:

w0(' ) , jm0(' )j w(s(r 0(' )); � (r 0(' ); ' ))(4.50)

r0(' ) , r ' [~n0]

m0(' ) ,
@
@r

s(r )

�
�
�
�
r = r 0 ( ' )

=
Dsd=Ds0p

1 � (r0(' )=Ds0)2
;(4.51)

wheres(r ) and� (r; ' ) aretheinverseof (4.22)and(4.23).Thelocal impulseresponseof

Grammatrixhasthefollowing almostshift invariantform:

(4.52) hd[~n;~n0] �
� (~xc[~n])� (~xc[~n0])

� � � S

Z 2�

0
w0(' )�h0(�( ~n � ~n0) � ~e' ; ' ) d' :

The shapeof �hd[~n;~n0] in (4.48) is a modi�cation of 1/r (cf [71]) with statisticallymod-

ulatedangularweighting. The key propertyof (4.52) is that it is locally shift invariant,
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exceptfor edgeeffects. This approximationshouldbereasonablyaccurateprovided that

~n and~n0are“suf�ciently close”to ~n0, thecoordinatesof thepixel of interest.

Now we apply the local shift-invarianceapproximationto (4.52). Oneway is to use

the coordinatetransformationrecommendedfor analyzingquasi-stationarynoisein [14,

p. 870]asfollows:

~h' [~n;~n0] , h' [~n0 + ~n=2;~n0 � ~n=2]

= �h0(� ~n � ~e' ; ' )� 2(� ~n);

where~x0 , ~xc[~n0]; and� 1 denotesthesupportof theimage,

(4.53) � 1(~x) , � (~x0 + ~x=2)� (~x0 � ~x=2):

This approachyieldsa local impulseresponsethat is symmetricin ~n, thusensuringthat

its spectrumis real.

Anotheralternative is to referall displacementsrelative to thepoint~n0 asfollows:

~h' [~n;~n0] , h' [~n0 + ~n;~n0]

= �h0(� ~n � ~e' ; ' )� 2(� ~n);

where

(4.54) � 2(~x) , � (~x0 + ~x)� (~x0):

This choiceis not symmetricin ~n but it bettercorrespondsto the local Fourier analysis

basedon theDFT of A0W A ej :

By referringall displacementsrelative to thepoint~n0, we canobtainthe�nal form of

local impulseresponse:

(4.55) hd[~n;~n0] �
1

� � � S

Z 2�

0
w0(' ) s'; 0(� ~n � ~e' ) d';
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Figure4.3: Approximationon “strip-like” function,s'; 0(~x). A circularsupportfunction� (~x) is usedhere.

wherewede�ne thefollowing “strip like” function:

(4.56) s'; 0(~x) , �h0(~x � ~e' ; ' )� 2(~x):

Local FrequencyResponse

Having foundthelocal impulseresponseapproximation(4.55),thenext stepis to �nd

thelocal frequency response.This requiresconsiderationof theedgeeffects.

Thesimplestapproachto �nding thelocal frequency responsewouldbeto take the2D

Fouriertransformof thelocal impulseresponsein (4.48),while ignoringthe“edgeeffects”

causedby the supportfunctionsin (4.55). We found this approachto yield suboptimal

accuracy. TakingtheDSFTof (4.55)yieldsthefollowing result:

(4.57) Hd0(~! ) =
1

� �

1
� S

Z 2�

0
w0(' )H ' (~! ) d';

whereH ' (~! ) is thespectrumof s'; 0(� ~n); asfollows:

H ' (~! ) =
X

~n

s'; 0(� ~n) e� {(~! �~n)

�
1

� 2

ZZ
s'; 0(~x) e� { 1

� (~! �~x) d~x

=
1

� 2
S'; 0

�
~!

2� �

�
;(4.58)



74

wheres'; 0(~x) 2D FT ! S'; 0(u; v) :

Becauses'; 0(~x) is in form of multiplicationin spacedomain,this leadsto convolution

in frequency domainthat is not desirable.Becauseof the “strip-like” nature,we make

furtherapproximationon s'; 0(~x) that is projection-angledependentandpixel dependent.

Theleft plot in Figure4.3shows s'; 0(~x) for �x ed' and~n0 whena circularsupportfunc-

tion is used.s'; 0(~x) has�nite width alongtheraydirection~e?
' andis verysharpalongthe

directionperpendicularto theraydirection~e' . Thereforewemake thefollowing approxi-

mation:

(4.59) s'; 0(~x) � �h0(~x � ~e' ; ' )� 0

 
~x � ~e?

'

d0(' )

!

;

whered0(' ) denotesthe lengthof the chordthrough~n0 throughthe FOV at angle(' +

� =2). This approximationis usefulbecausetheapproximateds'; 0(~x) is a separablefunc-

tion in rotatedcoordinates,(~e' ;~e?
' ). To preservethenon-negativede�nitenessof theGram

Matrix, wechose� 0(~x) tobeatriangularfunctionwith theangular-dependentwidthd0(' ):

� 0

 
~x � ~e?

'

d0(' )

!

= tri

 
~x � ~e?

'

d0(' )

!

:

The2D FT of s'; 0(~x) is easiestto seefor thecase' = 0:

s0;0(x; y) = �h0(x; 0)tri
�

y
d0(0)

�

2D FT ! S0;0(u; v) = jA0(u; 0)j2 d0(0) sinc2(d0(0) v);

whereA0(� ; ' ) is associatedwith thedetectorresponseandbasiseffect, given in (4.74).

By therotationpropertyof the2D FT:

S'; 0(�; �) � jA0(� cos(� � ' ); ' )j2 d0(' ) sinc2(d0(' )� sin(� � ' )) :

Therefore,using(4.49)and(4.58),the local frequency responseH 0(�; �) arounda point

~n0 is

H0(�; �) �
1

� � � S� 2

Z 2�

0
w0(' ) S'; 0(�; �) d';(4.60)
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Figure4.4:Type I, Type II andFFT-basedlocal frequency responsesH 01(�; 0), H02(�; 0) andHFFT(�; 0)
for ~n0 at imagecenterin unweightedcase:w(s; � ) = 1. H 02(0; 0) is not shown becauseit is
in�nite.

wherethefollowing functioncapturesbothdetectorresponseeffectsandedgeeffects:

(4.61) S'; 0(�; �) = jA0(� cos(� � ' ); ' )j2 d0(' ) sinc2(d0(' )� sin(� � ' ));

A0(� ; ' ) is the1D FT of a0(r; ' ) with respectto r .

Further Approximationsof Local FrequencyResponse

Thelocal frequency responseof theGramoperatorin (4.60)is veryaccurate.However,

direct implementationof (4.60)is still computationallydemanding.We presentheretwo

typesof furtherapproximationsto simplify (4.60).

1. Type I non-separableform

As d0(' ) ! 1 ; onecanshow thatfor largej� j,

d0(' ) sinc2(d0(' )� sin(� � ' )) ! � (� sin(� � ' )) :

Thereforethesinc2 termis sharplypeakednear� = ' and� = ' � � , soweconsider

thefurthersimplifying approximation

(4.62)
Z 2�

0
w0(' ) S'; 0(�; �) d' � w0(�) jA0(�; �) j2 G0(�; �) ;
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where

(4.63) G0(�; �) =
Z 2�

0
d0(' ) sinc2(d0(' )� sin(� � ' )) d' :

Substitutinginto (4.60)leadsto the“TypeI” approximation:

(4.64) H0(�; �) � H01(�; �) ,
w0(�)

� � � S� 2
jA0(�; �) j2 G0(�; �) :

AlthoughH01(�; �) isnotseparable,wecanprecomputew0(�) andtabulateG0(�; �)

oncefor all pixelsfor coarselysampled� . AccuratelycomputingG0(�; �) is crucial,

therefore�nely sampled' is necessaryin (4.62).

2. Type II separableform

Wecansimplify furtherby usingthesifting propertyof theDirac impulse:

Z 2�

0
w0(' ) S'; 0(�; �) d' �

2
j� j

w0(�) jA0(�; �) j2 :

Becausetypically A0(� ; ' ) variesslowly, we alsoconsiderthefollowing furtherap-

proximation:

(4.65) A0(� ; ' ) � A0(0; ' ):

Combiningall theabove approximationsyields thefollowing separableapproxima-

tion to thelocal frequency response:

(4.66) H0(�; �) � H02(�; �) ,
2 jA0(0; ' )j2

� � � S� 2

w0(�)
j� j

:

This “TypeII” separableform agreeswith thefamiliarFT of 1
r . Figure4.4shows the

pro�les of analyticalTypeI, TypeII andFFT-basedlocal frequency responsesfor ~n0

at imagecenterin unweightedcase.We canseethat threepro�les agreeswith each

otherclosely. Thediscrepancy is mainlyat low frequencies.
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4.5.2 Analysis for 2D Quadratic Regularization

To evaluatethe varianceusing (4.19) and (4.20), we also needthe local frequency

responseof quadraticregularization,R0(�; �) , [33,35,89,94].

Practicalregularizationmethodsare basedon the differencesbetweenneighboring

pixel values.For a discrete-space2D object� [~n], a typical quadraticroughnesspenaltyis

givenin (4.4)and(4.5) for 1st-orderdifferences.Ther l [~n] valuesarepossiblyspacevari-

ant. For thepurposeof local frequency responseanalysis,we examinethecharacteristics

of R(� ) neara pixel ~n0 of interest,sowe de�ne r l ;0 , r l [~n0] assumingr l [~n] valuesvary

smoothly. Then,thequadraticroughnesspenaltynearapixel ~n0 hasthefollowing form:

R(� ) =
X

~n

LX

l=1

r l ;0
1
2

�
(cl � � � )[~n]

� 2
:

Ther l ;0 valuesaredesignparametersthataffect thedirectionalityof theregularizationand

hencethe shapeof the PSF. Eachcl [~n] is a (typically) high-pass�lter . For a �rst-order

difference:

cl [~n] = � l (� 2[~n] � � 2[~n � ~ml ]) ;

or for a2nd-orderdifference:

cl [~n] = � l (� 2[~n] � � 2[~n � ~ml ]) � � � l (� 2[~n] � � 2[~n � ~ml ]);

where� l = k~mlk� � =2; ~ml = (nl ; ml ) denotesthespatialoffsetsto theneighboringpixels,

and� is thepower of weightsfor diagonalneighborsthatcanbechosenby theuser. For

example,commonpracticechooses� = 1 [30,70].

Applying Parseval's theorem,wecanrewrite R(� ) asfollows:

(4.67) R(� ) =
LX

l=1

Z �

� �

Z �

� �

1
2

r l ;0 jCl (~! )U(~! )j2
d~!

(2� )2
;
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where� [~n] FT ! U(~! ) and the DSFT of a � -order (where� 2 N) differencehasthe

following magnitude:

jCl (~! )j = � �
l

�
�1 � e� {(~! � ~m l )

�
� �

= � �
l 2�

�
�
�
�sin�

�
1
2

(~! � ~ml )
� �

�
�
� :

In thepolarcoordinatesof (4.20):

(4.68) jCl (�; �) j2= jCl (2� � � ~e� )j2= � 2�
l 4� sin2� (� � � ~e� � ~ml ) :

Thus,theTypeI local frequency responsefor theregularizationoperatoris

R0(�; �) = R01(�; �) =
LX

l=1

r l ;0 jCl (�; �) j2

=
LX

l=1

r l ;0� 2�
l 4� sin2� (� � � ~e� � ~ml ) :(4.69)

Applying theapproximationsin(x) � x to (4.68)yields:

jCl (�; �) j2 � � 2�
l ( ~ml � ~e� )2� (2� � � )2�

= (2� � �) 2� � (1� 2=� )2�
l cos2� (� � ' l );

wheretheanglebetweenthelth neighborsis

' l , tan� 1 ml

nl
:

With this simpli�cation, theTypeII local frequency responseof theregularizeris approx-

imatelyseparablein (� , � ):

R0(�; �) � R02(�; �) = (2� � �) 2� ~R0(�) ;(4.70)

where

~R0(�) ,
LX

l=1

� (1� 2=� )2�
l r l ;0 cos2� (� � ' l ) :

Thisseparableform agreeswith thefamiliarFT of thedifferentiationoperation.
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4.5.3 VariancePrediction Implementation

Having obtainedthe approximationsto H 0(�; �) , the local frequency responseof the

Gramoperatorgiven in (4.64)and(4.66),andto R0(�; �) , the local frequency response

of theregularizergivenin (4.69)and(4.70),we candiscretizetheintegral (4.19)again to

computethevarianceimage.Therearetwo variancepredictionexpressionsfor fan-beam

transmissiontomography basedon the Type I H 01(�; �) given in (4.64) and R01(�; �)

givenin (4.69),andtheTypeII H02(�; �) givenin (4.66)andR02(�; �) givenin (4.70).

Double Integral Approach

The variancepredictionusingH01(�; �) in (4.64)andR01(�; �) in (4.69) involvesa

doubleintegral andcanbe implementedby a doublesummation.We call this prediction

thedoubleintegral (DI) approach.Thelocation-dependentweightingfunctionw0(�) can

beprecomputed,with thecomputationequivalentto oneback-projection.Wecancoarsely

sample� becauseP0(�; �) is fairly smoothalong� .

SingleIntegral Approach

Theseparabilitypropertiesof H02(�; �) in (4.66)andR02(�; �) in (4.70)enableusto

carryout the inner integral over � analytically. Thereforethedouble-integral in (4.19)is

reducedto onesingleintegral over � . Substituting(4.66)and(4.70)into (4.19)yieldsthe

remarkablysimpleexpression:

(4.71) Varf �̂ [~n0]g�
Z 2�

0

� (�) =3

2jA0(0; �) j2 w0(�) + � 4� 2� (�) ~R0(�)
d� ;

where� (�) , � 3
max(�)� � � S� 4. We call thispredictionthesingleintegral (SI) approach.

We evaluatethis integral usinga �nite summation,with w0(�) and ~R0(�) precomputed.

Therefore,computing(4.71)is equivalentto oneback-projection.
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Implementation of The SingleIntegral Prediction

We found empirically that the SI approach(4.71)gave predictionsthat could be im-

proved by including a single global scalefactor, presumablybecausethe SI approach

(4.71)usesmany approximationsto achieve its simpleform. In particular, we foundthat

theSI methodunderestimatesthevariance,presumablybecausethe“Fisher information”

implied by TypeII local frequency responsein (4.66)is too largefor low spatialfrequen-

cies. To determinethe scalefactor, we assumedthat the DFT-basedapproachand the

analyticalapproachshouldproduceequivalentresultsat theimagecenter. Speci�cally, we

usedthepredictedvariancefor unweightedleastsquaresestimatorwith standardquadratic

penalty(QPULS)for unit variancedata.

For QPULS estimatorfor unit variancedata, the statisticalweighting, w(s; � ) be-

comes1. Considerthe standardquadraticpenaltywith �rst-order (� = 1) differences

andsecond-orderneighborhood(L = 4), for which ' 1;2;3;4 = 0; � =2; � =4; and� � =4 and

r l ;0 = (1; 1; 1; 1). We used� = 1 bothin calibrationandreconstructionasis thecommon

practicein quadraticregularization. For thesechoices,the Type II R02(�; �) in (4.70)

becomesindependentof � :

(4.72) ~R0(�) =
LX

l=1

k~mlk = 1 +
p

2:

Finally, to determinethescalefactor, we computedtheratio of thevariancepredicted

by theDFT approachover thatpredictedby (4.71). For theparametersusedin our simu-

lations,this factorwas(1:13)2. Thisvaluewouldneedto recomputedfor differentsystem

geometriesor regularizationparameters,but is otherwisepatientindependent.

4.5.4 Simulation Results

To evaluatethe performanceof the proposedmethods,we implementedthe variance

predictionsfor fan-beamtomographicimagesreconstructedby quadraticallypenalized
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likelihoodalgorithm.We simulated1000realizationsof fan-beamtransmissionscansus-

ing a256� 256NCAT phantomandablankscanof 106 counts/detector. Thecorrespond-

ing sinogramsizewas444samplesin s, spacedby � S � 2 mm and492sourcepositions

over 360
�
. We simulatedthe geometryof the GE LightSpeedPro CT scannerwith the

source-to-detectordistancearound949 mm, the isocenter-to-detectordistance408 mm

and� = 500=256mm.

An elliptical supportwasusedfor S, with p = jSj = 43892. For simplicity, in (4.63)

weusedthewidth of thecentralpro�le throughtheFOV:

(4.73) d0(' ) � d(' ) ,
2z1z2p

z2
1 sin2' + z2

2 cos2'
;

wherez1 = 244:1 mmandz2 = 220:7 mmarethesemi-majorandsemi-minoraxesof the

ellipse.Thisapproximationis exactwhen~n0 is at theellipsecenter. Theapproximationto

d(' ) becomeslessaccurateas~xc[~n0] approachestheedgeof theellipsesupport.

For simplicity, we use� max(�) � 1
2� andmodelthedetectorresponse3 in (4.36)by a

shift-invariantrectangleof width � S:

b(s) =
1

� S

rect
�

s
� S

�
:

In thecaseof asquarepixel basis� (~x) = rect2(~x)4, wehave from (4.46)

(4.74) A0(� ; ' ) = sinc
�

� S�
m0(' )

�
� 2 sinc(� � cos' ) sinc(� � sin' );

whichwesubstituteinto (4.61).In oursimulation,wemake thefollowing simpli�cation:

m0(' ) � mc(' ) = mc = Dsd=Ds0;

wheremc is thevalueof m0(' ) at theimagecenter.

3A moreaccuratemodelcouldincludedetectordeadspaceandcrosstalkeffects.

4rect2(~x) , rect(x)rect(y) is a2D squarefunction.
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We chosethe regularizationparameter� = 211 to give FWHM = 1:72 pixels, i.e.,

3:4 mm, at the centerof the image. For eachrealization, �̂ was reconstructedusing

70 iterationsof theconvergentincrementaloptimizationtransferalgorithm(PL-IOT) [4]

with 41 subsetsand no nonnegativity constraint. The initial imageswere the �ltered

back-projection(FBP)imageswith equivalentspatialresolution,obtainedby post-�ltering

ramp-�ltered FBP imageswith thedesignedPSF. We computedthesamplestandardde-

viation pixel by pixel within the �nite supportS usedin reconstruction.All imagesand

pro�les areshown in Houns�eld unit (HU).

Two predictionapproachesare investigatedhere: the DI approximation(4.19) with

TypeI H01(�; �) in (4.64)andR01(�; �) in (4.69),andtheSI approximation(4.71)with

~R0(�) in (4.70). The former formula wasderived with fewer approximationswhile the

latter formula involves more approximations.The accuracy and computationtime are

comparedbelow.

We consideredthreetypesof regularization:standard,certainty-based[40]. andmodi-

�ed [84]. In all cases,we implemented(4.69)and(4.70)for regularizationwith �rst-order

(� = 1) differencesandsecond-orderneighborhood(L = 4). Thestandardandcertainty-

basedcasesusedall 1000realizationsof fan-beamtransmissionscanswhile only 250

realizationsareusedin modi�ed case.

In all cases,thestandarddeviation imagespredictedby theDI approacharedisplayed

while bothDI andSI predictionsarecomparedin thepro�le plots.

Standard Quadratic Penalty Function

We �rst consideredastandardquadraticpenaltywhere

r l ;0 = � 2
c;
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and� 2
c is thevalueof � 2[~n0] at theimagecenterin (4.75)below. This choiceassuresthat

the resolutionof the two studiesis matchedat the imagecenter. In this case, ~R0(�) =

(1 +
p

2)� 2
c is aconstantfor all pixels.

Figure4.5 shows the reconstructedimagesandempiricalstandarddeviation images.

Theempiricalstandarddeviation imagefor FBPis alsoshown. Theaverageof FBPstan-

darddeviationsis around2:2 HU, approximately1:8 timeshigherthanthatof PL-IOT, 1:2

HU, illustrating thenoiseadvantageof thestatisticalreconstructionmethodsat matched

resolution.

Figure4.5alsoshows thecentralhorizontalandverticalpro�les of thestandarddevia-

tion maps.Theanalytical,theFFT-basedandtheempiricalstandarddeviationsagreewith

oneanothervery closelywithin theobject.Thelargestdiscrepancy within theobjectwas

about10%in theleft lung for unknown reasons.

Certainty-BasedQuadratic Penalty Function

Wenext investigateamorecomplicatedregularizerthatwasdesignedto achievenearly

uniformspatialresolution[40]. In thiscase,weusedspace-varyingregularizer:

r l ;0 = � 2[~n0];

where

(4.75) � 2[~n0] ,
1

2�

Z 2�

0
w(~s(r0(' )); ~� (r0(' ); ' )) d' :

Here, ~R0(�) is still independentof � , but variesspatially. Computingthe“certaintymap”

(4.75)requiresasimplebackprojectionwith fan-to-parallelbeamrebinning.

Figure4.6shows thereconstructedimages,standarddeviation imagesandcentralhor-

izontalandverticalpro�les. In thiscase,theaverageof FBPstandarddeviationsis around

2:2 HU, approximately1:8 times higher than that of PL-IOT, 0:7 HU. The analytical,
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theFFT-basedandtheempiricalstandarddeviationsagreewith oneanothervery closely

within theobject.

Modi�ed Quadratic Penalty Function

Consideramodi�ed quadraticpenaltyin [84], where

~R0(�) ,
LX

l=1

r l ;0 cos2(� � ' l ) :

For �rst-order differencesand2nd-orderneighborhood(L = 4), ' 1;2;3;4 = 0; � =2; � =4; and

� � =4. Ideally, r l ;0 is designedin a way that leadsto nearlyuniform andisotropicspatial

resolutions.t.

(4.76) ~R0(�) � w0(�) :

Figure4.7shows thereconstructedimages,standarddeviation imagesandcentralhor-

izontalandverticalpro�les. In thiscase,theaverageof FBPstandarddeviationsis around

1:8 HU, approximately3 timeshigherthanthat of PL-IOT, 0:6 HU. The analytical,the

FFT-basedand the empirical standarddeviations agreewith one anothervery closely

within theobject.However, bothempiricalandpredictedstandarddeviation imagesshow

four bright stripscomingout from theobject. Analytical methodoverestimatesthevari-

ancesat theseareas.Theanglesof thestripsseemto follow the ' l 's in thesecondorder

neighborhood.Analytical predictionmethodalsooverestimatesthe varianceat the area

aroundthe nodulein the left lung. Theseare probablydue to the rapid changeof the

statisticalweightsw(s; � ) andtheuser-designedparametersr l ;0. Thesefactsindicatethat

furtherinvestigationmight beneededto �nd theoptimalsolutionin regularizationdesign

problem.We only use250realizationsof transmissionscansto computeempiricalpred-

ctions in fully-modi�ed quadraticpenaltycase. Thereforeempiricalpredictionsappear

morenoisythantheonesin standardandcertainty-basedcases.
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In all cases,the analyticalandthe FFT-basedpredictionsaresomewhat lessaccurate

nearthe edgeof the �nite supportusedin imagereconstruction.This is probablydue

to the fact that the “local stationarity”approximationis lessaccuratein this areawhere

thestatisticalweightsw(s; � ) canvary rapidly. Theapproximation(4.73)mayalsovary

rapidly in ourstudy, soit maybepossibleto improve accuracy neartheedgesof theFOV

by usingd0(' ).

Err or Distrib ution

We are interestedin the distribution of the reconstructionerrors, �̂ [~n] � � [~n], from

1000realizationsfor threedifferent pixels: a pixel at imagecenter, a pixel outsideof

objectandinsidethe�nite support,anda pixel in a lower-right rib. Figure4.8shows the

histogramsof thereconstructionerrorsfor standardandcertainty-basedquadraticpenalty

functions.All thehistogramsdisplayanapproximatelyGaussianshape.Table4.1shows

theresultsof Lilliefors goodness-of-�ttestof compositenormalityon thereconstruction

errorsby usingMatlab lillietest command.Thesequantitative resultscon�rm that

thereconstructionerrorsfollow anapproximatelyGaussian.

p-value standardquadraticpenalty certainty-basedquadraticpenalty
pixel locations center top lower-right center top lower-right

p-value 0:2093 > 0:5 0:3984 > 0:5 > 0:5 0:3554

Table4.1:p-valuesof Lilliefors goodness-of-�ttestof compositenormalityon thereconstructionerrorsfor
standardandcertainty-basedquadraticfunctions,respectively.

Computation Time and Accuracy

In ourcalculations,weused123samplesin � and128samplesin � in (4.19)to predict

a 256� 256 standarddeviation image. Both DI andSI predictionsprecomputew0(�)

andG0(�; �) . The precomputationtime for w0(�) wasabout19 secondson dual Intel

Xeon3:40GHz CPU.Table4.2 summarizesthecomputationtime comparisonfor empir-
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ical, FFT-basedandanalytical(double-integral andsingle-integral) predictionmethods.

The precomputationtime for G0(�; �) with 492samplesin ' was2:3 seconds.The DI

predictionrequiresno scalefactorprecomputationandthe computationtime wasabout

135 seconds.The SI predictionrequiresthe scalefactorprecomputationthat is (1:13)2

in our case,andthe computationtime for predictionwasabout0.6 second.In contrast,

the FFT-basedpredictionneededabout374 secondsto computeonly onesinglecentral

pro�le. Becausethe FFT-basedpredictionsareonly computedfor two centralpro�les,

we calcultedits computationtime for thewholestandarddeviationmapby multipling the

predictiontime for a singlepixel andp = 43892. We seethatour proposedmethodsare

muchfasterthanbothempiricalandFFT-basedmethods.As expected,theDI prediction

is slightly moreaccuratethanthe SI prediction,particularlynearedges.The SI predic-

tion matchesabit betterwith theFFT-basedpredictionbecausethescalefactorcalibration

wasbasedon FFT-predictedvalues. For the purposesof regularizationdesignor noise

exploration,webelieve thatthevery fastSI approachis adequate.

Table4.3comparesthenormalizedroot-meansquare(NRMS)percenterrorsof analyt-

ical andFFT-basedpredictionswith respectto empiricalresults.Becauseweonly compute

two centralpro�les of theFFT-basedpredictionin eachcase,we computethenormalized

root-meansquare(NRMS) percenterrorsonly for thesetwo centralpro�les. For � 2
c case,

the NRMS percenterrorsfor FFT, DI andSI are6:6%, 6:8% and6:6%; for � 2
0 case,the

NRMS percenterrorsfor FFT, DI andSI are6:5%, 6:0% and8:3%; for modi�ed penalty

case,theNRMS percenterrorsfor FFT, DI andSI are10%, 14:6% and10:7% within the

object, respectively. Our analyticalmethodscan provide comparableaccuraciesas the

FFT-basedmethod.
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precomputation
Typesof predictions w0(�) Gcenter(�; �) calibration total time

empirical N/A N/A N/A severaldays
FFT-based N/A N/A N/A 64123s

analytical(Double-integral) 19s 2:3 s N/A 156:3 s
analytical(Single-integral) 19s N/A 2:1 s 21:1 s

Table4.2:Computationtime comparison.The FFT-basedpredictionsarecomputedonly for two central
pro�les. We calcultedits computationtime for thewholestandarddeviation mapby multipling
thepredictiontime for asinglepixel andp = 43892.

Typesof penalties FFT-based Analytical
Double-integral Single-integral

standard 6:6% 6:8% 6:6%
certainty-based 6:5% 6:0% 8:3%

modi�ed 10% 14:6% 10:7%

Table4.3:The normalizedroot-meansquare(NRMS) percenterrorsof analyticalandFFT-basedpredic-
tions with respectto empirical predictionsfor the two centralpro�les. The standarderror of
empiricalpredictionsin standardandcertainty-basedquadraticpenaltycases(with 1000realiza-
tions)is about1=

p
2(1000� 1) � 2:2%. Thestandarderrorof empiricalpredictionsin modi�ed

quadraticpenaltycases(with 250realizations)is about1=
p

2(250� 1) � 4:5%.

4.5.5 Conclusionand Discussion

This chapterhasdevelopedanalyticalvarianceapproximationsfor 2D tomography.

The doubleintegral (4.19)with (4.64)and(4.69),andthe singleintegral (4.71)provide

fastandaccuratevariancepredictionsfor a quadraticallypenalizedlikelihoodestimator

in fan-beamtomography. The simplestof the proposedapproaches(4.71) requiresone

backprojectionwith someadditionalsummations,which is muchlesscomputationthan

previous FFT-basedmethods. In fact, using the proposedmethods,we can predict the

variancemapin muchlesstime thanit takesto reconstructa singleimage.Theproposed

approximationsareespeciallyusefulin thecasethatthevarianceinformationis neededfor

many or all pixels,suchaswhenchoosingspace-varying regularizationparameters[84].

The empirical resultsfrom the simulatedfan-beamCT transmissionscansdemonstrate

that the proposedvarianceapproximationsarevery accurate.Futurework will explore

using thesepredictionsfor regularizationdesign. As indicatedin modi�ed quadractic
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penaltycase,variancepredictionscanprovide guidancein �nding theoptimalsolutionin

regularizationdesign.

Althoughwe focusedon varianceprediction,by using(4.16)we couldalsoeasilypre-

dict covariancesandthuspredictthecovarianceof anregion of interest(ROI) whosesize

is smallenoughthatthelocalapproximationsaresuf�ciently accurate.However, if only a

singlelocal autocorrelationfunction is needed,thentheFFT approachis probablyeasier

to use. For analysisof detectabilityof lesionswith unknown locations,autocorrelations

at many spatialpositionsmay be needed[53–55,76,103], in which casethe proposed

approachbasedon (4.16) cansave computation.The matrix methoddescribedin (4.7)

and(4.8) is alsoapplicableto other imagingmodalities,suchasPET andSPECT[32].

Thereforethe proposedmethodsarealsoreadily extendedto thoseimagingmodalities,

with differentconsiderationsof theweightingfunction.

The proposedanalyticalvarianceapproximationsareonly investigatedin the caseof

the shift-invariantdetectorblur. We canalsogeneralizethe analysisto shift-variantde-

tectorblur wherethelocal shift-invarianceapproximationis applicable,e.g., for varifocal

collimatorsin SPECT. In this case,b(s � s0) is replacedby b(s;s0) in (4.37)andb0(r; ' )

in (4.47)becomes

b0(r; ' ) , m0(' ) b(s0(' ) + m0(' ) r; s0(' )) ;

where

s0(' ) , Dsd arcsin
r0(' )
Ds0

:

Thework in this chapterhasfocusedon 2D fan-beamgeometry. 3D generalizationof

thesemethodscanbedoneby applyingthesameprinciples[108]. This chapterhasalso

focusedon analyticalvarianceapproximationsfor the caseof quadraticregularization.

An interestingchallengefor futurework is to generalizetheanalysisto thecaseof edge-
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preservingnon-quadraticregularization. The analysisin [5, 6] may be a usefulstarting

point.
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Figure4.5:Predictedandempiricalstandarddeviation images(in HU) andcentralpro�les for NCAT phan-
tom for PL fan-beamtransmissionimagereconstructionusingthe standardquadraticpenalty:
~R0 = (1 +

p
2)� 2

c .
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Figure4.6:Predictedandempiricalstandarddeviation images(in HU) andcentralpro�les for NCAT phan-
tom for PL fan-beamtransmissionimage reconstructionusing the certainty-basedquadratic
penalty.
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Figure4.7:Predictedandempiricalstandarddeviation images(in HU) andcentralpro�les for NCAT phan-
tom for PL fan-beamtransmissionimagereconstructionusingthe modi�ed quadraticpenalty.
Only 250realizationsareusedin thiscase.
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Figure4.8:Histogramof (�̂ [~n] � � [~n]) for threepixel locations:a pixel at imagecenter, a pixel outsideof
objectand insidethe �nite support,anda pixel in a lower-right rib. Three�gures on the left
are for standardquadraticpenaltycase,and three�gures on the right are for certainty-based
quadraticpenaltycase.



CHAPTER 5

3D VarianceEstimation for Quadratically Penalized-Likelihood
ImageReconstruction

The analyticalvarianceapproximationsfor 2D tomography presentedin the previous

chapterhave shown good accuracy while requiring much lesscomputationthan previ-

ousmatrix-basedandDFT-basedmethods.The advantagesof theseapproachesshould

becomemorepronouncedfor largersetof data,suchasaxial andhelical cone-beamge-

ometries.This chaptergeneralizesthe analytical2D variancepredictionmethodsinto a

3D cylindrical cone-beamgeometry.

The main challengeof 3D extensionto the cone-beamvarianceapproximationsis

the mismatchbetweenthe numberof variables. Thereis no one-to-oneexplicit cone-

to-parallelrelationshipin projectionspace.A two-dimensionalareadetectoris usedin

3D cone-beamtomography that is speci�ed by coordinates(s; t). Both axial andhelical

cone-beamprojectionspacesarecharacterizedby only threeindependentindices(s; t; � ).

Theaxial cone-beamgeometryis a specialcaseof helicalcone-beamgeometrywith zero

helicalpitch. In 3D parallel-beamgeometryprojectionspace,therearefour independent

indices(u; v; '; � ) for 3D X-ray transform.Theraydirectionis speci�edby ('; � ) andthe

detectoris speci�edby (u; v).

As aninitial investigationof 3D CT, we circumventthis dif�culty by assuminganide-

alizedcylindrical cone-beamgeometryby introducingan extra independentcoordinate:
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the elevation of the X-ray source,� . In this geometry, ideally the X-ray sourcecanbe

at any locationon an in�nitely long cylinder alongthez-axis. However, we developap-

proximationsfor the morerealisticcasewherethereis a �nite setof � values,roughly

correspondingto overlapping“step-and-shoot”axial scans.

5.1 3D X-Ray Transform

For 3D tomography with parallelrays,therearetwo projectionangles:theazimuthal

angle ' , anda polar angle � . We usea coordinatesystemin which ' 2 [� � ; � ]; and

� 2 T � [� � =2; � =2]. De�ne ~
 = ('; � ) andde�ne thefollowing orthogonalunit vectors

(5.1)

~e1(~
 ) =

2

6
6
6
6
6
4

cos'

sin'

0

3

7
7
7
7
7
5

; ~e2(~
 ) =

2

6
6
6
6
6
4

� sin' sin�

cos' sin�

cos�

3

7
7
7
7
7
5

; ~e3(~
 ) =

2

6
6
6
6
6
4

sin' cos�

� cos' cos�

sin�

3

7
7
7
7
7
5

;

andthefollowing point in R3:

(5.2)

~p = ~p(u; v;~
 ) = u~e1 + v~e2 = (u cos' � v sin' sin� ; u sin' + v cos' sin� ; v cos� ):

Letting (u; v) denotethe coordinateson any 2D projectionplane,we de�ne the (X-ray)

projectionof a3D objectf (~x) to be

(5.3) p(u; v;~
 ) =
Z 1

�1
f (~p(u; v;~
 ) + ` ~e3(~
 )) d`;

i.e., the line integralsalongthe lines f ~p+ ` ~e : ` 2 Rg, whereu; v 2 R. Anotherway of

writing thisoperationis

(5.4) p(u; v;~
 ) =
Z

f
�

T ~


"
u
`
v

#�
d`;
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whereT ~
 = [~e1(~
 ) ~e3(~
 ) ~e2(~
 )] is aunitarymatrix. Sowehave thefollowing relation:

T � 1 = T 0 =

2

6
6
6
6
6
4

cos' sin' 0

sin' cos� � cos' cos� sin�

� sin' sin� cos' sin� cos�

3

7
7
7
7
7
5

:

ThematrixT is theproductof two 3D rotationmatrices[52, p. 100]:

(5.5)

T = R 12(' )R 23(� ); R 12(' ) =

2

6
6
6
6
6
4

cos' sin' 0

sin' � cos' 0

0 0 1

3

7
7
7
7
7
5

; R 23(� ) =

2

6
6
6
6
6
4

1 0 0

0 cos� � sin�

0 sin� cos�

3

7
7
7
7
7
5

:

A third way to write (5.3)or (5.4) is

(5.6) p(u; v;~
 ) =
Z Z Z

f (~x) � (~x � ~e1(~
 ) � u) � (~x � ~e2(~
 ) � v) d~x :

5.1.1 Propertiesof 3D X-Ray Transform

3D X-ray transformsatis�es many usefulproperties,amongwhich shift andscaling

propertiesareessentialto us for deriving the varianceapproximationsin 3D cylindrical

cone-beamtomography.

Symmetry Property

Let f (~x)
3D Xra y
 ! p(u; v; '; � ) : The3D projectionoperationsatis�esthefollowing sym-

metryproperty:

p(� u; v; ' � � ; � ) = p(u; v; '; � );

because~e1(' � � ; � ) = � ~e1(~
 ) and~e2(' � � ; � ) = � ~e2(~
 ).
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Shift Property

The3D projectionoperationalsosatis�esthefollowing shift property:

f (~x)
3D Xra y
 ! p(u; v; '; � ) =)

f (~x � ~z)
3D Xra y
 ! p(u � ~z � ~e1(~
 ); v � ~z � ~e2(~
 ); ~
 ):(5.7)

ScalingProperty

Let f (~x)
3D Xra y
 ! p(u; v; '; � ) : We would like to �nd the 3D projectionq(u; v; '; � )

of f (x=a;y=a;z=b); where a;b 6= 0 are two nonzeroscalars. Using the form (5.6),

q(u; v; '; � ) canbefoundasfollows:

q(u; v; '; � ) =
Z Z Z

f (x0; y0; z0) � (ax0cos' + ay0sin' � u)

� � (ax0sin' sin� � ay0cos' sin� + bz0cos� � v)
�
�a2b

�
� dx0dy0dz0;(5.8)

with changeof variablesx0 = x=a;y0 = y=aandz0 = z=b:UsingDiracimpulseproperties,

we rewrite (5.8)asfollows:

q(u; v; '; � ) =
Z Z Z

f (x0; y0; z0) �
�

x0cos' + y0sin' �
u
a

�

� �
�

asin�
c(� )

x0sin' �
asin�
c(� )

y0cos' +
bcos�
c(� )

z0 �
v

c(� )

�

�
jabj
c(� )

dx0dy0dz0

=
Z Z Z

f (x0; y0; z0) �
�

x0cos' + y0sin' �
u
a

�

� �
�

x0sin' sin� 0 � y0cos' sin� 0+ z0cos� 0 �
v

c(� )

�

�
jabj
c(� )

dx0dy0dz0;

where

� 0 , arctan
� a

b
tan �

�

c(� ) ,
p

a2 sin2 � + b2 cos2 � :
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Thenwehave thefollowing scalingproperty:

(5.9) f
� x

a
;
y
a

;
z
b

�
3D Xra y
 !

jabj
c(� )

p
�

u
a

;
v

c(� )
; '; arctan

� a
b

tan �
� �

:

In thespecialcasewherea = b= � :

f
�

~x
�

�
3D Xra y
 ! � p

� u
�

;
v
�

; '; �
�

:

5.2 VariancePredictionsfor 3D Cone-BeamTomography

Thecovariancematrix in (4.7)for quadraticallypenalizedlikelihoodestimatorsandthe

local shift-invarianceapproximationsderivedin section4.2areapplicablefor 3D tomog-

raphy. For the completenessof this chapter, we brie�y statethe resultshere. The p � p

covariancematrix is givenasthefollowing:

(5.10) K , Covf �̂ g � (A 0W A + � R ) � 1A 0W A (A 0W A + � R ) � 1;

where� = [� 1; : : : ; � p]0, A is the systemmatrix, Y = [y1; : : : ; yn ]0 denotesthe noisy

measurements,R is theHessianmatrixof theroughnesspenaltyand� is theregularization

parametercontrollingthenoiseandresolutiontrade-off.

In the spirit of the local shift-invarianceapproximationspresentedin section4.2, we

�rst approximatethecovariancematrix in (5.10)nearagivenlocation~n0 asfollows:

K � K 0 , T 0 �K 0T

�K 0 , (F0 + � R 0)� 1F0(F0 + � R 0)� 1;

whereF0 andR 0 aretheN1N2N3 � N1N2N3 block Toeplitzwith Toeplitzblocks(BTTB)

approximationscorrespondingto A0W A andR , respectively. In practicalcomputation

of predictingvariancesat a few imagelocations,circulantapproximationsandDFTsare

usuallyusedasfollows [75,91]:

(5.11) Varf �̂ [~n0]g � hK 0e~n0 ; e~n0 i �
1

N1N2N3

~N � 1X

~k= ~0

Pd0[~k];
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where ~N = (N1; N2; N3), e~n0 correspondsto ~n0 and

Pd0[~k] ,
� 0[~k]

(� 0[~k] + � 
 0[~k])2
;

with

F0 � Q� 0Q0

R 0 � Q
 0Q0;

whereQ is the3D (N1; N2; N3)-point orthonormalDFT matrix,and� 0 and
 0 arediag-

onalmatriceswith diagonalelements� 0[~k] and
 0[~k] thatarethe3D DFT coef�cients of

the local impulseresponseof A 0W A andR near~n0, respectively. Computingthis DFT

approximationis still expensivefor realisticimagesizeswhenthevarianceis computedfor

all or many pixels,particularlyfor shift-variantsystemslike fan-beamCT andcone-beam

CT.

We have discussedin Chapter4 “analytical” approachesto predict the approximate

variancemapsof 2D imagesthat are reconstructedby penalized-likelihood estimation

with quadraticregularizationin fan-beamgeometries[105,107]. In thischapter, weextend

theseapproachesto 3D cylindrical cone-beamCT by applyingthesameprinciples:local

shift invarianceapproximationandlocal Fourier analysis.

We next approximate(5.11) by the 3D discrete-spaceFourier transform(DSFT) as

follows:

(5.12) Varf �̂ [~n0]g �
Z �

� �

Z �

� �

Z �

� �
Pd0(~! )

d~!
(2� )3

;

wherePd0(~! ) is thelocal spectrumof thecovariancematrix,givenasfollows:

(5.13) Pd0(~! ) ,
Hd0(~! )

[Hd0(~! ) + � Rd0(~! )]2
;

whereHd0(~! ) is the local frequency responseof theGrammatrix A 0W A andRd0(~! ) is

thelocal frequency responseof R near~n0.
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Let ~� = (� X ; � Y ; � Z ) denotethesamplespacingsin thereconstructedimage.Make

thechangeof variable,~! = (2� %) ~� � ~e� ;� where~e� ;� = (cos� cos� ; sin� cos� ; sin�) ,

and� denoteselement-by-elementmultiplication.Werewrite (5.12)in termsof spherical

frequency coordinates(%;� ; � ) asfollows:

(5.14) Varf �̂ [~n0]g � � X � Y � Z

Z �
2

� �
2

Z 2�

0

Z %max(� ;�)

0
P0(%;� ; �) %2 jcos� j d%d� d� ;

where%max(� ; �) = 1
2 max

�
jcos� cos� j

� X
; jsin � cos� j

� Y
; jsin � j

� Z

�
, andwede�ne

P0(%;� ; �) , Pd0(2� %~� � ~e� ;� )

=
H0(%;� ; �)

[H0(%;� ; �) + � R0(%;� ; �)] 2
:(5.15)

Wede�ne H0 andR0 similarly in termsof Hd0 andRd0. By �nding analyticalexpressions

for H0 andR0, theapproximation(5.14)canleadto fasteralternativesto theDFT approach

(5.11). Thevariancepredictionin (5.14)is applicableto any 3D CT geometry. We focus

on cylindrical 3D cone-beamCT here. To use(5.14),we needto �nd H 0(%;� ; �) and

R0(%;� ; �) �rst.

5.2.1 Cylindrical Cone-BeamGeometry

Consideranideal“cylindrical” cone-beamtomography: thesourcecanbeatany point

on a cylinder of radiusD s0 centeredalongthez-axis,seeFigure5.1. Thestep-and-shoot

cone-beamCT and helical conebeamCT are two examplesof cylindrical cone-beam

geometrywith differentsamplingpatterns.Thesourceposition~p0 canbeparameterized

by two variables(� ; � ) asfollows:

(5.16) ~p0 =

0

B
B
B
B
B
@

� Ds0 sin�

Ds0 cos�

�

1

C
C
C
C
C
A

;
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PSfragreplacements

�
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D sd
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sourcetrajectory
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s

t

0
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z

Figure5.1: Cylindrical cone-beamgeometrywith 2D cylindrical detectorthatmoveswith theconevertex.

whereDs0 is thesourceto rotationcenterdistance,� is theangleof thesourcerelative to

they axis,and� is thez-axispositionof source.

Wefocusona2D cylindrical detectorthatmoveswith theconevertex here.Weassume

that the detectorarc hasthe X-ray sourceas its focal point, as in a 3rd-generationCT

system.We introducelocal/relative coordinates(s; t) on thedetectorface,wheres is the

arclengthalongeachrow, andthet-axisis parallelto thez-axis.A pointonthe2D detector

canbeexpressedas

(5.17) ~p1 =

0

B
B
B
B
B
@

Dsd sin
 cos� + (Dsd cos
 � Ds0) sin�

Dsd sin
 sin� � (Dsd cos
 � Ds0) cos�

t + �

1

C
C
C
C
C
A

=

0

B
B
B
B
B
@

Dsd sin'

� Dsd cos'

t

1

C
C
C
C
C
A

+ ~p0;

whereD0d = Dsd � Ds0 is theisocenterto detectordistanceand


 = 
 (s) ,
s

Dsd
(5.18)

' = ' (s; � ) , 
 (s) + � :(5.19)
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Thedirectionvectorof a ray from ~p0 to ~p1 canthenbeexpressedas

~e3 =
~p1 � ~p0

k~p1 � ~p0k

=
1

p
t2 + D 2

sd

0

B
B
B
B
B
@

Dsd sin'

� Dsd cos'

t

1

C
C
C
C
C
A

=

0

B
B
B
B
B
@

sin' cos�

� cos' cos�

sin�

1

C
C
C
C
C
A

;(5.20)

where

(5.21) � = � (t) , arctan
�

t
Dsd

�
:

Theparallel-beamprojectionplaneis perpendicularto ~e3, speci�edby ~e1 and~e2. The

correspondingCartesiancoordinates(u; v) canbefoundby

u = ~p1 � ~e1 = Dsd sin
 cos
 � (Dsd cos
 � Ds0) sin


= Ds0 sin
 (s)(5.22)

v = ~p1 � ~e2 = � Dsd sin� + Ds0 cos
 sin� + (t + � ) cos�

= Ds0 cos
 (s) sin� + � cos� ;(5.23)

since� Dsd sin� + t cos� = 0.

Combining(5.18),(5.19),(5.21),(5.22)and(5.23),we have the the following (cylin-

drical) cone-to-parallelrebinningrelations:

~
 (s) ,
s

Dsd
(5.24)

~' (s; � ) , 
 (s) + �(5.25)

~� (t) , arctan
�

t
Dsd

�
(5.26)

~u(s) = Ds0 sin
 (s)(5.27)

~v(s; t; � ) = Ds0 cos
 (s) sin ~� (t) + � cos~� (t):(5.28)
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Theinverserelationscanbederiveddirectly, givenasfollows:

~s(u) , Dsd arcsin
u

Ds0
(5.29)

~t(� ) , Dsd tan �(5.30)

~� ('; u) , ' � arcsin
u

Ds0
(5.31)

~� (u; v; � ) ,
v

cos�
� Ds0 cos~
 (~s(u)) tan �

=
v

cos�
�

p
Ds0

2 � u2 tan � :(5.32)

5.2.2 Analysis for Cone-BeamGram Matrix

To predict varianceimagesusing (5.12), we needto determinethe local frequency

responseH0(�; � ; �) , or equivalentlyHd0(~! ). We �rst �nd thelocal impulseresponse.

Local Impulse Responseof Gram Matrix

Considerthe3D objectmodelbasedon a commonbasisfunction � (~x) superimposed

onaN1 � N2 � N3 Cartesiangrid asfollows:

(5.33) � (~x) =
X

~n2S

� [~n] �
�

1
~�

� (~x � ~xc[~n])
�

;

whereS , f ~nj : j = 1; : : : ; pg denotesthe subsetof the N1 � N2 � N3 lattice that is

estimatedand~xc[~n] denotesthecenterof the~nth basisfunction(seeFigure4.1). Thegrid

spacingis ~� = (� X ; � Y ; � Z ). We considerthe case� X = � Y hereafter, but we allow

� X 6= � Z . Typically

~xc[~n] = (~n � ~w~x ) � ~� ; ~n 2 S

~w~x = ( ~N � 1)=2 + ~c~x ;

wherethe user-selectableparameter~c~x denotesan optional spatialoffset for the object

center.
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Assumethat thedetectorblur b(s; t) is shift invariant,independentof sourceposition

(� , � ) andactsonly alongthes andt coordinates.(This couldbegeneralizedto thecase

of locally shift-invariantblur.) Thenwemodelthemeanprojectionsasfollows:

(5.34) �y' [sk ; t ` ; � ; � ]=
ZZ

b(sk � s0; t ` � t0) p
�

~u(s0); ~v(s0; t0; � ); ~' (s0; � ); ~� (t0)
�

ds0dt0

for

sk = (k � wS)� S

t ` = (` � wt )� t

andk = 0; : : : ; ns � 1;` = 0; : : : ; nt � 1; where� S is thesamplespacingin s, � t is the

samplespacingin t, wS andwt arede�ned akin to ~w~x , andp(u; v; '; � ) is theline integral

of � (~x) de�ned in (5.3).

Let g(u; v; '; � ) denotethe Radontransformof � (~x) at angle('; � ). By shifting and

scalingpropertiesof Radontransformin (5.7)and(5.9),wehave

�
�

1
~�

� (~x � ~xc[~n])
�

3D Xra y
 !

� X � Z

c(� )
g
�

u � u' [~n]
� X

;
v � v';� [~n]

c(� )
; '; arctan

�
� X

� Z

tan �
� �

;

wherec(� ) ,
p

� 2
X sin2 � + � 2

Z cos2 � and

u' [~n] , ~xc[~n] � ~e1(' )(5.35)

v';� [~n] , ~xc[~n] � ~e2('; � ):(5.36)

Substitutingthe basisexpansionmodel in (5.33) for the object into the measurement

model(5.34)andsimplifying leadsto thelinearmodel

�y' [sk ; t ` ; � ; � ] =
X

~n2S

a(sk ; t ` ; � ; � ; ~n)� [~n];

wherethe cone-beamsystemmatrix elementsare samplesof the following cone-beam
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projectionof asinglebasisfunctioncenteredat~xc[~n]:

a(s; t; � ; � ; ~n) =
ZZ

b(s � s0; t � t0)
� X � Z

c(~� (t0))

� g

 
~u(s0) � u~' (s0;� ) [~n]

� X

;
~v(s0; t0; � ) � v~' (s0;� );~� (t0) [~n]

c(~� (t0))
; ~' (s0; � ); ~�

�
� X

� Z

t0

� !

ds0dt0;(5.37)

where

(5.38) arctan
�

� X

� Z

tan ~� (t0)
�

= arctan
�

� X

� Z

t0

Dsd

�
= ~�

�
� X

� Z

t0

�
:

To proceed,we rebin(5.37)into parallelcoordinatesby de�ning ap(u; v; '; � ; ~n) in terms

of a(s; t; � ; � ; ~n) using(5.29)� (5.32).

Next wereparameterizevariabless0andt0 in (5.37)accordingto theinversionof cone-

to-parallelrebinningasfollows: s0 ! ~s(u0); t0 ! ~t(� 0); anduse�rst-order Taylor expan-

sionto expands(u) arounds0(u0) asfollows:

(5.39) s(u) � s(u0) � ms(u0)(u � u0);

wherewede�ne thefollowing magni�cationfactor

(5.40) ms(u0) ,
@~s
@u

(u)

�
�
�
�
u= u0

=
Dsd

Ds0 cos~
 (~s(u0))
=

Dsdp
Ds0

2 � u2
:

Similarly,

(5.41) ~t(� ) � ~t(� 0) � mt (� 0)( � � � 0);

where

(5.42) mt (� 0) ,
@~t
@�

(� )

�
�
�
�
� = � 0

=
Dsd

cos2 � 0
:

Becausetheblur b(s; t) is assumedto beabout1-2 detectorpixelswide,weexpect� 0 � �
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within (5.37), leadingto thefollowing equalitiesandapproximations:

~� (~t(� 0)) = � 0

~u(~s(u0)) = u0

~' (~s(u0); ~� ('; u)) = ' + arcsin
u0

Dsd
� arcsin

u
Dsd

� '

~�
�

� X

� Z

~t(� 0)
�

= arctan
�

� X

� Z

tan � 0

�
, #(� 0)

~v(~s(u0); ~t(� 0); ~� (u; v; � )) = Ds0 cos~
 (~s(u0)) sin� 0+
h v

cos�
� Ds0 cos~
 (~s(u)) tan �

i
cos� 0

�
v cos� 0

cos�
� Ds0 cos~
 (~s(u0)) cos� 0(tan � � tan � 0)

� v � U(u0; � 0)( � � � 0);(5.43)

where

(5.44) U(u0; � 0) , Ds0 cos� 0cos~
 (~s(u0)) = (cos� 0)
p

Ds0
2 � u2:

Weassumetheseapproximationshold for (s0; t0) suf�ciently closeto (s; t), i.e., within the

essentialsupportof b(s; t).

With (5.39),(5.41),(5.37)andtheabove,weapproximatetheparallel-rebinnedsystem

matrixelementsasfollows:

ap(u; v; '; � ; ~n) , a(~s(u); ~t(� ); ~� (u; ' ); ~� (u; v; � ); ~n)

�
ZZ

b(ms(u0)(u � u0); mt (� 0)( � � � 0))
� X � Z

c(� 0)

� g
�

u0 � u' [~n]
� X

;
v � U(u0; � 0)( � � � 0) � v';� 0[~n]

c(� 0)
; '; #(� 0)

�
jms(u0)mt (� 0)j du0d� 0

�
ZZ

b(ms(u)(u � u0); mt (� )( � � � 0))
� X � Z

c(� )

� g
�

u0 � u' [~n]
� X

;
v � U(u; � )( � � � 0) � v';� [~n]

c(� )
; '; #(� )

�
jms(u)mt (� )j du0d� 0:(5.45)
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Making thechangevariableof v0 = v � U(u; � )( � � � 0) yields

ap(u; v; '; � ; ~n) �
ZZ

b(ms(u)(u � u0); ms;t (u; � )(v � v0))
� X � Z

c(� )

� g
�

u0 � u' [~n]
� X

;
v0 � v';� [~n]

c(� )
; '; #(� )

�
jms(u)ms;t (u; � )j du0dv0;(5.46)

where

(5.47) ms;t (u; � ) ,
mt (� )

U(u; � )
=

Dsd

Ds0 cos� cos~
 (~s(u))
:

Consider~n and ~n0 valuesthat are suf�ciently close to ~n0, the location of interest.

Let u0(' ) , u' [~n0]; v0('; � ) , v';� [~n0]: andv0('; � ) , v';� [~n0]: Becausems(u) and

ms;t (u; � ) arefairly smoothover (u; v), weapproximatethelocalmagni�cationfactorsby

their valuesat thecenterof thevoxel of interest~n0:

ms(u) � ms(u0(' )) , ms;0(' )(5.48)

ms;t (u; � ) � ms;t (u0(' ); � ) , ms;t;0('; � ):(5.49)

Therefore,we furtherapproximate(5.46)using(5.48)and(5.49)asfollows:

ap(u; v; '; � ; ~n) � a0(u � u' [~n]; v � v';� [~n]; '; � )

,
ZZ

b0(u � u' [~n] � u00; v � v';� [~n] � v00; '; � )

�
� X � Z

c(� )
g
�

u00

� X

;
v00

c(� )
; '; #(� )

�
du00dv00;(5.50)

where

b0(u; v; '; � ) , jms;0(' )ms;t;0('; � )j b(ms;0(' ) u; ms;t;0('; � )v)(5.51)

a0(u; v; '; � ) ,
ZZ

b0(u � u0; v � v0)
� X � Z

c(� )
g
�

u0

� X

;
v0

c(� )
; '; #(� )

�
du0dv0:(5.52)

Thesecondline of (5.50)useschangeof variablesu00= u0 � u' [~n]; v00= v0 � v';� [~n]:
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Now theelementsof theGrammatrixaregivenexactlyby

hd[~n;~n0] =

8
><

>:

[A0W A ]j j 0; ~n = ~nj 2 S;~n0 = ~nj 0 2 S

0; otherwise

= �hd[~n;~n0]� (~xc[~n])� (~xc[~n0])(5.53)

where

�hd[~n;~n0] =
nsX

k=1

n tX

l=1

n �X

i =1

n �X

j =1

w(sk ; t ` ; � i ; � j ) a(sk ; t ` ; � i ; � j ; ~n)a(sk ; t ` ; � i ; � j ; ~n0);

and� (~xc[~n]) , 1f ~n2S g; andw(s; t; � ; � ) denotesthestatisticalweightingassociatedwith

W . We �rst usetheintegrals to approximatethesummationsin (5.53)asfollows:

�hd[~n;~n0] � �
Z 1

�1

Z 2�

0

Z 1

�1

Z 1

�1
w(s; t; � ; � )rect

�
s

2smax

�
rect

�
t

2tmax

�
rect

�
�

2� max

�

�a(s; t; � ; � ; ~n)a(s; t; � ; � ; ~n0) dsdt d� d� ;(5.54)

where

� ,
1

� S

1
� t

1
� �

1
� �

;

and� S; � t ; � � and� � arethesamplingintervalsin s, t, � and� . Noticethat �hd[~n;~n0] in

(5.54)is not shift invariant.Making a changeof variablesfrom cone-beamcoordinatesto

parallel-beamcoordinates,we rewrite (5.54)as

(5.55)

�hd[~n;~n0] � �
Z �

2

� �
2

Z 2�

0

Z 1

�1

Z 1

�1
�w(u; v; '; � )ap(u; v; '; � ; ~n)ap(u; v; '; � ; ~n0)J (u; � ) du dv d' d� ;

where�w(u; v; '; � ) is therebinnedstatisticalweightingde�ned asfollows:

�w(u; v; '; � ) , w(s(u); t(� ); � ('; u); � (u; v; � )) rect3

�
s(u)
2smax

;
t(� )
2tmax

;
� (u; v; � )

2� max

�

� w(s(u); t(� ); � ('; u); � (u; v; � )) rect3

�
u

2umax
;

�
2� max

;
v

2� maxcos�

�
;(5.56)
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for small � , rect3(~x) , rect(x) rect(y) rect(z) andumax , ~u(smax); � max , ~� (tmax): The

absolutevalueof thedeterminantof theJacobianmatrixJ (u; � ) is givenby

J (u; � ) =

�
�
�
�
�
�
�
�
�
�
�
�
�
�

@~s
@u

@~s
@v

@~s
@'

@~s
@�

@~t
@u

@~t
@v

@~t
@'

@~t
@�

@~�
@u

@~�
@v

@~�
@'

@~�
@�

@~�
@u

@~�
@v

@~�
@'

@~�
@�

�
�
�
�
�
�
�
�
�
�
�
�
�
�

=

�
�
�
�
�
�
�
�
�
�
�
�
�
�

@~s
@u 0 0 0

0 0 0 @~t
@�

@~�
@u 0 @~�

@' 0

@~�
@u

@~�
@v 0 @~�

@�

�
�
�
�
�
�
�
�
�
�
�
�
�
�

=

�
�
�
�
�
@~s
@u

@~t
@�

@~�
@'

@~�
@v

�
�
�
�
�

=

�
�
�
�
�

D 2
sd

cos3 �
p

D 2
s0 � u2

�
�
�
�
�
:(5.57)

We furthersimplify (5.55)asfollows,by analogywith [40] and(4.43)in chapter4:

(5.58) �hd[~n;~n0] � �
Z �

2

� �
2

Z 2�

0
�w('; � ; ~n;~n0)�h';� [~n;~n0] d' d� ;

where

(5.59)

�w('; � ; ~n;~n0) ,

R1
�1

R1
�1 �w(u; v; '; � )ap(u; v; '; � ; ~n)ap(u; v; '; � ; ~n0)J (u; � ) du dv

R1
�1

R1
�1 ap(u; v; '; � ; ~n)ap(u; v; '; � ; ~n0) du dv

(5.60) �h';� [~n;~n0] ,
Z 1

�1

Z 1

�1
ap(u; v; '; � ; ~n)ap(u; v; '; � ; ~n0) du dv :

To furthersimply (5.58),we approximate(5.59)and(5.60)by using(5.50)andassuming

that~n and~n0aresuf�ciently closeto ~n0:

�w('; � ; ~n;~n0) �

R1
�1

R1
�1 �w(u; v; '; � )J (u; � )a2

0(u � u' [~n0]; v � v';� [~n0]) du dv
R1

�1

R1
�1 a2

0(u � u' [~n0]; v � v';� [~n0]) du dv

�

R1
�1

R1
�1 J0('; � ) �w(u; v; '; � )a2

0(u � u0(' ); v � v0('; � )) du dv
R1

�1

R1
�1 a2

0(u � u0(' ); v � v0('; � )) du dv

� J (u0(' ); � ) �w(u0(' ); v0('; � ); '; � )

� J0('; � ) �w(u0(' ); v0('; � ); '; � ) , w0('; � );(5.61)

wheretheJacobiandeterminantat thevoxel centeris

(5.62) J0('; � ) , J (u0(' ); � )
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and

�h';� [~n;~n0] �
Z 1

�1

Z 1

�1
a0(u � u' [~n]; v � v';� [~n])a0(u � u' [~n]; v � v';� [~n0]) du dv

=
Z 1

�1

Z 1

�1
a0(u; v; '; � )a0(u + u' [~n � ~n0]; v + v';� [~n � ~n0]; '; � ) du dv

= �h0(~� � (~n � ~n0) � ~e1; ~� � (~n � ~n0) � ~e2; '; � );(5.63)

wherethefollowing 2D auto-correlationis w. r. t. (u; v):

(5.64) �h0(u; v; '; � ) , a0(u; v; '; � ) ?? a0(u; v; '; � ):

Combiningall theapproximationsabove,we have theexpressionfor thelocal impulse

response:

(5.65) hd[~n;~n0] � �
Z �

2

� �
2

Z 2�

0
w0('; � )h';� [~n;~n0] d' d� ;

where

(5.66) h';� [~n;~n0] , �h0(~� � (~n � ~n0) � ~e1; ~� � (~n � ~n0) � ~e2; '; � )� (~xc[~n])� (~xc[~n0]):

Thus,wenow havea form thatis nearlyshift-invariant(exceptfor edgeeffects).

As shown in 2D fan-beamcase,theedgeeffectsin (5.53)or (5.66)area mainconcern

in accuratevarianceprediction. Herewe usea similar approachto take the edgeeffects

into accountto �nd the local frequency response.As in 2D fan-beamcase,we refer all

displacementsrelative to thepoint~n0 asfollows:

h';� [~n;~n0] � h';� [~n0 + ~n � ~n0; ~n0]

= �h0(~� � (~n � ~n0) � ~e1; ~� � (~n � ~n0) � ~e2; '; � )� 2(~xc[~n � ~n0])

, ~h';� [~n � ~n0; ~n0];(5.67)

where

(5.68) � 2(~x) , � (~x0 + ~x)� (~x0):
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Weapproximate(5.68)asfollows:

(5.69) � 2(~x) � � 0(~x) , � (~x)� (~x0):

Thischoicealsoyieldsalocalimpulseresponsethatis symmetricin ~n providedthesupport

� (~x) is symmetricitself. We focuson a symmetric� (~x), suchaselliptical cylinder or

spherehereafter. The�nal form of thelocal impulseresponsefollows from (5.65),(5.68)

and(5.69):

(5.70) hd[~n;~n0] � �
Z �

2

� �
2

Z 2�

0
w0('; � )~h';� [~n � ~n0; ~n0] d' d� :

Local FrequencyResponseof Gram Matrix

To �nd the DSFT Hd0(~! ) of hd[~n + ~n0; ~n0], we need ~H ';� (~! ) �rst, the spectrumof

~h';� [~n;~n0]. Applying thelinearityof theDSFTto (5.70)yields:

(5.71) Hd0(~! ) = �
Z �

2

� �
2

Z 2�

0
w0('; � ) ~H ';� (~! ) d' d� :

De�ne a “tube like” function

(5.72) s';� (~x) , �h0(~x � ~e1; ~x � ~e2; '; � )� 0(~x):

Thenfrom(5.67)and(5.69)wehave~h';� [~n;~n0] = s';� (~� � ~n): Thespectrumof ~h';� [~n;~n0]

canbefoundasfollows:

~H ';� (~! ) =
X

~n

~h';� [~n;~n0] e� {(~! �~n)

=
X

~n

s';� (~� � ~n) e� {(~! �~n)

�
1

� 2
X � Z

ZZZ
s';� (~x) e� { 1

~�
� (~! �~x) d~x

=
1

� 2
X � Z

S';�

�
1

2� ~�
� ~!

�
;(5.73)

wheres';� (~x) 3D FT ! S';� (~� ):
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Becauses';� (~x) is narrow in both(u; v), weapproximate� 0(~x) asfollows:

(5.74) � 0(~x) = � s

�
~x � ~e3

d0('; #(� ))

�
;

whered0('; #(� )) is theintersectinglengthof thepro�le passingthough~n0 andthe�nite

supportatdirection(' + � =2; #(� )) . � s(�) denotestheimagesupportfunction.Wepropose

twochoicesof thissupportfunction.Tobeconsistentwith FFT-basedapproach,wechoose

(5.75) � s

�
~x � ~e3

d0('; #(� ))

�
= rect

�
~x � ~e3

d0('; #(� ))

�
:

To preserve thenon-negative de�nitenessof theGramMatrix, wechoose

(5.76) � s

�
~x � ~e3

d0('; #(� ))

�
= tri

�
~x � ~e3

d0('; #(� ))

�
:

Regardless,the local frequency responseH0(%;� ; �) of the cylindrical cone-beam

Grammatrixaround~n0 is

(5.77) H0(%;� ; �) � �
Z � max

� � max

Z 2�

0
w0('; � )S';� (%;� ; �) d' d� ;

wheretheconstant� , �
� 2

X � Z
.

� The 3D Fourier Transform of s';� (~x)

The3D FT of s';� (~x) canbefoundby therotationpropertyof the3D FT. Combining

(5.72)and(5.74),wehave

s';� (~x) = �h0(~x � ~e1; ~x � ~e2; '; � )� s

�
~x � ~e3

d0('; #(� ))

�
:

Let ~x0 = T � 1~x, whereT is de�ned in (5.5) in section5.1,whosedeterminantjT j = 1.

Thenwehaveaseparablefunctionsr thatis a rotatedversionof s';� (~x) :

(5.78) sr (~x0; '; � ) , s';� (T ~x0) = �h0(x0; z0; '; � )� s

�
y0

d0('; #(� ))

�
:
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Let s';� (~x) 3D FT ! S';� (~� ) andsr (~x; '; � ) 3D FT ! Sr (~� ; '; � ). Thespectraof sr (~x; '; � )

ands';� (~x) canberelatedthroughtherotationproperty:

S';� (~� ) =
ZZZ

s';� (~x) exp(� i2� ~� � ~x) d~x

=
ZZZ

sr (~x0; '; � ) exp(� i2� ~� � T ~x0) jT j d~x0

=
ZZZ

sr (~x0; '; � ) exp(� i2� (T 0~� ) � ~x0) d~x0

= Sr (T 0~� ; '; � ):(5.79)

The3D FT of sr (~x; '; � ) is easilyfoundfrom (5.78)

(5.80) Sr (~� ; '; � ) = jA0(� 1; � 3; '; � )j2 d0('; #(� ))M s(d0('; #(� )) � 2);

where� s(y) FT ! M s(� y) andA0(� u; � v; '; � ) is the2D FT of a0(u; v; '; � ) with respect

to (u,v). Therefore,the 3D FT of s';� (~x) hasthe following form accordingto the

rotationpropertyin (5.79):

(5.81) S';� (~� ) = jA0(~� � ~e1(~
 ); ~� � ~e2(~
 ); '; � )j2 d0('; #(� ))M s(d0('; #(� ))~� �~e3(~
 )) :

Thenext goalis to determineA0(� u; � v; '; � ). We startwith the3D FourierSliceThe-

orem.Let P(� u; � v; '; � ) denotethe2D FT of p(u; v;~
 ) with respectto (u,v). The3D

FourierSliceTheoremgivesthefollowing relation:

P(� u; � v; '; � ) = F (� u~e1(~
 ) + � v~e2(~
 )) ;

whereF (~� ) is the3D FT of thebasisfunction� (~x). Therefore,we have thefollowing

2D FT with respectto (u,v):

� X � Z

c(� )
p
�

u
� X

;
v

c(� )
; '; #(� )

�
2D FT ! G(� u; � v; '; � );

where

G(� u; � v; '; � ) = � 2
X � Z P(� X � u; c(� )� v; '; #(� ))

= � 2
X � Z F (� X � u~e1(' ) + c(� )� v~e2('; #(� ))) :(5.82)
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Therefore,A0(� u; � v; '; � ) includestheeffectsof basisfunctionanddetectorblur:

(5.83) A0(� u; � v; '; � ) = B0(� u; � v; '; � )G(� u; � v; '; � );

whereB0(� u; � v; '; � ) is the2D FT of b0(u; v; '; � ) with respectto (u,v).

� For “ideal” cubic voxelbasisfunction � (~x) = rect3(~x)

Noneof theprojectorsavailabletous,suchasray-driven(RD),pixel-driven(PD),NUFFT-

basedanddistance-driven(DD)projectorshasthiseffect. However, we usethis caseas

demonstration.In thiscase,wehaveF (~� ) = sinc3(~� ) thatleadsto

G(� u; � v; '; � ) = � 2
X � Z sinc(� X � u cos' � c(� )� v sin' sin#(� ))

� sinc(� X � u sin' + c(� )� v cos' sin#(� ))

� sinc(c(� )� v cos#(� )) :(5.84)

� For squareareadetector

Considera cylindrical supportfor an objectwith radiusRs < Ds0 anda squarearea

detectorresponseb(s; t) = 1
� S

1
� t

rect
�

s
� S

; t
� t

�
: For thiscase,wehave

d0('; #(� )) =
2Rs

cos#(� )
rect

�
#(� )
2� max

�

B0(� u; � v; '; � ) = sinc
�

� S� u

ms;0(' )

�
sinc

�
� t � v

ms;t;0('; � )

�
:(5.85)

For computationef�ciency, we would like to predictvariancesin sphericalfrequency

spacecoordinatesin which we can �nely sample%and coarselysample(� ; �) . Let

S';� (%;� ; �) , S';� (%~e� ;� ), whereA0(%;� ; �; '; � ) , A0(%~e� ;� �~e1(~
 ); %~e� ;� �~e2(~
 ); '; � ).

As � ! 0 andd0('; #(� )) ! 1 ; onecanshow that for large %, the M s (sinc or sinc2)

termis sharplypeakedatnear' = � � � :

(5.86) d0('; #(� ))M s(d0('; #(� ))~� � ~e3(~
 )) ! � (~� � ~e3(~
 )) = � (%sin(' � �) cos�) :
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Weconsiderthefollowing Type-Iapproximationto (5.77):

(5.87) H0(%;� ; �) � �
Z � max

� � max

w0(� ; � )
Z 2�

0
S';� (%;� ; �) d' d� , H01(%;� ; �) :

With (5.86),theFT of s';� approaches

(5.88) S';� (%;� ; �) ! jA0(%cos� cos(' � �) ; %sin�; '; 0)j2
� (sin(' � �) )

j%cos� j
:

Weconsiderthefollowing furtherapproximationsto (5.77):

H0(%;� ; �) �
�

j%cos� j

Z � max

� � max

Z 2�

0
w0('; � ) jA0(%cos� cos(' � �) ; %sin�; '; 0)j2

� � (sin(' � �) ) d' d�

=
�

j%cos� j
jA0(%cos� ; %sin�; � ; 0)j2

Z � max

� � max

[w0(� ; � ) + w0(� + � ; � )] d�

�
2� � max

j%cos� j
jA0(%cos� ; %sin�; � ; 0)j2 [w0(� ; 0) + w0(� + � ; 0)]

, H02(%;� ; �) ;(5.89)

wherethelastline exploitsthefact� max � 0 andtheapproximation
R� max

� � max
f (� ) d� � f (0) �

2� max. We cansee(5.89)from that thefrequency responseis �at along� 3 axis, implying

that the local impulseresponsealongz-directionis muchnarrower thanin xy-directions.

This observationagreeswith our empiricalexperience.TheType-II approximation(5.89)

leadsto in�nite DC value,but thatdoesnot aloneprevent its usefor variancepredictions

via (5.14).

Reduced2D Fan-beamCase

For asanitycheck,weconsidertheDC valueof local frequency response,H 0(%;� ; �)

in thereduced2D fan-beamcasewherent = 1 and� t ! 0. Westartwith (5.87):

H0(%;� ; �) � �
Z � t

2D sd

� � t
2D sd

w0(� ; � )
Z 2�

0
S';� (%;� ; �) d' d�

! �
� t

Dsd
w0(� ; 0) jA0(�; %sin�; � ; 0)j2 G2d

0 (�; �) ;(5.90)
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where� = %cos� and

(5.91) G2d
0 (�; �) ,

Z 2�

0
d0('; 0) sinc2(d0('; 0) � sin(' � �)) d' :

ThereforetheDC valuecanbederivedasthefollowing expressionfor � � = � Z :

(5.92) H0(0; � ; �) �
Dsd

Ds0

� 2
X

� S� �
G2d

0 (0; �) :

This expressionagreeswith Type I DC value, H 0(0; �) , derived in (4.64) in previous

chapter.

Implementation of H0(%;� ; �)

Thekey to calculateH0(%;� ; �) correctlyis w0('; � ) in (5.87).We�rst needto �nd the

propercone-beamcoordinatescorrespondingto u0(' ); v0('; � ); ' , and� . Let~x0 , ~xc[~n0].

Using(5.35)and(5.36),

u0(' ) = ~x0 � ~e1(' )

v0('; � ) = ~x0 � ~e2('; � ):

We then�nd (s; t; � ; � ) using(5.29)� (5.32).

5.2.3 Analysisof Local FrequencyResponsefor 3D Quadratic Regularization

For adiscrete-space3D object� [~n], a typicalquadraticroughnesspenaltyis givenas

R(� ) =
X

~n

LX

l=1

r l ;0
1
2

�
(cl � � � � )[~n]

� 2
;

wherer l ;0 valuesaredesignparametersthataffect thedirectionalityof theregularization

andhencetheshapeof thePSF. Eachcl [~n] is a (typically) high-pass�lter . For a �rst-order

difference:

cl [~n] = � l (� 3[~n] � � 3[~n � ~ml ]) ;
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where� l = k~mlk� � =2; ~ml denotesthe spatialoffsetsto the neighboringvoxels,and� is

thepower of weightsfor diagonalneighborsthatcanbechosenby theuser. For example,

commonpracticechooses� = 1 [30,70].

Applying Parseval's theorem,the local frequency responseof R for a � -order(where

� 2 N) differencecanbefoundin a similar form of 2D fan-beamcasein Section4.5.2as

follows:

R0(%;� ; �) =
LX

l=1

r l ;0� 2�
l 4sin2�

�
� %(~� � ~e� ;� ) � ~ml

�
:(5.93)

In 3D geometry, L = 13for thesecond-orderneighborhood.

5.3 Simulation Resultsfor 3D Cylindrical Cone-BeamCT

We �rst usea small imageand sinogramto validate the local frequency responses

H0(%;� ; �) and R0(%;� ; �) at imagecenter~n0 = (0; 0; 0) for cylindrical cone-beam

CT with cubic voxels (5.84). Becausethe FFT-basedapproachprovides very accurate

approximationsto the true empiricalvariances,we compareanalyticalH 0(%;� ; �) and

R0(%;� ; �) with FFT-basedH (f )
0 (%;� ; �) andR(f )

0 (%;� ; �) . We alsocomputethenor-

malizedroot meansquare(NRMS) differencebetweenanalytically and FFT predicted

standarddeviationsat imagecenter,

NRMSdifference,
kstd0 � std(f )

0 k2

kstd(f )
0 k2

;

wherestd0 andstd(f )
0 areanalyticallyandFFTpredictedstandarddeviations,respectively.

5.3.1 Simulation Setup

We simulateda cylindrical cone-beamCT systemwith a cylindrical 2D detectorwith

zerodetectoroffsetsin s and t. The correspondingsinogramsize is 111 samplesin s,

spacedby � S � 8 mm, 32 samplesin t, spacedby � t � 8:8 mm, 137 samplesin � ,
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spacedby � � � 1:3 mmand123sourceangularpositionsover360
�

for each� . Thecone

angleof X-ray beamis about26:4� .

The imageis of size64 � 62 � 20 andthe object is an ellipsoid. The voxel size is

of 7:8 mm, 7:8 mm and 5mm. A cylindrical supportis usedwith radiusRs = 164:1

mm andheight80 mm. In this case,d0('; #(� )) � Rs=cos#(� ) at imagecenter. To be

consistentwith theFFT-basedmethod,we implementedtherect supportfunction(5.75).

For spectrumdisplayandcalculationsof varianceprediction,weusemax(H 0(%;� ; �) ; 0).

Emulating Cubic VoxelBasisUsingDD Projector

In oursimulationstudies,3D distance-driven(DD) projectoris used.Ourderivationof

(5.87)and(5.89)is basedonthe3D basis-expansionobjectmodelin (5.33).Furthermore,

our analyticalH0(%;� ; �) is calculatedbasedon the ideal cubic voxel basis. However,

noneof the projectorsavailablehasthe cubic voxel effect, including the DD projector.

Therefore,FFT-basedH (f )
0 (%;� ; �) doesnot have this cubic voxel effect while analyti-

cal H0(%;� ; �) has. A basismodelmismatchoccursbetweenanalyticalandFFT-based

results. For a fair comparison,we needto emulatethe cubic voxel basisusingDD pro-

jector. We canemulatethis cubicvoxel basisby usingsmallervoxels. In computingthe

FFT-basedH (f )
0 (%;� ; �) , we �rst oversamplethe image,forward and back project the

oversampledimageandthendownsampletheresultantGrammatrixA0W A beforetaking

FFTs.All of theotherparametersremainunchanged.

Becauseof small coneangle, the DD projectorapproximatesthe cubic voxel in z-

directionfairly well. Poorapproximationoccursin xy-planesdueto thefull 360� rotation.

Dueto memoryconstraints,weonly oversampletheimagein transaxialplanesby a factor

4.

Futurework shouldbedonein �nding theappropriatebasisfunctionthatcorresponds
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to therealisticprojectors.Replacethecubicvoxel basisby this projector-dependentbasis

functionto eliminatethebasismismatch.

5.3.2 Local FrequencyResponseof Gram Matrix

Weconsiderthesimplestcase,whereanunweightedleast-squarescostfunctionis used

in (4.2). In thiscasew(s; t; � ; � ) = 1. Wecomputethelocal frequency responsesof Gram

matrix at imagecenter~n0, by our analyticalmethod(5.77)andby theFFT-basedmethod

(5.11).

center 20 slices of H
01

 at n
0
 = (0,0,0)

range[2675.0 17522644.0]
 

 

 100000

8500000

Figure5.2: Center20slicesof TypeI local frequency responsein unweightedcasefor ~n0 at imagecenter.

Figure5.2 andFigure5.3 show the center20 slicesof local frequency responsesof

Grammatrix computedby analyticalandFFT-basedmethods,respectively. Figure5.4

shows thedifferenceimageH0(%;� ; �) � H (f )
0 (%;� ; �) . Figure5.5,Figure5.6 andFig-

ure5.7 comparethepro�les alongthreeaxes(� x ; � y; � z). We canseethatboth thespec-

trumandits pro�les matchfairly well.
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center 20 slices of H
0
(f) at n

0
 = (0,0,0)

range[66593.2 17304306.0]
 

 

 100000

8500000

Figure5.3:Center20 slicesof FFT-basedlocal frequency responsein unweightedcasefor ~n0 at image
center.

5.3.3 Local FrequencyResponseof Standard Quadratic Regularization

We considera standardquadraticpenalty, wherer l ;0 valuesareunity for all voxels in

(5.93). We choosethe global regularizationparameter� = 217:5 to give FWHM = 1:64

voxels,i.e., 12:8 mm in transaxialplaneand1:21voxels,i.e., 6:1 mm,alongaxial axisat

thecenterof theimage.

Figure 5.8 shows the � x pro�les of local frequency responsesof standardquadratic

regularizercalculatedby analyticaland FFT-basedmethods. We can seethat the two

pro�les arealmostidentical.Thisresultis notsurprisingbecauseveryfew approximations

areusedto derive (5.93).

TheNRMS differenceof thepredictedstandarddeviationsfor quadraticallypenalized

unweightedleastsquares(QPULS)betweenanalyticalandFFT-basedmethodsareabout

5:7%.
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center 20 slices of H
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 � H
0
(f)
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Figure5.4:Center20 slicesof H 01 � H ( f )
0 in unweightedcasefor ~n0 at imagecenterfor cylindrical cone-

beamCT.

5.3.4 Investigationson The Effectsof BasisFunction Mismatch and Discretization

The simulationresultsin previous sectionshow that the proposedanalyticalmethod

providesaccurateH0(%;� ; �) andR0(%;� ; �) atimagecenterfor acylindrical cone-beam

CT with cubicvoxels.Thestandarddeviationat imagecenterpredictedby theintegralsin

(5.14)is accuratecomparedto theFFT-predictedvalue.

However, cubic voxel projectoris not available in practice. Whenoperatingin step-

and-shootmode,we oftensetthesamplespacingin � equalto � Z . This samplespacing

violatestheassumptionunder(5.77)thatX-ray sourcemovescontinuouslyin � direction.

Wenext investigatethesensitivity of ourproposedapproachto thesetwo effects.

The Effect of BasisFunction Mismatch

To investigatetheeffectof thebasisfunctionmismatch,wedonotusetheoversampled

imageasproposedin Section5.3.1to obtainFFT-basedH (f )
0 (%;� ; �) .
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Figure5.5: H01 andH ( f )
0 � x pro�les in unweightedcasefor ~n0 at imagecenter.

Figure5.9 shows the differenceimageof analyticalH 0 andthe FFT-basedH (f )
0 that

includesthebasismodelmismatch.Figure5.10shows their pro�les along� z axis. Com-

paringFigure5.9 andFigure5.4, we canseethat the basisfunction mismatchbetween

cubicvoxel andDD projectorintroduceslargerdiscrepancy at � = 0� ; � 45� and� 135�

directions. This phenomenonis due to the approximationsthat DD projectorusesand

likely to changewith otherprojectors,suchasray-driven andFourier-basedprojectors.

TheNRMSdifferenceof thestandarddeviationsincreasesto 9:5%.

The Effect of Discretization in SourceAxial Trajectory �

Figure5.11showsthecenter20slicesof H (f )
0 calculatedwith � � = � Z . Theanalytical

local frequency responseof Grammatrix (5.77) is derivedbasedon ancylindrical cone-

beamCT. The X-ray sourcecanbe placedat any point on the cylinder with radiusD s0.

Therefore,the assumptionmadeunder(5.77) is that X-ray sourcemoves continuously

alongin � direction. Whenthesamplingspacein � is setas� Z , asis usualin step-and-

shoot-mode,the discretizationeffect is fairly pronounced,asshown in Figure5.12 and
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Figure5.6: H01 andH ( f )
0 � y pro�les in unweightedcasefor ~n0 at imagecenter.

Figure5.13. The discretizationeffect is mostly at high � z frequency components.The

NRMSdifferenceof predictedthestandarddeviationsis about10:3%.

5.4 Conclusionand Discussion

This chapterextendstheanalyticalvariancepredictionapproachto 3D cone-beamCT.

Theanalysisis basedona “ideal” cylindrical cone-beamgeometryandcanbeservedasa

startingpoint to theanalysisin step-and-shootor helicalcone-beamCT.

Thevariancepredictionintegrals(5.14)for 3D cylindrical cone-beamCT providesan

ef�cient approachto computingvariancesat many voxel locationswith reasonableac-

curacy. However, our simulationstudiesin Section5.3 show that the local frequency

responseof Grammatrix(5.87)canbeaffectedby basisfunctionmismatchanddiscretiza-

tion in X-ray sourceaxial positions.Basisfunctionmismatchbetweencubicvoxel basis

andDD projectorincur largerspectraldiscrepancy at diagonaldirections.Realisticsam-

ple spacingin X-ray sourceaxial positionsincur larger spectraldiscrepancy at high � z
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Figure5.7:H01 andH ( f )
0 � z pro�les in unweightedcasefor ~n0 at imagecenterfor cylindrical cone-beam

CT.

frequency components.We found that variancepredictionintegrals(5.14) is mostaccu-

ratefor the“ideal” cylindrical cone-beamCT thatis freeof basisfunctionmismatch.The

NRMS differencebetweenstandarddeviations is about5:7%. It is leastaccuratewhen

both voxel basismismatchand the � discretizationarepresent. The NRMS difference

betweenstandarddeviationsincreasesto about13:2%in thiscase.

Forhelicalcone-beamgeometry, weconjecturethattheproposedapproachin thischap-

ter canprovide comparableaccuracy asfor cylindrical cone-beamgeometrybecause� �

in X-ray helical trajectoryis usuallymuchsmallerthan� Z . For practicalstep-and-shoot

geometry, the “semi-continuous”approachdevelopedin AppendixA providesa poten-

tially moreaccuratemethod. This “semi-continuous”variancepredictionmethodkeeps

botht and� discrete.Preliminarysimulationresultsin AppendixA show thattheNRMS

differencebetweenstandarddeviationsis about6%.

Finally, all the simulationresultsarecomparedto FFT-basedresultsthat arenot the

groundtruth.
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Figure5.8: R0 andR( f )
0 pro�les along� x for standardquadraticregularizerfor ~n0 at imagecenter.

center 20 slices of H
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Figure5.9:Center20slicesof H 01 � H ( f )
0 in unweightedcasefor ~n0 at imagecenterwhen� � = 0:25� Z =

1:3 mm. Thecubicvoxel basisis notemulatedusingDD projector.
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Figure5.10:H01 andH ( f )
0 � z pro�les in unweightedcasefor ~n0 at imagecenterwhen� � = 0:25� Z = 1:3

mm. Thecubicvoxel basisis notemulatedusingDD projector.
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Figure5.11:Center20slicesof H ( f )
0 in unweightedcasefor ~n0 at imagecenterwhen� � = � Z . Thecubic

voxel basisis emulatedusingDD projector.
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Figure5.12:Center20slicesof H 01 � H ( f )
0 in unweightedcasefor ~n0 at imagecenterwhen� � = � Z . The

cubicvoxel basisis emulatedusingDD projector.

0 0.02 0.04 0.06 0.08 0.1
0

2

4

6

8

10

12

14

16

18
x 10

6

n
z
 (cycles / mm)

Unweighted local freq. responses along n
z
 

 

 
H

01
(r ,F ,p/2)

H
0
(f)(r ,F ,p/2)

Figure5.13:H01 andH ( f )
0 � z pro�les in unweightedcasefor ~n0 at imagecenterwhen� � = � Z . Thecubic

voxel basisis emulatedusingDD projector.



CHAPTER 6

Summary and Futur eWork

6.1 Summary

Theforwardandback-projectionsaretheprimarycomputationbottleneckin X-ray CT

imagereconstruction.One can useconventionalreconstructionmethods,suchas FBP

by applyingonly back-projectiononce. However, conventionalmethodsusually ignore

energy-dependenceof the X-ray sourceand causebeam-hardeningerrorsthat must be

compensatedfor quantitatively accurateCT values.Thelow signal-to-noiseratio in FBP

reconstructedimagesusuallyrequireshigherdoseto patient.Thesedisadvantagesof FBP

give rise to thepopularresearchin Statisticalimagereconstructionmethodsthatusually

needto useiterative algorithmsto minimize certaincost function. In thoseiterative al-

gorithms,oneforwardandonebackprojectionsareneededfor eachiteration.Fasterand

moreaccurateforwardandback-projectorsarealwaysfeasible.

Wedevelopeda fastFourier-basedforwardandbackprojectorsfor fan-beamtransmis-

sionCT. Theprojectorsarebasedon Fourier-slice theorem,the fan-to-parallelrebinning

relationshipandthenon-uniformFouriertransform(NUFFT) thatutilizesa min-maxop-

timizedKaiser-Besselinterpolationkernel.We alsoincorporatetheeffect of shift-variant

detectorresponsein frequency domainby asimpleshift-invariantdetectorresponse.

Simulationandrealdataresultsshow thattheNUFFT-basedforwardandbackprojec-
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torscanprovide comparableaccuracy astheexisting approach.Thecomputationtime of

forwardandback-projectionsis equivalentto thatof distance-driven (DD) projectorsfor

modestimagesizes.For largerimagesize,theNUFFTapproachoutperformsthedistance-

driven(DD) projectors.However this methodis poorlysuitedfor “ordered-subsets”algo-

rithmssinceit mustcomputeanoversampled2D FFT evenif only a few projectionviews

areneeded.This propertylimits its applicationto algorithmswhereordered-subsetsare

notneeded.ExistingO(N 2 logN ) methodsalsohave this limitation [99].

Varianceimagepredictionscanbe useful in understandingthe trade-off betweenres-

olution andnoiseof statisticalimagereconstructionmethodsandaiding the selectionof

regularizationparameters.Matrix-basedandDFT-basedpredictionmethodsareconve-

nient for computingvariancesat a few locationsbut is not practicalwhenvariancesare

neededatmany or all pixels/voxels.Weproposeanalyticalvariancepredictionapproaches

thatarebasedon local shift-invarianceapproximationsandParseval's theoremandderive

closed-formapproximationsfor fan-beamandcone-beamtomography.

Simulationresultscon�rm the accuracy of theseapproaches.Thereforethe analyti-

cal varianceapproximationsprovide a practicaltool for ef�ciently predictingvariancesat

largenumberof locations.Althoughnot deeplyinvestigated,we alsoprovide anexpres-

sionfor computingcovariancesof ansmallregionof interest(ROI) within which thelocal

approximationsarestill valid. Theproposedanalyticalvarianceapproximationscanalso

be extendedto the caseswith shift-variantdetectorblur wherethe local shift-invariance

approximationis applicable,e.g., for varifocalcollimatorsin SPECT.

6.2 Futur ework

Thework in thisthesisis merelythetip of theiceberg in statisticalimagereconstruction

researcharea.In thissection,weproposethefollowing suggestionsfor futurework:
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� Thecomputationtime of statisticalimagereconstructionbecomesmuchlongerin 3D

cone-beamCT dueto thelargerdatasize.Extensionof theNUFFT-basedforwardand

back-projectorsin Chapter3 to 3D conebeamCT mightprovidespeedaccelerationfor

certainalgorithms.

� The analyticalvariancepredictionapproachesin Chapter5 andAppendixA areonly

validatedfor localfrequency responsesof unweightedGrammatrixandstandardquadratic

regularizer. Variancesareonly computedandcomparedfor onevoxel of interestat

imagecenter, using analyticaland FFT-basedmethods. Comparisonwith empirical

estimationresultsfor a realsystemsis usefulin assessingraw datanoiseproperties.

� Chapter5 andAppendixA developedfully-continuousandsemi-continuousvariance

predictionapproachesfor ideal cylindrical cone-beamCT and step-and-shootcone-

beamCT. Generalizationtoaxialcone-beamCTandhelicalcone-beamCTfor quadratic

PL reconstructioncanbedonebasedon theanalysisin Chapter5 andAppendixA.

� The behavior of quadraticpenaltyfunction hasbeeninvestigatedandunderstood.It

hasaverynicepropertythattheHessianmatrix is independentof theobject.However,

it might over-smooththe �ne detailssuchasedgesandsmall bonestructuresin the

reconstructedimage.In reality, onemightpreferto usenon-quadraticregularizationto

achieve betternoiseandresolutiontrade-off. Thepropertiesof non-quadraticregular-

izationhasnotbeenthoroughlyanalyzedyet. Furtherresearchin thisareawill bevery

useful.Theanalysisin [5,6] maybeausefulstartingpoint.

� Thevarianceanalysisin Chapter4 andChapter5 is basedon a basicPoissonstatistics

with mono-energeticX-ray source.Althoughthematrix-basedapproximations[32] are

generalfor any statisticalmodels,further investigationsareneededon the effectsof

photon-countingdetectorsthatcollectpolyenergeticX-ray photons.

� The analyticalvariancepredictionphilosophy can be also appliedto predict the co-
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variancematrix which is useful in many detectiontasks. However, the local Fourier

transformis not appliedwith respectto the sameimagelocationany more. Further

investigationis neededto evaluatethevalidity of “local stationarity”.

� The discussionof covarianceandvarianceapproximationsin this dissertationis only

focusedon thesecond-ordermoments.Furtheranalysison biasandskewnesswill be

helpful in understandingCT datastatistics.

� The ideabehindthe analyticalvariancepredictionapproachis to bridgediscreteand

continuousfrequency spacesby DiscreteSpaceFourierTransform(DSFT)andParse-

val's theorem.In thederivationof local frequency responseof Grammatrix, summa-

tionsareapproximatedby integrals.A possiblealternative is to considertheunknown

image� (x; y) to be an in�nite dimensionalparameterand estimateit from discrete

observations[86].

� Apply variancepredictionsfor regularizationdesign.This is onereasonthatmotivated

usto developanalyticalvariancepredictionapproach.How to selectappropriateshape

parameterbasedonpredictednoiselevel remainsanopenquestion.

� Studyanalyticalvarianceformulasasa function of pixelization(np; � X ) andspatial

resolutionto developresolution/noisetradeoff rules.Similar resultsareknown for FBP

[62].

� Generalizeanalyticalvarianceformulasto accountfor the non-negativity constraints.

A “truncatedGaussian”modelwasproposedfor PET in [77] to compensatefor this

effectandimprove theaccuracy in low activity area.
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APPENDIX A

Semi-ContinuousApproachfor 3D VariancePredictions

A.1 Local Impulse Responseof Gram Matrix

We previously discusseda (fully) continuousvarianceprediction approachfor 3D

cylindrical cone-beamCT in Chapter5. Weproceededby approximatingthediscretesum-

mationsin theelementsof theGrammatrix (5.53)as(continuous)integrals. TheNRMS

differencebetweenanalyticallyandFFT-predictedstandarddeviationsat imagecenteris

about5:7%for unweightedcase.However, thesimulationstudiesin Chapter5alsoshowed

thatthediscretizationin X-ray source� axial trajectorydecreasestheaccuracy to 10:3%.

In this appendix,we proposea semi-continuousapproachthatcanovercomethis dis-

cretizationeffect andpotentiallyprovide moreaccurateresultsfor step-and-shootcone-

beamCT. Insteadof (5.54),weapproximate(5.53)asfollows:

�hd[~n;~n0] � � 0
n tX

l=1

n �X

j =1

Z 1

�1

Z 1

�1

Z 2�

0

Z 1

�1
w(s; t; � ; � ) rect

�
s

2smax

�
� (t � t ` )

�� (� � � j )a(s; t; � ; � ; ~n)a(s; t; � ; � ; ~n0) dsdt d� d� ;(A.1)

where� 0 , 1
� S� �

. Making changeof variablesfrom cone-beamcoordinatesto parallel-

beamcoordinates,we rewrite (A.1) as

�hd[~n;~n0] � � 0
n tX

l=1

n �X

j =1

Z �
2

� �
2

Z 2�

0

Z 1

�1

Z 1

�1
�w(u; v; '; � )ap(u; v; '; � ; ~n)ap(u; v; '; � ; ~n0)

�� (~t(� ) � ~t(� l )) � ( ~� (u; v; � ) � � j )J (u; � ) du dv d' d� ;(A.2)
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whereJ (u; � ) is the absolutevalue of the determinantof the Jacobianmatrix given in

(5.57)and �w(u; v; '; � ) is therebinnedweightingde�ned asfollows:

(A.3) �w(u; v; '; � ) , w(s(u); t(� ); � ('; u); � (u; v; � )) rect
�

s(u)
2smax

�
:

By using the propertiesof Dirac impulseand the relationshipin (5.32) , we obtain the

following results:

� (~t(� ) � ~t(� l )) �
cos2 � l

Dsd
� (� � � l )

� ( ~� (u; v; � ) � � j ) = jcos� j � (v � v̂j (u; � )) ;

where

(A.4) v̂j (u; � ) , Ds0 cos~
 (~s(u)) sin� + � j cos� :

Therefore,wecan�rst carryouttheintegrationsin (A.2) with respectto � andv asfollows:

�hd[~n;~n0] � � 0
n tX

l=1

n �X

j =1

Z 2�

0

Z 1

�1
�w(u; v̂j ;l (u); '; � )J2D(u)

�ap(u; v̂j ;l (u); '; � ; ~n)ap(u; v̂j ;l (u); '; � ; ~n0) du d';(A.5)

wherev̂j ;l (u) , v̂j (u; � l ), theabsolutevalueof 2Dfan-beamJacobiandeterminantJ2D(u) ,

Dsd=
p

D 2
s0 � u2, andap(u; v̂j (u; � l ); '; � ; ~n) is therebinnedcone-beamsystemmatrixel-

ementsap(u; v; '; � ; ~n) in (5.46),evaluatingat v = v̂j ;l (u).

We furthersimplify (A.5) asfollows:

(A.6) �hd[~n;~n0] � � 0
n tX

l=1

Z 2�

0
�w('; � l ; ~n;~n0)�h';� l [~n;~n0] d';

wherewede�ne ŵ('; � ; ~n;~n0) , �w(u; v̂j ;l (u); '; � )J2D(u) and

(A.7)

�w('; � ; ~n;~n0) ,

P n �
j =1

R1
�1 ŵ(u; v̂j ;l (u); '; � )ap(u; v̂j ;l (u); '; � ; ~n)ap(u; v̂j ;l (u); '; � ; ~n0) du
P n �

j =1

R1
�1 ap(u; v̂j ;l (u); '; � ; ~n)ap(u; v̂j ;l (u); '; � ; ~n0) du
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(A.8) �h';� [~n;~n0] ,
n �X

j =1

Z 1

�1
ap(u; v̂j ;l (u); '; � ; ~n)ap(u; v̂j ;l (u); '; � ; ~n0)J2D(u) du :

We make furtherapproximationsto (A.7) and(A.8) by using(5.50)andassumingthat

~n and~n0aresuf�ciently closeto ~n0:

(A.9) �w('; � l ; ~n;~n0) � J0(' ) �w(u0(' ); v̂j ;l (u); '; � l ) , w0('; � l )

and

�h';� l [~n;~n0] �
n �X

j =1

Z 1

�1
a0(u � u' [~n]; v̂j ;l (u) � v';� [~n])a0(u � u' [~n]; v̂j ;l (u) � v';� [~n0]) du

=
n �X

j =1

�h(j )
0 (~� � (~n � ~n0) � ~e1; v̂j ;l (u) � v';� [~n]; v̂j ;l (u) � v';� [~n0]; '; � l );(A.10)

wherethefollowing 1D cross-correlationis w. r. t. u:

(A.11) �h(j )
0 (u; v1; v2; '; � ) , a0(u; v1; '; � ) ? a0(u; v2; '; � ):

Combiningall theapproximationsabove,we have theexpressionfor thelocal impulse

response:

(A.12) hd[~n;~n0] � � 0
n tX

l=1

Z 2�

0
w0('; � l )h';� l [~n;~n0] d';

where

h';� l [~n;~n0] , � (~xc[~n])� (~xc[~n0])

�
n �X

j =1

�h(j )
0 (~� � (~n � ~n0) � ~e1; v̂j ;l (u) � v';� [~n]; v̂j ;l (u) � v';� [~n0]; '; � l ):(A.13)

Using local shift-invarianceapproximation,we refer all displacementsrelative to the
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point~n0 asfollows:

h';� l [~n;~n0] � h';� l [~n0 + ~n � ~n0; ~n0]

= � (~xc[~n0] + ~xc[~n � ~n0])

�
n �X

j =1

�h(j )
0 (~� � (~n � ~n0) � ~e1(' ); v̂j ;l (u) � v';� [~n0 + ~n � ~n0]; v̂j ;l (u) � v';� [~n0]; '; � l )

= � 0(~xc[~n � ~n0])

�
n �X

j =1

�h(j )
0 (~� � (~n � ~n0) � ~e1(' ); v̂j ;l (u) � v';� [~n0] � v';� [~n � ~n0]; v̂j ;l (u) � v';� [~n0]; '; � l )

= � 0(~� � (~n � ~n0))

�
n �X

j =1

�h(j )
0 (~� � (~n � ~n0) � ~e1(' ); cj ;l

0 (' ) � ~� � (~n � ~n0) � ~e2('; � l ); cj ;l
0 (' ); '; � l )

, ~h';� l [~n � ~n0; ~n0];

wherecj ;l
0 (' ) , v̂j ;l (u) � v';� [~n0]. Therefore,thelocal impulseresponsehasthefollowing

nearlyshift-invariantform:

(A.14) hd[~n;~n0] � � 0
n tX

l=1

Z 2�

0
w0('; � l )~h';� l [~n � ~n0; ~n0] d' :

A.2 Local FrequencyResponseof Gram Matrix

To �nd the DSFT Hd0(~! ) of hd[~n;~n0], we needH ';� l (~! ;~n0) �rst, the spectrumof

~h';� l [~n;~n0], by applyingthelinearityof theDSFTto (5.70)yields:

(A.15) Hd0(~! ) = � 0
n tX

l=1

Z 2�

0
w0('; � )H ';� l (~! ;~n0) d' :

De�ne a “tube like” function

(A.16) s';� l (~x) ,
n �X

j =1

�h(j )
0 (~x � ~e1(' ); cj ;l

0 (' ) � ~x � ~e2('; � l ); cj ;l
0 (' ); '; � l )� 0(~x):

By ananalysisanalogousto (5.73),wecanrewrite H d0(~! ) asfollows:

(A.17) Hd0(~! ) =
� 0

� 2
X � Z

n tX

l=1

Z 2�

0
w0('; � )S';� l

�
1

2� ~�
� ~!

�
;

wheres';� l (~x) 3D FT ! S';� l (~� ):
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A.2.1 The 3D Fourier Transform of s';� l (~x)

An analogousanalysisasin Section5.2.2onthe3D Fouriertransformof s';� (~x) shows

that thekey is to �nd the3D FT of sr (~x0; '; � l ), rotatedversionof s';� (~x) that is de�ned

asfollows:

sr (~x0; '; � l ) , s';� l (T ~x0)

=
n �X

j =1

�h(j )
0 (x0; cj ;l

0 (' ) � z0; cj ;l
0 (' ); '; � l )� s

�
y0

d0('; #(� l )

�
:(A.18)

Thespectraof sr (~x; '; � l ) ands';� l (~x) canberelatedthroughtherotationproperty:

(A.19) S';� l (~� ) = Sr (T 0~� ; '; � l )

The2D Fouriertransformof �h(j )
0 (x; cj ;l

0 (' ) � z; cj ;l
0 (' ); '; � l ) with respectto (x; z) is given

as:

�H (j )
0 (� x ; � z) ,

Z 1

�1

Z 1

�1

�h(j )
0 (x; cj ;l

0 (' ) � z; cj ;l
0 (' ); '; � l ) e� i 2� � x x e� i 2� � z z dx dz

= A (1) �

0 (� x ; cj ;l
0 (' ); '; � l )

Z 1

�1
A (1)

0 (� x ; cj ;l
0 (' ) � z; '; � l ) e� i 2� � z z dz

= A (1) �

0 (� x ; cj ;l
0 (' ); '; � l ) e� i 2� � z cj ;l

0 ( ' ) A0(� x ; � � z; '; � l );(A.20)

whereA0(� u; � v; '; � ) is the2DFTof a0(u; v; '; � ) with respectto (u,v) andA (1)
0 (� u; v; '; � )

is the1D FT of a0(u; v; '; � ) with respectto u only. � denotesHermitianconjugate.Com-

bining (A.18), (A.20) and(A.24),wehave

(A.21)

Sr (~x0; '; � l ) = A0(� x ; � � z; '; � l ) ~M s (� y)
n �X

j =1

A (1) �

0 (� x ; cj ;l
0 (' ); '; � l ) e� i 2� � z cj ;l

0 ( ' ) ;

where ~M s (� y) is the 1D FT of � s

�
y

d0 ( ';# (� l )

�
. Therefore,the 3D FT of s';� l (~x) hasthe

following form:

S';� l (~� ) = A0(~� � ~e1(' ); � ~� � ~e2('; � l ); '; � l ) ~M s (~� � ~e3('; � l ))

�
n �X

j =1

A (1) �

0 (~� � ~e1(' ); cj ;l
0 (' ); '; � l ) e� i 2� cj ;l

0 ( ' )~� �~e2 ( ';� l ) :(A.22)
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“Ideal” cubic voxel

Direct computationof A (1)
0 (� u; v; '; � ) from a0(u; v; '; � ) in (5.52) is not feasiblebe-

causeg(t; ' ) is generallynon-separable.Thereforefor ideal cubic voxel basis,we �nd

A (1)
0 (� u; v; '; � ) by taking the 1D IFT of A0(� u; � v; '; � ) given in (5.83),with respectto

� v. This leadsto asequenceof convolutions:

(A.23)

A (1)
0 (� u; v; '; � ) = � 2

X � Z sinc
�

� S� u

ms;0(' )

�
� 1(v; '; � ) � � 2(v; '; � ) � � 3(v; � ) � � 4(v; '; � );

where

� 1(v; '; � ) =
1

c(� ) sin' sin#(� )
eiv 2� � X � u cos '

c( � ) sin ' sin # ( � ) rect
�

v
c(� ) sin' sin#(� )

�

� 2(v; '; � ) =
1

c(� ) cos' sin#(� )
eiv 2� � X � u sin '

c( � ) cos ' sin # ( � ) rect
�

v
c(� ) cos' sin#(� )

�

� 3(v; ' ) =
1

c(� ) cos#(� )
rect

�
v

c(� ) cos#(� )

�

� 4(v; '; � ) =
ms;t;0('; � )

� t
rect

�
ms;t;0('; � )v

� t

�
:

Theconvolution in (A.23) canbeanalyticallycalculated.However, we approximateit as

follows. For smallconeanglesuchthatsin#(� ) � 0, both� 1(v; '; � ) and� 2(v; '; � ) tends

to behaveasDirac impulses.Therefore,weapproximate(A.23) asfollows:

(A.24) A (1)
0 (� u; v; '; � ) � � 2

X � Z sinc
�

� S� u

ms;0(' )

�
t0(v; '; � );

wheret0(v; '; � ) is a trapezoidfunctionshown in FigureA.1, wherew1 = jc(� ) cos#(� )j

andw2 = jms;t; 0 ( ';� ) j
� t

.

A.3 Simulation Results

We testedthe proposedsemi-continuousapproachin unweightedcaseby simulating

the samecylindrical cone-beamsystemsas in Section5.3. We comparethe analytical



139
PSfragreplacements

v
0

t0(v; '; � )

1
max (w1 ;w 2 )

� w1 + w2
2 � jw1 � w2 j

2
w1 + w2

2
jw1 � w2 j

2

FigureA.1: Trapezoidfunctionastheresultof � 3(v; ' ) � � 4(v; '; � ), wherew1 = jc(� ) cos#(� )j andw2 =
jm s;t; 0 ( ';� ) j

� t
.

local frequency responseof Grammatrix Hd0(~! ) in (A.17) with (A.22) to theFFT-based

H (f )
0 (~! ) in Figure5.11for 3D cone-beamCT in step-and-shootmode.

center 20 slices of H
01

 at n
0
 = (0,0,0)

range[1714.5 17522314.0]
 

 

 100000

8500000

FigureA.2: Center20 slicesof local frequency responsein unweightedcasefor ~n0 at imagecenterfor
step-and-shootcone-beamCT: H d0(~! ) is computedusingsemi-continuousapproach.

FigureA.2 showsthecenter20slicesof localfrequency responsesof Grammatrixcom-

putedby thesemi-continuousapproach.FigureA.3 showsthedifferenceimageH 0 � H (f )
0 .

FigureA.4, FigureA.5 andFigureA.6 comparethepro�les alongthreeaxes(� x ; � y; � z).

We canseethatboththeimageandthepro�les matchfairly well. TheNRMS difference

of predictedthestandarddeviationsis about6%.
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center 20 slices of H
01
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0
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0
 = (0,0,0)

 

 

�114000

 180000

FigureA.3: Center20 slicesof H 0 � H ( f )
0 in unweightedcasefor ~n0 at imagecenterfor step-and-shoot

cone-beamCT.

A.4 Discussion

This appendixproposeda semi-continuousapproachto computelocal frequency re-

sponseof Grammatrix,Hd0(~! ) or H0(� ; � ; �) for discrete� stepsize.Simulationresults

in Section5.3.4show thatwhendiscretizationeffect in � cannotbeignored,theaccuracy

of the(fully) continuousapproachproposedin Chapter5 decreases.TheNRMSdifference

between(fully) continuousH0(� ; � ; �) andtheFFT-basedH (f )
0 (� ; � ; �) increasesfrom

5:7%to 10:3%.

Thesemi-continuousapproachis potentiallymoreaccuratethanthe(fully) continuous

approachin the caseof discrete� becauseboth � and t remaindiscrete. Preliminary

simulationresultsshow thattheNRMSdifferencebetweensemi-continuousH 0(� ; � ; �)

andtheFFT-basedH (f )
0 (� ; � ; �) is about6%.

We conjecturethat the (fully) continuousapproachcanprovide comparableaccuracy
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FigureA.4: H0 andH ( f )
0 � x pro�les in unweightedcasefor ~n0 at imagecenterfor step-and-shootcone-

beamCT.

for helical cone-beamCT asfor cylindrical cone-beamCT because� � in X-ray helical

trajectoryis usuallymuchsmallerthan� Z .
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FigureA.5: H0 andH ( f )
0 � y pro�les in unweightedcasefor ~n0 at imagecenterfor step-and-shootcone-

beamCT.
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FigureA.6: H0 andH ( f )
0 � z pro�les in unweightedcasefor ~n0 atimagecenterfor step-and-shootcone-beam

CT.
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