NOISE PROPERTIES OF REGULARIZED IMA GE
RECONSTRUCTION IN X-RAY COMPUTED
TOMOGRAPHY

by

Yingying Zhang-O'Connor

A dissertatiorsubmittedn partialful lIment
of therequirementgor the degreeof
Doctorof Philosoply
(ElectricalEngineering:Systems)
in The University of Michigan
2007

DoctoralCommittee:

Professodefrey A. FesslerChair
ProfessoMitchell M. Goodsitt
ProfessoAlfred O. Herolll
ProfessoDavid C. MunsonJr.
ResearchProfessoiNealH. Clinthorne






Yingying Zhang-O'Connor 2007
All RightsResered




To my parents)Yu ZhangandYuping Gao,andmy husbandStepherO'Connot



ACKNOWLEDGEMENTS

Thisthesiss theend-of-journg harestof my veandhalfyearsof hardwork whereby
| have beeninspiredandencouragetby mary people.lt is my greatespleasuredo express
my deepesandsinceresgratitudefor all of them.

This thesiswould not exist without my advisor Professotdefrey A. Fessler His en-
lighteningguidance colossakupportandsincerefriendshiphelpedme from day oneand
throughouimy graduatestudy | would alsolik e to expresany gratitudeto ProfessoNeal
H. Clinthorne,ProfessoMitchell M. Goodsitt,ProfessotAlfred O. Hero, and Professor
David C. Munsonfor their expertiseandvaluablefeedback®n this work. | give special
thanksto ProfessoAnthory W. Englandfor his understandingndassistancen my tran-
sition of researchelds. | furtherpresenimy gratefulnesso the colleaguest University
of Michigan,includingSangtaé\hn, Idris Elbakri, Anastasiarendiki, Matthev Jacobson,
RongpingZeng,Someslitrivastaia, Hugo Shi, Dan Ruan,EranBashanSeYoungChun,
Ted Way andKim Khalsa. | acknavledgeDr. JiangHsieh, Dr. Bruno DeManandDr.
SamitBasufrom GE for theaccesdgo therealdataandtheir thoughfuldiscussions.

I'm deeplyindebtedto my parents,Yu Zhangand Yuping Gao, whoseunconditional
love andsupporthasaccompaniedhethroughouimy life. | owe my thanksto my brother
Hao Zhang,who helpsme ful I my obligation to take good careof my parentswhen|
am far from home. My dearhusband StephenO'Connor hasbeen,always, the source
of strength love andcon dence. | owe my deepesappreciatiorto him. Finally, but not

least,| wouldliketo expresany speciathanksto my parents-in-lay, DermotandMaureen



O'Connor, who treatmeastheir own child andbring methewarmthin this faraway land.



TABLE OF CONTENTS

DEDICATION @ :oco s s s s s s s s s i
ACKNOWLEDGEMENTS @ @ ::oco sy sy sy sy i
LISTOFFIGURES : :::: oo ns o norsrorysvs v s ss s i
LISTOFTABLES : :::: oo oo oo o oiooororonrorooo X
ABSTRACT : @ @ @@ oo sy s v rs sty X
CHAPTER
1. Introduction . . . . . . . . . e e 1
1.1 ContritutionsandOutline . . . . . . . ... ... 3
2. Background . . . ... 6
2.1 Review of Principlesof X-Ray Computedlomograply . . . . ... ... ... .. 6
2.1.1 Evolutionof X-RayCTScanners. . . ... ............... 7
2.1.2 X-RayCT Measuremenhysics. . . . . ... ... ... ........ 10
2.1.3 RadonTransformandFourierSliceTheorem . . . . .. ... ... ... 10
2.2 Review of ImageReconstructioMethodsfor X-RayCT . . . ... ... ... .. 13
2.2.1 DirectFourierReconstructiomndFilteredBackProjection. . . . . . .. 13
2.2.2 StatisticalX-Ray CT ImageReconstruction. . . . . .. ... ... ... 17
2.2.3 Beam-Hardenind\rtifactsCorrection. . . . . ... ... ... ... .. 22
2.3 SUMMANY. . . o o e e e e e e 26
3. Nonuniform Fourier Transform-BasedProjectorsfor Fan-BeamTransmissionTomog-
raphy . . . 27
3.1 NonuniformFourierTransform(NUFFT). . . . . . . .. ... ... ... ..... 29
3.2 NUFFT-BasedrorwardandBack-Projectorén Parallel-BeaniTomograply . . . . . 33
3.3 NUFFT-BasedrorwardandBack-Projectorén Fan-beamlomograply . . . . . . . 34
3.3.1 Fan-BeamTomograply . . . . . . . . .. ... ... 36
3.3.2 NUFFT-Basedran-BeantorwardandBackProjectors. . . . . . . . .. 37
3.3.3 TheoreticalAnalysisof OperationFlops. . . . .. ... ... ...... 40
3.4 SimulationandRealDataResults. . . . . ... ... ... ... . . ... 41
3.4.1 ForwardandBack-ProjectomsSingleModules. . . . ... ... .. .. 41
3.4.2 ForwardandBack-Projectorsvithin Iteratve Reconstruction . . . . . . 46
3.5 ConclusionandDiscussion . . . . . . . . . ... .. 51

4. Analytical Noise Analysis for Fan-Beam Transmission Tomography with Quadratic
Regularization . . . . . . . . . 52



4.1 Review of ExistingNoiseAnalysisMethods . . . . .. ... ... ... ...... 53

4.2 Local Shift-InvarianceApproximations. . . . . . . . ... Lo 57
4.3 VariancePredictiondor Fan-Beanifomograply . . . . . . .. ... ... ... .. 60
4.4 “Pure” Analytical VariancePredictiondor Ideal Fan-BeaniTomograply . . . . . . 62
4.4.1 LocalFrequeng Responsef TheGramOperator . . . ... ... ... 63
4.4.2 Local Frequeng Responsef QuadratidRegularizationOperator . . . . 65
4.5 FastVariancePredictiondor Non-ldealFan-BeanilransmissiorTomograply . . . 67
4.5.1 AnalysisFor Fan-BeamGramMatrix . . . ... ... .......... 67
4.5.2 Analysisfor 2D QuadraticRegularization. . . . . ... ... ... ... 77
4.5.3 VariancePredictionimplementation. . . . . ... .. ... ... .... 79
454 SimulationResults . . . . . . ... L 80
455 ConclusionandDiscussion. . . . . . ... ... ... .. ... 87

5. 3D Variance Estimation for Quadratically Penalized-Likelihood Image Reconstruction 94

5.1 3DX-RayTransform . . . ... ... ... . . . . . . e 95
5.1.1 Propertienf 3D X-RayTransform. . . . . ... .. ... ... ..... 96
5.2 VariancePredictiondor 3D Cone-BeanTomograply . . . .. ... ... ... .. 98
5.2.1 CylindricalCone-BeanGeometry. . . . . . . ... .. ... ...... 100
5.2.2 Analysisfor Cone-BeanGramMatrix . . . . . ... ... ........ 103
5.2.3 Analysisof Local Frequeng Responséor 3D QuadratidRegularization. 116
5.3 SimulationResultsfor 3D CylindricalCone-BeanCT . . . . . ... ... ... .. 117
5.3.1 SimulationSetup. . . . . . .. ... 117
5.3.2 LocalFrequeng Responsef GramMatrix . . . ... .......... 119
5.3.3 Local Frequeng Responsef StandardQuadraticRegularization . . . . 120
5.3.4 Investigationson TheEffectsof BasisFunctionMismatchandDiscretiza-
tion . . 121
5.4 ConclusiomnandDiscussion . . . . . . . . ... 123
6. Summaryand FutureWork . . . . . ... 128
6.1 SUMMArY. . . . . . e e e e 128
6.2 Futurework . . . . . . . . e e 129
APPENDIX @ : ooy rr oy nr o nrn oy n o nn 132
BIBLIOGRAPHY @ ::::::::roroororrrnoror oo nn 143

Vi



2.1
2.2
2.3
2.4

2.5

2.6

2.7

2.8
2.9
3.1
3.2

3.3

3.4

3.5

3.6

3.7

LIST OF FIGURES

FirstgeneratiorCT scanner . . . . . . . . . . i i i it e e e e 7
Third generatiorof CTscanner . . . . . . . .. . . i i 9
lllustrationof fan-bearrhelicalCTscan. . . . .. ... .. .. ... . ... ....... 9
2D functionandits Lineintegrals. . . . . . . . . . . ... ... ... .. 11

Exampleof sinograms.Left: a sinogramof a NCAT phantom(seeFigure4.5). Right: a
sinogramof apointobject. . . . . . . ... 11

Basicstepsof directFourierreconstruction.. . . . . . . ... ... ... .. ... 14

lllustration of gridding stepthatinterpolatespolar samplesof F (; ' ) of onto Cartesian

samplef F(fx;fy). . o o o o 15
Basicstepsof FBPreconstruction.. . . . . . . . .. .. ... . 16
Enegy-dependenmassattenuatiorcoefcients m(E) for bone waterandfat. . . . . . .. 19
Basicstepsof NUFFT forwardprojector. . . . . . . . . .. . ... ... 33
Angularcoordinatesn fan-beangeometry . . . . ... ... L. 36

Basic stepsof NUFFT forward projectionin fan-beamCT. 1) 2D NUFFT of imageto
obtain polar spectrumsamples. 2) Multiply radially by the frequeny responseof the
effective detectomlur. 3) 1D NUFFTsalongradialdirectionr for each' . 4) 1D shiftsin
' usinginterpolationwith periodicendcondition. . . . ... ... ... ... ...... 37

Simulationresultsfor forward projectorsof imagesize512 512in Model 2: sinogram
sizeof 888 bins by 984 views. The gray-scaleangeswerechosento shav details. The
exactrangeareshovn belowv eachFigure. . . . . . . . . . . ..o 44

Trade-of betweerNUFFT-basedorwardprojectoraccurag andoversamplingactork =N
andneighborhood J for512image. . . . . . . ... ..o 45

QPWLS-CGreconstruction(200 iterations)for Shepp-Log@n phantomwith projectors
from Model 2: noiselesslata,squarepixels. . . . . . .. ... ... oL 48

Horizontal pro les throughregion of interestof the reconstructedmagesof distance-
driven,space-basedndNUFFT-basednethodsatthe 200thiteration. . . . . ... .. .. 48

Vii



3.8

4.1

4.2

4.3

4.4

4.5

4.6

4.7

4.8

51

5.2

53

54

55

5.6

57

5.8

PWLS-PCGreconstructior{60 iterations)for real X-ray CT fan-beansinogramdatawith
projectorsfromModel2. . . . . . ... 50

AN M latticewith approximatelycircular FOV. Only the pixels with indicesareesti-
mated.In thisexample,p= jSj= 12 . . . . . . . . .. . . e 56

Local impulseresponse$LIR) of A°W A at threedifferentpixels: (0;0), (3 ;0) and
(27 ;0). Thecontoursshovn areat95% 75% 50% 30% 15%of LIR maximum. . 58

Approximationon “strip-like” function,s- o(x). A circularsupportfunction (%) is used

Typel, Typell andFFT-basedocalfrequeng responsebl o1 ( ; 0), Hoz2( ; 0) andHee1(; 0)
for Ag atimagecenterin unweightedcase:w(s; ) = 1. H2(0; 0) is not shavn because
itisinnite. . . . . . . e e 75

Predictedandempiricalstandarddeviation images(in HU) andcentralpro les for NCAT
phantomfor PL fan—lpgarmansmissiorimagereconstructiomsingthe standarcjuadratic
penalty:Ro = (1+  2) 2. . . . 90

Predictecandempiricalstandarddeviation images(in HU) andcentralpro les for NCAT
phantomfor PL fan-beamtransmissionmage reconstructionusing the certainty-based
quadratigpenalty . . . . . . . 91

Predictedandempiricalstandardleviation images(in HU) andcentralpro les for NCAT
phantomfor PL fan-beantransmissionmagereconstructiorusingthemodi ed quadratic
penalty Only 250realizationsareusedin thiscase. . . . . . . ... ... ... ...... 92

Histogramof (*[r]  [R]) for threepixel locations:a pixel atimagecenterapixel outside
of objectandinsidethe nite supportandapixelin alowerrightrib. Three gures onthe
left arefor standardjuadratigpenaltycase andthree gures ontheright arefor certainty-
basedquadratiqpenaltycase.. . . . . . . . ... 93

Cylindrical cone-beanmgeometrywith 2D cylindrical detectorthat moveswith the cone
VEITEX. . o e e 101

Center20 slicesof Type local frequeng responsen unweightedcasefor ng atimage
CENLEI . . . . o 119

Center20slicesof FFT-basedocal frequeng responsén unweightedcasefor g atimage
CENLEY . . . . e e e 120

Center20 slicesof Ho; H((,f) in unweightedcasefor Ry atimagecenterfor cylindrical

cone-beanCT. . . . . . . .. . e 121
Hoz1 andHéf) x pro les in unweightedccasefor rg atimagecenter . . . . . . ... ... 122
Ho1 andHé” y pro les in unweightedcasefor ng atimagecenter . . . . . ... .. .. 123

Hoz1 andHéf) 2 pro les in unweightedcasefor rg atimagecenterfor cylindrical cone-
beamCT. . . . . . e 124

Ro anng) pro les along  for standardjuadratiaegularizerfor fig atimagecenter . . 125

viii



59

5.10

511

5.12

5.13

Al

A.2

A3

A4

A5

A.6

Center20 slicesof Ho; H(()f) in unweightedcasefor Ry at imagecenterwhen =

0:25 , = 1:3mm. Thecubicvoxel basisis notemulateduisingDD projector . . . . . . 125
Ho1 andH((,f) 2 pro les in unweightedcasefor ng atimagecentewhen = 0:25 , =
1:3 mm. The cubicvoxel basisis notemulatedusingDD projector . . . . .. ... ... 126
Center20slicesof Héf) in unweightedcasefor 1 atimagecenterwhen = ,. The
cubicvoxel basisis emulatedusingDD projector . . . . . ... ... oL 126
Center20slicesof Hgy Héf) in unweighteccasefor Ap atimagecenterwhen = .
Thecubicvoxel basisis emulatedusingDD projector . . . . . ... ... ........ 127
Hop andHéf) 2 pro les in unweightecdcasefor ng atimagecenterwhen = ;. The
cubicvoxel basisis emulatedusingDD projector . . . . . ... ..o 127

Trapezoidfunctionastheresultof 3(v;' ) 4(v;'; ), wherew; = jc( ) cos#( )j and

wy = Imee ol 139
Center20 slicesof local frequeng responsén unweightedcasefor g atimagecenterfor
step-and-shoatone-beanCT: H y4o(*) is computedusingsemi-continuougapproach.. . . 139

Center20slicesof Hg H(()f Vin unweightedcasefor g atimagecenterfor step-and-shoot
cone-beanCT. . . . . . . . . .. 140

Ho and H(()f) x pro les in unweightedcasefor nrgy at image centerfor step-and-shoot
cone-beanTT. . . . . . . . . .. e 141

Ho and H(()f) y proles in unweightedcasefor fg at imagecenterfor step-and-shoot
cone-beanCT. . . . . . . . . . .. 142

Ho and Héf) 2 proles in unweightedcasefor 1y at imagecenterfor step-and-shoot
cone-beanCT. . . . . . . . . . 142



Table

3.1

3.2

3.3

4.1

4.2

4.3

LIST OF TABLES

Floating-pointoperationgor NUFFT-basedandspace-basefbrward projectors Assumes
N NimageandN: N . . ... .. . . . e

Space-baseandNUFFT-basedorwardprojectorsof 512 512imagecomparedo exact
analyticalprojectionsfor threedifferentanalyticalmodels. Model 1: analytical,space-
basedand NUFFT-basedmethodsall useline integrals. Model 2: analytical method
linearly average8 rays acrossone detectorelement;space-basethethodusesthe thin-
wedgebeamandNUFFT-basedmethodapproximateshe beamwidth at therotationcen-
ter. Model 3a: analyticalmethodnonlinearlyaverage8 raysacrossone detectorelement
beforetaking the logarithm; space-basethethodusesthin-wedgebeam; NUFFT-based
methodusesthe beamwidth at the rotation center Model 3b: As in Model 3a except
NUFFT andspace-basebothusemulti-line nonlinearaveraging.. . . . . . ... ... ..

Comparisorof space-basedUFFT-basedanddistance-dsien (DD) forward projectors
forvariousimagesizes.. . . . . . ...

p-valuesof Lilliefors goodness-of- ttestof compositenormality on the reconstruction
errorsfor standardandcertainty-baseduadratidunctions,respectiely. . . . . .. .. ..

Computationtime comparison. The FFT-basedpredictionsare computedonly for two
centralpro les. We calcultedits computatiortime for the whole standarddeviation map
by multipling the predictiontime for asinglepixelandp= 43892 . .. ... ... ...

The normalizedroot-meansquare(NRMS) percenterrorsof analyticaland FFT-based
predictionswith respectto empirical predictionsfor the two centralpro les. The stan-
darderrorof empiricalpredictions’npstandarchndcertainty-basequad ratiqpenaltycases
(with 1000realizations)is about1l=" 2(1000 1) 2:2%. The standarderror of em-
pirljpal predictionsin modi ed quadraticpenalty cases(with 250 realizations)is about
1= 2(250 1) 4:5%. . ...

85



ABSTRACT

NOISEPROPERIES OF REGULARIZED IMAGE RECONSTRICTION IN X-RAY
COMPUTEDTOMOGRAPHY

by
Yingying Zhang-O'Connor

Chair: Jefrey A. Fessler

X-ray computedtomograply (CT) hasroutineusein medicaldiagnosis.Technology
advancementsnableurtherclinical applicationssuchascardiadmagingandlung cancer
screeninglt alsohasusein industrialapplications.

Thespatialresolutionandnoisepropertieof imagereconstructionomethodsareimpor-
tantfor imagingsystendesign reconstructiomethodcomparisonsndreconstructiompa-
rameteiselection.Currentreconstructiomethoddall into two maincategories:analytical
anditeratve methods Therepresentate of theformercateyoryis Itered backprojection
(FBP)or corvolution backprojection(CBP). Theiteratve methodscanbefurtherdivided
into algebraicand statisticalmethods. The spatialresolutionand noisepropertiesof an-
alytical methodsarewell studiedandunderstood.The statisticalreconstructiormethods
have the potentialto offer improved imagequality andbetterbias-\arianceperformance.
They arebasedn modelsfor measuremenrdtatisticsandphysics,andcaneasilyincorpo-
ratethe prior information,the systemgeometryandthe detectoresponseThey canalso

modelComptonscatteringandthe polyenegetic spectrunof the X-ray source.Themain

Xi



disadwantage®f the statisticalreconstructioomethodsarethe longercomputatiortime of
iterative algorithmsthatis usuallyrequiredto minimizecertaincostfunctions,andthelack
of insightsinto theresolutionandnoisepropertieof thereconstructedmages.

This thesisaddressethesetwo concernsof statisticalreconstructiormethodsby de-
velopingthe fastnon-uniformFFT (NUFFT)-basedorward and back-projectorsand by
deriving an analyticalapproachto study the noise propertiesof the statisticallyrecon-
structedimages. The overall computationfor the NUFFT-based2D fan-beamforward
projectoris akin to previous hierarchicalmethods,and is abouttwo times fasterthan
the distance-dnen (DD) forward projectorwhile providing comparableaccurag. The
proposedanalyticalnoisevariancepredictionsfor the 2D fan-beangeometryprovide ac-
curay comparabldgo FFT-basedpredictionsand agreewell with empirical variancesn
fan-beamCT, but requiremuch lesscomputationthan the traditional FFT method. An

extensionto 3D cylindrical CT is alsodeveloped.
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CHAPTER 1

Intr oduction

The tasksof medicalimagingcanbe groupedinto two genericcateyories: classi ca-
tion andestimation.Classi cationusuallyinvolvesa decision-makingprocessdetermin-
ing from which classof underlyingobjectsthe datais derived. In the caseof estimation
tasks,quanti cation of a variety of parameterss performedbasedon the measurements
to describehe objects.Imagereconstructions a commonexampleof anestimationtask:
estimatingthe spatialdistribution of a certaincharacteristiof the object. For example,
the distribution of attenuatiorin transmissiotomograply andthe distribution of the ra-
dioisotopesn emissiontomograply arethe parametersf interestto reconstruct.

Objective assessmertf imagequality is task-speci c. In the contect of imagerecon-
struction,thetaskcanbe performedby differentestimatorssuchasa Bayesiarestimatoy
an algebraicestimatoror a maximum-likelihood (ML) estimator Bias andvarianceare
two commonmeasures$o assesgstimatomperformanceThe quality of reconstructedn-
ageds oftencharacterizetly thespatialresolutionrandnoise.In thisdissertationywe focus
ontomographidmagingsystemsparticulartransmissiorcomputedomograply (TCT).

Theconventionalmethodto reconstructhe attenuationmagesfrom computedomog-
rapty (CT) measurementis Itered backprojection(FBP)or corvolution backprojection

(CBP).FBP reconstructiormethodis a deterministicmethodbasedon the propertiesof



the Radontransformandthe centralslice theorem. ThereforeFBP methodassumesn
idealrealizationof tomographigmaging. Theeffect of noiseis oftenreducedoy a spatial-
invariant Iter . Anotherclassof methodsthat partially accountfor the datastatisticsare
somevhat “semi-statistical”,eitherusinga spatial-\ariant Iter to smooththe projection
data[3,29,82], or rst statistically“restoring” the sinogram[10,46,58,95] beforeapply-
ing FBR. The“fully” statisticalreconstructiormethods,on the otherhand,are basedon
modelsfor measuremerstatisticsandphysics. They caneasilyincorporateheprior infor-
mation,the systemgeometryandthe detectoresponseandmodelscatteringandenepgy
spectrunof the X-ray source.Therefore they have the potentialto offer improvedimage
quality, betterbias-\arianceperformanceandreduceddose. Of all the statisticalrecon-
structionmethodsmaximumlik elihoodreconstructions mostcommon.Becauseamage
reconstructions anill-posedproblem,maximumlik elihoodreconstructiorleadsto very
noisy imagesthat are unacceptableNoisereductioncanbe achieved by augmentinghe
original optimizationproblemwith aregularizer Penalized-likelihood(PL) reconstruction
addsaroughnesgenaltyto the negative log likelihood. Basicallythesepenaltyfunction-
als canbe viewed as expressingprior informationaboutthe underlyingobject. Usually
aniterative algorithmis neededo minimize PL costfunctions. Theresolutionandnoise
propertiesarein uenced by boththedatacollectionmethodandreconstructiorparameter
selection.

Oneof themaindisadwantage®f statisticalreconstructioomethodss thelongercom-
putationtime of iteratve algorithmsthatusuallyarerequiredto minimizethecostfunction.
Mostiterative algorithmsrequireoneforward projectionandoneback-projectiorfor each
iteration. The primary computationburdenof iterative imagereconstructiormethodsis
theseforward andback-projectionsAll projection/back-projectiomethodsareapproxi-

mationgo therealphysicalmodels.Thereareatleast ve practicaltypesof backprojection



approacheg@includingours): rotation-basedyixel-driven, ray-driven, distance-dsienand
Fourierbased We will discusgheseapproaches Chapter3.

The statisticalpropertiesof the reconstructedmageshave not beenwell studiedpre-
viously. Typically, the varianceor standarddeviation imagesare estimatedempirically.
This requiresmultiple realizationsof imagereconstructiorand thereforeis impractical
dueto the long computationtime. The choicesof regularizationparametershat control
thetrade-of betweerthe data- tting andthe imagesmoothnesarebasedmainly on trial
anderror. Accuratepredictionof variancemapsfor iteratively reconstructedmagescan
be usefulfor algorithmanalysisandfor the designof regularizationmethods.The exist-
ing variancepredictionmethodscanbe divided into iterationbasedand estimatorbased
methodsTheiteration-basedariancepredictionsarestudiedin e.g., [15,98] asafunction
of theiterationnumberfor the maximum-likelihood expectationmaximization(MLEM)
algorithmthatis basedn a“stoppingrule” to terminatetheiterationsbeforecorvergence.
The estimatorbasedvariancepredictionsarethe propertieof the corvergentimagesand
independenof the particularalgorithmanditerations,[32,78,91]. We focuson the latter
approachbecauseéhe predictionsdependonly on the selectedcostfunction, not on the

particularalgorithm.

1.1 Contributions and Outline

Thework in this dissertatiorhasbeenfocusedon acceleratinghe forward andback-
projectionand studyingnoisepropertiesassociatedvith statisticalimagereconstruction

in X-ray transmissiorCT:

1. Chapter3 developsa fast Fourierbasedprojectionand back-projectionpair in 2D

fan-beanCT.

(a) Becausehereis no suitableFourier slice theoremin divergent-beangeometry



andit is notevidenthow to usefor forwardprojectionarecentextension21] that
is suitablefor analyticalreconstructionye usethe usualparallel-beantourier
slicetheoremandinterpolatethe samplesnto thefan-beantoordinatesTo en-
suregood accurag and computationef ciency, we usea min-max optimized
nonuniformfastFouriertransform(NUFFT) approacHor theradial“interpola-

tion”. Thebackprojections the adjointoperationof theforward projection.

(b) Becausd-ourier methodsareef cient only for shift-invariantdetectorresponse
modelswe approximatehedetectoresponsdy theeffective width atthecenter
of the eld of view whenthevariationin detectorespons@verthe eld of view

is oftenfairly modest.

2. The proposedNUFFT-basedfan-beamforward and backprojectorsvork generally
for arbitraryfan-beanmsamplingpatterns For the usual3rd-generatiofCT fan-beam
geometrythe overall computatiorfor the NUFFT-basedan-beanforward projector
is O(N2logN), akin to previous hierarchicalmethods[16], whereasmost space-
basedforward projectorsrequire O(N ) operations. Therefore,the NUFFT-based
forward and backprojectorare muchfasterthanthe line or beam-basedpaceap-
proaches.They are comparableo the distance-dsen projectorsfor smallimages

andareabout? to 4 timesfasterfor largerimages.

3. Chapterd proposesan analyticalvariancepredictionapproactthatcancomputethe
variancemapef ciently andaccurately The derivation of the closed-formapproxi-
mationsprovidesinsightinto the noisepropertief the quadraticallypenalizedik e-

lihood (QPL) reconstructednagesn 2D fan-beanCT:

(a) Neglectingthedepth-dependeidetectoblur, we startwith thecontinuous-space

counterparbf theexisting matrix-baseaovarianceapproximatiori32], andde-



rive a “pure” analyticallocal frequeng responsef Gram operator This step

helpsusunderstandheissueintuitively.

(b) By usingdiscrete-spac€ouriertransform(DSFT) and Parseal's theorem we
are able to bridge the discretespaceto continuousspaceand derive an accu-

rateanalyticalexpressiorfor varianceprediction,basednlocal shift-invariance

approximationgndlocal Fourieranalysis.

(c) The simplestof thesevariancepredictionsrequireonly a singlebackprojection
andafew minor operationgo produceanentirevariancemap,sothey aremuch
fasterthanthetraditional FFT approachthatwould requirea repetitve forward

andbackprojectiorfor eachpixel in theimage.

4. Chaptels extendstheanalytical2D variancepredictionmethodsnto a 3D cylindrical

cone-beangeometry



CHAPTER 2

Background

Statisticalmethodsor imagereconstructiorcanbe usedin differentmedicalimaging
modalities,suchas magneticresonancemaging (MRI), positronemissiontomograply
(PET)anddigital tomosynthesisT his thesisfocusesontomographiamaging. This chap-
ter brie y reviews the principlesin tomographicimaging, particularly X-ray computed

tomograply (CT).

2.1 Review of Principles of X-Ray Computed Tomography

Corventionaltomograply depictsa three-dimensionabbjectinto a two-dimensional
image. The word "tomograply” is derived from the Greek: tomos(slice) and graphia
(to write). In transmissiortomograply, the objectto be imagedis the spatialattenua-
tion distribution, while the objectto be imagedin emissionimagingis the radioactvity
distribution. The main limitations of corventionaltomograply arethe blurredoverlying
structuresuperimposedn theimageandthelarge x-ray doseto the patient.

Thebasicideaof today'stomograply wasproposeasearlyasin 1940by GabrielFrank
[45] andby Allan Cormackindependently Computedtomograply waslaterintroduced
into clinical practicein early 1970swith rst clinically available CT device installedat
Atkinson-Morley Hospitalin Wimbledon, UK by Godfrey Houns eld, JamesAmbrose

andLouis Kreel, [8]. Unlike corventionaltomograply, computedtomograply is ableto



produceimagesof thin slicesof the objectwith enhancedontrastandreducedstructure
noise[19]. Tomographicimaging systemscollect setsof projectionsand imagerecon-

structionalgorithmsrecover the original objectsfrom theseprojections.

2.1.1 Evolution of X-Ray CT Scanners

Thetypical transmissiorCT scanneconsistf a X-ray tube,arotationgantry, atable
anda detectorwith one or more detectorcells. The typesof CT scannerdave evolved
over vemajorgenerationgverthe pastfew decades.

Figure2.1shawvsthetypical rst-generationCT scannegeometrythatis characterized

by a single X-ray sourceand a single detectorelement. It representshe parallelbeam

1st scan
————— >
S
9 \
N4 ol

l \ x-ray detector

Figure2.1: FirstgeneratiorCT scanner

geometryIn this scanninggeometry X-ray tubeanddetectoundego bothlineartransla-
tion androtation.For a given projectionangle,a parallel-beanprojectionmeasuremeris
collectedby translatingthe X-ray tubeandthe detectoralonga straightline segment. The
X-ray sourceanddetectorassemblys translatedn a directionthatis perpendiculato the

X-ray directionandrotatedto obtain projectionmeasurementat differentview angles.



The advantage=f this designare simplicity and the ability to accommodat®bjectsof
differentsizes.Thedisadwantagds thelong scantime.

The second-generatioB T scanners alsoin atranslation-rotatiommodewith multiple
detectors.A fan-beanof radiationis used. By usinga smallfan-beanmangle,projection
dataat differentview anglesare collectedfor eachtranslation.This designhelpsreduce
scanningime by reducingtherotationstep.Like the rst-generationscannerthe second-
generatiorscannealsohasthe e xibility to accommodatawide rangeof differentobject
sizes.This propertyenablesmportantapplicationdn someindustrialareas.

Thethird-generatiorCT scanneuutilizes a large numberof detectorelementsandhas
a muchwider fan-beamangleso thatideally X-rays cover the entire objectat all times,
shawvn in Figure2.2. Thereis no needfor translationin this geometryleadingto faster
scanningtime. The X-ray tube and detectorsassemblyis operatedonly in the rotation
mode,asshovn in Figure2.2. However, to cover the entire objectduring the scan,the
rangeof differentobjectsizesis limited by the maximumfan angleandthe distancebe-
tweenthe X-ray tubeandthe object. Furthermorehaving all detectorelementontritut-
ing to eachview imposemorestringentrequirement®n detectomperformancehanearlier
generations.

Thefourth-generatioscanners alsoarotation-onlyscannewith a multi-elementing
detectorsnstalledaroundthe object. Only the X-ray tubeis rotatedwhile thering detector
is stationary

Themechanisnof fth-generationscanneis very differentfrom thatof all the earlier
generationsliscussedbove in which the X-ray sourceand/orthe detectoramove within
theaxial plane.The fth-generationgeometryis characterizedy multiple X-ray sources
arrangednto a circular array and an areadetectorwith multiple elements. Thereis no

mechanicamotioninvolved. Instead the X-ray sourcesareelectronicallyswitchedon or



off duringthe dataacquisition.A large volumeof the objectis coveredduringeachscan
anda seriesof 2D projectionsare collected. An exampleof this approachs whenthe

X-ray sources producedby aelectron-beantomograply (EBT) scanner[45].

detectors

X-ray tube —

Figure2.2: Third generatiorof CT scanner

During the 1980s the developmentof slip ring technologyenabledspiral/helicalscan-
ning so thatfan-beamhelical scanningobecamehe standardnedicalCT mode;seeFig-
ure 2.3. The X-ray sourcerotatescontinuouslyin onedirectionwhile the tableon which
the patientis lying translatesat a constantspeed. The introductionof helical scanning
allows evenlargerbodycoverageduringonesinglebreathhold. Thereforeartifactsdueto
patientmotionarereduced.However, therecanbe artifactsdueto missingdatain helical

acquisition.

Table

Figure2.3: lllustrationof fan-beanhelical CT scan.

Althoughhelical CT improvesthevolumecoverage highervolumecoverageandthin-
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nerslicesarestill demandedin mary clinical situations.Multi-slice or multi-detectorCT
scannersireavailablenow commercially They incorporatemultiple rows of detectorrings
andacquiremultiple slicesper rotation. Multi-threadedcone-beanCT scannersvith up
to threeX-ray tubesandcorrespondingletectorareproposedo improve temporakesolu-
tion andreducecone-beanartifactsfor multi-sliceCT scanner$§s7]. Recentlyresearchers
developedaninverse-geometr€T (IGCT) system63,67,83]. In thisIGCT architecture,

ascannedireasourceandoneor moresmalldetectorareused.

2.1.2 X-Ray CT MeasurementPhysics

Despitethe differentgeometriesmentionedin section2.1.1, X-ray CT measurement
physics are the samefor all geometries.For simplicity, our following discussions re-
strictedto the 2D parallel-beangeometry The detectormeasureshe X-ray photon ux
emeqging from the objectat differentanglesshavn in Figure2.1. Let Y; denotethe mea-
surementor theith ray of theincidentspectrum.For aray L; of in nitesimal width, the

meanof the projectionmeasurementsould be expresseds:
z

R .
(2.1) E[Y]= 1i(E)e v “YB9 gE+r
wherei = 1;:::;Ng andNy is the numberof therays. (X;y; E) denoteghe unknavn

spatially-andenegy-dependerdttenuatiordistribution d isthe"line integral” func-

) LI
tion alongline L;, andl;(E) incorporateshe sourcespectrumandthe detectorgain. In
reality, the measurementsuffer from backgroundsignalssuchas Comptonscattey dark

currentandnoise.Theensemblaneanof thoseeffects(for theith ray) is denoted ;.

2.1.3 Radon Transform and Fourier Slice Theorem

The CT measurementsY; g:\';’l indirectly correspondo the projectionsof the object’s

attenuatiorcoefcient (X;y; E). The collectionof line integralsis relatedto the Radon
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transform The Radontransformandits associatedrourier slice theoremplay a funda-

mentalrole in tomographiadmagingsystemsanddesere anin-depthreview.

projection

\
2

/'I'/ j\ X
\
AN
\
\

object 0
f(xy)

Mo L)

\

Figure2.4: 2D functionandits Line integrals.

sinogram for a NCAT phantom sinogram for a point object

Figure2.5: Exampleof sinogramsLeft: asinogranof aNCAT phantom(seeFigure4.5). Right: asinogram
of apointobject.

For simplicity, we only consideithe2D caseshavn in Figure2.4. TheRadontransform
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relatesa 2D imagef (x; y) toits line integralsasfollows [62]:

Z
p(r)=(@Pf)r;") = f(xy)d

ZL(r;')

1
= f(rcos “sin'; rsin' + "cos )d
le Z 1
(2.2) = f(x;y) (xcos + ysin' r)dxdy

1 1

whereP denotegrojectionoperatoyr is theradial distancefrom the origin and’ is the
view anglemeasurectounterclockwisefrom the y-axis to the ray direction. The nal
expressionin (2.2) is de ned in polar coordinates(r®% ). If the projectionsp (r) from
differentanglesarearrangedasanarraywith oneaxisof projectionangle’ andtheother
axis of projectionbins at the detector(radial distancer), thenthis 2D functionis called
sinogranmbecauséhesinogramof apointobjecttracesasinusoid seeFigure2.5. Thegoal
of imagereconstructioris to estimate (x; y), moreparticularly (x;y; E) in transmission
tomograply, from ameasuredinogranthatis obtainedrom (noisy)sample®f projection
datap (r). In practice theanalyticalreconstructioomethodseedto estimated (r) from
measurementkY;g. Statisticalreconstructiormethodsestimate (x;y; E) directly from
measurementsy;g.

The Fourier slice theoemis alsoknown asthe central sectiontheoemor projection
slicetheoem This theoremis the foundationof the tomographiaeconstructiormethod
( tered back-projectionjhatis widely usedn commercialCT scannersLetP. ( ) denote

1D Fouriertransformof p- (r):
Z 1
P (), p(r)e'? "dr:
1

Plugging(2.2)into P. ( ) yieldsthefollowing mathematicastatemenof the Fourierslice

theorem[62]:
Z 1 Z 1
(23) P ()= f(x;y)e 2 (xeos +ysin') gy dy = F( cos; sin');
1 1
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whereF (f; f,) denoteshe2D Fouriertransformof objectf (x; y) andf, = cos’; f, =
sin' . The 2D Fourier slice theorem(2.3) statesthat the 1D Fourier transformof the
projectionat view angle' is equalto a centralslice of the 2D Fourier transformof the

objectatthesameangle.

2.2 Review of Image ReconstructionMethodsfor X-Ray CT

Theoverall goalof x-ray CT imagereconstructions to reconstructhe underlyingob-
jectbeingimagedfrom the projectionmeasurementgarticularly (x;y; E) fromfY; g:\':“l
in transmissiortomograply. Imagereconstructiormethodsor algorithmscan divided
into two maincategories:analyticalanditeratve methods Most cornventionalreconstruc-
tion methodssuchas Itered back-projection(FBP) and backprojected- Itration(BPF)
areanalyticalmethodslteratve imagereconstructioomethodscanbefurtherdividedinto
algebraicand statisticalmethods. Algebraic reconstructiortechnique(ART) and multi-
plicative algebraiaeconstructionechniqug MART) aretwo examplesof algebraianeth-
0ds|[9, 48,88,100]. WeightedleastsquaregWLS) andpenalizedikelihood(PL) recon-
structionarestatisticareconstructiormethods Mostcornventionalreconstructiomethods
ignoretheenegy spectrunof thebeam.In contraststatisticareconstructiomethodscan
incorporatethis enegy spectruminto their statisticalmodels. We give a brief review of

someof thereconstructioormethodsn this section.

2.2.1 DirectFourier Reconstructionand Filter ed Back Projection

Both direct Fourier reconstructioDFR) and Itered backprojection(FBP) areana-
lytical imagereconstructiommethods.Fourier slice theoremandRadontransformarethe

foundationof theseapproaches.
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Dir ect Fourier Reconstruction

ThedirectFourierreconstructiofDFR) methodis very straightforvardwith thedirect
applicationof the Fourier slice theorem(2.3). To reconstrucf (x; y) from the measured

projectionsp (r), oneperformsthefollowing stepsdepictedn Fig. 2.6:

1. Take 1D Fourier transformof eachp (r) for each’ to getP. ( ). Basedon the
relationshipin (2.3), we have the 2D FT of the objectf (x; y) in polar coordinates
FCT).

2. ConvertF (; ') in thepolarcoordinatesnto F (f ; fy) in Cartesiarcoordinates.

3. Take 2D inverseFouriertransformof F (f ; fy) to getf (x; y).

p (r) 1D FTs P () . F(fx:fy) f(xy)
T | along eactang FC ) Gridding 2D IFT

Figure?2.6: Basicstepsof direct Fourierreconstruction.

In practice we procesghediscretizedrersionsof thesecontinuoudunctions,asshavn
in Figure2.7. Hencethe conversionfrom polarfrequeny sampledo Cartesiarfrequengy
sampleausuallyinvolves Fourier domaininterpolation(gridding). Fourier domaininter-
polationis non-trivial sincelocalinterpolationerrorin frequeny domaincancauseglobal
artifactsin imagedomain.Laterin Chaptel3, we proposea Fourierbasedorwardprojec-
tor thatusesaKaiserBesse(KB) interpolatoroptimizedin min-maxsensen thegridding

step.

Filter ed Backprojection (FBP)

Filteredbackprojectior(FBP)is the mostcommonanalyticalreconstructionechnique

thatis basedon the Radontransform. The basicideabehindthis methodis to “smear”
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. . Gridding

Figure2.7: lllustrationof griddingstepthatinterpolategpolarsamplef F (; ' ) of ontoCartesiarsamples
of F(fy;fy).

measureginogramvaluesbackinto the objectspacealongthe correspondingays:

Z
(2.4) (P p(x;y) = bx;y) =  p(xcos +ysin')d :

0
This operatorP is calledthe badkprojectionoperatorthatis the adjoint operatorof the
forward projectionoperatotin equation(2.2). The back-projectioroperationin (2.4) does
not recover the original objectf (x; y), unfortunately A blurred versionof the object

b(x; y) calledlaminogramis yieldedinstead.
In practicewe do notmeasurg (r) directly, we needto estimatethe projectionsfrom
the transmittedntensitiesf Yjg. CorventionalFBP assumesnono-engygetic propertyof
the X-ray spectrum;(E) = |i(E) (E Ey), thenthemeanintensitiesin (2.1)aregiven

by Beer'slaw:
R . .
(2.5) E[Y]= Li(B)e = "™ 4

The estimatedrojectionscanbe obtainedby takingthelogarithm of the measurements:

Z
Yi T .
2.6 r), log ——— Xy, EB)d :
(2.6) pm. g fEs | (i)
As mentioneckarlier theresultinglaminogram(x; y) from (2.4)is ablurredversionof

theobjectf (x;y). To debluf we applya 1D “ramp” Iter to eachprojectionateachangle
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Projection along each
ramp filter
I
(x; y) o B (r) IDIFT |jjP ()
backprojectio alongeach [~

Figure2.8: Basicstepsof FBPreconstruction.

' . The basicstepsof FBP areillustratedin Figure2.8. In reality, theidealramp lter
doesnotreally exist andmustbe setzerobeyond certaincutoff frequeng. Theramp lter
is oftenapodizedwith a window functionto reducenoise. Sincethe Fouriertransformis
implementedusinga FFT, the zero-paddedinogramis usedto avoid aliasingbeforelD
Fouriertransformat eachview and Itering.

Most CT scanner®ffer various Iter optionsthat the operatorcanselectto enhance
eithersoft tissuefeaturesor bonedetailsfor differentclinical applications.For example,
GE LightSpeedCT scannehassix typesof lters: soft, standarddetail,lung, bone,edge
Iters [45].

CornventionalFBPis basedon the monochromaticityassumptiorof X-ray source.Us-
ing themonoeneggeticphotonsources impracticalin diagnosticCT becausef thesignal-
to-noiseratio(SNR)considerationlin reality, thephotonsemittedfrom a X-ray tubehave a
spreaddf enegies.Thephoton ux densityor intensitydemonstrateanenegy-dependent
distribution. The shapeof the X-ray spectrumis like a humptoppedwith several spikes.
The continuousspectrumis generatedy Bremsstrahlungadiation. The spikesresult

from the characteristicadiationthatis not continuous.
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2.2.2 Statistical X-Ray CT Image Reconstruction

Statisticaimagereconstructiomethodsarebasednmeasuremerstatisticsaandphysics
modelsand offer numerousadvantagessuchasthe potentialfor improved bias-\ariance
performanceand providing quantitatvely accurateCT values. Corventionally the X-ray
CT measurementare assumedo follow discretePoissonstatistics. However, mostCT
detectorsaareenepy-integrating, not photon-counting Due to the polyenegetic property
of the X-ray beam,althoughindividual X-ray quantawill leadto Poissonstatistics,the
overallrecordedsignalwill notbePoisson.

A compoundPoissomrobabilitydistribution function(pdf) of X-ray CT measurements
wasderived by Whiting [97] usinga momentgeneratingunction approach.The pdf is
dependenbn the X-ray enegy quanta, ux level andquantizationstepsize. It hasbeen
shawvn thatthe compoundPoissonik elihoodis similar to the ordinaryPoissonik elihood
for the normal clinical exposuresand deviates signi cantly from the ordinary Poisson
likelihoodin situationsof low counts.ThecompoundPoissorstatisticshasa complicated
likelihoodthathindersits directapplicationin statisticalreconstructionsAn approximate
likelihoodwasderivedby Elbakrietal. in [28] usingageneralizedaddle-poinintegration
method. Their proposedapproximatdikelihoodis more accuratethan regular Poisson
likelihood. All the modelsabore canbe generalizedo incorporateadditive electronic
noisethatis usuallyassumedo be independenbf the quantameasurementsVariance
predictionan Chapter4 andChapter5 arebasedn regularPoissorlikelihood. However,
becausevarianceis second-ordestatistics,the proposedvariancepredictionmethodis
applicableto essentiallyary statisticalmodel.

We focuson the caseof normalclinical exposuresvhereregular Poissonstatisticsis
fairly accurate The measuremeni@reoften modeledasthe sumof a Poissondistribution

representingphoton-countingtatisticy2.1) anda zero-meamormalnormaldisctrilbution
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representingdditive electronicnoise:
(2.7) Y, PoissomE[YiJg+ N(O; o);

where . denoteghe standardieviation of electronicnoise.Becausd2.7) doesnotleads
to atractablelik elihoodfunction,anapproximateshiftedPoissonik elihoodfunctionthat

matcheghe rst andsecondnomentss oftenused[80,85,102]:
(2.8) Y+ ¢ PoissofE[Y|]+ Qg:

For simplicity, weignoretheelectronicnoiseandusea singlematerialobjectto demon-
stratetheideasbehindstatisticaimagereconstructionWe discretizethe continuousatten-
uationfunction (x;y; E) andparameterizéoththe spatialandenegy dependenceWe

parameterizéhe objectspaceasfollows:

XP
(2.9) (X y;E) = i (B)h (x;y);

i=1
where  (E) denotesheunknavn attenuatiortoefcient in pixelj andb (x; y) is thepixel

basisfunctioncenterecdat pixel j . We further modelthe unknavn attenuatiorcoefcient

as
(2.10) i(E) = m(E) j;

wherem(E) is the massattenuatiorcoefcient of the singleobjectmaterial(e.g., water)
and ; is the (unknavn) densityof the objectin pixel j. Figure2.9 gives sometypical
massattenuatiorcoefcients for variousmaterials.

Substituting(2.9)and(2.10)into (2.1),we obtainthefollowing measuremerstatistics:
Z
(2.11) Y, Poisson I;(E)e "B ldE+yr;

R
whereA is the systemmatrix with entriesa; = L, b (x;y)d". For a mono-enagetic

X-ray source Beers law applies:

(2.12) Y, Poissonl;(E)e ™EIA T 4+,
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Mass attenuation coefficients for various materials
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Figure2.9: Enegy-dependenmassattenuatiorcoefcients m(E) for bone,waterandfat.

Now the reconstructiorgoal becomeso estimate = ( 1;:::; ) fromfYigy. When
theassumptiorthatthe objectconsistf onesinglematerialis invalid, onemustparame-

terizeboththe spatialandenegy dependengcasClinthorneetal. [22,92,93] asfollows:

X
(2.13) Xy;E)= mi(E) (X;y)
=1

wherem, (E) denotegshe enegy-dependentassattenuatiorcoefcients of the lth mate-

rial and |(x;y) is the (unknawvn) spatially-dependerttensityof thelth material.

Penalized-likelihood (PL) Reconstruction

Basedon the statisticaldistribution of the measurementsye canestimate usingpe-
nalizedlikelihood estimation. For the mono-enegetic model (2.13), the negative log-

likelihoodhastheform

X
L() = Yilog Yi( ) Yi()

(2.14) Yilog li(Bp)e M=MA L+ 1(B)e MEIA L4,
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whereY;( ), E[Yij ]isthemeanofthemeasuremertataalongpathL ;. Forreconstruc-
tion, we addaroughnesgenaltytermto thenegative likelihood,resultingin thefollowing

penalized-liklihood(PL) costfunction:
(2.15) ()= LO)+ RO

wherethe (pairwise)penaltytermhasthefollowing form

X X
R( )= (i«
j=1 k2N

is a scalarthat controlsthe trade-of of datat andsmoothnes®f image, () is an

edge-preservingotentialfunctionandN; is someneighborhooaf pixel;j .

PenalizedWeightedLeast Squares(PWLS) Reconstruction

The Poissonlog-likelihoodin (2.14)is basedon the statisticalpropertiesof the tomo-
graphicreconstructiorproblem.However, becauséoissomegative log-likelihood(2.14)
is hon-cowvex andnon-quadraticthe minimizationalgorithmsrequiredcanbe comple.
To simplify, onecanapply a second-ordeTaylor expansiornto the Poissorlog-likelihood
in (2.14),[30,31]. This quadraticapproximationeadsto weightedleastsquare{WLS)

likelihoodfunction:

K 1
(2.16) L( )= Wié( log(Y)) [A 1)%
i=1

wherew; valuesare statisticalweighting factorsthat dependon the modelfor the mea-

(Yi( )+ e ri)?

Vi e For

suremenstatistics. For the caseof shifted Poissonlikelihood, w;

. . . i) )2 . . .
the caseof regular Poissoriik elihood,w; O Plugging(2.16)into (2.15)yields

I
)
penalizedveightedeastsquaregPWLS)costfunction. In practice oneoftenusessimply

w; =Y.
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Iterative algorithmsareoftenappliedto minimize (2.15) subjectto certainobjectcon-

straintssuchasnon-nejativity:
(2.17) A= amgmin o ( ):

To nd the minimizer of (2.15), optimizationtransfer methods[2, 25,27] can be used
to replacea compl« likelihoodasin (2.14) with surrogate costfunctionsthat are sim-
pler andeasierto minimize. Optimizationtransfermethodsalsoensurethe costfunction
monotonicallydecreaseaftereachteration. Theresultingalgorithmis oftenadiagonally-

preconditionedyradientdescentmethodof the following form:
(2.18) =" D ("M

wherer (") is the gradientof the costfunction evaluatedat currentestimates ", D
is adiagonalmatrix and[ ]. enforcesnon-ngativity constraint.The diagonalmatrix D,
whosenonzeradiagonalentriesarethe secondderivativesof the surrogatefunction, is the
key thatcontrolsthe rate of convergenceandmonotonicityof the algorithm. The second
derivative of the surrogate function hasa cunatureterm that in uences the rate of the
convergenceparticularly We have severaldifferentchoicesof the curvatureterm:
Iteration-dependerdptimal cunaturethat keepsstepsizeaslarge aspossible put re-
quiresmorecomputatiori1].
Iteration-independernaximumecurvaturethat ensureghe monotonicityof the algo-
rithm, but leadsto a slower corvergencel].
Iteration-independergrecomputectunaturethat compromiseshe monotonicityand
achieves fastercorvergence. It is usually usedin the ordered-subsetersionof the
algorithm[2].

The columngradientof the costfunctionin (2.18)hasthefollow matrix form:

(2.19) r( )= A°D Yi=Yi,() 1r Y()+ rR:
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From (2.12)and(2.19), we canseethat one forward projectionand one backprojection
areinvolved in eachiteration. Therefore, fastforward andback-projectorsare essential
in computatiortime reduction.This is the motivationfor our work in next chapteron the

developmentof fastNUFFT-basedorward andbackprojectors.

2.2.3 Beam-HardeningAtrtifacts Correction

The phenomenomf beamhardeningarisesfrom the natureof a polychromaticX-ray
sourceandthenon-linearitybetweertheattenuatiorandthe materialthickness.Thelower
enegy raysarepreferablyattenuatedhanthehigherenegy rays,asthey penetrateéhrough
amaterial.As aresult,theeffective beamenepy shiftsupwardduringtheprocessin other
words,the beambecomesharder”. This phenomenoris referredto beamhardening.If
this beam-hardeningffectis ignored,“cupping” artifactswill appeain thereconstructed
imagesandthe reconstructedittenuations not quantitatvely accurate.The cuppingar-
tifactsare causedoy the fact that the rays passingthoughthe centerof the phantomare
harderthanthe onespassinghroughthe edges.Theresultaniattenuategbro les displaya
cuppedshapecomparedo theidealpro les withoutbeamhardening Thebeam-hardening
artifactsbecomemoresererefor highly attenuatingnaterials.

Correctionof beam-hardeningrrorsis essentialn quantitatve computedomograply
(QCT). Currentcorrectionmethodg7, 26,49,50,56,68,101] canbe divided into single-
enepy anddual-enegy correctiontechniques.Two mostcommonlyusedsingle-enegy
techniquesare the water and bone corrections. Water correctiontechniqueassumes
single-materiabbject consistingof water Bone correctiontechniqueusually performs
water correction rst and then additional correctionfor boneis performed. Sincethe
single-materiahssumptioris only partiallyvalid, thetechniquegannotleadto anoptimal

correction.Dual-enegy techniqueusestwo polyenegetic x-ray sourcesandcollectstwo
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setsof measurement$§Ve summarizéwo techniquesere:watercorrected-BPanddual-

enepy statisticalreconstruction.

Water-Corr ectedFBP

Watercorrected=BPis the primaryreconstructioomethodusedclinically to eliminate
someof the beam-hardeningurtifacts. It takesinto accountthe X-ray spectrumin the
pre-FBPprocessing.

This methodassumes single-materiabbjectconsistonly of water:
(2.20) (X y;E) = m(E) (xy)

and(2.1)becomes

Z . \
li(E)e v VP9 dE
Z R
li(E)e "B 1 (W gE:

E[Yi]

Beforedetailinghow this methodworks,we rst de ne thefollowing notations:

Z
W) (x;y)d
) RI-(E)em(E)‘dE
(2.21) f.0) log : |
i
whereatotal intensityis de ned
Z

I = li(E)dE:

Sincemyqer (E) depend®nly onthespectrakcharacteristicef thematerialattenuation
coefcient propertiesandwe assumehatthe objectconsistsof wateronly, myaeer (E) can
bemeasuredavithin thediagnosticx-ray enegy range.By scanningawateronly phantom
with aknown shapgusuallya cylinder), theline integral function " ( ) canbecalculated

analyticallyalongdifferentpathsL ;. In principle,this waterphantomscanonly needso
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bedoneoncefor agivenscanneandsourcekVp setting. Thenf ;(*) is known asafunction
of *. In reality, thewaterphantomscanneedscarefulcalibrationandwe have only a nite
numberof measurement$n empiricalwatercorrectionmethodis used[87].

By takingthelogarithmof the measurements,

(2.22) fi log T—' ;

we gettheestimatesienotecby f; of thefunctionf; (). We canusea polynomialfunction
to approximatethe continuousfunctionf; (") (or morepreciselyf; 1), or build alook-up

tablefor acertainrangeof ". Thentheestimated’ of the;'s canbeobtainedby
(2.23) G=f

Multiplying o by watermassattenuatiorcoefcient myqeer (Ep) for somereferenceenegy

E yieldsthe estimatedsinogram

(2.24) ), = M)

i(r')

Thenwe applytheregular FBP methodmentionedn section2.2.1to this estimatedsino-
gramto estimate™(x; y; ). Comparingequationg2.6)and(2.24),we canseethatwater
corrected=BP partially takesinto accounthe polyenegetic propertyof theincidentspec-
trum by estimating’} from thelogarithmof the measurements.

WatercorrectionFBP greatly reducesthe beamhardeningartifactsand provides vi-
sually pleasingimages. However, sincethe humanbody doesnot consistof only water
thereconstructedmageusingthis methodwill be biased.Thereforewatercorrected-BP

doesnot provide quantitatvely accurateCT values.

Dual-Energy Image Reconstruction

Dual-kVp or dual-enegy imagereconstructiorapproacH?7, 38,93] doublesthe mea-

surementdy usingtwo x-ray spectraj.e., s = 1;2in (2.26). Usingthesemeasurements
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from two diversespectrapneis ableto reconstrucsepaate soft tissueandboneimages.
Thedual-enegy reconstructiompproacthasshavn promisingpotentialfor materialchar
acterizatiorandfor quantitatvely accurateCT values. The cornventionaldisadwantageof
this methodis theincreasedcantime andnoiseampli cation dueto the materialdecom-
positionprocess.

A moregeneraparameterizationould be used:

X X
(2.25) (X y;E) = i (BB (X y);

=1 j=1

where j; (E) = m(E) j; istheunknovn attenuatiorcoefcient in pixelj for Ith material,
L is thenumberof differentmaterialsj.e., the numberof the spectrabasisfunctions.In
dual-kVpcasewe assumehe objectconsistingof two materialswaterandcorticalbone,

whereL = 2in (2.25). Themeanmeasuremerfor sth scanis givenas
4

(2.26) ElYs]= Is(E)e "L m@IA ) gE:

ignoringthe backgroundevents. A is a systemmatrix with entriesa; = RLi b(x;y)d :
We canusenggative penalizedog likelihood costfunction asin (2.15) and apply opti-
mizationtransfermethoddo nd theminimizer[38].

Watercorrected=BP canproduceoneimagefor eachx-ray enegy becausét assumes
the objectconsistf only wateranduseone-materiamodel. Althoughthis methodover-
comessomeof the beam-hardeningrtifactsand producesvisually plausibleimages,it
introducesbiasto the bone CT valueswhich is not appropriatefor the applicationsin
which the quantitatve accuray is required,especiallyfor bonemineraldensitymeasure-
ments.Ontheotherhand,dual-enegy reconstructions ableto reconstrucsofttissueand
bonedensitymap separatelyand hasthe potentialto provide the quantitatvely accurate
CT valuesat the price of theincreasedchumberof unknavns andpossiblyincreasedcan

time andX-ray dose.
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2.3 Summary

Thischapterbrie y reviewsthe X-ray CT measuremerghysicsandthereconstruction
methodsof X-ray CT. Radontransformand Fourier slice theoremare also introduced.
Theseconceptareessentiahswe developthe NUFFT-basedorwardandbackprojectors
andproposeananalyticalvariancepredictionmethodin the following chapters.

In chapter3, we extendthe Fourierbasedprojectorsto afan-beangeometrybasedon
Fourier slice theoremandfan-to-parallekebinning. For properly chosenparametersan
O(N?logN) forward/backprojectopairis developed.

Statisticalimagereconstructiormethodsoffer betterbias-\ariancetradeof over con-
ventionalimagereconstructiormethods.However, noisepropertiesof the reconstructed
imageshave not beenwell studied. In chapter4 and 5, analyticalvarianceprediction

methodsareproposedor 2D fan-beanmand3D cone-beangeometries.



CHAPTER 3

Nonuniform Fourier Transform-BasedProjectorsfor Fan-Beam
TransmissionTomography *

Theclassicabhpproacho reconstructingomographiemagess ltered back-projection.
Statisticalimagereconstructiormethodsare basedon modelsfor measuremergtatistics
andphysics,and offer someattractve featuressuchasthe potentialfor improvedimage
quality andreduceddose.A dravbackof statisticalimagereconstructiormethodscom-
paredto FBP)is thelongercomputatiortime of theiterative algorithms.

Most iterative algorithmsrequire one forward projectionand one backprojectiorfor
eachiteration. Theseprojectionstepsarethe computationabottleneck.The Fourierslice
theoremrelatesthe 2D Fourier transformof the objectandthe 1D Fourier transforms
of sinogramdataalong radial direction at differentview angles. It suggestsa forward
projectionschemenvolving taking 2D Fourier transformof the objectfollowed by the
1D inverseFouriertransformsat differentviews. This forward projectionschemeshould
work exactly in the continuousspacesFor thediscretespacesn which computedomog-
raphy works, discreteFouriertransformcanbeimplementedisingfastFourier transform
(FFT)thatis very computation-etient. Therefore Fourierbasedorojectorshave the po-

tentialto greatlyreducethe computatiortime. However, the FFT resultsdoesnot give the

1This chapteiis basedn materialfrom [106].
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samplesatthe samefrequeng locationsasshavn in Figure2.7. In parallel-beamomog-
raply, the Fourierbasedorward projectorinvolvesa non-uniformfastFourier transform
(NUFFT) obtainingpolarspectrasampleghatarenon-uniformlyspacedn Cartesiarco-
ordinatesfrom Cartesianimagessamples. Someinterpolationis neededhereand low
interpolationerroris the key for the goodperformancef this type of projectors.

Two importantrequirementareimposedntheNUFFT thataresuitablefor developing
Fourierbasedprojectorsin computedomograply: interpolationaccurag andcomputa-
tion efciency. Matej et al. evaluatedforward andback projectors[34,41,64,65] that
useda NUFFT with a min-maxoptimizedKaiserBessel(KB) interpolationkernel[42].
Theirresultsshavedlow interpolationerrorandgoodcomputatioref ciency. This chap-
ter presentsan extensionof this NUFFT approacho the fan-beangeometrythatis used
widely in X-ray CT systemg104].

Therearetwo complicationsn extendingFourierbasedprojectorsto a fan-beange-
ometry Firstly, in thefan-beantasethereis no suitableFourierslicetheorem.(A recent
extensionis suitablefor analyticalreconstructiorj21], but it is not evidenthow to useit
for forward projection.) Therefore ,we usethe usualFourier slice theoremand interpo-
late into the fan-beantoordinates.To ensuregoodaccurag andcomputeef ciency, we
usea min-maxoptimizedKB NUFFT approacHor theradial“interpolation” Thesecond
complicationis thatFouriermethodsareef cient only for shift-invariantdetectoresponse
models.In emissiontomograply with corverging (fan-beamyollimators,thedetectore-
sponsas highly shift variant,andit is unlikely thatFourierbasednethodscanbesuitable.
We focushereontransmissiotomograply for thefan-beangeometrie®f typical clinical
X-ray CT scannersywherethevariationin detectorespons@verthe eld of view is often
fairly modest.We approximatehe detectorresponsdy the effective width at the center

of the eld of view, andinvesticatethe effect of this approximation.We focuson itera-
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tive reconstructiorbut we notefor completenesthat NUFFT-baseddirect Fourierimage

reconstructioomethodshave alsobeeninvesticated[23] [43].

3.1 Nonuniform Fourier Transform (NUFFT)

Thepracticalimplementatiorof discreta~ouriertransform fastFouriertransform(FFT)
is very computationallyef cient whenuniformly-spacedrequeny samplesare needed.
FFT requiresO(N logN) operationsratherthan O(N ?) direct computationof discrete
Fouriertransformin 2D casewhenwe have N by N imagesamples.However, in some
applicationswherenon-uniformfrequeny domainsamplingis neededFFT is not appli-
cable. The fastapproximationof the non-uniformFourier transform[12] is requiredto
retainthe computatioradwantage®f fastalgorithmlike FFT. It is callednon-uniformfast
Fourier transform(NUFFT). Interpolationerrorsarea limitation.

Recentlythe NUFFT usingmin-maxinterpolationhasbeenproposedy Fesslef42],
andnumericalresultsshavedthatthis approachaslower approximatiorerrorthancon-
ventionalinterpolationmethods It hasalsobeenfoundthatthe corventionalinterpolators
suchas KaiserBesseland Gaussiarbell interpolators,with min-maxoptimizedparam-
etersprovide a comparableaccurag asthe min-maxinterpolatorif larger neighborhood
J is chosen.Particularly, KaiserBesselinterpolator if suitablyoptimized,canprovide a

reasonablérade-of betweeraccurag andcomputatiorsimplicity.
Min-Max Non-Uniform FFT
In parallel-beanandfan-beantomograply, 2D non-uniformFFT is needed For sim-

plicity, we considerlD caserst. The extensionto 2D caseis straightforvard. The dis-

cussionfollows themainideain [42]. Thebasicstepsof alD NUFFT are:
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1. Calculationof aK =N timesoversampledndscaled~FT:
X 1 _
(3.1) Y[K] = s[n]x[n]e " kn
n=0

factors.

2. Interpolationontothe desired hon-uniformlyspacedrequeng locations! ,, where

1

(3.2) X(0m) = - Uny YTPKo(m) + Ok

j=0
whereuy,; s aretheinterpolationcoefcients, “ ” denotessomplex conjugate,f gk

denotesnoduleK operationandky(! ) is integeroffsetde ned as:

8
2 (ar i il ki J+1 .
gmingzz J! j) ; J odd
(3.3) ko(!) = ’ :
~ (maxfk2 Z:! kg) 3; Jeven

Theintegeroffsetfunctionsatis esthefollowing shift property:

ko(! +1 )= 1+ko(!): 812 Z:

minmaxmin max X(!) X(!) :
S Pou(r) xckxk 1

As shavn in [42], theinneroptimizationof the interpolationcoefcients u(! ) for a x ed
scalingvectors hasananalyticalsolutionby rstly nding theworstcasesignalx using
Caucly-Schwartzinequalityandthentransformingheinneroptimizationinto anordinary
least-squaresiinimization. The outeroptimizationrequiresnumericalevaluation.
Onecritical problemremaingn thedesignof themin-maxinterpolator:theappropriate

choiceof the scalingfactors,s. The simplestchoiceis a unity scalingvectorsuchthat
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s[n] = 1for all n (trivial scalingin [69] or uniform scalingin [42]). A moresophisticated
choicerequiresaxhaustve minimizationonthemaximumerror. A truncated-ourierseries

is usedto expands[n]s:

N 1

X
(3.4) s[n] = ae ™ 7

I= L

parameterBrutal-forceglobal searchis usedjointly to nd thebestcisand . Theunity
scalingvectoris a specialcaseof (3.4)suchthat = 0andc = 1=2L + 1). Thecosine
scalingfactorsconsideredn (3.4),[69] is anotherspecialcasecorrespondingo = Oand
¢ = (0;1=2). As shawn in [42], usingthe scalingvectorby exhaustve searchprovides
lower interpolationerror thanusingthe unity scalingvectorthatin turn outperformsthe
cosinescalingvector However, the compleity of this choiceof scalingfactorsincreases
greatlyastruncationlengthL increases.Therefore,we needa practicalprocedurethat
gives a goodtrade-of betweencomputationsimplicity and interpolationaccurag. We
discusghis procedurenext.
2D non-uniformFFT is a straightforvard generalizatiorof 1D case. We computea

K 1K,=N;N, timesoversampled&ndscaledD FFT:

I 1
(3.5) Y [ka; ko] = s[nq; npJx[nq; nyle ¢ tkanat 2kanz)

ni=0 n2=0

For simplicity, we usesepanble scalingfactorss[ni; n,] = s[ni]s[n,] in [34].

Min-Max Optimized Kaiser-BesseNon-Uniform FFT

Although exhaustvely minimized scalingfactorsin (3.4) yields low interpolationer-
ror, the optimizationof the scalingfactorsremainsa comple problemandimposescom-
putationchallenge. A practicalprocedures proposedn [42] using suitably optimized

cornventionalshift-invariantinterpolatorssuchas Gaussiarbell or KaiserBesselnterpo-



32

lators. Error analysisshavs thatfor a giveninterpolationkernelg( ) with nite support,

thefollowing scalingfactorsminimizetheworstcaseerroratthe DFT samplelocations:

Rj=2 1 é I(n ¥) g(l) dl

= J=2

(3.6) s[n] =

Using the min-max criterion, the corventionalinterpolatorsare also able to provide
theaccurag comparabldo min-maxinterpolator In our studiesthe min-maxoptimized
KaiserBesselinterpolatoris usedfor its reasonablérade-of betweeraccurag andsim-
plicity. Wewill focuson KaiserBesselnterpolatorfrom now on. ThegeneralizeKaiser

Bessefunction[60] hasthefollowing form:

Im( f5())

(3.7) 9 Ima; = 5°() ()

where isthedistancdrom KB window center | ,, denotegshe modi ed Bessefunction
of orderm, J is window sizeand parameter controlsthe kernelshapeandfrequeng

characteristic§60,66].

N[~

=5 s j i<
(3.8) N OEN
0 otherwise

Numericalresultsin [42,65] shav thatthe approximatiorerrordecreasesapidly with the
increaseof oversamplingfactorK =N andfor a x ed K =N, the min-maxoptimal Bessel
functionorderism 0. For a x edoversamplingactorK =N andatm = 0, theoptimal

ratio =J is around2:34 for arangeof kernelsize.
Min-Max Non-Uniform inverseFFT
By dualityi.e., by changinghesignin theexponentof (3.1),onecanusetheabove pro-

cedureof computingNUFFT to evaluatea nonuniforminverseFFT whengivenuniformly-

spacedspectrakamplesandnon-uniformlyspacedspatialsamplesareneeded.
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3.2 NUFFT-BasedForward and Back-Projectorsin Parallel-BeamTo-
mography
Min-max NUFFT hasbeenappliedrecentlyto parallel-beamterative imagerecon-
structionby Matej et al. [65] andthe resultsshav low approximationerrorsand com-
putationefciency. The Fourier slice theoremis the basisof the Fourierbasedforward
andback-projectionsn parallelbeamCT imagereconstructionFigure 3.1 illustratesthe

NUFFT-basedorward projector

] L Detector frequency respons
Basis function filter (radially shift-invariant)

1 3 5

| L/ 1D IFFTs

2D FFT Lo Interpolation |/ /"~ v | radially
—_— g - - - - —_—
2 4 e 6
N S I
L0 o

Image Image spectrum (Cartesian) Data spectrum (Polar) Projections

Figure3.1: Basicstepsof NUFFT forward projector

Stepl and?2 give usthe spectrakamplesuniformly-spacedn Cartesiargrid:

W 1N 1 |
(39) Y[kl; k2] = S[nl]S[nz]X[nl; nz]e i( 1kini+ 2kz2nz)

n1=0 n2=0
In the practiceof imagereconstructionywe work on adiscretizedsersionof continuous
image representedsa sumof weightedbasisfunctions:
N1 1
(3.10) f(xy) = fnnolb(x N4 5y npd )
n1=0 n»=0
wheref [n1; n,] denoteghe valuesof the continuousmagef (x;y) andb(x ni4 ;;y
n,4 ,) is thebasisfunctionsuchassquarepixelsor blob atlocation[ni4 1; n,4 ,)]. Typ-

ically, the basisfunctionsare spatially invariantand thereforecould be imitatedin the

imagefrequeny domainby includingabasisfunction lter . In our studieswe usesquare
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pixels
(3.11) b(x;y) = rect x rect Y
41 4,
Thereforethebasisfunction Iter usedin step3is
(3.12) B(fx;fy) = 414 ,sind4 1fy)sind4 »fy)

Step3 performsthe multiplicationbetweertheimagespectrakamplesandthe samplef

B(fx;fy):
(3.13) Z[ki ko] = Y[ki ko] Blkiske]

whereB [Kq; ko] is thebasisfunction Iter sampledatlocationg(2 k;=K;;2 ky,=K5), k; =
Ki=2;:::;K=2 landk, = K,=2;:::;K,=2 1, assumindK;, K, areeven.
Step4 interpolatesthe uniformly-spacedCartesiansamplesZ [K1; k»] into polar grid
andZ [K]'sareobtained.
In parallelbeamgeometry the radially invariant detectorblur can also be modeled
by multiplying the dataspectrumz [Kk]'s radially by the samplesH [K]'s of the detector

frequeng responséd ( ). A choicefor h(r) is

1 r
(3.14) (r) Wrec w
wherew is the nite width of thedetectorelements.

3.3 NUFFT-BasedForward and Back-Projectorsin Fan-beamTomog-
raphy
Therearetwo complicationsn extendingFourierbasedprojectorsto a fan-beange-
ometry Firstly, in the fan-beantasethereis no suitableFourierslicetheorem.(A recent

extensionis suitablefor analyticalreconstructiorj21], but it is not evidenthow to useit
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for forward projection.) Therefore we usethe usualFourier slice theoremandinterpo-
late into the fan-beantoordinates.To ensuregoodaccurag andcomputeef ciency, we
usea min-maxoptimizedKB-NUFFT approacHor theradial“interpolation” Thesecond
complicationis thatFouriermethodsareef cient only for shift-invariantdetectoresponse
models.In emissiontomograply with corverging (fan-beamyollimators,thedetectorre-
sponsas highly shift variant,andit is unlikely thatFourierbasednethodsanbesuitable.
We focushereon transmissiotomograply andthe fan-beangeometriesf typical clin-
ical X-ray CT scannersywherethe variationin detectorrespons@ver the eld of view is
often fairly modest. We approximatethe detectorresponséy the effective width at the
centerof the eld of view, andinvesticatethe effect of this approximation.This effective
detectorwidth is calculatedoy multiplying the actualdetectorwidth by the ratio of the
source-to-isocentefistanceover the source-to-detectatistance.

The Fourierslice theorem[52] is the foundationof Fourierbasedforward projection.

Let denotethe2D imageanddenotets 2D FT in polarcoordinatedy
ZZ

(3.15) G (), g(x;y) e 12 (xcos +ysin) qy dy
Theidealline-intggral projectionof g(x; y) atangle' (takencounterclockwisefrom the

y axis)asafunctionof theradialdistance from theorigin is givenby
V4

(3.16) p(r)= [rcos “sin; rsint + cos ]d :
For our purposesthe mostcorvenientform of the Fourier slice theoremexpressesach

projectionasa 1D inverseFouriertransformof G. ( ) asfollows:

Z
(3.17) p(r)= G ()e? "d:

Fourierbasedprojectorsuse discretizedversionsof (3.15) and (3.17), whereasspace-

basedorojectordiscretize(3.16).
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Figure3.2: Angularcoordinatesn fan-beangeometry

3.3.1 Fan-BeamTomography

As illustratedin gure 3.2, fan-beanraysareindexed by angularcoordinatey ; ),
where istheangleof thesourcerelativeto they axis,and istheangleof therayrelative
to the source.Fan-beantBP methodsexist only for specialdetectorcon gurations[18].
Herewe accommodateary setof samples ,, m = 1;:::;N , where = s=Dgy. We
assumedhat is sampleduniformly, i.e, = 2 NL; k=20;:::;N 1; althoughthis
couldberelaxed.

To developa Fourierbasedorojectorfor fan-beangeometriesye usethe well-known

relationbetweerparallel-beanandfan-beantoordinate$73]:

(3.18) r Dgosin

(3.19) I

whereD g is the sourceto rotation centerdistance|llustratedin gure 3.2. For typical
angularsampled g, thecorrespondingadialsamples, , DgSin , arespacedon-
uniformly. And when is sampleduniformly, for agiven ,, (or equivalentlyagivenr,),

thecorrespondingaluesof ' arealsoequallyspacedut shiftedby .



37

Effective detector
frequency response,

—

I'm

2
1D NUIFFTs 1D §hiﬁs s
NUFFT radially in ) 'A::HH', _
—— gH._‘y__lHﬁ =
1 3 4 p .AHV—"”_‘H

Projections
Image Data spectrum (Polar) fan -beam

Figure3.3: Basic stepsof NUFFT forward projectionin fan-beamCT. 1) 2D NUFFT of imageto obtain
polarspectrunsamples2) Multiply radially by thefrequeng responsef the effective detector
blur. 3) 1D NUFFTsalongradialdirectionr for each' . 4) 1D shiftsin ' usinginterpolation
with periodicendcondition.

3.3.2 NUFFT-BasedFan-BeamForward and Back Projectors

Figure3.3shavsthefour majorstepsof theproposedan-beanNUFFT-basedorward

projector Thesefour stepsaresummarizedext.

2D Non-Uniform Fast Fourier Transform

Steplin gure 3.3usesa2D NUFFT to evaluatea discretizedversionof (3.15). The
inputis N; N, samplesof theimage . Theoutputis polar coordinatesamplesof G,
thatareequally-spacedlong atlocationsfn g,forn=N;=2;:::;N;=2 1, where

is the samplespacingin . N; is choserbasedonthechoiceof = andthe extentof
the spectralsamples.In light of (3.19),we use' sampleghatmatchthe samplesj.e.

k=2

Stepl is identicalto the parallel-beantasethatis detailedin [34,41,42,64,65]. It
involvesthefollowing operations.

(i) Multiply the2D imagesamplesy a scalingfunctionthatprecompensatder imper
fectionsin the frequeng-domaininterpolator We useseparabldaiserBesselscaling
functionsfor simplicity [42].

(i) CalculateaK; K, point (oversampledD FFT of the scaleddiscreteimage.
Typically K1 = 2N; andK, = 2N,.

(i) Interpolateonto the desired,non-uniformly spacedfrequeng locationsfrom the
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J J nearesheighborsusingthe KaiserBesseinterpolatorthatminimizestheworst-
caseapproximatiorerror[47,72].
(iv) Multiply by the spectrunof theimage-domairbasisfunction (typically squarepix-
els).
By choosingsufcient oversamplingandsufciently larged J neighborhoodyery high

accuray is achieved[42,65].

Approximating Detector Response

In parallel-beantomograply, one can model shift-invariant detectorblur in the fre-
queny domainby multiplying theimagespectrumG. with thefrequeng responsef the
detectorblur [65]. In fan-beamomograply, detectoiblur effectsdependon the distances
betweereachimagepixel andthedetectorelementsandhencecannotbemodeledexactly
in the frequeny domain. For example,in the CT systemdescribedn Section4.5.4,the
effective detectomwidth variesfrom 0.22mmto 0.64mmovera40cm eld of view. For
simplicity, we approximatehe depth-dependemtetectorresponsdy the effective beam
width attherotationcenter calculatedby multiplying theactualdetectomwidth by theratio
of the source-to-isocentetistanceover the source-to-detectatistance.

Simulationsin Section4.5.4evaluatethe effectsof this shift-invariantapproximation.

The next two stepsin gure 3.3 alsodiffer betweenthe parallel-beanandfan-beam

geometries.
1D Non-Uniform IFFTs
Step3in gure 3.3evaluatesadiscretizedversionof (3.17).In the parallel-beantase,

asimplelD inverseFFT alongr for each  will sufce [65]. For thefan-beantasethe

desiredadialsamples ,, arespacedinequallyper(3.18).We discretizg(3.17)asfollows
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form=1;:::; M

i
(3.20) p,(rm) G.(n ) €& nm;
wherewe choose ﬁ to avoid aliasing.

Sincether,, valuesare spacedunequally whereashe , = n  valuesarespaced
equally we evaluate(3.20) for each  usinga 1D NUFFT with “frequeng” locations

2  ry[42].
1D Shifts Using FFT-BasedInter polations

After step3 in gure 3.3, we have projectiondatathatis non-uniformly spacedn r

shift (by ,, see(3.19))in the' directionis neededSinceprojectionsare2 periodicin
', Dirichlet-like “periodic sinc” interpolationis a naturalchoiceto “fractionally shift” the
resultingprojectiondatain the previousstepinto thedesired locations.WeuselD FFTs

for this nal step[44].

Symmetry Properties

Becauseheinputimage,g(x; y) is realin CT, its Fourier Transform,G; is Hermitian
symmetric. Thus,only half of the Fourier samplesnustbe calculatedn the 2D NUFFT

(stepl) andthe 1D NUFFT (step3). In particular we implement(3.17)asfollows:
8 ., 9
< XT =

(3.21) p.(rm) G (0)+ 2 real G.(n ) €& Mmoo

n=1 !

k

This approachreducescomputatiorandalsoensureshatthe projectionsareentirelyreal
valued. Theremay still be small negative valueseven if g is nonngative. For some

iterative algorithmsthesemay needbe setto zero.
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For further savings, we exploit the Radonsymmetryproperty:p ( r) = p (r). So
we only needto computethe polar frequeng sampledor 2 [0; ) insteadof [0;2 ) in

stepl shavnin gure 3.3.

Backprojection

Iterative algorithmsrequirerepeatedorward and back-projectionswherethe back-
projectoris theadjointoperatoiof theforwardprojector We implementtheback-projector
by “r eversing” (notinverting!) the linear stepsabove. This approachprovidesan exact

adjoint,sotheforward andbackprojectorsarematchederfectly

3.3.3 Theoretical Analysis of Operation Flops

NUFFT-based space-based
steps FFT interpolation|| (line integral)
2DNUFFT | 2NZlogN J°N N =4
IDNUFFTs | N N logN JIN N O(N N N)
1D shifts 2N logN

Table3.1: Floating-pointoperationgor NUFFT-basedandspace-baseirwardprojectors AssumedN N
imageandN; N .

Table 3.1 summarizegshe dominantoperationcountsfor the NUFFT-basedforward
projector The expressionsaarefor aN N imageanda N N sinogram.We use
aJ J neighborhoodf 2D DFT sampledor interpolationin the 2D NUFFT, andJ;
neighborsfor the 1D NUFFT. The 2D NUFFT computesN; N =4 polar frequeng
samples.

For comparisona line-lengthspace-basefbrward projectorrequiresO(N N N) op-
erationswherethe proportionalityconstantanbelargewhentheintersectiorlengthsare
computedonthe y (ratherthanprecomputedilueto theverylargeimagesizesin CT.

In the usual3rd-generatiorCT fan-beangeometrywhereN 2N andN 2N,

the overall computationfor the NUFFT-basedforward projectoris O(N 2logN ), akin to
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previous hierarchicaimethodq16], whereasnostspace-basefbrward projectorsrequire

O(N 3) operations.
3.4 Simulation and Real Data Results

We simulateda 3rd-generatiorfan-beamX-ray CT systemwith sinogramsize of ap-
proximately1:7N radial bins by 2N views over 360 . The sourceto detectordistance,
Dq, is about949mm, andthe rotationcenterto detectordistances about408nm. Thus
Ds = 541Imm. For example,whenN = 512 the correspondinginogramsizeis 888
samplesn , spacedy 4 0:06 and984sourcepositionsover 360, so4 0:37 .
A quarterdetectoroffsetis alsoincludedto reducealiasing. Exceptwherenotedbelow,
weuseN = 1:7N and = 1=FOV in (3.21).In all simulationswe usedShepp-Logn
digital phantomandassumanono-enegetic X-ray source.

The Fourierbasedmethodis implementedn Matlab (version7.0.4)usingdoublepre-
cision; the NUFFT spectralinterpolatoris an ANSI C MEX routine. The space-based
projectoris an ANSI C MEX routineusingsingleprecision.All projectorsareevaluated
onaDell 670ncomputemwith dualintel Xeon3:40GHz CPU.

Thespace-baseprojectorusedherewasdesignedriginally for coordinate-wisalgo-
rithms,e.g., [39]. It wasnotoptimizedfor ray-drivencalculationof theline-integralmodel

describedn Model 1 in section3.4.1.1ts primaryrole hereis for accurag comparisons.

3.4.1 Forward and Back-Projector asSingleModules

We evaluatedheNUFFT-basedan-beanforwardandback-projectorsisingtheShepp-
Logandigital phantom.The brain-size eld of view is approximately308nm, thuspixel

sizeis aboutO:6mmfor N = 512
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Forward Projector

We investigatedfour different scenariosjnvolving threedifferentanalyticalmodels.
All modelsusedthe analyticalformulafor thefan-beanprojectionsof ellipsesto provide
a“gold standard’referencesinogram.

Analytical model 1: line integral model.
Here we usedthe analyticalformula for the fan-beamline-integral projectionsof an
ellipse,sampledat the centerof eachdetectorelement.For the NUFFT approachwve
setthedetectoifrequeng responséo unity. For thespace-baseapproactwe seta;; to
theusuallengthof intersectiorof theith ray with thej th pixel. (Thiswasimplemented
by settingthe beam-widthin Model 2 below to zero, ratherthan by developing an
optimized ray-drivenline-integral algorithm.) This line-integral modelis oftenusedin
evaluatingforward projectors.
Analytical model 2: linear averaging model.
The line-integral modelis unrealisticsincedetectorshave nite width andthey aver
agethe incomingsignalacrossthat width. For Model 2, we generatedhe reference
sinogramby linearly averaging8 analyticalrayssampledacrossachdetectorelement.
This also accountsfor depth-dependerdetectorresponse.For the NUFFT method,
we accountedor the nite beamwidth approximatelyby usingthe beamwidth at the
centerof the eld of view. For the space-basedpproachye computeds; asthearea
of intersectionbetweenthe j th pixel andthe thin-wedgeconnectingthe point X-ray
sourcewith theith nite-width detector Thatspace-basechodelaccountdor distance
dependenbeam-widthbut increasegomputation.

Analytical model 3: nonlinear averaging model.

Due to the nonlinearityof Beers law, the linear averagingmodelis imperfect. For

Model 3, insteadof linearly averagingthe 8 analytically computedline integrals per
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analyticalmodels Model 1 Model 2 Model 3a Model 3b
discretizednodels || space| NUFFT | space| NUFFT || space| NUFFT || space| NUFFT
max% error 7:03 6:13 2:31 2:15 2:91 271 2:64 2:67
"1 % error 0:13 0:10 0:.07 0:08 0:07 0:08 0:.07 0:09
% nrmserror 0:28 0:25 0:16 0:16 0:17 0:17 0:16 0:16

Table3.2: Space-basednd NUFFT-basedforward projectorsof 512 512 imagecomparedo exact an-
alytical projectionsfor threedifferentanalyticalmodels. Model 1: analytical,space-basednd
NUFFT-basedmethodsall useline integrals. Model 2: analytical methodlinearly average8
rays acrossone detectorelement;space-basethethodusesthe thin-wedgebeamand NUFFT-
basedmethodapproximateshe beamwidth at the rotationcenter Model 3a: analyticalmethod
nonlinearlyaverage8 raysacrossonedetectorelementoeforetaking the logarithm; space-based
methodusesthin-wedgebeam;NUFFT-basedmethodusesthe beamwidth at the rotationcen-
ter. Model 3b: As in Model 3a except NUFFT and space-basetoth usemulti-line nonlinear
averaging.

detectorelementusedin Model 2, we formedthe referencesinogramby computing
the negative logarithm of the averageof the exponentialsof the negativesof theseray
valuesmultiplied by 0.02/mm. This nonlinearaveragingintroducesthe “exponential
edgegradienteffect” thatoccursin practice[51].

For this referencesinogram,we comparedwo differentapproacheso pixelizedfor-
ward projectors. For Model 3a we usedthe sameNUFFT and space-basetbrward
projectorsdescribedinderModel 2. Thoseprojectorsuselinearaveragingsoincreased
errorsareexpected.For Model 3b we usedover-sampledversionsof the line-integral
modelsdescribedunderModel 1 andnonlinearlyaveragedhe resultingline integrals
over eachdetectorelement.Theseover-samplingapproachesequiremuchmorecom-
putationthanmaybepracticalfor routineuse but bettermatchthenonlinearlyaveraged

analyticalsinogram.In this model,all of the methodsaccountfor distance-dependent

beamwidth.

For all of theabove scenariosywe computedhenormalizednaximumerror, %d“y)”)
] |

ka Yj kp .

ka kp !

andthenormalized , error, speci cally the normalizedabsoluteerror (", error)
andthe normalizedroot meansquare(NRMS) error. For 1D and 2D NUFFT, we used

FFT oversamplingactorK =N = 2 andthenumberof neighborsamples) = 5. Table3.2
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Shepp-Logan 11  Space-based 300 NUFFT(J=5) 300

range [0.0 2.0] 09 CPu=1202s 0 cpu=2.1s 50
' range [0.0 303.5] range [-0.6 303.5]
Analytical 300 space |error| 1 NUFFT |error| 1
range [0.0 303.0] 50 2.31% max; 2.15% max;
0.16% nrms 0.16% nrms
range [0 7.01] range [4.32e-08 6.52]

Figure3.4: Simulationresultsfor forward projectorsof imagesize512 512in Model 2: sinogramsizeof
888binshy 984 views. Thegray-scalagangesverechoserto shav details. The exactrangeare
shown below eachFigure.

summarizeghe comparisonainderthesethreedifferent models. The space-basednd
NUFFT-basedorward projectorsperformsimilarly for all situationsdespitethe approxi-
mateddetectoresponsenodel.

We alsoperformedheforwardprojectiononvariousimagesizesN = 128 256 384 512
and1024 gure 3.4shavstheprojectionsof animageof size512 in Model 2. Thesino-
gramsarevisually indistinguishableTheaccurag of theNUFFT-basednethods compa-
rablewith the space-basemhethod while the computatiortime (usingMatlab cputime
command)s about57 timesfaster This acceleratiorfactordoesnot equalto % dueto
otherconstants.

Table3.3furthercompareshe computatiortimesandaccuracie$or imagesof various

sizes.To furtherdemonstratéhe computatioref ciency, we alsoincludethe performance
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Imagesize CPUtime (in seconds) max% error % nrmserror
Space NUFFT | DD Space | NUFFT | DD Space | NUFFT | DD
(line) | (beam) (beam) (beam)
128 1.7 1.9 01 01 3:57 3:82 | 358 0:64 0:63 | 0:61
256 135 15:2 0:5 0:7 3:05 376 | 3:05 0:31 0:31 | 0:30
384 454 50:9 1.2 2:1 2:34 2:97 2:34 0:21 0:21 0:20
512 1069 | 1202 21 5:0 2:31 2:15 2:31 0:16 0:16 0:15
1024 8525 | 9563 8:6 392 1:53 1:58 1:53 0:08 0:08 | 0:07

Table3.3: _Com_parisor_of space-basedyUFFT-basedanddistance-dsien (DD) forward projectorsfor var-
lousimagesizes.

of thefastdistance-drien (DD) projectorproposedecentlyby De Man etal. [24], which

is a O(N ®) method,implementecasa C MEX interfaceto C++ codeprovided by those

authors. The computationtime of the NUFFT-basedforward projectoris comparablgo

thedistance-duenforward projectorfor smallimagesandis about2 to 4 timesfasterfor

larger images. The bene ts of a O(N?logN) methodimprovesasN increaseshut in

practice the preferredmethodwill dependon hardwareconsideration$ik e pipelining.

12 T
o-KIN=15
——K/N=2
1ol ---KIN=3
S
5 4
X
max % error
% normalized RMS
5 6 7 8 9
neighborhood J

Figure3.5: Trade-of betweerNUFFT-basedorward projectoraccurag andoversamplingactork =N and
neighborhood J for 512 image.

Figure 3.5 shawvs the accurag asa function of the oversamplingfactorK =N andthe

neighborhoodizeJ. This plot suggestshatJ = 4 would be adequate.However, this
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plot shavs only theaccurag in the sinogramdomain.In theimagedomain,someringing
artifactsappearedn the NUFFT imagefor J = 4, suggestinghatthe sinogramdomain
doesnotadequatelyevealhighfrequenciesThereforen all subsequentesults we chose

J=05
Back-Projector

To evaluatetheback-projectgrwe processethesinogramobtainedrom theanalytical
projectionswith the rst two stepsin the fan-beanFBP method. Sincethereis no easy
way to calculatethe exactback-projectiongnalytically herewe appliedonly space-based
andNUFFT-basednethodgo this processedinogram.

In resultsnot shavn, the computationef ciencies and accuraciesvere very similar
to thosein Table 3.3, asis expectedbecausehe back-projectoris the exact adjoint of
the forward projector For a 512 image,the back-projectiortimesfor the space-based,

NUFFT andDD methodsvere2452, 2:4 and5:1 secondstespectrely.

3.4.2 Forward and Back-Projectorswithin Iterati ve Reconstruction

Becausevensmallapproximatiorerrorsmight accumulateafter mary iterationsiit is
necessaryo evaluatethe accurag of the NUFFT-basedorojectorsn iterative reconstruc-

tion methods.

Simulation Study

We usedtheanalyticalmethodmentionedunder‘Model 2” in section3.4.1to simulate
anoiselessinogramy from a Shepp-Logn phantom.The sinogramsizewas888radial
bins by 984 views over 360 . We ran 200 iterationsof the conjugate gradientalgorithm,

initialized with x = 0, for the following penalizedweightedleast-squaresostfunction
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with a quadratiacoughnespenalty(QPWLS-CG)

W
(3.22) ( x)

Wit AX1)P+ RK)

}'61

(3.23) R(x) ([CxI);

k
wherey; is thenegative log of themeasuredinogramy; s arestatisticalweightingfactors,
A isthesystemmatrix, C is adifferencingmatrixand (t) is thepotentialfunction. Here
(t) = t2=2, aquadratigpenalty For this simulation,we usedw; = exp( [AX ];) where
is a scalingfactorchosento setthe maximumvalueof [Ax ]; to about5. We chose
= 28 for this simulation.Evaluatingthe PSFusingthe approximationslescribedn [40]
shaws thatthe FWHM is about2.1 pixels,i.e., 1:3mm, for this valueof . We usedthe
modi ed quadraticoughnespenaltyin [40] to obtainapproximatelyuniform resolution.
We ranQPWLS-CGusingthedistance-drien,space-baseandNUFFT-basedorward
andbackprojectorgespectrely. Here,weusedN = 1332in (3.21).
Figure3.6shavsthatthereconstructedmagesarevisually indistinguishablevenwith
a 200HU window. Figure 3.7 shaws the pro les throughthe region of interestcontain-
ing the smallfeaturesn lower partof the phantom.The max percendifferencebetween
NUFFT-basedand space-basednd distance-duen methodsis lessthan 1:4% and nor-
malizedRMS is about0:3%. This differenceis muchsmallerthanthe 3:7% NRMS error
of the PWLS estimategshemseles (comparedo the true object). The NUFFT method
exhibits oscillationsof about1HU in this region. This couldbereducedy increasing\
atthe price of increaseccomputation.The computatiortime is reducedby a factorof 80
for the NUFFT approachcomparedo the space-basethethodanda factor of 2 for the

NUFFT approaclcomparedo the distance-dien method.



48

Space based NUFFT DD
P 1.1
0.9
% nrms error 3.74% % nrms error 3.66% % nrms error 3.71%
NUFFT DD NUFFT Space DD Space
| | | pace| | pace| 0.025
max % diff 1.39% max % diff 1.36% max % diff 1.10% 0

% nrms diff 0.20%

Figure3.6: QPWLS-CGreconstruction(200 iterations)for Shepp-Logn phantomwith projectorsfrom

% nrms diff 0.24%

Model 2: noiselesslata,squarepixels.

% nrms diff 0.13%

1.032

DD

NUFFT
— — — space based

1.03

1.028

1.026

1.024

1.022

1.02

1.018

1 1 1 1 1 1 1 1 1 1
200 210 220 230 240 250 260 270 280 290

Figure3.7: Horizontal pro les throughregion of interestof the reconstructedmagesof distance-dren,
space-basedndNUFFT-basednethodsatthe 200thiteration.
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Real X-Ray CT Data

Wefurthertestedhe NUFFT approaclhwithin iterative reconstructiomsingreal(noisy)
CT data. Transmissiordatafrom a humanshoulderphantomwere acquiredon a GE
Lightspeedscanner The eld of view is 500mm, thuspixel sizeis about1:0mm. Other
parameterssuchasDgy, Dgo andthe detectoroffset areasthe sameasthoseusedin the
previous noiselesglatasimulation. Theinitial imageis theramp- Itered FBPimagewith
median Itering usinga 3-by-3 neighborhood.

We ran60 iterationsof conjugategradientalgorithmfor aPWLScostfunction(PWLS-
CG) [37]. We again usethe expressionn (3.22)and(3.23)exceptherewe usedanedge-
preservind'hyperbola”penaltyfunction:

2

(3.24) (t) = 5('O 1+ 3(= )2 1)

The regularizationparametersvere = 10(HU and = 2° which gives FWHM 1.7
pixels,i.e., aboutl:6mm. We alsousedthe modi ed penaltydescribedn [40]. We chose
w; to correspondo the 2nd derivative of thetransmissiorPoissoriog-likelihood[81].

Figure 3.8 shaws the resultsof iterative reconstructioron real datawith space-based
andNUFFT-basedorojectorsrespectrely, usinga standardlisplaywindow width of 400
Houns eld units (HU). The reconstructedmagesfrom the reconstructiormethodswith
space-basednd NUFFT-basedprojectorsare again visually indistinguishablewith the
max differencelessthan3:4% (178.3HU) andnormalizedrmsaroundl1:0%. Thelargest
differencesvereatthe edgesf the FOV.

This chapterhaspresentec& NUFFT-basedprojectionmethodfor fan-beanmtomogra-
phy. This framework is an extensionof parallel-beanNUFFT-basedprojectors.Our re-
sultsshav thatthe min-maxNUFFT approactprovidesan accurateandef cient method

for fan-beanforward andback-projectionSoftwareis availableonline[36].
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space based 1200 NUFFT based 1200
cpu =20394.4 s 800 cpu=315.6s 800
range[ 191.3 5244.3] range[ 154.6 5073.9]
sinogram
415340 INUFFT space| 50
max diff 3.4% 0
1640 nrms 0.95%

Figure3.8: PWLS-PCGreconstructior(60 iterations)for real X-ray CT fan-bearnsinogramdatawith pro-
jectorsfrom Model 2.

The NUFFT-basedforward and back-projectorsvith min-max interpolationkernels
areef cient computationalljcomparedo space-baseahethodsandarereasonablyccu-
rate. As expectedthe computatioradvantageincreasesvith larger datasize (Table3.3).
The approximatiorerror remainslow even after mary iterations. We have proposedhis
NUFFT approachfor iteratve fan-beamreconstruction. It is unclearhow the NUFFT
methodcould be useddirectly for fan-beantBP sincethatapproaclrequiresa weighted
backprojection.However, onecould rst rebinfrom fan-beanto parallel-beanraysand

thenapplyanNUFFT-typemethod.
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3.5 Conclusionand Discussion

We have usedanNUFFT methodthatworksgenerallyfor arbitraryfan-beansampling
patterns Furtheracceleratioomaybe possibleif oneusesaspeci ¢ 2D NUFFT approach
thatis tailoredto the polar samplingpatternrequiredfor the Radontransform,e.g., [11].
Many suchmethodshave beenproposedor directFourierreconstructione.g., [13,17,59,
74,96]. Presumablysomeof thesemethodscould be adaptedo iterative reconstruction,
for both parallel-beanandfan-beangeometriesThe methodalsocanbe extendedo the
helicalcone-beangeometry

However this methodis poorly suitedfor “ordered-subsetsalgorithmssinceit must
computean oversample®D FFT evenif only a few projectonviews are needed. This
propertylimits its applicationto algorithmswhereordered-subsetsenot needed Exist-

ing O(N2logN) methodsalsohave this limitation [99].



CHAPTER 4

Analytical NoiseAnalysisfor Fan-BeamTransmissionTomography
with Quadratic Regularization ?

Statisticalimage reconstructiormethodsoffer improved resolutionand noise trade-
off over corventionalreconstructiormethodssuchas FBP. However, iteratve methods
basedn maximume-likelihoodcriteriaoftenleadto very noisyreconstructedmagesupon
corvergence.Thereareseveralwaysto reducegheundesirabl@oise:stoppingtheiteration
long beforeconvergence, post- Itering the convergentimages,or including a roughness
penaltytermin the objective function. The latteris referredto as penalized-likelihood
(PL) criteria. Our primaryinterestis penalized-lilelihoodimagereconstruction.

Accuratepredictionsof image variancescan be useful for reconstructioralgorithm
analysisandfor the designof regularizationmethods.Computingthe predictedvariance
at every pixel usingmatrix-basedpproximationg32] is impractical. Evenmostrecently
adoptedmethodgthat arebasedon local discreteFourier approximationsareimpractical
sincethey wouldrequireaforwardandback-projectiorandtwo FFT calculationdor every
pixel, particularlyfor shift-variantsystemdik e fan-beantomograpl.

This chapterdescribemew “analytical” approacheto predictingtheapproximatevari-

ancemapsof 2D imagesthat are reconstructedy penalized-likelihood estimationwith

1This chapteiis basedn materialfrom [107].

52
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guadraticregularizationin fan-beangeometries The simplestof the proposecanalytical
approacheeequirescomputatiorequialentto oneback-projectiorandsomesummations,
soit is computationallypracticalevenfor the datasizesin X-ray CT. Simulationresults
shaw thatit givesaccuratepredictionsof the variancemaps.The parallel-beangeometry
is a simple specialcaseof the fan-beamanalysis. The analysisis alsoapplicableto 2D
PET

We startwith a brief review on the matrix approximationproposedn [32] andthen
presentan analyticalvariancepredictionmethodthatcanbe appliedto any 2D tomogra-
phy. Insteadof working in thediscretespacewe usethediscretespaceouriertransform
(DSFT)andParseal's theoremto bridgefrom the discretespaceto the continuousspace
Usinglocal shift-invarianceapproximationgndlocal Fourieranalysiswe derie “analyt-
ical” closed-formexpressiongor thelocalimpulserespons@ndlocal frequeng response
of the Gramoperatorandthe regularizationoperator The nal approximationgliminate
the needof FFTsfor variancepredictions greatlyreducingcomputatiorfor casesvhere
thevariances to be predictedatnumerougixel locations.Furthermoretheseapproxima-

tionsprovide insightinto theresolutionandnoisepropertieof thereconstructedmages.

4.1 Review of Existing NoiseAnalysis Methods

Statisticaimagereconstructioomethodsareusuallynonlinearandshift-variant. To an-
alyzethestatisticalcharacteristicsf thereconstructednagespnewouldliketo beableto
predictthe variancesandcovariancef estimatecpixel values.Thevarianceinformation
providesanuncertaintymeasuref thereconstructedmageandmayaidregularizationpa-
rameterselection.Theexisting noiseanalysisnethodsanbedividedinto two catejories:
iterationbasedandestimatoibased.Theiteration-basedariancepredictionsarestudiedn

e.g, [15,98] asafunctionof theiterationnumberfor the maximum-likelihoodexpectation
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maximizationalgorithm basedon the “stoppingrule” to terminatethe iterationsbefore
convergence. The estimatotbasedvariancepredictionsare independenbdf the particu-
lar algorithmanditerations[32,78,91]. Our proposednethodfallsin theestimatotbased
cataeyory. In thissectionwe give abrief overview ontheexisting estimatotbasednethods
andour proposednethod.

The estimatotbasedanalysisfor the meanandvarianceproposedn [32] usesthe par
tial derivativesof the costfunction and Taylor approximations.The approximationsare
in matrix form andgive accurateesults. However, the predictionsinvolve the inversion
of the Hessiarmatricesandthereforearecomputationallyexpensve. Basedon this work,
a greatdealof effort hasbeengivento simplify thesematrix methodq78,91]. All these
methodsthatwe referto asthe DFT approximationsare basedon a factorizationof the
systemmatrix and circulantapproximationgo the Hessianmatricesto precomputeand
storea greatportion of the calculations.The factorizationof the systemmatrix into ge-
ometric and object-dependemortionsis speciallyuseful for the shift-varying imaging
systems. However, theseDFT approximationsstill requirein precomputatiorone for-
ward and backprojectiorandtwo FFT calculations,onefor likelihood Hessianand one
for penaltyHessianfor eachlocationof interest.Moreover, theseexpressionsarestill in
matrix form andprovide little directinsightinto the noiseproperties.

Becauseour analysisis built on the previous work [32], we brie y repeatits main
resultshere. The goal of transmissiorimagereconstructions to estimatean attenuation
image [R] from projectiondataY , wheref is a vector denotingthe 2D image pixel
location.We focushereon penalized-lilkelihoodestimatorsbtainedoy minimizing a cost
functionasfollows:

AN=argmin ( ;Y);
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anegative log-likelihoodtermanda regularizationterm:
(4.1) ( ;5Y)= LC:Y)+ R(C);

where is a globalregularizationparametercontrolling the trade-of betweenthe reso-
lution andnoise. As a concreteexample,for transmissiotomograply underthe Poisson
noisemodel,thelog-likelihoodis
X
(4.2) LC ;Y)= Yilog Yi( ) Yi():
i

For mono-enggetictransmissiorscansthe measuremenheansaremodeledoy
(4.3) Yi( )=he® I+

whereA is the systemmatrix, lj denoteghe blankscan,andr; denoteghe additve con-
tribution of scatterto theith ray.
We focuson regularizationtermsof the following form:

X4
(4.4) R( )

Ri( )

=
X
(4.5) Ri()

AR (IR mD)

AR m2S
whereS , fn; : ] = 1,:::;pg denoteshe subsetof theN M lattice thatis esti-
matedandm, 2 f(1;0); (0;1); (1;1); ( 1;1)g. Theroughnespenalty(4.4)involvesthe
horizontal,vertical, anddiagonalneighborsandallows for the possibility of usingregu-
larizationcoefcients f r|[r]g thatvary bothwith spatiallocationanddirection[35,84]. In
generall p NM andp < NM becausehephysical eld of view (FOV) is asubset
of thelattice (seeFigure4.1).

The goal of this work is to approximatehe covariancematrix Covf *g efciently yet

accurately motivatedby the problemof designingthe regularizerR( ). The proposed



56

(0,0) (N 10
A1 A2
3 Ay fis g
n7 Ag Rg R10
A11 | P12
oM 1) (N LM 1)

Figured.1:AN M latticewith approximatelycircular FOV. Only the pixelswith indicesareestimated.
In thisexample,p = jSj = 12

predictionmethodscanbe generalizedo otherlog-likelihoodtermsincluding 2D emis-
siontomograply by modifying W in (4.7) belon. An accurateestimationof the Fisher
informationmatrix in emissiontomograply is essentia[61].

Thefollowing approximatiorto thep p covariancematrix of * wasderivedin [32]:
(4.6) K =(AWA+ R)!A°CofYigAAWA+ R) L

whereR is the Hessiamrmatrix of theroughnespenalty Usually W diag Y; based
on models(4.1) and (4.2). The weightingmatrix W dependson the costfunction we
usein imagereconstructiorandthe diagonalcovariancematrix of measuremeniSov Y;g
dependsn the statisticalmodel. This generalform of covariancematrix approximation
(4.6) is accuratefor ary costfunctionsusedin imagereconstructionsprovided that the
measurementsecond-ordemomentsanbeaccuratelyestimated.

For transmissiomomograply with thesimplePoissorstatisticamodel(4.3),Cov Y;g =

diag Y; . Theapproximation4.6)becomes

(4.7) K=AWA+ R)'AWAMAWA+ R) %
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In practiceY; is unknavn, sowe plugin Y; asanapproximatiori33]. Althoughwe focus
on (4.7) hereafterthe analysisgeneralizegasilyto more complicatedstatisticalmodels
andlog-likelihoods,using (4.6). The covariancebetweenpixels *[f] and *[r;] canbe

approximatedising(4.7) asfollows:
(4.8) CoM \[| ] \[Rlg &K e;

wheree; denotedhej th unit columnvectorof lengthp.

The matrix methoddescribedin (4.7) and (4.8) has beenusedin various applica-
tions[75,91]. Simulationandexperimentalresultshave con rmed the accurag of this
covarianceapproximationin imageregionswherethe non-ngativity constraints usually
inactve. However, evaluating(4.8) is relatively expensve. In this chapteywe introduce
“continuousspaceanalysis”’and use“local stationarity”to develop fastapproximations

for thevarianceandcovarianceof thereconstructedmage”[r].

4.2 Local Shift-Invariance Approximations

Thematrix methoddescribedn (4.7)and(4.8)is very expensve to compute gvenfor
the varianceat a single pixel. To accelerateomputationjocal shift-invarianceapproxi-
mationsareusuallyusedin practice(e.g., [54,75,78,79,91]). Figure4.2demonstratethe
ideabehindlocal shift-invarianceapproximationsWhentwo pixelsaresufciently close
to eachother the local impulseresponsest thesepixels aresimilar. We statethis idea
mathematicallyn thefollowing context.

LetM denoteoneof thep p matricesin (4.7),suchasA% A or R, orinversesor

sumsthereof. Thena matrix-vectoroperatiory = M x canbeexpresseaquvalentlyas

X
s[A]  h(r;RYx[RY
023

s[A]  h(r;R9 x[r9 s[AY;

/O

y[n]

(4.9)
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x 10° Local impulse responses of AWA at various locations

2!5 T T T T T
impulse images with mask —(0,0)
---(3D0)
| - -(27D0)

15F

0.5r

0 ; 1 - h
300 200 100 0 100 200 300

LIR at (0.0) LIR at (3D0) LIR at (27 D0)

Figure4.2: Local impulse responsegLIR) of A° W A at three different pixels: (0;0), (3 ;0) and
( 27 ;0). Thecontoursshavn areat95% 75% 50% 30% 15%of LIR maximum.

where s[f] is anindicatorfunctionof 1 de ned asfollows:
8

21,  n2s
(4.10) s[Al,
0; otherwise.
In otherwords,theelementf M correspondo My; = h(fg; R;):

Neara givenlocationfg of interest,we de ne alocal impulseresponsef M asfol-

lows?:
ho(m) , h(Ro+ m;Re (1 )m)
(4.11) slfo+ mM] s[Ro (1 )m];
wherem 2 Z2, Z denotesthe setof integers. Usually we choose = 1. However,

sometimegve canapproximaten evenfor non-intggerargumentsjn whichcase = 1=2

mayalsobeuseful[14, p. 870].

2Throughouthe papenwe usethe subscript‘0” to indicatedependencen a givenpixel locationf.
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We saythath(r; /9 is locally shiftinvariantnearng if h(r;/9  ho(r 19 fora and
nYcloseto /. The approximationshouldbe accurateorovidedn ands®are“suf ciently
close”to fg relative to thewidth of hy. Thus,if the operatorM is approximatelylocally
shiftinvariantnearny, thenwe canapproximatehe superpositiorsum(4.9) by (almost)a
convolution sum:

X
(4.12) y[Rl  s[Al  ho(R  R)x[RT s[AY;

O
orequivalentlyy M ox,wherethep pmatrixM isde nedby[M ol = ho(Rk 1)
Theexpression4.12)is almosta corvolution sum,exceptfor the“edgeconditions”of the
indicator functions. If the point rq is not “too close” to the boundariesof the support
maskS, thenwe may ableto disregardthe indicatorfunctionsandtreatthe expressioras
acorvolution.

LetT betheNM p matrixsuchthat
8
S 1; f; = (n;m)
T 14n+mn i =
-0 otherwise,

forn=0;:::N landm=0;:::M 1 Thepurposeof T istoembedhep elements
of (asshownin gure 4.1)backtothe2DN M lattice. ThenM o = TM (T, where
(M g)n:ro = ho(R Y isanNM N M matrixthatis block Toeplitzwith Toeplitzblocks

(BTTB. Thuswe canmake acirculantapproximatiorto M o, ([20]). Suchapproximations
are often reasonablyaccurateexcept nearthe edgesof the FOV, wherethe differences
betweerToeplitz” and“circulant” endconditionsarelargest. Thelocal impulseresponse

(4.11)andthecorrespondingirculantapproximatioraretwo key toolsfor analysis.
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4.3 Variance Predictionsfor Fan-BeamTomography

In the spirit of the local shift-invarianceapproximationgresentedn Section4.2, we

approximatehe covariancematrixin (4.7) neara givenlocationng by

K Ko, TK T

Ko, (Fo+ Rg) 'Fo(Fo+ Ro) %

whereF, andR, aretheNM  NM BTTB approximationsorrespondingo AW A
andR, respectiely. Thenwe approximatethe covariancebetweerpixels ~[r] and A [rY

in (4.8) by thefollowing innerproduct:
(4.13) Covf M[R]; MRYg MK geno; eni;

wheree, is fath unit vectorof lengthN M .

Two usefulapproximationgo (4.13)follow from Parseval's theorem.Oneoptionis to
interpretthe agumentsn (4.12)with a suitablemoduloN or M. In this case theinner
productde nedin (4.13)is in theform of circulantconvolution andcanbe approximated

by FFTs:

1 X1

NM
k=0

(4.14) Cowv ~[r]; ~[RYg Pgo[R] €t ") -

forn;R®  Rg, whereN = (N; M), +, = (2 k;=N;2 k=M ) and

olR] .
( oRl+  olR]?’

PaolK]
with

Fo Q oQ°
Ro Q Q%
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whereQ is the2D (N; M )-pointorthonormaDFT matrix. Thediagonalmatrices o and
o have diagonalelements ([K] and o[K] thatarethe 2D DFT coefcients of thelocal
impulseresponsef AW A andR nearny, respectiely. This DFT/FFT approximation

hasbeenusedin [37,78,90] to predictvarianceat a singlepixel:

Varf M[Rolg K 0€x; €gi

1 X+ olK]

@19 NM  (oRl+  oRD?

Generally evaluatingthis expressiorfor a singlepixel requiresaforwardandbackprojec-
tion andtwo FFTs.Computatiorof this DFT approximationis still expensve for realistic
imagesizeswhenthe variancemustbe computedfor mary or all pixels, particularlyfor
shift-variantsystemgik e fan-beantomograpy.

An alternatie optionis to consider [r] to be de ned over all of Z? (two-dimensional
integer space),in which case(4.13)is in the form of ordinary convolution that canbe

expressedisingthediscrete-spacBouriertransform(DSFT) asfollows:

z z "
(4.16) Cov "[r]; "[%g Pgo(-) &t (@ 7

wherePgo(*) is thelocal spectrunof K o, givenasfollows:

Hao(+) .
[Hoo(*) +  Rao(F)1?

(4.17) Pao(+)

whereH 4o(*) is thelocal frequeny responsef the Grammatrix AW A andRgo(*) is
the local frequeng responsef R nearng. To our knowledge,this paperis the rst to
use(4.16)to developanalyticalvarianceapproximationssa fasteralternatve to the DFT
approach(4.15).

For regularizerdesign,the standarddeviation map of the reconstructedmageis one
guantity of interest,and our numericalinvestigation will focus on varianceprediction.

However, the methodologyappliesreadilyto approximatecovariances.
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Using the DSFT approximation(4.16), we approximatethe varianceat pixel Ry as

follows:

d~
Let denotethesamplespacingn thereconstructetmage.By makingthe changeof
variable,~ = (2 ) e wheree , (cos ;sin) , werewrite (4.18)in termsof polar

frequeng coordinateg ; ) asfollows:

VAPYANNNS
(4.19) Varf A[Rolg 2 Po(; ) dd ;
0 0
where mad) = s maxioes T g @Ndwede ne
Ho ;
(4.20) Po; ) P €)= ol )

THG ) *+ R 2

We de ned Hy andRg similarly in termsof Hy andRgyo. The varianceprediction(4.19)
appliesto ary 2D geometrywith appropriatelocal frequeng responseddy(; ) and
Ro(; ) . We will specialize(4.19) by nding Ho(; ) for fan-beamgeometryand

Ro(; ) for quadraticegularization.

4.4 “Pure” Analytical Variance Predictions for Ideal Fan-Beam To-
mography

We rst preseni “pure” analyticalanalysisin continuousspaceor anidealfan-beam
scannethathasin nitesimal beamsandzero-widthdetectors.n thisideal case the sys-
temoperatorA is thecontinuousounterparof thesystemmatrix A in (2.11)andis same
asthefan-beanprojectionoperatorP .

Theresultdevelopedunderthis idealizedsituationis not practicalbut senedasa nat-
ural startingpoint of andprovides rst intuition on the noisepropertiesof the fan-beam

tomograpy.
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4.4.1 Local FrequencyResponseof The Gram Operator

ThelinearoperatorA transformsasignalf (x;y) in imagespacento a signalp(s; )
in fan-beanprojectionspace:
YA 1
p(s; ), (Af)(s; )= f(x;y) (xcos' (s; )+ysin' (s; ) r(s))dxdy:

1

Theusualinnerproductfor fan-beanprojectionspaces givenasthefollowing:

Smax max

(4.21) hp1; pai = pi(s; ) p2(s; )dsd ;

Smax 0

wherep;(s; ) andpy(s; ) aretwo signalsin fan-beamprojectionspace. This is the
naturalinnerproductwhenconsideringheusualcaseof sampleshatareequally-spaceth
thearclengths andin sourceangle for equiangulacase.The parallel-anrelationships
aregivenin (3.18)and(3.19). For corvenience we repeatthe resultsherewith slightly

differentnotations:

(4.22) r(s) Dgosin (S)

(4.23) (s )

+ (s);

whereD g isthesourcdo rotationcenterdistanceand (s) istheangleof therayrelatveto
thesource. (s) = s=Dgq for equiangulacaseand (s) = arctan(s=Dsg) for equidistant
case We considerequiangulacaseonly here.

For theinnerproduct(4.21),theadjointof P is givenby

Smax max

(P p(xy) = (xcos' (s; )+ysin' (s; ) r(s)) p(s; )dsd :

Smax O

To analyzeheimpulseresponsef theGramoperato W P ; considermnimpulseobject

oXy)= (X Xo;¥ Vo) asfollows:

h(x; y; Xo; Yo) = (P ;VP 0) (X;y)
= eos (s )tysin' (s ) r(s)

0 Smax

(4.24) (Xocos' (s; )+VYosin' (s; ) r(s))w(s; )dsd
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We assumehereafterthat w(s; ) is chosensuchthatw(s; ) = 0when > ..
Thuswe canassume ,x = 2 for the analysis,yet the resultsare still applicableto
“short” scansprovided w(s; ) is chosenappropriately For corvenience,we express
the point (Xo; Yo) in polar coordinategro;"' o). Now make the changeof variablesr® =

Dgsin (s); ' °= + (s);theimpulseresponsén (4.24)becomes
Z,Z,
h(X; ¥: Xo: o) = (xcos ®+ysin ® 19 (rocos(® o) r9

0 I'max

wis(r9; (%' %) J(r9drld °
Z 2

= (xcos %+ysin' © rYw(ro( %' 9I(ro" 9) Liro¢ 9j rmaod
0

wherelJ (r) is the determinanbf the Jacobiammatrix of transformingfrom the fan-beam

coordinatedo parallel-beantoordinatesandw(r;' ) is rebinnedw(s; ) in parallelcoor

dinates:
J(r) = ﬁiw
w(r') = w(s(r); (r;"))
ro(') = rocog’ ° o)
s(9) = Dgarcsin rO(;?
(4.25) © = "9 arcsin L3

sO
Wefocusonlocationswithin the eld of view (FOV) whererg  rmax , DsoSiN (Smax)-
In the spirit of local shiftinvariancex Xp+ rcos andy Yo+ rsin' . Considerthe
following localimpulseresponse:

ho(r;" ), h(xo+ rcos; yo+ rsin'; Xo;Yo)
Z 2
(reos( " wiro(" 9;' 93(ro( Y d °

0

= ow(ro( 9 03(oC )+ w(rol % 93 )

jl’j 0:'*'2 =" 2

(4.26)
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Thus,for thefan-beantasethe localimpulseresponsef the Gramoperatolis
1

(4.27) ho(r;" ) = J.TJ.Wo(' + =2);

wherethe angulardependeniveightingis

(428)  wo('), W(ro( 9" 93(roC )+ wire(’ %" 9I(ro( )

Thelocal impulseresponséig(r;' ) is in form of % thatdecaysapidly with theincrease
of thedistancea with respecto thelocation(Xo; Yo).
We canobtainthelocalfrequeng responsef the Gramoperatotby takinglocal Fourier

transformof ho(r;" ) in (4.27):

z z,
Ho(; ) = h()(l';I )e 21 co’ ) Jr] drd'
z ! Z,
= w( + =) (cos( ) d
0 7 1
= wo('9 (sin(° ) d°
1) o
wo( )

(4.29) ==’

wherewy() is alocation-dependerangularnweightingfunction.

4.4.2 Local FrequencyResponseof Quadratic Regularization Operator

Analogousto the discrete-spaceegularization(4.4) in Section4.1, naturalapproaches
to quantify the continuous-spaceughnessnvolve the dervativesof theimage (x;y).

De ne D . to bethedifferentiationoperatoralongdirection[cos - sin -]":

(D )xy) =P cos \@@+ sin @@ (X y);

wherer,.q is auserdesignedveightalongdirection[cos - sin -1". Usuallym = 1or2.

For theusuallL , normwe have
Z7 m 2

kD . K= Prs cos - — + sin - dx dy;

®le
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Thesenorms quantify the roughnesf . (To usesuchsemi-normswe must restrict
attentionto the subspacef functionswith squareintegrablederivatives.) We canwrite

this differentiationoperatorin frequeny domain:
D . =F,D Pro2 ucos -+ {2 vsin )™ F,
=F,'D ({2 )mp Mo(cos cos -+sin sin )™ F,
(4.30) =F,'D (2 )Prgcod( ) Fy;

where(u = cos ;v = sin) denoteghefrequeny domainCartesiancoordinates.

Theadjointoperatorof D . canbeeasilyobtainedfor the usualinnerproductin L »(R?):
(4.31) D =F,'D ( 2 )"Prgco( ) Fa
We canshav from (4.30)and(4.31)that

D D .=F,'D (2 )™ rcos™( ) Fo

Thenwe de ne thefollowing regularizationoperator:

hS
R, (D D .)=F,'Re(; ) Fy

1

wherethefrequeng responsef R is separabléen and

S
(4.32) Ro(; ) =(2 )™  recos™( D=2 )MRe() ;
=1

with angulardependentegularization

X
(4.33) Ro() . F1,0cOS™( )
=1

Considerthe usualquadraticregularizationdesignwherem = 1 for the rst-order

derivatives:R(; ) = Cr(2 )2R;j() :Thevarianceapproximatiorbecomes
Z2% () =
R SR CADETC
(4.34) =% ot id
0 Wwo() = Jaxt 4 *Ro()

Varf "9

, d d
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where”y , (Xo;Yo) andthe innerintegral over canbe computedanalytically The
angulardependentveighting functionwg() is equvalentto one back-projection. The
approximation(4.34)is notaccuratdor realisticfan-beanCT, howeverit agreesith one

versionof our practicalderivationin next sectionthe Sl approximatiornin (4.71).

4.5 FastVariance Predictionsfor Non-ldeal Fan-BeamTransmission
Tomography

In this section,we conducta differentanalysison local frequeng responsesf Gram
matrix andquadraticregularizationin fan-beantomograply. The analysistakesinto ac-
countof thediscretizatioreffectandgivesclosed-formexpressiorfor Po( ; ) . With these
resultsthevariancepredictionin (4.19)is practicalandaccuratdor implementation.

The following analysisis focusedon equiangulafan-beantransmissiortomograply
with an arc detector However, the methodgeneralizegeadily to at detectors,i.e.,

equidistansamplingandto parallel-beangeometries.
4.5.1 AnalysisFor Fan-BeamGram Matrix
To accuratelypredictvarianceimagesin realisticfan-beantransmissiortomograply

using(4.19),we needto determinghelocal frequeng responsédq( ; ) , or equivalently

Hao(*). We rst nd thelocal impulseresponse.
Local Impulse Response

Considerthe 2D objectmodelbasedon a commonbasisfunction (%) superimposed
onaN M Cartesiargrid asfollows:

X
(4.35) = [ XXl

R2S
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wherex 2 R? denoteshe2D coordinatesf thecontinuousmagespaceandx[n] denotes

the centerof the basisfunction. Typically

el (R w) ;, A2S

Wi (N 1)=2+ ¢

whereN = (N; M) andtheuserselectablgparameteg, denotesanoptionalspatialoffset
for theimagecenter

For simplicity, we assumeherethat the detectorblur b(s) is locally shift invariant,
independenbf sourceposition , andactsonly alongthe s coordinate. Thenwe model

themeanprojectionsasfollows:
Z
(4.36) y[sd=  Bsc s)pso (r(sY) ds’

forsg = (k ws) sandk = 1;:::;ns; where ¢isthesamplespacingns, wsisde ned

akinto w,, andp (r) is the2D Radontransformof (%¢):

z
p(r)= (rcos “sin'; rsin' + "cos )d:

Substitutingthe basisexpansionmodelin (4.35)for the objectinto the measurement

model(4.36)andsimplifying leadsto thelinearmodel

X
y [Sd] = a(sx; ;n) [nl;
r2S

wherethe fan-beamsystemmatrix elementsare sampleof the following fan-beanypro-

jectionof asinglebasisfunctioncenteredat x.[R]:

4

(4.37) a(s; ;n)= b(s Sc) g I’(Scb r (s°;)[ﬂ];.

(s® ) ds’

whereg( ;' ) istheRadontransformof (%) atangle’ and

r[R], x[r] e;
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withe , (cos; sin' ).

Thentheelementf the Grammatrix aregivenexactly by

8
QAW AL, A=8 2S;A%= Ro2 S
ha[R;RY = S
. 0; otherwise
(4.38) = hg[n; R (%c[R]) (xc[RY)
where (x[n]) , 1fﬁ25g;
Xa Xs
(4.39) hglR; 89, w(sk; 1)a(se R)a(sk; 1;R9
I=1 k=1

andw(s; ) denotegsheweightingassociateavith W andn, denoteghe numberof sam-
plesof the sourceposition . To simplify (4.38),we rst useanintegral to approximate

thesummationn (4.39)asfollows:
1 1 Z ZZ 1
(4.40) halR; /Y . 1W(s; )a(s; ;m)a(s; ;n9dsd ;
where s the sourceangularsamplingintenal. Notice that hy[a;89 in (4.40)is not
shiftinvariant.
We developlocally shift-invariantapproximationso hg[r; 19 in (4.40)by re-parameterizing

variabless, usinganalogsof fan-to-parallebeamrebinning. Reparameterizeariables

sand in (4.40)accordingo theinversionof (4.22)and(4.23):

s! §(r)

Dgq arcsin(r=Dg)

Fo=(r;") " arcsin(r=Dg) :

Thenthefan-to-parallebeamrebinningof a(s; ;R) is

Z 0 '
as(r); (r' yim)  bs(r) s g — g9 gro

(4.41) ,a(r;' ;n)
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because(s(r9) = rPand'~<(s(r9; <(r;')) ' forr rC

A rst-order Taylor expansionof s(r) aroundr °yields

s(r) s(r) s rY:

Substitutingnto (4.41),the systemmatrix elementdecome

Z
(4.42) a(r;' ;n) bs(r%r r9 g

ro rn],

s(r9 dr

Substituting(4.42)into (4.40)andchangingvariablesrom (s, )to(r,' ) using(4.22)

and(4.23)yieldsthelocal impulseapproximation,

1 1 Z ZZ 1
halR; R —— w(r;")a(r;' ;saya(r;' ;r9jI(r)jdrd
S ZO 1
1 172
(4.43) = - - w(' ;8;R%h [R;RY9d";
s 0

wherejJ(r)j = s(r) isthedeterminanbf Jacobiammatrix,and

Zl
(4.44) h /a9, ar r @R ;e)ar ro % ;R%dr

R; N
L W )P miar Rkt )alr r [/ )dr

Wi imim), Loar el )ar r[ag;)dr

w(r;' ), w(s(r); 7(r;")):

Letro(" ), r: [Ro]. Becauses(r) is fairly smoothwe malke thefollowing approxima-

tionforr® ro(* ):
(4.45) s(r)  s{ro(’)), mo('):
Substituting(4.45)into (4.42)andsimplifying yields

a(r;' ;n) a(r;' ;Rg), ao(r;")
Z 00

(4.46) = b r[E] ) g ;' dr®
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withr®= r% r. [r]and

(4.47) bo(r;" ) . mo(" ) B(mo(* ) r):

Thereforewe furthersimply (4.43)asfollows
11 %2
(4.48) halm;RT  —— wo(' )ho(( A %) e;")d;

s 0

wherebecausen(r;' ) often variesslowly in r relative to the typically sharppeak of

a(r;" ) atr = 0,
ho(r;" ), ?g(r;' ) ?ao(r;");
1 . .
. , Wy )imo(' )jag(r 1 [Rol;" ) dr
LY TR gl ) dr
(4.49) jmo(* )jw(ro(" );" ), wo(' );

where? denotesa 1D autocorrelatiorwith respecto r andag(r;" ) is alocally parallel-
beamversionof the systemmodelde nedin (4.46).
The angle-dependenteightingwy(' ) is associatedvith pixel Ao, accountingfor the

position-dependemhagni cation asfollows:

(4.50) Wo(" ), Jmo(" )jw(s(ro(' )); (ro(’ );"))
ro(* ), r[Ao]
(4.51) mol ). Ls(r) Dsa=Dso

@ ¢y T (ro()=Dso?’
wheres(r) and (r;' ) aretheinverseof (4.22)and(4.23). Thelocalimpulseresponsef

Grammatrix hasthe following almostshift invariantform:
Z 2

Gl (60D 2 L Y ey
0

S

(4.52) ha[R; RY

The shapeof hg[r; 19 in (4.48)is a modi cation of 1/r (cf [71]) with statisticallymod-

ulatedangularweighting. The key propertyof (4.52)is thatit is locally shift invariant,
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exceptfor edgeeffects. This approximationshouldbe reasonablyaccurateprovided that
n andr®are“suf ciently close”to ro, thecoordinate®f the pixel of interest.

Now we apply the local shift-invarianceapproximationto (4.52). Oneway is to use
the coordinatetransformatiorrecommendedor analyzingquasi-stationaryoisein [14,

p.870] asfollows:

N [A;Rg], h [Reg+ A=2;Rg A=2]

=ho( R ©;") 2 R);
wherexg , *¢[Ro]; and ; denoteghesupportof theimage,
(4.53) 1(%¥), (%ot %=2) (%0 %=2):

This approactyields a local impulseresponseahatis symmetricin f, thusensuringthat
its spectrums real.

Anotheralternatve is to referall displacementselative to the pointfrg asfollows:

A [R;R0], h [Ro + A;RC)

=ho( A ©;") 2 R);

where
(4.54) 2(%) . (%0 + %) (%0):

This choiceis not symmetricin 1 but it bettercorrespondso the local Fourier analysis
basecntheDFT of AW Aeg:
By referringall displacementselatie to the pointf,, we canobtainthe nal form of

localimpulseresponse:

Z,

(4.55) ha[R; /Y wo(' )s.o( A ©)d;
0
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Exact Approximate
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Figure4.3: Approximationon “strip-like” function,s- (). A circularsupportfunction (x) is usednere.

wherewe de ne thefollowing “strip like” function:

(4.56) S;o(%), ho(x € ;") 2(x):

Local FrequencyResponse

Having foundthelocal impulseresponsapproximation4.55),the next stepis to nd
thelocal frequeng responseThis requiresconsideratiorof the edgeeffects.

Thesimplestapproacho nding thelocal frequeng responsevould beto take the 2D
Fouriertransformof thelocalimpulseresponsén (4.48),while ignoringthe“edgeeffects”
causedby the supportfunctionsin (4.55). We found this approacho yield suboptimal

accuray. Takingthe DSFT of (4.55)yieldsthefollowing result:
1142

(4.57) Hao(¥) = —— wo(" JH- (&) d;
s 0

whereH. (+) is thespectrunof s. o( f); asfollows:

H (&) = . s.o( n)e "
7
s. o(¥) e (79 gy
‘!\‘ .
2— )

f
1
2

1

2
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wheres. o(x) DFT

S. o(u;V):

Becauses. o(x) is in form of multiplicationin spacedomain,this leadsto corvolution
in frequeny domainthatis not desirable. Becauseof the “strip-like” nature,we make
furtherapproximatioron s. o(x) thatis projection-anglelependenandpixel dependent.
Theleft plotin Figure4.3shawvss. o(x) for x ed' andnr, whenacircularsupportfunc-
tionis used.s. (%) has nite width alongtheraydirectione’ andis very sharpalongthe

directionperpendiculato theray directione . Thereforewe make thefollowing approxi-

mation:
|

x & _
do(")
wheredy(' ) denoteghelengthof the chordthroughng throughthe FOV atangle(' +

(4.59) S.o0(%¥) ho(% ;') o

=2). Thisapproximations usefulbecaus¢he approximated. o(x) is a separabléunc-
tionin rotatedcoordinates(e ; €’ ). To preserethenon-n@ative de nitenessof theGram

Matrix, we chose (%) to beatriangularfunctionwith theangulardependentvidth do(* ):
! !
x € oox €
= tri

© Gy " ()

The2D FT of s. o(%) is easiesto seefor thecase = O:

y
do(0)

So.0(U; V) = JAo(U; O)j2 do(0) sinc(dy(0) v);

Soo(X;Y) = ho(x; O)tri

2D IFT

whereAq( ;') is associatedvith the detectorresponseindbasiseffect, givenin (4.74).

By therotationpropertyof the2D FT:
Sio(; ) JAo( cof ' );i')ifdo(’ )sinC(do(’ ) sin( ')

Thereforeusing(4.49)and(4.58),thelocal frequeng responséH( ; ) arounda point

Ao IS
ZZ

Lz, Wo(" ) S;o(; ) df

(4.60) Ho(; )
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x 10° Type |, Il and FFT based LFRs in unweighted case

10 —
J o Hy (0
9 o H,(r. 0) |
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Figured.4: Typel, Typell andFFT-basedocal frequeng responses$ioi(; 0), Hoa(; 0) andHger( ; 0)
for ng atimagecenterin unweightedcase:w(s; ) = 1. Hg2(0; 0) is not shavn becauset is
in nite.

wherethefollowing functioncapturesdothdetectoresponseffectsandedgeeffects:
(461)  S:o(; ) =jAo( cof " )i")i%do(")sinc(do(’ ) sin( *));
Ao( ;") isthelD FT of ap(r;" ) with respector.
Further Approximations of Local FrequencyResponse
Thelocalfrequeng responsef the Gramoperatoiin (4.60)is very accurate However,

directimplementatiorof (4.60)is still computationallydemanding We presentheretwo

typesof furtherapproximationgo simplify (4.60).

1. Typel non-separableform

Asdo(" )! 1 ;onecanshaw thatfor largej j,
do(" )sinc®(do(" ) sin( ') ! ( sin( ')):

Thereforehesiné termis sharplypealednear = ' and =" , Soweconsider

thefurthersimplifying approximation
YA 2
(4.62) Wo(' )S;0(; ) d Wo() jAo(; ) i*Gol; ) ;
0



76

where

Z 2
(4.63) Go(; ) = . do(" ) Sinc(do(* ) sin( ")) d' :

Substitutingnto (4.60)leadsto the“Typel” approximation:

(468)  Ho(:) Hol ) 0 jag(s ) 2Go(; ) :

S

AlthoughHo:(; ) isnotseparableyecanprecomputaevg() andtakulateGo(; )
oncefor all pixelsfor coarselysampled . AccuratelycomputingGo(; ) iscrucial,

thereforenely sampled is necessaryn (4.62).

. Typell separableform
We cansimplify furtherby usingthesifting propertyof the Dirac impulse:
zZ, 2

. Wo(* ) S;o(; ) df j_jWO() iAo(; ) i

Becausdypically Ag( ;' ) variesslowly, we alsoconsiderthe following furtherap-

proximation:
(4.65) Ao( ;") Ao(0;"):

Combiningall the above approximationyieldsthe following separabl@pproxima-

tion to thelocal frequeng response:

; 1 yi2
(4.66) Ho(i ) Hoa(; ), e frel)

This“Typell” separabléorm agreeswith thefamiliar FT of % Figure4.4shavsthe
pro les of analyticalTypel, Typell andFFT-basedocal frequeng responsefor fg
atimagecenterin unweightedcase.We canseethatthreepro les agreeswith each

otherclosely Thediscrepang is mainly atlow frequencies.
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4.5.2 Analysisfor 2D Quadratic Regularization

To evaluatethe varianceusing (4.19) and (4.20), we also needthe local frequeng
responsef quadratiaegularizationRq( ; ) , [33,35,89,94].

Practicalregularization methodsare basedon the differencesbetweenneighboring
pixel values.For adiscrete-spac2D object [R], atypical quadraticoughnespenaltyis
givenin (4.4)and(4.5) for 1st-ordedifferencesTher,[r] valuesarepossiblyspacevari-
ant. For the purposeof local frequeng responseanalysiswe examinethe characteristics
of R( ) nearapixel rg of interest,sowede nero, r|[Rg] assuming[rA] valuesvary
smoothly Then,thequadraticoughnespenaltyneara pixel 1y hasthefollowing form:

X X 1 2
R( )= oy (6 Rl
R =1
Ther o valuesaredesignparametershataffectthedirectionalityof theregularizationand

hencethe shapeof the PSE Eachg[nr] is a (typically) high-passlter. For a rst-order

difference:
af]= (28] 2R m]);

or for a2nd-ordedifference:

alrl= (2] off ml) (o] 2R M)

where | = kmk 72; m; = (n;; m;) denoteghe spatialoffsetsto the neighboringpixels,
and is the power of weightsfor diagonalneighborghatcanbe choserby the user For
example,commonpracticechooses = 1[30,70].

Applying Parseval's theoremwe canrewrite R( ) asfollows:

w £ Z

(4.67) R( )= ~ %r|;ojC|(!~)U(!~)j2 (;”')2;
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where [R] f U(*) andthe DSFT of a -order(where 2 N) differencehasthe

following magnitude:

L1 e fltm

IGi(H)]

|2 sin %(!~ /M)
In the polarcoordinate®f (4.20):
(4.68) GG ) i=ic2  e)i= P4 st (e m):

Thus,theTypel local frequeng responsdor theregularizationoperatotis

X_ 2
Ro(; ) = Ro(; ) = MojCi(; ) J
=1

(4.69) o £ 4 silk (e m):

1=1
Applying theapproximatiorsin(x) X to (4.68)yields:
GGy iE Fmoe)? @ )

=@ ) " g ()

wheretheanglebetweerthelth neighborgs

m
', tan T/l
n

With this simpli cation, the Typell local frequeng responsef theregularizeris approx-

imatelyseparablen ( , ):

(4.70) Ro(; ) Roa(; ) =2 ) ?Ro();

where
S }
Rb() , |(l 2= )2 r|;0CO§ ( ' |):
1=1
This separabléorm agreeswith thefamiliar FT of the differentiationoperation.
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4.5.3 Variance Prediction Implementation

Having obtainedthe approximationgo Hy( ; ) , thelocal frequeng responsef the
Gramoperatorgivenin (4.64)and(4.66),andto Ro( ; ) , thelocal frequeny response
of theregularizergivenin (4.69)and(4.70),we candiscretizetheintegral (4.19)again to
computethe varianceimage. Therearetwo variancepredictionexpressiongor fan-beam
transmissiortomograply basedon the Typel Hoi(; ) givenin (4.64)andRo.(; )

givenin (4.69),andthe Typell Hoo(; ) givenin (4.66)andRo,(; ) givenin (4.70).

Double Integral Approach

The variancepredictionusingHoi(; ) in (4.64)andRgi(; ) in (4.69)involvesa
doubleintegral andcanbeimplementedoy a doublesummation.We call this prediction
thedoubleintegral (DI) approach.Thelocation-dependemteightingfunctionwg() can
be precomputedwith thecomputatiorequivalentto oneback-projectionWe cancoarsely

sample becausdy(; ) isfairly smoothalong .

SingleIntegral Approach

Theseparabilitypropertienf Hoo(; ) in (4.66)andRg(; ) in (4.70)enableusto
carryouttheinnerintegral over analytically Thereforethe double-intgralin (4.19)is
reducedo onesingleintegralover . Substituting(4.66)and(4.70)into (4.19)yieldsthe

remarkablysimpleexpression:

YA 2 —
7)) Vaitndg oD ,
0 2jA0(0; ) j"wo() + 42 () Ro()
where () , 3.0) s * Wecall this predictionthe singleintegral (SI) approach.

We evaluatethis integral usinga nite summationwith wo() andRy() precomputed.

Thereforecomputing(4.71)is equivalentto oneback-projection.
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Implementation of The SingleIntegral Prediction

We found empirically that the SI approach(4.71) gave predictionsthat could be im-
proved by including a single global scalefactor presumablybecausehe S| approach
(4.71)usesmary approximationgo achieve its simpleform. In particular we foundthat
the SI methodunderestimatethe variance presumablybecausehe “Fisherinformation”
implied by Typell local frequeng responseén (4.66)is too large for low spatialfrequen-
cies. To determinethe scalefactor we assumedhat the DFT-basedapproachand the
analyticalapproachshouldproduceequivalentresultsattheimagecenter Speci cally, we
usedthe predictedvariancefor unweightedeastsquare®stimatomwith standardjuadratic
penalty(QPULS)for unit variancedata.

For QPULS estimatorfor unit variancedata, the statisticalweighting, w(s; ) be-
comesl. Considerthe standardquadraticpenaltywith rst-order (= 1) differences
andsecond-ordeneighborhoodL = 4), for which' 1,34 = 0; =2; =4;and =4 and
r.o = (1;1;1;1). Weused = 1 bothin calibrationandreconstructiorasis thecommon
practicein quadraticregularization. For thesechoices,the Type Il Rgy(; ) in (4.70)

becomesndependenof

X p_
4.72) Ro() = kmk=1+ 2
=1

Finally, to determinethe scalefactor we computedhe ratio of the variancepredicted
by the DFT approactover that predictedby (4.71). For the parametersisedin our simu-
lations, this factorwas(1:13)?. This valuewould needto recomputedor differentsystem

geometrie®r regularizationparametersyut is otherwisepatientindependent.

4.5.4 Simulation Results

To evaluatethe performanceof the proposedmethodswe implementedhe variance

predictionsfor fan-beamtomographicimagesreconstructedy quadraticallypenalized



81

likelihoodalgorithm. We simulated1000realizationsof fan-beantransmissiorscansus-
inga256 256NCAT phantomandablankscanof 1P counts/detectoiThecorrespond-
ing sinogramsizewas444samplesn s, spaceddy s 2 mmand492sourcepositions
over 360 . We simulatedthe geometryof the GE LightSpeedPro CT scannemwith the
source-to-detectadistancearound949 mm, the isocenteito-detectordistance408 mm
and = 500=256mm.

An elliptical supportwasusedfor S, with p = |jSj = 43892 For simplicity, in (4.63)

we usedthewidth of the centralpro le throughthe FOV:

22122

4.73 do("’ da’ ), X
(4.73) o) d0)) Pt

wherez; = 2441 mmandz, = 2207 mm arethe semi-majorandsemi-minoraxesof the
ellipse. This approximationis exactwhenny is attheellipsecenter Theapproximatiorto
d(" ) becomedessaccurateasx.[fRg] approachethe edgeof theellipsesupport.

For simplicity, we use max() Zi andmodelthe detectoresponsgin (4.36)by a

shift-invariantrectangleof width  :

1
b(s) = —rect S

S S

In the caseof asquarepixel basis (%) = recb(x)*, we have from (4.46)

(4.74) Ao( ;') = sinc 2sinc(  cos )sinc(  sin');

S
Mo(" )
whichwe substituteinto (4.61).In our simulation,we malke thefollowing simpli cation:

mo(' ) Mc(" ) = m¢ = Dgg=Dso;

wherem is thevalueof mg(' ) attheimagecenter

3A moreaccuratemodelcouldincludedetectoreadspacandcrosstalkeffects.

‘rech(x) , rec(x)recty) is a2D squardunction.
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We chosethe regularizationparameter = 21 to give FWHM = 1:72 pixels, i.e.,
3:4 mm, at the centerof the image. For eachrealization, ™ was reconstructedising
70 iterationsof the convergentincrementabptimizationtransferalgorithm (PL-10T) [4]
with 41 subsetsand no nonngjativity constraint. The initial imageswere the ltered
back-projectior{FBP)imageswith equvalentspatialresolutionobtainedoy post- Itering
ramp- Itered FBP imageswith the designed®SFE We computedthe samplestandarde-
viation pixel by pixel within the nite supportS usedin reconstruction All imagesand
pro les areshovn in Houns eld unit (HU).

Two predictionapproachesre investigated here: the DI approximation(4.19) with
Typel Hoi(; ) in(4.64)andRoy(; ) in (4.69),andthe Sl approximation(4.71)with
Ro() in (4.70). The formerformulawasderived with fewer approximationswvhile the
latter formula involves more approximations. The accurag and computationtime are
comparedelow.

We consideredhreetypesof regularization:standardgertainty-base{0]. andmodi-
ed [84]. In all casesye implemented4.69)and(4.70)for regularizationwith rst-order
(= 1) differencesandsecond-ordeneighborhoodL = 4). Thestandardandcertainty-
basedcasesusedall 1000realizationsof fan-beamtransmissiorscanswhile only 250
realizationsareusedin modi ed case.

In all casesthe standardieviationimagespredictedby the DI approacharedisplayed

while both DI andSI predictionsarecomparedn thepro le plots.

Standard Quadratic Penalty Function

We rst considered standardjuadratiogpenaltywhere

r|;0: c;
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and 2isthevalueof 2[no] attheimagecenterin (4.75)below. This choiceassureshat
the resolutionof the two studiesis matchedat the imagecenter In this case,Ro() =
(1+ P 2) 2isaconstanfor all pixels.

Figure 4.5 shaws the reconstructedmagesand empirical standarddeviation images.
Theempiricalstandarddeviationimagefor FBPis alsoshavn. The averageof FBP stan-
darddeviationsis around2:2 HU, approximatelyl:8 timeshigherthanthatof PL-IOT, 1:2
HU, illustrating the noiseadwantageof the statisticalreconstructiormethodsat matched
resolution.

Figure4.5alsoshaws the centralhorizontalandvertical pro les of the standardievia-
tion maps.Theanalytical the FFT-basedandtheempiricalstandardleviationsagreewith
oneanothervery closelywithin the object. The largestdiscrepang within the objectwas

about10%in theleft lung for unknavn reasons.

Certainty-Based Quadratic Penalty Function

We next investicgateamorecomplicatedegularizerthatwasdesignedo achieve nearly

uniform spatialresolution[40]. In this casewe usedspace-aryingregularizer:

o= ?[Rol;

where

Z,

(4.75) ?[Ro] w(s(ro(* )); T(ro(" );" ) d" :

2
Here,Ro() isstill independenof |, butvariesspatially Computingthe“certaintymap”
(4.75)requiresa simplebackprojectiorwith fan-to-parallebeamrebinning.

Figure4.6 shavs thereconstructedmages standarddeviation imagesandcentralhor-
izontalandverticalpro les. In thiscasetheaverageof FBP standardieviationsis around

2:2 HU, approximatelyl:8 times higher than that of PL-IOT, 0.7 HU. The analytical,
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the FFT-basedandthe empiricalstandarddeviationsagreewith oneanothervery closely

within the object.

Modi ed Quadratic Penalty Function

Consideramodi ed quadratigpenaltyin [84], where
S
Ro() Nnoco( '):
1=1
For rst-order differencesand2nd-ordemeighborhoodL =4)," 1034 = 0; =2; =4; and
=4. ldeally, r|.q is designedn a way thatleadsto nearlyuniform andisotropicspatial

resolutions.t.
(4.76) Ro()  wo() :

Figure4.7 shavs thereconstructedmages standardieviation imagesandcentralhor-
izontalandverticalpro les. In this casetheaverageof FBP standardleviationsis around
1:8 HU, approximately3 timeshigherthanthat of PL-IOT, 0:6 HU. The analytical,the
FFT-basedand the empirical standarddeviations agreewith one anothervery closely
within the object. However, bothempiricalandpredictedstandardieviation imagesshav
four bright stripscomingout from the object. Analytical methodoverestimateshe vari-
ancesat theseareas.The anglesof the stripsseemto follow the' |'s in the secondorder
neighborhood.Analytical predictionmethodalso overestimateshe varianceat the area
aroundthe nodulein the left lung. Theseare probablydueto the rapid changeof the
statisticalweightsw(s; ) andtheuserdesignegarameters,.,. Thesefactsindicatethat
furtherinvestigationmightbeneededo nd theoptimalsolutionin regularizationdesign
problem. We only use250realizationsof transmissiorscango computeempiricalpred-
ctionsin fully-modi ed quadraticpenaltycase. Thereforeempirical predictionsappear

morenoisythanthe onesin standarcandcertainty-basedases.
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In all casesthe analyticalandthe FFT-basedpredictionsare somavhatlessaccurate
nearthe edgeof the nite supportusedin imagereconstruction.This is probablydue
to the factthat the “local stationarity” approximationis lessaccuraten this areawhere
the statisticalweightsw(s; ) canvary rapidly. The approximation4.73) may alsovary
rapidly in our study soit maybe possibleto improve accurag neartheedgesof the FOV

by usingdy(" ).
Err or Distrib ution

We are interestedn the distribution of the reconstructiorerrors, *[R] [A], from
1000realizationsfor threedifferent pixels: a pixel at image center a pixel outsideof
objectandinsidethe nite support,anda pixel in alowerright rib. Figure4.8 shavs the
histogramsf thereconstructiorerrorsfor standardandcertainty-baseduadraticpenalty
functions. All the histogramdisplayanapproximatelyGaussiarshape.Table4.1 shavs
theresultsof Lilliefors goodness-of- ttestof compositenormality on the reconstruction
errorsby usingMatlablillietest command.Thesequantitatve resultscon rm that

thereconstructiorerrorsfollow anapproximatelyGaussian.

p-value standardjuadraticpenalty certainty-baseduadraticpenalty
pixellocations || center | top | lowerright || center| top lower-right
p-value 0:2093 | > 05 0:3984 >05|>05 0:3554

Table4.1: p-valuesof Lilliefors goodness-of- ttestof compositenormality on the reconstructiorerrorsfor
standardandcertainty-baseduadratidunctions,respectiely.

Computation Time and Accuracy

In our calculationsye used123samplesn andl128samplesn in (4.19)to predict
a 256 256 standarddeviation image. Both DI and Sl predictionsprecomputeny( )
andGg(; ) . The precomputatiortime for wo() wasaboutl19 secondon dual Intel

Xeon 3:40GHz CPU. Table4.2 summarizeshe computatiortime comparisorfor empir
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ical, FFT-basedand analytical (double-intgral and single-intgral) predictionmethods.
The precomputatiortime for Go(; ) with 492samplesn' was2:3 seconds.The DI
predictionrequiresno scalefactor precomputatiorand the computationtime was about
135 seconds.The SI predictionrequiresthe scalefactor precomputatiorthat is (1:13)?
in our case,andthe computationtime for predictionwasabout0.6 second.In contrast,
the FFT-basedpredictionneededabout374 secondd4o computeonly one single central
pro le. Becausehe FFT-basedpredictionsare only computedfor two centralpro les,
we calcultedits computatiortime for the whole standardieviation mapby multipling the
predictiontime for a singlepixel andp = 43892 We seethatour proposednethodsare
muchfasterthanboth empiricaland FFT-basedmethods.As expected the DI prediction
is slightly more accuratehanthe Sl prediction,particularlynearedges. The SI predic-
tion matchesbit betterwith the FFT-basedredictionbecaus¢hescalefactorcalibration
was basedon FFT-predictedvalues. For the purposeof regularizationdesignor noise
exploration,we believe thatthevery fastSI approachs adequate.
Table4.3compareshenormalizedoot-mearsquarg NRMS) percenterrorsof analyt-
ical andFFT-basedredictionswith respecto empiricalresults.Becausave only compute
two centralpro les of the FFT-basedpredictionin eachcasewe computethe normalized
root-mearsquarg(NRMS) percenterrorsonly for thesetwo centralpro les. For 2 case,
the NRMS percenterrorsfor FFT, DI and Sl are6:6%, 6:8% and6:6%; for 2 casethe
NRMS percenterrorsfor FFT, DI andSl are6:5%, 6:0% and8:3%; for modi ed penalty
casethe NRMS percenterrorsfor FFT, DI andSl are10% 14:6% and10:7% within the
object, respectrely. Our analyticalmethodscan provide comparableaccuraciesasthe

FFT-basednethod.
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precomputation
Typesof predictions wo() Geente( ; ) calibration| totaltime
empirical N/A N/A N/A severaldays
FFT-based N/A N/A N/A 64123s
analytical(Double-intgyral) 19s 2:3s N/A 1563s
analytical(Single-intgyral) 19s N/A 21s 211s

Table4.2: Computationtime comparison. The FFT-basedpredictionsare computedonly for two central
pro les. We calcultedits computatiortime for the whole standarddeviation mapby multipling
thepredictiontime for a singlepixel andp = 43892

Typesof penalties|| FFT-based Analytical
Double-intgral | Single-intgral
standard 6:6% 6:8% 6:6%
certainty-based 6:5% 6:0% 8:3%
modi ed 10% 14:6% 10:7%

Table4.3: The normalizedroot-meansquare(NRMS) percenterrorsof analyticaland FFT-basedpredic-
tions with respectto empirical predictionsfor the two centralpro les. The standarderror of
empiricalpredic%onsin standardandcertainty-baseduadraticpenaltycaseqwith 1000realiza-
tions)isaboutl= 2(1000 1) 2:2%. Thestandarcbrrpprof empiricalpredictionsn modi ed
guadratipenaltycasegwith 250realizations)s aboutl= 2(250 1) 4:5%.

455 Conclusionand Discussion

This chapterhas developedanalytical varianceapproximationgor 2D tomograply.
The doubleintegral (4.19)with (4.64) and(4.69), andthe singleintegral (4.71) provide
fastandaccuratevariancepredictionsfor a quadraticallypenalizedik elihood estimator
in fan-beamomograply. The simplestof the proposedapproache$4.71) requiresone
backprojectiorwith someadditionalsummationswhich is muchlesscomputationthan
previous FFT-basedmethods. In fact, using the proposedmethods,we can predictthe
variancemapin muchlesstime thanit takesto reconstruct singleimage. The proposed
approximationgreespeciallyusefulin thecasethatthevariancanformationis neededor
mary or all pixels, suchaswhenchoosingspace-drying regularizationparameter$d4].
The empirical resultsfrom the simulatedfan-beamCT transmissiorscansdemonstrate
that the proposedvarianceapproximationsare very accurate. Futurework will explore

using thesepredictionsfor regularizationdesign. As indicatedin modi ed quadractic
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penaltycase yvariancepredictionscanprovide guidancen nding the optimalsolutionin
regularizationdesign.

Althoughwe focusedon varianceprediction,by using(4.16)we couldalsoeasilypre-
dict covariancesandthuspredictthe covarianceof anregion of interest(ROI) whosesize
is smallenoughthatthelocal approximationsaresufciently accurateHowever, if only a
singlelocal autocorrelatiorfunctionis neededthenthe FFT approachis probablyeasier
to use. For analysisof detectabilityof lesionswith unknovn locations,autocorrelations
at mary spatialpositionsmay be needed53-55,76,103], in which casethe proposed
approachbasedon (4.16) can save computation. The matrix methoddescribedn (4.7)
and (4.8) is alsoapplicableto otherimaging modalities,suchas PET and SPECT[32].
Thereforethe proposedmethodsare alsoreadily extendedto thoseimaging modalities,
with differentconsiderationsf theweightingfunction.

The proposedanalyticalvarianceapproximationsare only investigatedin the caseof
the shift-invariantdetectorblur. We canalsogeneralizehe analysisto shift-variantde-
tectorblur wherethe local shift-invarianceapproximations applicable e.g., for varifocal
collimatorsin SPECTIn thiscasel(s s9Y is replacedoy k(s;s? in (4.37)andby(r;" )

in (4.47)becomes

bo(r;* ), mo(" ) B(so(* ) + Mo(* ) 13 so(" ));

where
ro( )

sO

So(" ), Dggarcsin

Thework in this chapterthasfocusedon 2D fan-beangeometry 3D generalizatiorof
thesemethodscanbe doneby applyingthe sameprinciples[108]. This chapterhasalso
focusedon analyticalvarianceapproximationdor the caseof quadraticregularization.

An interestingchallengefor futurework is to generalizehe analysisto the caseof edge-
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preservingnon-quadratiaegularization. The analysisin [5, 6] may be a useful starting

point.
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Figure4.5: Predictedandempiricalstandarddeviationimages(in HU) andcentralpro les for NCAT phan-
tom for PLF;a_n—bearrtransmissiorimagereconstructiomsingthe standardquadraticpenalty:
Ro = (1 + 2) g
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Figure4.6: Predictecandempiricalstandardieviationimages(in HU) andcentralpro les for NCAT phan-
tom for PL fan-beamtransmissionmage reconstructionusing the certainty-basedjuadratic

penalty
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Figure4.7: Predictedandempiricalstandardieviationimages(in HU) andcentralpro les for NCAT phan-
tom for PL fan-beamtransmissiorimagereconstructiorusingthe modi ed quadraticpenalty
Only 250realizationsareusedin this case.
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Figure4.8: Histogramof ("[r] [R]) for threepixel locations:a pixel atimagecenter a pixel outsideof
objectandinsidethe nite support,anda pixel in a lower-right rib. Three gures on the left
are for standardquadraticpenalty case,and three gures on the right are for certainty-based
gquadratigpenaltycase.



CHAPTER 5

3D Variance Estimation for Quadratically Penalized-Likelihood
Image Reconstruction

The analyticalvarianceapproximationdgor 2D tomograply presentedn the previous
chapterhave shavn good accurag while requiring much less computationthan previ-
ous matrix-basedand DFT-basedmethods. The advantagesf theseapproacheshould
becomemore pronouncedor larger setof data,suchasaxial andhelical cone-beange-
ometries. This chaptergeneralizeghe analytical2D variancepredictionmethodsinto a
3D cylindrical cone-beangeometry

The main challengeof 3D extensionto the cone-beamvarianceapproximationss
the mismatchbetweenthe numberof variables. Thereis no one-to-oneexplicit cone-
to-parallelrelationshipin projectionspace. A two-dimensionabreadetectoris usedin
3D cone-beantomograply thatis speci ed by coordinategs;t). Both axial andhelical
cone-beanprojectionspacesrecharacterizethy only threeindependenindices(s;t; ).
The axial cone-beangeometryis a specialcaseof helical cone-beangeometrywith zero
helicalpitch. In 3D parallel-beangeometryprojectionspacetherearefour independent
indices(u;v;"; ) for 3D X-ray transform.Theray directionis speci edby ('; ) andthe
detectoris speci ed by (u; V).

As aninitial investigationof 3D CT, we circumventthis dif culty by assuminganide-

alized cylindrical cone-beangeometryby introducingan extra independentoordinate:

94
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the elevation of the X-ray source, . In this geometryideally the X-ray sourcecanbe
atary locationon anin nitely long cylinder alongthe z-axis. However, we develop ap-
proximationsfor the morerealisticcasewherethereis a nite setof values,roughly

correspondingo overlapping‘step-and-shootaxial scans.

5.1 3D X-Ray Transform

For 3D tomograply with parallelrays,therearetwo projectionangles:the azimuthal
angle' , anda polar angle . We usea coordinatesystemin which' 2 [ ; ]; and
2T [ =2, =2]. Dene~= (; ) andde ne thefollowing orthogonalnit vectors
1) 2 3 2 2
cos sin' sin sin' cos
&(~) =8 sin 7; &)= g cos sin Z;  &(-)= E cos cos 1 ;
0

andthefollowing pointin R3:
(5.2)

p=p(u;v;~) = ue +ve, = (Ucos vsin' sin ; usin' +vcos sin ; vcos):

Letting (u; v) denotethe coordinateon ary 2D projectionplane,we de ne the (X-ray)

projectionof a 3D objectf (%) to be
z 1
(5.3) p(u;v;~) = f(p(u;v;~) + &(~)) d’;

1

i.e, theline integralsalongthelinesfp+ € : * 2 Rg, whereu;v 2 R. Anotherway of

writing this operations

(5.4) p(u;v;~)y= £ T ~ dj
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whereT - = [e;(~) &(~) €(~)] is aunitarymatrix. Sowe have thefollowing relation:
2 3
cos sin' 0

1_ T0_ - .
T "=T"= sin' cos cos cos sin
sin' sin CcOS sin cos

Thematrix T is the productof two 3D rotationmatriceg52, p. 100]:

(5.5) 2 3 2
cos sin' 0 1 O 0
T=Rup(")R2s(); R2(") =8 sin cod 0Z; Raa()=80 cos sin
0 0 1 0 sin cos

A third way to write (5.3) or (5.4)is

227
(5.6) p(u;v;~) = Fe) (¢ (=) u) (¢ &) v)dx:

5.1.1 Propertiesof 3D X-Ray Transform

3D X-ray transformsatis es mary useful properties,amongwhich shift and scaling
propertiesare essentiato us for derving the varianceapproximationsn 3D cylindrical

cone-beantomograply.

Symmetry Property
Letf (%) *° 1 p(u:;v;"; ) : The3D projectionoperatiorsatis esthefollowing sym-
metry property:
p( u;v;' ) = pluvsh ),

because, (' ;)= e(~) andey(’ ;)= &)
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Shift Property

The 3D projectionoperationalsosatis esthefollowing shift property:

f09 1 pusv;s ) =)
(5.7) fx 7 1pu 2z e(-)v 2 &)~
ScalingProperty
Let f (%) >t p(u;v:: ): We would like to nd the 3D projectiong(u:v;": )

of f (x=a;y=a;z=h; wherea;b 6 0 aretwo nonzeroscalars. Using the form (5.6),

g(u;v;'; ) canbefoundasfollows:

77
qu;v;; )= f(x%y%2z% (ax’cos + ay’sin' )

(5.8) (ax%sin' sin  ay®cos sin + bZcos v) a’b dx°dy°dz’®

with changeof variablex’= x=a;y°= y=aandz®= z=b:UsingDiracimpulseproperties,

we rewrite (5.8) asfollows:

727 !
aqlu;v; )= f(x%y%z% x%os + y%sin’ A
asin Osin’ asin yOcos + bcos 0 Y
o) () o) o)
ﬂdxodyodz0
ZZZC( ) !
= f(x%y%z% x%os + y%sin' -
x%sin' sin © y°os sin °+ z°cos ° %
jatj 0y ,0~-0
—— dx"dy“dz",
()

where

a
, arctan B tan

P —
o) , a?sin® + ?cod :
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Thenwe have thefollowing scalingproperty.

X.Y.Z spyayjay u v a
5.9 f =52 T2 o tan —t
(5-9) a'a'b c()p a,c(),,arcanban
In thespecialcasewherea = b=
f x 3D)iray D U;V;I;

5.2 Variance Predictionsfor 3D Cone-BeamTomography

Thecovariancematrixin (4.7)for quadraticallypenalizedik elihoodestimatorsandthe
local shift-invarianceapproximationglerivedin section4.2 areapplicablefor 3D tomog-
rapty. For the completenessf this chapteywe brie y statetheresultshere. Thep p

covariancematrix is givenasthefollowing:
(5.10) K, Coirg (AWA+ R)AWAMLWA+ R)IL

where = [ 1;::05 p]% A is the systemmatrix, Y = [yi;:::;Ya]° denoteshe noisy
measurement® istheHessiamatrixof theroughnespenaltyand istheregularization
parametecontrollingthe noiseandresolutiontrade-of.

In the spirit of the local shift-invarianceapproximationgpresentedn section4.2, we

rst approximatehe covariancematrixin (5.10)nearagivenlocationrn, asfollows:
K Ko, TX,T
Ko, (Fo+ Ro) '"Fo(Fo+ Ro) %

whereF, andR o aretheN;N,N3  N;N,N3 blodk Toeplitzwith Toeplitzblodks (BTTB
approximationsorrespondingo AW A andR, respectiely. In practicalcomputation
of predictingvariancesat a few imagelocations,circulantapproximationandDFTsare

usuallyusedasfollows [75,91]:
IX 1

(5.11) Varf MRglg MK o€ry; Enyl NINGNG R

Pgo[K];
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whereN = (N1;N3;N3), ey, corresponds$o fip and

o[K]

PswlK] , ;
e O TRCOE
with
Fo Q oQ°
Ro Q oQ°

whereQ isthe3D (N3; N,; N3)-pointorthonormaDFT matrix,and o, and o arediag-
onalmatriceswith diagonalelements ¢[K] and [K] thatarethe 3D DFT coefcients of
thelocal impulserespons®f AAW A andR nearny, respectiely. Computingthis DFT
approximations still expensvefor realisticimagesizeswvhenthevarianceis computedor
all or mary pixels, particularlyfor shift-variantsystemdik e fan-beanCT andcone-beam
CT.

We have discussedn Chapter4 “analytical’” approacheso predictthe approximate
variancemapsof 2D imagesthat are reconstructedy penalized-lilkelihood estimation
with quadratiaegularizationin fan-beangeometrie$105,107]. In thischapteywe extend
theseapproache$o 3D cylindrical cone-beanCT by applyingthe sameprinciples:local
shiftinvarianceapproximationandlocal Fourier analysis

We next approximate(5.11) by the 3D discrete-spac&ourier transform(DSFT) as

follows:
Z Z Z g
(5.12) Varf A[Rolg Pao(*) W;
wherePyo(*) is thelocal spectrunof the covariancematrix, givenasfollows:
H go(*
(5.13) Paol®) aol*)

[Hao(*) +  Rao(F)]?’
whereH go(*) is thelocal frequeng responsef the Grammatrix AW A andRgo(*) is

thelocal frequeng respons®f R nearn.
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Let™ = ( «; v; ) denotethesamplespacingsn thereconstructedmage. Make
thechangeof variable = (2 %~ e . wheree . = (cos cos ;sin cos ;sin) ,
and denotexlement-by-elememhultiplication. We rewrite (5.12)in termsof spherical

frequeny coordinateg%; ; ) asfollows:
Z jz ZZ Yonax( )

(5.14) Vaf~[Rolg  x v 2 Po(%; ;) %jcos jdud d ;
> 0 0
Where%hax( : ) — %max jcos ios j;jsin ios j;jsinzj _andwede ne
Po(%; ;) , Pw(2 % e€.)
Ho(%; ;)

(5:19) T [Ho(%; ;) + Ro(%; ;)] 2

We de ne Hy andRq similarly in termsof Hyg andRgo. By nding analyticalexpressions
for Hy andRo, theapproximatior(5.14)canleadto fasteralternatvesto theDFT approach
(5.11). Thevariancepredictionin (5.14)is applicableto any 3D CT geometry We focus
on cylindrical 3D cone-beanCT here. To use(5.14),we needto nd Hy(%; ;) and

Ro(%; ;) rst.
5.2.1 Cylindrical Cone-BeamGeometry

Consideranideal“cylindrical” cone-beantomograply: the sourcecanbeatary point
on acylinder of radiusD ¢, centeredalongthe z-axis,seeFigure5.1. The step-and-shoot
cone-beanCT and helical conebeamCT are two examplesof cylindrical cone-beam
geometrywith differentsamplingpatterns.The sourcepositionp, canbe parameterized

by two variabley ; ) asfollows:

0
Dsosm
(5.16) % Dsocos ;
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Figure5.1: Cylindrical cone-beangeometrywith 2D cylindrical detectorthatmoveswith the conevertex.

whereD 4 is the sourceto rotationcenterdistance, is theangleof the sourcerelative to
they axis,and isthez-axispositionof source.

Wefocusona2D cylindrical detectothatmoveswith theconevertex here.We assume
that the detectorarc hasthe X-ray sourceasits focal point, asin a 3rd-generatiorCT
system.We introducelocal/relatve coordinategs;t) onthe detectorface,wheres is the

arclengthalongeachrow, andthet-axisis parallelto thez-axis.A pointonthe2D detector

canbeexpresseds
0 1 0 1
Dggsin cos + (Dggcos Do) sin DggsSin'
(5.17) p1= BDgsin sin (Dsgcos Dgy)cos & = % Dcos & + Bo

t+ t
whereDog = Dgg D istheisocentetto detectordistanceand

S
Dsd

(5.19) ' sy ), (9t

(5.18) = (9,



102

Thedirectionvectorof aray from py to p; canthenbe expresseds

Pr Bo
€& = —
kpr  pok 0 0
Dgysin' sin' cos
1
5.20 = - :
(5.20) P?ng Dq COS % coS' cos
where
(5.21) = (t), arctan

sd

The parallel-beanprojectionplaneis perpendiculato €3, speci ed by €, ande,. The

correspondingartesiarcoordinategu; v) canbefoundby

U = p1 &= Dgsin cos (Dggcos Dgg)sin
(5.22) = Dgosin (S)

V = pp &= Dgsin + Dgcos sin + (t+ )cos
(5.23) = Dgocos (s)sin + cos ;

since Dgysin + tcos = 0.
Combining(5.18),(5.19),(5.21),(5.22)and(5.23),we have the the following (cylin-

drical) cone-to-paralletebinningrelations:

S
(5.24) ~(s) , D,
(5.25) ~s; ), (9
(5.26) <t) , arctan
sd
(5.27) t(S) = Dgosin (S)

(5.28) ¥wWs;t; ) = Dgocos (s)sint) + cosTt):
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Theinverserelationscanbederiveddirectly, givenasfollows:

(5.29) s(u) , Dgg arcsini
DsO
(5.30) t() , Dggtan
(5.31) C; uw , arcsini
DsO
PV, , —— DgocCos~ tan
~(U Vv ) coS psO (S‘(U))
V —
5.32 = — De? U?tan :
( ) cos sO

5.2.2 Analysisfor Cone-BeamGram Matrix

To predict varianceimagesusing (5.12), we needto determinethe local frequeng

responsédo(; ;) ,orequivalentlyHqo(*). We rst nd thelocalimpulseresponse.

Local Impulse Responseof Gram Matrix

Considerthe 3D objectmodelbasedon a commonbasisfunction (%) superimposed
onaN; N, N3 Cartesiargrid asfollows:
X 1
(5.33) (%) = Rl — (¢ x[R]) ;
n2S
whereS , fn; :j = 1;:::;pg denoteghe subsetof theN; N, Nj lattice thatis
estimatedandx.[R] denoteghe centerof thenth basisfunction(seeFigure4.1). Thegrid

spacingis ~ = ( «; v, 2). Weconsiderthecase , =  hereafterbut we allow

« 8 ;. Typically

(R w) ~; A2S

%[A]

Wi (N 1)=2+ &

wherethe userselectablgparameter, denotesan optional spatialoffset for the object

center
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Assumethatthe detectorblur b(s;t) is shift invariant,independenbf sourceposition
( , ) andactsonly alongthes andt coordinates(This couldbe generalizedo the case

of locally shift-invariantblur.) Thenwe modelthe meanprojectionsasfollows:

77
(5.34) y [s;t; 5 1= blsc At t9p w(s);wsStS )~«(s% ); 1) dsdt®

for
sk = (kK wg) s
o= 0 ow)
andk = 0;:::;ng  1;" = 0;:::;n¢ 1, where isthesamplespacingins, . isthe

samplespacingn t, ws andw; arede ned akinto w,, andp(u;v;'; ) istheline integral
of (%) de nedin (5.3).
Letg(u;v;"; ) denotethe Radontransformof (%) atangle(’; ). By shifting and

scalingpropertieof Radontransformin (5.7)and(5.9), we have

u u ] v Vv. [A
3D)iray X z [] : [];'; arctan —=tan ;

) 2 . ) .

I x xdn)

Y .
wherec( ) , 2sin® + 2co$ and

(5.35) u Rl x[n] e()

(5.36) vi [/l L x[R] & )

Substitutingthe basisexpansionmodelin (5.33)for the objectinto the measurement

model(5.34)andsimplifying leadsto thelinearmodel

X
y [sct: 1= alsat; 5 oin) [Al;
1r2S

wherethe cone-beansystemmatrix elementsare samplesof the following cone-beam
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projectionof a singlebasisfunctioncenteredat x.[R]:

ZZ

a(s;t; ; ;m) = s st t)—=-
(119 !

S 0\ [R S Vi ico y.~10 R «

G37) g ) Ul WS ) Vol o) o o gogen
x c((t9) z
where
tO
(5.38) arctan —tan (t9 = arctan —~ =~ X% .
z z Ysd z

To proceedwe rebin(5.37)into parallelcoordinatedy de ning ay(u;v;'; ;R) interms

ofa(s;t; ; ;n)using(5.29) (5.32).
Next we reparameterizeariabless’ andt®in (5.37)accordingo theinversionof cone-
to-parallelrebinningasfollows: s°!  s(u9;t°! t( 9; anduse rst-order Taylor expan-

sionto expands(u) arounds{u® asfollows:

(5.39) s(u) s(u)  ms(u(u u;

wherewe de ne thefollowing magni cationfactor

@_ _ Dsd - n Dsd .
640 ). GV T D@~ P o w
Similarly,
(5.41) O 1 mOe
where

@' _ Dsd .
(542) mt( % ’ @( ) _ 0_ cog ©

Becauseheblur b(s;t) is assumedo be aboutl-2 detectompixelswide, we expect °
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within (5.37), leadingto thefollowing equalitiesandapproximations:

Wy = °

t(s(u)) = u°
'~(s(uY; (; u)) = ' +arcsin u arcsin—
sd Dsd
- X9 = arctan —Xtan ° , #( 9

z h i
Dsocos~(s(u9) sin °+ % Dsocos~(s(u)) tan  cos °

w(s(u9;t( 9; (U v; )

V;(;)SS i Dsocos~(s(u9) cos Ytan  tan 9
(5.43) v ous 9 9
where
(5.44) Uu® 9, Dgcos °cos~(s(u?) = (cos O)p De? U2

We assumeheseapproximationsold for (s® t9 sufciently closeto (s;t), i.e., within the
essentiabupportof b(s;t).
With (5.39),(5.41),(5.37)andtheabove, we approximateheparallel-rebinnedystem

matrix elementsasfollows:

ap(u; vy 5A), a(s(u); t( ), ~(u;' ); (u;v; );n)
27

o(m(u(u - uim( 9 N oy
g uO u [ﬂ]’ \ U(UO; %( cb Ve O[ﬁ];'; #( (> J'ms(U(bmt( (bj duOd 0
ZZ C( g

bms(u)(u  udm( ) 9) CX( )Z
g oY O D Y B ) mm( e

(5.45)
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Making thechangevariableof V0= v U(u; )( 9 yields

7

a(u; Vv, ;R) b(ms(u)(u U9 mee(u; )(v V) cz )Z

uw® u[r] V0 v [n]

(5.46) g ) 5 #() jms(u)ymg(u; )j duldv®
where
(5.47) me(u: ), ) - Dsq

U(U; )  Dwocos cos—(s(u))’

Considera and /° valuesthat are sufciently closeto f,, the location of interest.
Letuo(") , uw [Rol;Vo(; ), V. [Ro]: andvp(; ), V- [Ro]: Becausemg(u) and
ms.¢(u; ) arefairly smoothover (u; v), we approximateahelocal magni cationfactorsby

their valuesat the centerof the voxel of interestag:

(5.48) ms(u) ms(Uo(" )) » Mso(" )

(5.49) Mg (U; ) Mst(Uo(' )5 ), Msro(; )
Thereforewe furtherapproximatg5.46)using(5.48)and(5.49)asfollows:

a(u;v;; ;R) au u[Rlv v [RLS )
ZZ
001, )

, b(u ur] u®v v [A] VO

uOO VOO

(5.50) a—

us v 00,00
Q) 9 ey RO A

where

(5.51) o(u; v ), imso(’ YMseo(s )ib(Mso(' ) usMso('; V)
77 IR

v 04y/0-
) g X'C()”#() du“dv™:

(5.52) ap(u;v;; ), b(u u%v V9

Thesecondine of (5.50)useschangeof variablesu®= u® u. [a];v®= v°® v. [A]:
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Now theelementof the Grammatrix aregivenexactly by

8
2[Aq/\/A]jjo; 1= R ZS;ﬁOZ ﬁjOZS
hal[R; R = S
: 0; otherwise
(5.53) = he[r; R (%[R]) (%[RY)
where
Xs X XX
halr; /Y = wW(st; i p)alscts o piRalsats i ;R0

k=1 I=1 i=1 j=1
and (%c[R]) , linzsg; andw(s;t; ; ) denoteghestatisticalweightingassociatedvith

W . We rst usetheintegralsto approximatehe summationsn (5.53)asfollows:

Z 1 Z 2 VA 1 YA 1
ha[R; RY w(s;t; ; )rect rect rect
1 0 1 1 Smax max 2 max
(5.54) a(s;t; ; ;m)a(s;t; ; ;A%dsdtd d ;
where
1111
’ _S_t__a

and s, ; and arethesamplingintenalsins,t, and . Noticethathgy[rn;r9in
(5.54)is not shift invariant. Making a changeof variablesirom cone-beantoordinatego
parallel-beantoordinatesye rewrite (5.54)as

(5.55)
Z 72,2,2,

halR; /Y w(u;v; ' ap(u; v’ sR)ag(u;v; :79J(u; )dudvd d ;

0 1 1

wherew(u;v;"; ) istherebinnedstatisticalweightingde ned asfollows:

s(u)  t() . (uv; )
2 max’ Ztmax7 2 max
2Umax’ 2 max 2 maxCOS

w(u;v;' ), w(s(u);t( ); (5 uw); (u;v; ))rects

(5.56) w(s(u);t( ); ( u); (u;v; ))rects
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for small , rectz(¢) , rect(x)rect(y) rect(z) andumax , t{(Smax); max, (Imax): The

absolutevalueof the determinanbf the Jacobiarmatrix J (u; ) is givenby

& & G @
@a @6 ¢ @ a@ 0 00
a a a@ @ 0O 0 0 @
Ju) = @ @ @ @ _ @
e e @ @ g @ g
@a @ @ O @ @
e e e @ @@ g @
@a @ @ @ @ @@ @
D2
(5.57) . 6000 _ P
@@@ @ co$ DI u?

We furthersimplify (5.55)asfollows, by analogywith [40] and(4.43)in chapter4:
Z 7Z B
(5.58) halr; R w(; ;RR9h; [RRdd d

where

(5.59) s
w(: o R:R) L wlu s )ap(usvs R)ap(u; Vs '79J (u; )dudv
o 1T auvi R)ap(uvi sR9dudy

(5.60) h. [m;R9, a(u; v sR)ag(uv;; ;A% dudv:

1 1

To furthersimply (5.58),we approximatg5.59)and(5.60) by using(5.50)andassuming

thatn andr®aresufciently closeto frg:

iR Ri Ri wlu vy )J(u; )ag(u u [Reliv vy [Ro]) dudv
MR T T & a g v, i dudy
1 1

D1 s WU )aB(u uo( )iv vo(; ) dudy

1 i aj(u uo(' );v  Vo(; ))dudv
J(Uo(" ); Iw(uo(' )svo(5 )5 )

(5.61) Jo(; Iw(uo(* );vo(5 )% )y wo(s )

wherethe Jacobiardeterminanat the voxel centeris

(5.62) Jo(; )y J(uo("); )
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and
Zl Zl
h. [r;R9 a(u u[Rlv v, [RDagu u [V v [RY)dudv
z 7Y
= ao(u;v; Daglu+u [ Ay v+wve [ RY; )dudy
1 1
(5.63) =ho(™ (m RY) e~ (m /) & )

wherethefollowing 2D auto-correlations w. r. t. (u; v):
(5.64) ho(Uivi'y ), ao(U;vi's ) 22a0(U;vs' ):

Combiningall theapproximationabove, we have the expressiorfor thelocal impulse

response:
z 7,

(5.65) hal; 7Y C o we(h )he [mRdd d

7 0

where
(5.66) h. [A;RY, ho(™ (A RY ey~ (R RY &' ) (%[R]) (x%[rY):

Thus,we now have aform thatis nearlyshift-invariant(exceptfor edgeeffects).

As shavn in 2D fan-beantase the edgeeffectsin (5.53)or (5.66)areamainconcern
in accuratevarianceprediction. Herewe usea similar approacho take the edgeeffects
into accountto nd thelocal frequeny response As in 2D fan-beancase,we referall

displacementsgelative to the pointn, asfollows:

h. [A;R9 h. [Ro+ A A%Ag]

ho(™ (R 7Y e;~ (@ 89 &% ) a(x[r A9

(5.67) , o [m R%Ag);
where

(5.68) 2(%) , (%0t %) (%0):
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We approximatg5.68)asfollows:

(5.69) 2)  o®), (%) (x0):

Thischoicealsoyieldsalocalimpulseresponsé¢hatis symmetridn 1 providedthesupport
(¢) is symmetricitself. We focuson a symmetric (%), suchaselliptical cylinder or
spherehereafter The nal form of thelocalimpulseresponsdollows from (5.65),(5.68)

and(5.69):

z z,

(5.70) ha[R: A9 Cowo(; )R [ R%ngld d

7 0

Local FrequencyResponseof Gram Matrix

To nd the DSFT Hgyo(*) of hyq[R + Ro; Ro], we needH (%) rst, the spectrumof

i [R; Ro]. Applying thelinearity of the DSFTto (5.70)yields:

z_z,
(5.71) Hao(*) = wo('; )H. (&)d d :
> 0
De ne a“tubelike” function
(5.72) S, (%), ho(x €% €' ) of%):

Thenfrom (5.67)and(5.69)wehaven. [A;Rp] = s. (T n): Thespectrunof A [R;RAo]

canbefoundasfollows:

X
B (]) = B [Asmgle (00
X
= s. (T n)eftm
n 1 727
1 (-
_ s. (x)e = % gx
X z
1 1
(5.73) = S
X z 2 -
wheres. (%) *°fT's. (~):
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Becauses. (%) is narrav in both(u;v), we approximate () asfollows:

X €

(5.74) o(¥) = s m ;

wheredy('; #( )) istheintersectingengthof thepro le passinghoughrgy andthe nite
supportatdirection(" + =2;#( )). () denotegheimagesupportfunction.We propose

two choicesof thissupportfunction. To beconsistenwith FFT-basedpproachye choose

X € _ X &
(5.75) Cal A &t #O)

To presere the non-ngative de nitenessof the Gram Matrix, we choose

X € o X €
(5.76) * G #O) " Gl #O)

Regardless,the local frequeny responseH (%; ; ) of the cylindrical cone-beam

Grammatrix aroundrg is

z 7z,

®.77) Ho(%; ) T W DS (o 0) d d;

max 0

wheretheconstant , —

X Z

The 3D Fourier Transform of s. ()
The3D FT of s. (%) canbefoundby therotationpropertyof the 3D FT. Combining

(5.72)and(5.74),we have

X €
do('; #( ))

S. (%) = ho(¢ €% ;' ) s
Letx®= T 1%, whereT isde nedin (5.5)in section5.1,whosedeterminanfTj = 1.
Thenwe have a separabléunctions; thatis arotatedversionof s. (x) :
y0

G78) s ). s (TR = htxh2 ) s Gty
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3D |FT ) 3D FT

Lets; (x) S; (=) ands(x;" I S(~"% ). Thespectraof s;(%;"; )

ands. (x) canberelatedthroughtherotationproperty:
27272
S (~)= s. (x)exp( 12 ~ %)dx
2727
= ss(x%: Yexp( i2 ~ Tx9jTjdx’
727
= s (% Dexp( i2 (T%) x9dx°
(5.79) =S(T%;; ):
The3D FT of s, (%¢;"; ) is easilyfoundfrom (5.78)
(5.80) Si(=5 )= A 15 &% )it do(s #( )Ms(do(; #( ) 2);

where (y) il Ms( y) andAo( ; vy )isthe2DFTofag(u;v;'; ) withrespect
to (u,v). Therefore,the 3D FT of s. (%) hasthe following form accordingto the
rotationpropertyin (5.79):

(5.81) S; (7) = jAo(~ &(=);~ &(=)" )i?do(; #( )IMs(do(; #( ))~ &(~)):

Thenext goalis to determineAq( ; v;'; ). We startwith the 3D Fourier Slice The-
orem.LetP( ; v;; ) denotethe2D FT of p(u; v;~) with respecto (u,v). The3D

Fourier Slice Theoremgivesthefollowing relation:
P( us v ): F( uel(~)+ VeZ(~));

whereF (~) is the3D FT of the basisfunction (). Thereforewe have thefollowing

2D FT with respecto (u,v):

Xz u_ v . 2D FT Con
P gy *O T ek )
where
G(u vi%h ) = 5 PCxuwc) vy #())

(5.82) = 2 LF( x e )+ o) vels #()):

x
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ThereforeAo( u; v;"; ) includestheeffectsof basisfunctionanddetectoiblur:
(5.83) Ao( us vi'y )=Bo(uw viy I)G(uws viy )

whereBo( u; v;"; ) isthe2D FT of by(u;v;'; ) with respecto (u,v).

For “ideal” cubic voxelbasisfunction (x) = rects(x)

Noneof theprojectorsavailableto us,suchasray-driven(RD),pixel-driven(PD) NUFFT-
basedanddistance-druen(DD) projectorshasthis effect. However, we usethis caseas

demonstrationln this casewe have F (~) = sing(~) thatleadsto

G(u; v;y )= 2 ,sinc( x ycos ¢ ) ysin' sin#( ))
sinc( x ysin' +¢( ) ycos sin#( ))

(5.84) sinc(c( ) v cos#( )):

For square areadetector
Considera cylindrical supportfor an objectwith radiusRs < D¢, anda squarearea

detectoresponsdys;t) = isit rect is; Lt : For thiscasewe have

N _ 2Rs #()
do('; #()) = cos( )rect 2
(5.85) Bo( ui vy )= sinc 'Z(,”) sinc ﬁ(v)

For computatioref ciency, we would like to predictvariancesn sphericalfrequeny
spacecoordinatesn which we can nely sample%and coarselysample( ;) . Let
S, (%; ;) . S, (%), whereAg(%; ;; 5 ), A% ; &(-):% ;. &) ).
As | Oanddy(; #()) ! 1 ;onecanshaw thatfor large % the M (sincor sinc)

termis sharplypealedatnear =

(5.86) do(’; #( NMs(do(; #( )~ &(=)! (- &(=)) = (¥sin(" ) cos) :
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We considerthe following Type-l approximatiorto (5.77):
VA max Z 2
(5.87)  Ho(%; ;) Wo( ;) S (%; ;) dd, Hou(% ;) :

max 0

With (5.86),theFT of s. approaches

(5.88) S, (%; ;) ! jAo(%cos cos( ) ;Usin; o)jZM:

j%cos |
We considerthe following furtherapproximationgo (5.77):
Z maxZ 2
0 . . T. H 0 .0 H . 1. '2
Ho(%; ;) 1_7%:08 j L Wo('; ) JAo(%cos cos( ) ;%sin; ' 0)
(sin(' ))d d
Z max
_ . SOt - Y2 ) )
= [%%cos jjAo(%:os ;Usin;  ;0)) max[Wo( )+ woe( + ; )]d
max - . . . -2 . .
[9%cos jjAo(O/a:os Usin ;. ;0)%[wo( ;0)+ wo( + ;0)]
(5.89) , Hoa(%; ;)

wherethelastline exploitsthefact max OandtheapproximationR ”’;;f( )d f (0)

2 max- We cansee(5.89)from thatthe frequeng responseés at along 3 axis,implying
thatthe local impulseresponsealongz-directionis muchnarraver thanin xy-directions.
This obserationagreesvith our empiricalexperience .The Type-Il approximation(5.89)
leadsto in nite DC value,but thatdoesnot alonepreventits usefor variancepredictions

via (5.14).
Reduced2D Fan-beamCase

For asanitycheck,we considerthe DC valueof local frequeng responseid o(%; ; )

in thereduced®D fan-beantasewheren; = 1and ;! 0. We startwith (5.87):

Z zZ,
Ho(%; ;) Wo( ;) S (%;;) dd

S 0

(5.90) ! “wo( ;0)jAo(; %sin; ;0)°G3(; ) ;
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where = %cos and

ZZ
(5.91) G3'(; ) do(’; 0)sinc(do(’; 0) sin( ) d' :
0
Thereforethe DC valuecanbedervedasthefollowing expressiorfor = ,:
Dsd 2
(5.92) Ho(0; ;) ——Gg(0; ) :
DsO S

This expressionagreeswith Type | DC value, Ho(0; ) , dervedin (4.64)in previous

chapter

Implementation of Ho(%; ;)

Thekey to calculateH o(%; ; ) correctlyiswy('; ) in(5.87).We rst needto nd the
propercone-beansoordinategorrespondingo ug(' );Vo('; );' ,and . Letxq, *c[Ro].

Using(5.35)and(5.36),

Uo(' )
vo('; )

%o €(')

%o &(5 )
Wethen nd (s;t; ; )using(5.29) (5.32).

5.2.3 Analysisof Local FrequencyResponsdor 3D Quadratic Regularization

For adiscrete-spac8D object [r], atypical quadraticoughnespenaltyis givenas
X X 1 2
R( )= oy (@ IA]
n =1
wherer ., valuesaredesignparametershataffect the directionalityof the regularization
andhencetheshapeof the PSE Eachg [1] is a (typically) high-passilter . For a rst-order

difference:

afr]l= 1 (3[M] 3 m]);
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where | = kmk ?; m; denoteghe spatialoffsetsto the neighboringvoxels,and is
the power of weightsfor diagonalneighborghatcanbe choserby theuser For example,
commonpracticechooses = 1[30,70].
Applying Parseval's theoremthelocal frequeng responsef R for a -order(where
2 N) differencecanbefoundin a similarform of 2D fan-beantasein Section4.5.2as
follows:
S
(5.93) Ro(%; ;) = o 2 4si’e %~ e.) m
1=1

In 3D geometryL = 13for thesecond-ordeneighborhood.

5.3 Simulation Resultsfor 3D Cylindrical Cone-BeamCT

We rst usea small image and sinogramto validate the local frequeng responses
Ho(%; ;) andRo(%; ;) atimagecenterny = (0;0;0) for cylindrical cone-beam
CT with cubic voxels (5.84). Becausehe FFT-basedapproachprovides very accurate
approximationgo the true empirical varianceswe compareanalyticalHo(%; ; ) and
Ro(%; ;) with FFT—based—|éf)(%; ;) anng)(%; ;) . We alsocomputethe nor
malizedroot meansquare(NRMS) differencebetweenanalytically and FFT predicted

standarddeviationsatimagecenter

kstch st 'k,

NRMS difference,
kstd ks

wherestd, andstcg) areanalyticallyandFFT predictedstandardieviations,respecitiely.

5.3.1 Simulation Setup

We simulateda cylindrical cone-beanCT systemwith a cylindrical 2D detectorwith
zero detectoroffsetsin s andt. The correspondingsinogramsizeis 111 samplesn s,

spacedby ¢ 8 mm,32samplesnt, spacecby ; 88 mm, 137samplesn ,
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spacedy 1:3 mmandl123sourceangularpositionsover 360 for each . Thecone
angleof X-ray beamis about26.4 .

Theimageis of size64 62 20 andthe objectis an ellipsoid. The voxel sizeis
of 7.8 mm, 7.8 mm and5mm. A cylindrical supportis usedwith radiusRs = 1641
mm andheight80 mm. In thiscasedo(; #( )) Rs=cos#( ) atimagecenter To be
consistentvith the FFT-basedmethod,we implementedhe rect supportfunction (5.75).

For spectrundisplayandcalculationsof varianceprediction,we usemax(H o(%; ; ) ;0).

Emulating Cubic Voxel BasisUsing DD Projector

In our simulationstudies 3D distance-duen(DD) projectoris used.Our derivation of
(5.87)and(5.89)is basednthe 3D basis-&pansionobjectmodelin (5.33). Furthermore,
our analyticalHy(%; ; ) is calculatedbasedon the ideal cubic voxel basis. However,
noneof the projectorsavailable hasthe cubic voxel effect, including the DD projector
Therefore,FF'I'—baseng)(%; ;) doesnot have this cubic voxel effect while analyti-
calHo(%; ;) has. A basismodelmismatchoccursbetweenanalyticaland FFT-based
results. For a fair comparisonwe needto emulatethe cubic voxel basisusingDD pro-
jector. We canemulatethis cubic voxel basisby usingsmallervoxels. In computingthe
FFT—basedH((,f)(%; ;) , we rst oversamplethe image, forward and back projectthe
oversampledmageandthendownsampleheresultaniGrammatrix AW A beforetaking
FFTs.All of theotherparametersemainunchanged.

Becauseof small coneangle,the DD projectorapproximateshe cubic voxel in z-
directionfairly well. Poorapproximatioroccursin xy-planesdueto thefull 360 rotation.
Dueto memoryconstraintsyve only oversampleéheimagein transaxialplanesby afactor
4.

Futurework shouldbe donein nding the appropriatébasisfunctionthatcorresponds
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to therealisticprojectors.Replacethe cubicvoxel basisby this projectordependenbasis

functionto eliminatethe basismismatch.

5.3.2 Local FreguencyResponseof Gram Matrix

We considerithesimplestcase whereanunweightedeast-squaresostfunctionis used
in (4.2).Inthiscasew(s;t; ; ) = 1. Wecomputethelocal frequeng responsesf Gram
matrix atimagecentery, by our analyticalmethod(5.77)andby the FFT-basednethod

(5.11).

center 20 slices of HOl atn, = (0,0,0)

— 18500000

100000

range[2675.0 17522644.0]

Figure5.2: Center20 slicesof Typel local frequeng responsén unweightectasefor ng atimagecenter

Figure 5.2 and Figure 5.3 shawv the center20 slicesof local frequeng response®sf
Gram matrix computedby analyticaland FFT-basedmethods respectrely. Figure5.4
shaws the differenceimageHo(%; ;)  HY(%; ;) . Figure5.5, Figure5.6 andFig-
ure5.7 comparethe pro les alongthreeaxes( «; y; ;). We canseethatboththe spec-

trum andits pro les matchfairly well.
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center 20 slices of Hg) atn, = (0,0,0)

— 18500000

100000

range[66593.2 17304306.0]

Figure5.3: Center20 slicesof FFT-basedlocal frequeng responsen unweightedcasefor ng at image
center

5.3.3 Local FreqguencyResponseof Standard Quadratic Regularization

We considera standardjuadraticpenalty wherer ., valuesareunity for all voxelsin
(5.93). We choosethe global regularizationparameter = 2175 to give FWHM = 1:64
voxels,i.e., 128 mmin transaxialplaneand1:21 voxels,i.e., 6:1 mm, alongaxial axis at
the centerof theimage.

Figure 5.8 shawvs the , pro les of local frequeny response®f standardquadratic
regularizer calculatedby analyticaland FFT-basedmethods. We can seethat the two
pro les arealmostidentical. Thisresultis notsurprisingbecauseery few approximations
areusedto derive (5.93).

The NRMS differenceof the predictedstandardieviationsfor quadraticallypenalized
unweightedeastsquaregQPULS)betweeranalyticalandFFT-basednethodsareabout

5:7%.
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; ®
center 20 slices of H01 H 0

— 771000

410000

Figure5.4: Center20 slicesof Hoz H(()f) in unweightedcasefor ny atimagecenterfor cylindrical cone-
beamCT.

5.3.4 Investigationson The Effects of BasisFunction Mismatch and Discretization

The simulationresultsin previous sectionshav that the proposedanalyticalmethod
providesaccuratéHo(%; ; ) andRo(%; ;) atimagecenterfor acylindrical cone-beam
CT with cubicvoxels. The standardleviation atimagecenterpredictedby theintegralsin
(5.14)is accuratecomparedo the FFT-predictedvalue.

However, cubic voxel projectoris not availablein practice. Whenoperatingin step-
and-shooimode,we often setthe samplespacingin equalto ,. This samplespacing
violatestheassumptiorunder(5.77)that X-ray sourcemovescontinuouslyin  direction.

We next investigatethe sensitvity of our proposedapproacho thesetwo effects.

The Effect of BasisFunction Mismatch

To investicatetheeffect of the basisfunctionmismatchwe do notusethe oversampled

imageasproposedn Section5.3.1to obtainFF'I'—based—Iéf)(%; ) -
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<107 Unweighted local freq. responses along n

H_(,0,0)

0
_ H0w .00 ||

2 s A
0.05 0.06 0.07

n (cycles / mm)

Figure5.5:Ho; andHéf) x pro les in unweightedcasefor g atimagecenter

Figure 5.9 shaws the differenceimageof analyticalH, andthe FFT-basedH (()f) that
includesthe basismodelmismatch.Figure5.10shows their pro les along , axis. Com-
paring Figure 5.9 and Figure 5.4, we can seethat the basisfunction mismatchbetween
cubicvoxel andDD projectorintroducedargerdiscrepangat = 0; 45 and 135
directions. This phenomenons dueto the approximationghat DD projectorusesand
likely to changewith other projectors,suchasray-driven and Fourierbasedprojectors.

The NRMS differenceof the standarddeviationsincreases$o 9:5%.

The Effect of Discretization in Source Axial Trajectory

Figure5.11shavsthecenter20slicesof Héf) calculatedvith = . Theanalytical
local frequeny responsef Grammatrix (5.77)is derved basedon an cylindrical cone-
beamCT. The X-ray sourcecanbe placedat any point on the cylinder with radiusD .
Therefore,the assumptiormadeunder (5.77) is that X-ray sourcemaoves continuously
alongin direction. Whenthe samplingspacein is setas ,, asis usualin step-and-

shoot-modethe discretizationeffect is fairly pronouncedas shawn in Figure5.12 and
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Unweighted local freq. responses along ny

H_(.p/2,0)

—©— 01

_ HOrpr20) |

S48 .

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07
ny (cycles / mm)

Figure5.6: Ho; andHéf) y pro les in unweightedcasefor g atimagecenter

Figure5.13. The discretizationeffect is mostly at high , frequeng components.The

NRMS differenceof predictedthe standardieviationsis about10:3%.
5.4 Conclusionand Discussion

This chapterextendsthe analyticalvariancepredictionapproacto 3D cone-beanCT.
Theanalysiss basedn a“ideal” cylindrical cone-beangeometryandcanbe senedasa
startingpointto theanalysisn step-and-shoair helicalcone-beanCT.

Thevariancepredictionintegrals(5.14)for 3D cylindrical cone-beanCT providesan
efcient approachto computingvariancesat mary voxel locationswith reasonablec-
curagy. However, our simulationstudiesin Section5.3 shawv that the local frequeng
responsef Grammatrix (5.87)canbeaffectedby basisfunctionmismatchanddiscretiza-
tion in X-ray sourceaxial positions. Basisfunction mismatchbetweencubic voxel basis
andDD projectorincur larger spectraldiscrepang at diagonaldirections.Realisticsam-

ple spacingin X-ray sourceaxial positionsincur larger spectraldiscrepang at high ,
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- Unweighted local freq. responses along n,

H_(TF.p2)

o
+H0 (r,F.,p/2) ||

0 0.02 0.04 0.06
n, (cycles / mm)

Figure5.7:Hoz andHé” 2 pro les in unweightedcasefor R atimagecenterfor cylindrical cone-beam
CT.

frequeny componentsWe found that variancepredictionintegrals (5.14)is mostaccu-
ratefor the“ideal” cylindrical cone-beanCT thatis free of basisfunctionmismatch.The
NRMS differencebetweenstandarddeviationsis about5:7%. It is leastaccuratewhen
both voxel basismismatchandthe discretizationare present. The NRMS difference
betweerstandardieviationsincrease$o about13:2%in this case.

For helicalcone-beangeometrywe conjecturehatthe proposedpproachn thischap-
ter canprovide comparableaccurag asfor cylindrical cone-beangeometrybecause
in X-ray helicaltrajectoryis usuallymuchsmallerthan ,. For practicalstep-and-shoot
geometry the “semi-continuous”approachdevelopedin AppendixA providesa poten-
tially more accuratemethod. This “semi-continuous’variancepredictionmethodkeeps
botht and discrete.Preliminarysimulationresultsin AppendixA shov thatthe NRMS
differencebetweerstandardieviationsis about6%.

Finally, all the simulationresultsare comparedo FFT-basedresultsthat are not the

groundtruth.
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< 10° Unweighted local freq. responses along n,

5 ‘
o R,(00)

f
45f RO .0,0)

3.5F

2.5F

.03 0.04 0.05 0.06 0.07

0 0.01 0.02 0.0
n, (cycles / mm)

Figure5.8: Rg anng) pro les along  for standardjuadraticregularizerfor ng atimagecenter

center 20 slices of H,, H g) for smaller source step size

—1 900000

893000

Figure5.9: Center20slicesof H g, H(()f) in unweighteccasefor ng atimagecentewhen = 0:25 , =
1:3 mm. The cubicvoxel basisis notemulatedusingDD projector
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Unweighted local freq. responses along n,

+H?f)l(r,F,pIZ)
o HY(rF.p/2) ||

0 0.02 0.04 0.06
n, (cycles / mm)

Figure5.10:H g, andHéf) z pro les in unweighteccasefor g atimagecenterwhen = 0:25 , = 1:3
mm. The cubicvoxel basisis notemulatedusingDD projector

center 20 slices of Hg) atn, = (0,0,0) for oversampled DX and Dy

— 8500000
100000
range[66593.2 17304306.0]
Figure5.11: Center20 slicesof Héf) in unweightedcasefor ng atimagecenterwhen = ,. Thecubic

voxel basisis emulatedusingDD projector
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center 20 slices of H01 oversampled H g) atn, = (0,0,0)

— 193000
650000
Figure5.12: Center20slicesof Ho; Héf) in unweighteccasefor fg atimagecenterwhen = ,. The
cubicvoxel basisis emulatedusingDD projector
6 Unweighted local freq. responses along n
1810 -
é +H01(r JF,p/2)
16} . HOC Fpi2) |
14+ ]
12+ g
10+ g
8, .
6, .
4+ il
2t . i
O L L L
0 0.02 0.04 0.06 0.08 0.1
n (cycles / mm)
Figure5.13:Hp; andHé” 2 pro les in unweightectasefor ng atimagecentewhen = . Thecubic

voxel basisis emulatedusingDD projector



CHAPTER 6

Summary and Futur e Work

6.1 Summary

Theforwardandback-projectionsirethe primarycomputatiorbottleneckn X-ray CT
imagereconstruction. One can use corventionalreconstructiormethods,suchas FBP
by applying only back-projectionronce. However, corventionalmethodsusuallyignore
enepgy-dependencef the X-ray sourceand causebeam-hardeningrrorsthat mustbe
compensatetbr quantitatvely accurateCT values. The low signal-to-noiseatio in FBP
reconstructedmagesusuallyrequireshigherdoseto patient. Thesedisadantage®f FBP
give rise to the popularresearchn Statisticalimagereconstructiormethodsthat usually
needto useiterative algorithmsto minimize certaincostfunction. In thoseiterative al-
gorithms,oneforward andonebackprojectionsareneededor eachiteration. Fasterand
moreaccuratdorwardandback-projectorarealwaysfeasible.

We developeda fastFourierbasedorwardandbackprojectordor fan-beantransmis-
sion CT. The projectorsare basedon Fourierslice theorem the fan-to-parallekebinning
relationshipandthe non-uniformFouriertransform(NUFFT) that utilizes a min-maxop-
timized KaiserBesselnterpolationkernel. We alsoincorporatethe effect of shift-variant
detectoresponsén frequengy domainby a simpleshift-invariantdetectoresponse.

Simulationandrealdataresultsshav thatthe NUFFT-basedorward andbackprojec-

128
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tors canprovide comparableaccurag asthe existing approach.The computatiortime of
forward andback-projectionss equivalentto thatof distance-dsen (DD) projectorsfor

modesimagesizes.For largerimagesize ,theNUFFT approacloutperformghedistance

driven (DD) projectors.However this methodis poorly suitedfor “ordered-subsetsidlgo-
rithmssinceit mustcomputeanoversample®D FFT evenif only afew projectionviews
areneeded.This propertylimits its applicationto algorithmswhereordered-subsetsre
notneededExisting O(N 2 logN ) methodsalsohave this limitation [99].
Varianceimagepredictionscanbe usefulin understandinghe trade-of betweernres-
olution andnoiseof statisticalimagereconstructiormethodsandaiding the selectionof
regularizationparameters.Matrix-basedand DFT-basedpredictionmethodsare corve-
nient for computingvariancesat a few locationsbut is not practicalwhenvariancesare
neededat mary or all pixels/\oxels. We proposeanalyticalvariancepredictionapproaches
thatarebasedon local shift-invarianceapproximationandParseal's theoremandderive
closed-formapproximationgor fan-beamandcone-beantomograply.
Simulationresultscon rm the accurag of theseapproaches.Thereforethe analyti-
cal varianceapproximationgprovide a practicaltool for ef ciently predictingvariancesat
large numberof locations. Although not deeplyinvestigated,we alsoprovide an expres-
sionfor computingcovariance®f ansmallregion of interestROI) within which thelocal
approximationsarestill valid. The proposedcanalyticalvarianceapproximationsanalso
be extendedto the caseswith shift-variantdetectorblur wherethe local shift-invariance

approximationis applicableg.g., for varifocal collimatorsin SPECT

6.2 Futurework

Theworkin thisthesigs merelythetip of theicebeg in statisticaimagereconstruction

researclarea.ln this sectionwe proposehefollowing suggestion$or futurework:
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The computationtime of statisticalimagereconstructiorbecomesnuchlongerin 3D
cone-beanCT dueto thelargerdatasize. Extensionof the NUFFT-basedorwardand
back-projectoren Chapter3 to 3D conebeamCT might provide speedacceleratiorior
certainalgorithms.

The analyticalvariancepredictionapproaches Chapters and AppendixA areonly
validatedfor localfrequeng responsesf unweightedsrammatrixandstandardjuadratic
regularizer Variancesare only computedand comparedfor one voxel of interestat
image center using analyticaland FFT-basedmethods. Comparisonwith empirical
estimatiorresultsfor arealsystemss usefulin assessingaw datanoiseproperties.
Chapter5 and AppendixA developedfully-continuousand semi-continuousariance
predictionapproachegor ideal cylindrical cone-beanCT and step-and-shootone-
beamCT. Generalizationo axialcone-beanCT andhelicalcone-beanCT for quadratic
PL reconstructiortanbe donebasedntheanalysisn Chapters andAppendixA.
The behaior of quadraticpenaltyfunction hasbeeninvestigatedand understood.It
hasavery nice propertythatthe Hessiarmatrix is independentf the object. However,
it might over-smooththe ne detailssuchasedgesand small bonestructuresn the
reconstructedmage.In reality, onemight preferto usenon-quadraticegularizationto
achieve betternoiseandresolutiontrade-of. The propertiesof non-quadraticegular
izationhasnot beenthoroughlyanalyzedyet. Furtherresearchn this areawill bevery
useful. Theanalysign [5, 6] maybea usefulstartingpoint.

Thevarianceanalysisn Chapter4d andChaptel5 is basedon a basicPoissorstatistics
with mono-enggetic X-ray source Althoughthe matrix-basedpproximation$32] are
generalfor ary statisticalmodels,further investigationsare neededon the effects of
photon-countingletectorghatcollectpolyenegetic X-ray photons.

The analyticalvariancepredictionphilosoply canbe also appliedto predictthe co-
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variancematrix which is usefulin mary detectiontasks. However, the local Fourier
transformis not appliedwith respectto the sameimagelocationary more. Further
investigationis neededo evaluatethe validity of “local stationarity”.

The discussiorof covarianceandvarianceapproximationsn this dissertations only

focusedon the second-ordemoments.Furtheranalysison biasandskewnesswill be

helpfulin understandin@ T datastatistics.

The ideabehindthe analyticalvariancepredictionapproachis to bridge discreteand
continuoudrequeny spacedy DiscreteSpacerourier Transform(DSFT) andParse-
val's theorem.In the derivation of local frequeng responsef Grammatrix, summa-
tionsareapproximatedy integrals. A possiblealternatve is to considerthe unknavn

image (X;y) to be anin nite dimensionalparameterand estimateit from discrete
obsenations[86].

Apply variancepredictionsfor regularizationdesign.This is onereasorthatmotivated
usto developanalyticalvariancepredictionapproachHow to selectappropriateshape
parametebasedn predictednoiselevel remainsanopenquestion.

Study analyticalvarianceformulasas a function of pixelization(n,; ) andspatial
resolutionto developresolution/noisg¢radeof rules. Similar resultsareknown for FBP

[62].

Generalizeanalyticalvarianceformulasto accountfor the non-nejativity constraints.
A “truncatedGaussian’modelwas proposedor PET in [77] to compensatdor this

effectandimprove theaccurag in low actvity area.
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APPENDIX A

Semi-ContinuousApproachfor 3D Variance Predictions

A.1 Local Impulse Responseof Gram Matrix

We previously discusseda (fully) continuousvarianceprediction approachfor 3D
cylindrical cone-beanCT in Chaptels. We proceededby approximatinghediscretesum-
mationsin the elementof the Gram matrix (5.53)as(continuous)ntegrals. The NRMS
differencebetweenanalyticallyand FFT-predictedstandardieviationsat imagecenteris
abouts:7%for unweightedcase However, thesimulationstudiesn Chaptei5 alsoshaved
thatthediscretizationin X-ray source axialtrajectorydecreasetheaccurag to 10:3%.

In this appendix,we proposea semi-continuougpproactthat canovercomethis dis-
cretizationeffect and potentially provide more accurateresultsfor step-and-shoatone-

beamCT. Insteadof (5.54),we approximatg5.53)asfollows:
Xt X Z,2,2,2,
ha[R; RY 0 w(s;t; ; )rect t t)
=1 j=1 1 1 0 1 2Smax

(A.1) ( past; ; ;masit; ; ;R9dsdtd d ;

where ©, % Making changeof variablesfrom cone-beantoordinatego parallel-

beamcoordinatesye rewrite (A.1) as

X X Z EZ ZZ 1 Z 1
hgR; R 0 wiu;v;s Dap(upv;h sR)ap(uiv;h ;R9

=t j=0 2z 0 1 1

(A.2) () ) ((uvs ) )I(u; )dudvd d;
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whereJ (u; ) is the absolutevalue of the determinantof the Jacobianmatrix given in

(5.57)andw(u;v;"; ) istherebinnedweightingde ned asfollows:

s(u)

2 max

(A.3) w(u;vi' ), wis(u);t( ), (G u); (upv; ) rect

By usingthe propertiesof Dirac impulseand the relationshipin (5.32), we obtainthe

following results:

cog |

() ) D ( )

((uv; ) ) = jeosj (v 9(u;));

where
(A.4) % (u; ), Dgpcos~(s{u))sin + ;cos:

Thereforewecan rst carryouttheintegrationsin (A.2) with respecto andv asfollows:

Xt X Z ZZ 1
hg[R; RY 0 w(u; 05 (u); s )Jan(u)

=1 j=1 0 1

(A.5) ap(U; 0 (u); 5 R)ap(u; 9 (u); s R dud;
where®;, (u) , % (u; |),theabsolutevalueof 2D fan-beamlacobiardeterminand ,p(u) ,
Dsd=p D2, u? anday(u; 0 (u; 1);; ;n) istherebinnedcone-beansystemmatrix el-
ementsay(u;v; ', ;1) in (5.46),evaluatingatv = ¥ (u).
We furthersimplify (A.5) asfollows:

xe £ 2
(A.6) ham;R9  ©° w(; a;R9h.  [m;e9d;

=1 0
wherewede new('; ;8;R%, w(u;0,(u);"; )Jap(u) and

(A.7) PR,
Wl rerd i WU (W); 5 Jap(ui 0 ()% sR)ap(u; 9 (u); ' A% du
Lol D ap(uta(u) s sR)ap(uga(u) s A9 du
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X Z1
(A8) h. [m;R7, a(u; 0 (u); s sR)ap(u; g (u); s ;R9Jap(u)du
j=1 1

We malke furtherapproximationgo (A.7) and(A.8) by using(5.50)andassuminghat

n andnaresufciently closeto fio:

(A.9) w(; RS JoC WU )i a(u);s 1), wo(s 1)

and
X Z1

h, [m;RY : ao(u  u [RL%a(u) v [RDao(u  u [R]; 9 (u) v [RY)du
j=1

(A20) = hP( (o R) env) v L) v [T )
j=1

wherethefollowing 1D cross-correlatiofs w. r. t. u:
(A-11) he (uiviivas's ). ag(Uivais ) ?ao(uivai’s ):

Combiningall theapproximationabove, we have the expressiorfor thelocal impulse

response:
Xt £ 2

(A.12) halm;n9  ° wo('; 1)h. | [m;R9d;
=1 O

where

h mRd . (kR]) (%[RY)

X
(A.13) h( (n R enta(u) v [E%aW) v [R%5 )
j=1

Using local shift-invarianceapproximationwe refer all displacementselative to the



136

pointn, asfollows:
h.. I[ﬁ;ﬂ(ﬂ h. [Ro+ A A% Ag]
= (tclmo] + %[n A
(- (v A) e )W) v o+ A% v [Rols )
= o(x[n A
h (- R) el )ig) v [l v [d AT v [Rolh )
= o™ (A A9
CRPC ) eCg) T e ) el i O )
-

’ h'; |[ﬁ ﬁo; ﬁ0];

Whered;'('), %.1(u) V. [Ro]. Thereforethelocalimpulseresponsdasthefollowing

nearlyshift-invariantform:

(A.14) hatmind O we(s O IR RCRGId

A.2 Local FrequencyResponseof Gram Matrix

To nd the DSFT Hgo(*) of hg[r;RY, we needH. (*;R0) rst, the spectrumof
i | [A;R0], by applyingthelinearity of the DSFTto (5.70)yields:
(A.15) Hao(t) = ° Wo(; H: (Fimg)d

De ne a“tubelike” function

X . _ .
(A16) s (%),  hY0ec e \id'C) *x & )id'C )t 1) o0%):

j=1
By ananalysisanalogousgo (5.73),we canrewrite H 4o(*) asfollows:
0 )Qt Z 2 1
(A.17) Hao(F) = — wo(; )S,, — *+
X z 1=1 0
wheres. () *°fT's. (~):
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A.2.1 The 3D Fourier Transform of s. ()

An analogousinalysisasin Section5.2.2onthe 3D Fouriertransformof s. (%) shavs

thatthekey isto nd the3D FT of s, (x%"; ), rotatedversionof s. (x) thatis de ned

asfollows:
S (XO; I; I) ) S, (T X(b
(A 18) - X h(j)(XO. d'o;l(- ) Z0. (%”(' ) n ) L
' =1 o ’ U (s #( )

Thespectraof s, (%;"; ) ands. (%) canberelatedthroughtherotationproperty:
(A.19) S, (7)) =S(T% )

The2D Fouriertransformof h) (x; &'(" ) z;&'(" );"; 1) with respecto (x; z) is given

as:
. Z 1 Z 1 .
HY'( i 2) hQe'()  zaf'()n De’” e dxdz
1 1 7
S AP CadlC ) ADCadiC) = e
1
(A.20) = AP (ad'C ) e SOA L 5% )

whereAo( u; v,"; )isthe2DFTofag(u;v;"; ) withrespecto(u,v)andA$’( u;v;; )
isthelD FT of ag(u;v;"; ) with respectou only. denoteddermitianconjucate.Com-
bining (A.18), (A.20) and(A.24), we have

(A.21)
SCAT )= A o IMs(y) AR (ad'( ) e sw 0,
j=1

whereMs ( y) isthe 1D FT of . Thereforethe3D FT of s. (%) hasthe

following form:
S, (7)) = Ao~ &l ) ~ & )5 OMs(= &5 1)

X _ y
(A.22) Agl) (~ & )d'C )y e o' ()~e(s ) -
j=1
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“Ideal” cubic voxel

Direct computationof Agl)( GV ) fromag(u;v;'; ) in (5.52)is not feasiblebe-
causeg(t; ' ) is generallynon-separableThereforefor ideal cubic voxel basis,we nd
AL ivi' ) by takingthe 1D IFT of Ag( o} +;; ) givenin (5.83),with respecto

v- Thisleadsto asequencef convolutions:

(A.23)
AP (wvis )= 2 ,sinc —msz(,”) (Vi) (i) e(vi ) e )
where
(Vi) = . 1. g & a0 rect Vv
c( )sin' sin#( ) c( )sin' sin#( )
o(v;y ) = ,1. & &m0 rect V
c( ) cos sin#( ) c( ) cos sin#( )
s(v;') = 1 rect v
c( ) cos#( ) c( ) cos#( )
4(V;'; ) — ms;t;O(; )rect ms;t;O(; )V

t t

The cornvolutionin (A.23) canbe analyticallycalculated. However, we approximatet as
follows. For smallconeanglesuchthatsin#( ) 0, both ((v;"; )and ,(v;'; )tends

to behae asDiracimpulses.Thereforewe approximatgA.23) asfollows:

(A.24) AP uivit ) 2, sinc to(v;; );

S u
Ms;o(' )
wheretg(v;'; ) isatrapezoidiunctionshaovn in FigureA.1, wherew; = jc( ) cos#( )j

andw, = 1Maeoli I,

A.3 Simulation Results

We testedthe proposedsemi-continuouspproachn unweightedcaseby simulating

the samecylindrical cone-beansystemsasin Section5.3. We comparethe analytical
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FigureA.1l: Trapezoidfunctionastheresultof 3(v;') 4(v;'; ), wherew; = jc( ) cos#( )j andw, =
imst o )i
L

local frequeng responsef Grammatrix Hgo(*) in (A.17) with (A.22) to the FFT-based

Héf)(!~) in Figure5.11for 3D cone-beanCT in step-and-shoahode.

center 20 slices of HOl atn, = (0,0,0)

— 8500000

100000

range[1714.5 17522314.0]

FigureA.2: Center20 slicesof local frequeny responsean unweightedcasefor ry at image centerfor
step-and-shoatone-beantCT: Hyo(*) is computedusingsemi-continuouapproach.

FigureA.2 shavsthecenter20slicesof localfrequeng responsesf Grammatrixcom-
putedby thesemi-continuouapproachFigureA.3 shavsthedifferencamageH, H (()f ),
FigureA.4, FigureA.5 andFigureA.6 comparethe pro les alongthreeaxes( ; y; 7).
We canseethatboththeimageandthe pro les matchfairly well. The NRMS difference

of predictedthe standardleviationsis about6%.



140

; ) -
center 20 slices of H01 H o atng = (0,0,0)

— 1 180000

114000

FigureA.3: Center20 slicesof Hg Héf) in unweightedcasefor ny at image centerfor step-and-shoot
cone-beanCT.

A.4 Discussion

This appendixproposeda semi-continuougpproachto computelocal frequeny re-
sponseof Grammatrix, Hqo(*) orHo( ; ;) for discrete stepsize.Simulationresults
in Section5.3.4shawv thatwhendiscretizatioreffectin - cannotbeignored,theaccurag
of the(fully) continuousapproactproposedn Chaptels decreasesTheNRMS difference
between(fully) continuousHq( ; ;) andthe FFT—based—|((,”( ; ;) Iincreasegrom
5:7%1t0 10:3%.

Thesemi-continuouspproachs potentiallymoreaccurateahanthe (fully) continuous
approachin the caseof discrete becauseboth andt remaindiscrete. Preliminary
simulationresultsshav thatthe NRMS differencebetweersemi-continuousHq( ; ;)
andthe FFT—based—|g)( ; ;) isabout6%.

We conjecturethat the (fully) continuousapproachcanprovide comparableaccurag



141

Unweighted local freq. responses along n
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FigureA.4: Hg andH(()f) x pro les in unweightedcasefor rq at imagecenterfor step-and-shootone-
beamCT.

for helical cone-beanCT asfor cylindrical cone-beanCT because in X-ray helical

trajectoryis usuallymuchsmallerthan .
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FigureA.5: Hg andHc(,f) y pro les in unweightedcasefor ro atimagecenterfor step-and-shoatone-
beamCT.

6 Unweighted local freq. responses along n

182 T
e H01(r F.pl2)

HOC F pr2) |

16+ —a "y

141

121

101

0 0.02 0.08 0.1

0.04 0.06
n, (cycles / mm)

FigureA.6: Hg andHéf ), pro les in unweightedccasdor np atimagecenterfor step-and-shoatone-beam
CT.
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