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A 3D Forward and Back-Projection Method for
X-Ray CT Using Separable Footprint

Yong Long, Jeffrey A. Fessler and James M. Balter

Abstract—The computation burden of cone-beam forward The distance-driven (DD) projector [2] is a current state-
and back-projectors is one of the greatest challenges facing of-the-art method. It maps the horizontal and vertical bound-
iterative methods for 3D image reconstruction in CT. This gies of the image voxels and detector cells onto a common

paper describes a new separable footprint (SF) projector. It | h | imating their sh b
takes advantage of small polar angles of X-rays in cone-beam plane such asz or yz plane, approximating their shapes by

geometry to approximate the voxel footprint functions as 2D rectangles, calculates the lengths of overlap alongati{er
separable functions with simple rectangular functions in the ) direction and along the direction, and then multiplies
axial direction. Due to rotation of the source, a more accurate them to get the area of overlap. The DD projector has the
function is adopted to approximate the footprint function in the largest errors when azimuthal angle of the X-ray source is

transaxial direction, such as a trapezoid function. Because of d ltiol /4 b the t ial footprint
the separability of these footprint functions, calculating their around multiples ofr/4, because the transaxial footprin

integrals over a detector cell is greatly simplified and can be IS approximately triangular rather than rectangular at those
implemented efficiently. Simulations and experiments showed angles.

that the SF projector is more accurate with similar computational We have developed a new approach for 3D forward and
speed than the dlstance_-drlven _(DD) projector, which is a current back-projection that we call the separable footprint (SF)
state-of-the-art method in the field. . - . .
projector. It approximates the voxel footprint functions as
~ Index Terms—Cone-beam tomography, iterative tomographic 2D separable functions. This approximation is reasonable
image reconstruction, forward and back-projection for typical axial or helical cone-beam CT geometries. The
separability of these footprint functions greatly simplifies the
calculation of their integrals over a detector cell and allows
efficient implementation of the new projector. Our studies

Iterative statistical methods for 3D tomographic image reshowed that the SF projector is more accurate with similar
construction offer numerous advantages such as the potent@hputational speed than the DD projector.
for improved image quality and reduced dose, as comparedThe organization of this paper is as follows. Section 2
to the conventional methods such as filtered back-projectidascribes the cone-beam 3D system model, and introduces the
(FBP). The primary computational bottleneck in iterative reSF projector and its acceleration. Section 3 gives simulation
construction methods is forward and back-projections. Thesults, including accuracy and speed comparison between
forward projection is roughly a discretized evaluation of ththe SF and DD projector as stand alone modules and within
Radon transform, and the back-projector is the adjoint @krative image reconstruction of a region of interest (ROI)
the forward projector. Traditionally the forward and backmethod [7]. Finally, conclusions are in Section 5.
projection steps involve operations such as computing the
lengths of intersections between each tomographic ray and Il. METHOD
each image basis function.

A variety of methods for 3D forward and back—projectioﬁA - Cone-Beam 3D System Model
have been proposed [1]-[6]. All methods provide some com-In th.e practice of i'Ferative imgge reconstruction, rather than
promise between computational complexity and accuracy. OPerating on a continuous obje¢tx), we want to forward

Although spherically symmetric basis functions (blobs) hayoJect a discretized object based on a common basis function
many advantages over simple cubic voxels or other badie(X) Superimposed on &, x N, x Ny Cartesian grid as
functions for the image representatiay., their appearance is follows:
independent of the viewing angle, evaluating integrals of their S . 1 Y o
footp?rint functions is comgutat?onally intensi%/e. Z?egmral. f®) = Z f1] Bo <Z O F- XCM)) ' @

[3] proposed to store the integrals of their footprint functions "
in a lookup-table, but the computation of forward and backvhere the sum is over th¥; x N2 x N3 lattice, X.[1i] denotes
projection is still large due to loading a large table and the faidte center of theith basis function andi = (n1,n2, n3).
that blobs intersect many more tomographic rays than voxel1e grid spacing i\ = (Ax, Ay, A,). We consider the case
Ax = £Ay hereafter, but we allowA # A,.
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True footprint Profile s Profile ¢

the s-axis is perpendicular to the-axis and thet-axis is
parallel to thez-axis.
The cone-beam projections ¢fX) are given by

- tlmm]
__Lenghfmm]

__Lenghf{mm]

st = [ S (@ T ewln s
(s,t,8)
Fig. 1. An example of true footprint function and its profiles ofaxel with
where Ax = Ay = Az = 1mm centered at the origin under a flat-detector cone-

beam geometry witlDgq = 949mm andDgg = 541mm (D is the source
— — . t tati ter dist heh= 30°.
ﬁ(s,t,ﬁ)—{po—i—aeg . aE[O, /D§d+82+t2]}7 0 rotation center distance) wheh

€3 denotes the direction vector of a ray from the sourc
positionpy to a pointp; on the detector plane, arig,y denotes
the source to detector distance.

Assume that the detector blui(s,t) is shift invariant, (5,1 B 71) ~ Axl(B: ) rect(t

fhe axial direction and a trapezoid function in the transaxial
direction as follows,

0
) trap(3§ T0, T1, T27T3) 9

independent off, and acts only along theandt coordinates. Wio
Then the mean projections satisfy (@)
where
slsk, t1] = // h(sk —s,ti —t)p(s, t; B)dsdt,  (3) N L
l(ﬁ, TL) = . )
| cos(6) | - max{| cos(go) [, [ sin(so) [}
where (s, t;) denotes the center of detector cell specified by
indices(k,l) for k=0,...,Ns—1landl=0,...,N, — 1. j;oo, Tm<Ss<T
Using the basis expansion model (1) for the object leads to . A 1, <5<
the linear model rap(s; 7o, 71,72, 73) = B, <s<m
_ Lo 0 therwi
Gols ti] = Y aglsw. tr; ] 17, o othernse
= tl + tr
nes to = 2 )
where the elements of cone-beam system makriare sam- w = tp—1t, tr>1, (8)
ples of the following cone-beam projection of a single basis
function centered at,[f]: where 6y and ¢y denote the polar and azimuthal angles of
the ray connecting the source and center of il voxel
aglsk, ti;ii] = // sk — $,t — t)q(s, t; B; i) dsdt respectively;o, 71, 72 and 3 denote vertices of the trapezoid
function which are at the exact locations as those of the true
= F(sk, t1; 8;7), (4)  footprint function in thes direction, andi; andt, denote the

boundaries of the rectangular function which are the projected

t coordinates of two axial boundaries of the voxel. Since the
st 8; 7t // (s— st —t)q(s',t'; B; 7)ds dt’, bou_ndgries of the sepgrable function are Qetermined by the

projections of boundaries of the voxel basis function under
which is the “blurred footprint’ function andy(s, t; 3;7) the cone-beam geometry, the depth-dependent magnification

denotes the cone-beam footprint of basis functidi accurately modeled.
3 (L (%= Ro[fi ])) e, The scalel(5;7) depends on angle®y, o) of the ray
O\X N connecting the source and center of ffth voxel. This means

1 that Ny x N2 x N3 x Ng different [(5;7) values have to
q(s,t; B;7) =/ Bo (K ® (i—i’c[ﬁ])) d¢. (5 be computed, wheréV; denotes the number of projection
£(s:t:8) views. In addition, computing the angles for each voxel at

where

A simple model for the detector blur is each projection view usually involves twan— functions.
5 . To accelerate the computation of the SF projector, we
h(s,t) = rect<—) rect(—), (6) propose a method that initially ignord$s;7) by setting
T'sTt T's Tt 1(B;7) = 1 for all the voxels at any projection view, and

wherer, andr, denote the width along and¢ respectively. then scales the “blurred footprint” functions by multiplying
This model accounts for the finite size of the detector elemeri@em by a ray-dependent scale factor. There are many fewer
tomographic rays 1{; x n;) than voxels in a 3D image
. . . (V1 x No x N3), so this saves substantial computation.
B. Separable Footprint (SF) Projector and Its Acceleration This acceleration method utilizes the fact that for small basis
The footprints of cubic voxel basis functions can be confunctions and narrow blura, the angles of rays that intersect
puted analytically for cone-beam geometries [8, p. 104]. Fig.thhe basis function are very similar. This method is similar to
shows an example of a true footprint and its profiles. Joseph’s method [9] where the scale of the triangular footprint
Inspired by the shape of the true footprint, we approximafanction is determined b¥/ max(]| cos ¢|, | sin ¢|) for 2D fan-
it as a 2D separable function with a rectangular function inpeam geometry.
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: : Forward projectors SF | DD
The system matrix m_odel (4) is used for both the SF forvya_rd a7 error 34T 172
and kack projector, which ensures they are the exact adjoint 9% nrms error 53] 81
operators of each other. computation time (seconds) 158 | 172
TABLE |
11l. RESULT COMPARISON OFSFAND DD FORWARD PROJECTORS

A. Forward and Back-Projector as Sngle Modules

We simulated an axial cone-beam flat-detector X-ray CT
system with a detector size df, x N, = 512 x 512 cells averaging8 x 8 analytical rays sampled across each detector
spaced byA; = A; = 1mm with Nz = 984 angles over cell. For the two projectors, we computed the normalized
360°. The source to detector distanfk, is 949mm, and the maximum errormax;(|z; — y;|)/ max;(|z;]), and normalized
source to rotation center distanég, is 541mm. We included root-mean-square (NRMS) errdiz; — vl|, / [|xil|,. We eval-
a rectangular detector response (6) with= A andr, = A,. uated both projectors using 4 threads as computational cores
We implemented the accelerated SF projector in an ANSN a computer with Quad-Core Intel Xeon Processor X3230
C MEX routine using single precision. The DD projector wa§3M Cache, 2.66 GHz, 1066 MHz FSB).
provided by De Maret al., which is also implemented as a C Table | summarizes the comparisons of accuracy and com-

MEX interface to C code. putation times. The accelerated SF forward projector is more
1) Maximum Errors of Forward Projectors. We define the accurate than the DD forward projector, and the computation
maximum error as time (using Matlab elapsed time commands) is about the same

. . . (of course, the execution times depend on code implementa-
ex(B; 1) = g%ﬁélF(S,t;ﬁ;H) —Fe(s, ;81 (9 tion).

wherek = 1 stands for the accelerated SF projector &nd 2
stands for the DD projector. We generated the true footpriBt Forward and Back-projectors within Iterative ROl Recon-
F(s,t; 3;7) in (4) by linearly averaging000 x 1000 analytical struction

line integrals of rays sampled over each detector cell. In many cases, the region of interest (ROI) is much smaller
We compared the maximum errors of the accelerated fqfjan the field of view (FOV) that covers the whole irradiated

ward SF and DD projectors for a voxel withx = Ay = yolume. If the ROI were known in advance, the reconstruction

A, = 1mm centered at the origin. Since the voxel is centergghy|d save resources in terms of computation time and memory

at the origin, we chooseV; = 180 angles over only90° ysage. Zieglert al. [7] proposed the following solution to
rotation. Fig. 2 shows the results on a logarithmic scale. Th@rative reconstruction of a ROI.

maximum errors of the DD projector are much bigger than
those of the accelerated SF projectg., the maximum error
of the DD projector i9).3/(4.63 x 10~%) ~ 649 times of the
proposed method whefi = 45°.

1) Iterative reconstruction of the whole FOV, yielding an
initial estimatex of = which is the vector representation
of the objectf(X).

2) Define&,,qsr = & - m wherem = (my,...,m,) with

R 0<m; <1(j =1,...,p) is a mask vector setting the

R S T estimated object, inside the ROI to zero and provides a

wp T == smooth transition from the ROI to the remaining voxels.

- ., 3) Computep,u: = AZmaesk Which is the forward projec-

| tion of the masked object,,, k-

; ! 4) Obtain the projection of ROIp,.,; = p — Pour Where

| | p=Acz.

5) Iterative reconstruction of the ROI only from.,;. Due
to the transition zone, the region of this reconstruction
needs to be extended slightly from the predetermined

N N N N ROL.
P This method requires accurate forward and back projectors.
Fig. 2. Maximum error comparison between the accelerated forward SF zJ_ﬁ&rms !n step 2, where re-projection of the masked estimation
DD projector. image is computed, can greatly affect the results of subsequent
iterative ROI reconstruction. Moreover, for iterative image

2) Accuracy and Speed of Forward Projectors:. We com- reconstruction, even small approximation errors might accu-
pared the accuracy and computation times of the acceleratadlate after many iterations. We evaluated the accuracy of our
SF and DD forward projectors using an image containing Joposed accelerated SF projector and the DD projector in this
voxels centered at the = 0.5mm plane. The size of the iterative ROI reconstruction method.
image isN; = 512, N, = 512, N3 = 128 with Ay = We simulated the GE LightSpeed X-ray CT system with
Ay = A, = 1Imm in thez,y, z direction respectively. The an arc detector 0888 detector channels for 64 sliced/{ =
transaxial centers of the voxels were chosen randomly. TR88, V; = 64) by Nz = 984 views over360°. The size of each
“gold standard” reference sinogram was generated by lineadgtector cell isAg x A; = 1.0239 x 1.0964mn?. The source
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to detector distance i®,q = 949.075mm, and the source to
rotation center distance By = 541mm. A quarter detector .
offset in thes direction is included to reduce aliasing.
We used a modified 3D Shepp-Logan digital phanteyy, =
that only has ellipsoids centered at the = 0 plane to
evaluate the projectors. The brain-size field of view (FOV
iS 250 x 250 x 40mn?, implying 256 x 256 x 64 voxels with a
coarse resolution df.9766 x 0.9766 x 0.6250mm?. We used
the analytical method mentioned above to simulate noisele
cone-beam projection measurements from the Shepp-Lo¢
phantom. Noiseless data is used because we want to focus
the accuracy of projectors. First, an entire FOV image)y
with the coarse resolution is reconstructed by the FDK meth N
since there is no noise. N
The ROI is chosen to center at the rotation center and co

about48.8 x 48.8 x 12.5mn? (50 x 50 x 20 voxels with the
coarse resolution). The transition zone directly follows the
ROI, and covers about3.7 x 13.7 x 5mm?® (14 x 14 x 8 , . . .

. . Fig. 3. First column shows the true ROl image and masked estimate image
voxels with the coarse reSOIUtlon)' To construct a mask Fov With the transition zone in black and the region of ROI reconstruction
imagez oy from £rov, we removed the ROl and smoothlyin green lines. Second column shows the reconstructed ROl image and its

Weighted the voxels Corresponding to the transition zone byaréor from the accelerated SF _projector._Third column shows the results from
the DD projector. The normalized maximum percent errors 5a82% and

3D separable Gal%ss'an function (See '_:'g' 3)' . . 4.04% for the accelerated SF and DD projector respectively. The NRMS
For reconstruction of the ROI, we implemented iterativgercent errors ar6.91% and 0.92% respectively.

image reconstruction with these two projectors. We ran 300
iterations of the conjugate gradient algorithm, initialized with
&%o; which is the linearly interpolated image frodn-ov, for ~ separability greatly simplifies the calculation of integrals of
the following penalized weighted least-squares cost functidte footprint functions, using more accurate functions in the

with a quadratic roughness penalty (QPWLS-CG): transaxial direction is possible without complicating signifi-
cantly the calculation.
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where y; is the negativelog of the measured cone-beam
projection of ROl,w;s are statistical weighting factorg, is
the system matrixC is a differencing matrix and(t) is the [1] R. L. Siddon, “Fast calculation of the exact radiological path for a three-

. . 9 ] dimensional CT array,Med. Phys,, vol. 12, no. 2, pp. 252-5, Mar. 1985.
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