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ABSTRACT pensate for attenuation. In current practice, however, mea-
We describe and compare two hybrid mea§_u_rement noise in bqth scans produge noisy ACFs. This
. .noise propagates additional variance into the reconstructed
sured/calculated methods for attenuation correctl%rrlniSSion images. The ACE contribution to emission im
in positron-emission tomography (PET). Both are itera- on Images. .
. . . age noise is often very substantial.
tive estimation methods based on penalized least-squarés _ ) _ _ _
The conventional solution to this noise problem is to

objective functions. One method is sequential: firstrecon- "~ ~~ ) -
struct the attenuation map, then segment it. The other @gguire disproportionately lengthy transmission scans and

unified reconstruction/segmentation method. SimulatioF%, smooth the brl]gnk and tra(;]smlssmn scans [1]. I.nd':
demonstrate that both methods can significantly redu‘?:r(l.\m'nant smoothing can produce systematic errors in the

PET transmission scan time, as well as nearly eIimina"at@'szor_‘ image [2]. _ )
the additional emission image variance typically intro- Stafistical and structural image segmentation methods
duced by noisy attenuation correction factors (ACF). The @most exclusively applied inimage domain
unified method is shown to be superior to the sequentia/Statistical methods naturally generalize to projection
method for very low count transmission scans. domain

When applied to a 1M event simulated transmission Nevertheless, some sort of smoothing is both neces-

scan, the unified method reduced the ACF variance c&®y and desirable. To illustrate, a high-resolution system
tribution in a 1M event simulated FDG thorax emissiofuch as a CT1931-08/12 PET system has about 50,000 de-

scan from 90% to 1%. tectors. The transmission coincidence events are divided

The sequential method and conventional linear smoof1"°Ng this large number of detectors, so the relative accu-
ing of the transmission scan only reduced the contributié®cy Of each measurement is low. Since it is unlikely that
to 33% and 45% respectively. In other words, the urfine attenuation map requires 50,000 degrees of freedom to
fied method nearly eliminates the noise contribution due§§Scribe adequately, there must be redundancy in the mea-
attenuation correction, whereas the sequential and line#ff€ments. Linear smoothing is one simple but suboptimal
smooth methods leave a substantial ACF component. THEMPt to exploit this redundancy. The reconstruction-
algorithms typically converge in about 10 iterations, maképProjection method [3] is a somewhat more sophisticated

ing the method practical. approach that als_o reduces the deg_re_es of f_reed_om. (If the
attenuation map is reconstructed within a circle ir282
. INTRODUCTION image, then there can be at most about 13,000 degrees of

freedom in the reprojected ACFs.) One hopes to reduce

Correction for attenuation in PET is essential for botfp, jise by eliminating degrees of freedom without in-

guantitative and visual tasks. In principle, attenuation Coihcing the systematic biases inherent to linear smoothing.

rection factors (ACFs) computed from the ratio of a blan The two methods proposed in this paper reduce the de-

scan to a patient transmission scan should accurately com- " .
grees of freedom by exploiting two properties of attenu-

“This work was supported in part by a DOE Alexander Hollaend&tion maps: (i) they are composed of a relatively small
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lung, soft tissue, and bone, and (ii) except at boundariedid, the voxels must be sufficiently small. An natural

between tissues, neighboring voxels tend to be compoggsheralization of this parameterization to account for in-

of the same tissue class. homogeneity within voxels would be to adopt a “mixel”
These properties have been used implicitly and explictodel [7, 8].

itly by several investigators, almost exclusively through a

sequential three-step process: (1) reconstruct using FBpSYystem Model

an attenuation map from the logarithm of the ACFs, (2) For a transmission scan, the patient is surrounded by

process that attenuation map, and (3) reproject the attarring containing a positron-emitting radioisotope. If the

uation map to form new ACFs. Huargt al. [4] laid ring emits a pair of annihilation photons along a chord that

the groundwork for these methods by demonstrating tfigersects theth detector pair, then a coincidence event

efficacy of segmenting an attenuation map into discreecurs provided that both photons escape unabsorbed. If

classes. However, the manual adjustments of that segm@e-detectors are small relative to attenuation map inhomo-

tation method are impractical for routine use. geneities, then this survival probability is approximately
More recent attempts to automate the segmentation
[5] still suffer from the fundamental limitation of such a; =~ exp(—l;), 2

sequential approaches: FBP produces streak artifacts
when applied to low-count transmission data. Thereforherel; is the effective attenuation path length along the
we propose a unified reconstruction/segmentation mettfgprd between théth pair of detectors. We assume this
that iteratively estimates a segmented attenuation map!8ngth can be expressed:
rectly from the transmission data. This method makes bet-
ter use of the statistical information in the transmission li = / w(z) dz 3)
measurements, and therefore can significantly reduce PET S
transmission scan time, as well as nearly eliminate the aghere S; denotes the strip integral over thth detector
ditional emission image variance typically introduced byhord. Other authors have used line integrals rather than
noisy attenuation correction factors (ACF). strip integrals, but the finite width of PET detectors makes
strip integrals more plausible. An even more accurate sys-
Il. THEORY tem model would account for noncollinearity of the anni-
A statistical approach to image reconstruction requiréation photon pairs and for inter-crystal mispositioning
five components: (i) a finite parameterization of the olgsrors in block detectors. Note that for a circular PET ge-
ject (attenuation map), (i) a system model that relates thgetry, the strip widths vary across the image.
attenuation map to ideal measurement values, (iii) a statisUnder the discretization (1), we can rewrite (3) as
tical model that describes how the actual measurements
vary about their ideal values, (iv) an objective function L= aiju;, (4)
that is to be maximized to estimate the attenuation map, J
and (v) an algorithm, typically iterative, for maximizing,,nere
the objective function, including specification of the ini- _
. . . - . . . Qi3 = / Ij(g) dz. (5)
tial estimate and stopping criterion. This section describes S,

the unifiepl reconstruction/segmentation method in te”@%recompute and store the nonzero elements of the system
of these five components. matrix A = {a;;} using the ASPIRE software library [9],

A. Object Parameterization which significantly reduces the reconstruction time.

Let u(x) denote the spatial distribution of attenuatiofe. Statistical Model
coefficients within the patient. We assume this distribu- |qeally, the statistical model describes the distribu-
tion can be approximately decomposed into rectanguifn of each measurement about its mean, and conse-
voxels: quently determines a measure of similarity between the
p(z) ~ Zﬂjfj@)a (1) actual measurements and the calculated projections of
J image estimates from (4). Under a simplified statisti-
wherey; denotes the mean attenuation coefficient in tloal model, Poisson likelihood has been proposed as a
jth voxel, andZ;(z) is the indicator function with thgth similarity measure [10], and was maximized using an
voxel as its support [6]. For this approximation to bexpectation-maximization (EM) [11] algorithm for PET
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[12-14]. These papers ignored the effects of accidenfal—24]. Using a Taylor's expansion for the logarithmic
coincidence (AC) events [15, 16]. The systeat our in- transformation of a Poisson variate, one can show that
stitution uses real-time subtraction of delayed-window co-
incidences [15,17] to correct for AC events. This subtrac- ;2 _ { (biti)/(bi + ti), ti >0, b >0 ©)
. . . . (2 3
tion process produces negative sinogram bins that clearly 0, otherwise
|nva1.I|d.ate the usugl Poisson model. We present a MX%n estimate of the Fisher information (L/variancey,of
realistic Poisson-difference model below. Because the ,
- . . , . et u = [u1, p2,...]" denote the vector of unknown at-
likelihood for this Poisson-difference model is mtractablt? . S )
) ) enuation coefficients. We propose to use the following
we propose a simple weighted, transformed, least-squares o i
o weélghted least-squares (WLS) similarity measure:
similarity measure.
Let B; denote theith detector measurement for the 1 PR

blank scan. For a system employing real-time delayed- 3= AR I (y - Ap) (10)

window AC event correction, the following statistical , 1. .
. . wherey = [y1,¥2,...], and ¥~ is a diagonal ma-
model is reasonable:

trix with elementss—2. The similarity measure proposed
B; ~ Poisson{7°(b; + r®)} — Poisson{r’r?},  (6) by Sauer [18] is similar, except that we have included
the blank scan varianck. That variance can be non-
wherer® denotes the time duration of the blank scan, negligible for poor efficiency detectors.
denotes the product of detector efficiency and photon flux _
on theith detector pair, and? denotes the AC event rateD- Objective Function

during the blank scan (typically very small). Similarly, Although one could minimize (10) to estimatefrom
after the patient is put into the PET scanner, a reasonaiile transformed datg, it is well known that objective
model for the transmission scan measurement is: functions based solely on similarity measures such as (10)
perform poorly due to the ill-conditioned nature of tomo-
graphic reconstruction. To remedy this problem, we pro-

( pose a regularization method that exploits two properties

¢ , . L
where 7 denotgs the time duration of the transmssm@r attenuation maps: (i) the attenuation coefficients can be
scan,o; was defined by (2), ans; denotes the fractional Erouped into discrete classes, e.g. air, lung, water, bone,

increase in direct coincidence events due to photon sca &h (i) neighboring voxels tend to be of the same class

within the patient. . , . )
o To exploit the first property, we restrict the domain of
t
Unfortunately the individual AC event rate$ andr! by reparameterizing the attenuation map. Assume that

a_tre _not availablg, Whi(_:h appears to precll_Jde using an exﬁ%tre areK classes of attenuation coefficients with nom-
likelihood as a similarity measure. For this reason, and fl?1ral valuesd = [fy,...,0x]'. We assume that;, the

computational simplicity, we propose to forgo a likelihoo ttenuation coefficient in thgth voxel, is one of thek
approach in favor of a quadratic approach based on 1 ues{fs,...,0x}. Letz; indicate the class of thgth
first two moments. The result is an approximate similari%xel, i.e.:p- ’: 0, wher]ex» takes valued.?2.... K.
measure that nevertheless performs remarkably well. An explicit riotatiorq for this E)arameterizati(;n’ls(m’ 9)

The first step is to apply a logarithmic transformatiowhere ’
[18]. Let{b;} and{t;} denote the measured realizations 1i(x,0) = 0,.. (11)
of the random variable$B;} and{T;}. Then a (noisy) o "

estimate of;, the strip integral of attenuation between thé/e assumeX is known, although information theoretic
ith detector pair, is given by approaches can in principle be used to deternkhf25,

26].
yi — { log (%) — log (t—) +log(1 +8;), t; >0, b; >0 To exploit the second property, we use a penalty func-

T; ~ Poisson{7!(b;a;(1 + s;) + rf)} — Poisson{r'r{},

’ otherwise tion that encourages neighboring pixels to be of the same
(8) class. Specifically,
where 3; is an estimate of the scatter fraction [19, 20]. 1
For simplicity, in the remainder of this paper we assume Ri(z) = 5 DD wikla, zayys (12)
s; = 0. This assumption is reasonable for PET systems i kEN;
employing orbiting rod sources with sinogram maSkm\%/hereNj

Y

is the set of eight neighbors of thepixel. The
1CTI ECAT 931-08, see [17] weightsw;;, equall for horizontal and vertical neighbors,
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and 1/+/2 for diagonal neighbors. This type of penaltysequence. 16 is unknown, we alternate between updating

function is often presented as a Bayesian “prior” for the andé.

ensemble of voxel classes [27]. We do not adopt that phi-Although a derivation for the case wheflds known is

losophy here since we have no evidence that the Gibhisen in [18], we summarize the algorithm here for com-

distribution corresponding to (12) resembles the ensembleteness. Leg denote the current estimate ®f and let

statistics of attenuation maps. a; denote thgth column ofA. The PWLS-ICD algorithm
Depending on the scatter fraction and the accuracy fof known@ is as follows.

the scatter correction method, the attenuation coefficients

of the K classes may be known exactly, or their effectiviitialization:

values may vary somewhat from the “narrow beam” case.

In the latter case, it is desirable to also estim@tiom f = FBP{y}
y. A penalty function for this parameter estimation is also &; = argmin|f; — Ol (14)
useful: R k .
1 X , . r o= y— Ap(z,0)
Ry(0) = B} ];wk(ak —0k)”, s = a;E_laj, V3. (15)

wheref,, denotes the ideal attenuation coefficients apd For eachj:
denotes weights that reflect their uncertainties. begin

Combining the WLS similarity measure with the above K= g
penalty functions yields the followingenalized, weighted p = O — Opora, k= 1 K
least-squarePWLS) objective function for the unified . R Y
method: Zj:= arg rr}cin §sj5,% — a}Z_lﬁ&c +4 Z wjilgs, £k}

1 iENj
Qy(x,0) = E(y —Ap(z;0)Z 7 (y — Ap(z; 9)) b ags
+BR1(x) + Ra(0), (13) end.

whereg controls the influence of the smoothness penal%

. . . . e have found that the convergence rate is improved b
in analogy with the filter window that must be chosen for . ) /€19 . b y

: updating the image voxels in four different raster scan
FBP reconstruction.

. . . " . . orderings. The sparse inner-product operations are com-
Having defined this objective, our goal is to estimate INgs P ' product operatl
and@ from u- puted using ASPIRE [9].
Y- Since®,, is quadratic in the attenuation valugsupdat-
(&, é) — arg min @, (z, 0). ing @ in the case wher@ is estimated _is performed_using _
z,0 standard least-squares methods. Given the previous esti-

E. Iterative Algorithm mate forz, the estimate fo@ is given by

The objective function®, is nonconvex and nondif-0 = (B'A'S1AB+ W 1)"(B'A’S"ly + W19),
ferentiable because of the discrete parameterization (11). (16)
Therefore, conventional gradient maximization methvhere the indicator matri is given bybj; = 11z .y,
ods are inapplicable. A natural algorithm is iterativand W is diagonal with elementaj,ﬁ. There is a small
coordinate-descent (ICD) [18]. The ICD algorithm upbut nonzero probability that this update may produce neg-
dates each image parameter individually by minimizingtive estimate for some componentélf Such an event
the objective function (13) over that parameter while holdvould be a strong indication of model mismatchAn 3,
ing the other parameters fixed. The method is closely iB; or W, and is therefore reported as an “error condi-
lated to the Gauss-Siedel algorithm for differential equéen” in our current implementation. For concreteness, if
tions [28, 29]. (If we considered (12) to be a prior, thea negative value occurs, that componenéda% left at its
ICD would be equivalent to ICM [27]). Since the numbeprevious value, and the other components are recomputed
of classes is small, the objective is evaluated for each pasing (16). This approach preserves the monotonicity of
sible class, and the minimizing class chosen. In the evémé algorithm.
of a tie, the most physically abundant class is chosen. Oné@’he ICD algorithm monotonically decreasés, and
iteration consists of updating every voxel value in sonsnce the parameter space fors discrete it will converge
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in a finite number of iterations. Typically it will convergescan measuremenigrior to taking their ratio (this is
to a local minima of®,,, so the initialization step is im- the conventional approach), 2) the sequential reconstruct-
portant. Following Sauer’s intuitive suggestion [18], wéhen-segment approach described in Section IV, 3) the
have initialized the iteration by performing a FBP recorunified reconstruction/segmentation method described in
struction of the attenuation map, and then classifying eaSkction II.
voxel using the nearest-neighbor rule. If we desired com-Figure 1 displays the simulated thorax attenuation map.
plete optimality and invariance to the initial condition, ahe assigned attenuation coefficients were 0, 0.025/cm,
annealing approach would be required [30]. The ICD ap-096/cm, and 0.165/cm for air, lung, soft tissue, and bone
proach is considerably more practical, and appears toregpectively. This high resolution image3ig4 x 192 pix-
adequate for our purposes here. els, with a 1.5 mm pixel dimension. Figure 2 displays
After the final iteration of the above algorithm, we havéhe simulated cardiac emission distribution with relative
computed the voxel classes estimate as well as the uptakes 0, 1, 2, and 4, for bone, lung, soft tissue, and my-
residual’ = y— Apu(x, 0). Subtracting this residual fromocardium respectively.
y gives the final estimate of the path lengthsvhich after ~ The high-resolution attenuation map was forward pro-
exponentiation (2) gives the desired ACFs. In other wordected (4) to compute the effective path lengths using strip
the “reprojection” step is intrinsic to the algorithm. integrals appropriately spaced for the CTI 931-08. The
Other investigators have reported that it is desirabdgstem geometry is a 1020 mm diameter circle of 512 de-
to smooth the reprojected ACFs to match the system teetors with width approximately 6.25 mm, for which the
sponse. Since our system model uses strip integrals ragiabgram dimension was $%12. We simulated an un-
than line integrals, some smoothing is inherent in theobbled acquisition.
method, further smoothing seemed unnecessary. The high-resolution emission image was forward pro-
jected using the 2D joint angle between opposing pairs
Ill. SEQUENTIAL METHOD of detectors [31]. These projections were scaled by the
In the sequential reconstruct-then-segment method, menuniform attenuation factors and by a global scale factor
first perform a FBP reconstruction of the attenuation map that the resulting sinogram summed 6§ events. An
from y. Let m denote this (noisy) map. We then segemission sinogram was generated using pseudo-random
ment this map in image space using the following objeBoisson-difference variates with 1.1% precorrected AC

tive function: events [31].
1 A 32M event blank scan with about 1% AC events, was
Py(x,0) = §|Im — p(z; )| simulated using (6). Thg;'s were generated by drawing
from a uniform distribution or{1, 10], which represents
+BR () + R2(6), (17) a typical range of detector efficiencies. Both a 3M event

whereR, andR, were defined above. This objective func@nd 1M event transmission scan were simulated from the

tion is of the same basic form as (13), so the same Icﬁgective path lengths using (7), also with about 1% AC
procedure applies, wittA and ¥ replaced by an iden- events.
tity matrix. After the_ iterates Ahaye converged, th_e est'k. Linear Smoothing
mates must be reprojected fs(x, 8)) and exponentiated
to form the ACFs. The blank and transmission scans were linearly
The essential difference (and limitation) of this apsmoothed using 2D Gaussian kernels with 1, 2, 3, 4, and
proach is that it uses processed data (the reconstrucedeixel FWHM. ACFs were calculated as the ratio of the
mapm) rather than the original measurements. The limgmoothed scans.
tations of the FBP method, such as streak artifacts, reduce )
the accuracy of the segmentation for low count transmifs: Seduential Method
sion scans. However, because the system matrixnot  The logarithmy was computed using (8) from both the
used iteratively, it uses less computation. 3M and 1M event transmission scans. Noisy attenuation
maps were then reconstructed from these logarithms using
IV. SIMULATION FBP with a ramp filter ontd 28 x 64 matrices. The ICD
This section describes the simulation methods usedatgorithm was applied in image space to segment these at-
compare three methods for determining the ACFs: 1) sitenuation maps. The smoothing parametevas chosen
ple linear smoothing of the transmission scan and blatdkkbee~'2 ande~!! for the 3M and 1M event cases, re-
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spectively, by the visual appearance of the segmentatibnis measure clearly reflects what fraction of the emis-
results. (Therefore the values @fchosen may not be op-sion noise is due to ACF errors. Note that we are using
timal in terms of the measures evaluated below.) The firedror norm,not varianceas other authors have. Using the
segmented attenuation maps were reprojected to compedgance measure neglects the systematic effects of over-
ACFs. smoothing.

C. Unified method V. RESULTS

The logarithmy and the covarianc& were computed Tables 1 and 2 report the PACF contribution for the sim-

using (8) and (9) from both the 3M and 1M event trandfated transmission scans.

mission scans. The unified reconstruction/segmentatiorif the ACFs are When applied to a 3M event (600 sec-

algorithm described in Section Il was applied usingnd onds on CTI 931 with ring source) simulated transmis-

3 in order to iteratively reconstruct a segmented atteni®ion scan, the new method reduced the PAC in a 1M
tion map within al28 x 64 matrix. Note that because thisevent simulated FDG thorax scan reconstructed by filtered
grid size is coarser than the simulated attenuation m&&CK-projection from 90% to 3%. For comparison, image-

there will be partial-volume model mismatch, increasingmain segmentation and conventional linear smoothing
the realism of the simulation. To save computations, on‘Bf the transmission scan only reduced the contribution to
voxels within a support ellipse having short axes 64 add and 32% respectively. Thus, for 3M events, image-
32 pixels were estimated. The values fowere again vi- domain and projection-based segmentation both work ad-
sually chosen to be? ande® for the 3M and 1M event equately, and significantly outperform simple smoothing.

cases respectively. The ACFs were computed from the fihen applied to a 1M event (200 seconds) simulated

nal residual as described in Section II-E. transmission scan, the new method reduced the PAC from
90% to 1%, while image-domain segmentation and trans-
D. Emission reconstruction mission scan smoothing only reduced the PAC to 33% and

45% respectively. Here the image domain segmentation

Each of the above three methods produces its own §¢tih0q has deteriorated due to the large noise in the FBP
of ACFs. Each set of ACFs was multiplied by the noisytenuation image.

emission projections, and an emission image was recon-
struction using FBP with a ramp filter ontalas x 64 ma- VI. DISCUSSION

trix with 4.5 mm pixels. An emission image was also re- .
b g We have reported our results in terms of number of

constructed using ideal ACFs 4, so the that emission coms

; . ansmission events, but it may be more useful to trans-
ponent of the noise could be evaluated. Finally, an em|s: y

o ; . >M|3te this figure into a time duration.
sion image was reconstructed using noise-free emissio - .
n summary, even for short transmission scan times, the

data and ideal ACFs 3; this image served as the reference or : :
. . i néew unified reconstruction/segmentation method summa-
image for computing errors, as described below.

rized by (13) can provide almost noise free ACF’s from

short transmission scans. This is possible due to the power

of the homogeneity constraint. The ICM iterations typi-
In virtually all other papers on image segmentation, thually converge in about 10 iterations, making the method

primary interest is in the accuracy of the segmentation @lkactical for routine use.

gorithm in image space. In this paper, our primary interest

is the emission image, which is computed using ACFs de- VIl. ACKNOWLEDGEMENT

rived from the segmented attenuation map.
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Figure 1. Simulated attenuation map representing a thora.

cross-section including arms, spine, lungs, and soft tissue. . .
g P g Elgure 4: Reconstructed emission image (1M event) using

ideal ACFs. The noise in this image is due solely to the
emission measurements.

¢

Figure 2: Simulated emission distribution.

Figure 5: Reconstructed emission image (1M event) using
ACFs from unprocessed measured transmission data (3M
event). With no smoothing, the transmission noise domi-

nates the image noise.

(

Figure 3: Emission distribution reconstructed from noise-
free measurements. This image is the standard to whic
the reconstructions below should be compared. = g . =

Figure 6: Reconstructed emission image (1M event) us-
ing ACFs from linearly smoothed transmission data. This

smoothing introduces artifacts at the boundaries between
tissue types.
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Figure 7: Reconstructed emission image (1M event) using
ACFs computed by the “sequential” segmentation method.

Figure 8. Reconstructed emission image (1M event)
using ACFs computed by the unified reconstrud-igure 10: Segmented attenuation map computed by the

tion/segmentation method. The transmission componemified reconstruction/segmentation method.
of the image noise has been virtually eliminated.

Figure 9. Segmented attenuation map computed by the
sequential reconstruct-then-segment method.



