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Abstact— Iterati ve image reconstruction algorithms play an increas-
ingly important rolein modem tomographic systemsgspeciallyin emission
tomography. With the fast increaseof the sizesof the tomographic data,
reduction of the computation demandsof the reconstruction algorithms is
of greatimportance. Fourier-basedforward and back-projection methods
have the potential to considerablyreducethe computation time in iterative
reconstruction. Additional substantial speed-upof thoseapproachescanbe
obtained utilizing powerful and cheap off-the-shelf FFT processinghard-
ware. The Fourier reconstructionapproachesare basedon the relationship
betweenthe Fourier transform of the image and Fourier transformation
of the parallel-ray projections. The critical two stepsare the estimations
of the samplesof the projection transform, on the central sectionthrough
the origin of Fourier space,from the samplesof the transform of the im-
age,and vice versafor back-projection. Interpolation errors are a limita-
tion of Fourier-basedreconstruction methods. We have applied min-max
optimized Kaiser-Besselnterpolation within the non-uniform FastFourier
transform (NUFFT) framework. This approachis particularly well suited
to the geometriesof PET scanners.Numerical and computer simulation re-
sultsshaw that the min-max NUFFT approachprovidessubstantially lower
approximation errors in tomographic forward and back-projection than
corventional interpolation methods, and that it is a viable candidate for
fast iterative imagereconstruction.

Keywords— lIterati ve tomographic reconstruction, forward and back-
projectors, non-uniform FFT, gridding, min-max interpolation.

|. INTRODUCTION

TERATIVE imagereconstructioralgorithmsusingstatistical

modelsof acquireddataplay an increasinglyimportantrole
in moderntomographicsystemsespeciallyin emissiontomog-
raphycharacterizedy datawith low counts,andconsequently
low signal-to-noiseatio[1-3]. Thecomputationabottleneckof
iterativereconstructioralgorithmsis thecomputatiorof forward
and back-projectionoperations. With the fastincreaseof the
sizesof thetomographiadata,reductionof the computationde-
mandsof forwardandback-projectorss of greatimportanceas
demonstratetdy the recentincreaseof interestin fastcomputa-
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tional proceduredor calculationof theseoperationgfor exam-
ple,[4-9]). The contribution of this paperto thoseendeaorsis
the investigationof Fourierbasedforward and back-projectors
for iterative tomographiaeconstructiorapproachedn addition
to their computationakfficiency, the Fourierbasedapproaches
have potentialfor additional substantialspeed-upby utilizing
powerful andcheapoff-the-shelfFFT processindiardware.

It hasbeenknown for alongtime thatdirectFouriermethods
(DFM), that build up the Fourier transformof the objectusing
the Fourier transformsof the projections have the potentialfor
accurateand high speedreconstructior[10-15]. The Fourier
slice theoremwas later proposedas a tool for performingthe
reprojectionoperation(e.g.,[16,17]). The crucial stepinflu-
encingthe reconstructiorguality andspeeds the interpolation
betweenpolar and Cartesiarrastersin frequeny space. Grid-
ding interpolation[18, 19], with properinterpolating[20] and
dataweightingfunctions,asinvestigatedn the MRI literature
[21-23], broughtimprovementin the direct Fourierreconstruc-
tion. Recently the Fourierbasedreprojectionhasbeenapplied
for (non-iteratve)fully 3D PETreconstructioj24] andfor cal-
culationof attenuatiorcorrectionfactorsin PET [25]. In these
works, KaiserBessel(KB) windows were usedfor interpola-
tion, which areknown to bereasonablyaccuratebut without ex-
plicitly evaluatingtheaccurag. Theconcepbf thenon-uniform
FastFourier transform(NUFFT) [26] usedin this paperis re-
latedto gridding methodsfor interpolationin frequeny space.
The KB interpolationkernelsusedin this work have beenopti-
mizedusinga min-maxapproach27], thusproviding substan-
tial improvementof theinterpolationaccurag.

In the previous works on gridding, the focus was on us-
ing the interpolationto find a non-iteratve approximatesolu-
tion to aninverseproblem. In contrast,we use Fourierbased
forward-projectiorasatool for calculatingheforwardproblem,
andallow iterative reconstructiormethodsto solve the inverse
problem. Iterative algorithmsneedalsothe ability to compute
matrix-vectormultiplication by the transposef the matrix cor-
respondingo forward projection,eventhoughthe matrix itself
is not storedexplicitly. It is straightforwardto reverse(not in-
vert) the stepsexecutedduring the forward-projectioncompu-
tationto developanalgorithmto performmultiplication by the
transposecorrespondindo the adjointof the forward operatoy
whichis aform of back-projection.

Sectionll containsdescriptionsof basic principles of the
Fourierbasedorwardandback-projector¢ll-A) andof theiref-
ficientimplementatiorusingNUFFT approachll-B), anoutline
of the iterative reconstructiorapproachesising Fourier based
forward andback-projectorgll-C), discussiorof incorporation
of basisfunctions(ll-D) andresolutionmodels(lI-E), and fi-
nally discussiorof optimizedNUFFT interpolationparameters
(II-F). Resultsof thenumericalerroranalysisof theNUFFT in-
terpolatorshasedon the min-max methodologyare presented
in Sectionlll. Effects of interpolationparameterson accu-
ragy of the NUFFT-basedorward andback-projectorsasstan-
dalonemodulesandwithin iterative reconstructionare further
evaluatedusingsimulateddatain SectionlV, including perfor
mancecomparisonof the optimized versionsof the Fourier
basedforward and back-projectordo their space-basedoun-
terparts. SectionV containsperformancecomparisonof the
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Fig. 1. Basicstepsf theNUFFT forward-projectiorillustratedonthe2D case:1) point-wisemultiplicationof theimagewith the Scalefunction- pre-compensation
for interpolationimperfections;2) Fast Fourier Transformon uniform (rectangularyastersfrom imageinto spectrumdomain;3) spectrummultiplication by
Basisfunctionfilter - modelingeffectsof theimagerepresentationsingbasisfunctions(ll-D) andof the shift-invariantdetectoresolutionkernels(ll-E.1, for
otherpossibilitiesof resolutionmodelingseetext); 4) Interpolationinto non-uniform(polar) dataspectrunrasterlocations- cornvolution with the fixed size
interpolationkernel;5) Inverse FastFourier Transformson setof polarlinesto obtaina setof projectiong(sinogram).

Fourierbasedandspace-basegrojectorawithin iterative recon-
structionusingphysicalphantomtransmissiordataacquiredon

acommercialPET scannerFinally, discussiorandconclusions
arein Sectionsvl andVIl.

Il. PRINCIPLES AND IMPLEMENTATION
A. Fourier-BasedProjectors

Fourier basedforward and back-projectorsare basedon the
centralsectiontheorem(alsocalledprojectiontheorem)asout-
linedin thefollowing. We represenstraightlinesin R” (n=2,3)
by a directiond € S™~! (unit sphere)anda pointr € 6+ as
{r+t0:teR} wheredt = {r € R* : r- 6 = 0}. Let
z(u), v € R* denotethen - dimensionaimagewhoseprojec-
tions(theray transform)

pe(r) = /x(r + t6)dt Q)

R1

wewishto compute Let X (U) betheimagespectrumpbtained
by Fouriertransform

X(U) = /w(u)e_m””'Udu. 2
Rn
Thenthe centralsectiontheorenm(11] is givenby
Py(R) = X(R), R€ 6", 3)

whereP,(R) is Fouriertransformof py(r).

Usingthe centralsectiontheorem the projectionat direction
0 andasa function of r, canbe obtainedfrom theimagespec-
trum X4(R) = X(R), R € 6+ by

po(r) = / Xy(R)e> 7 dR. (4)
aL

Alternatively, using the sameapparatusn reverse,the back-
projectioncanbe obtainedby depositingthe Fourier transform
of the projectioninto the properlocationsof the central sec-
tion of the n-dimensionalspectraldomain,followed by the n-
dimensionalnverseFouriertransform.

B. Non-UniformFastFourier Transform

Practicaimplementatiorof Fourierprojectords basednthe
discretizedrersionof theprojectiontheorem.Thecrucialstepis
obtainingsample®f projectionspectrunvaluesPy (R)|r=sap
whereS € Z™~! (Z denotesinteger numbers) distributed on
the centralsectionplanesf* with grid spacingA g (forming
the polar rasterin 2D case)from the valuesof the samplesof
imagespectrumX (U)|v—ga,, @ € Z™, distributedon the uni-
form Cartesiarrasterwith spacingAy (formingtherectangular
rastelin 2D case) Directevaluationof imagespectrunvaluesat
thecentralsectionocationsusing(exact)DiscreteFouriertrans-
form (DSFT)wouldrequireO(N*) operationgor the2D image
of size N x N. Using Non-Uniform Fast Fourier Transform
(relatedto gridding) allows utilization of Fast FT algorithms
thussubstantiallyspeeding-uphis processFor the2D casethe
NUFFT projectorsrequireonly O(N2log N) operationsgcom-
paredto O(N?) neededdy the spatialforward-projectioralgo-
rithms. Basicstepsof the NUFFT are(seeFig. 1):

a) imageof size N is first pre-compensatecaled for imper
fectionsof the subsequerfrequeny domaininterpolation;

b) calculationof the K-timesoversampledin eachdirection)
FFT - imageis zeropaddedeforethe FFT (for the efficientim-
plementatiorof theoversampledFT see[12,27]);

¢) interpolationonto the desiredfrequeng locationswithin the
centralsectionof thespectrunusingsmalllocal neighborhoods
in thefrequeny domain- thisis acrucialoperationdetermining
the NUFFT accurag.

Theresultof thesethreestepsis the NUFFT, andforward pro-
jectionsare then obtainedby performinginverseFFTs on the
centralsectionsamplegpolar lines in 2D case). The discrete
back-projectiorrepresentshe samesetof operationsexecuted
in thereverseorder Fourierbasedorwardandback-projectors
for the statisticalreconstructiortechniqueshouldadditionally
take into accountthe shapeof basisfunctionsusedfor image
representatiomndresolutionpropertiese.g.,LOR profiles)as
describedn SectiondI-D, II-E.

C. Fourier-Basediterative Reconstruction

Forward and back-projectionoperationsrepresenthe com-
putational bottleneckswithin ary iterative reconstructionap-
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Fig. 2. Flowchartof iterative reconstructiorusing Fourierbasedforward andback-projection.Discrepancy andUpdate operatorsaare definedby a particular
iterative technique. For the 2D case,the Fourier transformationsare 1D (I)FT of projectionson datasideand 2D (I)FT on imageside. Interpolation
operationsare performedbetweendata(polar) and image (rectangularspectrumgrids. Scale, alsoknown asthe “correctionfunction” in the gridding, is
scalingoperationwherethe scalingfactorsaredesignedo compensatéor imperfectiongdeparturdrom theideal Sincinterpolation)in theinterpolationstep.
Basicfunction filter is spectraloperationallowing efficient modelingof the imagerepresentatiomsing basisfunctions(ll-D) and of the shift-invariant
detectoresolutionkernels(ll-E.1, for otherpossibilitiesof resolutionmodelingseetext).

proach. The generalflowchart of iterative reconstructionin

which the operationof forward andback-projectionveresub-
stituted by their fast Fourierbasedcounterpartds depictedin

Fig. 2. Specificiterative algorithmswill be distinguishedone
from anothetby uniquediscrepancyandupdateoperatorsNote
that the Fourier basediterative techniquesdo not require spe-
cial treatmentof any missingportionsof the data,similarly to

spatial-basedterative approachesut unlike the transformre-
constructionapproache$3D RP [28], 3D-FRP[24]) which do
requireestimationof missingportionsof the databeforebeing
employed. In the Fourierbasediterative approachesthe dis-
crepang operatowill provide completecorrectiondatavectors
(to be Fourier transformed),including valuesindicating “no-

discrepang” (e.g.,1for ML-EM, 0for RAMLA) in theregions
in which datawere not measured.Theseare valid valuesfor

the back-projectionoperatorand resultin “no-change”back-
projectionfor the correspondingdata)regions, similarly asit

would bedonein the space-baseiterative methods.

Within thefastFourierbasedapproachesostof the compu-
tationtime is spentby the calculationf the Fouriertransforms
on dataandimagegrids. For both forward andback-projection
operationsof Fourierbasediterative techniquesthe (inverse)
Fourier transformatiorof the image(spectrum)pasto be done
only onceper k-th imageupdate(i.e., periteration,or datasub-
set)makingit desirableto uselarge subsesizesfor block-type
algorithms. On the otherhand,the large subsetsizestypically
requiremore passeghroughthe data(iterations). It is easyto
shaw thatfor linearalgorithmsthe discrepang operator(based
on datadifference)and updateoperator(basedon additive op-
eration)can be moved into the Fourier domain, thus eliminat-
ing the needto do FFT calculationson imageand datarasters
at eachimageupdateandconsequentlgliminatingthe needto
uselarge subsetsizes. However, typical statisticalreconstruc-
tion approachegor emissiondataare not linear. Fortunately
the speed-uproughtby the Fourierbasedapproachemalesit
possibleto useincreasediumberof iterations,comparedo the

space-basedpproacheswhile still providing clinically practi-

cal timeseven for the big subsetsizes. Additional substantial
speed-upof the Fourierbasedapproachegan be obtainedby

usingrelatively cheapoff-the-shelfFFT processoboards.

D. Emulationof Image RepesentatiortJsingBasisFunctions

In the corventionalspace-domaiiterative algorithms there-
constructedmageis usuallyrepresentedly a setof coeficients
of basisfunctions(e.g.,pixels,or blobs[29]), ratherthanby the
set of image samples. The valuesof continuousimage z(u),
u € R, arethenobtainedfrom coeficientsd,, wheregq repre-
sentsthe discretesetof locationsu = ¢A,, of basisfunction

a(u) by

z(u) = Z dy a(u — gAy). (5)

qEL™

If the basisfunctionsare spatiallyinvariant(the typical case),
theNUFFT projectionghroughtheimagecomposedrom those
basisfunctionscanbe emulatedby including a properspectral
filter into the NUFFT path(Basisfunctionfilter in Fig. 2). The
filtering is donesimply as multiplication by the basisfunction
spectrumd(U). Amongthemostpopularspatialbasisfunctions
aresquarepixels or rotationallysymmetricKaiserBesselbasis
functions(blobs)in the 2D caseandcubicvoxelsor spherically-
symmetricblobsin the3D case.

E. ResolutiorModeling

A discretizedversionof the Fouriersectiontheoremprovides
discretesamplesof the (continuous)projectionfunction pg(r)
which might be an over-simplified descriptionof the measured
datain mary tomographicapplications Iterative reconstruction
approacheprovide corvenientways to include more realistic
dataacquisitionmodels. In the following, we describepossi-
bilities of incorporationof thosemorerealisticmodelsinto the
Fourierbasedorwardandback-projectors.
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Fig. 3. Profilesof four KaiserBesselnterpolationkernelsof sizeJ = 6 using
optimum(alpha.o) andsuboptimunparameterfor m = 0 and K /N = 2.
alpha- andalpha+ representwo suboptimumKB kernels(a: parameter
locatedon both sidesfrom the optimum- starsymbolsin Fig. 5) providing
comparablemaximumerrors,which areabout6.5-timeshigherthanin the
optimumcase.For comparisonwe shav alsoalpha._s representindypical
KB window having desirablepropertiedor the spatialimagerepresentation
[30], but poor performanceastheinterpolationkernel. It is interestingthat
althoughall of themhave similar shapethey provide quite dramaticdiffer-
encein theNUFFT performance.

E.1 Shift-invariantdetectoresolutionmodel

Assumingthat the detectorresponsecan be modeledby a
shift-invariant blur with impulse responseh(r), with corre-
spondingfrequeng responseH (R), the measureddatab can
beapproximatedy

~

bo(sAr) = (hxpg)(sA,) =

H(R)Py(R)e”™™*2+dR, (6)
gJ_

where A, is detectorsamplingunit, s € Z"~!. The detector
blur canthusbe modeledby simple multiplication of spectrum
of the data,or image,by H(R). Typical examplesof h(r) are
rect functionmodelingsimpleintegrationoveranuniformstrip,

Gaussiarresolutionkernel of definedwidth, or an experimen-
tally obtainedresolutionkernel.

E.2 Shift-variantdetectoresolutionmodel

The detectorresolutionfunction hg s(r) dependn the de-
tectorsurfacelocation,i.e. it typically depend®n bothd ands.
Themeasurediatacanbe approximatedy

bo(sAr) = D how((s—5)A) po(s'A,),

s'ezn—1

()

usingseparateesolutiorkernelfunctionfor eachprojectionline
location (6, s). This operationhasto be performedin the pro-
jectiondomain,sinceit doesnot have anefficientcounterpartn
the spectrumdomain. Fortunately the resolutionfunction can
usually be approximatedoy small localizedkernelsleadingto
only aminorincreaseof the computatiordemands.

E.3 Image-spacshift-variantresolutionmodel

In this modelthe blur (or shapeof the integration kernel)
variesalso along the projectionlines asthey traversethe im-
agespace.Although Fourierbasedprojectorscan not directly

EECS -
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Fig. 4. Pawver spectraof KaiserBesselinterpolationkernelsof usingoptimum
(alpha.o) andsuboptimunparametersor J = 6, m = 0 andK/N = 2,
whoseprofilesareshavn in Fig. 3.

take into accountthe spacevariantresolutionproperties their

effect can be modelledin the image domain (ratherthan dur-

ing the projectiongenerationprocess)similarly asit was pro-

posedin [31] for the EM reconstruction. Here, the image-
domainspatially-variantresolutionkernelwill model (approx-
imately) thosespatially-varianteffects on resolutionwhich are
not modeledin the projectionspace.The resolutionkernelcan

be determinedby measurementr Monte Carlo simulation,of

spatially-variantprojectiondatafor a setof point sourcesdis-

tributed throughoutthe imageregion, followed by reconstruc-
tion. In this modelingapproactthe forward-projectiorcalcula-
tion is precededy blurring of imagewith the spatially-\ariant
resolutionkernelg, (u):

2(qAy) = Z 9q' ((g - ql)Au) ’ iU((]IAu)v

q' EL™

(8)

where A, is imagesamplingunit andq € Z". For the back-
projection theblurring operationis performedonthecorrection
image(cgk) in Fig. 2) after the back-projectionoperationand
beforetheupdateoperation Again, for thesmalllocalizedreso-
lution kernelsthis operationrepresentsnly a minorincreaseof
the overall computatiordemands.

F. Min-Max InterpolationOptimization

Thesinglemostimportantoperatiorwithin the Fourierbased
approachemfluencingtheir quality in acrucialway is theinter
polationbetweerthe spectrunrasters We have utilized Kaiser
BesselKB) interpolationkernel[29] whichwasoptimizedto be
optimalin the min-maxsenseausingthe methodologydescribed
in [27]. TheKB window functionhastheform

Iml(oz) [ 1-(2R/ J)Q] I [am]

)
for 0 < R < J/2 andvaluezerofor R > J/2, whereR is
thedistancdrom the KB kernelcenter I,,, denoteshemodified
Besselfunction [32] of orderm, J is the size of the KB win-
dow anda is aparametecontrollingthe KB window shapeand
frequeng characteristic§29, 30] (seeexamplesof KB window
functionsand of their spectrain Figs.3 and4). The interpo-
lation kernelcanbe given asa radially symmetricKB window

km,J,a (R) =
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function,or asa separabl€in spectruncomponents; , Ro, ...)
window function. In our studieswe have usedthe secondap-
proach,in whichtheinterpolationkernelis givenby

km,a,a(RhR?) = km,a,a(Rl) . km,a,a(RQ)-

In [27], the min-maxmethodfor designingandoptimization
of thefinite supportinterpolatorsandof the correspondingcale
functionswas developed. The min-max analysisprovidesthe
interpolatorthat minimizes the worst-caseinterpolationerror
over all signalsof unit norm. Unfortunately no analyticalfor-
mulawasfoundfor specifyingthe optimal choicefor the scal-
ing function. Consequentlythe spaceof scalingfunctionshad
to besearchedhumerically A varietyof classe®f scalingfunc-
tionswereconsideredn [27]. For the KB interpolationkernel,
thescalingfunction correspondindo its Fouriertransformpro-
vided by far the lowestpossibleworst-caseerror, providedthe
parametershat determinethe shapeof the KaiserBesselfunc-
tion were chosenappropriately The parameterga, m) of the
KaiserBesselfunction were varied by brute-forcesearch,and
the valuesthat minimized the worst-caseerror were found nu-
merically for eachinterpolationkernelsize J. Basedonthere-
sultsin [27] andon the numericalandexperimentakesultspre-
sentedin the following we believe that theseinterpolatorsare
quitecloseto optimalfor the NUFFT problem.

(10)

I1l. NUMERICAL ERROR ANALYSIS RESULTS

We have calculatedhe maximumerror E,, ., for therangeof
oversamplingactors(K/N = 1,1.5,2, 3), interpolationkernel
sizes(J = 4,5,6,7), ordersof KB window (m € [-2,2]) and
KB shapgwidth) parametefa, wherea/J € [1, 3]). Theinter
polationerroris rapidly decreasingvith theamountof oversam-
pling. We shaw results(Figs.5, 6, 7) only for thecaseK /N = 2
(areasonableompromisebetweerthe speedandquality). The
behaior for other oversamplingcasesis similar, as shavn in
Appendix. The optimumorderof the KB interpolatoris close
to zerofor all K/N, contraryto our previous experiencewith
the KB window usedas spatialimagebasisfunction [30]. At
m = 0, theoptimalvaluesof «/J ratio areapproximatelycon-
stantoverarangeof KB kernelsizes buttheoptimala/ J is dif-
ferentfor differentoversamplingactors(aboutl.5for K/N=1,
about2.05for K/N=1.5,about2.34for K/N=2 andabout2.6
for K/N=3).

Figs. 3 and4 show profilesand power spectrarespectiely,
of optimal and suboptimalinterpolationkernels. Note that the
reciprocal(spectral)ddomainfor the NUFFT interpolatorss the
spatialimagedomain. Consequentlythe frequeng 1.0 repre-
sentsrepetitionimage period given by the spectrumsampling
and1-f_Nqrepresentperiodicrepeabf the (left) imagebound-
ary for the caseof 100% oversampling(K/N = 2), beyond
which the interpolationkernel spectrumshould be effectively
zero. Optimuminterpolationkernelis a compromisebetween
therequirementshatthe mainlobe of its transform(spectrum)
decaydo negligible valuesat, or before,theimageperiodicre-
peatl-f_Nqg (limiting « from the top) andthatits sidelobesare
effectively zerobeyondthatpoint (requiringlargea). Any devi-
ation from this compromisdeadsto a dramaticincreaseof the
interpolationerrors(seestarsymbolsin Fig. 5), in spiteof very
similar kernelshapegFig. 3).
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NUFFT Error for K/N=2 and m=0
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Fig. 5. Maximum error Ey,q. Of KaiserBesselinterpolatorasa function of
theshapeparameter, for severalinterpolationkernelsizes.J, Bessebrder
m = 0 andusing100% zero-paddingf the spatialdomain(K/N = 2)
(NUFFT interpolatothasbeenfoundto performbestfor theKB ordersclose
tom = 0 - seeFig. 6). Notethatthe optimumratio ./ J is about2.34 for
varyingkernelsizes.
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Fig. 6. Maximum error E,, 4, Of KaiserBesselinterpolatorasa function of
theorderm, for severalsizes.J, 100%zero-paddind K /N = 2) andusing
optimum ratio a;/J for eachparticularvalue of m. The optimum order
parametemn is slightly above 0 for all kernelsizes; aopt in the legend
represenglobaloptimumof the o parametefor the givenkernelsize.
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Fig. 7. Valuesof the optimumratio (aopt /J) asa function of the KB order
m, for 100%zero-paddind K /N = 2). The valuesof optimumratio for
individual kernel sizesclusteraroundsimilar value for orderm = 0 and
diverge for other orders. Similar behaior have beenobsered for other
valuesof K /N, but with differentvalueof theoptimumratioatm = 0.
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Fig.8. Exampleof sinogramg144angularsamplespf Zubalphantonobtained
by Fourierbasedorward-projectousingbilinearinterpolation(X /N = 2)
(topleft), Fourierbasedorward-projectousingNUFFT with optimizedkB
kernel(K/N = 2, m = 0, J = 4, anda/J = 2.4) (top middle) anda
space-basefbrward-projector(SBP) (top right). (lllustrative timesarefor
non-optimizedMatlabimplementations.Bottomrow shavs corresponding
absolutdifferencesinogramgincludingmeasuresf root-mean-squardif-
ferenceandmaximumabsolutedifference)with respecto the exactFourier
projector(DSFT) (bottomleft and middle), and Fourier NUFFT projector
(bottomright).

TABLE |
MAXIMUM FORWARD-PROJECTION ERRORS FOR DIFFERENT
OVERSAMPLING AND KERNEL SIZES, USING m = 0 AND OPTIMUM a.

Oversampling J=4 J=5 J=6 J=7

K/N=1 5.21% 2.27% 2.94% 1.17%
K/N=1.5 0.11%  0.021%  0.0039%  0.00033%
K/N=2 0.061% 0.0037% 0.00078% 0.000042%
K/N=3 0.033% 0.0011% 0.00019% 0.000007%

V. COMPUTER SIMULATION RESULTS
A. Forward-Projector

In additionto the numericalevaluationof the NUFFT-based
forward projectorfor the worst caseerror, we have evaluated
the accurag of the NUFFT-basedforward projectorusing the
digital Zubalphantom.We croppedthe original 128 x 128 im-
ageto thesize100 x 100 sothatthe phantomtorsofully occu-
piesthewholeimageregionin its wider dimension(seebottom
left imagein Fig. 11), to avoid ary extra zero-paddingpther
thanthat given by K/N. We have simulateda parallel-beam
tomographicsystemwith a sinogramsizeof 100radial binsby
192anglesover 180°, includingarectanguladetectoresponse
h(r) = rectr) with width equalto thepixel size,partiallyrepre-
sentingthefinite detectowidth in aPET system(ratherthanus-
ing overly idealizedline integrals). We have computedorward
projectionsfor this systemin four ways: using Fourierbased
projectorwith exact(to within doubleprecisionin Matlab)eval-

TECHNICAL REPOR, MAY 2003

couuul]l O
LI

~oah
T

L L L L L L L
16 18 2 22 24 26 28

a/J (Kaiser-Bessel shape)

L L
12 14

1

3

Fig. 9. Maximum interpolationerror (% of projectionmaximum)of forward-
projectionof modifiedZubal phantomusingNUFFT with KaiserBesseln-
terpolatorof several sizesJ asa function of the parameterx. Samesetof
parametersisedasfor theFig. 5

Forw—-Proj Error for K/N=2 and aopt for each m

o J=4a,_=235)
=5 o =2.35]

J=6 a_=2.35]
opt

J=7 a_=2.4]
\Opt\—\/

N

e

e

L L L
-05 0 1

-1 05
m (Kaiser—Bessel order)

L
-2 -15

Fig. 10. Maximuminterpolationerror (% of projectionmaximum)of forward-
projectionof modified Zubal phantomusing NUFFT with KaiserBessel
interpolatorof several sizesJ asa function of the KB orderm. For each
individual m anoptimuma wasused.aop¢ in the legendrepresenglobal
optimumof the a parametefor the givenkernelsize.

uationof the2D FT (DSFT),usingFourierbasedrojectorwith

the2D NUFFT approximation(to the DSFT)utilizing min-max
optimizedKaiserBesseinterpolationusingFourierbasedoro-
jector with bilinear interpolation,and using space-baseg@ro-
jector. Examplesof sinogramsobtainedby Fourierbasedand
space-basegrojectors,and correspondingabsolutedifference
imagesareshavn in Fig. 8.

Basedon the differencebetweenthe exact FT and NUFFT
methodwe have evaluatedMaximum Error, RootMeanSquare
Error andMeanError. In the following graphs,we shav only
maximumerrordefinedasthe maximumabsolutaifferencebe-
tweenexactFT andNUFFT methodin perceniof themaximum
valueof the exact FT method.Othererrorshave beenfoundto
exhibit similar behaior, asshavn in Appendix. Theerrorshave
beenevaluatedfor the samesetof the NUFFT parameterssin
the numericalanalysis.The error curvesasa function of the «
(Fig. 9) shaw very similar beharior to the numericalcase with
nearlyexactlythesameoptima. Theoptimaoverm (Fig. 10) are
lessconsistentomparedo the theoreticalcase(Fig. 6) but the
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Exact DSFT Fourier NUFFT 5 Space Based B-Proj 5
231 sec 0.37 sec 4.88 sec
0 0 0
10
a1 0.07
Zubal phantom INUFFT-DSFT| |SBBP-NUFFT|

rms=0.009% max=0.016% rms=0.20% max=1.5%

BOm

Fig. 11. Exampleof imagesobtainedby back-projectiorof filtered sinograms
of Zubal phantom(bottom left) using exact Fourierbasedback-projector
(DSFT) (top left), Fourierbasedback-projectorusing NUFFT with opti-
mizedKB kernel(K/N = 2, m = 0, J = 4, anda/J = 2.34) (top
middle) anda space-baseback-projecto(SBBP) (top right). (lllustrative
timesarefor non-optimizedviatlabimplementations.Bottom (middle and
right) row shavs correspondingbsolutadifferencemagegincludingmea-
suresof root-mean-squardifferenceand maximum absolutedifference)
with respecto the exact Fourier back-projectoDSFT) (bottommiddle),
andFourier NUFFT projector(bottomright).

TABLE Il
MAXIMUM BACK-PROJECTION ERRORS FOR DIFFERENT OVERSAMPLING
AND KERNEL SIZES, USINGm = 0 AND OPTIMUM a.

Oversampling J=4 J=5 J=6 J=7

K/N=1 9.10% 1.32% 1.75% 0.71%
K/N=1.5 0.099%  0.020% 0.0042% 0.00068%
K/N=2 0.015%  0.0015%  0.00034%  0.000019%
K/N=3 0.0075% 0.00044% 0.000063% 0.000002%

locationsof thesmallesmaximumerror E,,,., arestill clustered
aroundm = 0. The calculatedsinogramdor the optimumval-

uesarevisually indistinguishablgfrom the exact FT approach)
with errorssmallerthan0.06%when K/N = 2 evenfor the
smallestkernelsize(J = 4). By comparisongorventionalbi-

linear interpolationfor the polar to Cartesianconversiongives
abouttwo ordersof magnitudehighermaximumerrorthanthis

smallkernel. Tablel shavs maximumforward-projectiorerrors
for optimumshapeparameterdor differentlevels of oversam-
pling K/N anddifferentkernelsizes.J.

B. Badk-Projector

We comparedthe adjoint operator (back-projector)of the
NUFFT-basedforward projector using the KaiserBesselin-
terpolatorto the adjoint of the exact Fourierbasedreprojec-
tor whenappliedto ramp-filteredideal sinogramsof the Zubal
phantomof limited size(Fig. 11, bottomleft). Examplesof im-
agebtainedoy Fourierbasedandspace-basedack-projectors
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Fig. 12. Maximum interpolationerror (% of phantommaximum)of discrete
back-projectionusing NUFFT with KaiserBesselinterpolatorof several
sizesJ asafunctionof the parameterr. Samesetof parametersisedas
for theFigs.5, 9.
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Fig. 13. Maximum interpolationerror (% of phantommaximum)of discrete
back-projectionusing NUFFT with KaiserBesselinterpolatorof several
sizesJ asa function of the KB orderm. For eachindividual m an opti-
mum a was used. aqpt in the legendrepresenglobal optimumof the o
parametefor thegivenkernelsize.

and correspondingabsolutedifferenceimagesare shavn in
Fig. 11. Similar to the caseof the forward-projectoywe have
evaluatedNUFFT-basedack-projectoerrorsfor arangeof pa-
rametersThemaximumerrors(shavnin graphsn Figs.12,13)
have beencalculatedwithin the phantontorsoregion astheper
centerror of the maximumvaluein the DSFT images. Again,
the error curves are consistentwith the previous casesand
the NUFFT approachagreeswith the exact approachwithin
0.015%, even for the smallestkernelsize (J = 4). Tablell

shavs maximumback-projectiorerrorsfor optimumshapepa-
rameterdor differentlevels of oversamplingk’/N andfor dif-

ferentkernelsizesJ.

C. Forward andBadk-Projectorwithin Iterative Reconstruction

Sinceiterative algorithmsrequirerepeatedorwardandback-
projections,it is concevable that even small errorsin the re-
projector could accumulate. To study practical performance
of the NUFFT forward and back-projectowithin the iterative
reconstructionprocess,the following experimentshave been
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17 iter of CG

Blob image basis

rms=0.009% max=0.050% rms=0.31% max=1.5%)

HS

0
14. Exampleof QPWLS-CGreconstruction§l7 iterations)of thoraxphan-
tomusingexactDSFT (top left), FourierbasedNUFFT with optimizedkB
kernel(K/N = 2, m = 0, J = 4, anda/J = 2.55) (top middle)
andspace-base(SBR) (top right) forward and back-projectors.(lllustra-
tive timesarefor non-optimizedMatlab implementations.)Bottom left is
illustrationof NUFFT iterative reconstructiorincludingmodelingof ablob
basisfunction and bell-shapeddetectorresolutionkernel. Bottom (mid-
dle andright) row shaws correspondingbsolutelifferencemagesg(includ-
ing measuresf root-mean-squardifferenceandmaximumabsoluteiffer-
ence)with respecto the exactFourier projectors(DSFT) (bottommiddle),
andFourierNUFFT projectorgbottomright).

Fig.

TABLE llI
MAXIMUM RECONSTRUCTION ERRORS FOR DIFFERENT OVERSAMPLING
AND KERNEL SIZES, USINGm = 0, OPTIMUM a, AND USING IMAGE
MODEL INVOLVING PIXEL BASISFUNCTIONS.

Oversampling J=4 J=5 J=6 J=7

K/N=1 0.59% 0.23% 0.056% 0.031%
K/N=1.5 0.098% 0.0081% 0.0011%  0.00055%
K/N=2 0.057% 0.0032% 0.00023% 0.000034%
K/N=3 0.039% 0.0020% 0.00010% 0.000010%

performed. We have simulatednoisy PET sinogrammeasure-
ments (including attenuation,randomsand scatter)from the
128 x 128 Zubal phantom.We have simulateda parallel-beam
tomographicsystemwith a sinogramsizeof 160 radial bins by
192 anglesover 180°. We have run 17 iterationsof the conju-
gategradientalgorithmfor a data-weightedeast-squaresost
function [33] with a standardquadraticfirst-order roughness
penalty The presentedesultswere obtainedusing a model
of rectangulardetectorresponsewith a pixel basisfunction,
consistentwith the precedingsubsections. For the Fourier
basedapproachesye have repeatedeconstructiorstudieswith
a datamodelinvolving spatially-irnvariantbell-shapedietector
responsef equivalentwidth to theimagegrid sizeandmodel-
ing imagerepresentatioby smooth(blob) basisfunctions. Ex-
amplesof reconstructedmagesusingFourierbasedandspace-
basedforward andback-projectorandcorresponding@bsolute
differenceimagesareshovn in Fig. 14. Thereconstructedm-
agesusingDSFT, NUFFT andspace-baseprojectorswith pixel
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Reconstr Error for 17 iterations, K/N=2 and m=0
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Fig. 15. Maximumi interpolationerror (% of phantommaximum)of 17 itera-
tionsof QPWLSreconstructiorusingNUFFT forwardandback-projectors
with KaiserBesselinterpolatorof several sizesJ asa function of the pa-
rametera, andusingimagemodelinvolving pixel basisfunctions. Same
setof interpolationparametersisedasfor theFigs.5, 9, 12.

Reconstr Error for 17 iterations, K/N=2 and a, [for eachm
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Fig. 16. Maximum interpolationerror (% of phantommaximum)of 17 itera-
tionsof QPWLSreconstructiorusingNUFFT forwardandback-projectors
with KaiserBesselinterpolatorof several sizesJ asa function of the KB
orderm, andusingimagemodelinvolving pixel basisfunctions..For each
individual m anoptimuma wasused.aop¢ in thelegendrepresenglobal
optimumof the a parametefor the givenkernelsize.

basisfunctions(top row) arevisually indistinguishableRecon-
structionswith an image model involving smoothbasisfunc-
tions (illustratedat the bottomleft) provide decreasedoiselev-
els,asexpected.

The errors of NUFFT-basedforward and back-projectors
within the iterative reconstructionas comparedto the recon-
structionusingexactFT projector§ DSFT),have beerevaluated
for thesamesetof parameterasin thepreviouscasesThemax-
imum errorhasbeencalculatedvithin the phantontorsoregion
andexpresse@sthepercenerrorrelative to themaximumvalue
in thephantom.Theerrorcurves(Figs.15, 16) shov againsim-
ilar behavior, with the optimumslightly shiftedtowardshigher
parameterx values. This is probably causedby the fact that
the phantomdoesnot coverthewholeimageregion (essentially
constitutingadditional zero-padding). The maximum error is
below 0.06% even for the smallestkernel size (J = 4) and
K/N = 1.5. Tablelll shavs the maximumreconstructiorer-
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TABLE IV
MAXIMUM RECONSTRUCTION ERRORS FOR DIFFERENT OVERSAMPLING
AND KERNEL SIZES, USINGm = 0, OPTIMUM «, AND USING IMAGE
MODEL INVOLVING BLOB BASIS FUNCTIONS.

Oversampling J=4 J=5 J=6 J=7

K/N=1 0.54%  0.24% 0.043% 0.025%
K/N=1.5 0.057% 0.0081% 0.0012%  0.00034%
K/N=2 0.033% 0.0031% 0.00024% 0.000035%
K/N=3 0.020% 0.0019% 0.00013% 0.000025%

rors for optimumshapeparametersor differentlevels of over
samplingK'/N andfor differentkernelsizes.J. Fourierbased
reconstructionswith an image model involving smoothbasis
functionsshowved similar comparisonswith slightly decreased
errors,asshovn in Appendix.

V. ITERATIVE RECONSTRUCTION USING REAL DATA

The performanceof the Fourierbasedforward and back-
projectorswithin iterative reconstructiormasbeenfurthertested
(and comparedto the space-basegrojectors)using real PET
data. For this study we have usedtransmissiordataof a phys-
ical torsophantomacquiredon the clinical scannelECAT-921.
The datacontained160 radial bins by 192 anglesover 180°,
with projectionray size3.38mmandreconstructedmagepixel
size4.22mm.The attenuationmagehasbeenreconstructedis-
ing 200iterationsof thetransmissiorpenalized-likelihoodalgo-
rithm T-PL-OSPS[34] (with numberof subsetsqualto one)
initialized by the filtered-backprojectioimage (shovn at top
left in Fig. 19). Althoughthe numberof iterationsusedin prac-
ticewouldbemuchlower, we have runthealgorithmsfor 200it-
erationgo testif thereis any accumulatiorof errorsor ary insta-
bility in the Fourierbasedapproachasthe iterationsprogress.
The Fourierbasedapproachshaved stablebehaior consistent
with the space-basedpproach.The obsened measuresf the
differencebetweerthe two approachesid not changeby more
than 1% (of their respectre maximumvaluesat iteration 200,
reportedn Fig. 19) duringthelast110-120iterations.

Examplesof reconstructedmagesusing Fourierbasedand
space-basetbrward and back-projectorsand a corresponding
absolutedifferenceimage are shovn in Fig. 19. Horizontal
profilesthroughthe centerpart of thereconstructedmagesare
shavn in Fig. 20. ThereconstructedmagesusingNUFFT and
space-basegrojectorswith pixel basisfunctions(Fig. 19 top
middle andright, Fig. 20 solid line profiles)arevisually indis-
tinguishable. Reconstructionsvith an image modelinvolving
smoothbasisfunctions(illustratedin Fig. 19 at the bottomleft)
provide decreasedoiselevels while preservingthe edges(see
dashedine profile in Fig. 20).

VI. DISCUSSION

The resultsreportedwithin this paperwere obtainedfor the
2D case.Theillustrative computatiortimesreportedin the fig-
uresarefor nonoptimizedMatlabcodes.The Fourierbasedor-
ward andback-projectorsverefoundto be morethan10-times
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Reconstr Error for 17 iterations, K/N=2 and m=0

(S Sy Sy N

o

~No o s
T

L L L L L L L L
14 16 18 2 22 24 26 28 3

a/J (Kaiser—Bessel shape)

L
1 12

Fig. 17. Maximumi interpolationerror (% of phantommaximum)of 17 itera-
tionsof QPWLSreconstructiorusingNUFFT forwardandback-projectors
with KaiserBesselinterpolatorof several sizesJ asa function of the pa-
rameterq, andusingimagemodelinvolving blob basisfunctions.Sameset
of interpolationparametersisedasfor theFigs.5, 9, 12.
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Fig. 18. Maximum interpolationerror (% of phantommaximum)of 17 itera-
tionsof QPWLSreconstructiorusingNUFFT forwardandback-projectors
with KaiserBesselinterpolatorof several sizesJ asa function of the KB
orderm, andusingimagemodelinvolving blob basisfunctions. For each
individual m anoptimuma wasused.aop¢ in thelegendrepresenglobal
optimumof the a parametefor the givenkernelsize.

fastercomparedo their space-basedounterpartgseeFigs. 8
and11). Similar speed-ups expectedfor optimizedversionsof
bothapproachesTheFourierbasedapproachesanbestraight-
forwardly extendedto the 3D caseaswasdonefor the 3D ver
sion of Direct Fourier Method (3D-FRP[24]), which involved
both back-projectiorand forward-projection(reprojection)op-
erations.Extrapolatingfrom experiencewith the 3D-FRP[24],
thefully 3D iterative approachessingFourierbasedrojectors
will havethepotentialto speed-ughereconstructiotime about
5-10timesfor imagesof size1282, andthis speed-umvill bein-
creasingvith theimagesize.An additionalsubstantiaspeed-up
of Fourierbasedapproachess feasibleusing relatively cheap
off-the-shelf FFT processomboards. The speed-upof the re-
constructionapproachess very important,assupportedy the
obsenations[6] thatthe datavolumesin modernPET systems
mightbeincreasingatafasteratethantheincreaseof computer
power asdescribedy Moore’s law.



UNIVERSITY OF PENNSYLVANIA, MIPG AND UNIVERSITY OF MICHIGAN, EECS -

FBP Fourier NUFFT Space Based Rec
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206 sec 1659 sec

Fourier NUFFT INUFFT-SBR|
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200 iter of T-PL-OSPS

Blob image basis rms=0.15% max=1.29%

Fig. 19. FBP (servingasinitial image)(top left) and T-PL-OSPSreconstruc-
tions (200 iterations)from transmissiordata(from ECAT-921 scanner)pf
physicalthoraxphantomusing FourierbasedNUFFT with (theoretically)
optimizedKB kernel(K/N = 2, m = 0, J = 4, anda/J = 2.34) (top
middle) and space-base@SBR) (top right) forward and back-projectors.
(Nlustrative timesarefor non-optimizedViatlabimplementations.Bottom
left is illustration of NUFFT iterative reconstructiorincludingmodelingof
a blob basisfunction and bell-shapedietectorresolutionkernel. Bottom
right is absolutedifferenceimage(includingmeasuresf root-mean-square
differenceand maximumabsolutedifference)betweenreconstructionsis-
ing FourierbasedNUFFT andspace-baseprojectors.

Horizontal profiles (65-th row)

—— Space-Based Reconstruction
Fourier NUFFT (pixel basis)
- - - Fourier NUFFT (blob basis)
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Fig. 20. Horizontal profiles throughthe iterative reconstructionshowvn in

Fig. 19. Space-basednd Fourierbasedreconstructionsising pixel basis
functions(solid lines) are closely overlapping. Fourierbasedreconstruc-
tion modelingblob basisfunction (dashedine) provideslower noiselevels

(while preservingedges)jn agreementvith our previous experiencewith

(space-basedferative reconstructionsisingblob basisfunctions[30].

It is worth to mentionthatthe two Fourierbasedeconstruc-
tion approachementionedabove (3D-FRPanditerative), both
use back-projectionand forward/reprojectionoperationsand
thus both benefitconsiderablyfrom the Fourierbasedforward
and back-projectorsput the two approachesre quite distinc-
tivein nature.3D-FRPis basednthediscretizednverseRadon
formuladerivedfor theidealcontinuousnodelandtheimageis
obtainedn onepassthroughthe datawhich areweightedin the
frequeng domainfor the samplingdensityof thedataspectrum
andfor nonuniformitiesintroducedby theinterpolation.On the
other hand, the Fourier basediterative approacheswhich are
the focus of this paper are derived basedon a discreteimage
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anddataacquisitionmodelwhile takinginto accountatastatis-
tics. Here,theimageis graduallybuilt-up and/orrefined(based
on particulardiscrepang andupdateoperationsthroughanit-
eratve processandtheimageupdatestepis basednthesimple
back-projection(without datafiltering) which is an adjointop-
erationto theforwardprojection.

Direct application of the NUFFT approachis limited to
uniformly-spacedbarallel projectiondata. However, it canbe
easily extendedto fan and conebeamdatain the casewhen
thosedatacanbe resortednto setsof parallellines which will
have, however, non-equidistanspacing. In this case by using
the duality principle, the non-uniformrasteris definedby the
distribution of the parallel projectionlines for eachdirection
# andthe NUFFT outputis the uniform spectralrasterof the
projectiondataon #+. This operation(or its adjoint) replaces
the operationof (I)FFT of projectionswithin the NUFFT back
(forward)-projectorglescribedn Sectionll-B.

A noteworthy propertyof the Fourierbasedapproacheis that
they canbe straightforvardly appliedto the caseof dataand/or
imagedefinedon the efficient spatialgrids (hexagonin 2D case
andbody-centeredubicgrid in 3D cas€[35]) thanksto the ex-
istenceof efficient FFT algorithmsfor thosegrids.

Finally, it is importantto emphasizehat we have beenuti-
lizing KaiserBessewindow functionin two quitedistinctways
within theframework of the Fourierbasedterative approaches.
First,the KB window hasheenutilized asthelocalizedinterpo-
lation kernelin the spectrum-domaiinterpolation- the crucial
NUFFT operation.Secondjt hasbeenusedin the optionalop-
erationof modelingof the spatial-domainmagebasisfunction.
Theseareindependenbperation$aving quitedifferentrequire-
mentsonthe KB window shapeasillustratedin Sectionlll.

VIlI. CONCLUSIONS

Ourresultsshav very goodagreementf thetheoreticalmin-
max error analysisof the NUFFT forward and back-projectors
with their practical performance. Consequentlythe min-max
approachoffers a valid and practical framework for the opti-
mizationof the NUFFT interpolationparameters.

Our resultsfurther shov thatthe NUFFT-basedforward and
back-projectoravith the min-maxoptimizedKaiserBesselin-
terpolationare fastand very accurate. In particular their ap-
proximationerrorshave beenfoundto beextremelylow ascom-
paredto the exactdiscreteFouriertransformapproachandthey
have manifesteda very good matchto the space-basegrojec-
tors,evenfor smalloversamplingandinterpolationkernelsizes.
For example,it hasbeenobsenedthatfor theoptimizedKaiser
Besselinterpolatorsit might be sufficient to usejust 50% FFT
oversamplingandtheinterpolatiorkernelsof diameteispanning
just4to 5 grid points.

In summaryit hasbeendemonstratethatthe Fourierbased
forwardandback-projectorsitilizing the NUFFT approactpro-
vide fastandextremelyaccurateoolsfor iterative tomographic
reconstruction.The Fourierbasedorojectorsare especiallyat-
tractive for the fully 3D iterative reconstructiorapproache
PET characterizedy very large datavolumes. An additional
adwantageof the Fourierbasedapproachess the possibility of
utilizing the powerful and cheapoff-the-shelfFFT processing
hardware.
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APPENDIX

Al. TheoreticaErrors(Fig. 21 - Fig. 24)
Fig. 21 TheoreticaErrorsfor m = 0 andK /N =1,1.5,2 and3
Fig. 22 TheoreticaErrorsfor differentvaluesof o/ J againstKB orderm, for K/N =1,1.5,2 and3
Fig. 23 TheoreticaErrorsfor optimalvaluesof «/J againstaiser-Bessebrderm, for K/IN=1, 1.5,2 and3
Fig. 24 Optimalvaluesof o/ J againstm in termsof theoreticakerrorfor K/N =1,1.5,2 and3

A2. ZubalPhantomForward-ProjectiorErrors(Fig. 25 - Fig. 32)
Fig. 25 Zubalphantomforward projectionmaximalerrorsfor m = 0 and K /N = 1,1.5,2 and3
Fig. 26 Zubalphantomforward projectionnormalizedmean-roosquaregNRMS) errorsfor m = 0 and K /N =1,1.5,2 and3
Fig. 27 Zubalphantomforward projectionmaximalerrorsfor differenta/J and K/N = 1,1.5,2 and3
Fig. 28 Zubalphantomforward projectionNRMS errorsfor differenta/J andK/N = 1,1.5,2 and3
Fig. 29 Zubalphantomforward projectionmaxErrorsfor optimala./J againstn (K/N =1,1.5,2 and3)
Fig. 30 Zubalphantomforward projectionNRMS errorsfor optimal«/J againstn (K /N = 1,1.5,2 and3)
Fig. 31 Zubalphantomforward projectionoptimal a-s in termsof maxerror K /N = 1,1.5,2 and3
Fig. 32 Zubalphantomforward projectionoptimal a-s in termsof NRMS error, K/N = 1,1.5,2 and3

A3. ZubalPhantomBack-ProjectiorErrors(Fig. 33 - Fig. 40)
Fig. 33 Zubalphantombackprojectionmaxerrorsfor m = 0 andK/N = 1,1.5,2 and3
Fig. 34 ZubalphantombackprojectionNRMS errorsK /N = 1,1.5,2 and3
Fig. 35 Zubalphantombackprojectionmaxerrorsfor differentvalesa/J and K /N = 1,1.5,2 and3
Fig. 36 ZubalphantombackprojectionNRMS errorsfor differentvaluesa/J and K /N=1,1.5,2 and3
Fig. 37 ZubalphantombackprojectionMax errorsfor optimala/.J againstn, K/N = 1,1.5,2and3
Fig. 38 ZubalphantombackprojectionNRMS errorsfor optimal«/ J againstm, K/N = 1,1.5,2 and3
Fig. 39 ZubalphantombackprojectionMax errors- optimumvaluesa againstn, K /N =1,1.5,2 and3
Fig. 40 ZubalphantombackprojectionNRMS errors- optimumvaluesa againstn, K/N = 1,1.5,2and3

A4. Voxel andBlob-BasedreconstructioMax Errors(Fig. 41 - Fig. 48)
Fig. 41 Zubalphantomvoxel-basedeconstructiomaxerrorsfor m = 0 andK/N =1,1.5,2 and3
Fig. 42 Zubalphantonblob-basedeconstructiomaxerrorsfor m = 0 and K /N =1,1.5,2 and3
Fig. 43 Zubalphantomvoxel-basedeconstructiomaxerrorsfor differenta/J and K /N = 1,1.5,2 and3
Fig. 44 Zubalphantomblob-basedeconstructiomaxerrorsfor differenta/J and K /N = 1,1.5,2 and3
Fig. 45 Zubalphantomvoxel-basedeconstructiomaxerrorsagainstn and K /N = 1,1.5,2 and3
Fig. 46 Zubalphantonblob-basedeconstructiomaxerrorsagainsin and /N =1,1.5,2 and3
Fig. 47 Zubalphantomvoxel-basedeconstructiomaxerrors- optimalvaluesa/ J againstn , K/N = 1,1.5,2 and3
Fig. 48 Zubalphantoblob-basedeconstructiomaxerrors- optimalvaluesa/J againstn, K/N = 1,1.5,2 and3
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Al. THEORETICAL ERRORS (FIG. 21 - FIG. 24)
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Fig. 21. TheoreticaErrorsfor m = 0 andK /N =1,1.5,2 and3
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A2. ZuBAaL PHANTOM FORWARD-PROJECTION ERRORS (FIG. 25 - FIG. 32)
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Fig. 25. Zubalphantomforward projectionmaximalerrorsfor m = 0 and K/N = 1,1.5,2 and3
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Fig. 26. Zubalphantonforward projectionnormalizedmean-roosquarefNRMS) errorsfor m = 0 andK/N =1,1.5,2and3

16



UNIVERSITY OF PENNSYLVANIA, MIPG AND UNIVERSITY OF MICHIGAN, EECS — TECHNICAL REPOR, MAY 2003

Error mx

Error mx

Error nrms

Error nrms

Kaiser-Bessel Error for K/N=1 and a/J =1.6

=
5

o
5

~ oo~

(SN SN

e

.
-15 -1 -05 0 05
m (Kaiser-Bessel order)

1 15

Kaiser-Bessel Error for K/IN=2 and a/J =2.35

=
5
T

10°F

(SRS
T
~No oA

-15 -1 70‘5 0 05
m (Kaiser-Bessel order)

Fig. 27. Zubalphantomforward projectionmaximalerrorsfor differenta/J andK /N = 1,1.5,2 and3

15

10

=
B3

Kaiser-Bessel Error for K/N=1 and a/J =1.6

~No oA

(SRS

-15 -1 70‘5 0 05
m (Kaiser-Bessel order)

Kaiser-Bessel Error for K/IN=2 and a/J =2.35

(SRS
T
~No oA

-15 -1 70‘5 0 05
m (Kaiser-Bessel order)
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Optimal a -s in terms of Kaiser-Bessel Error for K/IN=1

Optimal a -s in terms of Kaiser-Bessel Error for K/IN=1.5
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Fig. 31. Zubalphantonforward projectionoptimal a-sin termsof maxerror K/N = 1,1.5,2 and3
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A3. ZuBAL PHANTOM BACK-PROJECTION ERRORS (FIG. 32 - FIG. 40)
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Fig. 39. ZubalphantombackprojectionMax errors- optimumvaluesa againstm, K/N =1,1.5,2and3
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A4. VOXEL AND BLOB-BASED RECONSTRUCTION MAX ERRORS (FIG. 41 - FIG. 48)
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Fig. 42. Zubalphantomblob-basedeconstructiormaxerrorsfor m = 0 andK/N =1,1.5,2 and3
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Reconstr Error for 17 iterations, K/N=1 and a/J =1.7
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Fig. 43. Zubalphantomvoxel-basedeconstructiormaxerrorsfor differentac/J and K /N = 1,1.5,2 and3
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Fig. 44. Zubalphantormblob-basedeconstructiomaxerrorsfor differenta/J and K/N = 1,1.5,2 and3
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Fig. 45. Zubalphantomvoxel-basedeconstructiormaxerrorsagainstm andK/N = 1,1.5,2and3
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Fig. 47. Zubalphantomvoxel-basedeconstructiormaxerrors- optimalvaluese/J againstn , K/N = 1,1.5,2and3
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Fig. 48. Zubalphantomblob-basedeconstructiormaxerrors- optimalvaluesa/.J againsim, K/N = 1,1.5,2and3



