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▶ Video: sampling in real space

MRI: sampling in k-space (k-t sampling)

better temporal resolution, but spatially under-sampled
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▶ Measurement model:
yt = Atxt + εt , t = 1, . . . ,T

yt ∈ CMt : k-space data for tth frame
xt ∈ CN : latent image for tth frame (vec of 2D or 3D array)
At ∈ CMt×N : forward model for tth frame

▶ Stack data: y ≜

y1
...

yT

 , ε ≜

ε1
...
εT

 ∈ CM , M ≜
∑T

t=1 Mt

▶ Latent space-time matrix X ≜
[
x1 . . . xT

]
∈ CN×T

▶ Linear forward model:

y = A(X) + ε, A : CN×T 7→ CM

▶ Goal: estimate X from y given A
▶ Under-determined M < N T , so regularization is essential
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Dynamic MRI recon using global low-rank models J. Fessler
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▶ If X is assumed to be (globally) low-rank:

X̂ = arg min
X

1
2 ∥A(X) − y∥2

2 + β|||X |||∗

|||X |||∗ : nuclear norm
▶

If X is assumed to be (globally) low-rank + temporally sparse:

X̂ = L̂ + Ŝ, (L̂, Ŝ) = arg min
L,S

1
2 ∥A(L + S) − y∥2

2 + β1|||L|||∗ + β2|||ST |||1,1

for some temporal sparsifying transform T
|||X |||1,1 = ∥vec(X)∥1

▶ Both easily solved by proximal optimized gradient method (POGM)
(A. Taylor et al., SIAM JO, 2017) [1] with adaptive restart (D. Kim & JF, JOTA 2018) [2]
C. Lin & JF, IEEE T-CI 2019 [3]

▶ Both “data driven” because temporal basis from data learned
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▶ Composite cost function:

X̂ = arg min
X

Ψ(X), Ψ(X) = f (X) + g(X),

f (X) = 1
2 ∥A(X) − y∥2

2 ,︸ ︷︷ ︸
smooth

g(X) = β|||X |||∗,︸ ︷︷ ︸
prox friendly

L∇f = |||A∗A|||2︸ ︷︷ ︸
Lipschitz constant

▶ Proximal gradient method (PGM) / Iterative soft thresholding algorithm (ISTA):

Xk+1 = SVST
(

Xk − 1
L∇f

∇f (Xk), β

L∇f

)
, ∇f (Xk) = A∗ (A(X) − y)

▶ Singular value soft thresholding (SVST):

X = U Diag{σk} V ′ =⇒ SVST(X , γ) = proxγ|||·|||∗(X) = U Diag{[σk − γ]+} V ′

▶ FISTA and POGM are similar, with momentum terms
7 / 39



Proximal OGM (POGM) J. Fessler
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OGM extension for composite problems by Taylor et al. [1]:
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Global low-rank + sparse results J. Fessler
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Global low-rank results J. Fessler
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POGM works well in practice, corroborating “worst-case” bounds
10 / 39
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▶ Nuclear norm regularizer is a non-smooth
function of X :

|||X |||∗ =
∑

k
σk(X)

Singular value of 1 × 1 matrix [s] is σ1([s]) = |s|
▶ Requires “complicated” methods like accelerated

first-order proximal gradient methods, ADMM, ...
▶

|||X |||∗ is a relaxation of rank{X}
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▶ Smooth regularizer:

R(X) =
∑

k
ψ(σk(X))

▶ where ψ satisfies Huber’s conditions [4]:
• ψ(−s) = ψ(s)
• ψ differentiable
• ωψ(s) ≜ ψ̇(s) /s is bounded

=⇒ ψ̇ is Lipschitz
▶

Enables gradient-based optimization
algorithms like nonlinear conjugate gradient
(CG) and quasi-Newton

▶ Faster rate? [5]

▶ hyperbola: ψ(s) =
√

s2 + δ2

▶

Graduated non-convexity?
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Smooth regularizer:
R(X) =

∑
k
ψ(σk(X))

▶ Convexity: ψ convex =⇒ R convex [6]
▶ Gradient: (A. Lewis, J. Convex. Analysis, 1995) [7, 8]:

X = U Diag{σ} V ′

=⇒ ∇R(X) = U Diag
{
ψ̇.(σ)

}
V ′

▶

Smoothness Theorem: Lipschitz constant

L∇R = ωψ(0) = ψ̈(0) .

Proof builds on Qi & Yang, SIAM J. MAA 2003 [9]
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Gradient-based methods for smooth regularizer J. Fessler
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▶ Smooth cost function:

X̂ = arg min
X

Ψ(X), Ψ(X) ≜ 1
2 ∥A(X) − y∥2

2 + βR(X), R(X) =
∑

k
ψ(σk(X))

▶ Gradient (A. Lewis, J. Convex. Analysis, 1995) [7]:

X = U Diag{σk} V ′ =⇒ ∇ Ψ(X) = A∗ (A(X) − y) + β
∑

k
ψ̇(σk(X)) uk vk

′︸ ︷︷ ︸
∇R(X)

▶

Line search function:

h(α) ≜ Ψ(X + α∆), ḣ(α) = A(∆)′(A(X +α∆)−y)+β ⟨∇R(X + α∆), ∆⟩F

▶ Theorem: h is smooth; ḣ has Lipschitz constant

Lḣ = ∥A(∆)∥2
2 + βωψ(0) |||∆|||2F
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Smooth regularizer results J. Fessler
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Global low-rank images J. Fessler
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Dynamic MRI recon using local low-rank models J. Fessler
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▶ If space-time patches of X are assumed to be (locally) low-rank:

X̂ = arg min
X

1
2 ∥A(X) − y∥2

2 + β
P∑

p=1
|||Pp(X)|||∗

Pp: picks the pth space-time patch from X
▶ Low-rank modeling may be more reasonable locally
▶
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2 ∥A(X) − y∥2

2 + β
P∑

p=1
|||Pp(X)|||∗

Pp: picks the pth space-time patch from X
▶ Low-rank modeling may be more reasonable locally
▶

Numerous applications, e.g.:
• matrix approximation [10]
• dynamic MRI [11, 12]
• multi-contrast and quantitative MRI [13–15]
• MR denoising [16]
• MR motion correction [17]
• fMRI denoising [18–20]
• fMRI dynamic image reconstruction [21]
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To overlap or not? J. Fessler
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X̂ = arg min
X

1
2 ∥A(X) − y∥2

2 + β
P∑

p=1
|||Pp(X)|||∗

▶ Non-overlapping patches
• prox-friendly: separate SVST for each space-time patch
• Suitable for proximal gradient methods like POGM only in this case

▶

Overlapping patches (stride < patch size)
• shift invariant (if stride = 1) =⇒ no block artifacts
• no (known) simple proximal operator

• Optimization algorithm options:
▶ subgradient descent
▶ cycle spinning approximation (akin to stochastic proximal gradient method)
▶ proximal averaging [22, 23]: prox of sum ≈ sum of prox ?
▶ ADMM with numerous auxiliary variables

19 / 39
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Locally low-rank results: non-overlapping patches J. Fessler
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Locally low-rank results: non-overlapping patches J. Fessler
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POGM with ad hoc LLR modifications J. Fessler
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POGM for LLR (overlapping patches) with proximal average J. Fessler
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Local low-rank with smooth regularizer J. Fessler
LLR MR

X̂ = arg min
X

Ψ(X), Ψ(X) ≜ 1
2 ∥A(X) − y∥2

2+β
P∑

p=1
Rp(X), Rp(X) ≜

∑
k
ψ(σk(Pp(X)))

Now we can easily apply gradient-based methods like CG & quasi-Newton:
▶ Gradient (corollary to previous theorem):

∇ Ψ(X) = A∗(A(X)−y)+β
P∑

p=1
Up Diag

{
ψ̇.(σp)

}
V ′

p, Pp(X) = Up Diag{σp} V ′
p

▶ Lipschitz constant (for line-search step):

L∇ Ψ = |||A∗A|||2 + βP ωψ(0)
Lḣ = L∇ Ψ|||∆|||2F

24 / 39
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Tuning smoothness parameter J. Fessler
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Hyperbola potential function: ψ(σ) =
√
σ2 + δ2 ≈ |σ| for |σ| ≫ δ
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Smooth LLR results J. Fessler
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▶ POGM with proximal averaging descends, but to what?
▶ Room to optimize LBFGS
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Summary / future directions J. Fessler
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▶ Smooth approximation to nuclear norm
• leads to similar dynamic image reconstruction results
• Lipschitz gradient enables efficient convex optimization with convergence
• POGM with cycle-spinning or proximal averaging works unexpectedly well

but what convergence theory?
▶

Future
▶ Non-convexity

• Non-convex ψ
• Regularize tail singular values [24]: R(X) =

∑
k=r̂+1 ψ(σk(X))

▶ Reduce computation time
• Quadratic majorizer for better line search?
• Exploit parallelism in code
• Inter-twine Newton-like methods with proximal methods? [25]
• Iteration-dependent regularization parameter? [13]
• Compare POGM with OptISTA [26]
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Talk and code available online at
http://web.eecs.umich.edu/~fessler
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