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Abstract—Model-based image reconstruction for Y90 SPECT is
challenging due to energy-dependent forward models including
collimator-detector response (CDR) and attenuation correction
factor (ACF). Since it is common to model CDR and ACF for a
single energy for one energy window, there is a trade-off between
the width of an energy window (number of primary counts) and
the accuracy of modeling energy-dependent CDR and ACF. We
previously proposed a joint spectral reconstruction (JSR) for Y90
SPECT to utilize wide energy window while accurately modeling
energy-dependent forward projections for multiple windows and
showed promising quantitative performance. However, the scale
parameter model in JSR to relate images of different energy
windows was not properly considered. In this work, we argue
that scale parameters should reflect two probabilities: 1) different
emission probabilities for the different windows and 2) detection
probabilities in SPECT crystal that are different for the two
windows. These arguments lead us to utilize Monte Carlo
simulation of a point source instead of primary phantom counts
for estimating scale parameters to avoid the effect of energy-
dependent attenuations. We performed a SIMIND MC simulation
study with a digital phantom similar to the NEMA PET phantom,
but with larger hot spheres and a cold sphere in the center.
MC simulation was done with 6 energy windows starting from
105keV to 285keV with the width of 30keV for each window
using a new emission spectrum with both internal and external
bremsstrahlung generated from theory and Penelope simulations.
Our proposed JSR with new scale parameters yielded favorable
quantitative results for both hot and cold spheres over other
methods such as JSR with previous scale parameters, single
spectral reconstructions with narrow and wide energy windows.
Our proposed method yielded better recovery coefficients than
other methods by 0.5-16.2% at the 30 iteration for all hot spheres.
These differences were particularly substantial for the smallest
hot sphere, 2.3-16.2%. For the cold sphere, JSR proposed yielded
3.0-15.8% lower residual count error than other methods.

I. INTRODUCTION

QUANTITATIVE yttrium-90 (Y90) imaging is important
for absorbed dose estimation in internal emitter therapies

with Y90 that have yielded promising clinical results. These
therapies include radioembolization for treating nonresectable
liver tumors [1] and radioimmunotherapy for non-Hodgkin’s
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lymphoma [2]. Y-90 SPECT based on imaging bremsstrahlung
photons associated with the beta decay of Y90 (average
energy, 0.94 MeV; maximum energy 2.3 MeV; mean tissue
penetration, 2.5 mm; half-life, 64 h [3]) is more widely
accessible compared with Y90 PET that is based on very
low abundance positrons and requires state-of-the-art TOF
PET systems. However, quantitative bremsstrahlung SPECT is
challenging because of the continuous energy spectrum. The
high fraction of higher energy downscatter / penetration events
that contribute to lower energy acquisition windows cannot
be compensated by traditional energy window based scatter
correction methods such as triple energy window method.

There have been several works on improving quantitative
image quality of Y90 bremsstrahlung SPECT. One approach
is to model continuous energy spectrum of Y90 bremsstrahlung
in the forward projector of iterative reconstructions. Rong et al.
proposed multienergy range (MER) SPECT reconstruction that
incorporated energy-dependent collimator-detector responses
(CDRs), attenuation correction factors, and scatter kernels [4].
Monte-Carlo (MC) simulations were used to estimate CDRs
and scatter kernels. However, MER used unmatched for-
ward/backward projectors that may cause convergence issues
with some iterative algorithms and used a single energy
window acquisition. Yue et al. later showed that MER yielded
comparable results to Y90 PET-CT in terms of estimating total
activity in the liver and activity distributions within treated
volumes [5]. Elschot et al. proposed a method that is similar to
MER, but replaces MER’s forward projector with a MC simu-
lator for more accurate forward modeling [6]. Even though
this work yielded promising results that are comparable to
TOF PET imaging, the proposed method still uses unmatched
projectors and it is relatively slow for reconstruction.

We also proposed methods to improve the quantitative
imaging quality of Y90 bremsstrahlung SPECT such as a
joint spectral reconstruction (JSR) method [7], a MC based
scatter correction method [8], and a model for tissue-dependent
bremsstrahlung production using CT information [9]. In par-
ticular, our JSR method uses matched forward-backward pro-
jectors with multi-energy data acquisitions unlike MER. In this
article, we investigated parameter selections for JSR in Y90
SPECT, especially parameters in the measurement model for
the forward projector of iterative reconstruction algorithms.

II. METHOD

A. Single spectral reconstruction (SSR)

Consider that there is a Y90 tracer distribution in the body.
There are certain bremsstrahlung photons that are emitted
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within any given energy window through beta decays and only
some of which are recorded by the detector. Let us define x𝑒

(in the unit of counts) be emitted “primary” bremsstrahlung
photons within the energy range of the 𝑒th energy window
that are recorded by the detector. Let us define A𝑒 be a
forward model for the 𝑒th energy window that maps from the
emitted primary photons to the detectors. Let y𝑒 be a total
measured projection for the 𝑒th energy window and s𝑒 be a
(known) scatter projection of the 𝑒th energy window. Then,
the measurement model is

y𝑒 ∼ Poisson(A𝑒x𝑒 + s𝑒) (1)

where Poisson(⋅) is a component-wise, independent Poisson
distribution. The forward model A𝑒 usually contains attenu-
ation correction information and collimator-detector response
(CDR) that are all dependent on energy.

Then, the estimate x̂𝑒 from the measurement y𝑒 can be
obtained by maximizing the likelihood function as follows:

x̂𝑒 = argmax
x𝑒

L𝑒(x𝑒) (2)

where L𝑒(x𝑒) :=L(⋅;A𝑒,y𝑒, s𝑒) is the sum of Poisson log-
likelihood functions with A𝑒, y𝑒, and s𝑒 for the 𝑒th energy
window. This optimization is usually done by an iterative
algorithm such as ordered-subset expectation-maximization
(OS-EM) [10] as follows:

x̂(𝑛,𝑚+1)
𝑒 = x̂(𝑛,𝑚)

𝑒 +
x̂
(𝑛,𝑚)
𝑒

A′
𝑒,𝑚1

∇L𝑒,𝑚(x̂
(𝑛,𝑚)
𝑒 ) (3)

where L𝑒,𝑚(x̂
(𝑛,𝑚)
𝑒 ) :=L(x̂

(𝑛,𝑚)
𝑒 ;A𝑒,𝑚,y𝑒,𝑚, s𝑒,𝑚) is the log-

likelihood function of the 𝑒th energy window and the 𝑚th
subset, 𝑛 is an iteration number, A𝑒,𝑚, y𝑒,𝑚, and s𝑒,𝑚 are
forward model, total projection, and scatter projection for the
𝑒th energy window and the 𝑚th subset, respectively.

With a narrow energy window (𝑒.𝑔., 105-135 keV), accurate
modeling for A𝑒 is possible by using CDR and attenuation
correction information at the mean energy of that window.
However, there may not be enough counts in a narrow energy
window for good reconstruction quality. We denote this narrow
energy window case by SSR-N, single spectral reconstruction
with narrow window. With a wide energy window (𝑒.𝑔., 105-
285 keV), enough counts will be available for low noise recon-
struction, but at the price of degrading the model accuracy for
A𝑒 with mean energy based CDR and attenuation correction.
We denote this wide energy window case by SSR-W, SSR with
wide energy window.

B. Emitted photon model in multiple energy windows

The authors proposed joint spectral reconstruction (JSR) for
Y-90 SPECT by modeling emitted bremsstrahlung photons in
multiple energy windows that are associated with underlying
Y90 activity distributions using simple scale parameters [7].
Consider a total emitted bremsstrahlung photons x. Then, for
the emitted photons x𝑒 in the 𝑒th energy window, the following
relationship should be true:

x =
∑
𝑒

x𝑒. (4)
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Fig. 1. Scale parameters estimated from phantom sinogram data (Previous
ratio) and from point source simulation data (Proposed ratio). Different
parameters were estimated due to energy-dependent attenuations.

In [7], we modeled the emitted bremsstrahlung photons x𝑒 as
proportional to the total emitted photons x:

x𝑒 = 𝜏𝑒x (5)

where 𝜏𝑒 is a scale parameter to describe the ratio of emitted
photons in the 𝑒th energy window to total emitted photons
in all energy ranges. These 𝜏𝑒 were able to be inferred using
primary counts (y𝑒−s𝑒) in all energy windows [7]. We denote
this method by “JSR previous”.

In this work, we argue that the scale parameters 𝜏𝑒 should
reflect two probabilities:

1) emission probabilities that are different for the different
windows (that go down with energy)

2) detection probabilities in SPECT crystal that are differ-
ent for the two windows (that also go down with energy).

Since the primary counts (y𝑒 − s𝑒) [7] may include factors
other than these two probabilities due to energy dependent
attenuation, we propose to measure these scale parameters us-
ing a quick MC simulation of a point source at 10 cm distance
between the detector and the source. We denote this method by
“JSR proposed”. Fig. 1 shows estimated scale parameters in 6
energy windows using phantom data (Previous ratio) and using
point source MC simulation (Proposed ratio). As expected, our
proposed method yielded higher scale parameter than previous
method near low energy due to high attenuation on low energy
windows. Further analyses on the effect of this proposed scale
parameters for JSR will be in the next section.

C. Joint spectral reconstruction (JSR)

In [7], JSR was derived based on the following probabilistic
model:⎡

⎢⎢⎣
...
y𝑒

...

⎤
⎥⎥⎦ ∼ Poisson

⎛
⎜⎜⎝
⎡
⎢⎢⎣

...
A𝑒𝜏𝑒

...

⎤
⎥⎥⎦x+

⎡
⎢⎢⎣

...
s𝑒
...

⎤
⎥⎥⎦
⎞
⎟⎟⎠ . (6)

Then, the OS-EM for JSR can be derived as follows:

x̂(𝑛,𝑚+1) = x̂(𝑛,𝑚)+
x̂(𝑛,𝑚)∑

𝑒′ 𝜏𝑒′A
′
𝑒′,𝑚1

∑
𝑒

∇L̃𝑒,𝑚(x̂
(𝑛,𝑚)) (7)

where L̃𝑒,𝑚(x̂
(𝑛,𝑚)) :=L(x̂(𝑛,𝑚);A𝑒,𝑚𝜏𝑒,y𝑒,𝑚, s𝑒,𝑚).



One interpretation of (7) is that the next update for recon-
structed image is

𝐸∑
𝑒=1

{
x̂(𝑛,𝑚)
𝑒 +

x̂(𝑛,𝑚)∑
𝑒′ 𝜏𝑒′A

′
𝑒′,𝑚1

∇L𝑒,𝑚(x̂
(𝑛,𝑚)
𝑒 )

}
(8)

where x̂
(𝑛,𝑚)
𝑒 = 𝜏𝑒x̂

(𝑛,𝑚). However, we observed that this
algorithm often yielded slow convergence compared to SSR
methods. We propose to relax (8) as follows:

𝐸∑
𝑒=1

{
x̂(𝑛,𝑚)
𝑒 +

x̂(𝑛,𝑚)∑
𝑒′ 𝜏𝑒′A

′
𝑒′,𝑚1

𝐸𝜏𝑒∇L𝑒,𝑚(x̂
(𝑛,𝑚)
𝑒 )

}
(9)

where 𝐸 is the number of energy windows. We over-relaxed
the algorithm associated with low energy windows considering
that they have high primary count ratios and accurate CDR
modeling. We under-relaxed the algorithm associated with
high energy windows considering the difficulties of modeling
accurate CDR and low primary counts with very high scatter
counts. Thus, the final relaxed OS-EM algorithm is

x̂(𝑛,𝑚+1) = x̂(𝑛,𝑚) +
x̂(𝑛,𝑚)∑

𝑒′ 𝜏𝑒′A
′
𝑒′,𝑚1

× (10)

∑
𝑒

𝐸𝜏𝑒∇L̃𝑒,𝑚(x̂
(𝑛,𝑚)).

The implementation of this relaxed OS-EM can be done by
modifying OS-EM for SSR: summing the gradients of cost
functions for all energy windows and then dividing it by the
sum of sensitivity images. In our previous work, we used the
estimated scale parameters from the phantom data (y𝑒 − s𝑒)
for 𝜏𝑒. In here, we propose to estimate them from MC point
source simulation.

III. SIMULATION RESULTS

A. Simulation setup

We performed a MC simulation study using SIMIND [11]
with a digital phantom (128×128×128 voxels with
4.8mm×4.8mm×4.8mm per voxel) similar to the NEMA PET
phantom [12], but with larger hot spheres (about 2, 4, 8, 17,
27, 100 mL) more appropriate for SPECT and a cold sphere
in the center. SIMIND MC simulation was done with the
acquisition energy windows of 105-135, 135-165, 165-195,
195-225, 225-255, 255-285 keV (6 windows). Note that our
SIMIND MC simulation used a new bremsstrahlung emission
spectrum with both internal and external bremsstrahlung
generated from theory (for IB) and Penelope simulations (for
EB) [13]. We selected these 6 windows based on the fact that
the primary to scatter ratio drops off rapidly with energy and
to avoid x-ray and high order scatter at low energies. We also
simulated a point source emission for the same measurement
energy windows to determine scale parameters for JSR.

Using MC simulated projection data, a Poisson realization
was obtained assuming 100 million counts for 105-195 keV
energy range. Four reconstruction methods were performed:
SSR-N (105-135 keV), SSR-W (105-285 keV), JSR previous
(105-285 keV), and JSR proposed (105-285 keV). The true
scatter from MC was used, but it can be estimated by MC
based scatter correction.

Reconstructed images at 40th iteration (4 subsets)

Fig. 2. Reconstructed images at the 40 iteration using SSR-N (top left),
SSR-W (top right), JSR proposed (bottom left), JSR previous (bottom right).

Assuming that estimated emitted photon count is propor-
tional to Y90 activity, we first calibrate to yield an estimated
Y90 activity using the total counts in the field of view. We
used the following metrics to assess the quantitative accuracy
of all reconstruction methods: For hot spheres,

RCROI =
mean estimated activity in ROI

mean true activity in ROI

where RC, ROI stand for recovery coefficient, region of
interest, respectively. For cold sphere with 0 activity,

RCEROI =
mean estimated activity in ROI

mean estimated activity in BG

where RCE, BG stand for residual count error, background,
respectively. Ideally, RC should be 1 and RCE should be 0.

B. Quantitative and qualitative results

Fig. 2 shows four reconstructed images. SSR-N seems to
yield noisier reconstructed image than other methods due to
the lack of counts and SSR-W seems to yield blurrier image
than other methods due to inaccurate forward model. However,
these differences are not very substantial visually.

Fig. 3 shows that our “JSR proposed” yielded the lowest
normalized activity (RCE) over iteration among all other meth-
ods for a cold sphere. In RCE, it seems important to model a
forward projector accurately to yield good quantitative results
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Fig. 3. RCE over iteration for SSR-N, SSR-W, JSR previous, JSR proposed.
JSR proposed yielded the lowest RCE over iteration.



0 50 100 150 200
Iteration (4 subsets)

0.84

0.86

0.88

0.9

0.92

0.94

0.96

0.98
R
e
c
o
v
e
r
y
 
C
o
e
f
f
i
c
i
e
n
t

JSR proposed
SSR-N
JSR previous
SSR-W

0 50 100 150 200
Iteration (4 subsets)

0.8

0.82

0.84

0.86

0.88

0.9

0.92

0.94

R
e
c
o
v
e
r
y
 
C
o
e
f
f
i
c
i
e
n
t

JSR proposed
SSR-N
JSR previous
SSR-W

50 100 150 200
Iteration (4 subsets)

0.66

0.68

0.7

0.72

0.74

0.76

0.78

0.8

R
e
c
o
v
e
r
y
 
C
o
e
f
f
i
c
i
e
n
t

JSR proposed
SSR-N
JSR previous
SSR-W

Fig. 4. RCs over iterations for the hot spheres of 98.5mL, 15.6mL, and
1.7mL. JSR proposed yielded better RCs than JSR previous and SSR-W and
RCs close to those of SSR-N for hot spheres.

since SSR-W yielded substantially worse RCE than other
methods. Note also that our JSR proposed yielded lower RCE
than JSR previous, which illustrates that our proposed scale
parameter estimation works better than previous estimation
method.

JSR proposed yielded better RCs than JSR previous and
SSR-W and RCs close to those of SSR-N for hot spheres as
illustrated in Fig. 4. In particular, it achieved the best RC for
all hot spheres at early iterations by small margins (𝑒.𝑔., 0.31-
7.91% at the 30 iteration). These differences were particularly
substantial for the smallest sphere (1.7 mL), 1.29-7.91% at the
30 iteration.

Lastly, Fig. 5 shows the curves of normalized noise level in
BG vs. weighted average of RCs for all hot spheres with the
weights that are proportional to sphere volumes. Normalized
noise level is defined to be the standard deviation in BG over
the mean activity in BG. At high RC values, JSR proposed
achieved the lowest normalized noise level among all methods
including JSR previous.

IV. CONCLUSION

We proposed a method to estimate scale parameters for JSR
using a point source MC simulation. With our relaxed OS-
EM, our proposed method (JSR proposed) yielded favorable
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Fig. 5. Weighted average of RCs vs. normalized noise level over iterations.
At high RC values, JSR proposed achieved the lowest normalized noise level
among all methods including JSR previous.

quantitative results for RC in hot spheres, RCE in cold sphere,
and RC-noise trade-off.
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