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Abstract—Convolutional dictionary learning (CDL) has great
potential to ‘“learn” rich sparse representations from training
datasets, by training translation-invariant filters. However, the
performance of applying learned filters from CDL to inverse
problems has not yet been fully maximized because training data
preprocessing in training stage is not fully compensated in testing
stage. We propose CDL using Adaptive Contrast Enhancement
(CDL-ACE) that additionally models the preprocessing in CDL,
and image denoising model using learned filters from CDL-ACE.
For CDL-ACE, we apply a practically feasible and convergent
Block Proximal Gradient method using Majorizer (BPG-M) with
a momentum coefficient formula and an adaptive restarting
rule. Numerical experiments show that, for strong additive white
Gaussian noise, the proposed image denoiser using learned filters
by CDL outperforms existing image denoising methods using
Wiener filtering and total variation; and learned filters by CDL-
ACE further improves the denoiser.

I. INTRODUCTION

Convolutional dictionary learning (CDL; or convolutional
sparse coding [1]-[5]) can overcome the fundamental prob-
lems of patch-based dictionary learning [6], [7]: /) translation-
variant dictionaries and 2) highly redundant sparse represen-
tations [5], [8]. In addition, CDL is closely related to (deep)
convolutional neural networks (CNN) [1], [8], [9]. Learned
filters by CDL have been successfully applied to various com-
puter vision problems (see references within [4], [5]); however,
applying them to inverse problems is not straightforward due
to model mismatch between training and testing stages. The
main reason for the model mismatch is that CDL learns
features from preprocessed training datasets (by, for example,
local contrast enhancement, high-pass filtering, and subtracting
the mean [1], [2], [4]); however, the preprocessing techniques
are not directly suitable for solving inverse problems [10].

We propose 1) CDL using Adaptive Contrast Enhancement
(CDL-ACE) which integrates the preprocessing principles
into the CDL formulation and 2) image denoising model
using learned filters from CDL-ACE. For CDL-ACE, we
apply a practically feasible and convergent Block Proximal
Gradient method using Majorizer (BPG-M)—which does not
require difficult parameter tuning processes for convergence
and acceleration—with a momentum coefficient formula and
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an adaptive restarting rule [5]. Numerical experiments show
that, for strong additive white Gaussian (AWGN) noise, the
image denoiser using learned filters by CDL-ACE signifi-
cantly improves the quality of denoised images compared to
Wiener filtering and total variation (TV) denoising methods.
In particular, the learned filters by CDL-ACE improves image
denoising compared to those trained by the conventional CDL,
by resolving the model mismatch.

II. CDL-ACE: MODEL

The proposed (2D) CDL-ACE problem is given by the
following joint optimization problem:

L4 K 2
min Slyi—| P dy®z1 ) | —p
{ded (o i) (o1} ;2 ( Bkz::l > I,
K D
B icol? (
+O‘Z”zl,k”1+§”Cle2
k=1
st ldel2<1, k=1,...,K,
where {dy € RP : kK =1,... K} is a set of convolutional

filters to be learned, {y; € RY : 1 = 1,...,L} is a set
of training data, ® denotes a circular convolution operator,
{zix eRY :1=1,...,L,k=1,...,K} is a set of sparse
codes, P € RV*¥ is a projection matrix with |B| = N and
N < N [3], [5], B is a list of distinct indices from the set
{1,...,N} that correspond to truncating the boundaries of the
padded convolution Zle dp®zi 4, {p, RN 11 =1,..., L}
is a set of low-frequency component vectors, and C € RY XN
is a regularization transform for adaptive contrast enhancement
of {y;} (see below). Here, D is the filter size, K is the
number of filters, IV is the dimension of training data, N is the
dimension after a convolution with padding, L is the number
of training images, and N’ is a dimension of signal in the
transform C domain.! Note that D < N in general.

We reformulate problem (1) to a more convenient form.
Considering that the minimizer with respect to p is:

K

p({zi})= (b’CTC—FINf1 <YZ — <PBde®Zz,k>> ,
k=1

2

In general, (T) denotes a padded signal vector or its dimension.
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we rewrite problem (1) as
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st |delli<1,  k=1,..K,
3)

where {y, :==Ry;:1=1,...,L} and
R:=(pCTC)? (scTe+1) 2. @)

Note that the reformulation (3) is valid with particular bound-
ary conditions (e.g., periodic and reflective) for {p,}.> The
filter C and its parameter 3 should be carefully designed so
that the “filter” R in (4) can mimic the nonlinear contrast
enhancement preprocessing widely used in CNN [1].

Using Parseval’s relation [2], problem (3) is equivalent to
the following joint optimization problem:
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where ® denotes the N -point 2D unitary discrete Fourier
transform, {d;, = \/ﬁ@Pgdk tk=1,...,K} is a set of
the frequency responses of the padded filters, PL € CV*P
is zero-padding matrix, S is a list of indices that corre-
spond to a small support of the filter with |S| = D, and
{Z1p, € CN : 1 =1,...,L,k = 1,...,K} denotes sparse
codes. Note that applying augmented Lagrangian methods
(e.g., alternating direction method of multipliers) [2]-[5] to
solve (5) requires one more auxiliary variable for each of
{dx} and {2;} updates. In other words, one faces even trickier
parameter tuning processes. We apply BPG-M [5] which
guarantees convergence and avoids parameter tuning (except
the regularization parameters «, 3).

III. CDL-ACE: CONVERGENT ALGORITHM

A. Convergent Fast BPG-M with Adaptive Restarting

1) Convergent Fast BPG-M: This section reviews the setup
of block multi-convex problem and summarizes fast BPG-M
[5]. Consider the optimization problem

B

LXp)+ Y m(x)  (6)

b=1

min F(xq,...
XEX

xp) = f(x1,..
where variable x is decomposed into B blocks xi,...,Xp
({xp € R™}), the set X of feasible points is assumed to be
closed and block multi-convex subset of R™, f is assumed
to be a differentiable and block multi-convex function, and

2Throughout the paper, we apply the reflective boundary condition for (4),
ie., CTC and R in (4) are decomposed by cosine basis. We observed that
the reflective boundary condition improves about 0.1 dB peak signal-to-noise
ratio (PSNR) in image denoising applications.

rp are extended-value convex functions for b=1,..., B.> We
use 11, . . ., rp to enforce individual constraints of x1,...,xp,
when they are present. Importantly, r; can include nonsmooth
functions.

We are particularly interested in adopting the following
quadratic majorizer (i.e., surrogate function) model of the
composite function g(u) = p1(u) + 02(u) at a given point
v to the block multi-convex problem (6):

om(u,v) =Y (u;v) + 02(u),
Yar(v) = 01(v) + (Vor(v) u—v) + = vld @)

where ¢1(u) and g2(u) are two convex functions defined on
the convex set U, o1 (u) is differentiable, and M = M7” = 0
is so-called majorization matrix.

Based on majorizers of the form (7), fast BPG-M [5] is
given as follows. To solve (6), we minimize F' cyclically over
each block x3,...,xp, while fixing the remaining blocks at
their previously updated values. Let xl(fﬂ) be the value of x;
after its ¢th update, and

Zfz) (Xb) = f(Xgi-i_l)v cee 7x}()i_+11)a Xb, X}():)_la R 7Xg))a (8)

for all b, i. The corresponding proximal mapping is given by

. . —1 . . .
Proxr, <},(£z) _ (Ml()z)) vbe)(Xl()Z));Ml(;Z))
) i), NONIR! L()]|?
= argmin (Vf3" (&), =%(") + 5 [0 =%, +70x0).
beXb(” M,

where V flfi) ()’cl(f)) is the block-partial gradient of f at
D Y RN (T N S N R
R™ X" js a symmetric positive definite majorization ma-
trix for the Hermitian Vbei)(xb) = 0, Vx; € Xb(i),
and the proximal operator is defined by Prox,(y;M) :=
argmin, 1|x — yl3; + r(x). The matrix Wl(f) € Rmoxne,
bounded by

0< WD <5 (MO (MY s :
< b,(b) (b ) . <1, Vi,
©)
is an extrapolation matrix [5] that significantly accelerates
convergence, in a similar manner to the extrapolation weight
introduced in [11]. Similar to [12], we apply some momentum
coefficient formulas w® to the extrapolation matrix updates
Wl(f) to accelerate BPG-M [5]:

0% —1 g+ _ L V1+4(09)
Qli+1) ’ 2

This choice guarantees fast convergence of fast proximal
gradient (FPG) method in [13]. For diagonal majorization

WD) —

(10)

3A set X is called block multi-convex if its projection to each block
of variable is convex, i.e., for each b and any fixed B —1 blocks
X1,y Xp—1,Xbt1,- -, XB, the set Xp(X1,. .., Xp—1,Xp11,...,XB) =
{xp: (x1,...,Xp—1,Xp,Xp+1,...,XB) € X} is convex. A function f is
called block multi-convex if for each b, f is a convex function of xp,
when all the other blocks are fixed. Extended-value means 74 (xp) = oo if
xp ¢ dom(ry), for b =1,..., B. In particular, r;, can be indicator functions
of convex sets.
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Algorithm 1 FBPG-M using a diagonal majorizer

Require: {xl()l) = xéo) :b=1,...,B},we[-1,0,i=1
while a stopping criterion is not satisfied do
forb=1,...,Bdo
Calculate M for £\ (z;) in (8)
Calculate W\ by (11) with M{" M~ (@
)/(gi) _ XI()i) n Wgz‘) (Xl(j) B X((]i—l))
1) — proxrb(ﬁgj) (M) VA Mgw)
end for
Update w1 by (10)
i=1+1
end while

matrices Ml(f)

given by

@Y s o)) @\ agi-n)
(Wb ) - = ¢ - min{ w'\”, ((Mb ) M, > ,
WEY) .

, Ml(f*l), the extrapolation matrix update is

3. (1
where 0 < 1 appeared in (9), for j = 1,...,n,. We refer
to BPG-M combined with the modified extrapolation matrix
updates (11) using the momentum coeff. (10) as Fast BPG-M
(FBPG-M). Algorithm 1 summarizes FBPG-M’s updates.

Note that, under some mild conditions (e.g., continuity,
lower-boundedness, and existence of critical points of F', etc
[5, Assumptions 1-3]), any limit point of {x(} generated
from Algorithm 1 is a stationary point; see details of the
convergence analysis in [5]. Applying (F)BPG-M to CDL(-
ACE) provides the first convergence guarantee in CDL. In
addition, (F)BPG-M methods gave lower objective values than
the block coordinate descent scheme in [2] for CDL [5], [11].

2) Restarting Fast BPG-M: To further accelerate FBPG-M,
we apply the adaptive momentum restarting scheme introduced
in [14] (after the proximal mapping problem is solved in
Algorithm 1). This technique restarts the algorithm when a
restarting criterion is satisfied:

%0 =x"; (12)

. . A\ —1 . . .
) =P, (- (M) 9 v )
We adopt a gradient-mapping criterion (referred to reG) [5]:
cos (@ (Ml(f)<>'cl(f) —xgiﬂ)) ,xl(fﬂ) —xgi))> > w, (14)

where the angle between two real vectors & and ' is given
by ©(8,9) := (9,9)/ (H19||2H19’H2), and w € [—1,0].

To solve the biconvex problem (5), we apply Algorithm
1 with adaptive restarting (12)—(13), promoting stable and
fast convergence. The following sections present separable
majorizers and introduce efficient proximal mapping methods.

B. Convolutional Dictionary (Filter) Update

1) Separable Majorizer Design: Using the current esti-
mates of the {z; : [ = 1,..., L}, the filter update problem

for (5) can be rewritten by

- 2
yi1 d;
1 . . ldell3 < L,
mn sl oY s k=K
yr dg 2
(15)
where
¥i= (I, @ RPp®") Z (Ic @ VNOPL),  (16)
diag(im) . dlag(zl,K)
7. . c CLNXKN.

diag(zp,1) --- diag(zr,x)

We now design a block separable majorizer for the Hessian
matrix UT® € REPXKD of the cost function in (15). Ob-
serve that 1) RTR < ApaxIn With Apax = max;j—1 n Ajj,
where RTR = BETAE, E € RV*V is a 2D discrete cosine
transform, and A is a diagonal matrix; and 2) @PEP p®H <
I. Using these two bounds, ¥TW is bounded by

‘I’T‘I’ j /\maxN . (IK ® PS) QgQ\I’ (IK ® Pg) B

where Q¥ Qqu € (C{(NAXKN is a block matrix with submatrices
{[QEQulpp e CVN kK =1,...,K}:

A7)

L
QY Qulpp =0 diag(z, © z11)®.  (18)
1=1
Based on the bound (17), we design a diagonal majorization
matrix for 7 ¥ using the following Lemma.

Lemma 3.1 (Block diagonal majorization matrix My). The
following block diagonal matrix with diagonal blocks, My €
REDXED = satisfies My = W W

My = NAax - diag (Ix @Ps) QY Qu| (Ix ®PE) 1xp),

where QY Qy is defined in (18) and |A| denotes the matrix
consisting of the absolute values of the elements of A.

2) Proximal Mapping: Because our majorization matrix in
Lemma 3.1 is block diagonal, the proximal mapping problem
(15) simplifies to separate problems for each filter:

i 1 0|2
d,(cﬂ):argmanHdk—vEc) , 8.t Hdkﬂggl,

dy [Mg)]k R
’ (19)

where v = 40— (M) (#9)" (200 —y). 0
is defined in (16) with updated sparse codes {il(l) o=
1,...,L}, MY = (¥O)T®® by Lemma 3.1, § is a
concatenated vector with {§;}, and v() is a concatenated
vector with {v,(;) eRP :k=1,...,K} (d? is constructed
similar to v(?)). We apply accelerated Newton’s method to
efficiently solve (19) [5].

C. Sparse Code Update

1) Separable Majorizer Design: Given the current esti-
mates of the filters {dy = VN®PLd, : k = 1,...,K},
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the sparse code update problem for (5) is given by

L
min Y =[5 — Tall; + ollz 1, (20)
) 2
where z; = [2],...,2{ |" € REN and
I':=RPp [ ®"diag(d;)® --- ®diag(dg)®]. (2D

We now seek a block separable majorizer for the Hessian
matrix T7T € CENXKN of the quadratic term in (20).
Similar to (17), T"T is bounded by I''T" < Anax - QF Qr,
where Qff Qr € CHV*KN js a block matrix with submatrices
{[QII‘{QF]k,k’ € CNxN Zk,k/Z .,K}Z

QEQr]ip = @ diag(d; © dy)®.

We design a diagonal majorization matrix for 7T as follows:

(22)

Lemma 3.2 (Block diagonal majorization matrix Mr). The
following block diagonal matrix with diagonal blocks, Mr €
RKNXKN, satisfies Mrp = T

My = diag(|QF Qr|1.x)
where QEQr is defined in (22).

2) Proximal Mapping: The corresponding proximal map-
ping problem of (20) is separable for each training image:

A (7 . 1 A i 2 N
2() = argmin —Hzl e Lo ol e
z; T
—1 i . . .
where ¢! = (Mm) (rny” (I‘(Z)Z’l(l) _ yl), @

is defined in (21) with updated kernels {d( tk=1,...,K},

M? = (T (Z))TI‘( %) by Lemma 3.2, and Cl( Visa concatenated
Vector with {Clk ERNY :k=1,... K}, forl=1,... L.
The solution to (23) is efficiently computed by soft—shrlnkage
[5], [15]. Note that one needs not to use I'(® dlrectly to
compute Cl If the filter size D is smaller than 1ogN it
is more efficient to use (circular) convolutions.

IV. APPLICATION OF LEARNED FILTERS BY CDL-ACE TO
IMAGE DENOISING

To denoise a measured image b € R™ corrupted by AWGN
(~ N(0,0?)), we use the filters {d} : k =1,..., K} learned
via (3) while solving the following optimization problem:

K
b— (PBdeak) —p

k=1

2

* * . 1
{ai}.0) = argmin 1
{ar},p 9

K
+a ) Jlakll, + BlICell;,  (24)

k=1
and synthesize the denoised image by x* = Pp Zszl d; ®
a; + p*, where p* is constructed similar to (2). Using the
reformulation techniques in (3) and (5), we rewrite (24) as the
following convex problem:

(25)

a* = argmin be A*a
ACRK

+O< “lIally,

where b = Rb, A* = RPzD*, D*a = Y1, d} ® ay,
and a = [aT,... aL]T. We solve (25) through FPG using a
diagonal majorizer and adaptive restarting; see, for example,
[15, Fig. 2]. Note that (24) is the first image denoising model
based on CDL for non-contrast-enhanced noisy images.

V. NUMERICAL RESULTS AND DISCUSSION
A. Experimental Setup

Using FBPG-M (Algorithm 1) with adaptive restarting rule
(14)* [5, reG-FBPG-M], we trained 100 and 200 filters with
the conventional CDL (i.e., (1) with {p; = 0} and 5 =0
[31, [5]) and the proposed CDL-ACE (1) for the city datasets
[1], [2]. For the conventional CDL, we trained filters with
preprocessed (intensity rescaling to [0,1] and local contrast
enhancement [1]) and non-preprocessed datasets (note that
both the datasets contain zero-mean training images). For the
preprocessed and non-preprocessed datasets, we set o = 1
and a = 0.4, respectively. For CDL-ACE, we trained filters
with non-preprocessed datasets (note that even substracting
the mean is not required). We used the second-order finite
difference for C in (1) with 8=25. The chosen regularization
parameters provide a good balance between sparsity and
data fitting terms. We terminated the iterations if either of
the following stopping criteria are met before reaching the
maximum number of iterations 3,000 [3]:

F(d(iter+1),i(iter))7F(d(iter+1)7i(iter+1)) > F(d(iter)’i(iter))
Hd(iter-&-l) _ d(iter) H2

o],

or |i(iter+1) _ i(iter) H2

<tol, (26)

7 (iter+1) H2

where (-)(®+1) denotes the updated variable (-) after its iter'"
update, and d and Z are concatenated vectors from {dy} and
{211}, respectively. The tolerance value, tol, was set to 1075,

For image denoising applications, we corrupted a test image
with strong AWGN, i.e., SNR = 5,10 dB. We denoised
the noisy image through the following methods: /) adaptive
Wiener filtering with 3x3 window size; 2) TV with MFISTA
using its regularization parameter 0.80 and maximum number
of iterations 200 [16]; 3) the proposed image denoising model
(24) with 200 learned filters by the conventional CDL and
preprocessed training data, o’ =2.50, the first-order finite dif-
ference for C in (24) [10], and 5’ =100; and 4) (24) with 200
learned filters by CDL-ACE (1), o’ =«-5.50, and 8’ =/-5.50
(i.e., scaled regularization parameters used in training). For
(24), the majorization matrix M = (A*)T A* is designed by
[5, Lem. 4.12]; and the stopping criteria is set similar to (26)
(with tol =2.5x1072,103 for SNRyg = 5, 10, respectively)
before reaching the maximum number of iterations 100. We
tuned all the parameters in the introduced image denoising
methods to give the best PSNR values.

B. Convolutional Dictionary Learning with Adaptive Contrast
Enhancement

Fig. 2(b) shows that CDL-ACE successfully learns filters
with “Gabor-like” shapes that are not fully learned by the

4We selected the parameter w in (14) as cos(95°) [5]
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Fig. 1.

CDL-ACE

PSNR = 23.96 dB

Comparison of denoised images from different image denoising models (image is corrupted by AWGN with SNR = 10 dB). The proposed image

denoising model (24) using learned filters from CDL outperforms Wiener filtering and TV denoising. The learned filters by CDL-ACE further improves (24).

0.576

-0.406
0.388

-0.324
0.266

. : -0.298
(c) Conventlonal CDL Wlth no preprocessmg [5]

Fig. 2. Examples of learned filters with different CDL models (100 filters).

TABLE I
PSNR VALUES (DB) OF DIFFERENT IMAGE DENOISING MODELS WITH
DIFFERENT SNRS IN NOISY IMAGES

. . CDL-
SNR Noisy Wiener TV CDL ACE
5 dB 11.04 17.81 21.28 21.43 21.68
10 dB 16.04 22.02 23.66 23.96 24.13

conventional CDL using non-preprocessed training datasets,
e.g., Fig. 2(c). More carefully designed transform C in (1)
is expected to better capture high-frequency components of
training datasets by more closely mimicking the nonlinear
contrast enhancement through R in (4).

C. Image Denoising with Learned Convolutional Dictionaries

The proposed image denoising model (24) using the learned
filters through CDL-ACE significantly improves PSNR over
Wiener filtering and TV image denoising; see Table I and
Fig. 1. In particular, the proposed CDL-ACE successfully
resolves the model mismatch between the training and testing
models—compare CDL and CDL-ACE in Table I and Fig. 1
—thereby improving the quality of denoised images in partic-
ular for stronger noise (i.e., SNR4p =5). Replacing ¢! with a
nonconvex penality can avoid the bias of soft-shrinkage and
suppress the artifacts in uniform regions (e.g., sky).

VI. CONCLUSION

The proposed CDL-ACE is the first CDL model that bridges
the gap between CDL and its application to inverse problems,

by successfully modeling preprocessing and learning Gabor-
like shapes in filters. For strong AWGN, learned filters by
CDL-ACE further improves the proposed image denoising
model compared to those trained by the conventional CDL,
i.e.,, it improves PSNR by approximately 0.2 dB. Future
work will explore the effectiveness of learned filters from
CDL-ACE to image reconstruction problems with extremely
undersampled or noisy measurements.
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