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ABSTRACT often called the nonuniform FFT, or NUFFT. Most of these

algorithms have been presented only for 1D signals, and
many involve somewhat arbitrary choices for interpolation
functions. In contrast, this paper presents a min-max ap-
proach to the interpolation problem derived from first prin-

The FFT is used widely in signal processing for efficient
computation of the Fourier transform (FT) over a set of
uniformly spaced frequency locations. However, in many

applr:catg)n;, (i)r:']e requ]urr:asnri}orr]rl:]ng_?rén Sa:nlplmg '? tEerre— ciples. We derive the (shift-variant) interpolator that min-
gue r(:g dof at re.,raxi(r)n uti : ¢ rtﬁ ﬁ iani?arrr):FSTt? € dimizes the worst-case approximation error over all signals
escribed fast approximations for the honuntio as€d ¢ it norm. This method generalizes naturally to multidi-

on interpolating an over_sampled FFT'_ Thls_pape_:r pres_entsmensional signals such as the medical imaging problems in
a method for the nonuniform FT that is optimal in a min-

o MRI and tomography that motivated this work.

max sense. The proposed method minimizes the worst-case We h lied NUFET method to iterati

approximation error over all signals of unit norm. Unlike € have applied our new I method to iterative
tomographic image reconstruction problems. For most iter-

many previous methods for the nonuniform FT, the pro- " ruct thod h iterati :
posed method easily generalizes to multidimensional sig—a IVE recons ruc“|0n methods, e.ac,, lera |on“requ|res com-
putation of one “forward projection” and one “backprojec-

nals. We are investigating this method as a fast algorithm® AU . ;
gafing g tion,” where the forward projection is roughly a discretized

for computing the Radon transform in 2D iterative tomo- . !
o . evaluation of the Radon transform, and the backprojector
graphic image reconstruction. _ ) o )
is the transposéd.€., adjoint) of the forward projector. The
projection and backprojection steps traditionally involve op-
1. INTRODUCTION erations such as computing the lengths of intersections be-
tween each tomographic ray and each image pixel. These
The fast Fourier transform (FFT) is used ubiquitously in sig- operations are the principal computational bottleneck in it-
nal processing applications where uniformly spaced sam-erative reconstruction methods. A variety of methods for
ples in the frequency domain are needed. The FFT requil’esicce|erating this process have been proposed:.gel0].
only O(N log N) operations, whereas direct evaluation of One natural approach is to use the Fourier-slice theorem,
the discrete Fourier transform requit@$N?) operations.  which relates the 1D FT of each projection to samples of
However, a variety of applications require nonuniform sam- the 2D FT of the object on a polar gtid This approach
pling in the frequency domain; examples include magnetic was proposed by Stearasal. for 3D image reconstruction
resonance image (MRI) reconstruction and computation of[11-13], but largely abandoned thereafter due to unaccept-
the Radon transform by means of the Fourier slice theorem.aple image artifacts that resulted from significant errors in
Such problems requireronuniform Fourier transformyet  conventional interpolation/gridding methods for converting
one would like to retain th€ (N log N') computational ad-  petween polar and Cartesian coordinates in the frequency
vantages of fast algorithms like the FFT, rather than resort-space. Our proposed min-max approach to the NUFFT pro-
ing to brute-force evaluation of the nonuniform FT. vides sufficiently increased accuracy to largely eliminate
Recently several papers in the scientific computing lit- those artifacts, so that we can compare Fourier slice based
erature have described methods for approximating the 1Dprojections with conventional projection methods in terms
nonuniform FT by interpolating an oversampled FFT, be- of computational requirements. (NUFFT methods allow the
ginning with [1] and including [2-9]. Such methods are user to tradeoff computation time and approximation error.)
Delaney and Bresler [14] proposed a clever iterative algo-

*This work was supported in part by NIH grant CA-60711, NSF grant
BES-9982349, the UM Center for Biomedical Engineering Research, and
the Whitaker Foundation. 1shift-invariance detector blur is easily included in this framework.




rithm that also uses frequency domain principles; however, wherev,,,, denotes the collection of interpolation co-
it is restricted to a particular form of weighting matrix that efficients and *” denotes complex conjugate.

is suboptimal for low-count PET scans. The NUFFT-based
projector will allow us to use weighting matrices of the form
needed in PET [15] (at the expense of greater computation
than required by the algorithm in [14]). Space constraints
prohibit display of iterative tomographic image reconstruc-

To contain computational requirements, we constwgjn
to have at most nonzero elements corresponding to the
nearest neighbors to,, in the set{ 22k }. For.J odd, define
the integetk,, as follows:

tion results; this paper derives the new NUFFT method and _ 2t J+1
illustrates its application as a fast method for computing the km = (arg T | Wi = fk’ ) T T
Radon transform based on the Fourier-slice theorem.
Letun;, j = 1,...,J denote theJ possibly nonzero en-
2 THEORY: 1D CASE tries ofwv,,,. Then the interpolation formula (3) becomes
For simplicity, we first describe our min-max approach in Um = ZXk + U 4

the 1D case. The basic idea is to first compute an oversam-

pled FFT of the given signal, and then optimally interpo-

late onto the desired nonuniform frequency locations using T0 use this formula, one must precompute the/ inter-

a small local neighborhood in the frequency domain around Polation coefficients.,,,;, and theM indices {k,.}. (By

each desired value. precomputing, we mean that thg,;'s depend only on the
The prob|em is as follows. We are given equa"y Spaced desired Sample |Ocati0r{8)m}, which are Usua”y related to

object samplése,,, forn = —N/2, —~N/2+1,...,N/2—1 the underlying system of interest, rather than on the signal

j=1

with corresponding FT values{z,}.)
The problem then becomes choosingdhg’s such that
N/2-1 _ UJm IS @n accurate approximation {g,, and such that the
Z Tpe . um;’s are relatively easy to precompute. Dutt and Rokhlin
=-N/2 used Gaussian kernels for their interpolation method [1].

Nguyen and Liu [7] considered an interpolation of the form
(4) without an explicit criterion for their choice of thg, ;'s
We adopt anin-max criterionfor choosing the interpo-

We wish to compute the FT at a collection of (nonuniformly
spaced) frequency locatiofs,, }:

N/2-1 lation coefficientsu,,;. For each desired sample location
Um 2 X (W) = Z Tpeem (1) wm, We determine the vectar,,, = (_uml, ..o, Umy) that
) minimizes theworst caseapproximation error betweey,

_ _ _ and ¢,, over all signals with unit norm. This is a shift-
form =1,2,..., M. Directly evaluating (1) would require  variant interpolation method since each desired frequency
O(M N) operations, which is undesirable. Fast computa- |ocation has its own set of interpolation coefficients. Thus

tion of (1) is called the NUFFT. the storage requirements apé.J M ).
Our NUFFT algorithm is as follows: Mathematically, our min-max criterion is as follows:
1. O(K log K) Choose a conveniedif > N and com- min max  |Gm — Yml- (5)
pute the ordinarys’-point FFT of{x,, }: um €C7 2eCN:||z|| <1
N/2—1 Remarkably, this min-max problem has an analytical solu-

Xp = ( > Z Tne —i5%k n(2) tion that we derive as follows. From (4) and (1), we have

N2 the following expression for the error:

fork=0,..., K — 1.

. — Ym| = Z Xy 45U mj — X(wm)|- (6)
2. O(JM) Interpolate theX},'s to approximate eacl,,
using theJ nearest neighbors to,,,. The approxima- ) _ _
tion, 9im, 10 ym has the following linear form: Using (2) and (6), this error expression becomes
K1 N/2—-1 N/2-1
i2m i i
G = Z Xpvh = (X, vm), 3) Zumj Z xR Gemti)n _ Z £, e mem
k=0 —N/2 n=—N/2
2Inimaging problems, indexing from N/2to N/2—1 is more natural 3A similar formula with slightly different offset is needed for the case

than indexing from0to N — 1. whereJ is even.



N/2-1 Remarkably, in this min-max framework the final matrix-

J
- ) .
= E Tp E uh, e K Fm I _ gminewm vector product in (12) also simplifies to a closed-form ex-
Jj=1

n=—N/2 pression as follows
=(z, gm), (1) N/2-1
27 _i2m . INWm
whereg,, is defined by [W’D(m)’bm] = Z e VR In =i kmn ginw
! n=—N/2
(m) A ! iz—"(k +j)n inw, _ 2 :
g, = Zumje K \Fm — e (8) = K Wm/? —km—17), (14)

Jj=1

which is essentially a Dirichlet-like function of the residual

forn=—-N/2,...,N/2 — 1. In matrix-vector form: . : )
" /2, N/ v differences between the desired frequency sample locations

gm = D™ W, — by, (9) and the nearest oversampled FFT grid points.
In summary, we precompute the min-max interpolation
whereD™) isaN x N diagona| matrix with entries coefficients in (12) via the analytical results (13) and (14).
This precomputation requires oniy(J2 M) operations. A
D%) - ei%kmn, (10) key property of (13) and (14) is that they reduce the summa-

tions ovem, thereby making the precomputing practical. As
W isaN x J matrix with entriesv,,; = ei%”jn’ andb,,, is noted near (2) and (3), performing the interpolation itself to
a length vector with entries!™ = ¢iem compute the NUFFT require3(K log K) + O(JM) op-
With these definitions, the min-max problem (5) becomeserations. An accuracy-computation time tradeoff is avail-
able through the choices for the oversampling fa¢tgiV
min max  |(x, gm)|. (11) and the neighborhood sizé Typically we useK =~ 3N
um €C7 2€CV:|lz|| <1 andJ < 10, so the overall computational requirements are
roughlyO(N log N), akin to the FFT but with a larger con-
stant. (The larger constant is an unavoidable consequence
of needing accurate nonuniform frequency samples!)

Applying the Cauchy-Schwarz inequality, the worst case
objectz is whenz = g, /|lg: ||, i-e.

max |(@, gu) = @ o)l | = llgull.
||| =1 ©=gy./lgmll 3. THEORY: 2D CASE

Inserting this case into the preceding min-max problem (11)

and applying (9) reduces the problem to the following: Space constraints prohibit a full exposition of the multidi-

mensional case. The overall approach is a natural gener-

. D™ W — b alization of the min—max framework (_jescribed _above. We
Bt Um = Om H : oversample the 2D FFT in both directions, and find the min-
max interpolator for each desired frequency location using
The minimizer of this simple least-squares problemis:  the nearest/ x J sample locations. The storage require-
ments are)(J2M).
U, = (WD DMW)W D',
(W/W)71W/D(m)/bm7 (12)

4. RESULTS

using (10). Fortuitously, the inverse of thiex J matrix
W'W is independent of frequency sample location so it
is easily precomputed. Nguyen and Liu called this type of
matrix a(K /N, N, J) regular Fourier matrix[7]. Similar

to [7], the entries oW'W here are given by

We applied the 2D NUFFT in conjunction with the Fourier-
slice theorem to calculate the tomographic forward projec-
tion (i.e., Radon transform) of the ubiquitous Shepp-Logan
digital phantom withV x N = 128 x 128 pixels. For com-
parison, we also computed the projection using discretized

N/2-1 strip integrals which are based on the areas of intersection
[WIW]l,j - Z whwn; = k(i —1), (13) of a strip corre;pondlng to a PET detector Wld.th. with each
N N/2 pixel [16]. (This system model for PET realistically ac-
counts for the finite detector width rather than using overly
wherex(-) denotes the following Dirichlet-like kernel: idealized line integrals.) The sinogram size was 160 radial
bins by 192 angles per CTI EXACT PET scanners.
k(1) L -imt/K Sin(%’rtN/Q) We compared the conventional strip-integral projections

sin(%t/?) ) vs the NUFFT-based projections for several values of the



neighborhood sizd and the FFT oversampling factir/N. approach to problems where the frequency samples are uni-
For reasonable values of and K/N the projections are  form but the object samples are nonuniform.
indistinguishable when printed in grayscale or in profiles,
so are not shown. The figure below shows the tradeoff be- 6. REFERENCES
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