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Abstract

We analyze the first and second moments of the coincidence-counting process for a system affected by paralyzable
(extendable) deadtime with (possibly unequal) deadtimes in each singles channel. We consider both “‘accidental” and
“genuine” coincidences, and derive exact analytical expressions for the first and second moments of the number of
recorded coincidence events under various scenarios. The results include an exact form for the coincidence rate under
the combined effects of decay, background, and deadtime. The analysis confirms that coincidence counts are not exactly
Poisson, but suggests that the Poisson statistical model that is used for positron emission tomography image
reconstruction is a reasonable approximation since the mean and variance are nearly equal. © 2002 Elsevier Science
B.V. All rights reserved.
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1. Introduction

When counting ionizing particles, such as annihilation photons in positron emission tomography (PET)
imaging, every measurement system exhibits a characteristic called deadtime. Since the pulses produced by a
radiation detector have finite time duration, when a second pulse occurs before the first has disappeared,
the two pulses will overlap to form a single distorted pulse [1,2]. Depending on the system, one or both
particle arrivals will go unrecorded. This loss of counts changes the measurement statistics, in general, and
the statistical moments in particular. The statistics of the coincidence-counting process for detectors
affected by deadtime is of fundamental importance to the problem of statistical image reconstruction, as
elaborated in Ref. [3] for single-photon counting systems.

Counting systems are often characterized as either non-paralyzable or paralyzable (extendable). In a
paralyzable system, each particle arrival, whether recorded or not, produces a deadtime of length 7; if there
is an arrival at time ¢, then any arrival from ¢ to ¢+ t will go unrecorded. This paper focuses on the
paralyzable case. Various cases are considered in previous work on counting processes affected by
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Fig. 1. Model for coincidence counting.

deadtime, e.g., Refs. [4-8]. We mostly follow the terminology used in the recent ICRU report on particle
counting [2]. This paper presents rigorous derivations of the mean and variance of coincidence-counting
processes, first for accidental coincidences, then for total coincidences (both accidental and genuine), also
known as prompt coincidences in the PET literature. Our approach is sufficiently general to allow
consideration of the combined effects of decay, background, and deadtime, a previously unsolved problem
in particle counting [2, p. 27].

2. Preliminaries

We consider the scenario illustrated in Fig. 1. The random process Ny(¢) counts the number of particle
pairs emitted simultaneously from the “genuine-coincidence source” and arriving at the two detectors in
the time interval [0, 7]. For simplicity, we assume that the particles in each N pair arrive simultaneously at
the two detectors.! The random processes N;(7) and N»(¢) count particles originating from the random
singles sources as they arrive at the two detectors. We assume that Ny(7), N1(¢), and N,(¢) are statistically
independent. To preclude the possibility of multiple simultaneous arrivals, we assume that any arrival
process N;(t) considered in this paper has the property P[AN;(f)=1]= 0 for any time ¢, where AN,(¢)
denotes the increment in N;(¢) at time z. For some of the results, but not all, we also assume that the arrival
processes are Poisson.

2.1. Measurement model

We assume that the arrival processes at the two detectors satisfy the following model:

Xi1(1) = No(t) + N1 (1)

X5(1) = No(1) + Na(1). (D
We let py, p;, and p, denote the counting rates of Ny(#), N;(¢), and N(¢), respectively. For notational

simplicity, we absorb the detector counting efficiencies into these rates, following Ref. [2, Eq. (5.1)]. Due to

'With additional effort, one can apply the analytical methods described in this paper to derive results for non-simultaneous arrivals,
such as when “‘time of flight” is considered in PET imaging.



364 D.F. Yu, J.A. Fessler | Nuclear Instruments and Methods in Physics Research A 488 (2002) 362-374

the common source Ny, the processes X; and X, are statistically dependent (unless p, = 0, i.e., the pure
“accidental’’-coincidence case).

The arrival processes X; and X, are recorded by two respective singles detectors according to the
extendable deadtime model. Let S;(¢) and S»(¢) denote the number of recorded singles at detectors 1 and 2,
respectively. We assume that the deadtimes 7; and 7, are known and deterministic for each singles detector.
We ignore uncertainty in the time-stamping of recorded singles [9]. Mathematically

ASH(7) = 1 if and only if AXi(H)>1 and Xi(t — 1;, 1) — AXi(1) = 0

where X (s,1)£ X(¢) — X(s) denotes the number of increments in the half-open interval (s, 7].

Of principal interest, here, is the number of coincidence events recorded in the interval (0, 7], denoted by
Y(¢). We define a “genuine”-coincidence event to be one in which both particles involved originated from
the “genuine”-coincidence source. All other coincidence events are defined as “‘accidental” ones. Let r
denote the length of the coincidence timing window (resolving time). We assume 2r<min{t,7,}. For a pair
of particles to be recorded as a coincidence event, both particles must first be recorded by their respective
detectors. If one particle is recorded by detector 1 at time ¢, and another particle is recorded by detector 2
at time 7, and if |¢t; — #,| <r, then this pair of particles will be recorded as a coincidence event. To avoid
ambiguity, we define the time of coincidence to be the arrival time of the later particle. If one particle is
recorded by detector 1 at time #; and no particle is recorded by detector 2 at time ¢, then the number of
coincidences recorded at time ¢, is S>(¢; — r, £1), i.e., the number of particles recorded by detector 2 during
(t; — r, t1]. If each detector records a particle at the same time ¢, then the number of coincidences recorded
at time ¢ is S|(¢t; — r, t1) + S2(¢y — r, 1) — 1. Mathematically

AY (1) = AS{(0)S>(t — 1, 0) + AS>(D)S1(t — 1, £) — AS(2) - AS»(2).

These conventions define Y (#), and our goal is to study its statistics.

2.2. Analysis tools

Our analysis method is based on integrating the “instantaneous’ properties of the counting process Y ()
following Ref. [3]. We define the instantaneous rate y : R—[0, o0) as

E[Y(s+3) — Y(s)]

A

25)2 lim ; , 6
the instantaneous second moment o : R—[0, o0) as

_ 2
A tim P 6 +9) = YOF) )
0—0 0

and the correlation function f : R >[0, c0) as

Blsi.52)2 lim E[(Y(s1 +01) — Y(s1))(Y(s2 + 02) — Y(Sz))]. @)

81,0, -0 0102
Consider counting processes satisfying the following assumptions:

(1) y(-) and a(-) are well-defined and finite everywhere, f(s1,s2) is well-defined and finite everywhere
81 7823
(i) E[Y(s,s+ 0)]/6 and E[Y?(s,s + 0)]/5 are uniformly bounded for all s and 6€(0, 1);
(i) E[Y (51,81 + 01) Y (52,52 + 02)]/(6102) is uniformly bounded for all sy, 55, and d,,3,€(0,1) such that
(51,51 + 1) (52,82 + 62) = 0.
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In Ref. [3], we derived the following general result for the first and second moments:

E[Y()] = d 5
Y01 = [ 20ds )
E[Y*(1)] = /0 a(s) ds + 2 /0 /1 B(s1,52) dso dsy. (6)
If Y(¢) has stationary increments, then we have the following simplification:
E[Y(@0)] =yt (M
E[Y’ ()| = ot +2 / t(z — 5)B(0, 5) ds (®)
0

where y = 9(0) and o = «(0). For counting processes with deadtime that satisfy this additional assumption:

(iv) there exists a positive dy such that Voe(0,dg), Y(s,s + )<,
we obtained the following corollary [3]:

() = 7(5)
E[Y2(5] = E[Y(1] +2 /0 / B(s1, 52) s> dsy. ©

All random processes considered in this paper have stationary increments and satisfy assumptions (i)—(iv),
except for the accidental-coincidence process with ideal detectors considered in Section 3.2 which does not
satisfy assumption (iv); hence we use the more general result (6) for its second moment. Using the above
expressions, we can find the mean and variance of a counting process Y (¢) by finding the instantancous
functions a(s), y(s), and (s, s2) and then integrating.We also make the following assumptions about the
singles processes S;:

V) lim(;_,O%P[S[(s,s +0)=k]=0, Vs, Vk=2,

(vi) 300> 0,32, k'p(k,d0)< oo for i=1,2, or3,

where p(k, 50)ésup{%P[Si(s,s +0)=k]:5€[0,1),6€(0,09)}. These assumptions hold for a wide variety
of (singles) counting processes, including all (singles) processes considered hereafter. Specifically with
regard to assumption (vi), if S(¢) is a Poisson process that satisfies assumption (ii) with %E[S(s, S+ 0)]< Prmaxs
then

éP[S(s, s+08) =kl = ée*E[SW*”‘”(E[S(s, 5+ O /KIS Pl K< Pl /!

ford<l,and 2, k"pk  Jk!< oo for any integer n, establishing (vi). This argument applies to all Poisson
processes with bounded intensity. A process S;(¢) that satisfies (v) and (vi) has the following property for its
instantaneous rate:

.1
7i(s) = %%EE[Si(S,S + 9)]

1 ©
= lim |0 + P[Si(s.s +0) = 1] + kz:;kP[Si(s,s +8) = k]

1
= m gP[Si(s,s +9)=1]. (10)
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3. Moments of the accidental-coincidence process

This section derives the mean and variance of the accidental-coincidence process (assuming p, = 0), first
for the case of ideal detectors (no deadtime), and then for realistic detectors (with deadtime). The next
section gives the mean and variance (bounds) of the counting process having both genuine and accidental
coincidences. Let Y,(¢) and Yj(¢) denote the number of recorded coincidence events during (0, 7] that have
the later singles event arriving at detectors 1 and 2, respectively. Then the number of coincidence events
recorded during (0, 7] is

Y(1) = Yo(t) + Y5(2) + Yo(9) )

where Yy(f) denotes the number of recorded coincidence events corresponding to simultaneous singles
arrivals at the two detectors. Since the singles processes S;(7) and S»(?) are independent when p, = 0, one
can show Yy(¢) is zero with probability one. Thus, we ignore Y((¢) hereafter since it does not affect the
moments of Y (7).

3.1. Mean of accidental coincidences

For the purely accidental-coincidence process, we derive the mean of Y(¢) for a general class of recorded
singles processes, i.c., we do not assume any particular statistical model such as Poisson. For this
derivation, we assume only that the singles-counting processes S|(¢) and S,(¢) are independent and satisfy
assumptions (i)—(iii), (v), and (vi). Let y;(s)£1lims_o(1/8)E[Si(s,s + 6)], i = 1,2 denote the instantaneous
rates of the singles-counting processes.

For a time interval (s,s + J], by total probability, we have

E[Y,(s,s 4+ 0)] = Mi(s,5) + M(s,0)
where

M (s, 0) 2 E[Y,(s,s + 6)|Si(s, s + &) = 1]P[Si(s,5 + 8) = 1]
M;(s,6)2 iE[Y(,(s,s + 9)|S1(s, s + ) = k]P[S1(s, s + 0) = k].
k=2

If detector 1 records k>0 singles during (s,s + J], then the number of coincidence events recorded during
that interval with the later singles event recorded by detector 1 can be no more than £S>(s — r, s+ 9).
Hence, for any 0 >0

0 <Ma(s,0)< S KEISa(s — 1,5+ O)PISi (5,5 + 8) = K]
k=2

0 s+0
k (/ 72 () du) P[Si(s,s + 0) = k]. (12)
) s

k= —r

Using assumption (vi) and the Lebesgue dominated convergence theorem [10] allows exchanging the
summation and limits in 6, yielding

o1 - s o1
0< [ljl_I}})st(s, 0)< kz:; k(/sr 75 (u) du) %%EP[Sl(S,S +0)=k]l=0
using assumption (v). Hence, lims_,¢(1/0)Mz(s, ) = 0, so

1 1
lim ~E[¥,(s.s + 9)] = lim <My(s.9).
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If detector 1 records one single during (s, s + ], then the number of coincidence events recorded during that
interval with the later singles event recorded by detector 1 is the number of singles recorded by detector 2
during the time interval of width r that precedes the arrival. That number must lie between Sy(s — r + 9, 5)
and Sy(s — r, s + 9) inclusively. Thus

M (s,0) <E[Si(s — 7,5+ 0)]P[Si(s,s + ) = 1]

s+0

= P[Si(s,s+9) = 1]/ 72(u) du

S—r

so using Eq. (10) yields
1 s
lim 5M1(5:0) <3169 [ 7300

Similarly
M (s,0)=P[Si(s,5 + 9) = 1]E[Si(s — r + 0,5)]

so by similar arguments
1 N
lim —M (s, 0) =7y,(s) / o (u) du.
5500 S—r

Combining, we have
1 1 s
lim <E[Yu(s,5 + 0)] = lim =M (s,0) = 7,(s) - P2(u) du.
By symmetry, lims_o(1/0)E[Ys(s,s + 0)] = 7,(s) f;fyy](u) du, so from Eq. (11) we conclude that the
instantaneous rate of the accidental-coincidence process Y () is

192 lim SEY G5+ 9 = 71(0) | s du+ 72 [ 3160 du (13

One can verify using Eq. (12) that E[Y(s,s + 6)]/6 is uniformly bounded for all 6€(0, 1). Thus, applying
Eq. (5) yields the exact first moment of the accidental-coincidence process:

! s s
2= [ ) [ nwdus o [ as (14)
This is a general result that has not been previously derived to our knowledge.

3.1.1. Stationary increments case
One well-known special case of Eq.(14) is when the singles-counting processes have stationary
increments, for which Egs. (13) and (14) simplify to

E[Y(O)]l =yt, y=2r7,. (15)

This special case is well known (when the recorded singles process is Poisson, i.e., recorded with no
deadtime) [11] but has not been derived formally to our knowledge. This result is consistent with”? Ref. [2,
Eq. (5.37)]. Remarkably, our general result holds for a fairly broad class of singles processes, as we have
shown, not just for Poisson processes. This generality is important because deadtime causes non-Poisson
singles processes.

2Identify y, = ppe 1" and y, = p,e " and pg = 0.
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3.1.2. Inhomogeneous Poisson case

Now suppose that the arrival processes X(#) and X,(¢) are Poisson with instantaneous rates p,(¢) and
p,(?), respectively. By a slight generalization of the argument leading to Ref. [3, Eq. (23)], one can show that
the instantaneous rates of the singles-counting processes are

7i(8) = pi(s)exp <— /_ i) du), i=12 (16)

which reduces to the familiar p,e™” in the homogeneous case [2, Eq. (2.9b)]. One can substitute Eq. (16)
into Eq. (13) to determine the rate of the accidental-coincidence process.

3.1.3. Decay case

Result (14) is sufficiently general to apply to the general case where one considers a decaying source and a
time-independent background arrival rate, and deadtime. This general case has not been previously solved,
according to Ref. [2, p. 29]. Suppose the arrival processes are Poisson with instantaneous rates p;(f) =
p;e %" + b;, where J; denotes the source decay rate. Substituting into Eq. (16) yields

) —Ai(s=Ti) _ @S
O e s e ()
‘1

Substituting Eq. (17) into Eq. (14) yields an exact analytical expression for the mean of the accidental-
coincidence process for decaying Poisson arrivals with extendable deadtime.

3.2. Variance of accidental coincidences for ideal detectors (no deadtime)

Turning now to the variance of Y(z), we show that the accidental-coincidence process is not exactly
Poisson® even when the recorded singles processes are homogeneous and Poisson (i.e., in the hypothetical
case of no deadtime losses) by showing that Var{ Y (¢)} # E[ Y (¢)] using Eq. (6) for Poisson arrival processes.
We first find the instantaneous correlation function f(0, s). For s > r, the increments Y(0,0) and Y(s,s + J)
are independent for 6 <min(s, s — r), hence

B(0.5) = Q2ryip)’. (18)
For 0 <s<r, we show in Ref. [12, p. 139] that

B0, 5) = 2ry172)* + (1 + 7271722 — 9). (19)
One can verify that Y(¢) satisfies assumption (iii) following Ref. [12, Egs. (D.8) and (D.12)]. However, Y (¢)

does not satisfy assumption (iv) in the absence of deadtime, hence we must use Eq. (9) to derive its second
moment. We have

E[Y?(0)] = E[(Ya(d) + Y5(5))’]
= E[Y7(0)) + E[Y;(9)] + 2E[Ya(5) Ys(0)] (20)
3In the absence of deadtime, the accidental-coincidence process will be Poisson if the two coincidence particles always arrive at the

two detectors at exactly the same time and there is no uncertainty in the time-stamping of recorded particles. It appears that
coincidence processes are exactly Poisson only in this /ighly idealized case.
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and
E[Y;(0)] = ZE[ Y7(0,8)|X1(0,6) = kIPLX1(0,) = K]
=0+ E[Y2(0,0)|X1(0,8) = 1]P[X,(0,0) = 1]
+ i E[Y2(0,0)|X:1(0,0) = k]P[X1(0, ) = K. 1)

If X1(0,0)=k, then Y,(0,0)<kX>(—r,0), so

lim 5 FLY2(0.0)5(0.0) = KX 0.0) = K

1
glm Z(Vz(r +6) + (72(r + ) P[X1(0,8) = k] = 0. (22)
Thus, combining Egs. (21) and (22)
lim SE[Y2(0)] = lim SE[Y2(0.9)X1(0.6) = 1P[X1(0,5) = 1] +0
.1 s
= lim <y, + (r72)")e ™" (97)

=(ry, + (”Vz)z)))r (23)

Furthermore

lim E[Y (9)¥(0)] = lim < i E[Y4(0) Y5(9)|X1(0,0) = k, X»(0,8) = []P[X1(0,8) = k, X(0,0) = ]

<l : i(k + 910 + ) + y,(6 + r)kIP[X1(0,90) = k, X>2(0,0) =]

()—»051(’]:1
1/ & o0
= (lsiH})(s (kZ(k + 7100 + r)kP[X1(0,0) = ) (;(1 + 7100 + r)IP[X>(0,9) = l]>
—0. 24)

Hence, applying Eqgs. (23) and (24) to Eq. (20) and using symmetry:
as) = ry 1722+ (71 +72). (25

Using ideas leading to Eqs. (22) and (24), one can easily verify that E[Y>(0,)]/d is uniformly bounded.
Hence, from Egs. (19), (18), (25) and (6), for ¢ > r, the variance of Y () is

t t y
Var{Y(7)} = /0 a(s)ds + 2 /0 (1 — $)(2ry;7,)* ds + 2 /0 (1 — )y + 72)717,2r — 5)ds — (1)
=19172(01 + 9t + 290t + Rry1920) + (1 + 12)717238 — ) — 21940
=2ry p2t(1 + 2r(py + 92)(1 — r/30)). (26)

Variance (26) is “inflated” relative to mean (15) by the factor 1+ 2r(y; + y,)(1 — r/(31)), so the
accidental-coincidence process is not Poisson even in the absence of deadtime.
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3.3. Variance of accidental coincidences for non-ideal detectors (with deadtime)

We now derive the variance of the accidental-coincidence process Y(¢) in the presence of deadtime with
71 = 175 = t > 2r (assuming equal deadtimes for simplicity). As in Section 3.2, we first derive (0, s). Since we
assume 7 > 2r, forming two coincidence events would require two recorded pairs of particles, each pair
forming a coincidence event. The minimum time separation for the two latter-recorded particles is at least T,
hence* (0, 5) = 0 for 0<s<t. If T+ r<s<t, then Y(0,9) and Y(s,s + J) are independent for d<s — 7 —r,
hence B(0,s) = 2. The most complicated case is when t<s<1t + r; we show in Ref. [12, p. 144] that

B0, 5) = pipie” PP 4 (s — 1)(dr — 5+ 7). (27)
We observe that 0<(s—1)(4r—s+1)<3r> when 0<s—t<r, hence 0< f(0,5)<y> for t<s<t+r. Thus, for

t>t+r
t

Var{Y()} =yt+2 [ (1—s)2ry7,)° ds

T+r

T+r
+2 / (t = )G90 + (s = D@r = s + D) ds — (1)’
1
= 2t (72) (517 = 160(1 = ©) + 24( = 7)) = )’

= 91(1 — y2(2 — t/1)) + g(sﬁ — 16r(t — 1)) (28)

where 7 = 21,7, = 2rp, p,e""1772% from Eq. (15). To our knowledge, the exact variance results (26) and
(28) are new. From Eq. (7) the mean of Y () is

E[Y(t)] =yt, y=2rp p,e” P1Tr2)r, (29)

When r« 1« t, we can approximate Eq. (28) by y#(1 — 2y1), hence the variance is “deflated” relative to
the mean by approximately 1 — &, where &£ 2y is usually very small. Fig. 2 shows the mean and variance of
the coincidence process recorded by non-ideal detectors. The mean and variance are extremely close at all
rates p.

4. Moments of the coincidence-counting process

We now address the moments of fotal recorded coincidences (both accidental and genuine). This case is
more complicated than the case of pure accidental coincidences considered in the previous section, so we
focus on Poisson arrival processes. For analyzing the mean, we allow the arrival processes to be
inhomogeneous, to allow for decay or other temporal variations. Recall that for an inhomogeneous Poisson
process with intensity A(z), the waiting time of the first arrival after time s is distributed, for v>=s, as
e JoAwan

Hereafter, we assume 2r <min{t;, 72}, such that the event [Y(s,s + J) >2] can never occur when 6 <r.

4.1. Mean of recorded coincidences

In the presence of deadtime, the event that there is one recorded coincidence event during (s, s+ d]
consists of one of the following four mutually exclusive events:

“Note that if r<t<2r, then B(0,5)#0 if s<r.



D.F. Yu, J.A. Fessler | Nuclear Instruments and Methods in Physics Research A 488 (2002) 362-374 371

1000
800t
> 600}
]
>
> 400
w
200f — Ideal AC mean
—- AC mean with deadtime
—©— AC variance with deadtime
Gﬁ 1 2 3 4 5 6 7
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Fig. 2. Mean and variance of accidental-coincidence (AC) counts Y(#) in a paralyzable system with z = 1s, t =2ps, y = 12ns, and
p; = p, = p. Based on Egs. (15) and (28) and (29) the mean and variance curves are nearly indistinguishable.

(E1) one Nj particle and one N, particle form a coincidence event;
(E») one Ny particle at detector 1, and one N, particle at detector 2;
(E3) one Ny particle at detector 2, and one N, particle at detector 1;
(E4) a pair of Ny particles is recorded.

We will derive the probability for each of these four events.

We split E] into two disjoint sub-events: £}, and E},, where Ej, denotes the event that one N; particle
and one N, particle form a coincidence event and furthermore that the later particle® is recorded by
detector 1. Let 7 denote the time of the first V| particle arrival after time s, and 7|7 denote the time of
the first N, particle arrival after 77 — r:

540 S1
PlE ] =/ / P[N(s1 — 11,5) = 0, Na(s2 — 12,51 — 1) = 0, No(min{s; — 71,5 — 72},51) =0
s S1—r

|T1 =s5,17 = Sz]szlTl (S2|Sl)fT1 (Sl) ds; ds
= /‘S+5/‘S1 e jjl—n P1() duff j:‘zl:rz p2(8) du(:7 j;::“{ufflvfrfﬁ polw) du
s S1—=r

I o) du
oo

— 1
pa(s2)e prlspe e 1@ gy, dg,

s+6 81 [ e M
= / / p](sl)pz(SZ)e «[\]711 1@ due f.;z—rz p2(1) due fmin{xlfrl,xz—rg} polu) du dSzdSl
s s1—y
s+0 K
= / / p1(51)p2(52)q1(s1)q2(52)qo(min{sy — 71,52 — 12},51) dsy dsy,
K S1—r

SFor completeness, we can also include the probability zero events of two simultaneous singles arrivals in this event, which will have
no effect on the moments.
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where

qo(s,néexp( / po<u)du), qi<s)éexp( / ‘p,-(u>du), =12

By symmetry
s+0 K%
PLE] = / / pr(s)pa(s2)d1 (1) g2(s2)do(min sy — 11,52 — T2},52) dsy dis
s So—r

For E,, if an N, particle arriving at detector 2 and an N, particle arriving at detector 1 form a coincidence
event, then the N, particle arriving at detector 2 must arrive before the N particle because otherwise the N,
will be lost due to the Ny particle at detector 2. Hence, the N, particle arriving at detector 1 will be the later
arriving particle. Let T denote the time of the first Ny particle arrival after time s, and 73|7) denote the
time of the first N, particle arrival after Ty — r, then

s+0 S1
PLE)] =/ / PINo(min{s; — 11,52 — 12}.8) = 0, Ny(sy — 11251) = 0, Na(sz — 12,51 — 1) = 0
s S|—r
|To = 51, Ta = 21/ 1y 1 (s2ls1)f 7, (51) disa dsy

s+0 N e e T
_ / / o it iy e @A [ i@ du = [ ) du
s S1—7

[ paw) du
Sl —r

— 51
X py(s2)e po(s)e” J: oot du ds, ds;

s+O psy
= / / Po(51)P2(52)q1(51)g2(s52)g0(min sy — 71,52 — 72}, 51) dsy dsy.
N S1—=r

By symmetry

s+0 52
PlEs] = / / Po(s2)p1(51)q1(51)q2(s52)go(min{s; — 71,52 — 12}, 52) dsy dss.

For E4, the simplest of all four cases, we only need to ensure that there is at least one coincidence arrival
during (s,s + J], and there is no coincidence or random arrival preceding the coincidence arrival by the
deadtimes:

s+0
PlE4] = / P[No(50 — Tmax»5) = 0, N1(so — 71, 50) = 0, Na(so — 70) = 0|T, = 50]f7,(50) disg
S

s+0 3 50 50 S
- polwydu — | = py(u) du — pa(u) du - [ d
= / e f‘()*fmux 0 e f‘o ! e ‘ﬁo*fz ? Po(so)e fv po(u) du dso
\)

s+0
= / Po(50)q1(50)q2(50)q0(S0 — Tmax, So) dso

where T, = max{ty,1,}.
Combining all four events

E[Y(s,s + 0)] = PlEs] + (P[E1q] + P[E2]) + (P[E1p] + P[E3])
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and applying lims_,o in Eq. (2) yields the instantaneous rate of the coincidence-counting process Y(¢)
(s) = pO(S)(]l(S)C]z(S){]o(S — Tmax» S)

FO0)+ p0)0) [ pa@agmings — e e2).5) du

- (0a(8) + po()g2() / 1@ go(minu — 71,5~ 72},5) e (30)

If py, p;, and p, are constant in time, and if the two deadtimes are equal, then Eq. (30) simplifies to the
following:

v = [(2’;” Pt Pz) (1= e/ 4 pyeotrrere. (3D
0
This expression is consistent® with Ref. [2, Eq. (5.39)].

One can find the exact mean of Y(¢) for the general case where decay, background, and deadtime are
considered by substituting p,(f) = p,e %' + b; into Eq. (30), and then integrating using Eq. (5). This exact
solution solves the open problem described in Ref. [2, p. 27]. One could perform integration (5) numerically
to arbitrary accuracy and solve numerically for p, if the other parameters (p;, 4;, b;, 7;, ) can be determined.

4.2. Variance of recorded coincidences

We now consider the variance of Y (¢) for the case of homogeneous arrivals and equal deadtines. From
Ref. [12, p. 96], a bound on the variance Y(¢) is

Yl =9+ 12— (x+ /< Var{Y ()} <yl — yt(2 — 7/1)] (32)

where y = E[Y()]/¢ is given in Eq. (31).
This bound is very tight since usually y«t. Thus, Var{Y(¢)} ~ E[Y(?)](1 — 2y7), so again the mean and
variance are very similar. To the best of our knowledge, the variance result (32) is new.

5. Discussion

We have analyzed the mean and variance of coincidence counting under various scenarios. In each case,
the coincidence-counting process is not Poisson, including in the simplest case of purely accidental-
coincidence counts recorded by ideal detectors. Nevertheless, we have shown that the variance is very close
to the mean for parameters typical of PET imaging where r < 7| = 15.

For paralyzable detectors, the variance over the mean is approximately 1 — &, where ¢ is approximately
the expected number of recorded events during the time interval (0, 27]. Unless the genuine-coincidence rate
is so high that £>0, the ratio of variance over mean will be very close to unity.

It is interesting to compare the coincidence-counting process to the singles-counting process [3].
Deadtime causes the singles-counting process to be significantly non-Poisson, in the sense that the variance
of the process is significantly less than the mean. In contrast, the preceding analysis shows that the variance
of the coincidence-counting process is very close to the mean. The reason for this lies in the fact that & is
primarily determined by y (in addition to 1), the instantaneous rate of the counting process itself. In a
singles-counting process, y can be relatively large, but in the coincidence-counting process in PET imaging,
the coincidence rate y is usually quite small compared to the singles rate y, and y,. Thus deadtime causes

®Identify py, = po, pg = p1 + po» and p, = p; + py.
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significant loss in the mean of the process, necessitating deadtime correction, but leaves the ratio of the
variance over the mean relatively unaffected.

Extensions to include attenuation effects and delayed coincidences are considered in Ref. [12]. The key to
our analysis is the instantaneous moments used in Egs. (2)—(6). The use of this approach allows one to
consider inhomogeneous processes using “‘local’” analysis. This has enabled our new results on the mean of
the coincidence-counting process for the usual scenario where decay, background, and deadtime are all
present [2, p. 27]. Presumably, one could also address further extensions such as random deadtimes within
this framework.
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