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Fourier Series .
e Analysis equationc:,C = 70 Jo Ca(t)e IR0t dt, k= 0,+1,42,.. ..

e DC value:¢y = T— O ®z(t) dt.

e Synthesis equation:(t) = Y27 ¢jeikwot
e Combined trigonometric formz(t) = co + Y pe; 2 k| cos(kwot + Zey), if z(t) is real.
e Trigonometric form:z(t) = co + > po; Ak cos(kwot) — By, sin(kwot), whereAy, = 2real(c) and By, = 2Imag(cy)

Convergence properties
¢ Error signal energyyy = fTO lz(t) — zn ()] dt, wherezy (t) = Zsz_N cre?Fot is minimized where,'s chosen according
to above formula
e limy_, .. En = 0, provided Dirichlet conditions hold

o If z(¢) has a jump discontinuity ap, thenlimy_, . zn(to) =
e Near jumps, persistent overshoot cal@ithbs phenomenorwill occur.

o If z(¢) has a right and left derivative(g.continuous but possibly a corner)tgt thenlimy o, x5 (to) = z(to)-
o If (t) is continuous everywhere, then for afiy- 0, there exists aiV such thatnax; |z (t) — z(t)] < 6.

o If () is afinite sum of harmonic sinusoids, then only a finite number of tlsewill be nonzero.

o For sufficiently large:, thekth Fourier coefficient will decrease in magnitude at least as fast/as

z(td)+z(ty)
5 .

One-signal properties(Fourier series transformations)

b+acy, k=0
ack, k #£0.
cpedFolt g >0
c_pelkwob g <.

e Amplitude transformationaz(t) + b <> {

e Time transformationz(at + b) <> { w1 = |alwy

o Time shift: z(t — tg) < cpe™7kwoto
e Conjugationz(t)]* < c¢*
e Complex modulation (frequency shifty(t)e/“otN « iy

« Differentiation:y(t) = Lx(t) <> jkwo cx

Properties
o If z(t) is real, there_y, = c}. e Power ofce?*«ot s |c|?
e Linearity (add coefficients if same peri@y) o Power of A cos(wt + ¢) is A2 /2
e Multiplicationc, = >°;°_ __ aibi—;. (discrete convolution) e Parseval’s theorem:
o Filtering: see below P= TLO Iz, lz(t))® dt =350 Jex ]
e Circular convolution: skip e Power density spectrunfc;,|?

e Total harmonic distortion: THD 1 — 2|c1|?/P) - 100% e Magnitude spectrumicy|. Phase spectrunxcy,

Foundations of Filtering

o z(t) = et 2 y(t) = H(s)e
. Laplace transform ofi(¢), aka system functionf (s f h(t)e=st dt

o a(t) = & 25 y(t) = H(jw)el ™" = |H<Jw>|ef<wt+”<w>> o

« Fourier transform ofi(t), aka frequency respons#:(jw) = [ h(t)e ™7t dt = H(s)|,_;,, = |H(jw)|eI<H0)
o z(t) = Yy ened ot S y(t) = o epH (jur et

o If h(t) isreal, thenH*(s) = H(s*) andH (—jw) = H*(jw). (Hermitian symmetry)

o If h(t) is real,z(t) = cos(wt + ¢) “15 y(t) = |H (jw)| cos(wt + ¢ + ZH (jw))

o 2(t) = ), A cos(wit + o) = [LT1A(E) [ = y(t) = 4 Akl H(jwor)| cos(wit + o, + LH(jeor))
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Fourier Transform
o Fourier transform (analysisf'(w) = [ f(t) ewt dt.

e Inverse Fourier transform (synthes@ﬁ =5+ [% F(w)e’*! dw

e For signals satisfying the Dirichlet condmons, if there is a discontinuity athens- [ F(w)el“' dw = &w, the
midpoint of the jump.

e For periodic signalsz(t) = > p2 _ cpedheot < X(w) = > re o k20 (w — kwp).

ex(t) =3 g(t—nTp) <2 X(w) = 5% woG (kwo)d(w — kwo)

n:—oog
e Energy density spectrumX (w)|?
e Energy over a spectral banfiy = ;& [, [ X (w)|* dw
[ = fR) + g0 + SR+ Jf7Q@)
e Symmetry properties ) ) X
Flw) = Fiw) + jFiw) + Fiw) + jF7(w)

Filtering
e Convolution propertyz(t) m y(t) = h(t) * z(t) PN Y(w) = Hw)X(w)

o et = [h(D) | ylt) = h(t) » o' = H{wp)ern
1 T1 1

e Partial fraction expansionX (s) = GraGLD ~ita + :_b wherer; = (s +a)X(s)|,__, = P
S ajlls -

Zszo ag (jw)k

e Frequency response of diffeq syst@fzo ay ;t—iy(t) = ZkMZO by jt—km(t), corresponds téf (w) =

e MATLAB: fregs ,impulse ,tf ,Isim ,residue

Properties of the Continuous-Time Fourier Transform

Linearity a1 f1(t) + azf2(t) a1 F1 (w) + asFr(w)
Time transformation flat +b), a#0 a1 F(w/a)
Time shift fit—1) F(w)e Ier

Time reversal f(=t) F(—w)

Time-scaling flat), a #£0 ﬁF(%)
Convolution f1(t) * f2(t) Fi(w) - Fo(w)
Time-domain Multiplication|| f1(¢) - f2(t) %Fl( w) x Fy(w)
Frequency shift f(t)edwot F(w—wp)
Modulation (cosine) f(t) cos(wot) Flw = wo) ; Fw+wo)
Time. Differentiation dt” f( ) (jw)"F(w)

Freg. Differentiation (=70 f(t) dcfu—n”F(w)

Integration JL frydr = £(t) * u(t) jin(w) + R F(0)0(w)
Conjugation (@) F*(—w)

Duality F(t) 2 f(—w)
Parseval/Rayleigh Theorem) E=[% |ft)?dt= 217T b |F(w)|? dw
DC Value [55 f(t)dt = F(0)




