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—h

Take-Home Exam #2 Solutions

Scores: Median =87, Mean =88.2, Std. Dev.=7.9

S 2 =109 vs. the theoretical of 100 — this seems pretty good.
Need to first calculate Py and from that calculate Ps (using sA\,z\,).

Ps(W,wy) _ | |
and set H(0,0) =1 to make it mean preserving..

HWw,,w,)=—=
W) = )+

Just do a 7x7 ifft, but you need to use ifftshift for odd numbered matrices. Thisfilter has

the same symmetries as the periodogram (absolute value of the Fourier transform of a

real object) —e.g. itisrea and even. It looks 8-fold symmetric, but it is not exactly so.

See images.

Just do a 7x7 ifft, but you need to use ifftshift for odd numbered matrices.

P W, Wy ) B(Wy,Wy)

Hwy,wy) == 5 = (Bisred). Observe that thisfilter istrying
Ps(Wy, Wy )B(Wy,Wy) +s',
to deblur in y and denoise in x — hence the assymetical shape —in fact, it does stronger
denoising than the filter from part d. Because the 7x7 filter leaves awidth 3 band of edge
artifact, | also calculated the MSE’ s for the “valid” region (in parentheses). Using these
figures, we can see that the M SE does get reduced substantialy (~50%) by the
deblurring/denoising filter.
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Code:

% eecs 556, 2003, exam 2, problem1
| oad hw7i mage;

s = hw7i mage;

w = 10*randn(si ze( hw7i nmage) ) ;

y = s +w %noisy neasurenent

s2 = conv2([1 111 1]'/5,s);

s2 = s2(3:end-2,:);

y2 = s2 +w, %blurred and noi sy nmeasur enent

% ind nmean, sd and nornalize
subi mo = y(1:100, 1: 300);
varn = var (subimo(:))

% cal c peri odogram

psz = 7; p2 = (psz-1)/2;

period = zeros([psz psz]);

np = zeros([psz psz]);

cnt = 0;

[11212] = size(y);

for Ip = 1:floor(l1/ psz);

for Ip2 = 1:floor(l2/psz);
subim = y((1+(l p-1)*psz): | p*psz, (1+(l p2-1)*psz): | p2*psz);
period = period + abs(fftshift(fft2(subim))."2;
cnt = cnt + 1;
end

end

Py = period./(cnt*psz*psz);

Pf = (Py - varn);

HL = Pf./Py;

Hl(p2+1, p2+1) = 1; %fix nean

hl = real (fftshift(ifft2(ifftshift(H1))))

shat = conv2(y, hl, ' same');

% cal culate MSE's for inmmages and for 'valid portion

scrop = s(p2+1: end-p2, p2+1: end- p2);

ycrop = y(p2+1: end- p2, p2+1: end- p2);

shcrop = shat (p2+1: end- p2, p2+1: end- p2);

nsel = nean((s(:)-y(:))."2);
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nselc = mean((scrop(:)-ycrop(:))."2)

nse2 = nean((s(:)-shat(:))."2);

nse2c = mean((scrop(:)-shcrop(:))."2);

figure(1)

subpl ot (221); imagesc(y,[0 256]); axis('image'); colormap gray

str = sprintf(' Noisy Image, MSE = % 1f (% 1f)', nsel, nselc); title(str);
subpl ot (222); imagesc(shat,[0 256]); axis('imge'); colormap gray

str = sprintf('Filtered Noisy Inage, MSE = % 1f (% 1f)', nse2, nse2c); title(str);

% do deblurring too

bb = zeros([7 7]);

bb(2:6,4)=[1 1 11 1]'/5;

B =real (fftshift(fft2(ifftshift(bb))));

H2 = Pf.*B./(Pf.*(B."2) + varn);

H2( p2+1, p2+1) = 1;

h2 = real (fftshift(ifft2(ifftshift(H2))))
shat2 = conv2(y2, h2,'sane');

y2crop = y2(p2+1: end-p2, p2+1: end- p2);
sh2crop = shat 2(p2+1: end- p2, p2+1: end- p2) ;

nse3 = nean((s(:)-y2(:))."2)

nse3c = mean((scrop(:)-y2crop(:))."2);
nse4 = nean((s(:)-shat2(:))."2);

nsedc = mean((scrop(:)-sh2crop(:))."2);

subpl ot (223); imagesc(y2,[0 256]); axis('image'); colormap gray

str = sprintf('Noisy & Blurred Image, MSE = % 1f (% 1f)', nse3, nse3c); title(str);
subpl ot (224); imagesc(shat2,[0 256]); axis('image'); colormap gray

str = sprintf('Filtered Noisy & Blurred I mage, MSE = % 1f (% 1f)', nse4, nsedc);
title(str);

figure(2)

waxis = [-3:3]/7*2*pi; naxis = [-3:3];

subpl ot (221); imagesc(waxi s, waxis, Hl); axis('imge'); colormap gray; col orbar
title('De-noising Filter, Fourier domain'); xlabel ('\onmega_x'); ylabel ('\onega_y');
subpl ot (222); imagesc(naxis,naxis, hl); axis('imge'); colormap gray; col orbar
title('De-noising Filter, Inmage domain');xlabel ('n"); ylabel ('m);

subpl ot (223); imagesc(waxi s, waxis, H2); axis('image'); colormap gray; col orbar

title('De-noising/blurring Filter, Fourier domain'); xlabel('\onega_x');

yl abel (' \onmega_y');

subpl ot (224); imagesc(naxi s, naxis, h2); axis('imge'); colormap gray; col orbar
title('De-noising/blurring Filter, Image domain');xlabel('n"); ylabel ("m);

a. inrotat e pivots around a center location of (N+1)/2, so it was necessary to pad out to
33x33in order to rotate around the desired (17,17) location.

€l cuéxu ex+cyu . : , :

b. Observethat a Ge. 0= é y(, isashift of the x coordinate by an amount cy. This

D logya € ¥ 0

can be implemented in the Fourier domain by:

Fl'dl,row:' Fig rOW{i m(n, :)} exp? i12p %ni where n is the row index and mis the column
T e

index. Similarly for they shear. The rotation is then Shear,{ Shear,{ Shear,{im}}}.
C. Seecode.
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d.

Images:

Bi-cubic is best for im1 (and bi-linear is nearly as good) while the Fourier method is best
for im2. Thisisbecause theiml isnot bandlimited and therefore the Fourier domain
representation has substantial aliasing. Manipulating that representation (e.g. via Fourier
domain interpolation or sinc interpolation) results in substantial artifacts in the image
domain due to the long tails of the sinc interpolator. im2 is bandlimited and thus should
work well for the Fourier methods (interestingly, isis now not space-limited, but it falls
off quickly and isn’t much of a problem. In practice, unless you know that your object is
truly bandlimited (e.g. like MRI data), you are usually better with cubic interpolation. If
interested, you can read futher in Unser M, et al. “ Convolution-based interpolation for
fast, high-quality rotation of images,” |EEE Trans. Image Processing, 4:1371-1381,
1995.
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mi. rolaled MM, MSE = 0,0156 im2 rofaled N, MSE = 00052

Irml: retated bl-in, MSE = 0.0035 Im2: rotated bi-in, MEZE = 0.0011

Wiz rofated b-cub, MSE = 0.0032 Imnc rolafed M-cul, MSE = 00005

mi- rotated Fourier, MSE = 0.0063 IrmiZ: rotated Founer, MSE = 000004
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Code:

% eecs 556, 2003, Exam #2, problem 2

N = 32;

wid=N2-1;

[nn mﬂ = ndgrid([-N2:N2-1]);

uu = nn./N;

vV = nm/N;

im = (abs(nn) < wid/2).*(abs(m) < wid/2);

im = real (fftshift(ifft2(ifftshift(sinc(wd.*uu).*sinc(wid. *vv)*(wid*wid)))));
theta = pi/6;

nr = cos(theta).*nn - sin(theta).*mm

m = cos(theta).*mm + sin(theta).*nn;

ur = cos(theta).*uu - sin(theta).*vv;

vr = cos(thet a).*vv + sin(theta). *uu;

imr = (abs(nr) < wid/2).*(abs(nr) < wd/2);

im2r = real (fftshift(ifft2(ifftshift(sinc(wid.*ur).*sinc(wid.*vr)*(wid*wid)))));
% pad with zeros to nake center of rotation in intotate at correct pixel
imp = zeros([ N+1 N+1]);

imlp(1:N,1:N) = imlr;

imMp = zeros([ N+1 N+1]);

imM2p(1: N, 1:N) = in@r;

% inrotate

imn = inrotate(imlp,thetalpi*180, ' nearest','crop');

imM2n = inrotate(inkp,thetalpi*180, ' nearest','crop');

iml = inrotate(imlp,thetal/pi*180,"'bilinear', ' crop');

im2l = inrotate(inkp,thetal/pi*180,"'bilinear', ' crop');

imc = inrotate(imlp,thetalpi*180,"' bicubic','crop');

imM2c = inrotate(inkp,thetalpi*180,"' bicubic','crop');

% crop back to original size

imn = imn(1: N, 1: N);

imll = inmll(1:N 1:N);

imc = imc(1l:N 1: N);

im2l = in2l (1N 1:N);

imMn = in2n(1: N, 1: N);

imc = inm2c(1l:N 1: N);

% do Fourier rotations

imif = real (frot(inlr,theta));

im2f = real (frot(inRr,theta));

% MSE

nmself = mean((inml(:)-inmlf(:))."2);

nmseln = mean((inml(:)-inmln(:))."2);

nmsell = mean((inml(:)-indl(:))."2);

nselc = mean((inml(:)-inmlc(:))."2);

nse2f = mean((in2(:)-inRf(:))."2);

nse2n = mean((in2(:)-in2n(:))."2);

nse2l = mean((in2(:)-in2l(:))."2);

nse2c = mean((in2(:)-inRc(:))."2);

% pl ots

figure(1)

subpl ot (621); imagesc(iml, [0 1.1]); colormap gray; axis('imge'); title('iml);
subpl ot (623); imagesc(imlr,[0 1.1]); colormap gray; axis('image'); title('inmdlr’
subpl ot (625); imagesc(imin,[0 1.1]); colormap gray; axis('inmage');
title(sprintf('inl: rotated NN, MSE = % 4f', mseln))

subpl ot (627); imagesc(imll,[0 1.1]); colormap gray; axis('inmage');
title(sprintf('inl: rotated bi-lin, MSE = % 4f', nsell))

subpl ot (629); imagesc(imlc,[0 1.1]); colormap gray; axis('inmage');
title(sprintf('inl: rotated bi-cub, MSE = % 4f', nselc))

subpl ot (6,2,11); imagesc(imlf,[0 1.1]); colormap gray; axis('inage');
title(sprintf('inl: rotated Fourier, MSE = % 4f' , nself))

subpl ot (622); imagesc(in2,[0 1.1]); colormap gray; axis('image'); title('in2");
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subpl ot (624); imagesc(in2r,[0 1.1]); colormap gray; axis('image'); title('in2r');
subpl ot (626); imagesc(inm2n,[0 1.1]); colormap gray; axis('inmage');
title(sprintf('inR: rotated NN, MSE = % 4f', nse2n))

subpl ot (628); imagesc(in2l,[0 1.1]); colormap gray; axis('inmage');
title(sprintf('inR: rotated bi-lin, MSE = % 4f', nmse2l))

subpl ot (6, 2,10); inmagesc(inRc,[0 1.1]); colormap gray; axis('image');
title(sprintf('inR: rotated bi-cub, MSE = % 4f', nse2c))

subpl ot (6,2,12); imagesc(in2f,[0 1.1]); colormap gray; axis('inage');
title(sprintf('inR: rotated Fourier, MSE = % 4f' , nse2f))

3. Into do this problem, we must assume that w; and ws, are jointly WSS. We can aso quickly
seethat R,;(n,m) =R,,(n,m) =d(n,m) and Ry 2(N,M) = Ry, 1 (N,m) =0.5d(n,m). We
can then determine other correlations and power spectra.

a
Rt (n,m) = hy(n,m)**hy (- n,- m)
R, (n,m) = hy(n,m) * *hy (- n,- m)
Ry, (n,m) = O.5[h1(n, m)* *h, (- n,- m)]
Ry (n,m) = hy (n,m)* *hy (- n,- m) +hy (n,m)* *hy (- n,- m)
+0.5|h, (n,m) * *h (- n,- m)]+0.5[h2(n, m)* *hy (- n,- m)
Ryg (n,m) = by (n,m)* *hy (- n,- m) + 05|y (n, m) * *h, (- n,- m)

2
Pr Wy, Wy) =|Hy(wy,wy)

R, (W, ) =|H o (wy wy)|°
Py Wy, Wy ) = 0.5H (W, Wy )H Wy, wy)
Py (W) = [Hywy )| +[Hp(wy )|
+0.5H, (w, ,Wy)H;(WX Wy )+ O.SHI Wy, Wy )H, Wy, wy)
= [y )|+ [H )|+ Refby (w0 ) w0, )
Prg Wy, ) =[Hy (0w )| +0.5H, (W, wy JH ()

s?=R;(00) =8 & [m(nm)
s2=R,(00) =8 & |h(n.m)

s5=Ry(00)=8 & hhl(n, )| +|hp (n, )| + by (n, mhz (0, m) + by (n, mh, (n,m)
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b. DerivetheL.Sl. filter, H (wy,wy), that you would apply to g(n,m) to produce an

estimate of f, f (n,m) that minimizesthe MSE. Sincef and v are not independent, we
must use a different for than the one we usually use:
Pfg (W ’Wy)

H (WX,Wy) = pg (WX,Wy)

2 "
‘Hl(wx,wy)‘ +0.5H (Wy, Wy )H o (Wy,Wy)

- 2 2 x
‘Hl(wx,wy)‘ +‘H 2(WX,Wy)‘ + Re{Hl(WX,Wy)H 2(WX,Wy)}




