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Problem Statement

o Xi,....X,, ~ f(X) = (1 — E)fnorm(x) + efanom(x)
e Tagsks

o Estimate fhorm(X)

o Estimate {x : fuorm(X) > A}



Kernel Density Estimate

]/C\KDE (x) = % Z ko (x,X)
i=1

e (Gaussian kernel

d
1 . /1|2
) = () (2 202)




Gaussian RKHS

e There exists a Hilbert space H, and a feature map
®, : RY — H, such that

ko (x,%') = (®4(x), (I)J(X/)>H

(o2

e Canonical feature map
®5(x) = ko (%)
e Reproducing property
VgE€Hs 9(x)=(Ps(X),9)n,

o [25(x)]* = ko(x,x) = (vV2ro)™



KDE = mean in RKHS

- 1 <
— kO' °7Xi

1 mn
=~ ; 3, (X;)

e Idea: Estimate this mean robustly



Robust Kernel Density Estimate

n
fxpp =argmin ) _[|®,(X;) - gl,
9&€Hs =

]/C\RKDE — aIrg mian(H(I)g(Xz-) - QHH(,)

9€Ms =1

t>0



Example

(c) KDE with outliers (d) RKDE with outliers



Outline

e Algorithm
e Influence Function
e Asymptotics

e Experiments: Anomaly Detection



Robust Multivariate Mean
® z,,...,7, € R?

e Sample mean

n

z=argmin ) |[z; — z|
2ERT

e Robust sample mean

n
Zrob = argmian(Hzi = z||)
z€Re 1



Majorization / Minimization

2(2) (1) (0)



lterative Re-Weighted Least Squares

e Initialize

(0 _ 1
o Iterate
mn
oz = w7,
1=1
. _ 7 k) ------- Quadratic
o ’U],Sk) o 77D(HZ’L _Z(Z,ObH) M :::s:;rm
Hzi robH t

s.t. Zz 1 fEk)_l

where 1) = p’




IRWLS Computation

o
_ n k—
lzi — 25 |1% = ||z — 27w Vg2

Zyob 71=1""

e Involves data only through inner products
<Z737 Z; >
e Can kernelize! Substitute

ZzZ;, — (I)a (Xz)

(Zi,25) — (Ps(Xi), Po (X))
|
ko (X4, X5)



Kernel IRWLS

e Initialize

w® =
n
o [terate
o fP=3"w* Ve, (X;)
=1

= sz(k_l)ka('»xi)
=1

o ® (| @4 (X:) — fP))

;o
[P, (X ') Al
s.t. ZZ LW ,L =1



Kernel IRWLS Convergence

e Theorem: If p satisfies certain common assump-
tions, then f () converges to a stationary point.

If in addition p is convex and strictly increasing, then

f(k) — ]/C\RKDE

in H,.



Representer Theorem
e Recall

fRKDE = argmmZp | P, (
9€Ho 1=1

X)) — gll#.)

e Theorem: If p satisfies certain common assumptions, then

fRKDE sz

for some w; >0, > 7", w; = 1.

»(t)

e Furthermore 4

V(]| P, (X;) —AJ?RKDEH)
|®5(X;) — freDE|

where 1 = p’.




Robustness Interpretation # 1

e Notice that

AN

125(x) — fl3, = (®o(x) = [, @0(x) — [,
= @, (x >HH 2P, (x), P, + | f13.
= (V2r0) ™% = 2f(x) + || flI3,.

e Conclusion:

w; is small < ||®,(X;) — frrpe| is large

< ]/E\RKDE(XZ) 1s small

¢ RKDE down-weights outlying points



Connection to Data Depth

e Just argued that
|@0(x) = fll%, = (V2r0) = = 2f(x) + |1 F I,

e Therefore
|®0(x) = fll, < a<= f(x)> A

where A = 2 ((v2mo) ™% + H]/”\H%G — a?)
e Likelihood depth w.r.t. {Xy,...,X,}

|

“centroid” depth w.r.t. {®,(X1),...,P,(X,)}



Influence Function

e Scalar parameter estimator
0(F)
e c.g., § = mean of F

O(F) = / x dF ()

1=1

e Influence function

AN AN

[F(z:0, F) = lim QL= 8 F % 800) = O(F)

s—0 S



Influence Function

e Density estimator

f(x; F)
e c.o., KDE

fKDEXF Zk XX

e Influence function

AN

~ f(x;(1 —8)F + 80x) —

IF(x,x"; f,F) = lim

F)

s—0 S



Influence Function

e KDE
IF(X,X’;fKDE,Fn):—%ilkU(XX)—I—]{ (x,x")
¢ RKDE: Theorem:
IF(x,x'; frrpe, F Z% )+ a'ky(x,x)
where (aq,...,an,a’) is the solution of a system of linear

equations.



----- RKDE(Huber)
—— RKDE(Hampel)

- i KDE

S RKDE(Huber)
» = RKDE(Hampel)
" o

Ty




Robustness Interpretation # 2

e Exact formula Measure of

— / outlyingness
w<||¢a<x’>—jRK%
o — |Ps(x')—frEDE]

N ;ZTL ¢(||¢G(Xi)—fRKDE||)
n =1 &, (Xi)~frrpEl

o KDE

e RKDE

if X’ is an outlier



Asymptotics: o fixed

f7 = argmin —Zp |25(X:) — glln, )

e -
(o)
fo = srgmin [ p(10,00 - glw.) () i«
el

Theorem: If f has compact support, then

J(f2) 2 J(f,)  asn— o



Asymptotics: o fixed

e Corollary: If f has compact support, and p is convex
and strictly increasing, then

1£7 = follr, 250 asn— oo

e Corollary: Under the same assumptions
Ifo = folloe = sup [(20(x), f5' = fo)n, |

< ||Po (%) |2, Hf — foll#, P asm— oo

\

||
(V2ro)~ /2



Robustness Interpretation # 3

e Representer theorem (infinite sample):

fa — ka * Do
where p, is a density, supp(p,) C supp(f)
e Quadratic loss (KDE)

pa:f

Tails are
e Robust loss (RKDE) down-weighted

_—
wo (%) f (%)

Pe(X) = )

where

) — L2 = Fole,)
7T 9,09 — o,




Asymptotics: 0 — 0
e Does
fm f
exist?

o If /, — fy, and 0 = 0, — 0, under what conditions does

> —>f0?

On

e How does fy depend on p?



Hampel Loss

e Conjecture:

af(x), f(x)=>2A

o) :{ P ) <

for some a > 1, b,c, A > 0

_“,
LA

' -‘_‘/fO
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Example: Hampel Loss
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Anomaly Detection

e Training data
Xiyeeo, Xy v f(X) — (1 - e)fnorm(x) + 6fabnom(X)

e Task: Classify normal examples versus anomalies
1

e Anomaly detector:

AN

{x: f(x)> A}
for all A >0

=
oo

S
]

e Performance:

detection prob.

: —— RKDE(Hampel)
Area under ROC (AUC) 04} _
e Testing data
0.2-?'
Xl].’ c ey X';’L/ ~/ fnorm(X)
15> X ~ fanom () % 02 04 06 08

false alarm



Anomaly Detection

e 15 benchmark datasets for binary classification
e ¢ =0,0.05,0.1,0.15,0.2,0.25,0.3
e Algorithms compared

o KDE

o RKDE (Huber)

o RKDE (Hampel)

o Kernelized spatial depth (Chen et al., 2009)



Anomaly Detection: AUC versus €

AUC

banana

0.92

0.86

0.84

0.82

0.8
0

—e— KDE

v=¢= RKDE(Huber)
ven RKDE(Hampel)
ok KSD I




Anomaly Detection: AUC versus €

twonorm
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—— KDE
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Anomaly Detection: AUC versus €

breast cancer

0.668 I | | T I
—e— KDE
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Anomaly Detection: AUC versus €

thyroid
0.99 | |

—e— KDE

=¢=' RKDE(Huber)
e RKDE(Hampel)
e KSD

AUC




Anomaly Detection: AUC versus €

0.98

0.94-

AUC

0.9+

0.86
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—— KDE

+=¢=:RKDE(Huber)
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. | KSD

|
0.05

0.1

| |
0.15 0.2 0.25 0.3



Anomaly Detection: AUC versus €

iris
I I I I I
—e— KDE
0.08& S—— +=0=- RKDE(Huber) |
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Explanation

levels chosen to
ensure same

false alarm rate
(shaded area)

fnorm

fobserved

false nggatives

fRKDE

false negatives




Robustness Interpretation # 4.

e Define

AN

a(f) = smallest a such that some level set of f
is a consistent estimate of the

(1 — «)-generalized quantile set of fiorm

e Conjecture: If

o € is sufficiently small
O fanom and fhorm are sufficiently distinct
then R R
a(frepE) < a(fxDE)

for the RKDE based on Hampel’s loss



Conclusions
e Robust nonparametric density estimation is possible, if

o € is small

O fanom 1S outlying with respect to frorm
e Lasy implementation:

o Training: Kernel IRWLS: O(n?) steps per iteration
o Testing: O(n) steps

e Interesting theory and works well in practice
e Data depth can be simple if it is kernelized

e Many open questions



Extensions / Open Questions

e Other kernels?
o for anomaly detection, kernel need not integrate to 1
e Consistency, rates, limiting distribution?
e Re-analysis of KDE?
e Breakdown point?

e Other kernelizable depth functions / multivariate medians?

|

e.g., “spherical data depth,” Elmore et al., 2006.
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Parameter Tuning

e Kernel bandwidth: ¢ = median distance to near-
est neighbor (among training data)

e Hampel loss parameters:
o Train RKDE with p(t) =t to get fl
o Set d; = ||®,(X;) — fi]

o Define a, b, and ¢ to be the 50th, 95th, and
100th percentiles of {d;}



Proof Idea

e Representer theorem (infinite sample):

fa — ka * Po
where p, is a density, supp(p,) C supp(f)
e Define

Ds = { Ko *P | supp(p) C supp(f)

p is a density with }

e Uniform error bound

2
P< sup
geD,

T(9)~T(9)| > } < N(Do, e, ) exp{ =3 |

covering number




Anomaly Detection: Average Ranks

KDE
RKDE_Huber
RKDE_Hampel
KSD

epsilon

CD at 0.05 1.21
CD at 0.10 1.08



Spatial Depth

e Spatial depth:

outlyingness(x

(i = X|| H

Ixi — x|

with ¢ =1 = O at multivariate median

e If 7 is decreasing (p nonconvex), then multiple sta-
tionary points exist (besides multivariate median),
and “outlyingness” interpretation may be lost



