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Abstract

We study surrogate losses in the context of cost-sensitive classifi-
cation with example-dependent costs, a problem also known as regres-
sion level set estimation. We give sufficient conditions on the surrogate
loss for the existence of a surrogate regret bound. Such bounds im-
ply that as the surrogate risk tends to its optimal value, so too does
the expected misclassification cost. Our sufficient conditions encom-
pass example-dependent versions of the hinge, exponential, and other
common losses. These results provide theoretical justification for some
previously proposed surrogate-based algorithms, and suggests others
that have not yet been developed.

1 Introduction

In traditional binary classification, there is a jointly distributed pair (X,Y") €
X x{—=1,1}, where X is a pattern and Y the corresponding class label. Train-
ing data (x;,y;)_, are given, and the problem is to design a classifier  —
sign(f(z)), where f : X — Ris called a decision function. In cost-insensitive
(CI) classification, the goal is to find f such that Ex y[l{sen(r(x))2v}] 18
minimized.

We study a generalization of the above called cost-sensitive (CS) clas-
sification with example-dependent (ED) costs (Zadrozny and Elkan, 2001;
Zadrozny et al., 2003). There is now a random pair (X,Z) € X x R, and
a threshold v € R. Training data (x;, z;)}'_; are given, and the problem is
to correctly predict the sign of Z — v from X, with errors incurring a cost



of |Z — ~y| . The performance of a decision function f : X — R is assessed
by the risk Rq/(f) = EX,ZHZ — 7|1{sign(f(X))7ésign(Z7'y)}]' This formulation
of CS classification with ED costs is equivalent to, or specializes to, other
formulations that have appeared in the literature. These connections are
discussed in the next section.

As an exemplary application, consider the problem posed for the 1998
KDD Cup. The dataset is a collection of (z;, z;) where i indexes people who
may have donated to a particular charity, z; is a feature vector associated
to that person, and z; is the amount donated by that person (possibly zero).
The cost of mailing a donation request is v = $0.32, and the goal is to
predict who should receive a mailing, so that overall costs are minimized.
(The related problem of maximizing profit is discussed below.)

Since the loss (z, f(7)) = |2 — ¥|[1{sign(f(x))#sign(2—~)} 1S neither convex
nor differentiable in its second argument, it is natural to explore the use of
surrogate losses. For example the support vector machine (SVM), extended
to ED costs, has been considered by Zadrozny et al. (2003); Brefeld et al.
(2003). In the linear case where f(x) = w”x, this SVM minimizes

lw||? + ZL ziyw! xy)

with respect to w, where L,(z,t) = |z — v|max(0,1 — sign(z — v)t) is a
generalization of the hinge loss, and A > 0 is a regularization parameter.

Our contribution is to establish surrogate regret bounds for a class of sur-
rogate losses that include the generalized hinge loss just described, as well
as analogous generalizations of the exponential, logistic, and other com-
mon losses. Given a surrogate loss L, : R x R — [0,00), define Ry (f) =
Ex z[Ly(Z, f(X))]. Define R} and Rj_ to be the infima of R,(f) and
Rp. (f) over all decision functions f. A surrogate regret bound is a function
0 with 0(0) = 0 that is strictly increasing, continuous, and satisfies

Ry(f) — B < 0(R,(f) — RL,)

for all f and all distributions of (X, Z). Such bounds imply that consistency
of an algorithm with respect to the surrogate risk implies consistency with
respect to the target risk. These kinds of bounds are not only natural
requirements of the surrogate loss, but have also emerged in recent years
as critical tools when proving consistency of algorithms (typically for CI
classification) based on surrogate losses (Mannor et al., 2003; Blanchard
et al., 2003; Zhang, 2004; Lugosi and Vayatis, 2004; Steinwart, 2005).



Surrogate regret bounds were established for CI classification by Zhang
(2004) and Bartlett et al. (2006), and for other learning problems by Stein-
wart (2007). Our work builds on ideas from these three papers. The pri-
mary technical contributions are Theorems 2 and 3. The other results are
also new, and their proofs mostly generalize previous arguments from the
literature on CI classification.

The next section relates our problem to some other supervised learning
problems. Main results, concluding remarks, and proofs, are presented in
Sections 3, 4, and 5, respectively.

2 Related Problems

Regression level set estimation. We show in Lemma 1 that for any f,

R\(f) — RS = Ex[1isign(£(x))sign(h(x) =)} (X)) —7l]

where h(z) := E[Z| X = x] is the regression of Z on X. From this it is
obvious that f(xz) = h(x) —~ is an optimal decision function. Therefore the
optimal classifier predicts 1 on the level set {x : h(x) > v}. Thus, the prob-
lem has been referred to as regression level set estimation (Cavalier, 1997;
Polonik and Wang, 2005; Willett and Nowak, 2007; Scott and Davenport,
2007).

Alternate representation. A common way to represent CS classifica-
tion with ED costs is in terms of a random triple (X,Y,C) € X x {—1,1} x
[0,00). This is equivalent to the (X, Z) representation. Given Z and ~, we
may take Y =sign(Z —v) and C = |Z — v|. Conversely, given Y and C, let
v € R be arbitrary, and set

7 vy+C, ifY =1
Sl y-C, ifY =-1.

We have found the (X, Z) representation to be more conducive to analysis
because of clearer parallels with CI classification.

Deterministic and label-dependent costs. Our framework is quite
general in the sense that given X and Y = sign(Z—+~), the cost C = |Z—~| is
potentially random. The special case of deterministic costs has also received
attention. As yet a further specialization of the case of deterministic costs, a
large body of literature has addressed the case where cost is a deterministic
function of the label only (Elkan, 2001). In our notation, a typical setup has
Z €{0,1} and v € (0,1). Then false positives cost 1 — and false negatives



cost 7. An optimal decision function is h(z) —y=P(Z =1|X =z) — 7.
Taking v = % recovers the CI classification problem.

Costs and rewards. Another framework is to not only penalize incor-
rect decisions, but also reward correct ones. The risk here is

Ry(f) = Exz[|Z — Y1 {sign(s(x))sign(Z—)}
=12 = Y sign(s(x))=sign(z—)})-

Using R,(f) = R,(f) — R,(—f), it can easily be shown that R,(f) =
2R,(f) — Ex z[|Z — 7], and hence R,(f) — R, = 2(R,(f) — R%). There-
fore, the inclusion of rewards presents no additional difficulties from the
perspective of risk analysis.

3 Surrogate Regret Bounds

Before introducing the bounds, we first need some notation. Let X be a
measurable space. A decision function is any measurable f : X — R. We
adopt the convention sign(0) = —1, although this choice is not important.

A measurable function L : {—1,1} x R — [0, 00) will be referred to as
a label-dependent (LD) loss. Such losses are employed in CI classification
and in CS classification with LD costs. Given a random pair (X,Y) €
X x {—1,1}, define the risk Rp(f) = Ex y[L(Y, f(X))], and let R} be the
infimum of Ry (f) over all decision functions f.

Any LD loss can be written

L(y,t) = 1=y L1(t) + 1gy=—1y L1 (1),

and Ly and L_; are referred to as the partial losses of L. For n € [0,1] and
t € R, the conditional risk is defined to be

Cr(n,t) :=nLa(t) + (1 —n)L_1(t),
and for n € [0, 1], the optimal conditional risk is
C1(n) := inf C(n, ).

If n(z) := P(Y = 1|X = z), and f is a decision function, then Rp(f) =

Ex[Cr(n(X), f(X))] and R}, = Ex[C(n(X))].
Now define Hy,(n) = C; (n) — Ci(n), for n € [0,1], where

Cr(n):= inf C t).
p)i= . ot Crint)
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Notice that by definition, Hy(n) > 0 for all n, with equality when n =
Bartlett et al. showed that surrogate regret bounds exist for CI classificatio
in the case of margin losses where L(y,t) = ¢(yt), iff Hp(n) > 0 Vn # 3.

We require extensions of the above definitions to the case of ED costs.
Given any LD loss L and v € R, let L, : R x R — [0, 00) be the loss

L’Y(Zv t) = (Z - 7)1{z>7}L1 (t) + (’7 - Z)l{zgfy}L—l(t)‘

If (X,Z) € X xR are jointly distributed and f is a decision function, the
L.-risk of fis Ry (f) := Ex z[L,(Z, f(X))], and the optimal L,-risk is
sz = infy Rp (f).

In analogy to the label-dependent case, for z € X and t € R, define

Cry(@,t) i= b1y ()L (E) + hor4(2) L (D),

1
3
n7

where
hiq(2) = Ezx=2[(Z — ) 1{z5:]
and
ho14(7) == Ezx—[(v — Z2)1{z<]-
In addition, define
Cpo(w) = inf Cos (1),

With these definitions, it follows that R (f) = Ex|[Cr,(X, f(X))] and
R*LV = FEx [C’EW(X)]. Finally, for x € X, set

Hyp,(2) = Cf (2) — O} ,(x)

where
C1a(@) = teR:t(}i(r:lch)f'y)g(J CLq(@,9).
A connection between Hp, -, and Hp, is given in Lemma 3.

Note that if L(y,t) = lgytggn(r)} is the 0/1 loss, then L,(z,t) = [z —
’y]l{sign(t);ésign(z,,y)}. In this case, as indicated in the introduction, we write
Ry (f) and R} instead of Ry (f) and R}, . We also write Cy (z,t) and C3()
instead of Cp ,(z,t) and C} _(x). Basic properties of these quantities are
given in Lemma 1.

We are now ready to define the surrogate regret bound. Let B, :=
supex |h(z) — 7|, where recall that h(z) = Ezx—_,[Z]. By need not be
finite. For € € [0, B,), define

inf,cvn(z) -~z Ho~(2), if 0 < e < By,
,uLﬁ(e):{O? eX:|h(2)—|2e HL A (2) 0 <e<By



Note that {z : |h(z) — v| > €} is nonempty because € < B,. Now set
Yry(e) = ui’, () for € € [0, B,), where g** denotes the Fenchel-Legendre
biconjugate of g. The biconjugate of g is the largest lower semi-continuous
function that is < g, and is defined by

epig™ = coepig,

where epig = {(r,s) : g(r) < s} is the epigraph of g, co denotes the convex
hull, and the bar indicates set closure.

Theorem 1. Let L be a label-dependent loss and v € R. For any decision
function f and any distribution of (X, Z),

Vio(Ry(f) = R2) < Ry (f) — Ri..

Two proofs of this results are given in Sections 5.1 and 5.2. The former
generalizes the argument of Bartlett et al. (2006), while the latter applies
ideas from Steinwart (2007).

We show in Lemma 2 that ¢, (0) = 0 and that 1, is nondecreasing
and continuous. For the above bound to be a valid surrogate regret bound,
we need for v, 4 to be strictly increasing and therefore invertible. Thus,
we need to find conditions on L and possibly on the distribution of (X, Z)
that are sufficient for 1y - to be strictly increasing. We adopt the following
assumption on L:

(A) There exist ¢ > 0, s > 1 such that

s

1
vn € [0,1], ‘77 — 5| S Hi(n).

This condition was employed by Zhang (2004) in the context of cost-
insensitive classification. He showed that it is satisfied for several common
margin losses, i.e., losses having the form L(y,t) = ¢(yt) for some ¢, includ-
ing the hinge (s = 1), exponential, least squares, truncated least squares,
and logistic (s = 2) losses. The condition was also employed by Blanchard
et al. (2003); Mannor et al. (2003); Lugosi and Vayatis (2004) to analyze
certain boosting and greedy algorithms.
We first treat the case s = 1.

Theorem 2. Let L be a label-dependent loss and v € R. Assume (A) holds

with s = 1 and ¢ > 0. Then ¢ (e) > €. Furthermore, if L(y,t) =

max (0,1 — yt) is the hinge loss, then ¥ ,(€) = €.



By this result and the following corollary, the modified SVM discussed
in the introduction is now justified from the perspective of the surrogate
regret.

Corollary 1. If L is a LD loss, v € R, and (A) holds with s = 1 and ¢ > 0,
then

Ry(f) — R} < 2c¢(Rp,(f) — RL,)
for all measurable f : X — R. If L is the hinge loss, then

Ry(f) - R < Ru,(f) — Ry,
for all measurable f : X — R.

When s > 1, we require an additional assumption on the distribution of
(X, Z) to obtain an invertible 11, . We present two such conditions:

(B) 3C > 0,03 > 1 such that Vo € X,
Pyix—2(|1Z — h(z)| > t) < CtF, vt > 0.
(C) 3C,C" > 0 such that Vz € X,
Pyix—o(|Z — h(z)| > t) < Ce™ ', vt > 0.

By Chebyshev’s inequality, condition (B) holds provided Z|X = z has
uniformly bounded variance. In particular, if Var(Z|X = z) < 02 Vz, then
(B) holds with 3 = 2 and C = 2.

Condition (C) holds when Z|X = x is subGaussian with bounded vari-
ance. For example, (C) holds if Z|X = z ~ N (h(z),c?) with o2 bounded.

Alternatively, (C) holds if Z|X = z has bounded support C [a,b], where a
and b do not depend on .

Theorem 3. Let L be a label-dependent loss and v € R. Assume (A) holds
with exponent s > 1. If (B) holds with exponent 3 > 1, then there exist
c1, ¢, €0 > 0 such that for all € € [0, B,),

Cl€s+(ﬁfl)(571)’ € S €0

NCER!

If (C) holds, then there exist c1,c2, €9 > 0 such that for all € € [0, By)

co(€e =€), € > €.

c1€°, € <€
co(e —€p), €> €.

b100 2 {

In both cases, the lower bounds are convex on [0, By).



To reiterate the significance of these results: Since 1 ,(0) = 0 and
11~ is nondecreasing, continuous, and convex, Theorems 2 and 3 imply
that 1, is invertible, leading to the surrogate regret bound R (f) — RY <

i (Re, (f) = Ry).

Corollary 2. Let L be a LD loss and v € R. Assume (A) holds with
exponent s > 1. If (B) holds with exponent 3 > 1, then there exist K1, Ky >
0 such that

Ry(f) — Ry < Ki(Rp, (f) — Ry,)Y/(+E=D=1)

for all measurable f with Ry_(f)— sz < Ky. If (C) holds, then there exist
K1, Ky > 0 such that

R,(f) — R} < K1(Ry, (f) — Ry)Y*
for all measurable f with Ry (f) — R} < K.

It is possible to improve the rate when s > 1 provided the following
distributional assumption is valid.

(D) There exists o € (0, 1] and ¢ > 0 such that for all measurable f : X —
R,
P(sign(f (X)) # sign(h(X) — 7)) < c(R,(f) — R2)*.

We refer to o as the noise exponent. This condition generalizes a condi-
tion for CI classification introduced by Tsybakov (2004) and subsequently
adopted by several authors. Some insight into the condition is offered by
the following result.

Proposition 1. (D) is satisfied with o € (0,1) if there exists B > 0 such
that for all t > 0,
P(h(X) | <1) < BT,

(D) is satisfied with o = 1 if there exists tg > 0 such that
P(R(X) — ] > to) = 1.

The proof of this fact extends an argument for CI classification that is
described by Bousquet et al. (2004). Similar conditions have been adopted
in previous work on CI classification (Mammen and Tsybakov, 1999) and
level set estimation (Polonik, 1995). From the proposition we see that for
larger «, there is less noise in the sense of less uncertainty near the optimal
decision boundary.



Theorem 4. Let L be a LD loss and v € R. Assume (A) holds with s > 1,
and (D) holds with noise exponent o € (0,1]. If (B) holds with exponent
G > 1, then there exist K1, Ko > 0 such that

Ry(f) = Ry < Ki(Ry,(f) — Ry, )"/ H(= - mafls=1)

for all measurable f : X — R with Ry (f) — R*L7 < K. If (C) holds, then
there exist K1, Ko > 0 such that

Ry(f) = R: < K1(Ryp, (f) = Ry )M/ o)
for all measurable f : X — R with Rr_ (f) — sz < K.

The proof of this result combines Theorem 3 with an argument presented
in Bartlett et al. (2006).

4 Conclusions

This work gives theoretical justification to the cost-sensitive SVM with
example-dependent costs, described in the introduction. It also sug-
gests principled design criteria for new algorithms based on other spe-
cific losses. For example, consider the surrogate loss L.(z,t) based on
the label-dependent loss L(y,t) = e ¥'. To minimize the empirical risk
LS Ly(2, f(;)) over a class of linear combinations of some base class,
a functional gradient descent approach may be employed, giving rise to a
natural kind of boosting algorithm in this setting. Since the loss here differs
from the loss in cost-insensitive boosting by scalar factors only, similar com-
putational procedures are feasible. Obviously, similar statements apply to
other losses, such as the logistic loss and logistic regression type algorithms.

Another natural next step is to prove consistency for specific algorithms.
Surrogate regret bounds have been used for this purpose in the context
of cost-insensitive classification by Mannor et al. (2003); Blanchard et al.
(2003); Zhang (2004); Lugosi and Vayatis (2004); Steinwart (2005). These
proofs typically require two additional ingredients in addition to surrogate
regret bounds: a class of classifiers with the universal approximation prop-
erty (to achieve universal consistency), together with a uniform bound on
the deviation of the empirical surrogate risk from its expected value. We
anticipate that such proof strategies can be extended to CS classification
with ED costs.

We have shown that condition (A), together with a mild distributional
assumption, are sufficient for 7 , to be invertible. It is natural to ask



whether these conditions are also necessary. Bartlett et al. (2006) show that
in the context of CI classification, the quantity corresponding to 1, is
invertible if and only if L is classification calibrated, which they define to
mean that Hy(n) > 0 for all n # % This might suggest the definition that
L, is y-classification calibrated if and only if Hp, () > 0 for all « such that
h(z) # ~. It can be shown without much difficulty that this condition holds
when 1), is invertible. We were unable to shows the converse, however. It
seems necessary to further assume a rate condition on the growth of Hy, like
the one in (A).

Finally, we remark that our theory applies to some of the special cases
mentioned in Section 2. For example, for CS classification with LD costs,
condition (C) holds, and we get surrogate regret bounds for this cases.

5 Proofs

We begin with some lemmas. The first lemma presents some basic properties
of the target risk and conditional risk. These extend known results for CI
classification (Devroye et al., 1996).

Lemma 1. Let vy € R. (1)Vz € X,

h(x) =5 = by (@) — hoyq ().

(2)Vx € X,t €R,

C’Y(xv t) - C%k/(x) = 1{sign(t)7£sign(h(:c)—7)}|h(m) - ’7|'
(8) For any measurable f : X — R,

Ry(f) = Ry = Ex[sign(f(x))2sign(h(X) =)} (X) = 7]

Proof. (1) h1y(z) — ho14(z) = EZ|X::C[(Z - 7)1{Z>7} —(v— Z)l{ZS’Y}] =
Ezx—olZ — 7] = h(z) — 7.

(2) Since Cy(x,t) = h14(2)1y<oy + h—14(2)1>0y, a value of ¢ min-
imizing this quantity (for fixed x) must satisfy sign(t) = sign(hi,(z) —
hi~(x)) = sign(h(x) — 7). Therefore, Vo € X,t € R, C\(x,t) — Ci(z) =
[hy(@) <0y + ho14(@)1es0y] — [hy (@) n@) <y + o1y (@) Ln)>n] =
Lsign(t)#sign(h(z) )} 117 (€) = he1,4(@)] = Lisign(t)£sign(h(z)—)y [P (@) — 7]

(3) now follows from (2). O

The next lemma records some basic properties of ¢y .
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Lemma 2. Let L be any LD loss and v € R. Then (1) ¢ ,(0) = 0. (2)
Y1~ is nondecreasing. (3) 1y is continuous on [0, By).

Proof. From the definition of pr, ., pr,~(0) = 0 and pr, , is nondecreasing.
(1) and (2) now follow. Since epi?  is closed by definition, 1r,  is lower
semi-continuous. Since 1)y, - is convex on the simplical domain [0, By), it is
upper semi-continuous by Theorem 10.2 of Rockafellar (1970). O

The next lemma is needed for Theorems 2 and 3. An analogous identity
was presented by Steinwart (2007) for label-dependent margin losses.

Lemma 3. For any LD loss L and v € R, and for all x € X such that
hiy () + ho14(z) >0,
Hio (o) = (s (o) + o), (52—,
Proof. Introduce w(x) = h1~(x) +h_1~(z) and ¥, (x) = h1(z)/(h15(z) +
h—1~(z)). If wy(xz) > 0, then
Cray(a,t) = hiy(x)La(t) +hoy(z)Loa(t)
= wy () [V (2) L1 (t) + (1 = Dy (2)) L1 (2)]
= wy(2)CL(V(2),1).
By Lemma 1, h(z) —v = wy(x)(20,(x) — 1). Since w(x) > 0, h(x) — v and
29, (x) — 1 have the same sign. Therefore

Cry(@) = ol Cra(@t)
= wy(o),, i Gl ()0
= wyla), 0 (@),
= wy(2)Cp (U (x)).
Similarly,
Cio(e) = wy(a) inf Co(0y(2),1)
= wy(z)Cp(94(2)).
Thus

Hp(2) = Cp () Ci,(@)
— w,(2)[CF (9 (2)) - Cf (0, (@))]
— (@) Hi (0, ().



5.1 Proof of Theorem 1

By Jensen’s inequality and Lemma 1,

Ly (By(f) = R3)

< XWJL,’Y(1{Slgn(f(X))7és1gn(h( X)— 'y)}’h(X) _’Y’)]
= X[1{51gn X))#sign(h(X)—7) }1/}[/,’7(’ (X) _’7’)]
< X[1{51gn X))#sign(h(X)— 'y)}NL,’Y(‘h(X) _7‘)]
= Ex | Lsign(r(x))sign(h(x)—)} o HLn(w)]
- [R(z)—~[=|R(X)—l
< ExLsign(s(0) sign(h(x)-HLa(X)]
= FEx |l ; inf X, t)—-CF (X
X I {Slgn(f(X));éSlgn(h(X)7)}<t:t(h()1(%—'y)SOCL7’y( s ) CL,’y( )>:|

Ex [CL,'y(Xv f(X)) - Cz,'y(X)]
R, (f) — Ry,

5.2 Alternate Proof of Theorem 1

Lemma 4. Let L be any LD loss and v € R. For all e > 0,z € X, and
teR,

Cry(z,t) = CL () < pry(e) = Cy(z,t) — Cl(z) <e

Proof. Let € >0,z € X. If € > |h(x) — |, the implication holds by Lemma
1. Thus, assume € < |h(z) — v|. Then C,(z,t) — C3(x) > ¢ <= sign(t) #
sign(h(x) — «). It follows that
H = inf - C7
L,y (.CU) t:t(h(ir)lf'y)go CLaW (:B: t) CL,’y ($)

< inf Cp(3,t) — C _(z

T t:sign(t)#sign(h(x)—7) L,’Y( ) L,y( )

= inf C 0_ '
ter(w,tﬁlic;(m)Ze L~(T,t) i (@)

From e < |h(z) — 7| we also know pur () < Hp(x). The result now
follows. O

To prove the theorem, we claim that for any f and =z,
1Ly (Cy(z, f(2)) — C(x)) < Cry(z, fz) — CF , (2).
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This follows from Lemma 4 by taking € = C,(z, f(z)) —C>(r). Now Jensen’s
inequality implies

YL, (By(f) = RY) Ex[pr,(Cy(X, f(X)) — C3(X))]
Ex|pry(Cy(X, f(z)) — C3(X))]
EX[CL,V(Xa f(X)) - Cz,'y(X)]

= Ry, (f) - RL,

ININ TN

5.3 Proof of Theorem 2

Let € > 0 and = € X such that |h(z) — | > €. It is necessary that hi (x) +
h—_1~(x) > 0. This is because hy 5 (x)+h_1 ~(z) = EZ|X::E[]Z_7|], and if this
is 0, then Z = v almost surely (P x—,). But then h(z) = v, contradicting
|h(z) — ] > € > 0. Therefore we may apply Lemma 3 and condition (A)
with s =1 to obtain

Hy o (x) = (hiy(z) + ho1y(2))Hy (hl v(xi;li:(}f)l V(:c))

1 hi~(x) 1
> (hiy(z) + h_177(x))g hiy (@) + hoty () - 2'
= (b (x) +h_m(ﬂf)>$ Zijﬁiilﬁiiigg

1 1
= —|hz)—~|>—
Slh(@) =] > e,

where in the next to last step we applied Lemma 1. Therefore pp, ~(e) > i
The result now follows. For the hinge case, Zhang (2004) shows ¢ = 0.5,
and equality is attained by considering € = |h(x) — 7| > 0 for some z. O]
5.4 Proof of Theorem 3

Assume (A) and (B) hold. If s =1 the result follows by Theorem 2, so let’s
assume s > 1. Let ¢ > 0 and = € X such that |h(z) —y| > e. As in the

13



proof of Theorem 2, we have

Hp(z) = (hiqy(z) + ho14(x)HE <h1 V(x})uj:(}f_)l 7(:c))

hiy (@) 1 ’
hiy(x) +hoyy(x) 2
hiq(x) — ho14(7) B
h1y(z) + ho14(x)

1

= (h h !

= (s o)+ hory (0)) g
1 hw) =
(20)7 (@) + o1 4(2) T

The next step is to find an upper bound on w,(x) = hi(z) + h_1,(z) in
terms of |h(z) — |, which will give a lower bound on Hp -(z) in terms of
[h(x) =~.

For now, assume hy ~(z) < h—1,(x). Then wy(z) = 2h1 5 (x)+|h(x)—~|.
Let us write hy,(7) = By |x—[W] where W = (Z — v)1{z~,3 > 0. Then
hiy(z) = 7 Pwix=e(W > w)dw. Now

> (@) + ho14(2))

Pyix=2(W 2 w) = Pzix=2(Z — v 2 w)
Pgix=o(Z — h(z) + h(z) — v > w)
Pgix=2(Z — h(x) > w + [h(z) —7])

< Pyx—(1Z — h(z)| > w+ |h(z) —7|)
< Clw+[h(z) =~)"
by (B). Then
ha() < /0 C(w + [h(z) — 7)) Pdw
C
= Goqih@ =T,
Therefore

2C (B
wy () < j|h($) — 97 4 |h(z) = .
Setting A = |h(z) — | and ¢ = 2C/(8 — 1) for brevity, we have

1 A?

> .
Hiq(@) = (2¢)% (A + ¢/ A=(B-1))s-1

Using similar reasoning, the same lower bound can be established in the case
where hy~(x) > h_1,(z). Let us now find a simpler lower bound. Notice

14



that A = A== when A = Ag = (¢/)/#. When A < Ay,
1 A®
Hiy(@) = (2¢) (2 A= (B-1))s—1
— ¢ ASTB-D(s-1)

where ¢; = (2¢)75(2¢)~ (=1, When A > Ay,

1 AS
(o) @Ay T 28

HL,7($) >

where ¢y = 2725~ D=5 Putting these two cases together,

min(c; ASTEDED o A)

min(cp et BN o6

HLO/(?U) >
>

since A = |h(x) — 7| > e. Now shift the function cye to the right by some
€0 so that it is tangent to c;e5T(B=D(—1  The resulting piecewise function
is a closed and convex lower bound on pur, .. Since v, is the largest such

lower bound, the proof is complete in this case.

Now suppose (A) and (C) hold. The proof is the same up to the point

where we invoke (B). At that point, we now obtain

hy(z) < /OWPZ.X:va—h(x)rzw+\h<w>—wr>dw

IN

/ OO k) 12 gy,
0

= Voro? / b F6_<w+h<x>—mw .
0

2102
(0% =1/2C")
= CV2ra?P(W' > |h(x) —7])
[where W’ ~ N(0, 02)]
< CVargle M@ l/20?

- C /%efcwxmﬁ

The final inequality is a standard tail inequality for the Gaussian distribution

(Ross, 2002). Now
wy(z) <A+ Clem A

15



where A = |h(z) — | and C" = 2C/7/C", and therefore

1 AS
H > .
L"Y(x) = (20)5 (A i Cwe—C’A?)s—l

The remainder of the proof is now analogous to the case when (B) was
assumed to hold. O

5.5 Proof of Corollary 2

We prove the result in the case where (A) and (B) hold, the other case
being similar. By Theorem 3 and Lemma 2, ¢  is invertible on [0, B,).
In addition, 1 - is strictly increasing and continuous with 1/1517(0) = 0.

Therefore there exists Ko > 0 such that § < Ky — gZ)Z%(&) < €,

where ¢g is from Theorem 3. If Ry (f) — sz < Ky, then by Theorem
1, Ry(f) = Ry < ¢ (Re,(f) — R;,) < eo, and therefore Ry (f) — Rj_ >

VLA (Ry(f) = RY) > er(Ry(f) —Ri;)er(ﬁ_l)(S_l). The result now follows. [

5.6 Proof of Proposition 1

First consider 0 < « < 1. For brevity, denote by A the event that

l—a
sign(f(X)) # sign(h ( )—7). Let C be a constant satisfying 0 < C' < B~ &
and set t = CP(A) a . Then

Ry(f) = Ry = E[1{q[h(X) =]
2 tE[Laylnex)—zn]
= t(P(|h(X )— v > t) = Ellgacy Linx)—y>63])
> t(1 — BtToa — Ell{a0])
= t(P(A) — Btﬂ)
= ¢(1—BC T=)P(A)s.
The result now follows. If &« = 1 we can repeat the above steps with ¢t = ¢
to obtain

v

Ry(f) — R to(P([h(z) =] = to) — E[1{ac}])

= tP(A)

from which the result follows. O
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5.7 Proof of Theorem 4

We prove the result for the case where (A), (C), and (D) hold, the other
case being similar. Let ey > 0 and ¢; > 0 be as in Theorem 3. Let o € (0, 1]
and ¢ > 0 be the constants in (D). Let C' be any real number satisfying
0<C < % As in the proof of Corollary 2, take Ko > 0 such that § <
Ky = ¥71(6) < (e0/C)T5. Let f be such that Ry, (f) — R} < Ka.
Now set € = C(R,(f) — Ri;)l_o‘ which by Theorem 1 and the preceding
construction is < ¢y. Now write

Ry(f) — RS = E[l{sign(£(x))#sign(h(x) =)} (X)) — 7]
= EllLa(x) -1 <e Ysign(£(x))#sign(h(x)—) (X)) = 7]
+E[L{n(x) -1} L sign(£(X))#sign(n(x) —)} (X) =]
by (D). To bound

) that states that
(b) for all b > 0,

The first term above is bounded by ce(R,(f) — RZ)“
the second term, we use a lemma of Bartlett et al. (20
if g : R — R is convex with g(0) = 0, then g(a) <
0 < a < b. This can be used to establish

06
49

Ljn(z)—zep IM(z) — 7| < oL 77( )W,w(\ (z) — 7).

When |h(z) — 7| > €, the inequality follows from the aforementioned lemma,
and otherwise it holds trivially. Then

*\Q €
< ce(Ry(f) — Ry + WE[1{sign(f(X));ésign(h(X)f'y)}wL,’Y(’h(X) )]
77

(Re,(f) - R},

IN

ce(Ry(f) — R))™ + wm( ]

where the last step follows from the same argument used in the proof of
Theorem 1.
Rearranging terms, we get

Re,(f) - Rz, 2 (W — (R (f) — R:)a) i (€)
> o (PR g - my) e
= @01 - COR,(f) — RO,

The result now follows. O

17



References

P. Bartlett, M. Jordan, and J. McAuliffe. Convexity, classification, and risk
bounds. J. Amer. Statist. Assoc., 101(473):138-156, 2006.

G. Blanchard, G. Lugosi, and N. Vayatis. On the rate of convergence of
regularized boosting classifiers. J. Machine Learning Research, 4:861-894,
2003.

O. Bousquet, S. Boucheron, and G. Lugosi. Introduction to statistical learn-
ing theory. In O. Bousquet, U.v. Luxburg, and G. Rétsch, editors, Ad-
vanced Lectures in Machine Learning, pages 169—207. Springer, 2004.

U. Brefeld, P. Geibel, and F. Wysotzki. Support vector machines with
example-dependent costs. In Proc. Euro. Conf. Machine Learning, 2003.

L. Cavalier. Nonparametric estimation of regression level sets. Statistics,
29:131-160, 1997.

L. Devroye, L. Gyorfi, and G. Lugosi. A Probabilistic Theory of Pattern
Recognition. Springer, New York, 1996.

C. Elkan. The foundations of cost-sensitive learning. In Proceedings of the
17th International Joint Conference on Artificial Intelligence, pages 973—
978, Seattle, Washington, USA, 2001.

G. Lugosi and N. Vayatis. On the Bayes risk consistency of regularized
boosting methods. The Annals of statistics, 32(1):30-55, 2004.

E. Mammen and A. B. Tsybakov. Smooth discrimination analysis. Ann.
Stat., 27:1808-1829, 1999.

S. Mannor, R. Meir, and T. Zhang. Greedy algorithms for classification—
consistency, convergence rates, and adaptivity. J. Machine Learning Re-
search, 4:713-742, 2003.

W. Polonik. Measuring mass concentrations and estimating density contour
clusters—an excess mass approach. Ann. Stat., 23(3):855-881, 1995.

W. Polonik and Z. Wang. Estimation of regression contour clusters—an appli-
cation of the excess mass approach to regression. J. Multivariate Analysis,
94:227-249, 2005.

R. T. Rockafellar. Convexr Analysis. Princeton University Press, Princeton,
NJ., 1970.

18



S. Ross. A First Course in Probability. Prentice Hall, 2002.

C. Scott and M. Davenport. Regression level set estimation via cost-sensitive
classification. IEEE Trans. Signal Proc., 55(6):2752-2757, 2007.

1. Steinwart. Consistency of support vector machines and other regularized
kernel classifiers. IEEE Trans. Inform. Theory, 51(1):128-142, 2005.

1. Steinwart. How to compare different loss functions and their risks. Con-
structive Approximation, 26(2):225-287, 2007.

A. B. Tsybakov. Optimal aggregation of classifiers in statistical learning.
Ann. Stat., 32(1):135-166, 2004.

R. Willett and R. Nowak. Minimax optimal level set estimation. [IEEE
Transactions on Image Processing, 16(12):2965-2979, 2007.

B. Zadrozny and C. Elkan. Learning and making decisons when costs and
probabilities are both unknown. In Proc. 7th Int. Conf. on Knowledge
Discovery and Data Mining, pages 204-213. ACM Press, 2001.

B. Zadrozny, J. Langford, and N. Abe. Cost sensitive learning by cost-
proportionate example weighting. In Proceedings of the 3rd International
Conference on Data Mining, Melbourne, FA, USA, 2003. IEEE Computer
Society Press.

T. Zhang. Statistical behavior and consistency of classification methods
based on convex risk minimization. The Annals of Statistics, 32(1):56-85,
2004.

19



