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Abstract

The one-class and cost-sensitive support vector machines (SVMs) are state-of-the-art machine learn-
ing methods for estimating density level sets and solving weighted classification problems, respectively.
However, the solutions of these SVMs do not necessarily produce set estimates that are nested as the pa-
rameters controlling the density level or cost-asymmetry are continuously varied. Such a nesting constraint
is desirable for applications requiring the simultaneous estimation of multiple sets, including clustering,
anomaly detection, and ranking problems. We propose new quadratic programs whose solutions give rise
to nested extensions of the one-class and cost-sensitive SVMs. Furthermore, like conventional SVMs,
the solution paths in our construction are piecewise linear in the control parameters, with significantly
fewer breakpoints. We also describe decomposition algorithms to solve the quadratic programs. These
methods are compared to conventional SVMs on synthetic and benchmark data sets, and are shown to

exhibit more stable rankings and decreased sensitivity to parameter settings.

Index Terms

pattern classification, one class support vector machine, cost sensitive support vector machine, nested

set estimation, solution paths.

I. INTRODUCTION

Many statistical learning problems may be characterized as problems of set estimation. In these
problems, the input takes the form of a random sample of points in a feature space, while the desired
output is a subset GG of the feature space. For example, in density level set estimation, a random sample
from a density is given and G is an estimate of a density level set. In binary classification, labeled training
data are available, and G is the set of all feature vectors predicted to belong to one of the classes.

In other statistical learning problems, the desired output is a family of sets Gy with the index 6 taking

values in a continuum. For example, estimating density level sets at multiple levels is an important task
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(a) OC-SVM (b) CS-SVM

Fig. 1. Two decision boundaries from the OC-SVM (a) and CS-SVM (b) at two density levels and cost asymmetries. The
shaded regions indicate the density level set estimate at the higher density level and the positive decision set estimate at the
lower cost asymmetry, respectively. These regions are not completely contained inside the solid contours corresponding to the

smaller density level or the larger cost asymmetry, hence the two decision sets are not properly nested.

for many problems including clustering [1], outlier ranking [2], minimum volume set estimation [3],
and anomaly detection [4]. Estimating cost-sensitive classifiers at a range of different cost asymmetries
is important for ranking [5], Neyman-Pearson classification [6], transductive anomaly detection [7], and
ROC studies [8].

Support vector machines (SVMs) are powerful nonparametric approaches to set estimation [9]. How-
ever, both the one-class SVM for level set estimation and the standard two-class SVM for classification do
not produce set estimates that are nested as the parameter controlling the density level or, respectively,
misclassification cost is varied. As displayed in Fig. 1, set estimates from the original SVMs are not
properly nested. On the other hand, Fig. 2 shows nested counterparts obtained from our proposed methods
(see Section III, IV). Since the true sets being estimated are in fact nested in these two applications,
estimators that enforce the nesting constraint will not only avoid nonsensical solutions, but should also be
more accurate and less sensitive to parameter settings and perturbations of the training data. One way to
generate nested SVM classifiers is to train a cost-insensitive SVM and simply vary the offset. However,
this often leads to inferior performance as demonstrated in [8].

In this paper, we develop nested variants of the one-class and two-class SVMs by incorporating nesting
constraints into the dual quadratic programs defining these methods. Decomposition algorithms for solving
the modified duals are also presented. Like the solution paths for the conventional SVMs [10], [8], [11],

the nested SVM solution paths are also piecewise linear in the control parameters, but require far fewer
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(a) Nested OC-SVM (b) Nested CS-SVM

Fig. 2. Five decision boundaries from the Nested OC-SVM (a) and Nested CS-SVM (b) at five different density levels and
cost asymmetries, respectively. These decision boundaries from the Nested SVMs do not cross each other, unlike the decision

boundaries from the original SVMs (OC-SVM and CS-SVM). Therefore, the corresponding set estimates are properly nested.

breakpoints. We compare our nested paths to the unnested paths on synthetic and benchmark data sets.

We also quantify the degree to which standard SVMs are unnested, which is often quite high.

A. Motivating Applications

With the multiple set estimates from the nested SVMs over density levels or cost asymmetries, the
following applications are envisioned.

Ranking : In the bipartite ranking problem [12], we are given labeled examples from two classes, and
the goal is to construct a score function that rates new examples according to their likelihood of belonging
to the positive class. Cost-Sensitive SVMs (CS-SVMs) can be applied to this problem by varying the cost
parameter, but the resulting sets are not nested, and therefore produce ambiguous rankings. Similarly,
One-Class SVMs (OC-SVMs) can be applied to ranking the examples in an unlabeled dataset from
an unknown density. In both cases, nested SVMs will make the score functions unambiguous and less
sensitive to perturbations of the data. See Section V-C for further discussion.

Clustering : Clusters may be defined as the connected components of a density level set. The level
at which the density is thresholded determines a tradeoff between cluster number and cluster coverage.
Varying the level from 0 to oo yields a “cluster tree” [13] that depicts the bifurcation of clusters into
disjoint components and gives a hierarchical representation of cluster structure. Therefore, a cluster tree

can be estimated by training a OC-SVM at all values of the density level parameter.
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Anomaly Detection : Anomaly detection aims to identify deviations from the normal data when
combined observations of normal and anomalous data are given. Scott and Kolaczyk [4] and Scott and
Blanchard [7] present approaches to classifying the contaminated, unlabeled data by solving multiple

level set estimation and multiple cost-sensitive classification problems, respectively.

II. BACKGROUND ON CS-SVM AND OC-SVM

In this section, we will overview two SVM variants and show how they can be used to learn set
estimates. To establish notation and basic concepts, we briefly review the SVM.

Suppose that we have a random sample {(x;, %)}, where x; € R? is a feature vector in and
yi € {—1,+1} is its class. Conceptually, the SVM builds decision sets in two steps. First, each data
point is mapped via a nonlinear map x — ®(x) into a high dimensional space H generated by a positive
definite kernel k : RY x R? — R. This kernel corresponds to an inner product in  through k(x,x’) =
(®(x), ®(x’)). Second, the mapped data points in H are separated by a hyperplane with maximum margin
(the distance between the hyperplane and its closest data point). If w and b denote the normal vector and
the offset, then the two half-spaces of the hyperplane {®(x) : f(x) = (w, ®(x)) + b = 0} form positive
and negative decision sets. If data are not linearly separable in H, data points are allowed to be on the
other side of the soft margin (f(x) = £1) through non-negative slack variables &;. This can be achieved

by solving
mip 2wl + Y06
wé 2 =
st yi((w,®(x;))+b)>1-&, & >0 for Vi

where A controls regularization. In this formulation, the offset b is often omitted when Gaussian or
inhomogeneous polynomial kernels are chosen [14]. More detailed discussion on the SVM can be found

in [9].

A. Cost-Sensitive SVM

The SVM above, which we call the cost-insensitive SVM (CI-SVM) without offset, penalizes errors
in both classes equally. However, there are many applications where the numbers of data samples from
each class are not balanced, or false positives and false negatives incur different costs. The cost-sensitive
SVM (CS-SVM) handles this issue by controlling the cost asymmetry between false positives and false

negatives [15].
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Let Iy = {i:y;, = +1} and I_ = {i : y; = —1} denote the two index sets, and y denote the cost
asymmetry. Then the CS-SVM solves

A
min §|yw||2+v§:§i+(1—v)§jgi (1)
w.§ A I

S.t. y¢<w, ‘b(Xi» >1-&, & >0 for Vi

where w is the normal vector of the hyperplane. When v = %, the CS-SVM reduces to the CI-SVM.
In practice this optimization problem is solved via its dual, which depends only on a set of Lagrange

multipliers (one for each x;):
1
mln - Z Z aza]yzy] i,j Z Q; 2)

st. 0<a; <1y, +yiy for Vi

where K; j = k(x;,x;) and o = (a1, g, . . ., ). The indicator function 14y returns 1 if the condition
A is true and 0 otherwise.

Once an optimal solution a*(y) = (af (), ..., (7)) is found, the sign of the decision function

Z o k(x,x;) (3)

determines the class of x. This decision function takes only non-positive values when v = 0, and
corresponds to (0,0) in the ROC curve. On the other hand, v = 1 penalizes only the violations of
positive examples, and corresponds to (1, 1) in the ROC curve.

Bach et al. [8] extended the method of Hastie et al. [10] to the CS-SVM. They showed that o ()
are piecewise linear in v, and derived an efficient algorithm for computing the entire path of solutions
to (2). Thus, a family of classifiers at a range of cost asymmetries can be found with a computational

cost comparable to solving (2) for a single .

B. One-Class SVM

The OC-SVM was proposed in [16], [17] to estimate a level set of an underlying probability density
given a data sample from the density. In one-class problems, all the instances are assumed from the same

class, typically the negative class, y; = —1, Vi. The primal quadratic program of the OC-SVM is
A 1Y
minf||w||2+—zgi 4
wg 2 N =
st. (W, ®(x;)) >1-&, & >0 for Vi
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This problem is again solved via its dual in practice:
1
mln—ZZaiaij — Zai ®)
@ 2) 45 j i
t. 0<o; < = for Vi
s.t. <o < for Vi

Then a solution a*(\) = (af(A),...,ayN()N)) defines a decision function that determines whether a
point is an outlier or not. Here «(\) are also shown piecewise linear in A [11]. From this property,
we can develop a path following algorithm and generate a family of level set estimates with a small
computational cost.

The set estimate conventionally associated with the OC-SVM is given by
Gr={x:> aj(Nk(xi,x) > A} (6)
i

Vert and Vert [18] showed that by modifying this estimate slightly, substituting o (nX) for a(\) where
1 > 1, leads to a consistent estimate of the true level set. Regardless of whether n = 1 or > 1, however,
the obtained estimates are not guaranteed to be nested as we will see in Section V. Note also that when

af(N) = % (6) becomes equivalent to set estimation based on kernel density estimation.

III. NESTED CS-SVM

In this section, we develop a nested cost-sensitive SVM, which aims to produce nested positive decision
sets G = {x : f,(x) > 0} as the cost asymmetry -y varies. Our construction is a two stage process. We
first select a finite number of cost asymmetries 0 = 1 < 72 < ... < vy = 1 a priori and generate a
family of nested decision sets at the preselected cost asymmetries. We achieve this goal by incorporating
nesting constraints into the dual quadratic program of the CS-SVM. Second, we linearly interpolate the
solution coefficients of the finite nested collection to a continuous nested family defined for all . As an

efficient method to solve the formulated problem, we present a decomposition algorithm.

A. Finite Family of Nested Sets

Our Nested CS-SVM finds decision functions at cost asymmetries 71,72, ..., vy Simultaneously by
minimizing the sum of duals (2) at each v and by imposing additional constraints that induce nested

sets. For a fixed A and preselected cost asymmetries 0 = v} < y2 < --- < vy = 1, the Nested CS-SVM
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solves

M
. 1

i, 3 |55 X Sk - o 7

m=1 i %
st. 0<Z Qim < 1{y¢<0} + yivm for Vi,m (8)
yioi1 <y <o <y for Vi )
where o, = (¥1,m, ..., N m) and a; , is a coefficient for data point x; and cost asymmetry ~,,. Then
its optimal solution o, = (@ ,,, - - -, @y ,,,) defines the decision function f,, (x) = 3 o ik (xi, x)

and its corresponding decision set CA?%L = {x: f,,.(x) > 0)} for each m. In Section VI, the proposed
quadratic program for the Nested OC-SVM is interpreted as a dual of a corresponding primal quadratic

program.

B. Interpolation

For an intermediate cost asymmetry y between two cost asymmetries, say ~y; and ~» without loss of
generality, we can write v = e + (1 — €)72 for some € € [0, 1]. Then we define new coefficients o (y)

through linear interpolation:
a; () = eajy + (1 = €)ajy. (10)

This is motivated by the piecewise linearity of the Lagrange multipliers of the CS-SVM. Then the positive

decision set at cost asymmetry « is
N 1 .
Gy = {x: f(x) = 3 > i (Myik(xi, x) > 0}, (1)
i

Proposition 1. The Nested CS-SVM equipped with a kernel such that k(-,-) > 0 (e.g., Gaussian kernels

or polynomial kernels of even orders) generates nested decision sets. In other words, if 0 < v < v5 < 1,

then G, C G;.

Proof: We prove the proposition in three steps. First, we show that sets from (7) satisfy (A}% C

@72 C - C éw- Second, we show that if ~,, < v < Ym+1, then CA}% C @7 cG Finally, we

Ym+1*
prove that any two sets from the Nested CS-SVM are nested.

Without loss of generality, we show CAT‘% - C:‘,YQ. Let o and o denote the optimal solutions for
71 and 2. Then from k(-,-) > 0 and (9), we have >, o yik(xi,x) < 3, af oyik(xi, x). Therefore,

Gy ={x: fr(x) >0} C @72 = {x: f,(x) > 0}.
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Next, without loss of generality, we show CA}% - CA?W - CA}% when 71 < v < 9. The linear
interpolation (10) and the nesting constraints (9) imply y;c;; < y;af(y) < yiaj,, which, in turn,
leads to 3, of yyik(xi,x) < 32; af (V)yik(xi, x) < 32 o oyik (x4, %).

Now consider arbitrary 0 < v, < 75 < 1. If 4. < vy, < 5 for some m, then C:’% C CA}% by the above
results. Thus, suppose this is not the case and assume y; < 7. < 75 < 72 without loss of generality.
Then there exist € > ¢ such that v, = ey; + (1 — €)y2 and 75 = 071 + (1 — §)~2. Suppose x € C:‘%. Then
X € é%, hence f, (x) = %Zi(eazl + (1 —€)ajy)yik(xi,x) > 0 and f,,(x) = 3 o 9yik(xi, x) > 0.
By adding gf% (x) + (1 - g)f%(x), we have f,(x) = >2;(daf; + (1 — 0)afy)yik(xi, x) > 0. Thus,

G,},E C G%. [ ]

C. Decomposition Algorithm

The objective function (7) requires optimization over N x M variables. Due to its large size, standard
quadratic programming algorithms are inadequate. Thus, we develop a decomposition algorithm that
iteratively divides the large optimization problem into subproblems and optimizes the smaller problems.
A similar approach also appears in a multi-class classification algorithm [19], although the algorithm

developed there is substantively different from ours. The decomposition algorithm follows:

1) Choose an example x; from the data set.
2) Optimize coefficients {aim}%zl corresponding to x; while leaving other variables fixed.

3) Repeat 1 and 2 until the optimality condition error falls below a predetermined tolerance.

The pseudo code given in Fig. 3 initializes with a feasible solution &; y, = 1y, <0y +YiYm, Vi, m. A simple
way of selection and termination is cycling through all the x; or picking x; randomly and stopping after a
fixed number of iterations. However, by checking the Karush-Kuhn-Tucker (KKT) optimality conditions
and choosing x; most violating the conditions [20], the algorithm will converge in far fewer iterations.
In the Appendix, we further discuss the data point selection scheme and termination criterion based on
the KKT optimality condition.

In step 2, the algorithm optimizes a set of variables associated to the chosen data point. Without loss

of generality, let us assume that the data point x; is chosen and {al,m}%zl will be optimized while
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fixing the other «; ,,. We rewrite the objective function (7) in terms of aq ,:

1

2 [QA > Z ity Ko =3 o m]

+C

>/\»—ﬂ

J#1

Z |: al mKl 1+ aim (Z a]mylyjKl,] /\)
m

> \

Z[ almK11+a1m(/\ylflm—@lmKll—A)} +C

Ky, 1 A1 = y1 fim)
:T _ [2a%7m — 01m (Oé(il(in + Tm +C
where o' and f1, = 1 (Zj 21 amyi K +Oé(1’1f3ny1K1,1) denote the variable and corresponding

output before update. These values can be easily computed from the previous iteration result. C' is a
collection of terms that do not depend on o .

Then the algorithm solves the new subproblem with M variables,

o, min - ; Baim ay mc«‘i%} (12)

st. 0<aym< 1y, <0y + Y17m for Vm (13)

y1a1) <yrare < - < yra g (14)

where o7, = a‘l’lfn + )‘(1;(3/711{1) is the solution if feasible. This subproblem is much smaller and can

be solved via standard quadratic program solvers.

IV. NESTED OC-SVM

In this section, we present a nested extension of the OC-SVM. The Nested OC-SVM estimates a family
of nested level sets over a continuum of levels A. Our approach here parallels the approach developed for
the CS-SVM. First, we will introduce an objective function for nested set estimation, and will develop

analogous interpolation and decomposition algorithms for the Nested OC-SVM.
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Input: {(Xzayz)}z]L {’Ym}%:l

Initialize:

repeat
Choose a data point x;.

Compute:
1
Jim =~ > ajmyiKi; ¥m
J

new )‘(]— - fz,m)

Qigm — Qigm + — 7"
2,0

,Ym

Update {a;,, }M_, with the solution of the subproblem:

1
: 2 . new
min E [2041-77” — Qim Qo
m

Qi 1 yeens Ol AT
st. 0 < aim <1y <oy +Yivm for Vm
Vi1 < Yo < < Yiou v
until Accuracy conditions are satisfied

Output: @% = {x: >, aimyik(x;,x) > 0} for Vm

Fig. 3. Decomposition algorithm for the Nested Cost-Sensitive Support Vector Machine. Specific strategies for data point

selection and termination, based on the KKT conditions, are given in the Appendix.

A. Finite Family of Nested Sets

For M different density levels of interest Ay > Ao > --- > Apy > 0, the Nested OC-SVM solves the

following optimization problem

M
. 1
Qi Z 3 Z Z G m K 5 — Z Qim (15)
m=1 i J )
1 .
st. 0<ajm < N for Vi,m (16)
;1 042 o M .
<2< /= for W4 17
AT Ay T Y an
where o, = (@1,m, ..., N,m) and o, corresponds to data point x; at level A,,. Its optimal solution
oy, = (aj,,,...,a},,) determines a level set estimate Gy, = {x: fr, (x) > 1} where f, (x) =
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/\i >i @ K (xi, ). In practice, we can choose A; and Aj/ to cover the entire range of interesting values
of density level (see Section V-B, Appendix C). In Section VI, the proposed quadratic program for the

Nested OC-SVM is interpreted as a dual of a corresponding primal quadratic program.

B. Interpolation and Extrapolation

We construct a density level set estimate at an intermediate level A between two preselected levels,

say A1 and Aa2. At A = e\ + (1 — €)\2 for some € € [0, 1], we set
a;(N) = eaj; + (1 —€)aj,.

It is motivated by the piecewise linearity of the OC-SVM solutions in A. For A > A\; or A < A\, we set

*

aj(A) = ajy or af(A) = oy for Vi, respectively. Then the level set estimate becomes

Gy = {x: Zaf()\)k(xi,x) > A} (18)

The level set estimates generated from above process are shown to be nested in the next Proposition.

Proposition 2. The Nested OC-SVM with a Gaussian kernel generates nested density level set estimates.

Therefore, if 0 < A\c < A5 < 00, then @Ae D CA},\S.

Proof: We prove the proposition in three steps. First, we show that sets from (15) satisfy G A C

G A C o C G A+ Second, the interpolated set (18) is shown to satisfy G A, C Gy C Gy when

m+1

Am > A > Ap11. Finally, we prove the claim for any two sets from the Nested OC-SVM.

Without loss of generality, we first show G N C G x,- Let A1 > Ao denote two density levels chosen a

priori, and o] and o denote their corresponding optimal solutions. From (17), we have ), ai’ll k(xi,x) <

p)
> %k(xi,x), so the two estimated level sets are nested G, C G, .

Next, without loss of generality, we prove G N C G A C G 2, for Ay > A > Ao, From (17), we have

Oi\"'il < Oi\";z and
fe'
oy ARt eof+ (1— e)%af’l
A1 A A
< eaj1+(L—€)ajy  af(N)
- A D)
A% * o,
< 6)\7;0(7:72 + (]. - e)a’in _ A o _ OZ;iQ
- A A A9

Hence, f),(x) < fa(x) < fi,(x).
Now consider arbitrary As; > A > 0. By construction, we can easily see that CA?,\(S C C:’,\E C @,\1

for A\s > A¢ > Aq, and CAT’,\M C (A}Aé C C:’,\E for \py > A5 > A.. Thus we only need to consider the
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case A1 > As > Ac > Ay Since above results imply GM - CAT‘AF if \s > \,, > A for some m, we
can safely assume A\; > As > A, > Ay without loss of generality. Then there exist § > € such that
As =01+ (1 —0)A2 and Ac = €A + (1 — €)A2. Suppose x € C:*)\é. Then x € C:‘)\z and

> _(bagy + (1= d)aja)k(xi,x) > As (19)
Zaﬂk X;,X) > Ao. (20)
By £x (19) + (1 — £)x (20), we have Zi(ea“ + (1 — €)afy)k(xi,x) > Ae. Thus, Gy, C G m

C. Decomposition Algorithm

We also use a decomposition algorithm to solve (15). The general steps are the same as explained
in Section III-C for the Nested CS-SVM. Fig. 4 shows the outline of the algorithm. In the algorithm, a
feasible solution o ,, = % for Vi, m is used as an initial solution.

Here we present how we can divide the large optimization problem into a collection of smaller problems.
Suppose that the data point x; is selected and its corresponding coefficients {osz}f\n/[:l will be updated.
Writing the objective function only in terms of o ,,,, we have

Z % Z Z G m O m I — Z ai,m]
m i

m

1

= Z 72)\ aimKl,l + a1m Z 78 mKl,j +C

m | T moi£]

1, a9

= — K ———Ki1—-1 C

%: _2)\m0417m 1,1 T a1m (fl,m . 1,1 +

1 a1.m A (1 - fl m)
=K 2 ) old m > C
1,1 ; [2)\m g . (al,m + T K +

old

09, and fi, = 5 (Z#l ajmK1j+af K 1,1) denote the variable from the previous iteration

where «
step and the corresponding output, respectively. C' is a constant that does not affect the solution.

Then we obtain the reduced optimization problem of M variables,

. 1 2 a1m e :|
min —ay ., — ——ay (21)
S ot = om

Q1 14000000, M

1
st. 0<aym< N for VYm 22)
a1 Q12 al M
— <2 L — 23
A1 T A T = Am 23)
where of%, = a°'d + % Notice that o), becomes the solution if it is feasible. This reduced

optimization problem can be solved through standard quadratic program solvers.
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Input: {x;}¥,, (MM,
Initialize:

1
QO N for Vi,m

repeat
Choose a data point x;.

Compute:
1
Jim — o > ajmKi; ¥Ym
™o

Am (1= f;
of5y o iy + 2 Jim)
1,1

Update {a;,, }M_, with the solution of the subproblem:

1
s.t Oga%mgﬁ for Vm
i R R Qi M
AT Ay T AM

until Accuracy conditions are satisfied

Output: G = {x:Y; aimk(xi,x) > A} for Ym

Fig. 4. Decomposition algorithm for the Nested One-Class Support Vector Machine.

V. EXPERIMENTS AND RESULTS

In order to compare the algorithms described above, we experimented on 13 benchmark data sets

!. Their brief summary is provided in Fig. 5. Each feature is standardized with zero

available online
mean and unit variance. The first eleven data sets are randomly permuted 100 times and divided into

training and test sets, and the last two data sets are permuted 20 times. In all of our experiments, we used

_lx=x]?
202

the Gaussian kernel k(x,x’) = exp ( ) and searched for the bandwidth o over 20 logarithmically
spaced points from d, /15 to 10 davg Where dg,4 is the average distance between training data points.
This control parameter is selected via 5-fold cross validation on the first 10 permutations, then the average

of these values is used to train the remaining permutations.

"http://ida.first.fhg.de/projects/bench/
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Data set dim  Nuain  Neest
banana 2 400 4900
breast-cancer 9 200 77
diabetes 8 468 300
flare-solar 9 666 400
german 20 700 300
heart 13 170 100
ringnorm 20 400 7000
thyroid 5 140 75
titanic 3 150 2051
twonorm 20 400 7000
waveform 21 400 4600
image 18 1300 1010
splice 60 1000 2175

Fig. 5. Description of data sets. dim is the number of features, and Nyin and Ny are the numbers of training and test

examples.

Each algorithm generates a family of decision functions and set estimates. From these sets, we construct
a ROC curve and compute its area under the curve (AUC). We use the AUC averaged across permutations
to compare the performance of algorithms. As shown in Fig. 1, however, the set estimates from the CS-
SVM or the OC-SVM are not properly nested, and cause ambiguity particularly in ranking applications.
In Section V-C, we measure this violation of the nesting by defining the ranking disagreement of two
rank scoring functions. Then in Section V-D, we combine this ranking disagreement and the AUC, and
compare the algorithms over multiple data sets using the Wilcoxon signed ranks test and the Friedman

test as suggested in [21].

A. Two-class Problems

The CI-SVM, CS-SVM, and Nested CS-SVM are compared in two-class problems. For the Nested
CS-SVM, we set M =5 and solved (7) at cost asymmetries v = (0, 0.25,0.50,0.75,1).
In two-class problems, we also searched for the regularization parameter A over 10 logarithmically
space points from 0.1 to A\, Where Ajpqz 1S
Amaz = Max max Z yiy;i K 5, max Z viy; K j
JEI JeI_

Values of A > A4, do not produce different solutions in the CS-SVM (see Appendix C).
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Data Set CI CS NCS

banana 0.9598 (£ 0.0028 )  0.9505 (£ 0.0098 )  0.9630 (£ 0.0039 )
breast-cancer | 0.7029 (& 0.0553 ) 0.7332 (£ 0.0543 ) 0.7315 (£ 0.0562 )
diabetes 0.8298 (£ 0.0160 )  0.8291 (£ 0.0169 )  0.8258 (£ 0.0170 )
flare-solar 0.6481 (£ 0.0339 )  0.6586 (£ 0.0404 ) 0.5802 (& 0.0476 )
german 0.7885 (£ 0.0250 )  0.7963 (£ 0.0245) 0.7888 (£ 0.0245 )
heart 0.9067 (£ 0.0253 ) 0.9088 (£ 0.0272 ) 0.9074 (£ 0.0277 )
ringnorm 0.9988 (£ 0.0001 )  0.9825 (£ 0.0029 ) 0.9556 (£ 0.0119 )
thyroid 0.9897 (£ 0.0093 ) 0.9620 (£ 0.0370 )  0.9541 (£ 0.0378 )
titanic 0.6102 (£ 0.0693 )  0.5990 (£ 0.0698 )  0.5978 (& 0.0708 )
twonorm 0.9977 (£ 0.0001 )  0.9977 (£ 0.0001 ) 0.9977 (£ 0.0003 )
waveform 0.9661 (£ 0.0035) 0.9699 (£ 0.0023 ) 0.9677 (£ 0.0031 )
image 0.9930 (£ 0.0022 )  0.9918 (£ 0.0023 )  0.9858 (£ 0.0042 )
splice 0.9578 (£ 0.0036 )  0.9508 (£ 0.0039 ) 0.9519 (£ 0.0045 )

15

Fig. 6. Comparison of AUC between the Cost-Insensitive (CI), the Cost-Sensitive (CS), and the Nested CS-SVM.

We compared the described algorithms by constructing ROC curves and computing their AUC. Since
the CI-SVM only corresponds to a single point on the ROC curve, we shifted its offset from —oco to oo

and extended to a whole ROC curve. The results are collected in Fig. 6.

B. One-class Problems

For the Nested OC-SVM, we selected 11 density levels spaced evenly from A\; = % max; y_; K; ; (see
Appendix C) to A\;; = 1075 Among the two classes available in each dataset, we chose the negative
examples for training. Since the second class was unavailable at training time, we simulated an artificial
second class from a uniform distribution. For evaluation of the trained decision functions, both the positive
samples in the test sets and the uniform samples were used as the alternative class. Fig. 7 reports the
experiment results for both cases (denoted by Positive and Uniform, respectively).

Fig. 8 shows the AUC of the two algorithms over a range of o. Throughout the experiments on one-
class problems, we observed that the nested OC-SVM is more robust to the kernel bandwidth selection

than the OC-SVM. However, we did not observe the similar results on two-class problems.

C. Ranking disagreement

The decision sets from the OC-SVM and the CS-SVM are not properly nested. Fig. 1 illustrates

examples of two set estimates violating nesting condition. Since larger A means higher density level,
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Data Set

Positive

oC

NOC

Uniform

oC

NOC

banana

breast-cancer

diabetes

flare-solar

german
heart
ringnorm
thyroid
titanic

twonorm

waveform

image

splice

0.9192 (+ 0.0096 )
0.6477 (& 0.0621 )
0.7224 (£ 0.0237 )
0.6017 (4 0.0429 )
0.6268 (+ 0.0313 )
0.7767 (+ 0.0373 )
0.9970 (+ 0.0003 )
0.9867 (4 0.0090 )
0.6021 (+ 0.0686 )
0.9105 (+ 0.0116)
0.7520 (£ 0.0192)
0.8720 (+ 0.0392)
0.4165 (& 0.0095 )

0.9300 (£ 0.0072 )
0.6545 (£ 0.0617 )
0.7324 (£ 0.0229 )
0.6014 (£ 0.0438 )
0.6268 (£ 0.0312 )
0.7828 (£ 0.0367 )
0.9970 (£ 0.0003 )
0.9871 (£ 0.0084 )
0.5883 (£ 0.0627 )
0.9126 (£ 0.0099 )
0.7622 (£ 0.0171 )
0.8542 (£ 0.0393 )
0.4158 (£ 0.0095 )

0.9065 (+ 0.0037 )
0.9763 (+ 0.0067 )
0.9961 (£ 0.0019 )
0.9985 (+ 0.0006 )
0.9911 (+ 0.0032)
0.9861 (+ 0.0050 )
1.0000 (+ 0.0000 )
0.9999 (£ 0.0001 )
0.7619 (+ 0.0514 )
1.0000 (+ 0.0000 )
1.0000 (+ 0.0000 )
1.0000 (+ 0.0000 )
0.5537 (+ 0.0121)

0.9114 (+ 0.0031)
0.9766 (+ 0.0067 )
0.9961 (+ 0.0019)
0.9984 (+ 0.0006 )
0.9911 (+ 0.0032)
0.9863 (+ 0.0051 )
1.0000 (£ 0.0000 )
0.9999 (& 0.0001 )
0.7653 (+ 0.0419 )
1.0000 (£ 0.0000 )
1.0000 (£ 0.0000 )
1.0000 (& 0.0000 )
0.5545 (+ 0.0080 )

16

Fig. 7. Comparison of AUC of algorithms on one-class problem. Unnested One-Class SVM and Nested OC-SVM are compared.

Left columns are the cases when the alternative hypotheses are from the positive class samples in the data sets, and right columns

are when the alternative hypotheses are from uniform distributions.

AUC

06( =& -0C
—e—NOC

breast-cancer (Positive)

Fig. 8.
OC-SVM.
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breast-cancer (Uniform)

10°

Kernel bandwidth o

(b) Uniform

The effect of kernel bandwidth o on the performance (AUC). The Nested OC-SVM is less sensitive to o than the
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the density level set estimate of the OC-SVM is expected to be contained within the density level set
estimate at smaller \. Likewise, larger v in the CS-SVM penalizes misclassification of positive examples
more; thus, its corresponding positive decision set should properly contain the decision set at smaller
v, and the two decision boundaries should not cross. This undesired nature of the algorithms leads to
non-unique ranking score functions.

In the case of the CS-SVM, we can consider the following two ranking functions:

$+(x)=1— min , §_(x)=1—  max . 24
+x) (iha (020} | (%) ehoz0y | &4

For the OC-SVM, we consider the next pair of ranking functions,

si(x) = max A, s_(x)= min A\ (25)
{AxeGH} {AxeGy}

In words, sy ranks according to the first set containing a point x and s_ ranks according to the last set
containing the point. In either case, it is easy to see sy (x) > s_(x).
In order to quantify the disagreement of the two ranking functions, we define the following measure

of ranking disagreement:

1
d(s,s-) = 372 A LY (s (x0) s (1)) (- (x:) =3 (,)) <O} (26)

which is the proportion of data points ambiguously ranked, i.e., ranked differently with respect to at least
one other point. Then d(s;,s_) = 0 if and only if sy and s_ induce the same ranking.

With these ranking functions, Fig. 9 reports the ranking disagreements from the CS-SVM and the
OC-SVM. In the table, do refers to the ranking disagreement of the CS-SVM, and d; and d,, respectively
refer to the ranking disagreement of the OC-SVM when the second class is from the positive samples
and from an artificial uniform distribution. As can be seen in the table, for some data sets the violation

of the nesting causes severe difference between the above ranking functions.

D. Statistical comparison

We employ the statistical methodology of DemsSar [21] to compare the algorithms across all data sets.
For two-class problems, we use the Friedman test to compare the CI-SVM, CS-SVM, and Nested CS-
SVM. For one-class problems, we use the Wilcoxon signed ranks test and compare the OC-SVM and
the Nested OC-SVM.

The Friedman test is a non-parametric method for testing the significance of differences between more
than two sample means. Algorithms are ranked for each data set, and their average ranks are compared

(rank 1 for the best). Fig. 10 reports the average ranks of the three algorithms on the benchmark data sets
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Data set da(s4,8-) di(s4,8-) du(s+,5-)
banana 0.0243 0.4984 0.3896
breast-cancer 0.0134 0.2529 0.0933
diabetes 0.1193 0.0206 0.0012
flare-solar 0.3003 0.6572 0.1989
german 0.0191 0.0000 0.0000
heart 0.0053 0.0002 0.0000
ringnorm 0.2447 0.0000 0.0000
thyroid 0.0023 0.0191 0.0003
titanic 0.0000 0.2500 0.2310
twonorm 0.0068 0.0006 0.0005
waveform 0.0789 0.0021 0.0011
image 0.3079 0.2766 0.0479
splice 0.1055 0.0000 0.0000

Fig. 9. The measure of disagreement of the two ranking functions from the CS-SVM and the OC-SVM. The meaning of each

subscript is explained in the text. s4 and s_ are defined in (24) and (25).

CI CS NCS ‘ Fr
1.77  1.77 246 ‘ 2.28

Fig. 10. Comparison of the AUCs of the three algorithms: Cost-Insensitive (CI), Cost-Sensitive (CS), and Nested CS-SVM
(NCS) using the Friedman Test. The Friedman test compares the average ranks of algorithms. The critical difference of F'r is

3.40 at o = 0.05. Therefore, no significant difference is detected.

along with a test statistic F'». Under the null hypothesis of no significant differences among the algorithms,
Fr is distributed approximately according to an F-distribution with (3—1) and (3—1)(13—1) degrees of
freedom. The critical value of F'(2,24) for a confidence level v = 0.05 is 3.40, so a significant difference
between the algorithms was not detected by the Friedman test.

The Wilcoxon signed ranks test is a non-parametric method testing the significance of differences
between paired observations, and can be used to compare the performances between two algorithms over
multiple data sets. Fig. 11 reports the comparison results of the algorithms. The difference values between
the AUCs from the two algorithms are ranked ignoring the signs, and then the ranks of positive (and
respectively negative) differences are added. Here the numbers of right column denote the sums of ranks
of the data sets on which the Nested OC-SVM performed better than the OC-SVM; the left column is
for the opposite. 1" is the smaller of the two sums. For a confidence level of @ = 0.05 and 13 data

sets, the difference between algorithms is significant if 7" is less than or equal to 17 [22]. Therefore, any

November 20, 2008 DRAFT



19

‘ OC NOC ‘ T
35 56 35
21.5 695 | 21.5

Positive

Uniform

Fig. 11. Comparison of Unnested and Nested OC-SVM using the Wilcoxon signed ranks test. In the evaluation of the unlabeled
problems, both the cases of alternative hypothesis are accounted. Left (right) column is the sums of the ranks of the data sets
on which the OC-SVM (Nested OC-SVM) outperforms the Nested OC-SVM (OC-SVM). T is the smaller of the two sums. For
a = 0.05, the difference is significant if 7" < 17.

‘ OC NOC ‘ T
CI CS NCS‘ Fr

Positive 5 86 5
146 277 1.77 ‘ 10.53

Uniform 0 91 0

Fig. 12. Comparison of algorithms based on the AUC along with the disorder measure. Left: Friedman Test on Cost-Insensitive

(CD), Cost-Sensitive (CS), and Nested CS-SVM (NCS). Right: Wilcoxon Signed-Ranks Test on Unnested and Nested OC-SVM.

significant performance difference between the OC-SVM and the Nested OC-SVM was not detected in
the test.

However, the AUC alone does not highlight the ranking disagreement of the algorithms. Therefore, we
merge the AUC and the disorder measurement, and consider AUC —d(s., s—) for algorithm comparison.
Fig. 12 shows the results of the Friedman test and the Wilcoxon signed-ranks test using this combined
performance measure. From the results, we can observe clearly the performance differences between
algorithms. The Friedman test shows that the performance difference exists between algorithms because
Fr is greater than the critical value 3.40. After the Friedman test, we proceed with a post-hoc, Nemenyi
test, to find which algorithms actually differ. The critical difference of the Nemenyi test is 0.92 for three
algorithms and a confidence level o« = 0.05. If the average ranks differ more than this critical value, then
the performance of two algorithms is significantly different. Thus, the Nested CS-SVM and the CI-SVM
outperforms the CS-SVM. The performance difference between the OC-SVM and the Nested OC-SVM
is also detected by the Wilcoxon test since the test statistic 7" is smaller than the critical difference 17
for both cases of the second class. Therefore, we can conclude that the nested algorithms perform better

than their unnested counterparts.
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VI. CONNECTIONS AND INTERPRETATIONS

We can find a primal optimization problem of the Nested CS-SVM if we think (7) is a dual problem:

M
min Z *||Wm||2+7ngzm 1_’7m Zfzm (27)

Wb {6} 22 -
M M

s.t. Z wp, © Z 1—-¢&y) for i€l Vm
k=m
m m

Zwk, —> (1 =&y for i€l Vm

k=1

&m >0 for Vi,m.

In the appendix, we show that this is indeed the primal by deriving (7) from (27). Note that (27) reduces
to the primal of the CS-SVM (1) for M = 1.

Likewise, we can also derive the primal form of the Nested OC-SVM:
M

Am 1
> | Iwml* + 5 Z&-,m (28)

min
{wm}v{gi,m} m=1
S.t. Z )\k’ Wk, Z )\k gzm for Vi,m

&m >0 for Vi,m,

which also boils down to the primal of OC-SVM (4) when M = 1.
With these formulations, we can see the geometric meaning of w and &. For simplicity, consider (28)
when M = 2:

1 A 1
2 2 : 1 2 2 : 9
J— i + — W —|— —_— i 2

S.t. <)\2W2, (I)(XZ'» > )\2(1 — f@g) for W1
<)\2W2 + A wq, (I)(Xi» > /\2(1 — {i’g) + )\1(1 — §i,1) for Vi

&m >0 for Vi,m.

Here &; 1 > 0 when x; lies between the hyperplane Px,w,+x,w, and the origin, and &; 2 > 0 when the point

Aa+A1

lies between Py, and the origin where we used Py, to denote {®(x) : (w,®(x)) = 1}, a hyperplane

in H. Note that from the nesting structure, the hyperplane Px,w,+x,w, is located between Py, and Py, .

A2+Aq
% is the distance between the point x; and the hyperplane Paywy+aqw; .

Ao+A1

Then we can show that
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VII. CONCLUSION

In this paper, we introduced a novel framework for building a family of nested sets for the tasks of
density level set estimation or cost-sensitive classification. Our approach is based on the large margin
principle and does not rely on direct density estimation. The key step involves forming new quadratic
programs with constraints imposing nesting structure. Our construction generates a finite number of nested
set estimates at a set of preselected parameters, and linearly interpolates these sets to a continuous nested
family. We also developed efficient algorithms to solve the proposed quadratic problems. Therefore, the
Nested OC-SVM yields a family of nested density level set estimates indexed by density level A, and
the Nested CS-SVM yields a family of nested classifiers indexed by cost asymmetry . These results
sharply contrast to the outputs of the original SVMs that are not nested. Hence, the usefulness of the
nested SVMs is obvious because their outcomes can be readily applied to many applications requiring
multiple set estimations including clustering, ranking, and anomaly detection.

We also investigated the CS-SVM and OC-SVM for ranking problems. Ranking functions driven by
the CS-SVM and OC-SVM can be benefited from non-parallel directions in kernel feature space unlike
previous approaches employing a fixed direction with a varying offset. We demonstrated that the ranking
score functions from the original SVMs can cause ranking disagreements, while their nested extensions

generate consistent ranking functions.

APPENDIX A

DATA POINT SELECTION AND TERMINATION CONDITION OF THE NESTED CS-SVM

On each round, the algorithm in Fig. 3 selects an example x;, updates its corresponding variables
{ai7m}%:1, and checks the termination condition. In this appendix, we employ the KKT conditions to
derive an efficient variable selection strategy and a termination condition.

We use the KKT conditions to find the necessary conditions of the optimal solution of (7). Before we
proceed, we define ;0 = 0 for 7 € Iy and «a; pr41 = 0 for ¢ € I_ for notational convenience. Then the
Lagrangian of the quadratic program is

1
L(o,u,v) = Z I\ Z Z Qi mGmYiYi K j — Z Qim
m i i
+ Z Z Ui,m<ai,m - 1{y1-<0} - yzf)/m)
m g

YD vim (i1 — i) = DY Vi (Xin — Qigmt1)

m el m el
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where u;,, > 0 and v;,,, > 0 for Vi, m. At the global minimum, the derivative of the Lagrangian with

respect to «; ,, vanishes

oL —Vim + Vimy1 for i€l
=Yifim — 1+ uim (30)

+Vim—1 — Vign for i€l

8041‘7m

=0
where, recall, f;,, = %Zj ajmyiK;; and we introduced auxiliary variables v; ps41 = 0 for ¢ € I, and

v;0 = 0 for 2 € I_. Then we obtain the following set of constraints from the KKT conditions

Vim — Vim+1 for i€ Iy
yifi,m -1+ Uim = (31)
—Vim—1 t Vim for 1€ 1_

0 < im < 1gy,<o) + ¥ivm for Vi, Vm (32)
Y1 < Yoo < - < yiog for Vi (33)
Uim (ai,m —1gy.<0) — yfym) =0 for Vi,Vm (34)
Vim(Qim—1 — Qim) =0 fori e I,,Vm (35)
Vim (Qim — Qimt1) =0 forie I_,Vm (36)
Uim 2> 0, Vim >0 for Vi, m. 37

Since (7) is a convex program, the KKT conditions are also sufficient [20]. That is, &y, U;m, and
v; m satisfying (31)-(37) is indeed optimal. Therefore, at the end of each iteration, we assess a current
solution with these conditions and decide whether to stop or to continue. We evaluate the amount of
error for x; by defining

oL

=3
m ‘(‘Mim

An optimal solution makes these quantities zero. In practice, when their sum ), e; decreases below a

for Vi.

predetermined tolerance, the algorithm stops and returns the current solution. If not, the algorithm chooses
the example with the largest e; and continues the loop.

Computing e; involves unknown variables u; ,,, and v; ,,, (see (30)), whereas f; ,,, can be easily computed
from the known variables «; ,,. Fig. 13 and Fig. 14 are for determining these u; ,, and v; ,,. These tables
are obtained by firstly assuming the current solution «; ,, is optimal and secondly solving u; ,, and v; p,

such that they satisfy the KKT conditions. Thus, depending on the value «;,, between its upper and
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Ajm—1 < Qim

Ajm—1 = Qim

aim < min(’ym, Oéi,m+1)

Ui,m = 0

Vi,m = 0

Uim = 0

1,0)

Vi,m = max(fim —

qim = Ym < QG m+1

Ui,m = max(l — fim,0)

Vi,m = 0

Ajm = Oim+1 < Ym

Uim = 0

Vi,m = 0

Uim = 0

Vi,m = max(fi,m — 1 + Vi,m+1,0)

qim = O m4+1 = Ym

Ui,m = max(l — fim —

Vi,m+1,0)

Vi,m = 0

i M—1 < QM

Qi M—1 = QM

i M <YM

ui,m =0

vim =0 Vi, M

u;, v =0

= max(fi,m — 1,0)

Qi M = YM

ui,p = max(1 — fi ar,0)

vi,m =0

Fig. 13.

Assuming o, are optimal, u; » and v;,.,, are solved as above from the KKT conditions. Empty entries indicate the cases that

cannot occur.

The optimality conditions of the Nested CS-SVM when ¢ € I. (Upper: m = 1,2,...,M — 1, Lower: m = M.)

Qi m+1 < Qg,m

A m+1 = Oi,m

Qim < min(l — Ym, Qim—1) Uim = 0 Ui,m = 0

Viym =0 Vi,m = max(—fim — 1,0)
Qim =1 — Y < Qi,m—1 Ui,m = max(l + fim,0) -

Vi,m = 0 -
Qiym = Qim—1 < 1 —Ym Uim = 0 Uim = 0

Vi;m =0 Vi,m = max(— fim — 1 4 vi,m—1,0)

Qim = Qiym—1 =1 —Ym

Ui,m = max(l + fi,m — Vi,m—1,0)

Vi;m = 0 -
H i < Q1 Q2 = Q41
a1 <1l—m u;1 =0 u;,1 =0
vi;1 =0 v;,1 = max(—fi;1 — 1,0)
a1 =1—m || ui,1 = max(1l+ fi1,0) -
v;,1 =0 -

Fig. 14. The optimality conditions of the Nested CS-SVM when ¢ € I_. (Upper: m = 2,..., M, Lower: m = 1.)

November 20, 2008




24

lower bounds, u; ,, and v; ,, can be simply set as directed in the tables. For example, if ¢ € I, then we
find u; ,, and v; ., by referring Fig. 13 iteratively from m = M down to m = 1. If 4 € I_, we use Fig.
14 and iterate from m = 1 up to m = M. Then the obtained e; takes a non-zero value only when the

assumption is false and the current solution is sub-optimal.

APPENDIX B

DATA POINT SELECTION AND TERMINATION CONDITION OF THE NESTED OC-SVM

As in the Nested CS-SVM, we investigate the optimality condition of the Nested OC-SVM (15) and
find a data point selection method and a termination condition.

With a slight modification, we rewrite (15),

M

amira Z[ ZZalma]m i Zazm] (38)
Tyeeey ]\/Im:1

1 )
st ajm < N for Vi,m

0<ai,1 < M2 M

f ;.
S5 S, S S or Vi

We will use the KKT conditions to find the necessary and sufficient conditions of the optimal solution

of above. The Lagrangian is

M

1
E(a,u,v)zz |: Zzazma]m i,j Zazm +Zzuzm O‘zm_ﬁ)
=1 m=1 1
(az ;m—1 OCi,m)
Vim -
i m=2 m 1 )\m
where u; ., > 0 and v; ,, > 0 for Vi, m. The derivative of £ with respect to «;,, vanishes
oL —Se 4 2l for o om=1,...,M -1

5o = fim =1 tuwimy " 0" (39)
b —”Ai‘]f for m=M

=0. (40)

where, recall, f; ,, = )\i Zj ojm K ;. Then, from the KKT conditions, we obtain the following set of
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A A
H g Qiym—1 < Qi,m X Qim—1 = Qiym
. < 1 i A"'L . . — O . —_— 0
Ql5,m mln( N 1 az,m+1) Uim = Uiym =
Vi;m =0 Vi,m = max(Am (fi,m —1),0)
_ 1 _
Qim = § < 3 M Qimetl Us,m = max(l — fim,0) -
Vi,m = 0 -
Am 1
Qiom = 22—y -~ Uim = Wim =
i,m N1 1,m—+1 < N i,m 0 1,m 0
Vi m+1
Vi,m = 0 Vi,m = maX()\m(fi,m -1+ %)7 O)
Qi = 2Dm _ 1 Wi :max(l—f- _ Yim4l 0) -
i,m N1 i,m—+1 N i,m i,m A )
Vi,m = 0 -
A ) ) A . —
H g i M—1 < QM g1 Y6 M—1 = Qi M
1
aim < % us,m =0 us,n =0
vi,m =0 v, = max(Ay(fi,mr — 1),0)
1
aim = 7 || ui,m =max(l — fi a,0) -
vi,m =0 -
Fig. 15. The optimality conditions of the Nested OC-SVM. (Upper: m =1,2,..., M — 1, and Lower: m = M)

constraints for x;:

S — Zandl - for m=1,...,M -1
Jim — 1+ uim = " " (41
U/{ﬂ”f for m=M
1
m < N for Vm 42)
(78] ;2 O M
0< = < =< ! 43
DS D ' Y (43)
Wi (Qim — =) =0 for Vm (44)
Ui,m(ai’m_l — ai’m) =0 for VYm (45)
)\m—l )\m
Uim 2> 0, Vim > 0 for Vm. (46)

Since (38) is a convex program, the KKT conditions are sufficient [20]. Therefore, a; y,, U; m, and v;
satisfying (41)-(46) optimizes the objective function. On each round, the algorithm (Fig. 4) examines a
current solution with these conditions and determines whether or not to stop. We measure the amount of

error for x; by defining

for Vi.

(=¥
™ 0aim

)
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If the sum ), e; decreases below a predetermined tolerance, the algorithm stops and returns the current
solution. If not, the algorithm chooses the data point having the largest e; and continues the iteration.
Computing e; involves unknown variables u; ,, and v; ,, (see (39)), whereas f; ,,, can be computed with
ease. In order to infer their values, we firstly assume the current solution c; ,, is optimal and secondly
let w;, and v;,, as in Fig. 15. The second step can be done by computing iteratively from m = M to
m = 1. Then the obtained e; takes a non-zero value only when the assumption is false and the current

solution is not optimal.

APPENDIX C

MAXIMUM VALUE OF X\ OF THE CS-SVM AND OC-SVM

In this appendix, we find the values of the regularization parameter A over which the OC-SVM or
CS-SVM generate the same solutions.

First, we consider the OC-SVM. The decision function of the OC-SVM is fy(x) = %Zj a;k(x;, %)
and f)(x) = 1 forms the margin. For sufficiently large A, every data point x; falls inside the margin
(fx(x;) < 1). Since the KKT optimality conditions of (4) imply a; = % for the data points such that
fa(x;) < 1, we obtain A > % Zj K; ; for Vi. Therefore, denote the maximum row sum of the kernel
matrix as A\pc = max; % Zj K; ;. Then for any A > Apc, the optimal solution of OC-SVM becomes
o = % for Vi.

Next, we consider the regularization parameter A in (1) of the CS-SVM. The decision function of the
CS-SVMis f,(x) = § >, @jy;ik(x;,%), and the margin is y f, (x) = 1. Thus, if A is sufficiently large, all
the data points are inside the margin and satisfy y; f(x;) < 1. Then A > 3",/ vyiy; Kij + > e (1 -
Y)yiy; Ki; for Vi because a; = 1y, <o + y;7y for all the data points such that y; f,(x;) < 1 from the
KKT conditions. For a given ~, let A\cg(y) = max; {’y Yjer, Yyl + (1 —7) Xjer yiyjKi,j] Then
for A > Acs(7), the solution of the CS-SVM becomes «; = 1y, -y + iy for Vi. Therefore, since
Acs(y) < (1 —=9)Aes(0) +vAcs(1) for all 4 € [0, 1], values of A > max (Acs(0), Acs(1)) generate

the same solutions in the CS-SVM.
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APPENDIX D

DERIVATION OF THE DUAL OPTIMIZATION PROBLEM OF THE NESTED CS-SVM

27

Here we will show that (27) is the primal of the quadratic program (7) for the Nested CS-SVM. First,

we develop the Lagrangian with dual variables u;,, > 0 and v; ,, > 0:

M M
Ly(w, & u,0) = Z |:||Wm”2 + Ym Z im + (1 — 7m) Z gz,m] - Z Zvi,mfi,m
m=1 ¢

m=1 il il
M

M
=D i ((wk, @) — (1= &)

m=1 iELr k=m

+ ZZuzm Wi, ©(x;)) + (1 — &)

m=1icl_ k=1

M A M
Z [2||Wm”2 + Ym Z gi,m + (1 - 'Vm) Z gz,m] - Z Zvi,mfi,m

m=1 il iel_ m=1 i

M m
=20 D0 > i (Wi, D(x0)) — (1= &im))

m=1iel, k=1

M M
+ > tik (Wi, (%)) + (1 = &)

m=1i€l_ k=m

M A M
= Z §||Wm”2 + Ym Z fi,m + (1 - ’Ym) Z fz,m] - Z Zvi,mgi,m

m=1 icl, iel_ m=1 i

M
= >3 i (Wi, @(x4)) — pi(1 = &)

m=1 1

where the last equality follows by letting

Db Uik for el
S i for iel_.

The derivatives with respect to w,,, and §; ,,, vanish

oL,

Owy,

= AW, — Z a;imyi®(x;) =0

%

oL,

aéz o 1{y <0} + YiYm — Vim — Qim = 0.
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Substituting these results (49), (50) into the above Lagrangian (47), we have

My M M
Lp=3" 5||me2 = 3D i (W, B(xi)) + D D tim

m=1 m=1 1 m=1 1

Z Z Qg ma],myzy] ij Tt Z Q5 m
m

Combining the non-negativity of u; ., and v; ,, to (48) and (50), the nesting constraints (9) and the box

constraints (8) can be obtained.

APPENDIX E

DERIVATION OF THE DUAL OF THE NESTED OC-SVM

In this appendix, we show that (28) is the primal of the quadratic program (15) for the Nested OC-SVM.

First, we develop the Lagrangian with dual variables wu; ,,, > 0 and v;,, > 0:

Ep(W,&,U,U) = Z [;‘W”2 + NZ&ZW’L] - Z Zvi,m£i7m
m=1 i m=1 1

M M
Z ST wimAe ((We, @(x:)) — (1= &)

i k=m

M " N 1 M
=y lQ\WHQ + Nz&,m] = vimbim
m=1 ; m=1 1

m

ZZ zk)\ Wmv(b(xl» - (1 _fi,m))

M 1 M
=2 TT"HWH2 + 5 Z&,m] = > > Viméim (51)

m=1 m=1 1
- Z >~ i (Wi, ®(x:)) = (1= &m))
m=1 1

where the last equality follows by letting

m
k=1
The derivatives with respect to w,, and §; ,,, vanish
oL, M
T = AmWm = D D aim®(xi) =0 (53)
Wm m=1 1
oL, 1
- v — =0, 54
agi,m N Vim — Qim (54)

November 20, 2008 DRAFT



29

Substituting these results (53), (54) in the above Lagrangian (51), we obtain

M )\m M M
Ly = Zl 7me||2 - leai,m<wma D(x;)) + leai’m
m= m=1 1 m=1 1

-3 | X ety + S
m mog g i

Combining the non-negativity of u; ,, and v; ,, to (52) and (54), the nesting constraints (17) and the box

constrains (16) can be obtained.

(1]

(2]

(3]

(4]

(3]

(6]

(7]
(8]

(9]
(10]

(1]

(12]

(13]

(14]

[15]
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