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Abstract

Classificatiortreesareone of the mostpopulartypesof classifierswith

easeof implementationand interpretationbeing amongtheir attractve
features. Despitethe widespreadiuseof classificationtrees,theoretical
analysisof their performancés scarceln this paperwe show thatanew

family of classificationtrees,called dyadic classificationtrees(DCTSs),
are nearoptimal (in a minimax sense)or a very broadrangeof clas-
sification problems. This demonstratethat otherschemege.g., neural
networks, supportvector machines)cannotperformsignificantly better
thanDCTsin mary cases.We alsoshawv thatthis nearoptimal perfor

manceis attainedwith linear(in the numberof training data)compleity

growing and pruning algorithms. Moreover, the performanceof DCTs
on benchmarkdatasetcomparedavorably to that of standardCART,

which is generallymore computationallyintensive and which doesnot
possessimilar nearoptimality properties.Our analysisstemsfrom the-
oreticalresultson structurakisk minimization,onwhich the pruningrule
for DCTsis based.

Intr oduction

Let (X,Y) € R? x {0,1} beajointly distributed pair of randomvariables. In pattern
recognition, X is calledaninput vector and containsthe measurementom an experi-
ment. Thevaluesin X arereferredto asfeaturesattributes,or predictors.Y is calleda
responsevariable,andis thoughtof asa classlabel associatedvith X. A classifieris a
functiong : R? — {0, 1} thatattemptgo matchaninputvectorwith theappropriatelass.
The performancef ¢ for a givendistribution of the datais measuredby the probability of

L(¢) =P{p(X) #Y}.

The classifierwith the smallestprobability of error, denotedp*, is calledthe Bayesclassi-

fier. TheBayesclassifieris givenby

sy [ 1 ifp(z)>1L
¢ () _{ 0 otherwise2 ’



wheren(z) = P{Y = 1|X = 2z} = E{Y|z} istheregressiorof Y on X. Theprobability
of errorfor the Bayesclassifieris denotedL*.

Thetruedistribution on the datais generallyunknown. In suchcasesye may constructa
classifierg,, basedon atraining datasetD,, = {(X1,Y1),...,(Xn,Y,)} of independent,
identically distributedsamples A procedurehatconstructs classifierfor all n is calleda
discriminationrule. The performancef ¢,, = ¢, (z; D) is measuredby

L, = L(¢n) = P{¢n(X§Dn) # Y|Dn}a
the conditionalprobability of error. Notethat L,, is random sinceD,, is random.

In this paper we examinea family of classifierscalleddyadicclassificationtrees(DCTS),
built by recursve, dyadic partitioning of the input space. The appropriatetree from this
family is obtainedby building aninitial tree(in a data-independeriashion) followedby a
data-dependeruningoperatiorbasecbn structuralrisk minimization(SRM). The prun-
ing strat@y resembleghat usedby CART, exceptthat the penaltyassignedo a subtree
is proportionalto the squareroot of its size. We presentan efficient algorithm for im-
plementingthe pruningstrateyy, which leadsto an O(n) algorithmfor DCT construction.
The pruningalgorithmrequiresO(M log M) operationgo prunean initial treewith M
terminalnodesandis basedon the familiar pruningalgorithmusedby CART [1].

SRMpenalizedCTsleadto astronglyconsistentiscriminatiorrule for inputdataX with
supportin theunit cube[0, 1]¢. We alsoderive boundson therateof corvergenceof DCTs
to the Bayeserror. Undera modestregularity assumptior(in termsof the box-counting
dimension)on the underlyingoptimal Bayesdecisionboundarywe show thatcompleity-
regularizedDCTs converge to the Bayesdecisionat a rate of n~!/(4+1) Moreover, the
minimaxerrorratefor thisclassis atleastn—'/¢. Thisshavsthatdyadicclassificatiortrees
are nearminimax-rateoptimal, i.e., that no discriminationrule can performsignificantly
betterin this minimax sense.Finally, we compareDCTswith a CART-like treeclassifier
onfour commondatasets.

2 Dyadic ClassificationTrees

Throughoutthis work we assumethat the input datais restrictedto the unit hypercube,
[0,1]%. Thisis arealisticassumptiorfor real-world data,provided appropriatetranslation
andscalingis applied. Let P = {R;y,..., Ry} beatree-structuregbartition of theinput
spacewhereeachR); is a hyperrectanglevith sidesparallelto the coordinateaxes. Given
aninteger?, let [£]4 denotethe elementof {1, ..., d} thatis congruento £ modulod. If

R, € Pisacellatdepthj in thetree,lethl) anngz) betherectanglesormedby splitting

R; atits midpointalongcoordinatej + 1]4. As acorvention,assumeRgl) containsthose
pointsof R; thatarelessthanor equalto the midpointalongthe dimensiorbeingsplit.

Definition 1 A sequentialdyadic partition (SDP)is any partition of [0,1]¢ that can be
obtainedby applyingthefollowing rulesrecussively:

1. Thetrivial partition P = {[0,1]¢} is an SDP
2. If P={R,,..., R} isan SDRthensois
{R17 v aRi—laRl(l)aRz(maRi—i-l; v aRk}J
wheies maybeanyinteger, 1 <i < k.

We definea dyadicclassificatiortree(DCT) to bea sequentiatlyadicpartition with a class
label (0 or 1) assignedo each nodein thetree



The partitionsaresequentiabecausehildrenmustbe split alongthe next coordinateafter
the coordinatewheretheir parentwassplit. Suchsplits arereferredto asforcedsplits, as
opposedto free splits, in which any coordinatemay be split. The partitionsare dyadic
becausave only allow midpointsplits.

By acompleteDCT of depthL, we meanaDCT suchthatevery possiblesplit upto depthL
hasbeenmade.Iln acompleteDCT, everyterminalnodehasvolume2~—L. If L isamultiple
of d, thentheterminalnodesof a completeDCT arehypercubesf sidelength2—L/4,

3 SRM for DCTs

Structuralrisk minimization(SRM) is aninductive principlefor selectinga classifierfrom
a sequenc®f setsof classifiersbasedon complexity regularization. It wasintroducedby
Vapnik and Chenonenkis(see[2]), andlater analyzedby Lugosi and Zeger [3], [4, Ch.
18]. We formulatestructuralrisk minimizationfor dyadicclassificatiortreesby applying
resultsfrom [4, Ch. 18].

SRM is formulatedin termsof the VC dimension,which we briefly review. Let C bea
collectionof classifiersyp : R? — {0,1}, andlet z1,...,2, € R? If eachof the 2"

possiblelabellingsof 24, ..., z, canbe correctly classifiedby some¢ € C, we say(C

shattes z1, . . ., z,. TheVapnik-Chervonenkidimensionor VC dimension)f C, denoted
by V, is the largestintegern for which thereexist 21, ..., 2z, € R? suchthatC shattes

z1,...52n. If C shatterssomen pointsfor everyn, thenV = oo by definition. The VC

dimensionis a measureof the capacityof C. As V increases( is ableto separatanore
comple patterns.

If m = 27 for someinteger.J > 0, wesaym is dyadic Fordyadicm, andfor 1 < k < m?,

let D¥) denotethe collectionof all DCTswith & terminalnodesanddepthnot exceeding
d.J, sothatno terminalnodehasa sideof lengthlessthan1/m = 277. It is easilyshavn

thatthe VC dimensionof D,(,'f) is k [5].
Givenadyadicintegerm, andtrainingdata{(X;, Y;)}?_,,for k = 1,2,...,m¢, define

o) =amgmin L,(¢),
’ eDF)

where .
Lnlg) = 5 3 T(0(X:) £ )

is theempiricalrisk of ¢. Thus,cpgfln is selectedy empiricalrisk minimizationover D).

Definethe penaltyterm
Ak,m) = |/ 22RIBLR), @

andfor ¢ € D,‘,’f), definethe penalizedisk

~

En(‘ﬁ) = Ln(¢) + A(k,n).
The SRM principle selectsthe classifierg;, ,,, from amongqﬁgfzn,k =1,2,...,m? that

minimizes L, ( g“ln) We referto nm asa penalizedor compleity-regularizeddyadic
classificationtree We have thefollowing risk bound.

Theorem 1 For all n andk < m¢, andfor all e > 4A(k,n),

P{L(¢:,)— inf L(¢) >ep <e /128 4 gpke ne/512,
’ $eDF)



andin particular, for all n andm,

klogn + 4
s N )

Sletch of proof: Apply Theorem18.3in [4] with ¢ = D andV;, = k for k =
1,2,...,mo O

Thefirst termontheright-handsideof thesecondoundis anupperboundon theexpected
estimationerror. The secondermis the approximationerror. Eventhoughthe penalized
DCT doesnot know the value of k£ that optimally balanceghe two terms, it performsas
thoughit does,becausef the “min” in the expression.Nobel [6] givessimilar resultsfor

classifierdasedninitial treesthatdependonthedata.

Thenext resultdemonstratestrongconsisteny for the penalizedDCT, wherestrongcon-
sisteny meansL,, — L* with probabiltyone.

Theorem2 Supposer, m — oo, withm = m(n) assumingnly dyadicinteger values.If
m? = o(n/logn), thenthe penalizeddyadic classificationtreeis strongly consistenfor
all distributionssupportedon theunit hypecube

Sletc of proof: The proof follows from the first part of Theoreml1 and stronguniversal
consisteng of theregularhistogramclassifier See[5] for details. O

4 Ratesof Convergence

In this sectionwe investigateboundson therateof cornvergenceof complexity-regularized
DCTs. First we obtainupperboundson the rate of corvergencefor a particularclassof
distributionson (X, Y"). We thenstatea minimaxlower boundon the rateof corverngece
of ary databaseclassifierfor this class.

Most rateof corvergencestudiesin patternrecognitionplacea constrainiontheregression
functionn(z) = P{Y = 1|X = z} by requiringit to belongto a certainsmoothnesslass
(e.g. Lipschitz, Besw, boundedvariation). In contrastthe classwe studyis definedin

termsof the regularity of the Bayesdecisionboundary denoted. We allow 7(z) to be
arbitrarily irregularaway from B, solong asit is well beharednear3. The Bayesdecision
boundaryis informally definedasB = {z : n(z) = 1/2}. A morerigorousdefinition
shouldtake into accounthe factthatn might nottake onthevaluel/2 [5].

We now definea classof distributions. Let (X, Y") denotearandompair, asbefore,where
X takesonvaluesin [0, 1]¢.

Definition 2 LetCy,Cs > 0. DefineF(Cy, Cs) to bethecollectionof all distributionson
(X,Y) sud thatfor all dyadicintegers m, if we subdividethe unit cubeinto cubesof side
lengthl/m,

Al (Boundedmaginal): For any sud cube A intersectingthe Bayesdecisionboundary
P{X € A} < C1A(4) = C;/m?, whee X denoteghe Lebesgueneasue.

A2 (Regularity): The Bayesdecisionboundarypasseshrough at mostCoym?—1 of the
resultingm? cubes.

DefineF to betheclassof all (X,Y") belongingto 7(C1, C>) for someCy, Co.

The first condition holds, for example, if the densityof X is essentiallyboundedwith
respecto the Lebesguameasurewith essentiasupremum< C,. The secondcondition



canbe shavn to hold whenonecoordinateof the Bayesdecisionboundaryis a Lipschitz
functionof the others.

Theregularity conditionA2 is closelyrelatedto the notion of box-countingdimensionof

theBayesdecisiorboundany7]. RoughlyspeakingA2 holdsfor someCs if andonly if the
Bayesdecisionboundaryhasbox-countingdimensiond — 1. Thebox-countingdimension
is anupperboundon the Hausdorf dimensionandthetwo dimensionsareequalfor most
“reasonable’sets.For example,if G is asmoothk-dimensionabubmanifoldof R?, thenG

hasbox-countingdimensionk.

4.1 Upper Boundson DCT Rate of Convergence

Theorem3 Assumethe distribution of (X,Y) belongsto F(C1,C2). Let ¢}, ,, be the

penalizeddyadicclassificationtreg as describedn Section3. If m ~ (n/logn)/(4+1),
thenthere existsa constantC'; > 0 sudh thatfor all n > 2,

E[L(¢}, )] — L* < C3(logn/n)'/(4+1),

Whenwe write m ~ (n/logn)'/(?+1), we meanlog, m = |log,((n/logn)/(¢+1) +
Co |, whereCy € R is arbitrary

Sletdh of proof: It canbeshown thatfor eachdyadicm, thereexistsa prunedDCT ¢ with
k = O(m?-1) leaf nodes,suchthat L(¢) — L* < C;Cs/m. Pluggingthis into the risk
boundin Theoreml andminimizing over m produceshedesiredresult[5]. O

Theminimalvalueof C5 in theaboretheoremendsto 2C, Cy asd — oo. Notethatsimilar
rateof corvergenceresultsfor data-grevn treeswould be moredifficult to establishsince
theapproximatiorerroris randomin thosecases.

It is possibleto eliminatethe log factorin the upperboundby meansof Alexanders in-
equality asdiscussedn [4, Ch. 12]. This leadsto a muchlarger value of C3, but an
improvedasymptoticrate.

To illustratethe significanceof Theorem3, considera penalizecdhistogramclassifer with

bin width determinedadaptvely by structuralrisk minimization,asdescribedn [4, Prob-
lem 18.6]. For thatrule, the bestexponenton the rate of corvergencefor our classis

1/(d + 2), comparedvith 1/(d + 1) for ourrule. Intuitively, this is becausehe adaptie

resolutionof dyadic classificationtreesenableshemto focuson thed — 1 dimensional
decisionboundaryratherthanthe d dimensionategressiorfunction.

In the eventthatthe dataX occupiesad’ < d dimensionakubsebf [0, 1]¢, the proof of
TheorenB followsthroughasbefore but with anexponentof d' + 1 insteadof d + 1. Thus,
thepenalizedCT is ableto automaticallyadaptto the dimensionalityof theinput data.

4.2 Minimax Lower Bound

Thenext resultdemonstratethatcompleity-regularizedDCTs nearlyachieve the minim-
imax ratefor our classof distributions.

Theorem4 Letd,, denoteany discriminationrule basedon training data. There existsa
constantC' > 0 sud thatfor n suficientlylarge,

iglf sup E[L(3,)] - L* > Cn~'/%
n F

Sletdh of proof: Thisresultfollows from Theorem2 in [8] (with v = xk = 1 therein).The
proof of thatresultis in turn basedon Assouads lemma. O



Theorems3 and 4, togetherwith the above remarkon Alexanders inequality show that
compleity-regularizedDCTs are closeto minimax-rateoptimal (within a smallfactor of
n1/(4(d+1) for the classF. We suspecthatthe classstudiedby Tsybalov [8], usedin our
minimax proof, is morerestrictve thanour class. Therefore it may be thatthe exponent
1/d in the above theoremcanbe decreasedo 1/(d + 1), in which casewe achieve the
minimaxrate.

Althoughboundson the minimaxrate of corvergencean patternrecognitionhave beenin-
vestigatedn previouswork [9,10], thefocushasbeenon placingregularity assumptionsn
theregressiorfunctionn(x) = P{Y = 1|X = z}. Yangdemonstratethatin suchcases,
for mary commonfunctionspacege.qg.Lipschitz,Besw, boundedrariation),classification
is not easierthanregressiorfunctionestimation[10]. This contrastswith the corventional
wisdomthat,in generalclassifications easietthanregressiorfunction estimation4, Ch.
6]. Ourapproachis to studyminimax ratesfor distributionsdefinedin termsof the regu-
larity of the Bayesdecisionboundary With this framework, we seethatminimaxratesfor
classificatiorcanbeordersof magnitude€asterthanfor estimatiorof n(z), sincen(z) may
bearbitrarily irregularaway from the decisionboundaryfor distributionsin our class.This
view of minimax classificatiorhasalsobeenadoptedoy Mammenand Tsybalov [8, 11].
Our contribution with respecto their work is animplementablaliscriminationrule, with
guaranteedomputationatomplexity, thatnearlyachiezesthe minimaxlower bounds.

5 An Efficient Pruning Algorithm

In this sectionwe describean algorithmto computethe penalizedDCT efficiently. We
switch notation,usingT to denotean arbitrary classificationtree. If T" is a subtreeof T
thatinheritstheclasslabelsof T, wewrite T < T'. For o € R, define

Ti(a) = agmin L, (T") + a|T"],
T'<T

and

To(a) = agmin L, (T") + a/|T"],
T'<T

where|T’| denoteghe numberof leaf nodesof T’. We areinterestedn computingZ:(«)
whenT is acompletedyadictree,anda = /32 log(en) /n.

Breiman,et.al.[1] shavedthe existenceof weights—co = ag < a1 < --- < ay = o©
and subtreesT” > S; > .- > Sy = {root} suchthat Ti(a) = S; wheneer
a € [a;_1, ;). Moreover, theweightsa; andsubtreesS; maybefoundin O(|T|log |T|)
operationg12,13]. A similar resultholdsfor the square-roopenalty andthe treespro-
ducedarea subsebf thetreesproducedy the additive penalty[5].

Theorem5 For eath o, there existsa’ sut thatT»(a) = T3 (o).

Therefore pruningT with thesquare-roopenaltyalwaysproduceoneof thetreesS,. We

may thendeterminethe subtreeT” < T minimizing the penalizedrisk fn(T’) + a/|T"|
by minimizing this quantity over S;,i = 1,..., M. Thus, square-roopruning can be
performedn O(|T'|log |T'|) operations.

In the context of constructinga penalizedDCT, we startwith aninitial treeT thatis a
completeDCT. For the classifiersin Theorems2 and 3, this initial tree hassize |T'| =

m¢ = o(n/logn), andsopruningrequiresO(n) operations Sincethe growing procedure
alsorequiresO(n) operationsthe overall constructioris O(n).



Table1: Comparisorof a greedytree growing procedurewith modelselectionbasedon
holdouterrorestimateandtwo DCT basednethods Numbersshavn aretesterrors.

CART-HOLD | DCT-HOLD | DCT-SRM
PimalndianDiabetes 26.8% 27.2% 33.0%
WisconsinBreastCancer 4.7% 6.4% 6.3%
lonosphere 12.88% 18.6% 18.8%
Waveform 19.8% 29.1% 31.0%

6 Experimental Comparison

To gaina roughideaof the usefulnes®f dyadicclassificationtreesin practice,we com-

parediwo DCT basectlassifiersvith a greedytreegrowing proceduresimilarto thatused
by CART [1] or C4.5[14], whereeachsuccessie split is choserto maximizeaninforma-

tion gaindefinedin termsof animpurity function. We consideredour two-classdatasets,
available on the web at http://www.ics.uci.edutmlearn/MLRepositonjtml. For each

datasetwe randomlysplit the datainto two halvesto form trainingandtestingdatasets.

For thegreedygrowing schemeywe usedhalf of thetrainingdatato grow thetree,andcon-
structedevery possiblepruningof theinitial treewith anadditive penalty The bestpruned
treewaschoserto minimizethe holdouterroron therestof thetraining data. We call this
classifierCART-HOLD. The secondclassifier DCT-HOLD, wasconstructedn a similar
manney exceptthatthe initial treewasa completeDCT, andall of the training datawas
usedfor computingthe holdouterror estimate.Finally, we implementedhe complexity-

regularizedDCT, denotedDCT-SRM, with square-roopenaltydeterminedy Equationl.

Tablel shavs the misclassificatiomratefor eachalgorithmon eachdataset.

From theseexpirementswe might concludetwo things: (i) The greedily-gravn partition
outperformghedyadicpartition;and(ii) Much of thedescrepancbetweenCART-HOLD

and DCT-SRM comesfrom the partitioning, and not from the model selectionmethod
(holdoutversusSRM). Indeed,DCT-SRM beatsor nearlyequalsDCT-HOLD on threeof
the four datasets.Conclusion(i) may be prematurefor it is shavn in [4, Ch. 20] that
greedypartitioning basedon impurity functionscan perform arbitrarily poorly for some
distributions,while thisis neverthe casefor complexity-regularizedDCTSs. In light of (ii),

it maybe possibleto apply Nobel’s pruningrulesfor data-grevn trees[6], which cannow
be implementedwith our algorithm,to equalor surpasshe performanceof CART, while
avoiding the heuristicand computationallyexpensve cross-alidationtechniqueusually
employedby CART to determinghe appropriatelyprunedtree.

7 Conclusion

Dyadic classificationtrees exhibit desirabletheoretical properties(finite samplerisk

bounds,consisteng, nearminimax-rateoptimality) and canbe trainedextremelyrapidly.

The minimax resultdemonstratethat otherdiscriminationrules,suchasneuralnetworks
or supportvectormachinesgannotsignificantlyoutperformDCTs(in this minimaxsense).
This minimaxresultis asymptotic,and considersvorst-caselistributions. Froma practi-

cal standpointwith finite samplesandnon-worst-casalistributions, otherrulesmay beat
DCTs,which our experimentson benchmarldatasetgonfirm. The sequentiatlyadicpar

titioning schemes especiallysusceptiblevhenmary of the featuresareirrelevant, since
it mustcycle throughall featuresbeforesplitting a featureagain. Severalmodificationsto

the currentdyadic partitioningschememay be ervisioned,suchasfree dyadicor median
splits.



Suchmodifiedtreeinductionstratgyieswouldstill possessary of thedesirableheoretical
propertiesof DCTs. Indeed,Nobel hasderived risk boundsand consisteng resultsfor

classificationtreesgrown accordingto data[6]. Our square-roopruningalgorithm now

providesa meansof implementinghis pruningschemegor comparisorwith othermodel
selectiontechniquege.g.,holdoutor cross-alidation). It remainsto be seenwhetherthe
rateof corvergenceanalysispresentedhereextendsto his work.

Furtherdetailson this work, including full proofs,maybefoundin [5].
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