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1. Introduction

Gaussian processes have plethora of applications, ranging from the modeling of environmental processes in geostatistics
(e.g.,[9,11]) to supervised regression and classification in machine learning [5,8,24], and the simulation of complex computer
models [18]. The versatility of the correlation structure of Gaussian processes provides a tractable and powerful tool for the
modeling of large and highly dependent environmental variables. As a common approach in the field of spatial statistics,
the covariance functions of Gaussian processes are assumed to belong to a parametric family. High precision estimates of
the covariance parameters are pivotal for interpolating Gaussian processes which is the ultimate goal in many geostatistical
problems [9,19].

In the last two decades, there has been extensive research regarding the statistical and computational facets of the
estimation of the Gaussian processes’ covariance parameters. Maximum likelihood estimation (MLE) was the earliest
favored algorithm in the geostatistics community, e.g., Mardia et al. [ 14] and Ying [25]. However, solving systems of linear
equations is inevitable to evaluate the Gaussian likelihood. Notwithstanding the recent advances toward scalable and
efficient solution of the system of linear equation (e.g., iterative Krylov subspace method or block preconditioned conjugate
gradient algorithm [16]) which moderately reduces the computational and memory costs of the direct evaluation of the
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precision matrix, obtaining the MLE of unknown covariance parameters using such linear systems solvers is still a strenuous
task, especially for a generic Gaussian spatial process observed at numerous and possibly irregularly spaced locations.
Approximating the likelihood function by tapering the covariance matrix is another class of algorithms aiming to reduce
the numerical burden of MLE (see Kaufman et al. [12]). Due to the sparsity of the tapered covariance matrix, its inverse
can be computed in a faster and more stable way. Recent studies [10,12,22] demonstrate the consistency and asymptotic
normality of this algorithm under some mild conditions on the taper function.

Because of the obstacles of solving system of linear equations for massive data, which is necessary for tapered and exact
MLE, it is of great interest to develop estimation techniques without requiring such extensive computations. Such class
of algorithms, which will be referred to as inversion-free, are based upon optimizing a loss function whose form (and its
derivatives) is independent of the precision matrix of data. The first attempt toward such a goal has been done by Anitescu,
Chen and Stein [2] in 2014 (referred here to as ACS). Their proposed procedure is faster and more stable than likelihood
based algorithms. In [2], the covariance parameters are estimated by computing the global maximizer of a non-concave
program. Simulation studies verify the efficiency of ACS’s approach in the case that the covariance matrix has a bounded
condition number. The main purpose of this paper is to appraise the asymptotic properties of the ACS’s algorithm such as
consistency, minimax optimality and asymptotic normality. The developed theory in this paper shows that ACS’s algorithm
has the same asymptotic rate of convergence as the MLE. In practice, the solution of ACS’s optimization problem may also
serve as the starting point (initial guess) of a likelihood maximization procedure.

In geostatistics, there are two common asymptotic regimes: increasing-domain and fixed-domain, the latter sometimes
referred to as infill asymptotics (see [19], Section 3.3 or [9], p. 480). In the former setting, the minimum distance among
the sampling points is bounded away from zero and more samples are collected by increasing the diameter of the spatial
domain. In the latter regime, the data are sampled in a fixed and bounded domain, and the observations get denser as the
sample size n increases.

Zhang [26] showed that not all the covariance parameters are consistently estimable in the fixed domain regime. Strictly
speaking, there is no asymptotically consistent algorithm for estimating the non-micro ergodic covariance parameters, which
do not asymptotically affect the interpolation mean square error (see [19] for a precise definition). On the other hand, it
is known in the literature that subject to some mild regularity conditions, maximizing the likelihood provides a strongly
consistent and asymptotically normal estimate for all the covariance parameters in the increasing domain setting [4,14].

Increasing domain asymptotic analysis of covariance estimation has two significant benefits. First, unlike the infill
asymptotic setting, the geometry of the spatial sampling has a crucial impact on the asymptotic distribution of the parameter
estimate. Thus, this regime is a natural asymptotic framework for assessing the role of irregularity of spatial sampling on
the covariance parameter estimation [4]. This claim can be verified by a deeper look at the asymptotic distribution of the
microergodic parameter estimates in the fixed domain (see e.g., [19,25] for MLE and [10,12,22] for tapered MLE). Another
significant characteristic of increasing domain regime is that the covariance matrix has a universally bounded condition
number as n grows under some mild regularity conditions. This feature of the covariance matrix plays a major role in our
asymptotic analysis. Although in many geostatistical applications in a fixed bounded domain the condition number of the
covariance matrix increases at least linearly with respect to n, preconditioning filters is commonly used to uniformly control
the condition number independent of n [7,20]. Therefore, we believe that our developed increasing domain asymptotics can
be useful for the fixed domain analysis of preconditioned inversion-free algorithms.

Outline of main results. This paper studies the increasing domain asymptotic behavior of ACS’s estimation algorithm
introduced in [2]. Specifically, suppose that & is a zero mean stationary Gaussian process in R? with covariance function
cov(&(s), & (s')) = R(s —s’, n) in which n € £ denotes the vector of unknown covariance parameters. One realization
of & has been observed on a d-dimensional perturbed regular lattice of n = N points, which will be formally defined in
Section 2. The specific contributions of this work are given as follows:

(a) Assuming the polynomial decay of R (s, ) and its gradient (with respect to ) in terms of the Euclidean norm of s,
and under some mild identifiability condition on R, we prove that the global maximizer of ACS’s method consistently
estimates 7. Furthermore, the estimation error is of order ~/n~! In n which is shown to be minimax optimal up to some
+/Inn term.

(b) As the proposed loss function in Anitescu et al. [2] is not jointly concave in 7, finding its global maximizer is challenging.
For a large enough sample size and under an additional condition regarding the polynomial decay of the second
derivative of R (s, n) with respect to n, we show that any stationary point of this non-concave program is concentrated
around the true n with radius of order ~/n=1Inn.

(c) The asymptotic normality of the stationary points of the aforementioned algorithm will be substantiated under some
mild restriction on the third derivative of R with respect to 7.

Furthermore, the Appendix contains several easy-to-reference nonasymptotic results on the global and local behavior
of the quadratic forms of Gaussian processes which may come in hand for the analysis of certain problems in statistics and
machine learning.

Plan of the paper. In Section 2, we formulate ACS’s inversion-free estimation method and precisely introduce the geometry of
the sampling points. Section 3 expresses the necessary assumptions and studies the asymptotic properties of the estimation
algorithm. Section 3.1 presents the convergence rate of the global and local maximizers of the optimization problem
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introduced in Section 2. We investigate the minimax optimality and the asymptotic normality of the local maximizers in
Section 3.2. The objective of Section 4 is to assess the performance of ACS’s algorithm and verify the developed theory using
simulation studies on synthetic data. Section 5 serves as the conclusion and discusses the future directions. Section 6 presents
the proof of the main results. Finally, the Appendix contains some auxiliary technicalities on the nonasymptotic behavior of
the quadratic forms of Gaussian processes and of large covariance matrices with polynomially decaying off-diagonal entries,
which are essential in Section 6.

Notation. For any m € N, I, and 0,, respectively denote the m by m identity matrix and all zeros column vector of length
m. Moreover, A and Vv stand for the minimum and maximum operators. For two matrices of the same size M and M’,
(M, M’y = ZU-MUM{]. denotes their usual inner product. We use the following matrix norms on M € R™", For any

1 .
1<p<oo Ml = (> My ) /P stands for the element-wise p-norm of M. |M||,_, , represents the usual operator
norm (largest singular value of M). Associated to any finite set & C R? ands € D, we define D — s := {s/ —s: s e {L)}.

We also write D (s, 1) = {s’ eD: Hs’ - S”ZZ < r} and D€ (s,r) = D\ D (s, r), for any non-negative r. 8™ stands for the

m-dimensional unit sphere with respect to the Euclidean norm, i.e., 8™ := {v e R™1: v e, =1 } For a random sequence
x, and a deterministic positive sequence a,, we write x, = Op (a,) when x, is bounded below by a, asymptotically, i.e.,
lim, o Pr (x| > Cay) = O for some C > 0. For two sets £21, £2, C R™, dist (£21, £22) = infyeq; i=1.2 01 — @2ll,
represents their mutual distance with respect to the Euclidean norm. Moreover, for A C R™ and r > 0, N, (4) denotes a
subset of 4 (of minimal size) such that forany a € «, dist ({a}, ; (4)) < r.The cardinality of such set is called the covering
number of . Given spatial points {sy, ..., s,} € R? and the covariance function R (-, ) parametrized by n = (11, ..., 1Jm),
the associated covariance matrix and its derivatives are defined as
n
Ro) = [R(s—som]'e Ry ) = [iR(s,- s n)} CVr=1..m
b onr anr ij=1

The higher order derivatives can be defined in an analogous way. For two random vectors v, and v,, the expression v, < vy
means that they have the same distribution. Lastly, D (P; || P;) indicates the Kullback-Leibler divergence of two distributions
P, i=1,2.

2. Problem set up and ACS’s estimation algorithm

Consider a mean zero and stationary (real valued) Gaussian process & : R? — R whose covariance function belongs to a
parametric family Cg o := {R (-, n) : n C £2}. In other words, there exists ng € §2 for which

E&(5)& () =R(s—s,m), Vs, s R (2.1)

Moreover, there is m € N such that £ is a compact (m + 1) dimensional subset of R™*! with respect to the Euclidean
topology. Thus, Cg ; is assumed to be a finite dimensional class. For analytical convenience, we consider an alternative
formulation for the unknown parameters of the covariance function given as

no = (o, 60), ¢o€d, 6peb.

In this new representation, ¢y is a strictly positive scalar denoting the variance of & and the m-dimensional vector 6, stands
for the other parameters of R. Moreover, 4 C (0, o0) is a bounded interval and ® C R™ is compact. For instance in isotropic
Matern or powered exponential classes, 6, is a positive vector representing the range parameter and fractal index. Finally,
(2.1) can be rewritten as R (s — s', o) = ¢oK (s — 5, 6o), in which K (-, 6p) indicates the correlation function parametrized
by 90.

The objective is to estimate ny observing one realization of & at a deterministic set of spatial locations D, =

{s1,...,8,) C R It is beneficial to emphasize that our asymptotic analysis lies in the increasing domain regime in
which the diameter of £, tends to infinity as n — o0. The collected samples form a zero mean Gaussian column vector
Y =[6(s),...,6(s,)] oflength n. Before proceeding further, let us precisely introduce the geometric structure of D,.

Assumption 2.1. Suppose that there is N € N such that n = N There exists § € [0, 1/2) for which D, is a d-dimensional
S-perturbed regular lattice (with unit grid size). Namely,

n
i=1"

Do = {vi+8p; - vi € Vg, pi€[—1,1])
in which Vy 4 == {v1, ..., va} = {1, ..., N}¥ denotes the d-dimensional regular lattice.

The condition§ € [0, 1/2) guarantees the existence of a strictly positive minimum distance (1 — 28) between the distinct
points in D,. The scalar § quantifies the amount of irregularity in O,. In the case of § = 0, D, forms a regular lattice and
the irregularity can be more apparent as § increases. Although the absence of randomness in Assumption 2.1 may appear
problematic at first sight, our theoretical contributions are not restricted to any further set of strong conditions on p;’s. For
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instance, the presented results in the next section hold almost surely if p;’s are independent (or even dependent) draws of
a distribution supported on [—1, 1]¢ which is absolute continuous with respect to the Lebesgue measure.
Now we present ACS’s estimation algorithm introduced in [2]. Define,

. 1 1
iy = argmax Fy (Y, n),  where Fy (Y, n) = — 1Y "R ()Y — = IRa (17, - (2.2)
new n 2
Note that F, (Y, n) does not depend on the Cholesky factorization of R, (1) and regardless of the choice of covariance
function, it can be evaluated in @ (nz) operations, even for irregularly spaced samples which is an improvement over the
conventional likelihood function. The optimization algorithm in (2.2) can be reformulated as
A A 1 T ¢?
(q&n, 9,1) = argmax F, (Y, ¢,0), whereF,(Y,¢,0) = —-1{¢Y K, (0)Y — —
(¢.0)eix® n 2

1K (9)|I§2} . (2.3)

Despite the fact that F, (Y, ¢, ) has a simple quadratic (concave) form of ¢, its dependence to 6 is fairly complicated.
For instance F, is not a concave function of 8 even for the classic case of isotropic exponential covariance. So, accurate
approximation of its global maximizer can be computationally expensive.

Remark 2.1. We conclude this section mentioning two characteristics of F,; (Y, ¢, 6) that can provide a theoretical clue for
generalizing ACS’s loss function to a broader class of inversion-free losses. The first property is also critical for the theoretical
analysis in the next section.

1. As stated in [2], the true parameter 7 is a stationary point of the expected value of F, (Y, n). That is,
0 .
E{%Fn(Y,n)ln:m}=0, Vi=1...,(m+1).

Roughly speaking, 1o is located in a small neighborhood of a stationary point of (2.2) if the gradient of F, (Y, 1) is smooth
enough and concentrated around its expected value. The next fact, which has not been stated in [2], reveals a profound
connection of (2.2) to MLE.

2. For brevity, define H, (Y, n) .= F, (Y, n) —F, (Y, no) and L, (n, o) = R,l,/2 (no) R;l n) R,ll/2 (no). Also, let 77, denotes the
MLE of 7. Obvious calculations lead to

fin = argmaxH, (Y, 1),
nes2

1
fin = argmaxH, (Y, n), whereH, (Y,n) = f{— logdetLy (1, 70) —n+Y R (1) Y}.
nes n

Notice that EH, (Y, no) = EH] (Y, o) = 0. Under Assumption 2.1 and using similar techniques as Appendix, one can
guarantee the existence of a universal scalar C € (0, co) such that

EH, (Y,n) < CEH, (Y,n), Vne . (2.4)

Namely, in the increasing domain regime, the objective function proposed in [2] can be viewed as an approximate
minorizing surrogate of the likelihood function in the expected value sense (it forms a perfect minorizer whenever C = 1
in(2.4)).

3. Main results

We establish the asymptotic characteristics of the estimation algorithm in (2.2). Section 3.1 examines the consistency of
the global maximizer and the stationary points of (2.2) under some sufficient conditions on £2 and the correlation function
K (-, 6). The near minimax optimality and the asymptotic normality of the stationary points will be covered in Section 3.2

3.1. Consistency and the convergence rate

The following assumptions are assumed on the parameter space 2 = { x @ and the correlation function K (-, 8) for
studying the asymptotic behavior of the global maximizer of (2.2). Similar but slightly stronger conditions have been used
in [4] for the increasing domain asymptotic analysis of MLE.

Assumption 3.1. The following conditions are satisfied by £2 and K.

(A1) © and 4 are compact connected subsets of R™ and (0, c0), respectively.
(A2) There are bounded scalars M > 0 and r; > 1 such that forany s € Dy,

max |K (s —s,62) —K (s —s,61)| = M6 — ll,,, V61,60, €0. (3.1)

s'€Dn(s,r)
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(A3) For some q € {1, 2, 3}, there exists a positive scalar Cx o such that

0 0 Cko m
max | [K(s, )|V |— ... —K(,0)|) < ————, VseR",
oco 36, " 96, 1+ |sll4

foranyji,...,jg € {1,...,m}

Condition (A2), assuring the identifiability of 6 from the K, holds for the standard class of correlation functions such as
Matern, powered exponential and rational quadratic. A detailed look at (A2) is postponed to the end of this section. Before
commenting on (A3), let us define the family of geometric anisotropic covariance functions.

Definition 3.1. Let & : R? — R be a zero mean stationary Gaussian process in R%. Then & is called geometric anisotropic if

R(s—5s",m0) =E&(5) & (s) = oK (\/(s — )T Ag (s — s’)) , Vs, s eRY, (3.2)

for ¢y > 0, symmetric positive definite matrix Ay € R?*¢, no = (¢b, Ag) and a correlation function K. Specifically if Ag = 90’1Id
for some strictly positive 6y, then & is said to be an isotropic Gaussian process.

For geometric anisotropic processes, K is either assumed to be a fully known function (in this case 79 = (¢, Ap) in which
¢o € I and Ay € O, denotes the unknown parameters of covariance function) or known up to some strictly positive scalar
Vg, usually refers to as the fractal index. In the latter case, 1o = {¢9, 80 = (Ao, Vo)}. Now, we mention some commonly used
class of covariance functions, with unknown fractal index, satisfying (A3) with ¢ = 1 (appearing in the statement of the first
main result in this section). It is supposed in the following Remark that

Amin,e < min

< max ||A <A 9, 33
overs = Aped ” 0||2—>2 —= 4imax,® ( )

A51 ||2—>2

for strictly positive and bounded scalars Amin e and Amax 0. Namely, all eigenvalues of Ay are universally bounded away
from zero and infinity.

Remark 3.1. Any compactly supported correlation function, such as spherical or Wendland family [23] on R trivially admits
(A3). Assumption (A3) with g = 1 also holds for some classical families of geometric anisotropic covariances such as:

(a) Matern: The Gaussian process & has Matern covariance function if it fulfills (3.2) with
1—vg
I (vo)

in which vy is an unknown, strictly positive scalar lies in a compact space. Moreover, I" (-) and R,, (-) represent the
Gamma function and the modified Bessel function of the second kind, respectively. The parametric Matern family
satisfies (A3) provided condition (3.3).

(b) Powered exponential: A covariance function in this class satisfies (3.2) with K (r) = e~ and vy € (0, 2). Like Matern
class, assuming (3.3), any member of powered exponential family fulfills (A3) withg = 1.

K(@r)= "Ry, (1), (3.4)

(4
(c) Rational quadratic: The elements of this class are of the form (3.2) with K (r) = (1 + rz) (2+ 0) and vg > 0. For the
case of known fractal index, (A3) with g = 1 is valid, if (3.3) holds. Note that for unknown v the exact same statement
is satisfied under a slightly stronger condition of vy > 1/2.

Parts (b) and (c) of Remark 3.1 are verifiable by straightforward algebra and differentiation rules. In order to demonstrate
part (a), see [1] for the derivative properties of the Bessel function of the second kind (with respect to the entries of Ap)
and see Lemma A.5 for the asymptotic behavior of the partial derivatives of the Matern covariance with respect to vy.
Now, we state the first significant result of this section regarding the consistency of the global maximizer of (2.3) under
Assumption 3.1 and perturbed regular lattice sampling.

Theorem 3.1. Suppose that Assumptions 2.1 and 3.1 with ¢ = 1 hold for Dy, §2 and K. Then the maximizer of (2.3) satisfies

Inn
Pr >C,/— ) —>0, asn— oo, (3.5)
n

for some constant C (which depends on D, §2 and K ).

b

én _90 ¢
0

Vv
%)
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Remark 3.2. Let ¢y and ¢nmax denote the smallest and largest elements in £. Obviously, ¢mi, and ¢nax are well defined and

finite due to (A1). Moreover,
) ==, = e )

Thus (3.5) is a stronger statement than ||, — 7 || ., = Or («/ n—1ln n) and they are equivalent when ¢, > 0 (which is
true under A1).

b

én _90 ¢
0

I
®o

\4
%)

(] A ¢min) (

én — 90 ” \
%)

An analogous consistency result has been proved recently by Bachoc [4] for the MLE and cross validation estimator. Based
upon Theorem 3.1, the asymptotic rate of ACS’s algorithm has not been sacrificed for increasing the speed and memory
efficiency compared to the MLE.

Finally, we concisely address the role of the identifiability condition (A2) in Theorem 3.1. Actually, (A2) plays a decisive
role in translating consistent estimation of the correlation matrix (in the relative sense) to 7no. Strictly speaking, (A2) is
required to deduce (3.5) from the probabilistic statement

Ko(Bn) — Ky (60)| = 0» (M) .

A
NG
The rest of this section is devoted to the analysis of the stationary points of (2.3). Solving the unique root of the derivative
of F, (Y, ¢, ) with respect to ¢ yields a closed form formula for ¢, in terms of 6, Y and the correlation function, namely

%)

YTK,(0,)Y
p= L (36)
s
[
Moreover, én can be obtained using
A YTK, (0)Y
0, = argmax G, (Y,0), whereG, (Y,0) = (3.7)

0cO ”Kn (Q)le .

Note that for large n, computing the global maximizer of (3.7) can be less intensive than (2.2) due to searching over a
smaller space ®@. We first visually assess the key properties of F, in some simple scenarios. In Fig. 1, G, (Y, ) (which is
a univariate function of scalar 6) has been plotted versus 6 for the two dimensional (d = 2) isotropic Matern covariance
function in two different scenarios. In the left panel the isotropic Gaussian process ® has been generated with the parameters
(¢o, 60, vo) = (1,4, 0.5) and has been sampled in a randomly perturbed regular lattice with § = 0.2 and of size N = 100.
In the right panel, the covariance parameters are given by (¢q, 6g, vo) = (1, 6, 1.5) and the GP is sampled at a randomly
generated perturbed regular lattice with N = 100 and § = 0.2. As is apparent from Fig. 1, for these two parsimonious
scenarios G, (Y, ) is not a concave function of # and has a single inflection point. However, G, (Y, 8) has only one stationary
point which coincides with its global maximizer. In the following, we rigorously study the large sample behavior of the
stationary points of G, (Y, 6) (as well as F,;) in a generic case. We initiate our analysis by stating the sufficient conditions on
K and £2.

Assumption 3.2. (A1) holds for £2, and K fulfills (A2) and (A3) with g = 2 in Assumption 3.1.

Remark 3.3. The analysis of the stationary points of (2.3) requires a slightly stronger conditions than that of the global
maximizer in Assumption 3.1. The main distinction is the polynomial decay of the second order derivative of K with respect
to 6. Note that the new condition on the second derivative of K is not too restrictive. For instance the same analysis as
Remark 3.1 validates this condition for all covariance families introduced in Remark 3.1 (with a larger constant Cy o ).

Theorem 3.2. Suppose that D, admits Assumption 2.1 and Assumption 3.2 holds for £2 and K. Then any stationary point of the

optimization problem (2.3) satisfies
. Inn
lim Pr >C,— ] =0, (3.8)
n— 00 n

for an appropriately chosen constant C > 0 depending on D, $2 and K.

Py
$o

Vv
[

0, — 6o

Theorem 3.2 shows that any stationary point of F, is concentrated in a small neighborhood of (¢g, 6p), with high
probability. In other words, F, (Y, ¢, 8) shows a similar behavior as Fig. 1 in the general case. In addition, the comparison
between (3.5) and (3.8) reveals that stationary points converge to (¢g, 8y) with the same rate as the global maximizer.
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Fig. 1. The above figures exhibit n~1/2G, (Y, 9) for the isotropic Matern covariance function (with known vy). In the left panel, §, = 4, vy = 0.5 and the
spatial samples form a two dimensional randomly perturbed regular lattice of size N = 100 with § = 0.3. In the right panel, 6y = 6, vp = 1.5 and D, is a
randomly chosen two dimensional perturbed regular lattice with N = 100 and § = 0.3.

We conclude this section by illustrating how restrictive the identifiability assumption (A2) can be for the frequently
used classes of the covariance functions. We first introduce a slightly stronger identifiability condition than (A2), which
will be referred to as (A4). Note that a slightly modified version of (A4) has been first introduced in [4] for studying
the increasing domain asymptotics of the maximum likelihood and cross validation algorithms. That is to say, these
identifiability conditions are not exclusive to ACS method and pop up in the asymptotic analysis of other algorithms. The
proof of the subsequent results in this section will be omitted. We refer the reader to [13] for a detailed proof.

Proposition 3.1. (A2) is satisfied, whenever
(A4) (a) There are positive scalars r, > 1 and M, such that forany n € 2 and A € 8™,

0
Z)LjaR (s—5.n)

j=1 J

min max
SEDn s' €Dy (s,12)

> M.

(b) The following inequality holds for any distinct pair of points ny, n; € £2
min max |[R(s—s",m)—R(s—s",m)|>0.

SEDn s' €Dy (s,17)

Clearly, (A4.b) is necessary for any algorithm consistently estimating » and it can be verified for all typical classes of
geometrical anisotropic covariance function. However, understanding the role and restrictiveness of (A4.a) is more subtle
than that of (A4.b). Note that unlike (A3), all the introduced identifiability conditions not only depend on the choice
of the covariance function but also to the observed locations ©D,. It may be excessive to seek the class of covariances
satisfying (A4.a) for any perturbed lattice £,. So, a more pertinent question is: which class of covariance functions do almost
surely satisfy (A4.a) for a randomly generated perturbed lattice? The following result responds to question by rigorously
characterizing a broad subclass of the geometrically anisotropic covariances (as defined in Definition 3.1) fulfilling (A4.a).

Proposition 3.2. Let 3 be adistributionin[—1, 1] which is absolutely continuous with respect to the Lebesgue measure. Suppose
that R(-, n) : RY — [0, 00) is a geometrically anisotropic covariance function with a known vy (if exists). Then, (A4) almost
surely holds if

(a) K : [0, o0) — [0, 00) is a nonzero, differentiable and strictly decreasing function (K may only have right derivative at zero).
(b) D, is a randomly generated §-perturbed lattice associated to . That is, p; are independent draws of B in Assumption 2.1.

Corollary 3.1. Let D, be d-dimensional regular lattice (associated to § = 0) and assume that R(-,n) : R — [0, 00) is a
geometrically anisotropic covariance function with known vq. Then, (A4) holds if K : [0, 00) > [0, 0o) admits the condition (a)
in Proposition 3.2.

Although the conditions of Proposition 3.2 trivially hold for the non-compactly supported covariance function introduced
in Remark 3.1, deploying analogous proof techniques can lead to a similar result for compactly supported covariance
function.

Proposition 3.3. Suppose that B, R (-, n) and D, satisfy the same conditions as Proposition 3.2. Then, (A4) almost surely holds
if there exists a large enough positive scalar ry for which
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e K : [0, 00) — [0, 00) is a nonzero, differentiable and strictly decreasing function in the interval [0, ro] and K (r) = 0 for any
r >Tp.

Although the required conditions on the covariance function’s formulation, in Propositions 3.2 and 3.3, are very minimal,
we assume that the fractal index vy (if exists) is fully known. However in the following result, vy is one of the unknown
parameters to be estimated. Here the central emphasis is on the powered exponential and rational quadratic classes, as
their partial derivative with respect to the fractal index have a somewhat simple closed form that can be handled without
great difficulty.

Proposition 3.4. Let § be a distribution in [—1, 1]* which is absolutely continuous with respect to the Lebesgue measure. Suppose
that R (-, n) : RY — [0, 0o) is a geometrically anisotropic covariance function. Then, (A4) almost surely holds if

(a) K : [0, o0) > [0, 00) is either a powered exponential or rational quadratic covariance functions in Remark 3.1 with unknown
Vo > 0.
(b) Dy is a randomly generated §-perturbed lattice associated to B. That is, p; are independent draws of 3 in Assumption 2.1.

Remark 3.4. A prudent look at the proof of Proposition 3.4 reveals that the following property (which is satisfied by the
powered exponential and rational quadratic families) has the crucial role.

oK

=0, VOeo. (3.9)
ov l{r=0y4, 6}

For the Matern class, not only % not satisfy (3.9), it does not have a tractable algebraic form. We believe that (A4) holds
true for the geometric anisotropic Matern family with unknown v, even though it is beyond the reach of our current proof
technique.

3.2. Minimax optimality and asymptotic normality

Now, we further investigate the asymptotic statistical properties of ACS’s algorithm. Near minimax optimality and
asymptotic normality are respectively presented in Theorems 3.3 and 3.4.

Theorem 3.3. Suppose that Assumptions 2.1 and 3.1 hold for D, §2 and K. Then there exist ny € N and a bounded scalar C > 0
such that

sup Pr (L = ol = 72) = 1
nER NG 4
for any estimator 7, and any n > ng.

Theorem 3.3 reveals that the established bounds in Theorems 3.1 and 3.2 are sharp up to order +/In n. This means that for
the perturbed regular lattice sampling scheme, no algorithm can achieve a significantly better rate than the one considered
in this paper.

Theorem 3.4. Suppose that D, is a perturbed lattice introduced in Assumption 2.1. Furthermore, (A1), (A3) with ¢ = 3 and
(A4) are fulfilled by £2 and R. There is a positive definite matrix ¥ € R™tD>M+D with bounded operator norm such that

(R = 10) > N O, 3. (3.10)

The exact formulation of X' has been omitted in this section due to its complicated algebraic form. We refer the reader to
the proof of Theorem 3.4 in Section 6 for further details. It is worthwhile to mention that the entries of X heavily depend on
the configuration of points in £, which is a major disparity between fixed and increasing domain asymptotics. Comparing
Theorems 3.2 and 3.4, here we impose a slightly stronger differentiability condition (polynomially decaying of the third
derivative) for establishing asymptotic normality. This condition has been formerly introduced in [4] and holds for the
geometrically anisotropic covariances in Remark 3.1.

4. Simulation studies

The relatively large-scaled numerical studies in this section give a fairly comprehensive appraisal of the statistical and
computational performance of the optimization problem (2.3). Despite the popularity of R language, running the iterative
programs such as loops in R is much slower than that of C++ (around 250 times slower according to some studies [3]). Taking
advantage of the Rcpp package and hybrid programming techniques in R can considerably expedite the execution time (up
to 50 times in our simulation studies). In order to get the maximum speed, the open MP application programming interface
has been used to exploit the multi-threaded programming technology. All the numerical experiments in this section have
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been executed on 12 processors, except for the second simulation study (n = 10°) which has been implemented on 60
cores.

Generating high dimensional samples from a Gaussian process on an irregularly spaced grid is the foremost challenge that
we confronted in our synthetic data simulations. Applying the traditional method based upon the Cholesky decomposition
of the covariance matrix is almost infeasible in the case that n & 10° or larger. Hence, we use the considerably faster spectral
method (pp. 203-205, [9]) for generating stationary Gaussian processes. For completeness, this algorithm will be concisely
presented here. Strictly speaking, the objective is to simulate a real valued zero mean stationary Gaussian process & in
RY with the covariance function ¢K (-, 6y) over a §-perturbed lattice D, = {s1, ..., sn}. For the purpose of generating a
realization of & on a perturbed grid, without loss of generality we can assume that the samples are all of unit variance, i.e.,
¢o = 1. We also assume that & is geometric anisotropic. Recalling from Eq. (3.2), there is a symmetric positive definite
matrix By € R%*¢ which represents the symmetric square root of Ay, such that K (r, 6) = K (||Bor|| @2). Throughout this
section d = 2 and K is either the Matern or rational quadratic covariance function which have been previously introduced
in Remark 3.1. R

Let p € N be a large enough number and {5k}£:1 be i.i.d. uniform random variables on [—, 7]. Let K : R? — R denotes
the spectral density of & defined by

K (w) = (27r)_d/ K (r, 6o) cos ({w, 1)) dr = (2n)_d/ K (IIBorll¢, ) cos ({w, ) dr.
R4 Rd

The non-negative mapping K (+) is a density function in R? (since it integrates to K (0, 6) = 1). Furthermore, let {wk}ﬁ:] be
independent draws from the density K (-). Now, define

p
& (s) = \Ezcos (x,s) + &), VseR. (4.1)

k=1

It is known that & is a geometric anisotropic process with cov {& (s),, & (s')} = K <||Bo (s—s)| [2) for any pair s, s’ € R¢

(p. 204, [9]), converging in distribution to a Gaussian process as p tends to infinity. Next, we explain how to generate the
random variables {a)k}ﬁ:]. The following fact which can be proved using the integration by substitution plays a principal
role in our algorithm.

Remark 4.1. Let » € RY be a draw from the following density function
K (u) = (zn)*dfd K (lIrll,,) cos ({u, r)) dr.
R

e d Ao . . . . .
Then w and Byw' have the same distribution, i.e., w = Byw'. Note that K; is an isotropic function. Namely, there is a function

@ : R +— [0, 00) for which 121 u) = o (||u||[2). Moreover o’ étwd/ l¥allg, in which ¥ is a standard d-dimensional
Gaussian vector and ¢ is a non-negative random variable with the density function

B drd/? . B 2779/2 .
fi(r)y = mr D (r)= F(d/2)r D (r).

For instance in the case of d = 2, we have f; (r) = 2xr® (r). Hence, w L Boya/ l1Valle,-

For Matern covariance function in two dimensional plane (d = 2), generating independent samples of the random
variable ¢ is a straightforward task. In this case
2/ 2792 w2 ()2 +v)

LS yesan 2
FO=rap"” * 0= Tap Foy 0T s e

Thus the cumulative distribution is of the form Pr (x <r) :=F. (r) =1 — (l + rz)—v' So

v EF W) =1 (1=,

in which u is a uniform random variable in [0, 1]. One can find a closed form expression for t in terms of u for the rational
quadratic covariance function, in the case that (t + 1/2) € N(recall t from Remark 3.1). In this case, @ (-) has a form of the
Matern covariance function (3.4) (with different constants) due to the duality principle of the Fourier transform.
Throughout this section, & is assumed to be a zero mean Gaussian process in R, whose covariance function is a member
of either Matern or rational quadratic families with a known fractal index. In the first experiment, & is an isotropic spatial
process. In other words, we set Ay = 6, 2], in Eq. (3.2). 6 is a strictly positive scalar known as the range parameter.
Furthermore, D, is a randomly generated §-perturbed lattice of size 3202, i.e, n = 102400 =~ 10°. The approximated
realizations of & are generated using (4.1) with p = 1.5 x 10°. To investigate the role of spatial irregularity in the
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Table 1

Estimation of 5 = (09, 6p) for the isotropic Matern and rational quadratic covariance functions, where D, is a perturbed lattice of size 320? with associated
§ €{0.1,0.3}.

§=0.1 §=03
v =05 o = (1,4 1m0 = (1,7) no = (1,4) no = (1,7)
o= 0. 7 = (0.993, 4.420) 7 = (0.978, 7.565) 7 = (1.005, 3.941) 7 = (1.028, 6.553)
Matern ve =15 no=(1,4) no = (1,7) no = (1,4) no=(1,7)
o =1 i = (0.973, 3.618) i = (1.023, 6.568) i = (1.026, 4.343) i = (1.005, 7.102)
o =25 no = (1,4) o = (1,7) o = (1,4 o =(1,7)
0= 2 7l = (1.014, 4.186) i = (1.010, 7.428) il = (1.044, 4.037) 7 = (0.993, 6.505)
v =05 o = (1,4) 1m0 = (1,7) no = (1,4) no = (1,7)
Rational quadratic o= n = (1.017, 4.100) i = (0.976, 7.415) 7 = (1.013,3.916) 7 = (1.001, 6.639)
o =15 no = (1,4) no = (1,7) 0 = (1,4 no = (1,7)
o =1 7 = (1.000, 4.001) i = (1.014, 7.210) i = (1.017, 3.920) i = (0.994, 7.063)

Table 2

Estimation of ny = (oo, 6p) for the isotropic rational quadratic
covariance functions, where D, is a perturbed lattice of size 1000>
with associated § € {0.1, 0.3}.

6=0.1, vp =0.5 =03, v=15

no = (1,4) no =(1,7)
1 = (1.004, 4.053) 7 = (0.999, 6.948)

Rational quadratic

computational and statistical performance of ACS’s algorithm, we vary § in the set {0.1, 0.3}. The range parameter and
the standard deviation, which is represented by oy = /¢, are respectively estimated solving the optimization problem
(3.7) and closed form formula (3.6). The range parameter space is chosen as @ = [0.1, 15]. The single variable constrained
optimization problem (3.7) is solved using the optimize function in R, which exploits a combination of golden section search
and successive parabolic interpolation. We stop the iteration of the solver when the relative change in the objective is below
1073, Table 1 displays the summary of our first simulation study.

The required CPU times for the numerical experiments in Table 1 are approximately 30 and 60 min for the rational
quadratic and Matern kernels, respectively. However evaluating the full MLE for such a large sample size is intractable.
As is apparent from Table 1, the estimated parameters, 7), are in a close neighborhood of 79. Moreover, estimating og
has a significantly higher precision than that of the range parameters, since as the distant samples in D, carry negligible
information about 6. Lastly, the condition number of the covariance matrix increases with the value of range parameter,
leading to a higher estimation error ||y — 7 , for larger 6. In the second simulation study which has the same setup as

the first experiment, D, is an irregular grid of size 1000? = 10°. We also set p = 5 x 10° in (4.1). Table 2 encapsulates the
results of this experiment. The evaluation of 7 for this very high dimensional numerical study takes 8 h on 60 cores with
4 GB RAM.

In the next set of experiments featuring Gaussian processes with isotropic covariance functions, we set £, to be a two
dimensional perturbed lattice of size 1002. For such a scenario, 7} can be estimated in a few minutes. Thus, we simulated
T = 100 independent realizations and 1, is estimated using the same procedure as previous studies, for each realization.
The mean and root mean squared error (RMSE) have been computed across T experiments. Table 3 displays the average
and RMSE for the standard deviation and range parameters for different values of , § and covariance kernels. The instances
for which 7 hits the boundary points of @ have been excluded in the procedure of calculating the mean and RMSE of the
estimates.

Looking at the left and right panels of Table 3 reveals that the RMSE of ¢ and 0 are slightly larger for the higher values
of §. Moreover, as we have discussed before, the RMSE and the average norm of (ﬁ — 770) directly depend on the range
parameter. It is immediately clear that there is a considerable reduction in RMSE for rational quadratic kernel comparing
to the Matern class. This observation may look surprising for the reader, as the condition number of the covariance matrix
associated to Matern kernel is smaller than that of rational quadratic due to its faster decay. Thus at the first glance, it may
not corroborate our developed theory regarding the consistency of ACS’s estimation algorithm for covariance matrices with
bounded condition number. However, obtaining a highly accurate estimate of the dependence parameters is more difficult
for a rapidly decaying covariance function, as more samples are almost independent. In the extreme case 6 is unidentifiable
if K (-, 8y) is a compactly supported covariance function whose support size is strictly less than (1 — 26) (in this case all the
samples are independent).

Now we turn to investigate the precision and RMSE of estimation algorithm (2.3) for the geometric anisotropic covariance
structure. Same as before, & is a zero mean stationary Gaussian process in R? observed on a perturbed lattice of size 1002,



Table 3

Mean and RMSE of 7 over 100 independent experiments for the isotropic Matern and rational quadratic covariance functions, where D, is a perturbed
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lattice of size 100? with associated 8 € {0.1, 0.3}.

255

§=0.1

§=023

Matern covariance
(vo =0.5)

Matern covariance
(l)g = ]5)

Rational quadratic
covariance

EUU, 6) = (1,4)
6 4+ RSME = 4.107 £ 1.224
& £+ RSME = 0.999 + 0.067
(00, 60) = (1, 4)
6 + RSME = 3.936 + 1.127
6 £+ RSME = 1.002 + 0.070
(00, 60) = (1, 4)
6 + RSME = 3.889 + 0.599

SUOs 60) = (1,7)
6 £ RSME = 7.259 + 2.462
& £ RSME = 0.991 &+ 0.089

(00, 60) = (1,7)
6 + RSME = 6.588 + 2.060
6 + RSME = 0.992 + 0.096
(00, 60) = (1,7)
0 + RSME = 6.855 &+ 1.507

(AUO, 00) = (1,4)
6 £RSME = 3.982+£0.980
& =RSME = 0.995+0.062

(00, 60) = (1, 4)
6 =RSME = 4.180+1.181
6 £RSME = 0.995+0.072
(00, 60) = (1, 4)
6 =RSME = 4.032+0.647

Effoy 6) = (1,7)
6 £ RSME = 6.814 +2.233
6 £ RSME = 1.003 4 0.096

(00, 60) = (1,7)
6 &+ RSME = 6.519 £+ 2.127
6 = RSME = 1.018 £+ 0.107
(00, 60) = (1,7)
6 + RSME = 6.793 + 1.373

(vo =0.5) & 4 RSME = 1.002 = 0.062 & + RSME = 0.986 0.082 6 +RSME = 0.992+0.046 6 = RSME = 0.990 + 0.069
Rational quadratic (00, 60) = (1,4) (00,60) = (1,7) (00, 60) = (1,4) (00,60) = (1,7)
covariance 6 + RSME = 3.984 & 0.342 O £ RSME = 7.160 + 1.010 O +RSME = 4.016+£0.348 6 + RSME = 7.127 & 1.116
(v = 1.5) & + RSME = 0.999 + 0.028 & £ RSME = 0.994 +0.074 6 +RSME = 0.994+0.026 & & RSME = 0.995 & 0.049
00 = 4,p0 =6,l/0 = 0.5,5 =0.1 90 = 3,p0 = 7,1/0 = 0.5,(52 0.3
QD
)
I3
O

10 5 00

Fig. 2. The above figures exhibit n='/2G, (Y, ) for geometric anisotropic Matern covariance function with vy = 0.5. The spatial samples form a two
dimensional randomly §-perturbed regular lattice of size N = 100. In the left panel, (6o, po) = (4, 6) and § = 0.1. In the right panel, (6o, po) = (3, 7) and
§=0.3.

& has a geometric anisotropic covariance kernel (Matern or rational quadratic) with

6, 0
Bo=<% p0_1>, 90:4, andp0=6.

The parameter space @ = {(6y, po) € ®} is a two dimensional box chosen as [0.1, 15]°. The range parameters 6 and po
are estimated by solving the optimization problem (3.7). Fig. 2 exhibits the objective function in (3.7) and its contours for a
Gaussian process with geometric anisotropic Matern covariance with vy = 0.5 which has been sampled on a §-perturbed
regular grid. In the left and right panels of Fig. 2, the other parameters are respectively given by (6, 0o, 8) = (4,6, 0.1)
and (6o, po, §) = (3,7,0.3). It can be seen from Fig. 2 that G, is a unimodal function with only one stationary point.
We perform the maximization using the optim function in R and with L-BFGS-B algorithm [6] (box constrained BFGS). The
maximum iteration and the initial guess of the L-BFGS-B method are respectively 100 and (2, 2). The components of the
gradient function are computed using the finite difference approximation with the step size of 10~3. We cease the iteration
when the relative change in the objective function is below 107>, The computation procedure of the average and RMSE of
n = (é, 0, 0) is exactly the same as the former simulation study. Table 4 presents a summary of the final results of this
simulation study. It is clear from Table 4 that the RMSE for Matern covariance is significantly larger in comparison to rational
quadratic class. Furthermore, increasing vy for each covariance kernel leads to a slightly larger RMSE.

5. Discussion

Investigation of the asymptotic properties of the non-likelihood based optimization algorithms for estimating covariance
parameters has remained relatively intact. To our knowledge, this paper is the first asymptotic analysis of ACS’s algorithm in
the increasing domain regime. Notwithstanding the thorough study of the consistency, minimax optimality and asymptotic
normality of the stationary points of ACS’s loss function, there is much future work to be done to determine the
computational and statistical strengths and weaknesses of this algorithm in either of the two frequently used asymptotic
regimes. Here we mention a few among the many future directions which were beyond the scope of this paper.
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Table 4
Mean and RMSE of 7 over 100 independent experiments for the geometric anisotropic Matern and rational quadratic covariance functions, where D, is a
perturbed lattice of size 100? with associated § € {0.1, 0.3}.

§=0.1

=03

Matern covariance (vy = 0.5)

Matern covariance (vp = 1.5)

Rational quadratic covariance (vy = 0.5)

Rational quadratic covariance (v = 1.5)

(00, po, 6o) = (1,6, 4)

& & RSME = 0.988 -+ 0.096
5 £ RSME = 6.042 & 1.885
6 & RSME = 4.091  1.110
(00, po. bo) = (1,6, 4)

& + RSME = 0.993 + 0.108
5 + RSME = 05.965 + 1.981
6 & RSME = 3.740 + 1.146
(00, po, Bo) = (1,6,4)

& & RSME = 0.992 + 0.071
5 £ RSME = 5.978 + 1.241
6 + RSME = 4.092 + 0.843
(00, po, bo) = (1,6,4)

& + RSME = 0.996 + 0.036
» £ RSME = 6.116 + 0.821
6 + RSME = 4.045 + 0.543

(00, o, 6) = (1,6, 4)

& & RSME = 0.993 & 0.097
) + RSME = 6.478 + 1.908
6 + RSME = 4.038 =+ 1.272
(00, po, B) = (1,6, 4)

& = RSME = 0.984 +0.104
5 £ RSME = 6.160 + 1.890
6 + RSME = 3.970 + 1.243
(00, po, bp) = (1,6, 4)

& &+ RSME = 0.989 4 0.076
) £ RSME = 5.921 + 1.208
6 + RSME = 4.037 + 1.064
(00, po, b) = (1,6, 4)

& = RSME = 0.998 £ 0.036
» +RSME = 6.158 £ 0.766
6 + RSME = 4.150 + 0.524

(a) Asindicated in Remark 2.1, the inversion-free loss function can be viewed as an approximate minorizer for the likelihood
loss (in the expected value sense) in the increasing domain setting. However, more work needs to be done to know how
to precisely characterize a rich class of minorizers for the likelihood loss. We believe that responding to this question
will provide a flexible class of fast and consistent estimators of covariance parameters.

(b) Spatial statisticians usually cast doubt upon the benefits of increasing domain asymptotics as spatial processes are
unlikely to be stationary over a large domain. However the developed theory in this manuscript has persuaded us
that inversion free algorithm can consistently estimate microergodic covariance parameters, when applied on the
preconditioned samples of a Gaussian random field in a fixed domain. In this regard, a modified version of the estimator
studied in this paper can provide a powerful tool for interpolation of Gaussian processes.

6. Proofs of the main results

We first introduce a few notation to simplify the algebra in the forthcoming sections. For any strictly positive scalar r

and any 6y € ©, the ball of radius r (with respect to the Euclidean norm) centered at 8y and its complement are defined by
Opy () =1{0€O: 10 —blly, <1},  OF (1) :=06\064 (1.

Furthermore, for any 6, 6, € ® define

v K @) K 0 K (61)
61,6, ~—
v 1Kn @2)IIZ,

, Hg, 6, = |IKq (02) Il ¢, Mo, 6, - (6.1)

Proof of Theorem 3.1. Our proof has two major parts. In the first part, the consistency of én (correlation function’s
parameters) will be substantiated. In the second part, we establish the consistency of q@m which has a closed form solution in
terms of Y, correlation function and én, by conditioning on the consistency of én. To this end, various types of concentration
inequalities regarding the quadratic forms (and their supremum over a bounded space) of Gaussian processes are of the
indispensable importance. Such results will be presented in the Appendix.

Let Z be a standard Gaussian vector in R". As Y and \/qTOK,} 2 (6p)Z have the same distribution, (2.3) can be equivalently
written by

2

(#n. 6n) = argmax {¢¢OZTK,3/2(60>1<n O K002 - L1 )1, } : (6.2)
(¢.0)edxO 2

The objective function in (6.2) is quadratic in terms of ¢ and its maximizer ¢, has a simple closed form. Replacing ¢, to (6.2)

gives a surrogate form for 6,,. Omitting the cumbersome algebra, the final results are given by

én _ T 5o T
—=Z M, ;Z, On = argmaxZ Hg, oZ. (6.3)
$o 0-on 9e6

We first show (as Claim 1) the consistency of é,,, which is the supremum of a generalized chi-square random variable. The
purpose of Claim 2 is to find the estimation rate of ¢y.
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Claim 1. Choose & > (m — 1) and let r, := Cpin 1“7" for some bounded positive scalar Cy,y (See Lemma A.3 for its exact form).
Then,

Pr{én c @go (rn)} — 0, asn— oo.

Proof of Claim 1. Consider the sequence r;, = n~'/Inn, Vn. The boundedness of @ guarantees the existence of some

Ro > 0 such that a ball of radius Ry contains ©. So, the classical volume argument implies that
C RO " m
W5y (85, )| = [My @] < (7 ) =o("). (64)
n

So, there is ny € N such that A/ (@;0 (rn)> < n™ for any n > n,. It follows from (6.3) that

Pr {én € o, (rn)} <RHS :=Pr(A,) == Pr [ ZTHyy 0,2 < sup Z HgyoZ
06(‘950(1‘")

Thus, it suffices to control RHS from above. For a properly chosen positive scalar C,, define the event i, by

. - Inn
Ty = sup Z'Hg,eZ < sup Z HgyoZ + Gy —
966‘)50 (rn) QEeNrr/] (@50 (rn)) !

n

Notice that r,a/n = O (v n—!ln n). According to Lemma A.1, there is a bounded C, > 0 for which 7, := Pr (yrc) — 0. We

refer the reader to Lemma A.1 for the closed form expression of C,. An upper bound on RHS is obtained by conditioning A,
on 7y,

RHS = Pr (A, N7y) + T Pr(An | 75) < Tn + Pr(Ay N 7y)

T T Inn
T.+Pr|Z H@OﬁOZ < sup V4 Hgo,gz + G/ —
ven, (05, m) n

B m T T Inn
< TtT,+n sup Pr{Z Hy,0,Z <Z HgyoZ + G/ — . (6.5)
n

oew, (05, m)

INE

The way that 7, and A, have been defined trivially justifies inequality (A). Furthermore (B) is inferred from the combination
of (6.4) and the union bound. Applying Lemma A.3 guarantees the following result for any 6 € N/ (@go (rn)).

Inn
Pr (zTHgo,goz < Z"HgypZ + Gy ) <n 9, (6.6)
n

Finally, substituting (6.6) into (6.5) yields

RHS < (o + 0" ") -0, asn— oc0. O

Claim 2. There exists a bounded scalar C > 0, depending on Dy, K and 2, such that

,, Inn
>r =C/— ] —>0, asn— oo.
n

(Here C = 2 (Dmamem + C’Amaxﬁ) in which C’ is a large enough positive universal constant and Cy;, has been defined

in Claim 1. Apax and D max are given in Proposition A.1.)
[Inn A
>C n) ﬂ (9n € By, (rn))] .

Proof of Claim 2. Recall r, and r; form Claim 1. Obviously,
by
¢

7 <Ti 4Ty = pr[én € o5, (rn)] —i—Pr{(
0
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Since T; tends to zero (via Claim 1), it suffices to show that T, is a diminishing sequence as n — o0. Let ﬁén be the closest
point in N,/ (6)90 (r,,)) (which is a deterministic set) to én. Based upon identity (6.3), we have

b

= ‘ZTMHOﬁ"z - 1‘ . (6.7)

Given that 6, belongs to ©y, (1), applying the triangle inequality on the right hand side of the identity (6.7) yields that,
almost surely

% —1| < ‘ZTMGO,@)HZ — 2 My, z‘ + ‘ZTMeo,ﬂ@ Z—tr (Mg, )' + ‘tr (Moo 5, ) = 1‘
0 n n n n
(D)
= sup { ‘tr (M"o,ﬂe - 1)| + ’ZTMf)oqﬂeZ —tr (M9o~ﬂ9)| + ’ZTMf)oﬁZ _ZTM(’O,/SGZ| }
9€@90(Tn)
= sup {T21 (0) + T2 (0) + T3 (9)}~ (6.8)
604y (rn)

Replacing the random quantities én and ﬂén with the nonrandom parameters 6 and Sy is the key advantage of (D). Now we
control the terms Ty1, T, and T3 from above, uniformly over &y, (r,). Lemma A.2 guarantees the existence of a scalar Cy,
for which

lim Pr{ sup Tu3(0) <GCory ) — 1. (6.9)
=00 \6eop, )

Co depends on Ap,x and Dpax. See Lemma A.2 for its exact formulation. For large enough n, we have

, 1 1 Inn
Cory =0 (n In n) < EQmamem e (6.10)

Now we control T,; (8) uniformly from above using Proposition A.1. The goal is to show that

3 Inn
sup T (9) < =DmaxCminy/ —- (6.11)
004, () 2 n

Applying the Cauchy-Schwarz inequality shows that (recalling Mg, 4, from (6.1))

(Kn (Bo) » Kn(6o)) (Kn (Bo) - Kn (Bo) — Kn(60))
sup T (60) = LML -
0€@g; (rn) e ) | I1Kn (Bo)ll, 0€@g, () 1K (Ba)ll7,
K, — K, (6 K, — K (6,
< sup ” n (,36) n( 0)”(32 < p ” n (ﬂ@) n( 0)”82 ) (6.12)
0€6y, (rn) ”Kn (,36)”22 0€6g (rn) \/ﬁ

Furthermore, using the part (b) of the Proposition A.1, we get

IKn (Bo) — Kn(Bo) I,

= z)max sup ”90 - ﬂH ”[2
065, () Vv 00g, ()
< Dmax sup (16 = Bolly, + 160 — Oll¢,)
06@90 (rn)

IA

, 3 [Inn
Dmax (rn + rn) < Egmaxcmin P (6.13)

Note that the last inequality holds for large enough n. So (6.10) follows from replacing (6.13) into (6.12). In the sequel we

achieve a uniform upper bound on Ty,. For brevity define u,, := Anaxv/mn—11nnand select alarge enough universal constant
C'. Recall that By, by its definition, is an element of the finite set Ny ((~)9O (rn)). Thus,

Pr( sup Tzz(e)zC/un>s|avr,; (@, ()| sup  Pr(Toz (6) = C'uy).

0€Bg, (rn) 0€6q, ()
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The same trick as (6.4) leads to }J\fré (@90 (rn))] = o0 (n™). So, it is adequate to show that

Pr(To (0) = C'uy) <n™, VO € O, (). (6.14)

We employ Hanson-Wright inequality (Theorem 1.1, [17]) for obtaining a probabilistic upper bound on Ty, (6) (for a fixed
0).

Pr{Tzz @) > C'Vmlnn (”M@O,fjg e, v Moo 5. \/mlnn>} <n™™ VY0 € By ().

For simplifying the upper bound on Ty, (@), we control the operator and Frobenius norms of My, g, from above. The following
inequalities can be easily justified by Proposition A.1.

”Mgo,ﬁe ”52 = Amaxn_l/z’ ||M90 Po ”2»2 A?nax - (6.15)
Replacing (6.15) into Hanson-Wright inequality justifies (6.14). Hence
Pr| sup Ty (0) = Cuy) < |N; (O ())[n™™ — 0, asn— oo. (6.16)
0€Ogq (1) "

Substituting inequalities (6.9), (6.10), (6.11) and (6.16) into (6.8) concludes the proof by confirming that T, goes to zero as
n—oo. O

Combining Claims 1 and 2 ends the proof. O

Proof of Theorem 3.2. Letr, = C+/n~" Inn for some strictly positive C whose exact form will be given shortly. Let ((;bn, én)
be any stationary point of the optimization problem (2.3). Due to the space constraint, we just show that é,, € Oy, (rn). The
same technique as Claim 2 in the proof of Theorem 3.1 attains the convergence rate of ¢,. Notice that 6, is a stationary point
of the optimization problem (6.3). We show that with a high probability there is no 8 € @9 (ry) for which the gradient of
the objective function in (6.3) be exactly zero. In order to substantiate our claim, we prove ' that the absolute value of the
inner product of the gradient and a fixed non-zero vector is uniformly greater than zero on ()90 ().

Let Z € R" be a standard Gaussian vector and 6;, [ = 1, ..., m be the Ith component of 6. We first give a closed form for
the gradient function in (6.3), which will be denoted by [G; (6)]1%;.

9
— 7 Hy 42
9, !

G (0) =Z"Pj oZ =
K (9)
1K D)7,

1/2

d d
— 7Tg1/2 i 1/2
=Z K, (6o) {BHIK" @) — <80 K, (0), K, (9)> }Kn Bo) Z.

N m
Clearly, [G,(@n)]l = 0,,. Choose any A € 8™ 'andletY := K,’~ (6y) Z. Observe that
=1

L C
W (©6) _ZAJGJ @ =Y" ZAJ 1<n ) — ZAJ 1<n ), K, () 7()2 Y
= 1Ka (0112,

We can conclude that @n € Oy, (rp) in probability, if we can prove that

Pr inf  W@®)|>0]—>1, asn— oo. (6.17)
0€&; ()

(6.17) follows from the succeeding claims, whose proofs have been thoroughly presented in [13].

Claim 1. There exists a positive finite constant Cy (depending on K, ® and D, ) such that

W ®) — Zx,tr( o)

n—0o0 fe®

lim Pr (sup > Cov/nln n) =0. (6.18)

Claim 2. The succeeding inequality holds for large enough n (Cy is from the previous claim).

ZMtr( ’9) > Covnlnn.

inf
96()9 ()
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Claim 1 provides a uniform concentration inequality regarding the random function W (6). In Claim 2, we obtain a
uniform lower bound on the expected value of W (9) over @50 (rp). O

Proof of Theorem 3.3. We follow the standard techniques presented in the Chapter 2 of [21] for bounding the minimax
risk from below. For any 6 € ©, Py stands for the associated distribution to a zero mean Gaussian vector with the
covariance function K, (9). Finding far enough (with respect to the Euclidean distance) pair of the correlation parameters,

6; € ©, i =1,2, for whichD (JP’e1 [| ]P’ez) < a = 1/2 lies at the heart of our proof. The two bounded positive scalars D max

and Ap,;, appearing here are defined in Proposition A.1. To ease notation let r,, := SQA%\/H (choose n large enough so that
max

4r, < diam (®)). Choose 61, 6, € ® with 2r;, < |6 — 01|, < 4r,. The connectedness of ® guarantees the existence of

such pair of points. We first use Proposition A.4 to show that D (]P@.] I sz) <a.

min min 2

2 2
D ) 1
D (P, |l Bs,) < 2n (A‘“‘“ 6, — 91||z2> <32n (A‘“”rn> —a=-.

Asa > D (Pg, || Ps,), Theorem 2.2 of [21] yields

) <1 _"‘> (1 . g) i
>r)>(-e) v =—. (6.19)
6 P 2 4

én _90

inf sup Pr <Hé" — 6y
fn BpcO

The desired statement follows from the fact that ||, — 7o | = O

6

Proof of Theorem 3.4. Let g : 2 — R™! represent the gradient of the objective function in (2.2) with respect to . Here
g, j=11,..., (m+ 1) stands for the jth entry of g. Analyzing the exact second order Taylor expansion of ,/ng (1) around
1o at n = 1, is the integral part of the proof. We argue that the second order term of the expansion, which involves the third
order derivatives of the covariance function, converges to zero in probability as n grows to infinity. We also show that the
first term (zeroth order term) in the expansion converges weakly to a Gaussian random variable. These two ingredients lead
to the desirable result by showing the asymptotic normality of the first order term in the expansion, which directly depends
on \/ﬁ (ﬁn - 7)0)-
For simplicity, define R, () = % foranyq e {1,2}and]J € {1,..., m+ 1}9.In fact
q 1
ngi(m) =Y R, ()Y — (R, (n), Ry (m). (6.:20)

Let 77, be an arbitrary stationary point of optimization problem (2.2). Clearly, g (f]n) = 0p,+1. The second order approximation
of g; around 7);, yields

ﬁ& (’A]n) = \/ﬁgj (o) + <‘/ﬁ (f]n - 770) » Vg () ‘n=no> + \/HAJ' (nos ﬁn) )

for some residual function A; (-, ). Note that A; (no, 7, is given by

m+1
] (ﬁn - 770)
n=z;

11,h=1

R R agi (n)
Aj (10, in) = (An — no)T [8771]8711
1 2

in which z; lies on the line segment between 7o and #,. Proposition D.10 of [4] guarantees the statement (3.10) for
¥ = ¥, '3, %, " and hence concludes the proof, if
(a) The matrix X, defined as the following, is well defined and positive definite.

m+1

n d Pr
Vii= ——gk(n)‘ — X5, asn — oo.
an n=n0 1] k=1

(b) /ng (no) AN (0,11, X1) for some positive semidefinite matrix X; € R("+Dxm+1),
(¢) Pr(limy—.co v/N14; (10, ln) = 0) = 1,foranyj € {1,..., m+ 1}.
The reminder of the proof hinges on the following technicalities which verify conditions (a)-(c).

Validating condition (a). The entries of V" have the following explicit form.

1 1
Vii= (R, (mo) , RY (0)) + - {YTR (o) Y — (R¥ (10) . Ra (10))} -
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Now define

2= 05 <no>>]’"“ |

— 00 n
Lk=1

Notice that the entries of X, are well defined and bounded due to part (a) of Proposition A.2. The proof will
be presented in two steps: First we show that X, is a positive definite matrix. Second, we prove that &; =
{YTR¥ (o) Y — (R (o) , Ra (n0))} /n converges to zero in probability. To substantiate the first claim, consider an arbitrary

A € 4™ It is required to show that AT X,A > c, for some constant ¢ > 0. The condition (A4.a) guarantees the existence of
positive scalars M,, r, such that for any s € Dy,

m+1 9
max M—R(s—5,n > M. (6.21)
s'€Dn(s,r2) ; 13771 ( ) n=no 2
Thus,
2
m+1 ] k m+1
R , R 1
AT Zoh = lim ZA,MM = lim — | > " AR} (70)
n—o00 n n—oo n
Lk=1 =1 I
2
T[] 9 )
— lim - M—R(s —s,7 ‘ S M2, (6.22)
n—o00 1 |:IZ: am ( ) n=no | 2
1 s,s'€Dn 12

Here, inequality (A) is an easy consequence of (6.21). The rest of the proof is devoted to prove the second claim. Choose an
arbitrary strictly positive €. As @}, is a zero mean random variable, using Chebyshev’s inequality we get

2
2[Ry (o) R¥ (10) R"* (o) 2
V&l‘((pn) ’ n No) Ry (Mo) Kn 1o (B) ¢
pe(fof = o < 00 _ =2 (2 Rt o)
(C:) 0] (n_l) — 0,

in which (B) and (C) are implied by Propositions A.1 and A.2, respectively (see Appendix for more details about the con-
stants).

Validating condition (b). Define Q) := n=/2R? (10) R, (110) Ry (no) for 1 < j < m + 1, and write ¥, ; == A,Q! + - -- +
kaQn'““ forany A = (A1, ..., Amy1) € 8™ Rewriting (6.20) yields

Vg (n0) £27QJz — tr ().

The asymptotic normality of +/ng (170) is justified if there is a positive semi-definite X, such that (A, J/ng (no))—d> N

(0, ATZJ])\) for any A € 4™. This statement trivially holds for zero ¥, ,. So, without loss of generality assume that ¥; ;
is non-zero. Observe that

T _
(x, v/ng (10)) = 20,2 ~ 1 (0))
[enall,

[vnsl, -

We claim that limp_, o 2 || %5 ||j2 = AT XA for a covariance matrix X;. The construction of ¥, ; yields

2 |y, =227 [1@F QD] A (6.23)

Thus, it is enough to show that the matrix defined by X7 = lim,_. 2 [(Q¥, 045)]711:1 is well defined (with bounded entries)

and positive semi-definite. Well definiteness of X'y can be proved using the same techniques as the proof of Claim 1 and by
employing Propositions A.1 and A.2. The positive semi-definite property of X, is an immediate consequence of (6.23). We
conclude the proof by showing that

{275z — tr (W)}
V2|,

According to Lemma A.4, this statement is valid if the following claim holds.

LN 1).
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Claim 1. || 2% ||£_2] || 2% ||2ﬁ2 < C/+/n for some positive scalar C.

!/
max

Proof of Claim 1. We show that C depends on m, Anax, Amin and A
sitions A.1 and A.2). Obviously ¥; ; can be rewritten as,

(except m, all the constants are introduced in Propo-

1 m+1 )
Wy = —=RY? (o) [ZA,RJ“ (o) Ry (o) -
v e
Applying Proposition A.1, we get
m+1 .
“ v H IRn (o) llo—z || D= ARk (m0) A i _— —1
18 | PV j=1 N max ; ;
Alle j j=1 =1
’ > AR Gro) | Amin (Ra (70)} ! 22 &
=1 &
Furthermore, using Proposition A.2 leads to
m+1 ) m+1 )
S NR )| =D R (10) ],y < A IRy < Apgey/m + 1.
j=1 22 =1

From (6.22) we know that there is a scalar C; € (0, co) for which HZJZ+11 AJ-R’;1 (no) Hz > Co+/n. Replacing the last two
2
inequalities into (6.24) ends the proof. O

In conclusion we state that the condition (c) can be proved using akin techniques as the proof of proposition 3.2 of [4]. We
omit the technical details due to the space constraints. O

Appendix. Auxiliary results

In this section, we only prove the auxiliary results of independent interest and the proof of other technical lemmas and
propositions will be omitted. The detailed proof of all results appearing in this section can be found in [13].

The first result examines the perturbation of some norms of K, (6) with respect to 0. It appears to be of great importance
for proving Theorems 3.1-3.4 in Section 6.

Proposition A.1. Suppose that D, admits Assumption 2.1. Moreover, Assumption 3.1 holds for ® and K. Construct n x n
correlation matrix K, (6) := [K (s — 5", 6)]_ gep, foranyf € 6.
(a) There are bounded positive scalars Amin and Anax (depending on K, @, d and §) such that

1
Apin < minmin ——— max max || K, (6 < Amax-
min = 1eN fe@ HKn_l (9)”2*}2» neN. 6e® ” n( )||2~>2 = max

(b) There exist scalars ®min, Pmax € (0, 00) (depending on K, ®, d and §) such that

1K (62) — K (855 < Do 162 — B, (A1)
% 1K (62) — K 00, < D 162 — 011l (A2)
and
% 1K (62) — Kn 01)ll1, = Do 102 — 1, (A3)

forany 61,0, € ©.

For ease of reference, we present the following result as a standalone proposition. Its proof is akin to that of Proposition A.1
and will be skipped to avoid redundancy.

Proposition A.2. Suppose that D, admits Assumption 2.1. Moreover, ® and K satisfy Assumption 3.2. Construct the matrix
3Ky (0) /06; := [0K (s — 5, 0) /36}] foroe@andj=1,....m

s,s'€Dn
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(a) There is a bounded strictly positive scalar A’_. (depending on K, ®, d and §) such that

max

< A,

max max max-

neN 6e®

Ok ©)
36, "

2—2
(b) Thereis '

max

> 0 such that for any 61,0, € ®

<D,

max
2—2

a a
2K, (6) — —K, (0
H 26, (62) 26, (61)

1602 — Orlle, - (A4)

The bounded positive scalars ®max, Dmin and Amax, Which have been introduced in Proposition A.1, become frequently
apparent in the subsequent results in this section. It is also proper to remind the reader that ., (+) stands for the e-net of
A with respect to the Euclidean distance. Furthermore, the matrices Hy, 5, and My, 4, have been formerly defined in (6.1)
for any pair of the correlation function parameters 6y, 6,. The succeeding two Lemmas A.1 and A.2, which come in hand in
the proof of Theorem 3.1, establish a probabilistic upper bound on the maximum of a quadratic Gaussian expression over
an uncountable set ® in terms of its largest value over one of its finite subset.

Lemma A.1. Let Z € R" be a standard Gaussian vector and suppose that D, satisfies Assumption 2.1. Furthermore, assume that
® and K admit Assumption 3.1. For any vanishing positive sequence {r,},cy, any non-empty ® C © and each 6y € ©,

lim Pr{(supZ'Hp6Z — sup Z'HgpeZ)| > Cra/ng =0, (A5)
oo 0ed 0N, (8)

where C = 2 Amax (1 + Dmax)-

Lemma A.2. Let Z € R" be a standard Gaussian vector. Suppose that Assumption 2.1 and Assumption 3.1 hold for Dy, ® and K.

For any strictly positive vanishing sequence {r,}>- ;, any non-empty ® C © and arbitrary 6, € O,

Pr {sup |ZT (Mag.0 — Moy p,) Z| = Cr,,} — 0, asn— oo.
0ed

Here By represents the nearest element of Ny, (©) to 6 and C = 2Dpax (1 + 242,,)

Now we state a lemma which plays a crucial role in the proof of Theorem 3.1.

Lemma A.3. Let Z € R" be a standard Gaussian vector and let C, £ > 0. Suppose that ® and K satisfy Assumption 3.1. Select
61,6, € © such that

Inn
162 — O1ll¢, = Crmin e (A6)

in which Copin := 4D} A2 /O (1 + &) (recall Dmin and Amax, from Proposition A.1), for some appropriately chosen universal

min“"*max

constant C' > 0. There exists ng = O (1) (depending on C, &, K, D,, and ® ) such that for any n > ny

/Inn _
p:=FPr {ZT (H92,92 - HGz,Ql)Z =C n} =n (H_E)' (A7)

Refer to the identity (6.1) for the definition of Hy, g,.

The next proposition rigorously expresses the uniform concentration of the Euclidean squared norm of Gaussian vectors
with the covariance matrix K, (8) , 6 € © around their mean. We employ such inequality for proving Theorem 3.2.
Proposition A.3. Let ® C R™ be a bounded set. Consider the class of n by n matrices {IT, (0)}yco parametrized by 6 € ©.
Suppose that the following conditions hold

(a) The operator norm of IT, (0) is uniformly bounded in ®. Namely,

M = supsup || [T, (8) I, < oo.
n 6ee

(b) The mapping (0, ||-||Z2) — (IT, (0), ||-ll,—2) is Lipschitz. Namely, there is C > 0 for which
1115 (62) — Iy (O1)ll2 < C 62 = billy,, V61,0, €0. (A.8)
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177 (0) 2>

=0 , YO eo.

11, D)l <«/1nn>

Then, there is a constant C' > 0 such that
lim Pr (sup !ZTH 6)Z —tr{IT, (9)}| > (C'v/nln ) = (A.9)
1—>00 EC)

Proof. Letr, = C~'\/Inn/n in which C has been defined in (A.8) and let ¥, (®) denote the r,-covering set of . As before,
for any 6 let By represents the closest element of A, () to 6. Observe that,

RHS := 211, () Z — tr {IT, (0)} — Z " [ (Be) Z + tr {IT,, (Bp)}|
= [(12©) — T (Bo) . 22T + L) < 1114 (©) — T (Bo)llp2 |22 + 1,

(A) 1
=CI0 = Bull, |27 + 1], = Cra |27 + 1], = /== (0 +121,).

in which ||-||5, stands for the nuclear norm (absolute sum of eigenvalues). Note that the obtained upper bound does
not depend on 6 (uniform upper bound). Moreover, based upon Hanson-Wright inequality there is ¢ > 0 for which
(n + ||Z||K2) < 3n with probability at least 1 — exp (—cn). Thus, RHS > 3+/nInn with probability at most exp (—cn).
Hence, as n — oo we get

Pr (sup !ZTHH ©0)Z — tr{Il, (9)}| > sup |ZT1"[,, 0)Z — tr {11, (9)}| + 3+/nln n) — 0. (A.10)
fe® 0N, (O)

— tr{IT, (6)}|. Applying condition (c) on
Hanson-Wright inequality and using union bound leads to

Pr( sup |Z" 11, ()2 — tr {11, (0)}] = Cosup [ 1T, )], \/lnn> < |M, ©)|n~
0E N, (©) 0e®

for some constant Co > 0 depending on m. Notice that supyce |11, (0)l,, < M./n according to condition (a). Moreover, as
we argued in (6.14), (©®)| = o (n™). Thus,

lim Pr( sup |21, (0)Z — tr {11, (9)}| = GoM~/nIn n) =0.
n—00 OeN, (©)

Replacing the last inequality into (A.10) concludes the proof. O

The following result gives an upper bound on the Kullback-Leibler divergence of two zero mean multivariate Gaussian
distributions respectively associated with the two covariance matrices K, (6;), i = 1, 2. Such upper bound is extremely
useful for establishing Theorem 3.3.

Proposition A.4. Choose 0, 6, € © insuch away that |6, — 01ll,, < Amin/ (2Dmax)- Let P;, i = 1, 2, denote the associated
probability distribution to a zero mean Gaussian vector with the covariance matrix K, (6;) € R™", i = 1, 2. Then,

D 2
D(Py || P,) <2n ( A““X 16, — 6, ||zz> :

min

Proof. For any symmetric matrix A € R™", let 1; (A),i = 1, ..., n, denote its ith eigenvalue in decreasing order. The von
Neumann'’s trace inequality [ 15] yields

o _ detKy (62)
D (P || Py) = (K" (62) . K (01)) n+ln<detl<n (491)>

0 Z{x,awl» A

A (K (62)) 8 Aj (Kq (61))

We finish the proof by acquiring a proper upper bound on Q. Define f : (0, c0) = Rby f (x) = |[x — 1 — Inx|. Applying the
second order Taylor's expansion around x = 1 shows that f (x) < 2 (x — 1) for |x — 1] < 1/2.
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Claim 1. The succeeding inequality holds foranyj=1,...,n

)Lj (Kn (91)) _ 1‘ < Dmax

1
< 16, — 61ll,, < =
A (Ky (62)) Apin 2 M

—2

Claim 1 provides the key tool to control Q from above.
L[4 {Kq (01)) NP Ak "~ ( Drmax 2
Q= f[ ]<2 [1—1]52 ( e —9||)
Z A (Kn (62)) ; 2 (Kn (62)) ; Ain 2102
Dl’l’lE\X 2
=2 6, — 60 .
n<Amm 1162 1||52)

In conclusion, we substantiate Claim 1. The first inequality can be established using Proposition A.1 and the second one is
obvious.

A {Ka (1)} 1’ _
Aj {Kn (62)}

A Ky (01)} — A {K; (62)} - 1Ky (62) — Ky (81) 11522 - Dmax 162 — O1lly,
)\j {Kn (92)} - )\n {Kn (02)} - Amin .

Now we demonstrate the asymptotic normality of the normalized quadratic Gaussian forms. We exploit this fact in the proof
of Theorem 3.4.
Lemma A4. For n € N, let Z, € R" be a standard Gaussian vector and let A, € R™*". Then,

. {Z,IAnzn tr (A,)
o= EnDnfn — )

— N (0,2
IAnlle, } ©2.

provided that lim,_, » ”An”g;] lAnll;—, = 0.

Proof. Let ¥, be a zero mean Gaussian random variable with variance 2. So, InE exp (tW,,) = t? for any t € R. The basic
properties of the quadratic forms of Gaussian vectors yield

Ap ) ttr (A,)
lAnlle, Anlle,

1y 20 A\ 2tA; (Ay)
- 1 1— ] ) + j }
2 ;{ n( A, ) Tl
) tA; (An)>2 (t)»j (An)>2 ,
= + t 7 .
,; [( Anlle, 0 IAall,, - asn — 0o

Here (A) follows from expanding In (1 —x) around 1 for infinitesimal x (since A; (Ay) / [|Aqll,, vanishes asn — oo).
Consequently, ¥, converges in distribution to ¥, by the continuity theorem of moment generating functions. O

1
InEexp (t¥,) = —3 In det (In — 2t

=

The last result of this section studies the shrinkage behavior of the partial derivatives of Matern covariance function with
respect to its fractal index. It turns out to be useful for corroborating the part (a) of Remark 3.1.

Lemma A.5. Let K, : R? — R be a geometric anisotropic (Recall from Definition 3.1) Matern correlation function given by
21—v

R, (\/ rTAr) ,

I" (v)

in which &, stands for the modified Bessel function of the second kind and A satisfies the condition (3.3). Then for any 8 € N and
m € N, there is a bounded constant Cg 4 such that

K, (r) =

o C
'amKV(r)’SB’AZﬂ, Vr=(r,....ra) € RY. (A.11)
v 14 )
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