ST GNAL SUBSPACES, OKTHO CONAL
PROJECTIONS, AND
LEAST SQUARES ESTIMATION

L’W\e S"ZMI §wbs¢>ace Model

Let 4
I"Vldef)emdew(* (So }3 €< N ) ) omo( consrder

e R" (or @N) 1e /Ihearft/

J T ﬂr

-W\@ N x F ‘mawtm‘x
A= [a - IQP:].

Le+ <A> denb+e +he ,l‘near sPaV\ o-F
A (egul‘l/a(evﬂL/y/ ‘/’AC

‘H\e Co IMMV\S b-£

(mage of A)_ T hen
o{l‘m"(<A>) = Yan]((A) = P
dim (< ADY) = w-p



Le L.,..\/QN_P e IRY (o @") be a basis

W[W <A>L and  set
Nx (N-p)

Then
_ c= ... P
(o, 22 =0 i= b N
(/WVA ?ﬁu ——P}-——,) _L?_N_Pg 'S a_
The Su\osFaces <A> and <B> Lrm an
OYchjonal Ae,cOwloosf#m o+ RN (ar C[N)
<B>
AS@ LB>= K"

(ov @N)




P
oyH\ojaV\al amondg ‘“‘\vase)ves. 7—/12 Same j0€5

/\/07[67 The vecérs X ,--.,2 are ho7L Mecessm»f/y

-[;y é')"‘/ -é‘N—P-

Tn -Hte/ S|'4ha, sulospa(/e IMM(G/') we assume our
ra)} 1

olosevvea( S{gml X has ~H\e fnrm
X = 5 + W
wl\eve

S e <A> s H\e Sigmf st meereﬂL

W S entire ,7/ heise

We use He 'Fb”owt‘nj '\L@rw\'MlW;

(k> =
B> =

even H“’Mjk W7—(<B> M ﬁev\erd.



EX&MP‘!@J (Duadm'ﬁé P"/YMM"“/ Moa(&/
SOR) = 92”’2 + é' n + éo )
= s = A6 wl\evc
Lol
[ 2 H 6,
A = . : : @ = 9/
o,
| N N
- J
%,
\ X ) X
a X
|‘ ‘ ! } ! }-
! 2 N-| N
o Clean sfjwa,l (MV\DLger\/CA)
X —> vwisxi sfﬁv\ﬁ-l (o\aSevveA)




Exe\rc\‘se,J Cons{pler H\e s\‘nuSo:‘AwQ 9:“3na/e

D ces (ﬂvrfn r ¢) , =0, N-y

w here 3C o known  but D/74 are  unKnown .

s (n)

1

T
Exlareég S = [é[o) S(N’-lﬂ as 4N

el@wremL lh Q& fwo*dl‘mensfona,/ Suéspoa@a.

T hat 5 v (1€

s = A8

——

is v and € is uwnkuswn
lu‘r\ere A is a known Nx2 mateix @ Unkuston |



th —J
Soluhom 1 (/{se cos (&) = e+ e ] Then

2
: ' - —27r'7[
s(n) = (—Se””)ez”ﬁ” +(§e m)e i fn
——— N
6, \ 6,
27!‘J')[ _z-ﬂj.,ﬁ
Comit S —
———> E — e""ﬂ'J e——"[?{'J"p 9'
‘ ; 6,
i b o |
e J e” 2“”’ ‘))fj -P"J

N & e %
ﬂ(}ﬁzé(ﬁ , =z

’Sil\:f_crﬁ_f Use  os (atB) = cos (¢) cos (g) ~ sin (x] 5 (3)
s(h) = <D cos (4’)J cos (277'[771) + (—' D sth (é)) 4rn (17[-((7\)

e~ ——— e
0, o,
_
R O
tos (27 F) sin (2718)

-5 s = | tos(4xf) st (47f) 0,
: \ 92]

Co5 (?(N-l)‘/(ﬁ) sin (ﬁ(N-c)-rz wc)

.

9,2, e R , eeR* i Del



{O\r%ojov\wf Pkojea‘hbh
How can Wwe hsé *Hme khowleﬁlﬂé’, o-ﬁ <A>

to @s"’l\w\a‘k > ‘FYDW\ X = s +__vy?

e —

Since {AD> amd <B> are Ww’/&ogm\we

Cmvxp\CWlPMWLS, we  can U\Magu.e,j wri-zLe

X = U + U

where ne A md e B>

: - ¥ ;’% mékes sense
Stuce. s 15 />MV6 noise

—

lo remove it | <B>

'S
—




The aeem%or Hat Wap s X b= a5 m/[eoé
on and I
® b <AD <

denoted _ITA .

PI”O@ 05 (‘l\b d

-
T, = A(A%a) A"

M let x = U+ ¥ y e <A>, ¢ e<BD

— —

we wust Show A(AH/'\)-’AHX = a0, Sthee
Hiﬂ, co{umws o‘F A oA B 'PDVW\ a L:aSt'S, 3.4

!
can  wvifte

nw= Ao & pxl
v R4, ¢ Wpr
Thew
N
-1
— A(AMT A A+ A(NA) AB 4
e —————’ N
IPXF OPX('N_P)
= A6



Properﬁ'es o7£ froJec 74”0,45

' T\AH - el f —adjoint”
'AZ = ! «‘Aew\FoerH—“
T e Ty =
M, - =
TP a8

-y Zp arve OV'I/e\oV\ovvval/ -Hev\
H
T’—A = A A

’FI'/’ evin ln 71&10 re 71474’01’\

’er fDroJ@&V[l;ﬁ"l opermér s ém&/ﬁjauf
+6 a [)&mp{PaSS 74/"[@"
\rejrm'v\ Fhat (“hﬁwwxvh"m\

w€ ¢6én /y

which  resdes

e Fassbana{, ke (’,o’VwAfWhﬁ(S 1

M& §f3/v\af su\(offace.



/ Least  Squares Es-ﬁ‘m#‘ml]

To  eshwmate s = AQ where
x = 5 + W

we nse -”LQ quje&'hb’h 07'\7% <A’> .
A
s = 7T, %

= A (AHA)"AH A

W hat il we wont b estimate _Q?

An  eshmaie _(% o O Should 9¢7L'3’f3

1>

/~
s = A

Tl\ere,vpnre,) an ob\”WS EG’hW\Q"'@ 1S

Ié

T+ Jurns  out  thet Hhs 15 Ho  solutiom
b He least syecares fro/a/am.



P”Pos(kﬂ_j_ The U\vu'abue, solution of

= //'f'_—-A_é_//z +//?-_//2.

The second Ferm s l‘hdlfu’/ﬂd&nL aé é 7—/‘»%&740’6,.

'/‘D minrwmr z e Hte,. exrregs,'m/ the bC’.S;[ we can Ao

I'S 1LD Wld/(e/ ‘l’fL A‘r“ﬂl #rm 0 éy ‘)L‘élhy,

6=06<=0u")"4"x.



—

Then AS = TT w = . o see that &
A B /
PN MMfﬁu,e , ,'_[ Q/ s also such f’ﬁa/— //?j ~-Aé // ’Dl

Hhen Ae’ =u = Ao’ = 4¢
= 2= 8
5TNCe HLL Co[umm (fg A are /ex‘near% (\ho{ep%d&«-/'.
72
Mi'wi muan Ars fance 4}5'“4':}'@”‘/"1 <{BS
We may conclude Hzml'
~ . ~ X
T};\ X Ts ng unrg we fom;[ '
¢ closest |
I <A> H\ml [$ closes l
- !
o x| N
T

LA

_Re,/wwi\dﬁ_J ’Tke 5\0€r£"'6\f

A*_.:_ (AHA)-'A H

15 Ca”eol H{ fseqp(o—,‘nverse, o-,[ A



M Recall He sinusord

5(}1) = b COSKZTJZH + %) ) n= 0,-.,N-|

wheve 7£ I's ,(/rwwn amd D,;f are unknown

e estmate D w4 from 2‘7

How  can
(omr[ex ga&,.j‘*ab__ \ s = AQ wheve
D CJ's‘
Q_ = _vge'i‘* ' (,(se Fseudo——;'nverse vLo

co M(m‘e é\ and  form

p— ) )
b vwig |, 4-ix(3)

Real solchon 2 = Az where
D tes [) )
Q — ¢ 0{56, ,Dseuﬂéo-m(/erse 7"5
b sn (¢) )
mmle E omd dorm

A \/AZ A2 A - é\
D = t #62 ¢:{a" —“;"

/ é

!

(&smw‘yg T b he resl )



[ Sy |

16 & ngvw@ ,&'% m a A»J:s‘aqce/

[né can e eafimated Qg | pr ojCO‘HOh owé)
‘(’ﬁu‘(' waf?ace.

This ”1{"/#66 out ' am} molse  th -h{g
o ise $ub§6[>ac€.

—”\,(’/ PYOJC C‘F'I\VP\ Sa‘l’\?.gf-a{, M& it cmuna
s ol Pro‘um%, wa vS o@o«wﬁi \Feﬁcd—&p
o Ke Deast Sguares fxfoé)/ewk-

* T hes %procw& s _M,vﬂ—’ejrml\‘g%;a‘_g_ becawse

\Whﬂl’if“ﬁj wodel 7 gF% é(ej {fﬂr -/ec
Vet i erns oot o e ﬂgu,wleqz‘

wotbad, we wil 4 JATS

Mo
MO SQ -

or Sfmftw *Fp IMuW“}

Key
a. basrs b. S!\ﬁth MBS{SM@, M0 15¢ Subspace,
C. O\/*{’a«?"gawﬂ \)roi\éc‘&\ol’\

L. Ty My, T O <

/

e (WY K



