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1 Introduction

The basic goal in any classification problem is to identify a decision rule which assigns
each test instances into one of the possible classes with a high degree of accuracy.
Learning a good classifier requires a sufficient number of labeled training instances.
However, the labels are often difficult, expensive or time consuming to obtain, as they
may require experienced human annotators, for example, Text Categorization etc. On
the other hand, unlabeled data may be available in large quantity. Randomly selecting
unlabeled instances for labeling is inefficient in many situations. Hence Active Learn-
ing methods have been adopted to improve the generalization performance of a classifier.

We have a set of instances X = Xl∪Xu where Xl = {x1, x2, ..., xl} is the set of labeled
instances and Xu = {xl+1, ..., xn} is the set of unlabeled instances. Usually, we will have
a very small number of labeled instances to start with and a large pool of unlabeled
data. An Active Learning System will sequentially select the most informative instances
from the unlabeled pool to label, with the goal of developing an efficient classifier.

In this project, we propose a novel approach to develop an active learning system
based on random walk on graphs. We start by constructing a graph whose nodes stand
for the instances and edge weights are induced by certain measures(e.g., k-nearest neigh-
bor or radial basis kernel) to reflect similarity or closeness. A random walk on this
graph is designed with transition probability proportional to the edge weights. Under
this framework, we use the conditional expected hitting times from unlabeled nodes to
labeled nodes to build the classification rule and also to choose the most informative set
of unlabeled instances to query for the next step. The goal is to improve the generaliza-
tion performance of the learning algorithm while labeling as few instances as possible to
reduce the cost.

The rest of the report is organized as follows. Section 2 briefly reviews the existing
methods on active learning algorithms. In section 3 we present the theoretical framework
for the proposed method and section 4 describes the algorithm and discusses various
aspects of it. Then we show the results on simulation data in section 5 and conclude
with comments and discussions in section 6.
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2 Previous Work

We summarize several recently proposed approaches in active learning in this section.
Most of these use some heuristic score or greedy procedure to select the instances or
batches. SVM has been the most popular choice for the classifier since it performs well
in high-dimensional problems, especially for text-categorization or image classification
type problems, which is one huge area of applied interest.

Schohn and Cohn (2000) proposed a SVM based heuristic method, which selects the
k closest points to the separating hyperplane to label. This takes care of the instance un-
certainty factor but fails to account for outliers and batch diversity of the subset selected.
That is we do not want to pick points that are very close in the instance space even if
they have high uncertainty, since we expect high overlap of information between them.
Xu et. al. (2003) improves on it by taking into account of the diversity using clustering
structure of support vectors. More recently Guo and Schuurmans (2007) comes up with
a model based approach, where they optimize a combination of log-likelihood and neg-
ative entropy, which stands for the instance uncertainty. Several graph based methods
have been proposed in the field of semi-supervised learning. Zhu et. al.(2002) proposed
the idea of label-propagation through network structure. More recently Camps-Valls
(2007) used a spectral clustering type of algorithm to address the same problem.

3 Theoretical Formulation

Suppose we are given a sample X = Xl∪Xu = {x1, . . . , xl}∪{xl−1, . . . , xn} with Xl denot-
ing the labeled instances and Xu the unlabeled instances. We construct an undirected
graph G = (V,E,W ) based on the data. V denotes the node set, where we identify
each node with an instance; E denotes the set of edges and W = (wij)n×n denotes the
matrix of edge-weights. W is a symmetric similarity matrix. The common choices for
construction of W are radial basis kernel, (i.e., wij = e−‖xi−xj‖2/2σ2

) or the k-NN kernel.
A random walk is defined on this graph in the following fashion: given the current

state xi, the probability of moving to xj is –

Pij =
wij
n∑
k=1

wik

(1)

We consider only the two-class problem, where the two classes are denoted by ′+′

and ′−′. By appropriately arranging the order of nodes, the transition matrix could be
rewritten as,

P =

P++ P+− P+u

P−+ P−− P−u
Pu+ Pu− Puu

 (2)

Consider a walk that starts from an unlabeled node xu and stops whenever it hits a
labeled node. Let T be the number of steps it takes till the random walk stops. The
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distance between the node xu and the class ′+′ is defined as –

d(xu,+) = E(T | the random walk starts from xu, and stops at class ’+’) (3)

Result 1. Given a transition probability matrix P in the form mentioned above, the
distance vector of unlabeled nodes from the class ′+′, d(Xu,+), is given by

d(Xu,+) = (I − Puu)−2Pu+1./(I − Puu)−1Pu+1 (4)

where ./ is the element-wise division, 1 denotes a column of ones of length equal to
the set of points labeled ‘+’, and d(Xu,+) is a vector of length same as the number of
unlabeled nodes. d(Xu,−) can be computed in the same way.

Proof: For a single node xu,

d(xu,+) = E(T | the random walk starts from xu, and stops at class ’+’)

=
∞∑
k=1

k · P(the r.w. stops at k-th step | the r.w. starts from xu, and stops at class ’+’)

=
∞∑
k=1

k · P(the r.w. starts from xu and stops at k-th step and hits the ’+’ class)

P(the r.w. starts from xu, and stops at class ’+’)

=

∑∞
k=1 k · 1TuP k−1

uu Pu+1∑∞
k=1 1TuP

k−1
uu Pu+1

=
1Tu (I − Puu)−2Pu+1

1Tu (I − Puu)−1Pu+1
where 1u = (0, 0, . . . , 1︸︷︷︸

u-th

, 0, . . . , 0)T �

This result shows a way of computing the conditional expected hitting times by a few
matrix operations, and it also forms the basis of the proposed active learning algorithm.

4 Active Learning Algorithm

The two main components of an Active Learning System is a classifier and a criterion
to choose the next batch of most informative unlabeled instances to query. Notice that
these two steps are not independent, the classifier determines the set of most informative
points. Thus it is important to have both the classifier and the criterion for choosing
the unlabeled points to be defined under the same framework. Under the random walk
framework, first we compute the distance vectors of the unlabeled points d(Xu,+) and
d(Xu,−), then the classification rule follows naturally as

f(xu) =

{
+1 if d(xu,+) > d(xu,−)
−1 otherwise

(5)

After training the classifier on the labeled set, we aim to find the unlabeled instances
whose labels are hardest to predict using the current classifier. Intuitively points which
are almost same distance away from both class ’+’ and class ’-’ are the most uncertain
ones. Thus labeling them would provide the maximum information about the underlying
structure of the data. We propose the measure of informativeness of a point as follows
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s(xu) =
|d(xu,+)− d(xu,−)|
d(xu,+) + d(xu,−)

(6)

The reason we choose the relative difference instead of the absolute difference |d(xu,+)−
d(xu,−)| is to encourage the selection of points away from the cloud of the labeled in-
stances, i.e. to enhance diversity in the labeled instance space. For example, if we have
two unlabeled nodes x and y with (d(x,+), d(x,−)) = (1.1, 1.2) and (d(y,+), d(y,−)) =
(2.1, 2.2). Notice that the two nodes have the same absolute difference of distances 0.1,
however node y is considered to be more informative since it stays further from the
labeled data cloud. Finally, the batch of unlabeled nodes with the smallest scores are
chosen to query.

Table 1: Pseudocode of the proposed Active Learning Algorithm
1. Input: {(Xl, Yl), Xu} , Batchsize, b = k

2. Construct the graph G = (V,E,W ).

3. Iterate: t = 1 to T

• Compute the distance vectors d(Xu, +) and d(Xu,−) in (4)
using the current set of labeled and unlabeled data (Xt

l , Y
t
l , Xt

u).

• Compute the score vector s(Xu) in (6), choose the k unlabeled
nodes with the smallest scores (s) to query.

• Update the sets (Xt+1
l , Y t+1

l ), Xt+1
u by adding the newly labeled

instances to the labeled data set.

4. Stop: Certain budget constraint is met.

To understand the algorithm better, we try to provide some intuitive insights about
the technical details of the proposed algorithm in the following subsections and follow
it up with an extensive simulation study to illustrate those features in the next section.
We always use the Gaussian kernel to construct the graph.

4.1 Separability of the training data and choice of bandwidth parameter σ

The bandwidth parameter σ in the Gaussian kernel plays a very important role in
the performance of the proposed method. Recall that for each unlabeled node xu, the

transition probability to any node xv is proportional to exp(−‖xu−xv‖2
2σ2 ). Mathematically,

the transition matrix P has the following properties

lim
σ→∞

P =

 1
n

1
n

. . . 1
n

...
...

. . .
...

1
n

1
n

. . . 1
n

 ; lim
σ→0

P =


1 0 . . . 0
0 1 . . . 0
...

...
. . .

...
0 0 . . . 1

 (7)
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Thus, a large σ would imply that it is equally likely for the random walk to make
transition to any other node, whereas a small σ would mean that transitions can only
occur within the very small neighborhood around xu. Hence if the data is separable, a
small choice of σ would be beneficial even if the boundary of each class is very complex,
since it restricts the random walk to stay within one class and makes it highly unlikely
to hit the other class which is further away. However, if the data overlaps a lot between
the two classes, then a small value of σ would tend to cause confusion between moving to
the right class and the wrong class, since even in a small neighborhood, data from both
classes are present. The proposed algorithm tends to work well on data set with high or
moderate separability while may have poor performance on the highly overlapped data.

4.2 The proportion of each class in the training sample

Consider the case where the proportion of class ‘+’ in the training sample is much
higher than the class ‘-’, then we expect more ‘+’ points in the labeled set as well. The
random walk would tend to hit the ‘+’ class more often than the ‘-’ class, as a result
more unlabeld points would be misclassified even if the σ is chosen correctly. Thus the
algorithm performs poorly as the ratio of labeled instances of the two classes goes to
extremes. We illustrate this through a simulated example in the next section.

4.3 Stopping criterion

Usually in active learning the stopping criterion is decided by some budget constraint.
That is, we continue querying new unlabeled points until a certain percentage of the
total data set is labeled, and the objective is to reduce the test error rate by cleverly
picking the points to label. We have experimented with a different approach here. At
each iteration the algorithm produces a classification of the data set. Following the ideas
from unsupervised learning set-up we define the stopping criterion to be Err < ε, where

Err = {#points whose predicted label changes from the previous step to the current step}
(8)

ε > 0 is some pre-defined small number. With the proposed algorithm, often times we
see that the misclassification error rate goes down in a non-monotone fashion, i.e. points
might switch predicted labels in a sequence ′+′ →′ −′ →′ +′, thus the misclassification
error rate would remain more or less the same hence would not be a good indicator for
the convergence, whereas the proposed measure would be able to detect these cases.

5 Simulation Study

In this section we present the results of applying the proposed method two simulated
data sets. One is the much documented “Spiral” data set for the classification prob-
lem and the second one is a bivariate Gaussian mixture model. The main goal is to
illustrate different aspects of the proposed algorithm and to assess its performance un-
der different combination of tuning parameters (e.g. bandwidth σ, proportion of the
two classes, batch-size, stopping criterion). Also we compare the performance of the
proposed algorithm against the näıve method where we choose the batch at each step
randomly.
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5.1 Effect of overlap

The underlying data set is a mixture of two Gaussian populations with 200 points in
each class, we apply the algorithm where the convergence is determined by the proposed
rate in the previous section (8). We start with the means being wide apart and let
them move closer so that the overlap increases. The following table gives us the final
misclassification error rate. It is easy to see that the proposed algorithm does not do

Table 2: Performance comparison on gaussian data with different degrees of overlap
Euclidean distance between the means 5 4 3 2 1

No. of iterations 3 3.7 7.6 12 18.2
Avg misclassification error rate 0.0008 0.0151 0.0530 0.1347 0.2927

very well both in terms of error rate and time to converge as the overlap increases which
is common to every learning algorithm.

5.2 Bivariate Spiral Data

We have 180 points in each class arranged in two intertwined spiral. This is a generally
hard classification problem, we start with an labeled set of randomly chosen 5 points
from each class, with batch size of 4 and σ = 0.05. The Misclassification error rate is
computed on a test data set. Below we show the result of first few iterations.

Figure 1: Active Learning algorithm on the spiral data
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In the (1, 1)-th figure � and the 4 denote the observations from the two classes.
From the 2-nd subplot onwards we actually plot the predicted labels and the *’s denote
the batch of points queried at each iteration. We see that within 8 iteration misclas-
sification error rate drops down almost to 0, and also the non-monotonic behavior is
visible. The following figure shows a comparison between the proposed measure of error
(8) against the misclassification error rate

Figure 2: Active Learning algorithm on the spiral data

It shows that the misclassification can decrease even though many points changes
their predicted label which is reflected by the jumps in the red curve and hence a
stopping criterion based only on the misclassification error rate may not be a very good
measure.

5.2.1 Effect of Proportion of the two classes in the training sample

Once again the underlying data is generated from the bivariate spiral model. Size of the
data set is fixed at 400. And the proportion of the ‘+’ class s varied from 0.1 to 0.9. As
before the size of the initial labeled data set is 10 with 5 from each group and the batch
size is 4. We plot the estimated misclassification error each averaged over 10 simulation
runs.

Figure 3: Active Learning algorithm on the spiral data
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As expected we find that the algorithm performs the best when the proportion of
the two classes in the training sample are equal i.e. 0.5 each. On the other hand as
we move away from the equal proportion on the either side the average misclassification
error rates increase.

5.2.2 Comparing the proposed method with the näıve method of choosing the
batches randomly

We try to illustrate that the active learning algorithm is actually selecting points clev-
erly which improves both performance and convergence. We compare it against the
näıve active learner where at each step the batch is chosen randomly. The bandwidth
parameter σ vary between (0.01, 0.25) since that appeared to be the active region for the
bandwidth parameter for this particular data set. We also vary the stopping criterion
from 10% of the entire data set to 50% of the total data set. All the results are averaged
over 10 simulation run at each setting.

Figure 4: Comparison between the proposed learning algorithm and selecting the batches
randomly

On the horizontal axis we have σ and on the vertical axis we plot the accuracy=

8



1−MER. The blue line corresponds to the näıve method of choosing the batches ran-
domly and the red line corresponds to the proposed algorithm where we choose the most
informative set of points using the scoring function in (6).

In almost every situations the proposed algorithm outperforms the näıve algorithm,
though there are some interesting patterns which can be explained intuitively. When σ
is well-tuned σ ∈ (0.05, 0.1) we find that the difference between the näıve approach and
the proposed method is the least, and as σ goes further from that region the performance
gap increases. This means if the performance of the classifier is poor we can gain a lot
by choosing the most informative points cleverly. As the stopping condition is relaxed
to allow more and more points to labeled the performance of the proposed algorithm
gets better and better.

6 Comments and Discussions

In this project, we have proposed a new approach to active learning using random walks
on the induced graph. We studied its theoretical properties and applied it to some simu-
lated problems where it shows attractive performance as well as certain drawbacks. Our
results show that the proposed algorithm works very well on separable data set with
similar class proportions, even if the true class boundaries are very complex. We also
address the role of the bandwidth parameter σ in constructing the graph which is also
important in determining the performance of algorithm.

At each iteration, the algorithm involves the inversion of a matrix whose size is the
number of unlabeled data points O(n), and the inversion such a matrix has computa-
tional cost O(n3); with the number of iterations O(n), the final computational cost is
O(n4). Thus if the sample size is too large, this algorithm might not be practical since
the inversion of a large n-dimensional matrix is computationally expensive. Based on
the simulated experiments for sample sizes below 1000 the algorithm works satisfactorily
fast.

The proposed algorithm is more readily adaptable for continuous data since it de-
pends on the notion of distance between the instances, so to extend it to handle cate-
gorical or mixed data, the definition of a proper distance is required. Also, we need to
experiment with real-life data and high-dimensional data to assess its performance.
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